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Abstract In this paper we consider covariance structural models with which
we associate semidefinite programming problems. We discuss statistical prop-
erties of estimates of the respective optimal value and optimal solutions when
the ‘true’ covariance matrix is estimated by its sample counterpart. The analy-
sis is based on perturbation theory of semidefinite programming. As an exam-
ple we consider asymptotics of the so-called Minimum Trace Factor Analysis.
We also discuss the Minimum Rank Matrix Completion problem and its SDP
counterparts.
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1 Introduction

Consider p × p symmetric matrices Σ0 and Ai i = 1, ..., n, and the following
Semidefinite Programming (SDP) problem

min
x∈Rn

c>x subject to Σ0 +A(x) � 0, (1.1)

where A : Rn → Sp is the linear mapping A(x) :=
∑n
i=1 xiAi. By Sp we

denote the linear space of p × p symmetric matrices and A � 0 means that
matrix A ∈ Sp is positive semidefinite. We view Σ0 ∈ Sp as a covariance
matrix of a p×1 random vector Y and the mapping A : Rn → Sp as a (linear)
covariance structural model. Classical example is the Factor Analysis model
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where the (population) covariance matrix Σ0 is decomposed into (Σ0−Ψ)+Ψ
with Ψ being a diagonal matrix and matrix Σ0 − Ψ � 0 having rank r < p.
(Diagonal elements of matrix Ψ represent variances of the respective error
terms and should be nonnegative, for the sake of simplicity we do not consider
these constraints; if the population values of the diagonal elements of Ψ are
positive, then this does not change the asymptotic analysis.) In that case A(x)
can be defined as the respective diagonal matrix X = diag(x1, ..., xp), i.e.,
Ai = diag(0, .., 0, 1, 0, ..., 0), i = 1, ..., p, is diagonal matrix with zero diagonal
elements except i-th diagonal element equal one. If further c := (1, ..., 1)> is
vector of ones, denoted 1, then (1.1) becomes the so-called Minimum Trace
Factor Analysis (MTFA) problem

min
x∈Rp

1>x subject to Σ0 +X � 0. (1.2)

In that problem n = p. Originally the MTFA problem was motivated by
computation of a lower bound to a reliability coefficient used in Factor Analysis
(cf., Bentler [3]).

From a statistical point of view the population covariance matrix Σ0 is not
known and is estimated by the sample covariance matrix

S =
1

N − 1

N∑
i=1

(Yi − Ȳ )(Yi − Ȳ )>

based on a sample Y1, ..., YN , of size N , of the random vector Y . Consequently
the ‘true’ problem (1.1) is approximated by the respective sample based prob-
lem

min
x∈Rn

c>x subject to S +A(x) � 0. (1.3)

Of interest are statistical properties of the optimal value ϑ̂N and an optimal
solution x̂N of problem (1.3) considered as estimates of their counterparts of
the true problem (1.1). To a certain extent statistical properties of the MTFA
were already investigated in [14],[21].

In this paper we present statistical inference of such SDP problems from
a general point of view. The basic tool in our analysis will be the modern
theory of sensitivity analysis of parameterized SDP problems (cf., Bonnans
and Shapiro [4, Section 5.3]). In the next section we give a summary of relevant
results from that theory. Section 3 is devoted to statistical inference of the SDP
problem (1.3). In section 4 we apply general results to the MTFA problem.
Although some results of that type are already available and scattered in
various publications, we give a unified statistical inference of the (linear) SDP
problems. In Section 5 we discuss the so-called matrix completion problem, this
could have an independent interest. Finally in Section 6 we give concluding
remarks.

Such statistical inference could be useful in several ways. One is a qual-
itative type characterization of the considered estimators, e.g., under what
conditions one could expect these estimators to have approximately normal
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distributions, how biased these estimators could be etc. Another standard
application is construction of confidence intervals and hence evaluation of ap-
proximate errors of these estimators. It is also possible to use this for evaluation
of critical regions in respective hypotheses testing.

We use the following notation and terminology throughout the paper. By
dim(V) we denote dimension of a finite dimensional vector (linear) space V. It
is said that a property holds for almost every (a.e.) v ∈ V, or almost surely, if it
holds for all v ∈ V except on a set of Lebesgue measure zero. By Im we denote
the m × m identity matrix. By Sp+ and Sp++ we denote cones of symmetric
positive semidefinite and positive definite p × p matrices, respectively. Trace
tr(A) of square matrix A is the sum of its diagonal elements. For A,B ∈
Sp their scalar product is defined as A •B = tr(AB). By A ⊗ B we denote
Kronecker product of p× q matrix A = [aij ] and r× s matrix B = [bij ]. That
is, A⊗B is pr × qs matrix

A⊗B =


a11B ... a1qB
a21B ... a2qB

...
ap1B ... apqB

 .
For a p×q matrix A we denote by vec(A) the pq×1 vector obtained by stacking
columns of matrix A. We use notation σ = vec(Σ) and s = vec(S) for vector
counterparts of matrices Σ and S, etc. We use the following matrix identity
for matrices A,B,C of appropriate order

(vec(A))>(B ⊗ C)(vec(A)) = tr(BA>CA). (1.4)

In particular, (vec(A))>vec(A) = tr(A>A). By A† we denote the Moore-
Penrose pseudoinverse of matrix A. In particular if A ∈ Sp is matrix of rank r
and A = NDN> is its singular value (spectral) decomposition, i.e., N>N = Ir
and D is r × r diagonal matrix with diagonal entries given by nonzero eigen-
values of A, then A† = ND−1N>. For two matrices A = [aij ] and B = [bij ]
of the same order we denote by A ◦ B = [aijbij ] their term by term product
(Hadamard product).

Directional derivative of a mapping (function) f : Rn → Rm at a point
x ∈ Rn in direction h ∈ Rn is defined as

f ′(x, h) := lim
t↓0

f(x+ th)− f(x)

t
.

If this limit exists for all h ∈ Rn, then it is said that f is directionally differ-
entiable at x. Furthermore it is said that f is directionally differentiable at x
in the sense of Fréchet if

f(x+ h)− f(x) = f ′(x, h) + r(h),

where r(h) = o(‖h‖), i.e., limh→0 r(h)/‖h‖ = 0.
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2 Perturbation analysis of SDP problems

In this section we discuss some basic results of sensitivity analysis of problem

min
x∈Rn

c>x subject to Σ +A(x) � 0, (2.1)

viewed as an SDP problem parameterized by matrix Σ ∈ Sp. In particular
we investigate differentiability properties of the optimal value ϑ(Σ) and an
optimal solution x̄(Σ) of problem (2.1) considered as functions of matrix Σ ∈
Sp. We also use notation σ := vec(Σ), and ϑ(σ) and x̄(σ) for the respective
optimal value and optimal solution.

