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1 INTRODUCTION
We consider the problem of multi-objective simulation optimization (MOSO), that is, nonlinear

multi-objective optimization in which the objective functions can only be observed with stochastic

error. For example, multiple simultaneous objective functions may be defined implicitly through a
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Monte Carlo simulation model. These problems frequently arise when computer models are used

to design stochastic systems. A general formulation of this problem is

Problem S : minimize (E[G1(x, ξ )], . . . ,E[Gd (x, ξ )])
s.t. E[Hi (x, ξ )] ≤ 0 for all i = 1, 2, . . . , c,

x ∈ X,

where (E[G1(x, ξ )], . . . ,E[Gd (x, ξ )]) is a vector of d ≥ 2 unknown objective functions; if present,

E[Hi (x, ξ )] are unknown constraint functions for all i = 1, 2, . . . , c; the feasible set X, which may

be specified by a set of deterministic constraints, is nonempty and known; and ξ is a random vector

with support Ξ, such that P{ξ ∈ Ξ} = 1. Usually, the objectives in Problem S are conflicting, so that

no single feasible point minimizes all of the objectives simultaneously. Rather, multiple feasible

points may be efficient, that is, no other feasible point maps to an objective vector that is at least as

small on all objectives, and strictly smaller on at least one objective. The collection of all efficient

points is called the efficient set, which is the solution to Problem S . We call the image of an efficient

point a Pareto point, and we call the image of the efficient set the Pareto set.
MOSO problems sit at the interface of two existing and relatively well-developed research fields,

deterministic multi-objective optimization (MOO) and single-objective simulation optimization

(SOSO). The MOO literature considers a version of Problem S in which all d ≥ 2 objectives can

always be observed without stochastic error, while the SOSO literature considers a version of

Problem S with d = 1 unknown objective function that can only be observed with stochastic error.

Despite significant development in MOO and SOSO separately, the methodological and theoretical

development of specialized, provably convergent MOSO algorithms remains in its infancy.

Historically, solving a SOSO problem has been considered a computationally intensive task

[Fu 2002], and solving a MOSO problem usually requires even more computational effort. To

solve a MOSO problem, one often must generate multiple efficient points. Sometimes, generating

multiple efficient points requires solving many SOSO sub-problems, each yielding a single efficient

point. The recent availability of mature and efficient SOSO methods, coupled with the ubiquitous

availability of parallel computing power, makes characterizing the efficient set as the solution to a

MOSO problem seem like an increasingly realistic goal. Members of the Monte Carlo simulation

community have expressed interest in advancing this literature [Fu et al. 2014].

To facilitate future research on MOSO, we provide an introduction to MOSO theory, methods,

and provably convergent algorithms that explicitly control sampling error. We focus exclusively

on methods that characterize the entire efficient set as the solution to the MOSO problem, and

we emphasize convergence to a local efficient set when the feasible set is not finite. Our goal is

to provide a single, cohesive starting point for researchers and practitioners who wish to begin

working in this nascent area. In the remainder of this section, we discuss MOSO application areas

(§1.1), provide an overview of related literature (§1.2), and describe our notational conventions

(§1.3). Since we target our writing primarily to SOSO researchers and practitioners, throughout

this paper, we assume the reader is familiar with SOSO literature and write at the advanced tutorial

level. For readers without this background, we provide references to tutorials and entry points

to the SOSO literature in §1.2.2. Then, in §2, we formulate the MOSO problem and its solution,

discuss how to evaluate MOSO algorithms, and discuss the scope of our paper in detail. Sections 3,

4, and 5 contain an overview of existing MOSO theory, methods, and algorithms, categorized by

the nature of the feasible set X. Section 6 contains references to available software and problem

testbeds. Finally, §7 contains open questions and concluding remarks.
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An Introduction to Multi-Objective Simulation Optimization 0:3

1.1 Applications
The MOSO problem arises in a variety of application areas because its formulation as Problem S is

extremely general. The objective and constraint functions can be defined implicitly, such as through

a Monte Carlo simulation model, thus embedding nearly any level of system complexity. MOSO

problems may arise as a part of multi-criteria decision-making (MCDM), or as part of a method

used to solve other optimization problems. We begin with three such example problems.

Example 1.1. Cadaveric organ transplants are potentially life-saving resources for many patients.

Organ allocation policies, such as the policies for allocating cadaveric livers and kidneys, often

are evaluated using Monte Carlo simulation [Bertsimas et al. 2013; Feng et al. 2013]. Such policies

require the consideration of multiple objectives, including system-wide measures such as expected

total patient deaths while waiting for transplantation (minimize), expected total quality-adjusted

life year gains (maximize), and a measure of expected “fairness” in organ transplantation (maximize,

or pose as a constraint) [Akan et al. 2012; Bertsimas et al. 2013]. Feng et al. [2013] use Monte Carlo

simulation to evaluate liver allocation policies with respect to five such system-wide objectives.

Example 1.2. MOSO problems arise in the design of efficient power plants; specifically, in the

design of an “advanced coal-fired, gasification-based, zero-emissions electricity and hydrogen

generation facility with carbon capture,” [Subramanyan et al. 2011, p. 2667]. The objectives detailed

in the power plant design case study of Subramanyan et al. [2011] include a measure of the expected

overall efficiency of the process (maximize), the expected carbon dioxide emissions (minimize), and

the expected solid oxide fuel cell current density (maximize).

Example 1.3. Plant breeders often are concerned with the mating design problem, one version of

which can be stated as follows. Given a population of parent plants and a finite budget of progeny

plants to grow in the field, how many progeny plants should be bred from each potential parent pair

to maximize the expected maximum of a particular trait, such as yield, in the progeny population?

For normal trait distributions, Hunter and McClosky [2016] prove that one should only breed

from parent pairs whose progeny trait distributions are non-dominated in terms of their mean

and variance values (maximize both). Since simulated progeny are obtained through Monte Carlo

simulation in advance of the growing season, identifying the non-dominated parent pairs is a MOSO

problem. To solve the mating design problem, Hunter and McClosky [2016] propose a two-step

solution method that identifies these parent pairs in the first step.

We classify additional papers containing MOSO applications by the application area in Table 1.

Whenever possible, we classify the papers according to their best fit with the application track

descriptions at the 2017 Winter Simulation Conference [Chan et al. 2017]. For each paper listed

in Table 1, we also indicate what kind of decision variables make up the decision vector x ∈ X

and how many objectives the application contains. If the paper describes a general methodology

followed by a case study, we indicate the number of objectives used in the case study. If the paper

is an application-area review that includes MOSO concepts, we indicate that the paper is a review.

In Table 1, we adopt the problem taxonomy of Pasupathy and Henderson [2006, 2011] with minor

changes. We say the feasible setX is (a) continuous if each decision variable can take any value in an

interval subset of the real numbers; (b) integer-ordered if each decision variable can take on integer

values; and (c) categorical if each decision variable can take on a finite number of non-integer values

that may be categorical or unordered. Note that one can define a neighborhood structure on some

categorical problems; once the neighborhood structure is defined, these problems may be mapped

to a subset of an integer lattice and considered integer-ordered problems. For the purpose of Table 1,

papers classified as categorical do not define such a neighborhood structure. Since some problems

may contain a mix of variable types, we again adopt the convention of Pasupathy and Henderson

ACM Trans. Model. Comput. Simul., Vol. 0, No. 0, Article 0. Publication date: 201X.
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Table 1. The table categorizes exampleMOSO applications by area, the number of objectives in the application
or case study, and the nature of the feasible set X (categorical, integer-ordered, or continuous).

Area Obj. MOSO Application Papers

agriculture d = 2 categorical: plant breeding [Hunter and McClosky 2016]

d = 3 continuous: irrigation design [Crespo et al. 2010]

d = 4 categorical: land management under climate change [Klein et al. 2013]

architecture d = 2 categorical: earthmoving operations [Zhang 2008]

& construction d ≥ 2 review: building performance analysis, usually d ∈ {2, 3} [Nguyen et al. 2014]

aviation d = 2 integer-ordered: aircraft spare part management [Li et al. 2015a,c]

continuous: aircraft flight scheduling [Lee et al. 2007]

d = 3 integer-ordered: aircraft spare part management [Lee et al. 2008]

energy d = 2 continuous: oil drilling [Kim 2014]; design of burners in the combustion

chamber of a gas turbine [Büche et al. 2002]

d = 3 continuous: power plant design [Subramanyan et al. 2011]

d ≥ 2 continuous: energy pricing in an electricity market as a stochastic collabora-

tive game between d players [Fliege and Xu 2011, p. 158]

environment d = 2 integer-ordered: groundwater remediation design [Singh and Minsker 2008]

& sustainability d ≥ 2 integer-ordered: dynamic flood control operation in a river-reservoir system

with up to d = 5 [Prakash et al. 2015]

healthcare d = 2 integer-ordered: capacity allocation in an emergency department or obstetrics

ward [Chen and Wang 2016; Lucidi et al. 2016]; portable ultrasound

machine allocation [Huang 2016, p. 90]

continuous: patient flow between healthcare centers and hospital with d = 8

reduced to d = 2 [Song et al. 2016]

d = 4 integer-ordered: patient flow and capacity in a cancer treatment center

[Baesler and Sepulveda 2001]; hospital inpatient flow process, solved as

three sets of paired objectives [Wang et al. 2015]

d = 5 continuous: cadaveric liver allocation policies [Feng et al. 2013]

logistics,

supply chain,

& transportation

d = 2 categorical: supply chain management [Ding et al. 2006]

integer-ordered: reduce congestion in a lighterage terminal [Zhou et al. 2018];

differentiated service inventory management [Chew et al. 2009]; supply

chain management [Amodeo et al. 2009; Joines et al. 2002; Li et al. 2017];

train traction system design [Dullinger et al. 2017]

manufacturing d = 2 integer-ordered: production line scheduling [Andersson et al. 2007]

d ≥ 2 continuous: injection molding [Villarreal-Marroquín et al. 2013]

military d = 2 continuous: fighter aircraft maintenance [Mattila and Virtanen 2014]

d = 3 continuous: military ground vehicle design for safety [Hoffenson et al. 2014]

[2011] that the feasible set X is categorical if any variables are categorical, integer-ordered if any

variables are integer-ordered and none are categorical, and continuous otherwise.

Table 1 shows that MOSO problems already exist in areas as varied as agriculture, energy,

environment and sustainability, healthcare, the military, and supply chain management, among

others. Thus the further development of efficient MOSO methods and algorithms is likely to have a

significant impact on application areas and the ability to solve complex real-world problems.

1.2 Related Literature
MOO and SOSO are relatively well-developed fields that provide a foundation for the development

of MOSO theory, methods, and algorithms. In the sections that follow, we comment on the existing
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MOO and SOSO literature, define terms relevant to our problem and solution method taxonomy,

and provide references to entry points for each area. We conclude the section with references to

previous reviews on MOSO and remarks on our contribution.

1.2.1 Literature on Deterministic Multi-Objective Optimization. Deterministic MOO methods usu-

ally consist of generating one or more efficient points. MOO has been an active research topic for

over one hundred years [see, e.g., Stadler 1979, Ehrgott 2012]. To begin our discussion, we define

several terms we use to classify MOO methods (and later, MOSO methods).

First, since only one solution can be implemented in practice, MOO solution methods usually

involve generating the Pareto optimal solution that is preferred by the decision-maker [Miettinen

1999]. However, the decision-maker can articulate preferences at varying points in the decision-

making process. Following Hwang and Masud [1979], Miettinen [1999, p. 63] uses a classification of

MOO methods based on when the preferences of the decision-maker are articulated: no-preference
methods generate an efficient point without regard to the decision-maker’s preference; a posteriori
methods first characterize the efficient or Pareto set in an optimization stage, then allow the decision-

maker to express a preference in a separate MCDM stage; a priori methods incorporate the decision-

maker’s preferences before the optimization is conducted; and interactive methods periodically

solicit information from the decision-maker to guide the optimization process. Miettinen [1999]

notes that these classes overlap, and some methods fit into more than one category.

