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Abstract: The proximal ADMM which adds proximal regularizations to ADMM’s subprob-

lems is a popular and useful method for linearly constrained separable convex problems,

especially its linearized case. A well-known requirement on guaranteeing the convergence of

the method in the literature is that the proximal regularization must be positive semidefinite.

Recently it was shown by He et al. (Optimization Online, 2016) that the proximal term regu-

larized on ADMM is not necessarily positive semidefinite without any additional assumptions,

while it is still unknown whether the indefinite setting is valid for the proximal version of the

symmetric ADMM. In this paper, we confirm that the symmetric ADMM can also be regular-

ized with positive-indefinite proximal term. Theoretically, we prove global convergence of the

improved method and establish the worst-case nonasymptotic O(1/t) convergence rate result

in ergodic sense, where t counts the iteration. In addition, the generalized ADMM proposed

by Eckstein and Bertsekas is a special case of our discussion. Finally, we demonstrate the

improvements of using the positive-indefinite proximal term by some experimental results.

Key words: Convex programming, alternating direction method of multipliers, positive

indefinite proximal, iteration-complexity

1 Introduction

In this paper, we consider the following linearly constrained separable convex optimization problem

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}, (1.1)

where X ⊆ <n1 and Y ⊆ <n2 are closed convex sets; A ∈ <m×n1 , B ∈ <m×n2 and b ∈ <m;

θ1 : <n1 → < and θ2 : <n2 → < are closed proper convex functions (not necessarily smooth).

Throughout, the solution set of (1.1) is assumed to be nonempty.

Let the augmented Lagrangian function of problem (1.1) be

Lβ(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b) +
β

2
‖Ax+By − b‖2, (1.2)

where λ ∈ <m is the Lagrange multiplier and β > 0 is a penalty parameter. A benchmark method for

solving (1.1) is the alternating direction method of multipliers (ADMM) [4, 12]. At each iteration,
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ADMM performs the following updates
xk+1 = arg min{Lβ(x, yk, λk) |x ∈ X}, (1.3a)

yk+1 = arg min{Lβ(xk+1, y, λk) | y ∈ Y}, (1.3b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (1.3c)

The ADMM updates the variables alternately by decomposing the augmented Lagrangian function

(1.2) with respect to the variables in a Gauss-Seidel order, and the resulting subproblems are usually

easy enough if each θi has any specific properties. With this advantageous feature, the ADMM

has recently gained tremendous popularity in various domains such as machine learning, image

processing, computer vision, signal processing, and so on. Interested readers are referred to [2, 10,

13, 14] for recent survey papers. Specifically, the convergence rate of the ADMM has been studied

extensively, see e.g., [19, 20, 7]. Although ADMM is suitable for many distributed instances that

formulated as (1.1), it can’t directly extend to the multi-block cases (see [6] for a counterexample).

We refer to [21, 15, 3, 24] for the studies of the convergence properties for the multi-block ADMM.

The ADMM (1.3) works well in situations where the subproblem regards of θi is simple. If one

θi is generic without any specific properties, the resulting subproblem may not easy to evaluate,

hence need to be solved iteratively. To avoid inner loops, a well known technology is to linearize the

quadratic term in the subproblem by adding a proximal term, and solve the resulting subproblem

instead. In this case, the proximal ADMM is as follows:

(PD-ADMM)


xk+1 = arg min

{
Lβ(x, yk, λk)

∣∣ x ∈ X}, (1.4a)

yk+1 = arg min
{
Lβ(xk+1, y, λk) +

1

2
‖y − yk‖2D

∣∣ y ∈ Y}, (1.4b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (1.4c)

where

D = rIn2 − βBTB and r > β‖BTB‖. (1.4d)

To see the linearization, recall (1.2) and using simple manipulation for (1.4b), the subproblem

amounts to solving the following surrogate

yk+1 = arg min
{
θ2(y) +

r

2
‖y − (yk +

1

τr
qk)‖2 | y ∈ Y}, (1.5a)

where

qk = BT [λk − β(Axk+1 +Byk − b)]. (1.5b)

With this change, updating yk reduces to evaluating the resolvent operator of ∂θ(y) which is much

cheaper than (1.3b). For example, when θ(y) = ‖y‖1, the resulting subproblem admits a closed form

solution given by the soft shrinkage operator; when θ(Y ) = ‖Y ‖∗ is the nuclear norm of matrix Y ,

and the quadratic penalty term is Frobenius norm correspondingly, the closed form solution can be

given by the matrix shrinkage operator. The reader may consult e.g., [30, 31, 11, 25] for extensive

applications of the linerization technology.

Convergence of the proximal ADMM (1.4) has traditionally been proved under the condition

that D is positive semidefinite. This is mainly because that when D is indefinite, it may suffer great

difficulty to establish the contraction property. On the other hand, equipping (1.4) with positive
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definite matrices D is easy to prove the convergence, however, is not beneficial to get an improved

numerical performance. This can be intuitively understood as that the positive regularization term

forces the new point yk+1 to be close enough to yk, and makes the primal step go smaller. So,

it is desirable to ask if it is possible to regularize ADMM with positive-indefinite proximal term,

while the convergence can be still ensured? To the best of our knowledge, only [22] studied this

question under the assumption that θi(·) is Lipschitz continuous. Recently, He et al [17] answered

this question affirmatively. They proved that it is not necessary to ensure the positive definiteness of

the D without any additional assumptions, and obtained the improved positive-indefinite ADMM.