The Lagrangian of problem (2.1) is

L(x,Λ) := c>x− Λ • (Σ +A(x)), (x,Λ) ∈ Rn × Sp,

and the (Lagrangian) dual of problem (2.1) is the problem

max
Λ∈Sp+

min
x∈Rn

L(x,Λ),

which can be written as

max
Λ∈Sp+

Λ •Σ subject to Λ •Ai = ci, i = 1, ..., n. (2.2)

We refer to problems (2.1) and (2.2) as the primal (P ) and dual (D) problems,
respectively.

It is said that Slater condition holds for the primal problem if there exists
x∗ ∈ Rn such that Σ + A(x∗) ∈ Sp++, i.e., Σ + A(x∗) belongs to the interior
of cone Sp+. If Slater condition holds, then optimal values of problems (P )
and (D) are equal to each other. Assuming that the optimal value of problem
(P ) is finite, Slater condition holds iff the set of optimal solutions of the dual
problem is nonempty and bounded.

For a discussion of the following basic results we can refer to [4, section
5.3]. The tangent cone to Sp+ at matrix A ∈ Sp+ of rank r = rank(A) is given
by

TSp+(A) = {H ∈ Sp : E>HE � 0} (2.3)

where E is a p× (p− r) matrix of rank p− r such that AE = 0. The lineality
space of cone TSp+ is

lin
(
TSp+(A)

)
= {H ∈ Sp : E>HE = 0}. (2.4)

Note that the matrix E is defined up to a transformation E 7→ ET , where T
can be any nonsingular (p− r)× (p− r) matrix, and that the right hand sides
of (2.3) and (2.4) do not depend on a particular choice of such matrix E.

Matrices A ∈ Sp of rank(A) = r ≤ p form a smooth manifold, denotedWr,
of dimension

dim(Wr) = p(p+ 1)/2− (p− r)(p− r + 1)/2 = pr − r(r − 1)/2 (2.5)
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(e.g., Helmke and Moore [11, Chapter 5, Proposition 1.1]). It could be noted
that for A ∈ Wr ∩ Sp+,

lin
(
TSp+(A)

)
= TWr

(A), (2.6)

where TWr (A) is the tangent space of the manifold Wr at A ∈ Wr.

Definition 1 It is said that x∗ ∈ Rn is a nondegenerate point of mapping
x 7→ Σ +A(x) if for Υ := Σ +A(x∗) and r := rank(Υ ) it follows that

A(Rn) + TWr
(Υ ) = Sp, (2.7)

otherwise point x∗ is said to be degenerate.

That is, x∗ is nondegenerate if mapping x 7→ Σ + A(x) intersects the
smooth manifold Wr transversally at Σ + A(x∗) ∈ Wr. Note that in this
definition of nondegeneracy we do not require for matrix Σ + A(x∗) to be
positive semidefinite. If Σ +A(x∗) � 0, then by (2.6) condition (2.7) becomes

A(Rn) + lin
(
TSp+(Υ )

)
= Sp. (2.8)

Transversality concept is borrowed from differential geometry. For a de-
tail study of transversality concept and relevant references we can refer, e.g.,
to Golubitsky and Guillemin [10]. In eigenvalue and semidefinite program-
ming the above definition of nondegeneracy was suggested in Shapiro and Fan
[20] and Shapiro [17]. For optimization problems subject to polyhedral cone
constraints an analogue of equation (2.8) was introduced in Robinson [12] as
definition of nondegeneracy. For general cone constrained problems definition
(2.8) was used in [4, section 4.6.1] where it was also related to the concept
of cone reducibility. A definition of nondegeneracy in SDP, formulated in an
equivalent algebraic form, was used in Alizadeh et al [1].

If the primal problem has a nondegenerate optimal solution, then the set of
the optimal solutions of the dual problem is a singleton. Also there is the follow-
ing algebraic characterization of nondegeneracy (cf., [4, Proposition 5.71],[17,
Proposition 6]).

Proposition 1 For Σ +A(x) ∈ Sp+ suppose that rank(Σ +A(x)) = r and let
e1, ..., ep−r be a basis of the null space of the matrix Σ+A(x). Then x is a non-
degenerate point of mapping Σ+A(·) iff vectors vij := (e>i A1ej , ..., e

>
i Anej)

>,
1 ≤ i ≤ j ≤ p− r, are linearly independent.

Transversality is a generic property in the following sense. Those Σ such
that the corresponding mapping Σ+A(·) has a degenerate point form a set of
Lebesgue measure zero in the space Sp. In other words for almost every Σ ∈ Sp
the mapping Σ +A(·) does not possess degenerate points. Since matrices Ai
are linearly independent we have that dim(A(Rn)) = n. Together with (2.5)
this implies the following generic result (cf., [17, p.309]).

Proposition 2 For almost every Σ ∈ Sp it follows that

(p− rx)(p− rx + 1)/2 ≤ n, ∀x ∈ Rn, (2.9)

where rx := rank(Σ +A(x)).
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This means that for almost every Σ ∈ Sp the rank rx of Σ +A(x) cannot
be reduced below the bound

rx ≥
2p+ 1−

√
8n+ 1

2
. (2.10)

Another way of saying this is that if matrix Σ ∈ Sp is random having continu-
ous distribution, then the reduced rank inequality (2.10) holds with probability
one (w.p.1). For recent studies of genericity in conic programming we can refer
to Dür et al [8] and references therein.

Let us discuss now differentiability properties of the optimal value function
ϑ(·) and an optimal solution x̄(·). By Sol(P ) we denote the set of optimal
solutions of the reference (true) problem (1.1), and by Sol(D) the set of optimal
solutions of its dual problem (2.2) for Σ = Σ0. By the classical convex analysis
the function ϑ(·) is convex and we have the following result (e.g., [18, Theorem
4.1.9]).

Proposition 3 Suppose that Slater condition holds for the reference problem
(1.1) and its optimal value ϑ(Σ0) is finite. Then the set Sol(D) is nonempty,
convex and compact and the optimal value function ϑ(·) is continuous and
Fréchet directionally differentiable at Σ0 with

ϑ′(Σ0, H) = sup
Λ∈Sol(D)

Λ •H. (2.11)

We assume in the remainder of this section that Slater condition holds for
the reference problem. By the first order optimality conditions we have that for
x∗ ∈ Sol(P ) and Λ ∈ Sol(D) the following complementarity condition follows

(Σ0 +A(x∗)) •Λ = 0. (2.12)

Note that since Σ0 +A(x∗) � 0 and Λ � 0, this complementarity condition is
equivalent to (Σ0 +A(x∗))Λ = 0 and hence rank(Λ) ≤ p− r, where

r := rank(Σ0 +A(x∗)). (2.13)

It is said that the strict complementarity condition holds at Λ ∈ Sol(D) if
rank(Λ) = p− r.