Second, MOO solution methods may fall under the category of scalarization or non-scalarization
methods. Scalarization is the primary solution method for MOO problems [Miettinen 1999]. Scalar-

ization converts the MOO problem into a parameterized single-objective problem that can be

solved using well-established single-objective optimization methods. Under appropriate regularity

conditions, solving the single-objective scalarized problem usually results in an efficient point.

Varying the scalarization parameters and solving each resulting problem usually creates a set

of efficient points and a characterization of the Pareto set in the objective function space. Many

scalarizing functions exist, the simplest of which is arguably the linear weighted sum: each objective

is multiplied by a weight, and the weighted objectives are added together to form a single objective.

In this case, the weights are the scalarization parameters. Since one single-objective problem is

solved for each scalarization parameter value, an efficient single-objective optimization “engine”

is required [Marler and Arora 2004, p. 390]. In contrast, non-scalarization methods find efficient

points in a variety of other ways. For example, one could use gradient information to find a descent

direction on all objectives until arriving at a point that satisfies first-order necessary conditions

in the multi-objective context (see, e.g., Miettinen 1999, p. 37–57). Descent methods include the

steepest descent method of Fliege and Svaiter [2000], the Newton-like method of Fliege et al.

[2009], and the multiple gradient descent algorithm (MGDA) of Désidéri [2012]. Other approaches

include non-Pareto optimality and set-oriented methods. Non-Pareto optimality methods replace

the concept of Pareto optimality with suitable alternatives, such as lexicographic or max-ordering

relations. Set-oriented methods attempt to capture the entire efficient set and iterate on sets instead

of points. We refer the reader to Wiecek et al. [2016] for more information on both scalarization

and non-scalarization methods.

Since the MOO literature is vast, we also refer the reader to Chankong and Haimes [1983];

Ehrgott [2005]; Ehrgott et al. [2016]; Ehrgott and Wiecek [2005]; Eichfelder [2008]; Miettinen

[1999]; Wiecek et al. [2016] for theory and solution methods, and to Chinchuluun and Pardalos

[2007]; Marler and Arora [2004]; White [1990] for additional MOO overviews and applications.

1.2.2 Literature on Single-Objective Simulation Optimization. SOSO solution methods involve

optimizing an unknown, nonlinear objective function that can only be observed with stochastic

error. SOSO methodology has been an active research area for over thirty years. The primary focus
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0:6 S. R. Hunter et al.

has been on solving SOSO problems without stochastic constraints; methods for SOSO problems

with stochastic constraints have been developed more recently. As a source of theory and “engines,”

the SOSO literature holds particular importance for the future development of MOSO methods.

As in Hong and Nelson [2009]; Pasupathy and Ghosh [2013], we categorize SOSO (and later,

MOSO) solution methods according to the type of feasible set for which they were designed (see

§1.1 for definitions of categorical, integer-ordered, and continuous feasible sets). Solution methods

for categorical feasible sets and “small” finite feasible sets are called ranking and selection (R&S)

methods. R&S methods require obtaining simulation replications from every decision point in the

finite feasible space and usually provide some form of probabilistic guarantee on the sampling

efficiency of the procedure or on the optimality gap of the returned solution. SOSO solution methods

for integer-ordered sets and continuous sets require the corresponding feasible set X in Problem S
to be integer-ordered or continuous, respectively. If a solution method can accommodate more

than one type of feasible set or can accommodate mixed variables, we say the method is (a) an R&S

method if it can accommodate categorical feasible sets and (b) an integer-ordered SOSO method if

it can accommodate integer-ordered feasible sets and cannot accommodate categorical feasible sets.

Many literature overviews and tutorials provide entry points to the SOSO literature. For the

reader new to SOSO, we recommend Pasupathy and Ghosh [2013] as a companion to this paper.

Other overviews include Amaran et al. [2016]; Fu [1994, 2002]; Hong and Nelson [2009]; Jian and

Henderson [2015], and the books by Chen et al. [2013]; Chen and Lee [2010]; Fu [2015]. Some

subsets of the SOSO literature have their own overviews. For entry points to the R&S literature,

see Goldsman [2015]; Hunter and Nelson [2017]; Kim and Nelson [2006]. For SOSO methods on

integer-ordered sets, including with stochastic constraints, see Nelson [2010]. The literature on

continuous SOSO methods consists primarily of (a) stochastic approximation (SA), a stochastic

version of Newton’s method; and (b) sample average approximation (SAA). For entry points to the

SOSO literature on SA, see Kushner and Yin [2003]; Pasupathy and Kim [2011]; Pasupathy and

Ghosh [2013, p. 138–145]. For entry points to the SAA literature, including SAA with stochastic

constraints, see Homem-de-Mello and Bayraksan [2015]; Kim et al. [2015]; Ruszczyński and Shapiro

[2003]; Shapiro [2003]; Shapiro et al. [2009].

1.2.3 Previous MOSO Surveys and Our Contribution. MOSO methods usually involve generating

one or more efficient points when multiple unknown, nonlinear objective functions can only be

observed with stochastic error. Compared to MOO and SOSO, the corresponding literature on

MOSO is relatively small. However, some surveys do exist. Among the earliest surveys is Friedman

[1987], which briefly discusses MOSO as part of a broader survey on the analysis of multivariate

response simulations. Several surveys cover SOSO topics and have a section that also addresses

MOSO topics, including Jacobson and Schruben [1989, p. 2–3], Tekin and Sabuncuoglu [2004, p.

1075], Gutjahr [2011, p. 62–63], Andradóttir [2015, p. 287–288], Xu et al. [2015, p. 17], and Yoon and

Bekker [2017, p. 41–43]. Abdelaziz [2012] and Gutjahr and Pichler [2016, published online in 2013]

touch on MOSO topics, but their primary focus lies on problems with more structure than our

Problem S , such as multi-objective stochastic programming. Few surveys are dedicated to MOSO

under the general Problem S ; these surveys include Evans et al. [1991]; Rosen et al. [2008].

Among these dedicated surveys, none focus on the optimization step of a posteriori MOSO

methods; that is, methods that characterize the entire efficient set (henceforth, simply ‘a posteriori

MOSO’ methods; see §1.3). Rosen et al. [2008] state that at the time of writing, there were no MOSO

methods specifically designed for a posteriori MOSO. They remark that the lack of literature may

be due to the computational intensity of the problem. Indeed, the literature we cover has been

published since 2008.
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With the recent advances in available parallel computing power, we view this paper as a timely

beginning reference for researchers who would like to work in this area. Our aim is to lay the
foundation for future work in provably convergent a posteriori MOSO methods by providing a single
reference containing problem and solution formulations, metrics for evaluating algorithms, a survey of
foundational results and state-of-the-art methods, and a discussion of open questions (see also §2.4).

1.3 Terminology and Notation
Whenever it is required for clarity, such as in our section on scope (§2.4), we refer to methods

employed during the optimization step of a posteriori MOSO as a posteriori MOSO methods, and
acknowledge here that we ignore the second MCDM step of selecting one decision point from

the efficient set. Elsewhere in the paper, we drop the specification ‘a posteriori’ for this class of

methods and refer to them simply as MOSO methods.
In the MOO literature, there is some flexibility regarding terms for the solution to Problem S in

the decision space and its image in the objective space [Ehrgott 2005, p. 24, 60]. For guidance in

determining a convention for this paper, we turn to Ehrgott [2012], who discusses the history of

MOO. Specifically, Vilfredo Pareto’s contribution to the concept of Pareto optimality was exclusively

in the objective space. When Kuhn and Tucker [1951] discussed the concept of multi-objective

optimization, they did not reference Pareto; instead, they cited Koopmans [1951] and used the

term ‘efficient.’ To be consistent with Pareto’s contributions and to maintain distinct terms for each

space, henceforth, we adopt the convention that efficient points are in the decision space and Pareto
optimal points or Pareto points are in the objective function space.

We use the following notation in the remainder of the paper. The set of all d-dimensional integer-

valued vectors is Zd ⊂ Rd . Usually, capital letters denote random variables (X ), script capital
letters denote sets (A), vectors appear in bold (x), and random vectors appear in capital bold (X ).

The d-dimensional vector of zeros is 0d . If g : X ⊆ Rq → Rd
is a vector-valued function, then for

some set S ⊆ X, the set g(S) is the image of the set S, g(S) := {g(x) : x ∈ S}. The sum of two

sets A and B is the Minkowski sum, A + B := {a + b : a ∈ A, b ∈ B}. We say that a sequence

of random variables X1,X2, . . . converges with probability 1 (w.p.1) to a random variable X if for

all ε > 0, P{limn→∞ |Xn − X | < ε} = 1 [Casella and Berger 2002, p. 234]. For a sequence of events

{En} defined in a probability space, En infinitely often (i.o.) if infinitely many of En occur, where

En i.o. = lim supn En = ∩∞
n=1

∪∞
j=n Ej [Billingsley 1995, p. 52–53]. We require notions of distance.

Let A ⊂ Rq
and B ⊂ Rq

be two nonempty, bounded sets. Then (a) d(x, x′) = | |x − x′ | | is the
Euclidean distance between two points x, x′ ∈ Rq

; (b) d(x,B) = infx′∈B | |x − x′ | | is the distance
from the point x ∈ Rq

to the set B; (c) D(A,B) = supx ∈A d(x,B) is the distance from set A to set

B; and (d) H(A,B) := max{D(A,B),D(B,A)} is the Hausdorff distance between sets A and B.

2 THE MULTI-OBJECTIVE SIMULATION OPTIMIZATION PROBLEM SETTING
To begin our in-depth discussion of MOSO, we first define optimality concepts. Then, we write a

formal problem statement, discuss solution quality metrics, and comment on our scope. Henceforth,

we focus on the version of Problem S without stochastic constraints,

ProblemM : minimizex∈X
{
g(x) = (д1(x), . . . ,дd (x)) := (E[G1(x, ξ )], . . . ,E[Gd (x, ξ )])

}
,

where g : X → Rd
is a vector-valued function. With the exception of work on SAA cited in §4, at

the time of writing, we know of no other MOSO methods in the scope of our paper (see §2.4) that

are designed specifically to handle stochastic constraints.
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2.1 Optimality Concepts
In this section, we define what we mean by global and local solutions to Problem M . Unless

otherwise cited, the majority of the content in this section can be found in standard MOO textbooks,

such as Ehrgott [2005]; Miettinen [1999]. The concepts we discuss are illustrated in Figure 1 for a

simple case of a problem with two objectives and a continuous feasible set.

2.1.1 Global Optimality. To define concepts of global optimality in ProblemM , first, we define the

concept of dominance in the objective function space.

Definition 2.1. Let x1, x2 ∈ X and d ≥ 2. For vectors g(x1) and g(x2), we say that

(1) g(x1) weakly dominates g(x2), written as g(x1) ≦ g(x2), if дk (x1) ≤ дk (x2) for all k = 1, . . . ,d .
(2) g(x1) dominates g(x2), written as g(x1) ≤ g(x2), if g(x1) ≦ g(x2) and g(x1) , g(x2).

(3) g(x1) strictly dominates g(x2), written as g(x1) < g(x2), if дk (x1) < дk (x2) for all k = 1, . . . ,d .

Using the concept of dominance, we now define efficient and weakly efficient points.