(PID-ADMM)


xk+1 = argmin

{
Lβ(x, yk, λk)|x ∈ X

}
, (1.6a)

yk+1 = argmin
{
Lβ(xk+1, y, λk) +

1

2
‖y − yk‖2D0

|y ∈ Y
}
, (1.6b)

λk+1 = λk − β(Axk+1 +Byk+1 − b), (1.6c)

where

D0 = τrIn2 − βBTB with r > β‖BTB‖, τ ∈ [0.8, 1). (1.6d)

In this case, the y-subproblem (1.6b) can be written as

yk+1 = arg min
{
θ2(y) +

τr

2
‖y − (yk +

1

τr
qk)‖2 | y ∈ Y}. (1.7)

where qk is defined in (1.5b). Obviously, the iterative step (1.7) only needs to attach a factor τ in

the linearized subproblem (1.5a), and thus enjoy the same easiness in implementation as the scheme

(1.5a). Compared with the fixed τ = 1 in PD-ADMM (1.4), the small values of τ ∈ [0.8, 1) can ensure

the proximal term has less weight for the y-subproblem (1.6b), and thus allows for larger steps. In

practice, it is recommended to choose 0.8 as an “optimal” choice to obtain the fastest convergence

[17].

In addition to the original ADMM (1.3), the symmetric version of ADMM which updates La-

grange multiplier twice is an important ADMM variant. We restrict our discussion to a particular

symmetric ADMM:

(SADMM)


xk+1 = argmin

{
Lβ(x, yk, λk)|x ∈ X

}
, (1.8a)

λk+ 1
2 = λk − αβ(Axk+1 +Byk − b), (1.8b)

yk+1 = argmin
{
Lβ(xk+1, y, λk+ 1

2 )|y ∈ Y
}
, (1.8c)

λk+1 = λk+ 1
2 − β(Axk+1 +Byk+1 − b), (1.8d)

where α ∈ (−1, 1) is an underdetermined relaxation factor. SADMM can be explained as an applica-

tion of shrunken Peaceman–Rachford splitting method in [26, 27] to the dual of (1.1). In [18], it was

proved that the sequence generated by (1.8) is strictly contractive with respect to the solution set

of (1.1); thus, the global convergence and a worst-case convergence rate measured by the iteration

complexity were established for (1.8) therein. We refer to [18, 16] for the more general symmetric

ADMM whose dual step sizes are chosen in a domain. Inspired by He et al’ work for ADMM, it

is interesting to ask a question: can we also regularize the SADMM (1.8) with positive-indefinite

proximal term? In this paper we answer this question affirmatively, and thus propose the linearized
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SADMM with positive-indefinite proximal regularization for solving problem (1.1):

(PID-SADMM)



xk+1 = argmin
{
Lβ(x, yk, λk)|x ∈ X

}
, (1.9a)

λk+ 1
2 = λk − αβ(Axk+1 +Byk − b), (1.9b)

yk+1 = argmin
{
Lβ(xk+1, y, λk+ 1

2 ) +
1

2
‖y − yk‖2D0

|y ∈ Y
}
, (1.9c)

λk+1 = λk+ 1
2 − β(Axk+1 +Byk+1 − b). (1.9d)

where

D0 = τr − βBTB with r > β‖BTB‖ and τ ∈ [
α2 − α+ 4

α2 − 2α+ 5
, 1). (1.9e)

Obviously, the PID-SADMM (1.9) includes the PID-ADMM (1.6) as a special case with α ≡ 0. For

a fixed α, we see that the PID-SADMM only requires one to choose suitable proximal parameters

without using any additional computation. Due to the smaller size of the proximal parameter, the

proximal term has a less weight in the objective function. It is thus possible to enlarge the step

size of the y, and accelerate the numerical performance. We prove the convergence of the proposed

algorithm and show that the convergence rate of the algorithm is O(1/t), where t is the iteration

counter. To verify the improvement, we test our algorithm on two well-studied numerical problems.

The computational results show that PID-SADMM works reasonably well on large-scale instances

and usually outperforms its positive part schemes.

The rest of the paper is organized as follows. In Sect. 2, we summarize some useful results for

further analysis. Then, in Sect. 3, we give a prediction-correction interpretation of the algorithm.

The convergence and complexity results are proved in Sect. 4 and 5, respectively. In Sect. 6, we

test the algorithm and report some preliminary numerical results. Concluding remarks are drawn in

Sect. 7.

2 Preliminaries

2.1 Variational inequality reformulation of (1.1)

In this section, we reformulate the convex minimization model (1.1) as a variational inequality

(VI) form. This reformulation will be useful for succedent algorithmic illustration and convergence

analysis.

The Lagrangian function of (1.1) can be written as

L(x, y, λ) = θ1(x) + θ2(y)− λT(Ax+By − b), (2.1)

where λ ∈ <m is a Lagrangian multiplier. Seeking a saddle point of L(x, y, λ) is to finding (x∗, y∗, λ∗)

such that

Lλ∈<m(x∗, y∗, λ) ≤ L(x∗, y∗, λ∗) ≤ Lx∈X ,y∈Y(x, y, λ∗). (2.2)

Then we get 
θ1(x)− θ1(x∗) + (x− x∗)T(−ATλ∗) ≥ 0, ∀x ∈ X , (2.3a)

θ2(y)− θ2(y∗) + (y − y∗)T(−BTλ∗) ≥ 0, ∀ y ∈ Y, (2.3b)

(λ− λ∗)T(Ax∗ +By∗ − b) ≥ 0, ∀ λ ∈ <m. (2.3c)
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More compactly, the above inequalities can be written into the following mixed variational inequalities

VI(Ω, F, θ) : θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀ w ∈ Ω, (2.4a)

where

u :=

(
x

y

)
, w :=

 x

y

λ

 , θ(u) := θ1(x) + θ2(y), (2.4b)

and

F (w) :=

 −ATλ

−BTλ

Ax+By − b

 , Ω := X × Y × <m. (2.4c)

Note that the mapping F (w) defined in (2.4c) is affine with a skew-symmetric matrix, it is monotone.

We denote by Ω∗ the solution set of VI(Ω, F, θ).

2.2 Some notations

For a real symmetric matrix G, we mark G � 0 (G � 0) if G is positive semidefinite (positive

definite). We use ‖ · ‖ to denote the 2-norm of a vector and let ‖z‖2G = zTGz. For notational

simplicity, we introduce the following matrices:

M =

(
In2 0

−βB (1 + α)Im

)
, Q =

(
τrIn2 −αBT

−B 1
β Im

)
, (2.5)

and

H =

(
τrIn2 − α

α+1βB
TB − α

1+αB
T

− α
1+αB

1
(1+α)β Im

)
. (2.6)

These defined matrices have some useful properties for further analysis. We summarize them in

the following lemma.