The critical cone at x∗ ∈ Sol(P ) is defined as

C(x∗) :=
{
h ∈ Rn : A(h) ∈ TSp+(Υ ), c>h = 0

}
,

where Υ := Σ0 + A(x∗). Because of (2.3) and since Λ •Ai = ci, i = 1, ..., n,
for any Λ ∈ Sol(D), it can be written as

C(x∗) =
{
h ∈ Rn : E>A(h)E � 0, Λ •A(h) = 0

}
,

where r = rank(Υ ), E is a p× (p− r) matrix of rank p− r such that ΥE = 0.
Suppose further that the strict complementarity condition holds at some

Λ ∈ Sol(D). Then Λ � 0 has rank p−r and hence Λ = EE> for some p×(p−r)
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matrix E = [e1, ..., ep−r] of rank p − r. Consequently the critical cone can be
written in the form

C(x∗) =

{
h ∈ Rn :

n∑
i=1

hiE
>AiE = 0

}
(2.14)

=
{
h ∈ Rn : v>ijh = 0, 1 ≤ i ≤ j ≤ p− r

}
, (2.15)

where

vij := (e>i A1ej , ..., e
>
i Anej)

>, 1 ≤ i ≤ j ≤ p− r. (2.16)

Note that replacing matrix E in (2.14) with matrix ET , for any nonsingular
(p − r) × (p − r) matrix T , does not change the corresponding equations.
Hence matrix E in (2.14) can be any p× (p− r) matrix of rank p− r such that
(Σ0 +A(x∗))E = 0.

It follows that under the assumption of strict complementarity the critical
cone C(x∗) is a linear space and

dim(C(x∗)) ≥ n− (p− r)(p− r + 1)/2. (2.17)

Moreover, if x∗ is a nondegenerate point of Σ0 + A(·), then vectors vij ,
1 ≤ i ≤ j ≤ p− r, are linearly independent (see Proposition 1), and hence by
(2.15) the equality in (2.17) holds.

Now consider points x∗ ∈ Sol(P ), Λ ∈ Sol(D) and n × n matrix H =
H(x∗, Λ) with elements

[H]ij := tr
[
ΛAiΥ

†Aj
]
, i, j = 1, ..., n, (2.18)

where Υ := Σ0 + A(x∗). By matrix identity (1.4) this matrix can be written
in the form H = A>[Λ ⊗ Υ †]A, where A := [vec(A1), ..., vec(An)] is p2 × n
matrix. Consider the following second order conditions

h>H h > 0, ∀h ∈ C(x∗) \ {0}. (2.19)

These conditions imply the so-called second order growth condition at the
point x∗, and if moreover Sol(D) = {Λ} is a singleton are necessary and
sufficient for the second order growth condition (cf., [18, Theorem 4.1.8]).
In particular conditions (2.19) imply that x∗ is the unique optimal solution of
the reference problem. Assuming strict complementarity the following converse
statement holds (cf., Scheinberg [13, Theorem 4.2.1]).

Proposition 4 Suppose that Sol(P ) = {x∗} is a singleton and the strict com-
plementarity condition holds at some Λ ∈ Sol(D). Then the second order con-
ditions (2.19) follow.
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Proof Let Υ := Σ0 + A(x∗), r := rank(Υ ) and Υ = NDN> be the spectral
decomposition of matrix Υ , and hence Υ † = ND−1N>. Because of the strict
complementarity we have that Λ = FF> for some p× (p−r) matrix F of rank
p− r such that N>F = 0. Then

h>H h =

n∑
i,j=1

hihj [H]ij = tr
[
ΛA(h)Υ †A(h)

]
= tr

[
MD−1M>

]
,

where M :=
∑n
i=1 hiF

>AiN. Therefore (2.19) holds iff M 6= 0 for any h ∈
C(x∗) \ {0}. Now for h ∈ C(x∗) and K := [F,N ] we have by (2.14) that
M = 0 iff

∑n
i=1 hiF

>AiK = 0. Note that matrix K is nonsingular, and
hence

∑n
i=1 hiF

>AiK = 0 iff
∑n
i=1 hiF

>Ai = 0. Since matrices A1, ..., An
are linearly independent, we obtain that (2.19) holds iff F>A(h) = 0 (or
equivalently A(h)Λ = 0) implies that h = 0 for any h ∈ C(x∗).

We argue now by a contradiction. Suppose that there is h̄ 6= 0 such that
A(h̄)Λ = 0. Then point x̄ := x∗+th̄ is also an optimal solution of the reference
problem (1.1) for some t > 0. Indeed

(Σ0 +A(x̄))Λ = (Σ0 +A(x∗))Λ = 0.

Because of the strict complementarity it follows that rank(Σ0 + A(x̄)) =
rank(Σ0 + A(x∗)) for t > 0 small enough. Let us note that if A ∈ Sp is a
positive semidefinite matrix of rank r, then any matrix B ∈ Sp of rank r in a
sufficiently small neighborhood of A is also positive semidefinite. It follow that
Σ0 +A(x̄) � 0 for t > 0 small enough. By the first order optimality conditions
this implies that x̄ := x∗ + th̄ ∈ Sol(P ), which contradicts the assumption of
uniqueness of the optimal solution x∗.

Let us discuss now differentiability properties of an optimal solution x̄(σ) of
problem (2.1) considered as a function of σ = vec(Σ). Suppose that Sol(P ) =
{x∗} and that x∗ is a nondegenerate point of Σ0 +A(·), and hence Sol(D) =
{Λ} is a singleton. Suppose also that the strict complementarity condition
holds. Let Υ = NDN> be the spectral decomposition of matrix Υ = Σ0 +
A(x∗), and Λ = EΘE> be the spectral decomposition of matrix Λ. Recall
that because of the strict complementarity, rank(Λ) = p − r. Hence E is a
p× (p− r) matrix of rank p− r with orthonormal columns, i.e., E>E = Ip−r,
and such that N>E = 0.