Definition 2.2. A decision point x∗ ∈ X is

(1) an efficient point if there does not exist another point x ∈ X such that g(x) ≤ g(x∗).
(2) a weakly efficient point if there does not exist another point x ∈ X such that g(x) < g(x∗).

Notice that all efficient points are also weakly efficient points. We define a Pareto point and a weakly
Pareto point as the image of an efficient point and a weakly efficient point, respectively.

In the presence of conflicting objectives, there may exist more than one efficient point or weakly

efficient point, which we collect up into sets, as follows.

Definition 2.3. We define the following sets:

(1) The efficient set, E ⊆ X, is the set of all efficient points.

(2) The weakly efficient set, Ew
, where E ⊆ Ew ⊆ X, is the set of all weakly efficient points.

The Pareto set is the image of the efficient set P := g(E), and the weakly Pareto set is the image of

the weakly efficient set Pw
:= g(Ew), where P ⊆ Pw

.

Finally, we define two points in the objective space that may be used to bound the Pareto set

P, called the ideal and nadir points. The ideal point is constructed by minimizing each objective

function and storing the information as gideal := (minx∈X д1(x),minx∈X д2(x), ...,minx∈X дd (x)) =
(minx∈E д1(x),minx∈E д2(x), ...,minx∈E дd (x)), where the last equality assumes E is nonempty.

Notice that the ideal point can only be the solution to ProblemM if none of the objectives conflict.

Assuming the efficient set E is nonempty, the nadir point provides an upper bound on the Pareto set

and is defined as gnadir := (maxx∈E д1(x),maxx∈E д2(x), ...,maxx∈E дd (x)). In two dimensions, one

can obtain the nadir point from values used to create the ideal point [Ehrgott and Tenfelde-Podehl

2003]. To see this, let xmin

k = argminдk (x) for all k ∈ {1, 2}. Then gnadir = (д1(xmin

2
),д2(xmin

1
)). In

more than two dimensions, the value of the nadir point may be more difficult to determine; see,

e.g., Ehrgott and Tenfelde-Podehl [2003]; Kirlik and Sayin [2013]. Some MOSO methods require the

specification of a reference point; frequently, the reference point either dominates the Pareto set,

such as gideal, or is dominated by points in the Pareto set, such as gnadir. We refer to “dominating”

reference points as gref and to “dominated” reference points as gref.

2.1.2 Local Optimality. If a neighborhood structure can be defined for the feasible points (e.g.,

X ⊆ Rq
or X ⊆ Zq

), then there may exist local solutions to ProblemM . That is, there may exist

points that are efficient in a neighborhood, but that are not necessarily globally efficient. Given

such a neighborhood defined in the decision space, we now define local optimality concepts.
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Fig. 1. For a bi-objective example Problem M , the figure shows the
feasible space X on the left and the objective function space g(X) on
the right. The symbols in the figure are defined in §2.1.
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Fig. 2. The area of the shaded re-
gion equals HVD(P, g( ˆE(t)), gREF),
defined in §2.3.2.

Definition 2.4. Let x∗ ∈ X. Given an appropriate neighborhood N(x∗), we say x∗ is
(1) a local efficient point on N if there does not exist x ∈ N(x∗) ∩ X such that g(x) ≤ g(x∗).
(2) a local weakly efficient point onN if there does not exist x ∈ N(x∗)∩X such that g(x) < g(x∗).

We also collect up the local efficient and local weakly efficient points into local efficient and local

weakly efficient sets. To define these concepts formally, we require definitions for the neighborhood

of a set and the deleted neighborhood of a set. Given the previous notion of an appropriate

neighborhood of a point N(x), we define the neighborhood of a set S as N(S) := ∪x∈SN(x). The
deleted neighborhood of a set S is N ′(S) := N(S) \ S. Then we have the following definitions [see

Cooper et al. 2017, 2018; Deb 1999; Kim and Ryu 2011a; Li et al. 2015a].

Definition 2.5. Given an appropriate neighborhood N(x) for each x ∈ X,

(1) A set EN is a local efficient set onN if (a) for each x∗ ∈ EN , x∗ is a local efficient point onN(x∗),
(b) no points in g(EN) dominate other points in g(EN), and (c) for each x ∈ N ′(EN) ∩ X,

there exists x∗ ∈ EN such that g(x∗) ≤ g(x).
(2) A set Ew

N
is a local weakly efficient set on N if (a) for each x∗ ∈ Ew

N
, x∗ is a local weakly

efficient point on N(x∗), (b) no points in g(Ew

N
) strictly dominate other points in g(Ew

N
), and

(c) for each x ∈ N ′(Ew

N
) ∩ X, there exists x∗ ∈ Ew

N
such that g(x∗) ≦ g(x).

Thus each point in a local efficient set must be a local efficient point on N , the image of each point

in the set should not be dominated by the images of any other points in the set, and each point in

the deleted neighborhood of the local efficient set must be dominated by a point in the local efficient

set. Further, the local Pareto set is PN := g(EN) and the local weakly Pareto set is Pw

N
:= g(Ew

N
).

2.1.3 Convexity. If the feasible set X is continuous and convex, and if all objective functions

дk (x),k = 1, . . . ,d are convex, then Problem M is convex [Miettinen 1999, p. 7]. If Problem M is

convex, then all local efficient points are also (global) efficient points [Miettinen 1999, p. 12, Theorem

2.2.3]. Further, the objective function space has a special structure: the set g(X)+ {y ∈ Rd
: 0d ≦ y}

is a convex set [see §1.3 for notation; Wiecek et al. 2016, p. 747]. To understand this statement,

notice that {y ∈ Rd
: 0d ≦ y} is the non-negative orthant, so that for each x ∈ X, the set

g(x) + {y ∈ Rd
: 0d ≦ y} contains g(x) and the points it dominates. Then the fact that the set

g(X) + {y ∈ Rd
: 0d ≦ y} is convex implies the existence of a supporting hyperplane for any

point in the Pareto set P. Notice that the right side of Figure 1 does not depict a convex version of
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ProblemM , while Figure 2 does. If known in advance, the properties of convexity can be exploited

for MOSO algorithmic efficiency.

2.2 Problem Statement
Since the objective functions in Problem M are unknown, we assume the existence of an oracle

capable of producing consistent estimators of all unknown functions for each x ∈ X. That is, we

assume the oracle produces estimators Ĝk (x,n) where Ĝk (x,n) → дk (x) w.p.1 as the simulation

effort n → ∞ for each k = 1, . . . ,d and x ∈ X; let
ˆG(x,n) := (Ĝ1(x,n), . . . , Ĝd (x,n)). Then a general,

and perhaps ambitious, version of the MOSO problem statement is, given an oracle that produces

the estimator
ˆG(x,n) of g(x) for each x ∈ X, find the solution to ProblemM , which is the efficient

set E. In what follows, depending on the feasible set X, we may consider less-ambitious versions

of this problem statement. For example, if X is integer-ordered or continuous, we instead consider

algorithms that find a local efficient set EN as the solution to Problem M , given an appropriate

neighborhood N . We further discuss the scope of this paper in §2.4.

2.3 Algorithmic Efficiency and SolutionQuality Metrics
Given our problem statement, how do we assess the efficiency of a MOSO solution method?

Analogous to the SOSO metrics described in Pasupathy and Ghosh [2013, p. 124], we measure

the efficiency of MOSO solution methods using solution quality metrics that are based on the

true objective vectors of the estimated solution, g( ˆE(t)), as a function of the total simulation work

done, t . Here, the estimated solution
ˆE(t) is a set constructed from the estimators { ˆG(X ,N (X ))},

where each X ∈ X is a feasible point visited by the MOSO algorithm, N (X ) is the number of

simulation replications spent at the visited point X , and both quantities may be random. The

cardinality of
ˆE(t) may be finite or infinite.

In this section, we consider solution quality metrics from the point of view of comparing

algorithms on a test problem for which all function values and the true solution are known, and

hence quantities such as g( ˆE(t)) can be calculated exactly as a function of t . We formulate two

solution quality metrics for the MOSO context: coverage error and hypervolume difference. Many

other MOO metrics could be adapted for MOSO; see Audet et al. [2018]; Faulkenberg and Wiecek

[2010]; Jiang et al. [2014]; Vanderpooten et al. [2017]; Wu and Azarm [2001]; Zitzler et al. [2003].

2.3.1 Coverage Error. Based on Sayin [2000] and Eichfelder [2008, p. 101–107], one can seek a

solution set
ˆE(t) that “covers” the true efficient set, in the sense that all portions of the Pareto set

are well-represented. Using definitions directly analogous to those in Sayin [2000], one could define

coverage error using the random variableD(P, g( ˆE(t))),which is the distance from the Pareto set P

to g( ˆE(t)), as a function of t . However, unlike in the MOO context, there may exist points in g( ˆE(t))

that are dominated by other points in g( ˆE(t)). Since D(P, g( ˆE(t))) = 0 when P ⊆ g( ˆE(t))), this
metric does not penalize returning “extra” dominated points. Thus for a MOSO context, as in Cooper

et al. [2017, 2018], we propose using Hausdorff distance as a metric for coverage error. We define

the coverage error of the estimator
ˆE(t) as the random variable H(P, g( ˆE(t))), and we define the

local coverage error of the estimator
ˆE(t) as the random variable minPN

H(PN, g( ˆE(t))), where the
minimum is taken over all possible local Pareto setsPN for each value of t . (Notice that the particular
PN for which the minimum is achieved may be a function of t .) Thus the quality of the solution

ˆE(t) can be measured using quantiles of the coverage error or local coverage error, or using the

expected coverage error, E[H(P, g( ˆE(t)))], or expected local coverage error, E[minPN
H(PN, g( ˆE(t)))],

as a function of t .
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2.3.2 Hypervolume Difference. A metric called the hypervolume difference may also be used to

evaluate MOSO solution methods [see, e.g., Branke et al. 2016; Faulkenberg and Wiecek 2010,

p. 428]. To define the hypervolume difference, first, we define the hypervolume of a set, which

is also called the S-metric [Zitzler 1999, p. 43–45]. Loosely speaking, the hypervolume of a set

A ⊂ Rd
with respect to a (dominated) reference point gref is the volume of the set of points

that at least one point in A dominates and that gref is dominated by; call this set G(A, gref) :=

∪g(x)∈A{y ∈ Rd
: g(x) ≤ y ≤ gref}. Then the hypervolume of A is HV(A, gref) := Λ(G(A, gref)),

where Λ(·) denotes the Lebesgue measure. Now define the hypervolume difference of the sets

A,B ⊂ Rd
as HVD(A,B, gref) := Λ(G(A, gref)) + Λ(G(B, gref)) − 2Λ(G(A, gref) ∩ G(B, gref)).

In the special case of the hypervolume difference between the Pareto set and the true objective

values of the estimated efficient set, we have that the hypervolume difference equals the random

variable HVD(P, g( ˆE(t)), gref) = HV(P, gref) − HV(g( ˆE(t), gref) as a function of t . This result

follows because for every point in g( ˆE(t)), there exists a point in P that weakly dominates it

(see Figure 2). To evaluate the quality of the solution g( ˆE(t)) with respect to the “nearest” lo-

cal Pareto set PN , one may calculate the local hypervolume difference as the random variable

minP∗
N
HVD(P∗

N
, g( ˆE(t)), gref), where the minimum is taken over all possible local Pareto sets P∗

N

such that for every point in g( ˆE(t)) there exists a point in P∗
N
that dominates it. The solution

quality of g( ˆE(t)) can be measured as quantiles of the hypervolume difference or local hypervolume

difference, or using the expected hypervolume difference, E[HVD(P, g( ˆE(t)), gref)], or the expected
local hypervolume difference, E[minP∗

N
HVD(P∗

N
, g( ˆE(t)), gref)] as a function of t .

