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Abstract

This paper addresses the Entropic Value-at-Risk (EV@R), a recently introduced coherent
risk measure. It is demonstrated that the norms induced by EV@R induce the same Banach
spaces, irrespective of the confidence level. Three spaces, called the primal, dual, and bidual
entropic spaces, corresponding with EV@R are fully studied. It is shown that these spaces
equipped with the norms induced by EV@R are Banach spaces. The entropic spaces are then
related to the L? spaces, as well as specific Orlicz hearts and Orlicz spaces. This analysis
indicates that the primal and bidual entropic spaces can be used as very flexible model spaces,
larger than L, over which all LP-based risk measures are well-defined.

The dual EV@R norm and corresponding Hahn—Banach functionals are presented explicitly,
which are not explicitly known for the Orlicz and Luxemburg norms that are equivalent to the
EV@R norm. The duality relationships among the entropic spaces are investigated. The duality
results are also used to develop an extended Donsker—Varadhan variational formula, and to
explicitly provide the dual and Kusuoka representations of EV@R, as well as the corresponding
maximizing densities in both representations.

Our results indicate that financial concepts can be successfully used to develop insightful
tools for not only the theory of modern risk measurement but also other fields of stochastic
analysis and modeling.
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1 Introduction

The literature of risk measures has been extensively developed over the past two decades. A
breakthrough was achieved when the seminal paper Artzner et al. (1999) used an axiomatic approach
to define coherent risk measures.

We follow this axiomatic setting and consider a vector space S of R-valued random variables on
a reference probability space (€2, ¥, P). The set S is called the model space, which is used in this
paper to represent a set of random losses. A risk measure p : § — R with R := R U {—o0, +00} is
called coherent if it satisfies the following four properties:

(P1) Translation invariance: p(Y +c¢) = p(Y) +cforanyY € Sand c € R
(P2) Subadditivity: p (Y1 + ¥5) < p(11) + p(Yp) forall Y1, ¥, € S

(P3) Monotonicity: If V1, ¥, € Sand ¥} < 5, then p(11) < p(12)

(P4) Positive homogeneity: p(1Y) = Ap(Y) forallY € Sand A > 0

where the convention (+00) + (—o0) = (—00) + (+00) = +oo is considered. The above setting
is usually used in the operations research and insurance literature, while in the finance context,
which mostly deals with monetary gains instead of losses, a functional ¢(-) is called coherent if
p(Y) = ¢(-Y) satisfies the above four properties.

This paper addresses the Entropic Value-at-Risk (EV@R), a coherent risk measure introduced in
Ahmadi-Javid (2011) and Ahmadi-Javid (2012a) (see Definition 2.1, and Remarks 2.7 and 4.11 for
financial interpretations). This risk measure is the tightest upper bound that one can obtain from
Chernoff’s inequality for the Value-at-Risk (V@R). In Ahmadi-Javid (2012a) and Ahmadi-Javid
(2012b), it is shown that the dual representation of the EV@R can be given using the relative
entropy (also known as Kullback-Leibler divergence) for bounded random variables and those
random variables whose moment generating functions exist everywhere, respectively. The Kusuoka
representation of the EV@R was recently obtained by Delbaen (2018) for bounded random variables.

Ahmadi-Javid (2011) and Ahmadi-Javid (2012a) also extended the EV@R to the class of
p-entropic risk measures (see (55)) by replacing the relative entropy in its dual representation with
generalized entropies (also known as ¢-divergences). This large class of risk measures includes
the classical Average Value-at-Risk (AV@R, also known as Conditional Value-at-Risk or expected
shortfall). p-entropic risk measures were examined further by Ahmadi-Javid (2012c), Breuer and
Csiszar (2013), Breuer and Csiszar (2016), and Shapiro (2017) in developing various decision-
making preferences with ambiguity aversion, measuring distribution model risks, and investigating
distributionally robust counterparts.