Lemma 2.1. Suppose the matrix B in (1.1) is full column rank and let

r > β‖BTB‖, τ ∈ [
α2 − α+ 4

α2 − 2α+ 5
, 1), α ∈ (−1, 1). (2.7)

Then the matrices Q,M and H defined respectively in (2.5) and (2.6) satisfy:

H � 0, (2.8)

and

HM = Q. (2.9)

Proof. The equation (2.9) can be easily verified, we omit here. Now we prove (2.8).

Since r > β‖BTB‖, we know that H � 0 is guaranteed if the following matrix is positive definite

H̃ =

(
(τ − α

1+α)βBTB − α
1+αB

T

− α
1+αB

1
(1+α)β Im

)
. (2.10)
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Note that H̃ can be expressed as

H̃ =
1

1 + α

(
BT 0

0 I

)( (
τ + ατ − α

)
β −α

−α 1
β

)(
B 0

0 I

)
. (2.11)

With the assumption that B is full column rank and α ∈ (−1, 1), we only need to check( (
τ + ατ − α

)
β −α

−α 1
β

)
� 0, (2.12)

and it is equivalent to proving

τ + ατ − α− α2 = (1 + α)(τ − α) > 0. (2.13)

Since α ∈ (−1, 1), we have 1 + α > 0. We focus on checking τ − α > 0. Note that

τ − α ≥ α2 − α+ 4

α2 − 2α+ 5
− α =

3α2 − α3 + 4− 6α

α2 − 2α+ 5

=
(α2 − 2α+ 4)(1− α)

α2 − 2α+ 5
.

For any α ∈ (−1, 1), we have
(α2 − 2α+ 4)(1− α)

α2 − 2α+ 5
> 0. (2.14)

Thus we get

τ − α > 0. (2.15)

Using the above inequality, the assertion (2.12) is verified, and the positive definiteness of H is

followed accordingly.

3 Prediction-correction interpretation

In this section, we interpret PID-SADMM (1.9) as a prediction-correction scheme in the VI form.

This interpretation does not change the algorithmic structure of PID-SADMM, but can make our

convergence analysis more compact.

First, in order to alleviate the notation in the following analysis, we define an auxiliary sequence

w̃k as

w̃k =

 x̃k

ỹk

λ̃k

 =

 xk+1

yk+1

λk − β(Axk+1 +Byk − b)

 , (3.1)

where (xk+1, yk+1, λk+1) is generated by the sheme (1.9). Note that the variable x plays an interme-

diate role while (y, λ) are essential variables [2]. Accordingly, we use the notations

υ =

(
y

λ

)
, υk =

(
yk

λk

)
, and υ̃k =

(
ỹk

λ̃k

)
, (3.2)

to collect the essential variables. Moreover, we use V∗ to denote the set of v∗ for all subvectors of

w∗ in Ω∗.

6



In the following, the auxiliary variable ṽk denotes the predicted variable and vk+1 denotes the

corrected variable, respectively. The following lemma shows how to generate ṽk in the PID-SADMM

scheme, and it also characterizes how accurate the point ṽk defined is to a solution point of VI(Ω, F, θ).

Lemma 3.1. Let the sequence {wk} be generated by PID-SADMM (1.9) and {w̃k} be defined in

(3.1). Then we have

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (υ − υ̃k)TQ(υk − υ̃k), ∀w ∈ Ω, (3.3)

where Q is defined in (2.5).

Proof. Recall the optimality condition of x-subproblem in (1.9a), we have

θ1(x)− θ1(xk+1) + (x− xk+1)T{−ATλk + βAT (Axk+1 +Byk − b)} ≥ 0, ∀x ∈ X . (3.4)

Using the definition of x̃k and λ̃k in (3.1), the above inequality can be written as

θ1(x)− θ1(x̃k) + (x− x̃k)T{−AT λ̃k} ≥ 0, (3.5)

Analogously, the optimality condition of y-subproblem in (1.9c) is

θ2(y)− θ2(yk+1) + (y− yk+1)T{−BTλk+ 1
2 +βBT (Axk+1 +Byk+1− b) +D0(yk+1− yk)} ≥ 0, ∀y ∈ Y.

(3.6)

Using the definitions of λk+ 1
2 , ỹk and λ̃k, we get

λk+ 1
2 − β(Axk+1 +Byk+1 − b)

= λk − αβ(Axk+1 +Byk − b)− β(Axk+1 +Byk − b)− βB(yk+1 − yk)
= λk − β(Axk+1 +Byk − b)− α(λk − λ̃k)− βB(ỹk − yk)
= λ̃k − α(λk − λ̃k)− βB(ỹk − yk). (3.7)

Substituting it into (3.6) and recalling the definition of D0 (see (1.9e)), we have

θ2(y)− θ2(ỹk) + (y − ỹk)T{−BT λ̃k + αBT (λk − λ̃k) + τr(ỹk − yk)} ≥ 0, ∀y ∈ Y. (3.8)

In addition, follows from (3.1) we have

(Ax̃k +Bỹk − b)−B(ỹk − yk) +
1

β
(λ̃k − λk) = 0. (3.9)

Combining (3.5), (3.8), and (3.9), we obtain

θ(u)− θ(ũk) +

 x− x̃k

y − ỹk

λ− λ̃k


T

 −AT λ̃k

−BT λ̃k

Ax̃k +Bỹk − b

−
 0

τr(yk − ỹk)− αBT(λk − λ̃k)
−B(yk − ỹk) + 1

β (λk − λ̃k)


 ≥ 0,

∀w ∈ Ω. (3.10)

Recall the notation Q in (2.5), and F (·) in (2.4c), the above inequality is exactly (3.3).
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Now, we establish the relationship between the output iterates vk+1, vk generated by PID-

SADMM (1.9) and the auxiliary variable ṽk defined in (3.2). We show how to generate the corrected

point vk+1 via using the predicted variable ṽk and the previous point vk.