Calculating the hypervolume of a set may be a computationally intensive task. However, nu-

merous methods exist for calculating the hypervolume of a finite set, due to the popularity of

hypervolume-based metrics in the MOO context and its relationship to Klee’s measure problem

[Chan 2013; Yildiz and Suri 2012]. We refer the reader to, e.g., Lacour et al. [2017] and references

therein for more on calculating the hypervolume of a finite set.

2.4 Scope
Given the extensive MOO literature, there are many possible approaches to solving the MOSO

problem. Some approaches may result in disagreement, as noted by Rosenthal [1985, p. 138]:

Clearly, . . . a rational person would never deliberately select a dominated point. This

is probably the only important statement in multiobjective optimization that can be

made without the possibility of generating some disagreement.

In the sections that follow, we discuss the scope of this paper in detail (see §1.3 for terminology).

Specifically, we consider a posteriori multi-objective ranking and selection (MORS) methods for

finite X, and a posteriori MOSO methods and algorithms that provably converge to a local efficient

set under the natural ordering for integer-ordered and continuous X. We emphasize results and

methods that represent, in our opinion, those that are the most fundamental or well-developed,

and that serve as a starting point for future work addressing the problem statement in §2.2. When

space does not allow detailed coverage, we provide references for the interested reader.

2.4.1 Articulation of the Decision-Maker’s Preferences. Consistent with our problem statement, we

cover only a posteriori MOSO methods, that is, methods that generate an entire local or global

efficient set and that allow the decision-maker to express a preference after the optimization is con-

ducted, instead of before or during. We adopt the philosophy of Schmeiser [2008], which we extend

to the a posteriori MOSO context as follows. Schmeiser [2008] states that SOSO solution methods

should require the decision-maker to provide only the problem context and the desired solution

quality. For a posteriori MOSO, providing the problem context means providing the simulation
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oracle and determining the objectives. Specifying the desired solution quality means specifying

some measure of the quality of the estimated efficient set or specifying a total simulation budget t
that limits the number of simulation oracle calls. As such, we do not consider interactive methods

that repeatedly solicit information from the decision-maker, even if the goal is to characterize some

desirable subset of the efficient set. For the interested reader, we provide several references to the

literature on no-preference, a priori, and interactive MOSO methods below. Since a priori methods

are arguably the most well-developed, we provide the most detail in that section.

No-preference MOSO methods. No-preference MOSOmethods return a single point in the efficient

set without regard to the decision-maker’s preference. Any scalarization method with arbitrarily-

chosen parameters that provably converges to an efficient point could be considered a no-preference

method. While no-preference methods could be used together with, e.g., random restarts to generate

multiple points in the efficient set, our interest lies in methods specifically designed to converge

to a local efficient set. When drawing the line between no-preference and a posteriori MOSO

methods for this paper, we look primarily at the authors’ contributions with regard to retrieving

an entire local efficient set. For example, we cover Fliege and Xu [2011] in §4.3.1 because the

authors develop a new scalarization with properties pertinent to retrieving an entire efficient

set, even though their numerical implementation uses equidistant or randomly-chosen weights

in the scalarization. Poirion et al. [2017] develop a stochastic version of MGDA [Désidéri 2012]

that is implemented with random restarts, but their main contributions surround developing and

proving the convergence of an algorithm that finds a single efficient point without regard to the

decision-maker’s preference. Since there is no contribution specific to finding the entire efficient

set, we classify it as a no-preference method. For more on no-preference MOSO methods, we refer

the reader to Rosen et al. [2008, p. 335–336].

A priori MOSO methods. A priori MOSO methods require the decision-maker to express pref-

erences before the optimization is conducted. Such preferences can be expressed by specifying,

e.g., scalarization parameters or a utility function. Since the preferences are specified before the

optimization process, usually only a few estimated efficient points are returned to the user. We

refer the reader to the discussion in Rosen et al. [2008, p. 332–334] and the following notable or

more recent a priori MOSO methods: (a) Dudewicz and Taneja [1978, 1981] discuss two-stage

MORS procedures for selecting the best among several d-variate normal populations, where the

best population is defined through a user-defined preference function; (b) Butler et al. [2001];

Frazier and Kazachkov [2011]; Merrick et al. [2015] discuss solving the MORS problem with utility

functions; (c) Mattila and Virtanen [2015] develop MOCBA-p for MORS, which is a variant of the

Multiobjective Optimal Computing Budget Allocation (MOCBA) [Lee et al. 2010], see §3.1.1, that

uses incomplete a priori preference information to find a subset of the efficient set; (d) Rosen et al.

[2007] develop MOSO methods based on a preference model and response surface methodology;

(e) Bonnel and Collonge [2014] provide general SAA results for optimizing a pre-specified function

over the weakly efficient set of a continuous MOSO problem; (f) Bonnel and Collonge [2015] present

an SAA-based algorithm that minimizes a user-defined function over the Pareto set of a convex

continuous MOSO problem with d = 2 objectives; (g) Mahdavi et al. [2013] re-formulate the MOSO

problem into a stochastically constrained problem for pre-specified bounds on the constrained

objectives. We remark here that all stochastically constrained SOSO methods could be considered

a priori MOSO methods, since the constraint values must be specified in advance.

Interactive MOSO methods. Interactive methods repeatedly solicit preference information from

the decision-maker to guide the optimization process. Interactive methods may be useful when

simulation runs are expensive, and the decision-maker is readily available to provide input. We
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point the interested reader to the overviews by Tekin and Sabuncuoglu [2004, p. 1075] and Rosen

et al. [2008, p. 329–332]; more recent methods include Gören et al. [2017]; Steponavičė et al. [2014].

2.4.2 Finding a Global Solution vs. Finding a Local Solution. Apart from MORS methods, in which

simulation replications are usually obtained from every point in the finite feasible set X and the

estimated solution is the global estimated-best, MOSO methods can be divided into those that

seek a local efficient set and those that seek the global efficient set. Among methods that seek the

global efficient set, metaheuristics are especially popular. For example, see Amodeo et al. [2009];

Baesler and Sepulveda [2000]; Bianchi et al. [2009]; Chen and Wang [2016]; Chica et al. [2017];

Ding et al. [2006]; Eskandari and Geiger [2009]; Gutjahr [2005, 2011]; Jin and Branke [2005]; Joines

et al. [2002]; Kuriger and Grant [2011]; Lee et al. [2009]; Lin et al. [2013]; Siegmund et al. [2016];

Zhou et al. [2011] for heuristic and metaheuristic MOSO methods and applications.

Despite the popularity of metaheuristics for MOSO (and for MOO and SOSO, as noted by

Brockhoff 2011; Coello Coello et al. 2007; Deb 2009 and by Fu 2002; Hong and Nelson 2009; Hong

et al. 2015; Nelson 2010; Ólafsson 2006, respectively), our goal is to facilitate the advancement

of literature on provably convergent MOSO algorithms. Fu [2002] provides a detailed discussion

of why specialized simulation optimization algorithms should be developed and used for SOSO

problems, and the same arguments apply to the MOSO context. In summary, such algorithms

are efficient because they appropriately control stochastic error. Recent efforts on the part of the

academic SOSO community, including various academic-industry partnerships with simulation

software providers and the solver library at simopt.org [Henderson and Pasupathy 2018], are

attempting to increase the mainstream use of state-of-the-art, efficient, and provably convergent

SOSO algorithms [Nelson 2010] and, as they are further developed, MOSO algorithms.

Certainly, not all a posteriori MOSO methods that seek a global solution are metaheuristics.

We refer the reader to Andradóttir [2015, p. 287–288] for a recent discussion of random search

methods for MOSO, including simulated annealing [e.g., Alrefaei and Diabat 2009], and to Zhang

et al. [2017] and references therein for a stochastic kriging approach to estimating the Pareto front.

Further, Multi-Objective Probabilistic Branch and Bound (MOPBnB) [Huang and Zabinsky 2014]

is a MOSO method for integer-ordered feasible sets X that can also handle continuous variables

and provably converges to the global efficient set. However, we adopt the philosophy that absent

the assumption of global structure, methods that preclude the use of local solvers — especially

those that exploit gradient or pseudo-gradient information — are likely to be inefficient. Given the

infancy of MOSO methods in general, we focus on the discussion and development of efficient and

provably convergent MOSO algorithms that seek a local solution for integer-ordered and continuous

feasible sets. Global search methods that do not preclude the use of solvers that converge to a local

efficient set can build upon these methods in the future. Thus we omit the further discussion of

metaheuristics and other algorithms that contain a global search mechanism on integer-ordered

and continuous feasible spaces.

2.4.3 Natural vs. Other Orderings. The MOO literature exists as a part of the broader vector

optimization literature, which considers vector orderings other than the so-called natural ordering

in Definition 2.1. See Miettinen [1999, p. 23–25] for brief introduction to the vector optimization

literature, or see Jahn [2011] for a more thorough treatment. We consider only the natural ordering.

2.4.4 Other Related Literature Not Covered. We do not cover literature on (a) robust MOSO [Fliege

and Werner 2014; Liu et al. 2017]; (b) the multi-objective multi-armed bandit problem, which is

related to the MORS problem [Drugan and Manderick 2015; Reverdy 2016; Yahyaa and Drugan 2015;

Yahyaa et al. 2014a,b,c, 2015]; and (c) multi-objective optimization for multi-fidelity simulation

models with biased, and not noisy, objective vector estimators [Li et al. 2015b].
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3 MULTI-OBJECTIVE RANKING AND SELECTION
We now consider methods to solve ProblemM when the cardinality of the feasible region, |X|, is
finite, the decision variables may be categorical, and the feasible points are known as systems. In
particular, we require the number of systems to be small enough that we are able to sample from

every system. Recall from the beginning of §2.4 that these problems are called MORS problems.

MORS problems and solution methods are somewhat unique in the MOSO literature. For MORS

problems, the returned solution always estimates the global efficient set, and the solution method

in the corresponding deterministic context is complete enumeration. Further, MORS methods can

be used in a variety of ways beyond solving problems with categorical variables. MORS methods

can be used for sample allocation within other algorithms [e.g., Chew et al. 2009; Lee et al. 2008]

and as a final “clean-up” step to ensure that, among the points visited by some other algorithm, the

solution returned is the true efficient set with high probability [for SOSO, see Boesel et al. 2003].

As in Hunter and Nelson [2017]; Pasupathy and Ghosh [2013] for single-objective R&S, we divide

MORS methods into two categories: (a) those with the primary objective of guaranteeing sampling

efficiency under some constraint on the total simulation budget t , which we call fixed-budget

procedures, and (b) those with the primary objective of providing a probabilistic guarantee on the

optimality gap of the returned solution, which we call fixed-precision procedures. Fixed-budget

MORS procedures are among the most well-developed and widely-used in all of the existing MOSO

literature; a significant proportion of our MORS review consists of fixed-budget procedures.

Since the feasible set may be categorical, in this section only, we work entirely in the objective

space and adopt special notation. We consider a finite set of system indices X = {1, . . . , r }, and
we refer to the systems in the efficient set as Pareto systems. Since our goal is identification of the

Pareto systems and not estimation of their objective vector values, henceforth in this section, the set

P = {1, . . . ,p} refers to the set of indices of the true globally Pareto optimal systems; we drop the

use of the term ‘efficient’ and the notation E. The true performance of system i is g(i), and the true

performance of system i on objectivek isдk (i). The estimated performance of system i on objectivek
is Ḡk (i,n) := (1/n)

∑n
ℓ=1

Gkℓ(i), where the ℓth simulation replication produces the random vector

Gℓ(i) := (G1ℓ(i), . . . ,Gdℓ(i)). The estimated objective vector is
¯G(i,n) = (Ḡ1(i,n), . . . , Ḡd (i,n)). We

usually reserve the letter j as an index for the non-Pareto systems.