There is a close relationship between norms and coherent risk measures defined on the same
model space. Indeed, a coherent risk measure p can be used to define an order-preserving semi-norm
on the model space S by

I¥ll, == p (YD,

whenever p is finite over S (see Pichler (2014); Pichler (2017) elaborate the reverse statement, as
well as comparisons with other risk measures and norms).



This paper starts by investigating the norm induced by the EV@R, called the EV@R norm. The
EV@R norms at the confidence levels @ = 0 and @ = 1 are identical to the L' and L™ norms,
respectively. The EV@R norms at different confidence levels 0 < @ < 1 are proven to be equivalent
to each other, but they do not generate the L” norms; the L” norms are bounded by the EV@R norm
while the converse does not hold true. The largest model space contained in the domain of EV@R is
therefore strictly larger than L*, but smaller than every L? space for 1 < p < oo (see Kaina and
Riischendorf (2009) for a study of risk measures on L? spaces).

One should recall that the natural topology defined on (1,,» L”, i.e., the smallest topology which
contains each relative norm topology, cannot be defined by any norm (Arens (1946) and Bell (1977)).
Therefore, instead of L™, one can equip the largest model space corresponding to EV@R with the
norm induced by EV@R and include unbounded random variables in consideration. The new space
is smaller than every L? space, but includes all bounded random variables and those unbounded
random variables whose moment generating functions exist around zero, such as those with normal
or exponential distributions. This model space is sufficiently rich for most situations in practice.

The paper presents explicit expressions for the dual EV@R norm and corresponding Hahn—
Banach functionals. This is an important achievement because there are no explicit formulas for the
dual norm and Hahn—Banach functionals associated with the Orlicz and Luxemburg norms that are
equivalent to the EV@R norm.

As side advantages of the duality analysis, we explicitly derive the dual and Kusuoka representa-
tions of EV@R, as well as their corresponding maximizing densities, for random variables whose
moment generating functions are finite only around zero. Moreover, we prove an extended version
of the Donsker—Varadhan variational formula and its dual.

It is shown that the EV@R norm, or its dual norm, is indeed equivalent to the Orlicz (or
Luxemburg) norm on the associated Orlicz space. Thus, for the entropic spaces one has the general
topological results that were developed and intensively studied for risk measures on Orlicz hearts
and Orlicz spaces in the papers Biagini and Frittelli (2008), Cheridito and Li (2008), Cheridito
and Li (2009), Svindland (2009), and Kupper and Svindland (2011); and more recently in Kiesel
and Riischendorf (2014), Farkas et al. (2015), and Delbaen and Owari (2016). The relation to
Orlicz spaces further leads to results on risk measures based on quantiles, as addressed in Bellini
and Rosazza Gianin (2012) and Bellini, Klar, et al. (2014). However, despite this equivalence to
the Orlicz and Luxamburg norms, the EV@R norm and its dual norm seem favoured in practice,
because they are both computationally tractable and their corresponding Hahn—Banach functionals
are available explicitly.

Outline of the paper. Section 2 first introduces the EV@R, entropic spaces, and the associated
norms; and then provides some basic results. Section 3 compares the entropic spaces with other
spaces, particularly to the LP and Orlicz spaces. Section 4 elaborates duality relations, and provides
the dual norm and Hahn—Banach functionals explicitly. Section 5 concludes the paper by providing
a summary and an outlook.



2 Entropic Value-at-Risk and entropic spaces

Throughout this paper, we consider the probability space (€, ¥, P). To introduce the Entropic
Value-at-Risk for an R-valued random variable Y € LO(Q, F, P), we consider the moment-generating
function my (¢) := Ee'Y (cf. Laplace transform).

Definition 2.1 (Ahmadi-Javid (2011)). For an R-valued random variable ¥ € L°(Q, ¥, P) with
finite my (¢¢) for some ¢ > 0, the Entropic Value-at-Risk (EV@R) at confidence level a € [0, 1] (or
risk level 1 — @) is given by

1 1
EV@R,(Y) :=inf —log my (1) (D)
t>0 1 1-
for a € [0, 1), and is given by
EV@R|(Y) :=esssup(Y) (2)
for @ = 1. Further, the vector spaces
E:={reL’: Be'™ <ooforallt >0} 3)

E*:= {Y eL’: E|Y|log" Y| < oo} I

and
E* = {Y e L': Ee''! < oo for some ¢ > O}

are called the primal, dual, and bidual entropic spaces, respectively.