Lemma 3.2. Let the sequence {wk} be generated by PID-SADMM (1.9) and {w̃k} be defined in

(3.1). Then, we have

vk+1 = vk −M(vk − ṽk), (3.11)

where M is defined in (2.5).

Proof. First, follows from the iterative scheme (3.7) and the notation (3.1), we have

λk+1 = λk+ 1
2 − β(Ax̃k +Bỹk − b)

= λ̃k − α(λk − λ̃k)− βB(ỹk − yk)
= λk − [(1 + α)(λk − λ̃k)− βB(yk − ỹk)]. (3.12)

together with yk+1 = ỹk, we have the following useful relationship(
yk+1

λk+1

)
=

(
yk

λk

)
−

(
I 0

−βB (1 + α)Im

)(
yk − ỹk

λk − λ̃k

)
. (3.13)

Recall the definitions of v in (3.2) and M in (2.5). The above inequality can be written as (3.11).

The proof is complete.

4 Global convergence

In this section, we analyze the convergence of PID-SADMM (1.9). We prove its global convergence

under the contraction perspective. In Lemma 3.1, Observe that if (υ − υ̃k)TQ(υk − υ̃k) = 0 in

the right-hand side of (3.3), then w̃k is a solution point of VI(Ω, F, θ). Therefore, here we want to

estimate this term and bound it as the sum of some quadratic terms. This is given in the following

lemma.

Lemma 4.1. Let the sequence {wk} be generated by PID-SADMM (1.9) and {w̃k} be defined in

(3.1). Then for any w ∈ Ω, we have

(υ − υ̃k)TQ(υk − υ̃k) =
1

2
(‖υ − υk+1‖2H − ‖υ − υk‖2H) +

1

2
(υk − υ̃k)TG(υk − υ̃k), (4.1)

where H is defined in (2.6) and

G = QT +Q−MTHM. (4.2)

Proof. By using Q = HM and M(υk − υ̃k) = (υk − υk+1) (see (3.11)), it holds that

(υ − υ̃k)TQ(υk − υ̃k) = (υ − υ̃k)THM(υk − υ̃k) = (υ − υ̃k)TH(υk − υk+1). (4.3)

For any vectors a, b, c, d ∈ <n2+m and H � 0, it follows that

(a− b)TH(c− d) =
1

2
(‖a− d‖2H − ‖a− c‖2H) +

1

2
(‖c− b‖2H − ‖d− b‖2H). (4.4)
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Applying the above identity with a = υ, b = υ̃k, c = υk, and d = υk+1 gives

(υ − υ̃k)TH(υk − υk+1) =
1

2
(‖υ − υk+1‖2H − ‖υ − υk‖2H) +

1

2
(‖υk − υ̃k‖2H − ‖υk+1 − υ̃k‖2H). (4.5)

For the last term of (4.5), we have

‖υk − υ̃k‖2H − ‖υk+1 − υ̃k‖2H = ‖υk − υ̃k‖2H − ‖(υk − υ̃k)− (υk − υk+1)‖2H
(3.11)

= ‖υk − υ̃k‖2H − ‖(υk − υ̃k)−M(υk − υ̃k)‖2H
= 2(υk − υ̃k)THM(υk − υ̃k)− (υk − υ̃k)TMTHM(υk − υ̃k)
(2.9)
= (υk − υ̃k)T(QT +Q−MTHM)(υk − υ̃k)

(4.2)
= (υk − υ̃k)TG(υk − υ̃k). (4.6)

Now, combining (4.3), (4.5) and (4.6), the assertion (4.1) is proved.

Lemma 4.2. Let the sequence {wk} be generated by PID-SADMM (1.9) and {w̃k} be defined in

(3.1). Then, we have

‖υk+1 − υ∗‖2H ≤ ‖υk − υ∗‖2H − (υk − υ̃k)TG(υk − υ̃k), ∀w ∈ Ω. (4.7)

Proof. Using the monotonicity of F , we obtain

(w − w̃k)TF (w) ≥ (w − w̃k)TF (w̃k). (4.8)

Substituting the above inequality into (3.3), we have

θ(u)− θ(ũk) + (w − w̃k)TF (w) ≥ (υ − υ̃k)TQ(υk − υ̃k), ∀w ∈ Ω, (4.9)

Setting w = w∗ in (4.9) and recall (2.4), we get

(υ̃k − υ∗)TQ(υk − υ̃k) ≥ 0, ∀w ∈ Ω, (4.10)

which together with (4.1), the assertion (4.7) is immediately obtained.

If the matrix G defined in (4.2) is positive definite, then the sequence {vk} is strictly contractive

with respect to the solution set V∗ in H-norms, and the convergence of {vk} generated by (1.9) can

be easily established following the contraction perspective. Now, we first deduce the exact expression

of matrix G.

G := QT +Q−MTHM =

(
τrIn2 − βBTB 0

0 (1−α)
β Im

)
=

(
D0 0

0 (1−α)
β Im

)
. (4.11)

Obviously, when τ < 1 (see D0 defined in (1.9e)), G may not be positive definite, and thus the

inequality (4.7) in Lemma 4.2 does not imply the convergence of the sequence {vk}. We need further

investigate the term (υk − υ̃k)TG(υk − υ̃k). Our main purpose is to find a lower bound in terms

of the discrepancy between some non-negative quadratic terms. The following three lemmas are for

this purpose.
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Lemma 4.3. Let the sequence {wk} be generated by PID-SADMM (1.9) and {w̃k} be defined in

(3.1). We have the identity

(υk − υ̃k)TG(υk − υ̃k) = τ‖yk − yk+1‖2D +
(
τ − 1 +

1− α
(1 + α)2

)
β‖B(yk − yk+1)‖2

+
1− α

β(1 + α)2
‖λk − λk+1‖2 +

2(1− α)

(1 + α)2
(λk − λk+1)TB(yk − yk+1). (4.12)

Proof. First, recall the definition of G (4.11), we have

(υk − υ̃k)TG(υk − υ̃k) = τr‖yk − yk+1‖2 − β‖B(yk − yk+1)‖2 +
(1− α)

β
‖λk − λ̃k‖2. (4.13)

On the other hand, using (3.13), we have

(λk − λ̃k) =
1

1 + α

(
(λk − λk+1) + βB(yk − yk+1)

)
, (4.14)

and thus we get

‖λk − λ̃k‖2 =
1

(1 + α)2
‖λk − λk+1‖2 +

β2

(1 + α)2
‖B(yk − yk+1)‖2

+
2β

(1 + α)2
(λk − λk+1)TB(yk − yk+1). (4.15)

Substituting (4.15) into (4.13) and recalling the definition of D, we obtain (4.12).