Now, after expending a finite total simulation budget t =
∑r

i=1
ni ,ni ≥ 1 for all systems i ∈ X,

a MORS procedure returns the indices of the estimated-Pareto systems
ˆP(t) := {i ∈ X : ∄ ℓ ∈

X ∋ ¯G(ℓ,nℓ) ≤ ¯G(i,ni )}. If ˆP(t) , P, we say that a misclassification (MC) event occurred; this

event plays a prominent role in the sections that follow. Adopting the terminology of Hunter

and McClosky [2016], there are two types of MC events: misclassification by inclusion (MCI) and

misclassification by exclusion (MCE). The MCI event occurs when there exists a non-Pareto system j

falsely estimated as Pareto, j ∈ ˆP(t). The MCE event occurs when there exists a Pareto system i

falsely estimated as non-Pareto, i ∈ ˆPc (t). Feldman [2017] writes the MC event as the union of the

MCI event and the MCE event between Pareto systems, called the MCEP event,

MC =
[
∪j ∈Pc ∩ℓ∈P ∪d

k=1
Ḡk (j,nj ) ≤ Ḡk (ℓ,nℓ)︸                                             ︷︷                                             ︸

MCI: a non-Pareto system falsely included

]
∪
[
∪i ∈P ∪ℓ∈P ∩d

k=1
Ḡk (ℓ,nℓ) ≤ Ḡk (i,ni )︸                                           ︷︷                                           ︸

MCEP : a Pareto system falsely excludes another

]
.

3.1 Fixed-Budget MORS Procedures
Arguably, fixed-budget MORS procedures are the most well-developed, popular, and widely used

MOSO methods available. We begin by discussing the first and most popular fixed-budget MORS

procedure, MOCBA, followed by two more recent procedures, SCORE and M-MOBA. While most
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existing procedures fall under the umbrella of MOCBA, SCORE, or M-MOBA, we also refer the

reader to Choi and Kim [2018] for a recent fixed-budget procedure based on hypothesis testing.

Since fixed-budget MORS procedures frequently derive a simulation budget allocation rule by first

assuming all required parameters are known, we present the rules for each method in terms of the

true unknown parameters. Since the true unknown parameters can only be estimated, the allocation

rules we present can be implemented in a sequential sampling framework that broadly consists

of the following steps: (a) obtain n0 ≥ 2 simulation replications from each system; (b) estimate

the parameters of the sampling rule and select the system(s) from which to take the next ∆ ≥ 1

simulation replications according to the estimated version of the sampling rule; and (c) obtain the

required simulation replications from the selected systems and, unless the termination criterion is

met, go to Step (b). Each round of obtaining the next ∆ simulation replications is frequently called

a “stage.” For convergence, the sampling rule should ensure that each system is sampled infinitely

often. The termination criterion is usually that the predetermined total simulation budget t has

been expended, at which time the set of estimated Pareto systems
ˆP(t) is returned to the user.

The fixed-budget MORS procedures we discuss derive simulation budget allocation rules under

one or more assumptions: (a) the normality assumption, which is that the simulation replications

from system i ,G1(i), . . . ,Gni (i), are independent and identically distributed (i.i.d.) normal random

vectors with mean g(i) and covariance matrix Σ(i), where σ 2

k (i) is the kth diagonal entry, or (b) the

independent objectives assumption, which is that Σ(i) is diagonal. While these assumptions may

seem restrictive, in general, such rules constitute a model to guide the simulation budget allocation;

procedures may be robust to violations of these assumptions [see, e.g., Pasupathy et al. 2015].

3.1.1 MOCBA. The Multi-objective Optimal Computing Budget Allocation (MOCBA) framework

[Lee et al. 2010] is a multi-objective version of the popular Optimal Computing Budget Allocation

(OCBA) framework [Chen et al. 2000] for d ≥ 2 objectives. The goal of MOCBA is to provide a

simulation budget allocation rule that minimizes the probability of MC. Since this probability is

difficult to minimize directly, under the normality and independent objectives assumptions, Lee

et al. [2010] derive upper bounds ae1,ae2 such that P{MCI} ≤ ae1 and P{MCE} ≤ ae2. Then, they

formulate an optimization problem that minimizes the largest bound,

Find: argmin(n1,n2, ...,nr ) max{ae1,ae2} s.t. n1 + n2 + . . . + nr ≤ t .

Depending on which bound is larger, two allocation rules result: the ae1 rule and the ae2 rule.

Before we present the ae1 and ae2 rules, we require additional notation. In theMOCBA framework,

systems play one of two roles: dominating or dominated. In the ae1 and ae2 rules, the allocation to

each system is determined by its role. Loosely speaking, a system j in a dominated role receives an

allocation nj = tα j for α j ∈ [0, 1] that is inversely proportional to its scaled squared “distance” from
the system most likely to dominate it, where “distance” is the difference in objective values on the

objective least likely to allow that system to dominate system j. To write the allocations precisely,

for any system j, let ℓ∗j be the system most likely to dominate system j. For any two systems i and

j, let k ji be the objective on which system i is least likely to dominate system j. Then intuitively, if

system ℓ∗j is the system most likely to dominate j, then objective k j
ℓ∗j
is the objective that is most

likely to prohibit system ℓ∗j from dominating system j. An example system configuration is shown

in Figure 3. For brevity, define δ (j, ℓ,k) := дk (j) − дk (ℓ). Then the allocation to a system j ′ in a

dominated role, relative to another system j in a dominated role, is

α j′

α j
=

(
δ 2(j, ℓ∗j ,k

j
ℓ∗j
)/[σ 2

k j
ℓ∗j

(j) + σ 2

k j
ℓ∗j

(ℓ∗j )/γj ]

)/ (
δ 2(j ′, ℓ∗j′,k

j′

ℓ∗j′
)/[σ 2

k j
′

ℓ∗
j′

(j ′) + σ 2

k j
′

ℓ∗
j′

(ℓ∗j′)/γj′]

)
, (1)
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Fig. 3. MOCBA: The figure shows systems i, i ′ in a dom-
inating role and j, j ′ in a non-dominating role under
independent objectives and equal variances.
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Fig. 4. SCORE: The figure shows Pareto systems
1, 2, 3, and 4, and the objective values of three
phantom Pareto systems.

where γj = αℓ∗j
/α j and γj′ = αℓ∗j′

/α j′ . Assuming that ℓ∗j and ℓ
∗
j′ are Pareto systems and j and j ′ are

non-Pareto systems with αℓ∗j
≫ α j and αℓ∗j′

≫ α j′ , then γj and γj′ are large, and our previously

stated intuition regarding these relative allocations holds approximately. To write the allocation to

systems i in a dominating role, we require additional notation. First, denote the allocation to any

system ℓ as αℓ = βℓ/
∑r

ℓ′=1
βℓ′ , where for all systems j in a dominated role, the value of βj can be

obtained from equation (1). For systems i in a dominating role, define βi :=
√∑

j ∈Ωi [σ
2

k ji
(i)/σ 2

k ji
(j)]β2

j ,

where Ωi is the set of all systems j playing a dominated role in which system i is the system most

likely to dominate system j. If Ωi is empty, then the allocation to system i is αi = 0.

We now present the ae1 and ae2 rules. First, if ae1 > ae2, Lee et al. [2010] are most concerned

that a non-Pareto system will be falsely included in the estimated Pareto set. Therefore in the ae1

rule, non-Pareto systems play the dominated role, and Pareto systems play the dominating role. In

the ae2 rule, ae1 ≤ ae2, so Lee et al. [2010] are most concerned that a Pareto system will be falsely

excluded from the estimated Pareto set. Thus all non-Pareto systems play the dominating role,

while some Pareto systems play the dominating role and others play the dominated role. Loosely

speaking, the set of Pareto systems that play the dominated role, SA ⊆ P, is the set of all Pareto

systems that are more likely to be dominated than to dominate another Pareto; SA can be empty.

Lee et al. [2010] show that as the total simulation budget t tends to infinity, the ae1 and ae2 rules

asymptotically minimize the ae1 and ae2 bounds, respectively. The MOCBA framework consists

of sequentially estimating the ae1 and ae2 bounds, selecting a sampling rule based on the largest

estimated bound, and implementing an estimated version of the selected rule to obtain the next ∆
simulation replications. Teng et al. [2010] modify MOCBA to allow an indifference zone, which is

the smallest difference in objective values the decision-maker wishes to detect. Also, Li et al. [2018]

present three new versions of MOCBA.

3.1.2 SCORE. The Sampling Criteria for Optimization using Rate Estimators (SCORE) framework,

introduced by Pasupathy et al. [2015], is a simulation budget allocation framework that allocates to

suboptimal systems in inverse proportion to their squared standardized optimality gaps. The SCORE

allocations result from a limiting regime in which the number of suboptimal or non-Pareto systems

are sent to infinity. The Pareto systems, which receive many more samples than the non-Pareto

systems in this limiting regime, receive a heuristically-determined allocation.

Under the normality assumption, Feldman and Hunter [2018] derive SCORE allocations for

bi-objective R&S that account for correlation between the objectives. To write the bi-objective
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SCORE allocations, we first require the concept of phantom Pareto systems, introduced by Hunter

and McClosky [2016]. Phantom Pareto systems are constructed from, and exist in relation to, the

objective values of the Pareto systems. They make the mathematical analysis of the P{MC} tractable

by writing the MCI event, which contains dependence, in an MCE-like fashion. That is, assuming

the Pareto set is fixed and known, a non-Pareto system is falsely included in the Pareto set if and

only if it dominates a phantom Pareto system. To define these systems in the bi-objective case, first

label the Pareto systems from smallest to largest on objective 1, so that д1(1) < д1(2) < . . . < д1(p).
Because there are two objectives, this ordering implies д2(1) > д2(2) > . . . > д2(p). Then the p + 1

phantom Pareto systems are defined as having objective values (д1(i + 1),д2(i)) for all Pareto systems

i = 1, . . . ,p−1 ifp ≥ 2, in addition to two phantom Pareto system placed at (д1(1),∞) and (∞,д2(p)).
An example set of phantom Pareto systems is shown in Figure 4. Letting д1(p + 1) := ∞,д2(0) := ∞,
and letting ℓ index the phantom Pareto systems, define the score of a non-Pareto system j as

Sj := min

ℓ∈{0, ...,p }

{
inf

x ≤д1(ℓ+1), y≤д2(ℓ)

1

2(1−ρ2

j )

(
(x−д1(j))2

σ 2

1
(j) −

2ρ j (x−д1(j))(y−д2(j))
σ 2

1
(j)σ 2

2
(j) +

(y−д2(j))2

σ 2

2
(j)

)}
,

where ρ j ∈ (−1, 1) is the correlation between the objectives for system j. Thus the score is the
minimum squared standardized “distance” from the non-Pareto system to the phantom Pareto

systems in the objective function space. Then the relative allocations for non-Pareto systems are

α j′/α j = Sj/Sj′ for all j, j
′ ∈ Pc

, j , j ′. These allocations can be compared with equation (1).

Feldman and Hunter [2018] suggest solving for the allocation to the Pareto systems in a way that

controls the probabilities of both MCI and MCE events and requires solving a convex optimization

problem whose complexity depends only on the number of Pareto systems. They show that solving

for the bi-objective SCORE allocations is fast for up to ten thousand systems. These allocations are

incorporated into a sequential framework for implementation.

As in the bi-objective case, multi-objective SCORE allocations for d ≥ 3 can be specified by

defining phantom Pareto systems in higher dimensions. Applegate et al. [2018] address this topic

in a working paper; preliminary work is published in Feldman [2017]; Feldman et al. [2015].