Remark 2.2 (Entropic spaces). The names chosen here for the spaces E, E*, and E** are used to
simplify working with these spaces. Moreover, these names clearly reveal the duality relationships
among these spaces, that is, E* and E** are the norm dual and bidual spaces of E (see Section 4).
The entropic spaces are also equivalent to specific Orlicz hearts and spaces (see Section 3.2). Some
references denote the spaces E* and E* by Llog L and Lexp, which are related to the Zygmund
and Lorentz spaces (see e.g., Section 4.6 of Bennett and Sharpley (1988), and Section 6.7 of Castillo
and Rafeiro (2016)).

Remark 2.3 (Relation to insurance). EV@R generalizes the exponential premium principle, which is
defined as |
Y —logB ey 4)

fort > 0 fixed, see Kaas et al. (2008). The parameter ¢ in (4) is also called the risk aversion parameter.
Then, the objective function in (1) can be viewed as a homogenization of an affine perturbation of
the exponential premium principle, considered in Shapiro et al. (2014, Section 6.3.2).

og* 7z := max{0, log z}



Remark 2.4. The entropic spaces E and E** are defined in a related way. Distinguishing these two
spaces turns out to be fundamental and essential in what follows. For example, it is possible to
approximate random variables Y € E by simple functions, while random variables ¥ € E** \ E
cannot (see Section 3 below).

Remark 2.5. EV@R is well-defined on the following domain
E' = {Y e L': Ee'Y < o for some t > 0},

and the entropic spaces E and E** are vector spaces contained in E’.

The set E’, however, is not a vector space, but it is a convex cone in L. To see this, consider, for
example, ¥ := —X where X follows the log-normal distribution. Recall that the moment generating
function of the log-normal distribution is finite only on the negative half-axis, so ¥ belongs to E’,
while neither is Y in E nor in E**.

Remark 2.6 (Cumulant-generating function). The logarithm of the moment-generating function,
Ky (1) := logE Y,

is also called the cumulant-generating function of the random variable Y in probability theory (and
the coefficients «; in the Taylor series expansion Ky (1) = 3,j_j k ];i, are called cumulants). Hence,
EV@R can be rewritten as

1 1
EV@R,(Y) = }g(f)? (Ky(t) +log 1= a) :

One should note that both my () and Ky (¢) are convex in Y for any fixed ¢, and infinitely differentiable
and convex in ¢ for any fixed Y if they are finite.

Remark 2.7 (Lower and upper bounds). We have the following bounds for the EV@R:
EY < EV@R,(Y) < esssup?. &)

The right inequality follows from monotonicity of EV@R. To prove the left one, note that log(-) is a
concave function, and it follows from Jensen’s inequality that

1
l-«a

1 1 1
—log Ee'Y > ~log +—-Eloge’Y >EY,
t t l-«a t

and hence
EY < EV@R,(Y)

for all 0 < @ < 1. Moreover, the above lower bound can be improved by
AV@R,(Y) < EV@R,(Y), ©6)

where AV@R,, is the Average Value-at-Risk at confidence level a € [0, 1), given by



1
AV@R, (Y) := inf {t +
teR 1

- a

1
Emax (Y - ¢, O)} = i[ V@R, (Y)du @)

and AV@R|(Y) :=esssup(Y) for @ = 1. V@R, stands for the Value-at-Risk (or generalized inverse
cumulative distribution function) at confidence level « € [0, 1], i.e.,

V@R, (Y) :=inf{y: P(Y <y) > a}. ]

From a financial perspective, the inequality (6) indicates that the user of EV@R is more conservative
than who prefers AV @R to quantify the risk Y. The reason is that EV@R, (Y) generally incorporates
all V@R, (Y) with0 <t < 1 (see (54)), while AV@R, (Y) only depends on V@R, (Y) withe <7 < 1
(see (7)). Actually, under mild conditions, it can be shown that the additional value

EV@R,(Y) — AV@R,(Y)

tends to zero whenever all V@R, (Y) with 0 < t < a tend to —co, which is the best possible outcome
for a risk position.