The last crossing term in (4.12) still needs careful analysis, and the following result presents the

lower bound on it. Similar technologies are used in [17].

Lemma 4.4. Let the sequence {wk} be generated by PID-SADMM (1.9). Then, we have

2(λk − λk+1)TB(yk − yk+1) ≥ τ‖yk − yk+1‖2D − τ‖yk − yk−1‖2D − 3(1− τ)β‖B(yk − yk+1)‖2

−(1− τ)β‖B(yk − yk−1)‖2. (4.16)

Proof. From the update (1.9d), the optimality condition of y-subproblem (1.9c) is

θ(y)− θ(yk+1) + (y − yk+1)T{−BTλk+1 +D0(yk+1 − yk)} ≥ 0. (4.17)

Similarly, for the previous iterate, we get

θ(y)− θ(yk) + (y − yk)T{−BTλk +D0(yk − yk−1)} ≥ 0. (4.18)

Setting y = yk and y = yk+1 in (4.17) and (4.18) respectively, and then adding them, we obtain

(yk − yk+1)T{BT(λk − λk+1) +D0[(yk+1 − yk)− (yk − yk−1)]} ≥ 0. (4.19)

Using notation D0 defined in (1.9e), we have

2(λk − λk+1)TB(yk − yk+1)

≥ 2τ‖yk − yk+1‖2D − 2τ(yk − yk+1)TD(yk − yk−1)− 2(1− τ)β‖B(yk − yk+1)‖2

+2(1− τ)β(yk − yk+1)TBTB(yk − yk−1)

≥ τ‖yk − yk+1‖2D − τ‖yk − yk−1‖2D − 3(1− τ)β‖B(yk − yk+1)‖2 − (1− τ)β‖B(yk − yk−1)‖2.

The last inequality is obtained by using the Cauchy-Schwarz inequality. This completes the proof.
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Next, by substituting (4.16) into (4.12), we obtain the following lemma to get the lower bound

of (υk − υ̃k)TG(υk − υ̃k).

Lemma 4.5. Let the sequence {wk} be generated by PID-SADMM (1.9) and {w̃k} be defined in

(3.1). Then

(υk − υ̃k)TG(υk − υ̃k) ≥ τ‖yk − yk+1‖2D + C0β‖B(yk − yk+1)‖2 +
1− α

β(1 + α)2
‖λk − λk+1‖2

+
1− α

(1 + α)2

[
τ(‖yk − yk+1‖2D − ‖yk − yk−1‖2D)

+ (1− τ)(‖B(yk − yk+1)‖2 − ‖B(yk − yk−1)‖2)
]
. (4.20)

where C0 = (α2−2α+5)τ−(α2−α+4)
(1+α)2

.

Note that when

τ ∈ [
α2 − α+ 4

α2 − 2α+ 5
, 1), (4.21)

we have C0 ≥ 0, and thus

C0β‖B(yk − yk+1)‖2 ≥ 0.

Based on Lemma 4.2 and Lemma 4.5, we now establish the following results:

Lemma 4.6. Let the sequence {wk} be generated by PID-SADMM (1.9). Then for any τ ∈
[ α

2−α+4
α2−2α+5

, 1), we have

‖υk+1 − υ∗‖2H +
1− α

(1 + α)2
(τ‖yk − yk+1‖2D + (1− τ)β‖B(yk − yk+1)‖2)

≤ ‖υk − υ∗‖2H +
1− α

(1 + α)2
(τ‖yk − yk−1‖2D + (1− τ)β‖B(yk − yk−1)‖2)

−
(
τ‖yk − yk−1‖2D +

1− α
β(1 + α)2

‖λk − λk+1‖2
)
. (4.22)

The above lemma describe the iterative contraction of the sequence {‖υk+1−υ∗‖2H+ 1−α
(1+α)2

(τ‖yk−
yk+1‖2D + (1 − τ)β‖B(yk − yk+1)‖2)}. Using Lemma 4.6, we are able to establish the convergence

result of PID-SADMM (1.9).

Theorem 4.1. Let the sequence {wk} be generated by PID-SADMM (1.9). Then for any τ ∈
[ α

2−α+4
α2−2α+5

, 1), the sequence {υk} converges to some υ∞ ∈ V∗.

Proof. First, it follows from (4.22) that

τ‖yk − yk−1‖2D +
1− α

β(1 + α)2
‖λk − λk+1‖2

≤
(
‖υk+1 − υ∗‖2H +

1− α
(1 + α)2

(
τ‖yk − yk+1‖2D + (1− τ)β‖B(yk − yk+1)‖2

))
−
(
‖υk − υ∗‖2H +

1− α
(1 + α)2

(
τ‖yk − yk−1‖2D + (1− τ)β‖B(yk − yk−1)‖2

))
. (4.23)
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Summing (4.23) from k = 1 to ∞ gives

∞∑
k=1

(
τ‖yk − yk−1‖2D +

1− α
β(1 + α)2

‖λk − λk+1‖2
)

≤ ‖υ1 − υ∗‖2H +
1− α

(1 + α)2

(
τ‖y0 − y1‖2D + (1− τ)β‖B(y0 − y1)‖2

)
. (4.24)