3.1.3 M-MOBA. We now discuss two multi-objective extensions of the small-sample Expected

Value of Information procedures of Chick et al. [2010] called Myopic Multi-Objective Budget

Allocation (M-MOBA) [Branke and Zhang 2015] and M-MOBA-HV [Branke et al. 2016]. Under the

normality and independent objectives assumptions, and in the context of a sequential sampling

framework, both M-MOBA and M-MOBA-HV adopt a Bayesian perspective to calculate the “best”

system from which to obtain an additional ∆ ≥ 1 samples in the next stage. In the case of M-MOBA,

the best system is the one that has the highest probability of changing the observed Pareto set. In

the case of M-MOBA-HV, the best system is the one that leads to the largest change in the observed

expected hypervolume (see definitions in §2.3.2). That is, for each system i , M-MOBA-HV requires

calculating the expected hypervolume difference between the current observed Pareto set and the

Pareto set that would result from obtaining the next ∆ samples from system i . All ∆ samples in the

next stage are allocated to the system resulting in the largest expected hypervolume difference.

Branke et al. [2016] argue that M-MOBA-HV is more likely to be relevant for decision-makers,

for the following reasons. Since the goal of MOCBA, SCORE and M-MOBA is to efficiently allocate

samples in such a way that the probability of an MC event is low, these frameworks are likely to

expend a significant amount of the simulation budget attempting to distinguish between systems

“near” the Pareto set. The goal of M-MOBA-HV, however, is to allocate the simulation budget in

such a way that the estimated expected hypervolume is “close” to the true expected hypervolume.

Therefore M-MOBA-HV may expend more effort estimating the objective values of clearly Pareto

systems than distinguishing the minor differences between Pareto and nearly-Pareto systems.
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3.2 Fixed-Precision MORS Procedures
Fixed-precision MORS procedures are notably under-developed in the literature, despite the popu-

larity of analogous procedures for single-objective R&S. To the best of our knowledge, the only

work in this area so far is by Batur and Choobineh [2010], Lee [2014, Ch. 4], and Wang and Wan

[2017]. Batur and Choobineh [2010] present a fixed-precision procedure designed for bi-objective

R&S where the objectives are the mean and variance of the system performances. Lee [2014, Ch. 4]

provides three general fixed-precision MORS procedures based on an indifference-zone formulation,

where the indifference zone on objective k is the smallest difference in system performances that a

decision-maker cares to detect. Wang and Wan [2017] present preliminary work on a general, fully-

sequential fixed-precision MORS procedure that is based on the generalized sequential probability

ratio test. In Wang and Wan [2017], when the procedure terminates after expending a random total

simulation budget T , the desired guarantee is that the probability of an MC event is small; that

is, P{ ˆP(T ) , P} ≤ α for a user-defined error probability bound α . We remark that Chen and Lee

[2009] present a MORS procedure based on the Enhanced Two-Stage Selection (ETSS) procedures

of Chen and Kelton [2005], and thus provide an approximate probabilistic guarantee on the quality

of the returned solution. In §7, we speculate on the future development of fixed-precision MORS

procedures.

4 CONTINUOUS MULTI-OBJECTIVE SIMULATION OPTIMIZATION
In this section, we consider MOSO problems with continuous decision variables. Since the efficient

and Pareto sets may be uncountable, methods to solve ProblemM implemented with a finite total

simulation budget t may directly identify only a finite number of estimated efficient points that,

ideally, provide an accurate representation of the Pareto set in the objective function space. As the

total simulation budget t tends to infinity, we would like MOSO methods to provide some form of

probabilistic guarantee on the convergence of the returned solution to a local efficient set. The work

on theory, methods, and algorithms for continuous MOSO with guaranteed convergence consists

primarily of methods that employ a sample average approximation (SAA) framework. We discuss

multi-objective SAA in §4.1, SAA under scalarization in §4.2, and continuous MOSO algorithms

that use an SAA framework in §4.3. We refer the reader to Pang et al. [2018] for a recent paper on

SAA with multiple objectives and parametric variational inequality constraints. Also, we remark

that Villarreal-Marroquín et al. [2011, 2013] provide metamodel-based approaches for continuous

MOSO, but do not discuss convergence topics. Thus we do not provide details about these methods.

4.1 Sample Average Approximation for Continuous MOSO
Popular in the SOSO context, SAA provides a way of estimating the efficient and Pareto sets

by solving the deterministic sample-path problem for a fixed simulation budget n. SAA replaces

ProblemM with the corresponding sample-path problem

ProblemM : minimize

x∈X

{
¯G(x,n) = (Ḡ1(x,n), . . . , Ḡd (x,n)) :=

(
1

n

n∑
i=1

G1(x, ξi ), . . . ,
1

n

n∑
i=1

Gd (x, ξi )
)}
.

Notice that sample-path versions of all optimal points and sets from §2.1 can be defined by replacing

the true function values with the estimators
¯G(x,n). For brevity, we define only the global solution

to the sample-path Problem M , the sample-path efficient set
¯E(n) := {X ∗ ∈ X : ∄ X ∈ X ∋

¯G(X ,n) ≤ ¯G(X ∗,n)}, and its image, the sample-path Pareto set
¯P(n) := { ¯G(X ∗,n) : X ∗ ∈ ¯E}. The

analogous definition of the sample-path weakly efficient set
¯Ew (n) is implied.

SAA is an algorithmic framework and not an algorithm, since a method for solving the sample-

path ProblemM is not defined. Consequently, there is more than one potential interpretation of
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the simulation budget n, as it relates to the total simulation budget t . If the entire vector function
¯G(·,n) is observed for one realization of ξi , i = 1, . . . ,n, then it may follow that n = t . For example,

in the single-objective context of the continuous newsvendor problem, the entire estimated profit

function is observed for a single realization of demands ξi , i = 1, . . . ,n [see, e.g., Kim et al. 2015,

p. 208]. Alternatively, an algorithm operating in an SAA framework may query an oracle for n
simulation replications at each visited point in the feasible set, so that t ≥ n. In this case, using the

same sample size at every point facilitates the use of common random numbers (CRN) [see Law

2015, p. 588]. Since the simulation budget expended at each x is nevertheless n, in the context of

SAA, we explicitly denote the dependence of sample-path optimal points and sets on n instead of t .
Under appropriate regularity conditions, as the simulation budget n increases to infinity, ideally,

some metric of difference between the sample-path solution to ProblemM and the true solution to

ProblemM converges to zero w.p.1. Bonnel and Collonge [2014] provide regularity conditions and

convergence results regarding the Hausdorff distance between the sample-path Pareto set and the

true Pareto set, as well as the Hausdorff distance between the sample-path weakly efficient set and

the true weakly efficient set. To present the key results of Bonnel and Collonge [2014], we first

describe the required assumptions; a subset of these assumptions are needed for each result.

Assumption 1 (Bonnel and Collonge 2014, p. 411). We assume one or more of the following:

(1) X is a nonempty and compact subset of Rq ;
(2) the random variables ξi , i = 1, 2, . . . are i.i.d. with P{ξi ∈ Ξ} = 1 for all i = 1, 2, . . .;
(3) for each objective k = 1, . . . ,d , the function Gk (x, ξ ) is finite-valued and continuous on X for

a.e. ξ ∈ Ξ.
(4) for each objective k = 1, . . . ,d , the function Gk (x, ξ ) is dominated by an integrable function κk ,

that is, Eξ [κk (·)] < ∞ and |Gk (x, ξ )| ≤ κk (ξ ) for all x ∈ X and a.e. ξ ∈ Ξ;
(5) X is convex.
(6) for each objective k = 1, . . . ,d , Gk (x, ξ ) is strictly convex on X for a.e. ξ ∈ Ξ.

In Assumptions 1(3), 1(4), and 1(6), “for a.e. ξ ∈ Ξ” means that the assertion holds for almost every

ξ ∈ Ξ, that is, w.p.1.
Under Assumptions 1(1)–1(4), for each objective k ∈ {1, . . . ,d}, дk (x) is finite-valued and

continuous on X, and the uniform LLN holds [Shapiro 2003, p. 363, Proposition 7]. Recall that

the uniform LLN states that a sequence of functions Ḡ(x,n) converges to д(x) w.p.1. as n → ∞,

uniformly on x ∈ X if and only if P{limn→∞ supx∈X |Ḡ(x,n) − д(x)| = 0} = 1. By the uniform LLN,

the following result regarding the maximum Euclidean distance between
¯G(x,n) and the objective

vector g(x) holds (see Bonnel and Collonge 2014, p. 412, Fliege and Xu 2011, p. 151).

Proposition 4.1. Under Assumptions 1(1)–1(4), P{limn→∞ supx∈X | | ¯G(x,n) − g(x)| | = 0} = 1.

Under equally mild conditions, Bonnel and Collonge [2014] show that, as n goes to infinity, the

Hausdorff distance between the sample-path Pareto set
¯P(n) and the true Pareto set P goes to zero

w.p.1, and the distance between the sample-path weakly efficient set
¯Ew (n) and the true weakly

efficient set Ew
goes to zero w.p.1.

Theorem 4.2 (Bonnel and Collonge 2014, p. 417, 421). Under Assumptions 1(1)–1(4),

(1) the Hausdorff distance between the sample-path Pareto set ¯P(n) and the true Pareto set P goes
to zero as n → ∞ w.p.1, that is, P{limn→∞ H( ¯P(n),P) = 0} = 1; and

(2) the distance between the sample-path weakly efficient set ¯Ew (n) and the true weakly efficient
set Ew goes to zero as n → ∞ w.p.1, that is, P{limn→∞ D( ¯Ew (n), Ew ) = 0} = 1.
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To ensure no weakly efficient points are “missed,” the feasible region X must be convex, and

each Gk (x, ξ ) must be strictly convex on X for a.e. ξ ∈ Ξ. Recall from §2.1.3 that if ProblemM is

convex, then the local efficient set is equal to the global efficient set.

Theorem 4.3 (Bonnel and Collonge 2014, p. 417). Under Assumptions 1(1)–1(6), the Hausdorff
distance between the sample-path weakly efficient set ¯Ew (n) and the true weakly efficient set Ew goes
to zero as n → ∞ w.p.1, that is, P{limn→∞ H( ¯Ew (n), Ew ) = 0} = 1.

Thus Bonnel and Collonge [2014] provide general consistency results for SAA in the multi-

objective context. We remark here that Kim and Ryu [2011a] discuss the uniform convergence of

gradient estimates in the context of SAA for MOSO. Despite the more specific focus of their papers

overall, Bonnel and Collonge [2015]; Fliege and Xu [2011] also provide some general convergence

rate results for SAA.

4.2 SAA for Continuous MOSO Under Scalarization
Algorithms for approximating the efficient set may employ scalarization techniques in an SAA

framework, such as the trust-region algorithm of Kim and Ryu [2011a] discussed in the next section.

To show convergence of such methods, consistency results are required for SAA under scalarization.

We now discuss three such scalarization approaches: the linear weighted sum, the smoothing

Chebyshev scalarization, and the single-objective product formulation.

4.2.1 Linear Weighted Sum. The linear weighted sum method minimizes the sum of the weighted

objectives. Given weights w = (w1, . . . ,wd ) ∈ R
d ,w ≥ 0d ,

∑d
k=1

wk = 1, define

Problem Slinear(w) : minimizex∈X
∑d

k=1
wkдk (x).