Consider the following optimization problem1

min
h∈Rn

tr
[
Λ(A(h) +∆)Υ †(A(h) +∆)

]
s.t. E>A(h)E + E>∆E = 0

(2.20)

1 As it was pointed before, the constraints in (2.20) are invariant with respect to replacing
matrix E by matrix ET for an arbitrary nonsingular (p− r)× (p− r) matrix T . Therefore,
unless stated otherwise, for the sake of computational convenience we assume that matrix
E has orthonormal columns.
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depending on ∆ ∈ Sp. This is a problem of minimization of quadratic function
subject to linear constraints

v>ijh+ e>i ∆ej = 0, 1 ≤ i ≤ j ≤ p− r, (2.21)

with vectors vij defined in (2.16). By using matrix identity (1.4) the objective
function of problem (2.20) can be written in the following form

tr
[
Λ(A(h) +∆)Υ †(A(h) +∆)

]
= [vec(A(h) +∆)]>[Λ⊗ Υ †][vec(A(h) +∆)]

= h>A>[Λ⊗ Υ †]A︸ ︷︷ ︸
H

h+ 2h>A>[Λ⊗ Υ †]δ + δ>[Λ⊗ Υ †]δ, (2.22)

where A := [vec(A1), ..., vec(An)] is p2 × n matrix and δ := vec(∆).
Recall that since x∗ is assumed to be nondegenerate, vectors vij , 1 ≤ i ≤

j ≤ p−r, are linearly independent. Hence because of (2.19) problem (2.20) has
a unique optimal solution h̄(δ), which is a linear function of δ = vec(∆), and
the optimal value of (2.20) is a quadratic function of δ. That is h̄(δ) = J>δ,
where J is the corresponding p2×n matrix, and the optimal value of problem
(2.20) can be written as δ>Qδ with Q being p2 × p2 positive semidefinite
matrix. By Proposition 4 we have the following result which is a particular
case of a general result [4, Theorem 5.95 and eq. (5.238)].

Theorem 1 Suppose that Sol(P ) = {x∗} is a singleton, and that x∗ is a
nondegenerate point of Σ0 + A(·) and the strict complementarity condition
holds. Then x̄(·) is differentiable at σ0 = vec(Σ0) and

x̄(σ) = x̄(σ0) + J>(σ − σ0) + o(‖σ − σ0‖), (2.23)

where J>δ is the optimal solution of problem (2.20) with Λ being the opti-
mal solution of the dual problem and E being a matrix whose columns are
orthonormal and generate the null space of the matrix Σ0 +A(x∗).

Moreover

ϑ(σ) = ϑ(σ0) + Λ • (Σ −Σ0) + (σ − σ0)>Q(σ − σ0) + o(‖σ − σ0‖2), (2.24)

where δ>Qδ is the optimal value of problem (2.20).

That is, J is the Jacobian matrix of x̄(σ) and 2Q is the Hessian matrix of
ϑ(σ) at σ = σ0.

Remark 1 In particular, if n = (p−r)(p−r+1)/2, then under the assumptions
of Theorem 1, dim(C(x∗)) = 0, i.e., C(x∗) = {0}. In that case the constraints
of problem (2.20),

E>A(h)E + E>∆E = 0, (2.25)

define unique feasible point h̄(δ) which is the optimal solution of problem
(2.20). The constraints (2.25) can be written as the system of linear equations
(2.21). Consider matrix V with columns

vij = (e>i A1ej , ..., e
>
i Anej)

>, 1 ≤ i ≤ j ≤ p− r.
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Since n = (p− r)(p− r + 1)/2, matrix V an n× n matrix and because of the
nondegeneracy assumption is nonsingular (see Proposition 1). Then the system
(2.21) can be written as V >h + U(δ) = 0, where U(δ) is n × 1 vector valued
linear function of δ = vec(∆) with respective elements e>i ∆ej = δ>vec(eje

>
i ).

Hence in that case
h̄(δ) = −(V −1)>U(δ). (2.26)

3 Statistical inference

In this section we assume that matrix Σ0 is estimated by the sample covari-
ance matrix S, based on a sample of size N . The optimal value ϑ̂N := ϑ(S)
and an optimal solution x̂N := x̄(S) of the sample counterpart of the ‘true’
(population) problem (1.1) are viewed as estimates of their population coun-
terparts ϑ∗ and x∗. In this section we investigate statistical properties of the
estimates ϑ̂N and x̂N .

• We assume that the population distribution has finite fourth order mo-
ments.

It follows then by the Central Limit Theorem that N1/2(s − σ0) converges
in distribution to multivariate normal with mean vector zero and p2 × p2

covariance matrix Γ . We write this as N1/2(s − σ0) ⇒ N (0, Γ ), with “ ⇒ ”
denoting convergence in distribution. Note that p2 × 1 vector s = vec(S) has
only p(p+ 1)/2 nonduplicated elements, and hence rank(Γ ) ≤ p(p+ 1)/2.

In particular if the sample is drawn from a normally distributed population,
then the element in row ij and column kl of matrix Γ is

[Γ ]ij,k` = σikσj` + σi`σjk,

where σij = [Σ0]ij . This can be written in the following matrix form (cf.,
Browne [5])

Γ = 2Mp(Σ0 ⊗Σ0), (3.1)

where Mp is p2 × p2 symmetric matrix with [Mp]ij,kl = 1
2
(δikδjl + δilδjk),

where δik = 1 if i = k, and δik = 0 if i 6= k. This matrix has the following
properties: M2

p = Mp, rank(Mp) = p(p+ 1)/2, Mp(Σ0 ⊗Σ0) = (Σ0 ⊗Σ0)Mp

and Mp(vec(A)) = vec(A) for any A ∈ Sp. It follows that in case of normally
distributed population, rank(Γ ) = p(p+ 1)/2.

We use notation op(·) and Op(·) for statistical analogues of o(·) and O(·).
That is, for two sequences Xk and Yk of random variables, Xk = op(Yk) means
that Xk/Yk tends in probability to zero, and Xk = Op(Yk) means that Xk/Yk
is bounded in probability. In particular Xk = op(1) means that Xk converges
in probability to zero. This notation is standard in Statistics literature.

Theorem 2 Suppose that the optimal value ϑ∗ = ϑ(Σ0) is finite and Slater
condition for the true problem holds. Then

ϑ̂N − ϑ∗ = sup
Λ∈Sol(D)

Λ • (S −Σ0) + op(N
−1/2), (3.2)
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N1/2(ϑ̂N − ϑ∗)⇒ sup
λ∈Sol(D)

λ>Z, (3.3)

where Z is a random vector having multivariate normal distribution N (0, Γ ).

Moreover, if Sol(D) = {Λ0} is a singleton, then N1/2(ϑ̂N − ϑ∗) converges
in distribution to normal with zero mean and variance σ2 = λ>0 Γλ0, where
λ0 := vec(Λ0). In particular, if Γ is of the form (3.1), then the asymptotic
variance σ2 = 2tr(Σ0Λ0Σ0Λ0).

Proof Because of Slater condition we have that the primal and dual problems
have the same optimal value and the set of optimal solutions of the dual
problem is nonempty and compact. Formula (3.2) follows from (2.11). Indeed
by Proposition 3 we have

ϑ̂N − ϑ∗ = sup
Λ∈Sol(D)

Λ • (S −Σ0) + o(‖s− σ0‖).