Remark 2.8 (The special case @ = 0). For @ = 0, it holds that EV@Ry(Y) = EY forY € E**. Indeed,
2
we have [e¥ — 1 —y| < %e'y | 'by Taylor’s theorem. It follows from Holder’s inequality that

Y t2 2 Y t2 4 1/2 261Y 1/2
|Ee’ ~1-1BY|< S EY e'! 'SE(EY) (EeM) )

whenever Y € E** and ¢ is small enough. From this, we conclude that the limit for # — 0 exists in (9),
further that Ee’™ = 1 +7-EY + O(:2). Using (5), we conclude that EV@Ry(Y) = EY whenever
Y e E*.

Remark 2.9 (Convexification of function in (1)). The objective function in (1) can be rewritten as

Y
zlog Eexz.

l-a

The above function is finite and jointly convex in (z,Y) € R, X E’. Indeed, it is the perspective
function associated with the convex function log ﬁ EeY. The convexity of the latter follows
from the convexity of the cumulant-generating function Ky (¢) in Y. This convexity result is highly
important when the EV@R is incorporated into large-scale stochastic optimization problems, such
as portfolio optimization and distributionally robust optimization (Ahmadi-Javid and Fallah-Tafti

(2017), and Postek et al. (2016)).

EV@R is given as a nonlinear optimization problem in (1). We first characterize the conditions
when the optimal value in (1) is attained.

Remark 2.10. As a function of ¢, the objective function in (1) tends to +oo as the parameter ¢ tends
to zero, and tends to ess sup(Y) as ¢ tends to co. The infimum in (1) is thus either attained at some
t* € (0, 00) or as ¢ tends to co.



Proposition 2.11 (The optimal parameter in (1) to compute EV@R). The following are equivalent
forY e E’:

(i) The infimum in (1) is attained at some optimal parameter t* € (0, 00)
(ii) V@R, (Y) < esssup(Y)
(iii) P(Y =esssup(¥)) <1 -«
(iv) EV@R,(Y) < esssup(Y).

Proof. The infimum in (1) is not attained if an increasing parameter ¢ improves the objective, and
this is the case if and only if

1

—log Ee' > esssup(Y)
t l-a
for all # > 0. This is equivalent to E e!Y=es50(¥)) > 1 — o forall t > 0. As Y —esssup(Y) < 0,
this holds if and only if P(Y = esssup(Y)) > 1 — a. The equivalence of the other conditions are

obvious. O

We start by comparing the values of EV@R for different confidence levels a, which is used to
show the equivalence of the norms induced by EV@R at different confidence levels.

Proposition 2.12. For0 < @ < o’ < 1 andY € E’ it holds that
EV@R,(Y) < EV@R, (Y). (10)

Conversely, if Y > 0 (i.e., Y is in the nonnegative cone) it holds true that

EV@R, (Y) < M -EV@R,(Y). (1D
log(1 — @)

Proof. The inequality (10) is evident by writing %log ﬁEetY = %logﬁ + %logEe’Y as
log ﬁ < log

1-a’*

To accept (11), observe that

1
1-a’

1 1 1 log(1 —a’ 1
;log EetY — ; (log - ) Og( @ )

: + —logEe'Y.
-a/ log(l-a) tog ¢

AsY > 0, it follows that logEe’Y > 0 whenever ¢t > 0. Hence, as lﬁ)i((ll_—(:y,)) >1,

I 1 log(l-a’) 11 log(l-a) .
<. 1 . log E
I~ % 7 Togl-a) B1-a 7 Togl—a) 2°°
log(l-a’) 1 1 v
- 28U 7)) jog— Ee.
log(1 — @) tOgl—a ¢

1
-1
08



By taking the infimum among all ¢ > 0 in the latter inequality, it follows that

log(1 —a’)
log(1 — @)

which is the assertion. O

EV@R, (Y) < EV@R,(Y),

Remark 2.13 (Exclusion of the special cases @ = 0 and @ = 1). The cases « = 0 and @ = 1 are
excluded in the previous proposition. Indeed, for @ = 0, EV@Ry(Y) = EY; while for @ = 1,
EV@R;(Y) = esssup Y. Hence, we do not further consider these special cases in what follows.