If the weights are positive, w > 0d , then the solution to Problem Slinear(w) is efficient [Miettinen

1999, p. 78, Theorem 3.1.2]. If Problem M is convex, then for each efficient point x∗ ∈ E, there

exists a weight vector w such that x∗ is a solution to Problem Slinear(w) [Miettinen 1999, p. 79,

Theorem 3.1.4]. If Problem M is non-convex, there may be points in the efficient set that no

weight vector can retrieve; these points are the pre-image of points in the Pareto set for which

no supporting hyperplane exists (see §2.1.3). Marler and Arora [2004, p. 389] consider the linear

weighted sum method a benchmark approach, since it is among the most common and easy-to-

implement scalarization approaches.

The SAA version of Problem Slinear(w) is

Problem S̄linear(w,n) : minimizex∈X
∑d

k=1
wkḠk (x,n).

Bonnel and Collonge [2014] use the linear weighted sum method to prove consistency of the

sample-path weakly efficient set presented in Theorem 4.3, and in doing so, implicitly provide

consistency results for SAA using the linear weighted sum method under Assumptions 1(1)–1(6).

4.2.2 Smoothing Chebyshev Scalarization. Fliege and Xu [2011] propose and analyze the properties

of a smoothing Chebyshev scalarization in the context of SAA. Given weights w defined in the

previous section and a fixed dominating reference vector gref, such as gideal, the weighted Chebyshev
(L∞-norm) scalarization is

Problem S∞(w) : minimizex∈X maxk ∈{1, ...,d }wk |дk (x) − дrefk |.

Unlike the linear weighted sum, the weighted Chebyshev scalarization can retrieve all Pareto

points by varying the parameter w, even for non-convex problems [Miettinen 1999, p. 97–99].

However, if we wish to solve Problem M using weighted Chebyshev scalarization, the resulting

Problem S∞(w) is nonsmooth due to the maximum operation. Several reformulations of Chebyshev
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scalarization exist to make the optimization problem smooth. Fliege and Xu [2011] propose a

smoothing Chebyshev scalarization, defined as

Problem Ssmooth

∞ (w, s) : minimizex∈X p
(
(w1(д1(x) − дref

1
), . . . ,wd (дd (x) − дrefd )), s

)
,

where the function p(y, s) := s log

∑d
k=1

eyk /s for fixed s > 0 is continuously differentiable and

strictly convex in y, and p(y, 0) := 0. Fliege and Xu [2011] assert that solving Problem Ssmooth

∞ (w, s)
for fixed (w, s) yields an efficient point, and the set of solutions to Problem Ssmooth

∞ (w, s) obtained
across all w approximates the set of solutions to Problem S∞(w) obtained across all w as s → 0.

To study the smoothed Chebyshev scalarization in an SAA framework, Fliege and Xu [2011]

formulate the SAA version of Problem Ssmooth

∞ (w, s) as

Problem S̄smooth

∞ (w, s,n) : minimizex∈X p
(
(w1(Ḡ1(x,n) − дref

1
), . . . ,wd (Ḡd (x,n) − дrefd )), s

)
.

Under appropriate regularity conditions, Fliege and Xu [2011] prove consistency results and

convergence rate results as a function of the parameter s .

4.2.3 Single-Objective Product Formulation. Kim and Ryu [2011a] discuss the convergence proper-

ties of the sample-path efficient and Pareto sets under the single-objective product formulation. The

single-objective product formulation is a scalarization introduced by Audet et al. [2008] that results

in an optimization problem with desirable properties. For example, under mild regularity conditions,

the scalarized objective function is locally Lipschitz continuous and differentiable whenever those

properties are held by the functions comprising the vector g. The scalarization is

Problem Sprod(gref) : minimizex∈X
{
ϕ(x, gref) := −

∏d
k=1

(max{дrefk − дk (x), 0})2
}
,

where gref is a dominated reference point. Audet et al. [2008] show that if x∗ is a solution to

Problem Sprod(gref) with ϕ(x, gref) < 0, then x∗ is an efficient point. Thus multiple points in the

efficient set can be found by varying the reference point gref and solving each scalarized problem.

Kim and Ryu [2011a] formulate an SAA version of this scalarization as

Problem S̄prod(gref,n) : minimizex∈X
{

¯ϕ(x; gref) := 1

n
∑n

i=1

[
−
∏d

k=1
(max{дrefk −Gk (x, ξi ), 0})2

]}
.

Under regularity conditions including Assumptions 1(1)–1(4), the uniform LLN holds for
¯ϕ(·, gref)

[Kim and Ryu 2011a]. Thus standard results from the SAA literature apply to
¯ϕ(·, gref).

4.3 SAA-Based Algorithms for Continuous MOSO
Few algorithms exist for continuous MOSO in the literature. In the following sections, we discuss

three algorithms based on an SAA framework. Notice that when we discuss specific SAA-based

algorithms, we may not solve each sample-path problem to optimality. Thus the estimated efficient

set,
ˆE(n), may not be equal to the true sample-path efficient set

¯E(n).

4.3.1 Smoothed Chebyshev with Equidistant or RandomWeights. The theory of Fliege and Xu [2011]
focuses on characterizing the entire efficient set for d ≥ 2 objectives, but the authors do not propose

a corresponding algorithm as such. The following algorithm could be deduced from their paper

and numerical results: (a) select a finite set of equidistant or randomly-chosen weights, a parameter

s > 0, a sample size n, and initial starting points for each scalarized problem; (b) solve each

Problem S̄smooth

∞ (w, s,n) using a deterministic single-objective optimization routine; (c) construct

an estimated efficient set
ˆE(n) from the set of returned solutions to the problems solved in Step (b).

To choose parameters, Fliege and Xu [2011] remark on p. 147 that if Problem M is convex, the

parameter s need not be small, and a “sufficiently good discretization” of the weight space results in

a good approximation of the Pareto set. This property is not necessarily true for all scalarizations.

For example, Das and Dennis [1997] explain how choosing evenly-spaced scalarization parameters
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does not necessarily produce evenly-spaced points in the Pareto set in the context of the linear

weighted sum method.

4.3.2 Trust-Region Methods. Kim and Ryu [2011a,b] provide a derivative-free trust-region algo-

rithm for d = 2 stochastic objectives that employs the single-objective product formulation in

an SAA framework. This algorithm can be considered a stochastic version of the deterministic

derivative-free bi-objective trust-region method in Ryu and Kim [2014], which provably converges

to a collection of first-order critical points of one of the two objectives or of the scalarized objective.

Here, ‘derivative-free’ implies that derivative information is not automatically returned by the sim-

ulation oracle along with the estimated function values; derivative information must be explicitly

constructed from function value estimates. Given a value of n, after initialization, the algorithm in

Kim and Ryu [2011a] iterates through the following general steps: (a) select the most “isolated” point

X in a set of estimated efficient points from the previous iteration; (b) create surrogate quadratic

models for each objective and the scalarized single-objective product formulation in a trust region

around X , where the trust region is the region in which we trust the surrogate model; (c) solve

three single-objective sub-problems in the trust region, where the objective in each sub-problem is

specified by a surrogate model; (d) update algorithm parameters including the trust-region radius,

update the estimated efficient set
ˆE(n), and go to the next iteration. The algorithm by Kim and Ryu

[2011a] is designed to find a good representation of a local efficient set.

4.3.3 MOROZS. Wang [2017] develops the derivative-based multi-objective retrospective opti-

mization using zigzag search (MOROZS) algorithm for d = 2 stochastic objectives, assuming all

local efficient points are global efficient points. Notice that here, the term ‘derivative-based’ implies

that derivative estimates are automatically supplied by the oracle along with each function value

estimate. MOROZS is a stochastic version of the deterministic derivative-based zigzag search (ZS)

algorithm of Wang [2013] that is implemented in a retrospective approximation (RA) framework.

RA is a version of SAA in which a sequence of sample-path problems are solved, each at an

increasing sample size. Thus ProblemM is solved repeatedly for the increasing sample size sequence

{nν ,ν = 1, 2, . . .}, and the solution to the (ν − 1)th sample-path problem is used as a warm start to

the ν th sample-path problem. Loosely speaking, RA ensures sampling efficiency by using small

sample sizes when the algorithm is “far away” from a truly optimal point, and using larger sample

sizes only when the algorithm is “closer” to a truly optimal point; see Pasupathy and Ghosh [2013,

p. 143–145] for a more detailed discussion.

Then instead of implementing ZS on ProblemM directly for a single sample size n, MOROZS

uses ZS to repeatedly solve ProblemM for a sequence of increasing sample sizes {nν ,ν = 1, 2, . . .}.
The estimated efficient points from the (ν − 1)th iteration are used as warm starts for ZS in the ν th
iteration of MOROZS. Because of its reliance on ZS, MOROZS is designed to find efficient points

that are “evenly-spaced” in the Pareto set.

5 INTEGER-ORDERED MULTI-OBJECTIVE SIMULATION OPTIMIZATION
In this section, we consider solving ProblemM when the decision variable space is integer-ordered,

and hence X ⊆ Zq
. In this context, both the efficient set and the Pareto set are countable; if they

are also finite, an algorithm may attempt to identify an entire local efficient set. As in Wang et al.

[2013], we define a flexible neighborhood structure based on Euclidean distance for use in the

definitions of local optimality in §2.1.2.

Definition 5.1. For a ≥ 0, the Na-neighborhood of the feasible decision point x ∈ X ⊆ Zq
is

Na(x) := {x′ ∈ Zq
: | |x − x′ | | ≤ a}.
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One can consider the parameter a as controlling the size of the neighborhood in which the

efficient set is declared locally optimal. Usually, a = 1. For algorithms that allow the user to decide a,
the trade-off between small a and large a is one of computational effort. For example, as described

in §5.1.2, Cooper et al. [2017, 2018] perform a neighborhood enumeration step to certify a candidate

estimated efficient set is (approximately) sample-path locally optimal. The larger the neighborhood,

the more computation required for this certification. For large enough a, the local efficient set equals

the global efficient set. Absent the assumption of structure in the objective functions, declaring

a candidate estimated efficient set as sample-path globally optimal requires obtaining simulation

replications from every feasible point.

We consider methods in which the estimated efficient set provably converges to an Na-local

efficient set w.p.1 under appropriate regularity conditions. We discuss three such methods in the

sections that follow; two are SAA-based methods and one is a non-SAA-based method.

5.1 SAA-Based Methods for Integer-Ordered MOSO
We describe two SAA-based methods for integer-ordered MOSO, as follows.

5.1.1 APS. Gutjahr [2009] provides the Adaptive Pareto Search (APS) framework for d = 2 objec-

tives. Letting
ˆE0(n0) = ∅, for iteration ν = 1, 2, . . ., APS performs the following steps in iteration ν :

(a) solution proposal: solve a bi-objective Problem M for sample size n(a)

ν yielding the estimated

efficient set
ˆE
(a)

ν (n(a)

ν ); (b) solution evaluation: for each X ∈ ˆEν−1(nν−1) ∪ ˆE
(a)

ν (n(a)

ν ), independently

of Step (a), obtain the estimator
¯G(X ,nν ); (c) calculate ˆEν (nν ) as the updated estimated efficient

set based on the objective function estimates obtained in Step (b). Gutjahr [2009] recommends a

constant sample size for n(a)

ν and a linearly increasing sample size for nν . Gutjahr [2009] asserts
that algorithms implemented in this framework converge under appropriate regularity conditions;

whether the convergence is to a local or global efficient set depends on how Step (a) is implemented.

5.1.2 The Epsilon-Constraint Method in a Retrospective Approximation Framework. Cooper et al.
[2017, 2018] propose an ε-constraint method embedded in an RA framework (see §4.3.3) to solve

MOSO problems with d = 2 objectives. The ε-constraint method is a scalarization method that

reformulates the MOO problem into a constrained single-objective optimization problem. That is,

for a chosen objective k∗ and vector of constraints ε = (ε1, . . . , εk∗−1, εk∗+1, . . . , εd ), the ε-constraint
problem is

Problem S(ε,k∗): minimizex∈X дk∗ (x) s.t. дk (x) ≤ εk for all k = 1, . . . ,d ;k , k∗.