Recall D is positive definite, and thus

lim
k→∞

‖υk − υk+1‖ = 0. (4.25)

In addition, letting υ∗ ∈ V∗ be an arbitrarily fixed point, it follows from (4.22) that

‖υk+1 − υ∗‖2H ≤ ‖υk − υ∗‖2H +
1− α

(1 + α)2
(τ‖yk − yk−1‖2D + (1− τ)β‖B(yk − yk−1)‖2)

≤ ‖υ1 − υ∗‖2H +
1− α

(1 + α)2
(τ‖y0 − y1‖2D + (1− τ)β‖B(y0 − y1)‖2), ∀ k ≥ 1. (4.26)

Thus, the sequence {υk} must be bounded. Note that M defined in (2.5) is nonsingular, according

to (3.11), {υ̃k} is also bounded and must have a cluster point. Let υ∞ be a cluster point of {υ̃k}
and the subsequence {υ̃kj} converges to υ∞. Let x∞ be the vector accompanied with (y∞, λ∞) ∈ V.

Then, it follows from (3.3) and (4.25) that

w∞ ∈ Ω, θ(u)− θ(u∞) + (w − w∞)TF (w∞) ≥ 0, ∀w ∈ Ω. (4.27)

which means that w∞ is a solution of VI(Ω, F, θ), and its essential part υ∞ ∈ V∗. Since υ∞ ∈ V∗, it

follows from (4.26) that

‖υk+1 − υ∞‖2H ≤ ‖υk − υ∞‖2H +
1− α

(1 + α)2

(
τ‖yk − yk−1‖2D + (1− τ)β‖B(yk − yk−1)‖2

)
. (4.28)

Thus the sequence {‖υk+1 − υ∞‖2H} is monotonically nonincreasing, and the sequence {υk} can’t

have more than one cluster point. Therefore, the sequence {υk} converges to υ∞ and the proof is

complete.

5 Convergence rate

To estimate the convergence rate in terms of the iteration complexity, we need a characterization of

the solution set of VI (2.4), which is described in the following theorem. The proof can be found in

[19] (Theorem 2.1).

Theorem 5.1. The solution set of VI(Ω, F, θ) is convex and it can be characterized as

Ω∗ =
⋂
w∈Ω

{
w̃ ∈ Ω :

(
θ(u)− θ(ũ)

)
+ (w − w̃)TF (w) ≥ 0

}
. (5.1)

Therefore, for a given accuracy ε > 0, w̃ ∈ Ω is called an ε-approximate solution point of

VI(Ω, F, θ) if it satisfies

θ(ũ)− θ(u) + (w̃ − w)TF (w) ≤ ε, ∀ w ∈ D(w̃),
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where

D(w̃) = {w ∈ Ω | ‖w − w̃‖ ≤ 1}.

To estimate the convergence rate in terms of the iteration complexity for a sequence {wk}, we need

to show that for given ε > 0, after t iterations, this sequence can offer a point w̃ ∈ Ω such that

w̃ ∈ Ω and sup
w∈D(w̃)

{
θ(ũ)− θ(u) + (w̃ − w)TF (w)

}
≤ ε. (5.2)

Lemma 5.1. Let the sequence {wk} be generated by PID-SADMM (1.9) and {w̃k} be defined in

(3.1). Then for any τ ∈ [ α
2−α+4

α2−2α+5
, 1), we have

θ(u)− θ(ũk) + (w − w̃k)TF (w)

≥
(1

2
‖υ − υk+1‖2H +

1− α
2(1 + α)2

[
τ‖yk − yk+1‖2D + (1− τ)‖B(yk − yk+1)‖2

])
−
(1

2
‖υ − υk‖2H +

1− α
2(1 + α)2

[
‖yk − yk−1‖2D + (1− τ)‖B(yk − yk−1)‖2

])
. (5.3)

Proof. The lemma can be direct obtained by combining (4.1), (4.9) and (4.20).

Theorem 5.2. Let {wk} be generated by PID-SADMM (1.9) and {w̃k} be defined in (3.1). Then

for any τ ∈ [ α
2−α+4

α2−2α+5
, 1), we have

θ(ũt)−θ(u)+(w̃t−w)TF (w) ≤ 1

2t

(
‖υ−υ1‖2H+

1− α
(1 + α)2

[
τ‖y0−y1‖2D+(1−τ)β‖B(y0−y1)‖2

])
, ∀w ∈ Ω,

(5.4)

where

w̃t =
1

t
(
t∑

k=1

w̃k). (5.5)

Proof. Summing (5.3) over k = 1, 2 · · · , t gives

t∑
k=1

θ(ũk)− tθ(u) + (

t∑
k=1

w̃k − tw)TF (w)

≤
(1

2
‖υ − υ1‖2H +

1− α
2(1 + α)2

[
τ‖y0 − y1‖2D + (1− τ)‖B(y0 − y1)‖2

])
. (5.6)

Since θ(·) is convex and

ũt =
1

t
(
t∑

k=1

ũk), (5.7)

we have

θ(ũt) ≤
1

t

( t∑
k=1

θ(ũk)
)
, (5.8)

and the assertion of the theorem is obtained.

For a given compact set D(w̃) ⊂ Ω, let

d := sup{1

2
‖υ − υ1‖2H +

1− α
2(1 + α)2

[
τ‖y0 − y1‖2D + (1− τ)‖B(y0 − y1)‖2

] ∣∣ w ∈ D(w̃)}. (5.9)
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Theorem 5.2 shows that, after t iterations of the PID-SADMM (1.9), the point w̃t defined in (5.5)

satisfies

w̃t ∈ Ω and supw∈D(w̃)
{θ(ũ− θ(u) + (w̃t − w)TF (w)} ≤ d

t
= O(1/t). (5.10)

which means w̃t is an approximate solution of VI(Ω, F, θ) (2.4a) with an accuracy of O(1/t). Hence,

the O(1/t) convergence rate of proposed PID-SADMM is estabilished in an ergodic sense.