Since N1/2(s − σ0) converges in distribution, it is bounded in probability. It
follows that ‖s − σ0‖ = Op(N

−1/2). Hence by the standard calculus of op(·)
and Op(·) it follows that o(‖s− σ0‖) = op(N

−1/2), and thus (3.2) follows.
By (3.2) we have that

N1/2(ϑ̂N − ϑ∗) = sup
λ∈Sol(D)

λ>[N1/2(s− σ0)] + op(1). (3.4)

By the continuous mapping theorem we have that the first term in the right
hand side of (3.4) converges in distribution to supλ∈Sol(D) λ

>Z. Together with
Slutsky’s theorem this implies (3.3). In particular if Sol(D) = {Λ0} is a sin-
gleton, then it follows by (3.3) that

N1/2(ϑ̂N − ϑ∗)⇒ N (0, σ2), (3.5)

where σ2 = λ>0 Γλ0. The above derivations basically is the classical (finite
dimensional) Delta Theorem.

Now suppose that matrix Γ is of the form (3.1). Then since for λ = vec(Λ)
we have that Mpλ = λ and using matrix identity (1.4) we can write

λ>0 Γλ0 = 2 vec(Λ0)(Σ0 ⊗Σ0)vec(Λ0) = 2tr[Σ0Λ0Σ0Λ0].

This completes the proof.

Consider set

F :=
{
Λ ∈ Sp+ : Λ •Ai = ci, i = 1, ..., n

}
of feasible solutions of the dual problem . Assuming Slater condition we have
that ϑ(S) = supΛ∈F Λ •S. Since S is an unbiased estimate of Σ0, i.e., E[S] =
Σ0, we can write

E[ϑ̂N ] = E
[

sup
Λ∈F

Λ •S
]
≥ sup
Λ∈F

E[Λ •S] = sup
Λ∈F

Λ •Σ0 = ϑ∗.
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That is, ϑ̂N is an upward biased estimate of ϑ∗. Under mild regularity con-
ditions it follows from the convergence in distribution (3.3) that the expected

value of N1/2(ϑ̂N − ϑ∗) converges to the expected value of supλ∈Sol(D) λ
>Z

(see, e.g., [19, Remark 57]). That is

E[ϑ̂N ]− ϑ∗ = N−1/2E

[
sup

λ∈Sol(D)

λ>Z

]
+ o(N−1/2), (3.6)

where Z ∼ N (0, Γ ). If the dual problem has more than one optimal solution,

i.e., Sol(D) is not a singleton, then the term E
[
supλ∈Sol(D) λ

>Z
]

is positive.

In that case the asymptotic bias of ϑ̂N is of order O(N−1/2). In case Sol(D)

is a singleton, the asymptotic bias of ϑ̂N typically is of order O(N−1) (see
Remark 3 below).

Theorem 3 Suppose that Sol(P ) = {x∗} is a singleton, and that x∗ is a
nondegenerate point of Σ0 + A(·) and the strict complementarity condition
holds. Then N1/2(x̂N − x∗) converges in distribution to normal N (0, J>ΓJ),
where J is the p2 × n matrix such that J>δ is the optimal solution of problem
(2.20).

Proof By (2.23) we have

x̂N − x∗ = J>(s− σ0) + o(‖s− σ0‖).

In the same way as in the proof of Theorem 2 we can conclude that N1/2(x̂N−
x∗) converges in distribution to J>Z, where Z ∼ N (0, Γ ). Since J>Z ∼
N (0, J>ΓJ) we obtain that N1/2(x̂N − x∗)⇒ N (0, J>ΓJ).

Remark 2 In particular suppose that n = (p− r)(p− r+ 1)/2 (see Remark 1).
Then by formula (2.26) we have that N1/2[U(s − σ0)] ⇒ N (0, Ω) and hence
J>ΓJ = (V −1)>ΩV −1, with

[Ω]ij,k` = [vec(eje
>
i )]>Γ [vec(e`e

>
k )]. (3.7)

If moreover Γ is of the form (3.1), then by using the matrix identity (1.4) we
have

[Ω]ij,k` = 2[vec(eje
>
i )]>(Σ0 ⊗Σ0)[vec(e`e

>
k )] = 2(e>i Σ0ek)(e>j Σ0e`). (3.8)

In particular, if Σ0 = σ2Ip for some σ2 > 0, then [Ω]ij,k` = 2σ4 for (i, j) =
(k, `), and [Ω]ij,k` = 0 for (i, j) 6= (k, `), i.e., in that case Ω = 2σ4In.

Remark 3 By using (3.6) we can write, under assumptions of Theorem 3, the
following second order expansion of the optimal value

ϑ̂N = ϑ∗ + Λ • (S −Σ0) + (s− σ0)>Q(s− σ0) + op(N
−1). (3.9)

Here Λ is the unique optimal solution of the dual of the true problem, δ>Qδ
is the optimal value of problem (2.20) and the term op(N

−1) is obtained from
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the term o(‖σ − σ0‖2) in expansion (3.6). Since S is an unbiased estimate

of Σ0, it follows that E[Λ • (S − Σ0)] = 0. Hence the asymptotic bias of ϑ̂N
here is defined by the term (s − σ0)>Q(s − σ0). Note that for Z ∼ N (0, Γ )
the expectation E[Z>QZ] = tr(QΓ ). We obtain that under assumptions of

Theorem 3 the asymptotic bias of ϑ̂N is N−1tr(QΓ ) + o(N−1).

4 Factor analysis

In this section we apply general results of section 3 to the Factor Analysis
model and in particular to the MTFA problem (1.2). We denote by Dp the
space of p × p diagonal matrices. The corresponding mapping here is X 7→
Σ + X from Dp into Sp (we use notation x = diag(X) for X ∈ Dp). By
Proposition 2 we have the following almost sure lower bound for the reduced
rank of covariance matrix (cf., [14]).

Proposition 5 For almost every Σ ∈ Sp it follows that

rank(Σ +X) ≥ 2p+ 1−
√

8p+ 1

2
, ∀X ∈ Dp. (4.1)

By Proposition 1 we have that X∗ ∈ Dp is a nondegenerate point of the
mapping X 7→ Σ + X iff vectors ei ◦ ej , 1 ≤ i < j ≤ p − r, are linearly
independent, where r := rank(Σ + X∗) and e1, ..., ep−r is a basis of the null
space of the matrix Σ + X∗. It follows that if X∗ is nondegenerate, then
(p− r)(p− r + 1)/2 ≤ p. This leads to the almost sure bound (4.1).

Consider now the MTFA problem (1.2). It is interesting to note that the
MTFA solution may not coincide with the minimum rank solution even if the
minimal rank is equal to one. In this respect there is the following result (cf.,
[15, Theorem 3.1]).