If Problem S(ε,k∗) is feasible, then its solution is weakly efficient [Miettinen 1999, p. 85, Theorem

3.2.1]. Further, a point x∗ is efficient if and only if, for all objectives k∗ = 1, . . . ,d , it is the solution
to Problem S(ε,k∗) with εk = дk (x∗) for all k = 1, . . . ,d,k , k∗ [Miettinen 1999, p. 85, Theorem

3.2.2]. The ε-constraint method can retrieve all Pareto optimal points in non-convex problems by

appropriately varying the ε vector.

For a given simulation budget n to be spent at each visited point, Cooper et al. [2017] retrieve an

estimated efficient set
ˆE(n) by solving several sample-path ε-constraint problems,

Problem S̄(ε,k∗,n): minimizex∈X Ḡk∗ (x,n) s.t. Ḡk (x,n) ≤ εk for k ∈ {1, 2};k , k∗,

at a set of carefully-chosen ε values. Each sample-path ε-constraint problem is solved by the SPLINE

algorithm [Wang et al. 2013], which chooses a descent direction by constructing pseudo-gradients.

To ensure that their estimated efficient set
ˆE(n) is a (relaxed) sample-path local efficient set, Cooper

et al. [2017] certify
ˆE(n) by performing a (relaxed) local neighborhood enumeration step.

To ensure algorithmic efficiency, Cooper et al. [2017] embed their ε-constraint algorithm in an

RA framework. Thus instead of solving a single sample-path bi-objective problem at a static sample
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size n to retrieve an estimated efficient set
ˆE(n), they solve a sequence of sample-path problems at

increasing sample sizes nν ,ν = 1, 2, . . .. The estimated efficient set from the previous RA iteration,

ˆE(nν−1), is used as a warm-start for the ν th RA iteration.

The method published in Cooper et al. [2017] can be considered preliminary work on the R-PεRLE
algorithm of Cooper et al. [2018], which is a working paper that contains convergence proofs for the

methods outlined above. Generally speaking, the R-PεRLE algorithm converges under conditions

similar to those required for convergence of R-SPLINE [Wang et al. 2013]. Cooper et al. [2018] also

describe and prove the convergence of R-MinRLE, a naïve benchmark algorithm for integer-ordered

MOSO with d ≥ 2 objectives.

5.2 Non-SAA Methods for Integer-Ordered MOSO
To the best of our knowledge, MO-COMPASS is the only non-SAA-based algorithm for integer-

ordered MOSO that is designed to converge to a local efficient set. MO-COMPASS [Li et al. 2015a]

is a multi-objective version of the popular COMPASS algorithm for integer-ordered SOSO problems

[Hong and Nelson 2006; Xu et al. 2010], and MO-COMPASS provably converges to an N1-local

efficient set for d ≥ 2 objectives.

Like its predecessor COMPASS, MO-COMPASS is an iterative algorithm that maintains a set of

desirable solutions called the most promising region (MPR). In each iteration ν , MO-COMPASS

uniformly selects new candidate points from the MPR, applies a simulation allocation rule (SAR) to

determine how many samples to obtain from each point visited so far, estimates the objective values

of each point, updates the estimated local efficient set, and updates the MPR (see Algorithm 1). In

the multi-objective context, the ν th MPR is defined as the collection of decision points that are

closer to the current estimated N1-local efficient set than to any previously-visited estimated non-

efficient feasible point. Thus the MPR is adaptive, converging w.p.1 to an N1-local efficient set as

candidate points are evaluated and iterations ν increase. Further, MO-COMPASS allows differential

sampling across points. MO-COMPASS may be terminated when a pre-specified simulation budget

is exhausted or some other criteria are met.

Like COMPASS, versions of MO-COMPASS exist for the case of a fully constrained, partially con-

strained, or unconstrained feasible region X. For simplicity, we consider only the fully-constrained

MO-COMPASS algorithm in Algorithm 1; we refer the reader to Li et al. [2015a] for the other cases.

The estimated efficient set
ˆEν constructed by the fully-constrained MO-COMPASS algorithm

converges to a N1-local efficient set w.p.1. This convergence holds when:

(1) No two points have exactly the same performance on any objective, that is, there exists δ > 0

such that for all x, x′ ∈ X and for all k ∈ {1, . . . ,d}, x , x′ implies |дk (x) − дk (x′)| ≥ δ .

ALGORITHM 1: MO-COMPASS for fully-constrained (finite) integer-ordered feasible sets X ⊆ Zq

Input: simulation allocation rule SAR; number of points to visitm at each iteration.

Initialize: iteration ν = 0, set of visited points V0 = ∅, and most promising region C0 = X

while not stopped do
Set ν = ν + 1; uniformly and independently sample Xν = {xν1, . . . , xνm } from Cν−1.

Update the set of all feasible points visited so farVν = Vν−1 ∪ Xν .

for all x ∈ Vν do
Apply the SAR to determine the number of simulation replications to obtain, aν (x).
Take aν (x) observations at x.
Update nν (x) =

∑ν
i=1

ai (x) and the objective vector estimator
¯G(x,nν (x)).

Update estimated efficient set
ˆEν = {X ∗ ∈ Vν : ∄ x ∈ Vν ∋ ¯G(x,nν (x)) ≤ ¯G(X ∗,nν (X ∗))}.

Update the MPR, Cν = ∪X ∗∈ ˆEν
{x ∈ X : for all x′ ∈ Vν \ ˆEν , d(x,X ∗) ≤ d(x, x′)}.
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(2) For every x ∈ X and objective k ∈ {1, . . . ,d}, Ḡk (x,n) → дk (x) w.p.1 as n → ∞.

(3) The SAR guarantees that at least one simulation replication is obtained at all newly-sampled

points in each iteration, that is, aν (x) ≥ 1 if x is a newly-visited point at iteration ν ; and each

visited point is sampled infinitely often, so that limν→∞ nν (x) = ∞ for all x ∈ ∪∞
ν=0

Vν .

Note that MO-COMPASS allows the use of CRN. The convergence of MO-COMPASS for the partially

constrained and unconstrained cases require additional conditions.

6 TESTBEDS AND SOFTWARE
To the best of our knowledge, no testbeds and few software resources exist for MOSO. The open

source PyMOSO package [Cooper and Hunter 2018] provides off-the-shelf implementations of

the R-PεRLE and R-MinRLE algorithms for integer-ordered MOSO (see §5.1.2). Also, code for

many algorithms usually can be obtained by emailing the authors. The simopt.org problem and

solver library currently contains freely available SOSO test problems and software; in the future,

we anticipate that it will contain MOSO test problems and software [Henderson and Pasupathy

2018]. Likewise, the International Society on MCDM maintains a website with software tools at

https://www.mcdmsociety.org.
To create a MOSO testbed, one may begin by studying the many well-developed MOO testbeds,

since noise may be added to these problems. MOO problem testbeds include problems with a variety

of features. According to Deb et al. [2002], a good MOO test problem should (1) be easy to construct,

(2) be scalable in both the number of decision variables and number of objective functions, (3) have

a Pareto set whose location and shape are known exactly, and (4) have structural properties that

make convergence to the efficient set and the even distribution of Pareto points nontrivial. Existing

testbeds, such as those in Deb [1999]; Deb et al. [2001, 2002]; Huband et al. [2006]; Zitzler et al.

[2000], include scalable problems with non-convex objective functions, multiple local efficient sets,

and disconnected Pareto sets. Allmendinger et al. [2016, p. 15–17] provide a table of commonly used

test problems, and Cheng et al. [2017] provide a recent critique of existing testbeds and suggest

a set of benchmark problems. We refer the reader to Cheng et al. [2017] for a discussion of test

problem construction and references to additional MOO problem testbeds.

7 OPEN QUESTIONS AND CONCLUDING REMARKS
As may be apparent from our discussion of existing MOSO theory, methods, and algorithms, a

tremendous amount of work remains in this area. We make the following general remarks about

the future development of MOSO theory, methods, and algorithms.

(1) We believe that all future MOSO methods should be developed with parallel algorithmic im-

plementation in mind. To solve increasingly large and difficult MOSO problems, we must fully

exploit the capabilities of now-ubiquitous parallel computing platforms, that is, computing

platforms in which multiple processors can independently execute code and communicate

by accessing shared memory or with message passing.

(2) Because of their special structure, MOSO problems with exactly two objectives often are

easier to solve than problems with three or more objectives. Thus developing good solution

methods for bi-objective problems is an important and impactful (see §1.1) first step to

developing comprehensive MOSO solution methods.

We now remark on four specific areas for future development. The first two areas are inspired by

the MOO literature, and the rest are inspired by the SOSO literature.

Scalarization Methods. While we discuss the use of scalarization by, e.g., Bonnel and Collonge

[2015]; Cooper et al. [2017]; Fliege and Xu [2011]; Kim and Ryu [2011a], additional theoretical,

methodological, and algorithmic development is required for commonMOO scalarization techniques
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in a MOSO context. As a notable example, the U.S. Department of Energy is using the ε-constraint
method to solve MOSO problems in the context of the Advanced Process Engineering Co-Simulator

[Subramanyan et al. 2011]. To the best of our knowledge, apart from Cooper et al. [2017, 2018]

and the existing literature on stochastically constrained SOSO methods, there is no theoretical or

methodological development for this scalarization technique in the MOSO context. Further, many

scalarization methods exist beyond those we discuss; see, e.g., Das and Dennis [1998]; Eichfelder

[2008]; Messac et al. [2003]; Pascoletti and Serafini [1984]. Additional development of theory,

methods, and algorithms for scalarization in MOSO may help employ the full power of existing

SOSO algorithms toward solving MOSO problems.

Adaptive Methods for an Evenly-Spaced Pareto Representation. Ideally, the points returned by a

MOSO solution method should be sufficiently spread out in the Pareto set when the algorithm

terminates, and not clustered together in one region. Because MOSO problems may be more

computationally intensive than MOO problems, adaptive methods to find evenly distributed points

in the Pareto set are likely to be crucial for solving MOSO problems efficiently — such methods

will not waste effort obtaining high-precision estimates of many points clustered together in one

region of the Pareto set, while failing to explore other regions. To this end, MOSO researchers

may find adaptive algorithms from the MOO context helpful, including the adaptive scalarization

methods of Eichfelder [2008], the derivative pursuit method of Singhee and Castalino [2010], and

the adaptive weighting scheme of Deshpande et al. [2016].

Fixed-Precision MORS Procedures. As noted in §3.2, there is a general lack of development in

fixed-precision MORS procedures. Given the importance, prominence, and popularity of fixed-

precision single-objective R&S procedures and the recent advances on single-objective parallel R&S

procedures [Hunter and Nelson 2017], we believe developing analogous MORS procedures would be

an important advance. Work on the multivariate Behrens-Fisher problem and the Heteroscedastic

Method [see, e.g., Anderson 2003; Dudewicz et al. 1991; Dudewicz and Taneja 1987] may be relevant

to designing such procedures.

Adaptive Sampling. Adaptive sampling methods are among the most efficient methods available

for SOSO [Bottou et al. 2017; Hashemi et al. 2017; Pasupathy et al. 2018; Pasupathy and Schmeiser

2010; Shashaani et al. 2018]. Given the difficulty of MOSO problems, adaptive sampling methods

may be especially useful when designing MOSO algorithms — the ideal algorithm for continuous

feasible sets perhaps being some form of adaptive sampling algorithm that also employs adaptive

methods for an evenly-spaced Pareto representation. For entry points to the adaptive sampling

literature, see Bottou et al. [2017].
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