6 Numerical experiments

In this section, we present numerical results to demonstrate the computational performance of PID-

SADMM. Note that when τ = 1 in PID-SADMM (1.9), D0 is positive definite, the resulting algorithm

is called linearized SADMM with positive-definite proximal regularization (PD-SADMM). Since the

comparable performance of PD-SADMM relative to other algorithms is well demonstrated in the

literature, see, e.g., [23, 11], here we focus on comparing PID-SADMM and its positive part PD-

SADMM. We concentrate on two representative problems: LASSO model [2] and total variation

minimization [28] . All numerical experiments were conducted using MATLAB R2014a on a PC

with an Intel I7 processor, and 8Gb RAM.3

6.1 LASSO model

The LASSO model in [29, 2] is

min
y
{1

2
‖Ay − b‖2 + σ‖y‖1}, (6.1)

where ‖y‖1 :=
∑n

i=1 |yi|, A ∈ <m×n is a design matrix usually with m � n, m is the number of

data points, n is the number of features, b ∈ <m is the response vector and σ > 0 is a regularization

parameter. The LASSO model provides a sparse estimation of y when there are more features than

data points. It can also be explained as a model for finding a sparse solution of the under-determined

system of linear equations Ay = b.

Introducing a new variable x, we can write (6.1) into the form of

min
x,y
{1

2
‖x− b‖2 + σ‖y‖1 | x−Ay = 0, x ∈ <m, y ∈ <n}, (6.2)

which is a special case of (1.1). Then applying the proposed PID-SADMM (1.9) to (6.2), we obtain

the scheme 

xk+1 = argmin
{1

2
‖x− b‖2 − λk(x−Ayk) +

β

2
‖x−Ayk‖2}, (6.3a)

λk+ 1
2 = λk − αβ(xk+1 −Ayk), (6.3b)

yk+1 = argmin
y

{
σ‖y‖1 +

τr

2
‖y − (yk +

1

τr
qk)‖2

}
, (6.3c)

λk+1 = λk+ 1
2 − β(xk+1 −Ayk+1), (6.3d)

where qk = −AT
(
λk+ 1

2 − β(xk+1 −Ayk)
)
. The solution of the x-subproblem (6.3a) is given by

xk+1 =
1

1 + β
(b+ λk + βAyk). (6.4)

3The PID-SADMM code is available online at https://github.com/gaobingaobingaobin/PIDSADMM.
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Then, for the y-subproblem (6.3c), its closed-form solution is given by

yk+1 = Sσ/τr(y
k + qk/τr), (6.5)

where Sδ(t) is the soft thresholding operator [8] defined as

(Sδ(t))i = (1− δ/|ti|)+ · ti, i = 1, 2, · · · ,m. (6.6)

We generate the data in the following manner: We first choose Aij ∼ N (0, 1) and then scaled the

columns to have unit norm. We use the script ‘sprandn’ to generate a sparse vector y∗ which have

approximately density = 100/n non-zeros entries taken from the normal distribution with zero mean

and unit variance. We generate b via b = Ay∗ + e, where e is a small white noise taken from

e ∼ N (0, 10−3I). We test five cases of the dimension of A ranging from 900× 3000 to 1500× 5000,

and set r = β‖ATA‖. We set the regularization parameter σ to 0.1 and the ADMM parameter β to

1. We set α = −0.3 and α = 0.3, respectively. Since small proximal term can allow for larger steps,

here we always let τ = α2−α+4
α2−2α+5

. The termination tolerance is defined by

‖xk+1 −Ayk+1‖2 ≤ εpri and ‖βA(yk+1 − yk)‖2 ≤ εdual, (6.7)

where εpri =
√
nεabs + εrel max{‖xk+1‖2, ‖Ayk+1‖2}, and εdual =

√
nεabs + εrel‖yk+1‖2. with εabs and

εrel set to be 10−4 and 10−2 respectively for all of the methods. The initial points (y0, λ0) were

chosen to be zero.

Table 1 shows the the number of iterations and runtime in seconds of the PD-SADMM, PID-

SADMM schemes applied to problem (6.2) for different dimensions of A. To better visualize the

performance improvement, we plot the results in terms of iterations in Fig. 1. From the table and

the figure, we see that the PID-SADMM performs better than the PD-SADMM, and can achieve

an improvement of about 10-15% reduction both in the number of iterations and runtime over PD-

SADMM.
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Figure 1. Comparison results on α = −0.3 and α = 0.3 respectively for LASSO model.

6.2 Total variation denoising model

In this subsection, we test the PID-SADMM on the total variation (TV) denoising problem in [28, 1]:

1

2
‖y − b‖2 + η‖Dy‖1 (6.8)
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Table 1: Comparison between the number of iterations (time in seconds) taken by PD-SADMM and

PID-SADMM for LASSO model.

Dim. of A PD-SADMM PID-SADMM
Ratio(%)

PD-SADMM PID-SADMM
Ratio(%)

m× n (α = −0.3) (α = −0.3) (α = 0.3) (α = 0.3)

900× 3000 35(3.21) 30(2.71) 0.86(0.84) 34(3.11) 31(2.82) 0.91(0.91)

1050× 3500 36(4.85) 32(4.03) 0.89(0.83) 35(4.33) 32(4.19) 0.91(0.97)

1200× 4000 33(5.28) 28(4.52) 0.85(0.86) 32(5.10) 29(4.64) 0.91(0.91)

1350× 4500 36(7.34) 30(6.09) 0.83(0.83) 35(7.42) 31(6.30) 0.89(0.85)

1500× 5000 30(7.54) 26(6.55) 0.87(0.87) 28(7.05) 25(6.27) 0.89(0.89)

where ‖y‖1 =
∑2n

i=1 |yi|, DT = [DT
1 , D

T
2 ]T is a discrete gradient operator with D1 : <n → <n, D2 :

<n → <n being the finite-difference operators in the horizontal and vertical directions, respectively.