Proposition 6 Suppose that Σ = γγ> + Ψ for some p × 1 nonzero vector γ
and Ψ ∈ Dp, and let X∗ be the optimal solution of the corresponding MTFA
problem. Then X∗ = −Ψ iff the following condition holds

|γi| ≤
∑
j 6=i

|γj |, i = 1, ..., p. (4.2)

Otherwise, if condition (4.2) is not satisfied, then rank(Σ +X∗) = p− 1.

The Lagrangian dual of problem (1.2) is

max
Λ∈Sp+

tr(ΛΣ0) subject to diag(Λ) = 1, (4.3)

where 1 is p × 1 vector of ones. Optimal value of the primal problem (1.2) is
finite and Slater condition always holds here. Hence the dual problem (4.3)
has a nonempty convex compact set of optimal solutions, denoted Sol(D), and
there is no duality gap between the primal and dual problems. The set of op-
timal solutions of the primal problem (1.2) is a singleton, i.e., Sol(P ) = {X∗}
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(cf., Ten Berge et al [22]). Indeed, let X∗ and X̄ be optimal solutions of the
MTFA problem (1.2) and Λ be an optimal solution of the dual problem. Then
by the first order optimality conditions we have that (X∗ − X̄)Λ = 0. Since
diag(Λ) = 1, it follows that X∗ − X̄ = 0.

Consider now the estimates ϑ̂N and x̂N of the optimal value and optimal
solution of the MTFA problem (1.2). The asymptotics of ϑ̂N are given in
Theorem 2 (cf., [14, Theorem 4.2]). Assuming that the nondegeneracy and
strict complementarity conditions hold, asymptotics of x̂N can be derived from
general results of Theorem 3.

By (2.18) and (2.22) we have here that

H = Λ ◦ Υ † and h>A>[Λ⊗ Υ †]δ = tr
[
HΛ∆Υ †

]
, (4.4)

where h = diag(H), Υ = Σ0 +X∗, ∆ ∈ Sp and δ = vec(∆). Therefore problem
(2.20) takes here the following form (with the last term in (2.22) omitted)

min
h∈Rp

h>(Λ ◦ Υ †)h+ 2tr
[
HΛ∆Υ †

]
s.t. E>HE + E>∆E = 0.

(4.5)

By Theorem 3 and Remark 2 we have the following results.

Theorem 4 Let x∗ be the optimal solution of the MTFA problem (1.2), Υ =
Σ0 + X∗ and r = rank(Υ ). Suppose that the point x∗ is nondegenerate and
the strict complementarity condition holds. Then N1/2(x̂N − x∗) converges in
distribution to normal N (0, J>ΓJ), where J is the p2 × p matrix such that
J>δ is the optimal solution of problem (4.5).

In particular, if p = (p − r)(p − r + 1)/2, then J>ΓJ = (V −1)>ΩV −1,
where Ω is given in (3.7) (and in (3.8) for normally distributed population),
and V is the p× p matrix with columns ei ◦ ej, 1 ≤ i ≤ j ≤ p− r.

It is also possible to evaluate the asymptotic bias of the estimator ϑ̂N .
By the discussion of section 3 we have that this asymptotic bias is of order
O(N−1/2) if Sol(D) is not a singleton, and is of order O(N−1) under the
assumptions of Theorem 4.

5 Matrix completion

Consider the problem of recovering an m1×m2 data matrix of low rank when
observing a small number m of its entries. This can be written as the following
optimization problem (cf., Candés and Recht [6])

min
Y ∈Rm1×m2

rank(Y ) subject to Yij = Mij , (i, j) ∈ ι, (5.1)

where ι ⊂ {1, ...,m1}×{1, ...,m2} is an index set of cardinality m and Mij are
specified values. We refer to (5.1) as the Minimum Rank Matrix Completion
(MRMC) problem.
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The MRMC problem (5.1) can be formulated in the following equivalent
form (see Remark 4 below)

min
X∈Vτ

rank(Ξ +X) subject to Ξ +X � 0, (5.2)

where Ξ ∈ Sp, p = m1 +m2, is symmetric matrix of the form Ξ =

[
0 M
M> 0

]
,

M is the m1 ×m2 matrix with entries Mij at (i, j) ∈ ι, and all other entries
equal zero. Minimization in (5.2) is performed over matrices X ∈ Sp which are
complement to Ξ in the sense of having zero entries at all places corresponding
to the specified values Mij , (i, j) ∈ ι. That is X ∈ Vτ , where τ is the symmetric
index set associated with the index set2 ι and

Vτ := {X ∈ Sp : Xij = 0, (i, j) ∈ τ} (5.3)

is the respective linear subspace of Sp.

Remark 4 Consider a feasible point Y of problem (5.1), i.e., Yij = Mij , (i, j) ∈
ι, of rank r. It can be written as Y = VW> (singular value decomposition),
where V and W are matrices of the respective order m1 × r and m2 × r and
common rank r. Consider

X := UU> −Ξ, where U :=

[
V
W

]
, i.e., X =

[
V V > Y −M

(Y −M)> WW>

]
. (5.4)

This matrix X is a feasible point of problem (5.2) and X + Ξ has rank r.
It follows that the optimal value of problem (5.2) is less than or equal to the
optimal value of problem (5.1). Conversely let X be a feasible point of problem
(5.2) and r := rank(X +Ξ). Then X +Ξ = UU> for some p× r matrix U of
rank r. By partitioning U as in (5.4), we obtain that Y := VW> is a feasible
point of problem (5.1) and rank(Y ) ≤ r. It follows that the optimal value of
problem (5.1) is less than or equal to the optimal value of problem (5.2), and
hence these two problems have the same optimal value denoted r∗.

Let us note that if X is a feasible point (of the form (5.4)) of problem
(5.2) with r = rank(X + Ξ), then for any matrix T ∈ Sr++, the matrix[

V TV > Y −M
(Y −M)> WT−1W>

]
is also a feasible point of problem (5.2) of the same

rank r. Therefore to any solution of (5.1) of rank r corresponds a manifold of
dimension r(r + 1)/2 of solutions of problem (5.2).

As a heuristic it was suggested in Fazel [9] (see also [6]) to approximate
problem (5.2) by the following problem

min
X∈Vτ

tr(X) subject to Ξ +X � 0. (5.5)

2 The index set τ ⊂ {1, ..., p} × {1, ..., p} is symmetric in the sense that if (i, j) ∈ τ ,
then (j, i) ∈ τ , and is formed by such (i, j) that (i, j − n1) ∈ ι for 1 ≤ i ≤ n1 and
n1 + 1 ≤ j ≤ n1 + n2, and the respective (j, i) otherwise.
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Of course problem (5.5) can be considered as a particular case of the SDP
problem (1.1). Note that tr(Ξ +X) = tr(X) for any X ∈ Vτ and Ξ ∈ Vτ̄ .

In this section we consider a slightly more general minimum rank problem
of the form (5.2) in that we allow the index set τ to be a general symmetric
subset of {1, ..., p} × {1, ..., p}, and such that if (i, j) ∈ τ , then i 6= j. By
τ̄ ⊂ {1, ..., p} × {1, ..., p} we denote the symmetric complement index set of τ ,
i.e., if (i, j) ∈ τ̄ , then (j, i) ∈ τ̄ ; and (i, j) ∈ τ̄ , i ≤ j, iff (i, j) 6∈ τ . Note that
Vτ ∩ Vτ̄ = {0} and Vτ + Vτ̄ = Sp. The matrix Ξ ∈ Vτ̄ is supposed to have
specified entries Ξij , (i, j) ∈ τ , and all other entries equal zero. Together with
the minimum rank problem (5.2) we consider the following SDP problem

min
X∈Vτ

C •X subject to Ξ +X � 0, (5.6)

for some matrix C ∈ Vτ . Note that C •Ξ = 0 for any Ξ ∈ Vτ̄ . For C := Ip,
problem (5.6) coincides with problem (5.5). The MTFA can be also considered
in this framework by defining the set τ to be the symmetric set of all indexes
(i, j) such that i 6= j, and taking C := Ip. Also for this index set τ the
respective minimum rank problem (5.2) becomes the so-called Minimum Rank
Factor Analysis (MRFA) problem. As it was discussed in Proposition 6, even if
the MRFA problem has solution of rank one the corresponding MTFA problem
may have solution of rank p− 1.

Define the respective mapping A : Vτ → Sp as A(X) := X. Then similar
to Definition 1 we say that X ∈ Vτ is a nondegenerate point of problem (5.2)
(of problem (5.6)) if for r := rank(Ξ +X) it follows that

Vτ + TWr
(Ξ +X) = Sp. (5.7)

Otherwise we say that the point X is degenerate. We have that the following
is a necessary condition for a point X ∈ Vτ to be nondegenerate

dim(Vτ ) + dim(Wr) ≥ dim(Sp). (5.8)

By formula (2.5) for dimension of Wr, condition (5.8) can be written as (com-
pare with (2.9) and (2.10))

(p− rX)(p− rX + 1)/2 ≤ dim(Vτ ), (5.9)

or equivalently

rX ≥
2p+ 1−

√
8 dim(Vτ ) + 1

2
, (5.10)

where rX := rank(Ξ +X).

Theorem 5 For a.e. Ξ ∈ Vτ̄ it follows that problem (5.2) does not have
degenerate points and the inequalities (5.9) and (5.10) hold for all X ∈ Vτ .
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Proof Note that we cannot apply here the result of Proposition 2 in a direct
way since projection of a set of measure zero onto a subspace of lower dimension
does not need to have measure zero. However, the same type of arguments can
be used in the proof. Consider mapping G(X,Ξ) := Ξ +X, X ∈ Vτ , Ξ ∈ Vτ̄ .
Since Vτ + Vτ̄ = Sp, the image

Im(G) = {Ξ +X : X ∈ Vτ , Ξ ∈ Vτ̄}

of this mapping coincides with the whole space Sp. It follows that mapping G
intersects everyWr transversally, i.e., Im(G)+TWr

(Υ ) = Sp for every Υ ∈ Wr.
Viewing Ξ as a parameter vector, by the classical result of differential geometry
(e.g., [10]) we have then that for a.e. Ξ ∈ Vτ̄ the mapping GΞ(·) := G(·, Ξ)
intersects Wr transversally. That is, for a.e. Ξ ∈ Vτ̄ and every Wr it follows
that for any X ∈ Vτ either GΞ(X) 6∈ Wr or GΞ(X) ∈ Wr and condition (5.7)
holds. Since there is a finite number of manifoldsWr it follows that for for a.e.
Ξ ∈ Vτ̄ all points of problem (5.2) are nondegenerate, and hence conditions
(5.9) and (5.10) hold for all X ∈ Vτ .

A natural question is how tight the bound (5.9), or equivalently the bound
(5.10), for the respective minimal rank. As it was already pointed, when the
index set τ consists of all indexes such that i 6= j, i.e., Vτ = Dp, then problem
(5.2) becomes the Minimum Rank Factor Analysis (MRFA), and the bound
(5.10) becomes the bound (2.10) with n = p. It is well known that in that case
the bound (2.10) is tight in the sense that the set of matrices for which it is
attained is not of measure zero.

For the MRMC problem (5.1) the above bound (5.9) can be improved
by recalling that to any solution of problem (5.1) corresponds a manifold of
dimension r(r+ 1)/2 of solutions of problem (5.2) (see Remark 4). This leads
to the following bound for the rank r,

dim(Vτ ) + dim(Wr)− r(r + 1)/2 ≥ dim(Sp). (5.11)

Here dim(Vτ ) = p(p+1)/2−m. Consequently using formula (2.5) for dimension
of Wr we can write condition (5.11) in the following form (cf., [6],[7])

r(m1 +m2 − r) ≥ m. (5.12)

Note that r ≤ min{m1,m2} and bound (5.12) can be written in the following
equivalent form

r ≥ R(m1,m2,m), (5.13)

where

R(m1,m2,m) := (m1 +m2)/2−
√

(m1 +m2)2/4−m. (5.14)

For the MRMC problem (5.1) bound (5.12) can be derived in a direct
way. As before we say that a property holds for a.e. choice of the constants
Mij , (i, j) ∈ ι, if the set of vectors [Mij ](i,j)∈ι for which it does not hold has
Lebesgue measure zero in the respective linear space of dimension m. Consider

Mr :=
{
Y ∈ Rm1×m2 : rank(Y ) = r

}
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the set of m1 ×m2 matrices of rank r. It is well known that Mr is a smooth
manifold with

dim(Mr) = r(m1 +m2 − r) (5.15)

(e.g., [2]). By the same arguments as in the proof of Theorem 5 we have that
the (affine) space

FM :=
{
Y ∈ Rm1×m2 : Yij = Mij , (i, j) ∈ ι

}
(5.16)

intersectsMr transverally for a.e. choice of the constants Mij , (i, j) ∈ ι. Note
that FM is the space of feasible points of problem (5.1).

Proposition 7 For almost every choice of the constants Mij, (i, j) ∈ ι, the
following holds: (i) for every feasible point Y of problem (5.1) it follows that

rank(Y ) ≥ R(m1,m2,m), (5.17)

(ii) if the number R(m1,m2,m) is not an integer, then problem (5.1) has mul-
tiple (more than one) optimal solutions.