Similar with (6.2), by introducing a new variable x, we reformulate (6.8) as

min
x,y
{1

2
‖y − b‖2 + η‖x‖1 | x−Dy = 0, x ∈ <2n, y ∈ <2n}. (6.9)

which is a special case of (1.1). Applying PID-SADMM to (6.9), the resulting iterative scheme is

xk+1 = argmin
{
η‖x‖1 − λ(x−Dy) +

β

2
‖x−Dy‖2}, (6.10a)

λk+ 1
2 = λk − αβ(xk+1 −Dyk), (6.10b)

yk+1 = argmin
y

{1

2
‖y − b‖2 +

τr

2
‖y − (yk +

1

τr
qk)‖2

}
, (6.10c)

λk+1 = λk+ 1
2 − β(xk+1 −Dyk+1), (6.10d)

where qk = −DT
(
λk+ 1

2 − β(xk+1 −Dyk)
)
. The x-subproblem (6.10a) is also a l1 + l2 minimization,

thus can be solved exactly by invoking the soft thresholding operator (see (6.6)) given by

xk+1 = Sη/β(Dyk + λ/β). (6.11)

The y-subproblem (6.10c) amounts to solving a system of linear equations that is given by

yk+1 =
1

1 + τr
(b+ yk +

1

τr
qk). (6.12)

We test the algorithm on the random data of six different n×n sizes of D. For each instance, we use

two different step sizes of α, which are {−0.1, 0.1}. The associated parameters for the algorithms

are chosen as η = 5, β = 1, r = β‖DTD‖, and τ = α2−α+4
α2−2α+5

. In addition, we choose the termination

criterion

‖xk+1 −Dyk+1‖2 ≤ εpri and ‖βD(yk+1 − yk)‖2 ≤ εdual, (6.13)

where εpri =
√
nεabs + εrel max{‖xk+1‖2, ‖Dyk+1‖2}, and εdual =

√
nεabs + εrel‖yk+1‖2. The initial

points for all methods were (y0, λ0) = (0,0). For a given dimension n× n, we generate the data for

(6.8) randomly as the following ways:
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for j = 1:3

idx = randsample(n,1);

k = randsample(1:10,1);

y(ceil(idx/2):idx) = k*y(ceil(idx/2):idx);

end

b = y + randn(n,1);

e = ones(n,1);

D = spdiags([e -e], 0:1, n,n);

[t]
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Figure 2. Comparison results on α = −0.1 and α = 0.1 respectively for TV model.

Table 2 and Fig. 2 report the comparison between the PD-SADMM and the PID-SADMM for

TV model. We observe that the PID-SADMM scheme uses fewer iterations for all experiments in

comparison with the PD-SADMM with the same values of r and β. For instance, for 400× 400 the

PID-SADMM scheme cost almost 23% reduction in the number of iterations as compared to the

PD-SADMM.

Table 2: Comparison between the number of iterations (time in seconds) taken by PD-SADMM and

PID-SADMM for TV model.

Dim. of D
PD-SADMM PID-SADMM

Ratio(%)
PD-SADMM PID-SADMM

Ratio(%)
(α = −0.1) (α = −0.1) (α = 0.1) (α = 0.1)

100× 100 214(0.02) 185(0.01) 0.86(0.65) 176(0.01) 154(0.01) 0.88(0.92)

200× 200 260(0.02) 209(0.02) 0.80(0.84) 213(0.02) 174(0.02) 0.82(0.84)

300× 300 231(0.02) 206(0.02) 0.89(0.91) 189(0.02) 171(0.02) 0.90(0.88)

400× 400 57(0.01) 44(0.00) 0.77(0.80) 47(0.01) 37(0.00) 0.79(0.76)

500× 500 121(0.01) 106(0.01) 0.88(0.88) 99(0.01) 88(0.01) 0.89(0.89)
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7 Conclusions

Proximal regularization is an useful technology to design implementable algorithms in optimization.

For alternating direction method of multipliers (ADMM) and its variants, using proper regulariza-

tion, the resulting subproblems are usually easier to solve or have closed-form solutions. In this

paper, we restrict our discussion to the prox-linear regularization case, and inspired by He et al’s

work, we revisit the linearized symmetric ADMM for solving linearly constrained separable convex

optimization problems. Without any additional assumptions, we confirm that the symmetric AD-

MM can also be regularized with positive-indefinite proximal term. The global convergence and

worst-case O(1/t) convergence rate measured by the iteration complexity are established for the

newly linearized SADMM. We demonstrate the improvements via using positive-indefinite proximal

term by some numerical experiments. Note that the choices of the parameters are highly problem

dependent, it will be interesting to investigate strategies to dynamically adjust the step sizes (α, β

and τ) to accelerate the convergence. We leave this topic to be our primary work in the near future.

Finally, we would mention that the symmetric ADMM (1.8) discussed in this paper is equivalent

to the generalized ADMM [9] proposed by Eckstein and Bertsekas, which takes
xk+1 = arg min{θ1(x)− xTATλk +

β

2
‖Ax+Byk − b‖2 |x ∈ X}, (7.1a)

yk+1 = arg min{θ2(y)− yTBTλk +
β

2
‖[rAxk+1−(1− r)(Byk− b)] +By − b‖2|y ∈ Y}, (7.1b)

λk+1 = λk − β{[rAxk+1 − (1− r)(Byk − b)] +Byk+1 − b}, (7.1c)

where the parameter r ∈ (0, 2). See [18] for elaboration on the detail. Thus our discussion on

proximal version of symmetric ADMM in this paper can directly extend to the generalized ADMM

(7.1), and gives the following proximal iterates

xk+1 = arg min{θ1(x)− xTATλk +
β

2
‖Ax+Byk − b‖2 |x ∈ X}, (7.2a)

yk+1 = arg min{θ2(y)− yTBTλk +
β

2
‖[rAxk+1−(1− r)(Byk− b)] +By − b‖2

+
1

2
‖y − yk‖2D0

| y ∈ Y}, (7.2b)

λk+1 = λk − β{[rAxk+1 − (1− r)(Byk − b)] +Byk+1 − b}, (7.2c)

where D0 is defined in (1.9e).
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