Proof Consider the space FM of feasible points of problem (5.1). Of course
this space depends on the choice of constants Mij . As it was discussed above
the transversality condition holds almost surely, i.e., for a.e. choice of the con-
stants Mij , (i, j) ∈ ι. Since dim(FM ) = m1m2 −m and because of (5.15), the
transversality condition implies the bounds (5.12) and (5.13) for r = rank(Y ).
This completes the proof of assertion (i).

Suppose that FM intersects Mr transverally at a point Y ∗ ∈ Mr. Then
Mr ∩ FM forms a smooth manifold near Y ∗ with the tangent space to this
manifold at Y ∗ given by

TMr∩FM (Y ∗) = TMr
(Y ∗) ∩ FM .

The dimension of this manifold cannot be zero unless dim(Mr) + dim(FM ) is
equal to the dimension m1m2 of the whole space, which is equivalent to the
condition rank(Y ∗) = R(m1,m2,m). If the manifold Mr ∩ FM has a positive
dimension in a neighborhood of an optimal solution Y ∗, then all points of
this manifold are optimal in that neighborhood, and hence problem (5.1) has
multiple solutions. Of course if R(m1,m2,m) is not an integer we cannot have
the equality rank(Y ∗) = R(m1,m2,m). Since the transversality holds almost
surely this completes the proof of (ii).

Remark 5 Consider the optimal value r∗ of the MRMC problem (5.1), which
is also the optimal value of problem (5.2). Of course for a given index set ι
the minimal rank r∗ depends on the specified values Mij , (i, j) ∈ ι. By Propo-
sition 7 we have that if values Mij , (i, j) ∈ ι, are observed with noise having
a continuous nondegenerate distribution, then r∗ ≥ R(m1,m2,m) w.p.1. An-
other way of looking at this is that if r∗ < R(m1,m2,m), then the respective
MRMC problem is unstable in the sense that an arbitrary small change of
values of Mij can result in that the respective value r∗ of the rank cannot be
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achieved. On the other hand if R(m1,m2,m) is not an integer, then almost
surely r∗ > R(m1,m2,m) and problem (5.2) has more than one optimal solu-
tion. We came to the conclusion that the MRMC problem can be both stable
and generically have unique optimal solution only if r∗(m1 +m2 − r∗) = m or
equivalently r∗ = R(m1,m2,m), which can happen only if R(m1,m2,m) is an
integer.

Consider now the SDP problem (5.6). We assume that the matrix C ∈ Vτ
is positive definite. The (Lagrangian) dual of problem (5.6) is the problem

max
Λ�0

min
X∈Vτ

C •X − Λ • (Ξ +X). (5.18)

For Λ = C − Θ, with Θ ∈ Vτ̄ , problem (5.18) can be written (recall that
C •Ξ = 0 for Ξ ∈ Vτ̄ ) as

max
Θ∈Vτ̄

Θ •Ξ subject to C −Θ � 0. (5.19)

Note that Slater condition always holds for the primal problem (5.6), this can
be seen by taking X = αIp for sufficiently large α > 0. Also since C is positive
definite Slater condition holds for the dual problem (5.19), just take Θ = 0.
Hence there is no duality gap between problems (5.6) and (5.19), i.e., these
problems have the same finite optimal value. It also follows that both problems
have nonempty and bounded sets of optimal solutions.

Proposition 8 The following holds: (i) given Ξ ∈ Vτ̄ , it follows that for a.e.
positive definite matrix C ∈ Vτ problem (5.6) has unique optimal solution, (ii)
given positive definite matrix C ∈ Vτ , it follows that for a.e. Ξ ∈ Vτ̄ the dual
problem (5.19) has unique optimal solution.

Proof Consider the set of positive definite matrices C ∈ Vτ . This set is
nonempty convex and open. On this set the optimal value of problem (5.6),
considered as a function of C for given (fixed) Ξ, is finite valued and concave
as the minimum of linear functions. It follows by Danskin’s theorem (e.g.,
[4, Theorem 4.13]) that this function is differentiable at a point C ∈ Vτ iff
the corresponding set of optimal solutions of problem (5.6) is a singleton.
By Rademacher’s theorem a locally Lipschitz function is differentiable almost
everywhere. This implies the statement (i) (cf., [16, Theorem 5.2]).

There is a symmetry between problems (5.6) and (5.19). By applying the
same arguments to problem (5.19) we obtain (ii).

This shows that unlike the MRCM problem, the SDP problem (5.6) typi-
cally has unique optimal solution. Recall that the MTFA problem always has
unique optimal solution.
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6 Conclusion

We showed in section 3 that under certain regularity conditions optimal solu-
tions of the sample based SDP problem have asymptotically normal distribu-
tion. We argued that the required regularity conditions, specified in Theorem
3, in a certain sense are generic. The assumption that the population distri-
bution has finite fourth order moments is natural in the considered context,
otherwise the matrix Γ is not defined. The required values of the components
of matrix Γ and the Jacobian matrix J are functions of the respective popula-
tion parameters. Since the population parameters are unknown the standard
practice is to estimate these values by replacing the true covariance matrix Σ0

by the sample covariance matrix3 S and optimal solution x∗ by the computed
x̂N . These type of numerical experiments were performed in [21] for a problem
related (but with a different objective function) to the MTFA with moderate
values of dimension p.

In principle it is also possible to analyse asymptotics of the optimal solu-
tions when the cost vector c is estimated, by considering the dual problem.
However, it seems that this would be of a lesser interest.

The discussion of the Minimum Rank Matrix Completion problem in sec-
tion 5 has an independent interest. We argued in Remark 5 that, unless the
number R(m1,m2,m) is an integer, such problem is either unstable or gener-
ically has multiple solutions. The corresponding SDP problem typically has
a unique optimal solution (see Proposition 8). However, for large values of
p = m1 + m2 it would be practically impossible to have reliable estimates of
the components of the Jacobian matrix J . The situation is simplified consid-
erably when the minimal rank is equal to the lower bound (see Remark 2).
This could be a subject of future investigation.
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19. Shapiro, A., Dentcheva, D., Ruszczyński, A.: Lectures on Stochastic Programming: Mod-
eling and Theory, 2nd edn. SIAM, Philadelphia (2014)

20. Shapiro, A., Fan, M.: On eigenvalue optimization. SIAM J. on Optimization 5, 552–569
(1995)

21. Shapiro, A., Ten Berge, J.: Statistical inference of minimum rank factor analysis. Psy-
chometrika 67, 79–94 (2002)

22. Ten Berge, J., Snijders, T., Zegers, F.: Computational aspects of the greatest lower
bound to the reliability and constrained minimum trace factor analysis. Psychometrika
46, 201–213 (1981)