It is observed in Pichler (2013) and Kalmes and Pichler (2017) that coherent risk measures
induce semi-norms on vector spaces contained in their domains. In the sequel, we define the EV@R
norm for Y € E** by

Y]l := EV@R,(|Y]). (12)

The sets E and E** do not depend on the confidence level, and further, by Proposition 2.12 the
norms (12) are equivalent for different confidence levels 0 < @ < 1. For this reason, we do not
explicitly indicate the confidence level a in the notation of the norm || - || = EV@R(| - |) in the rest
of the paper. Recall that for the special cases @ = 0 and @ = 1, which are excluded in the following,
the EV@R norm coincides with the L' and L*™ norms, respectively.

The next theorem establishes that £ (E**, resp.) equipped with the EV@R norm || - || is a Banach
space. This immediately implies that E* equipped with the dual EV@R norm || - ||* is a Banach
space.

Theorem 2.14. For 0 < a < 1, the pairs
(E, I -11) and (E™, || - 1)

are (different) Banach spaces for the norm || - || = EV@Ry(] - |).

Proof. Itis first shown that £ and E** are complete. We start by considering E** first. To demonstrate
completeness, let ¥;, be a Cauchy sequence. For € > 0, one can find n > O such that ||Y,, - ¥, || < €
whenever m > n, and thus ||Y,,]| < I[Yull + [|Ym — Yull < 1Yl + €. Hence, lim,,_, || Y, || exists, and
[|Y,]| < C for some constant C < co. The norms are, therefore, uniformly bounded.

Now recall that ||Y, || = EV@R,(|Y,]), so we can choose #,, > 0 in (1) to have

1 1
—log——EeMl < . (13)
th 1-«a
Next, note that E ¢»!»| > 1; hence,
1 1 1 1
1 <—1 EeMnl < C.
th Ogl—a T ta Ogl—a ¢

It follows that

. 1
th >t = —log

0,
c >

l-«a



and E ¢'!"! is well-defined, by (13), for every ¢ < t*.
Now recall from Remark 2.7 that

E|Y| < EV@R,(|Y]).

As Y, is a Cauchy sequence for || - || = EV@R,(| - |), it follows that ¥, is a Cauchy sequence for L'
as well. From completeness of L', we conclude that the Cauchy sequence ¥;, has a limit ¥ € L. It
remains to be shown that Y € E** and that EV@R(]Y - Y,|) — 0.

Denote the cumulative distribution function of the random variable Y by Fy(x) := P(Y < x),
and its generalized inverse by

F ' (p) == V@R, (Y) = inf {x : Fy(x) > p}

(see (8)). It follows from convergence in L' thaty, converges in distribution, thatis, Fy, (y) — Fy(y)
for every point y at which Fy(-) is continuous, and consequently F |_le1 | () > F I}ll (+) (Vaart (1998,
Chapter 21)). Hence, by Fatou’s lemma,

1 1
Bell = fo exp (tF3! () dp = fo liminfexp (175!, () dp (14)

n—oo

1
< liminf f exp (tFjy (p))dp = liminfE '™ < (1 - a)e"™®
0 n n—oo

whenever ¢ < t*. It follows that ||Y]|| < C < oo, and thus Y € E**.
It remains to be shown that EV@R,(|Y,, — Y|) — 0. For € > 0 choose N large enough so that
EV@R,(|Y, — Yu|) < € for m, n > N. Therefore, there must be parameters ¢ that satisfy

and thus we can assume
t>t = —log——. (15)
By Jensen’s inequality for ¢ > ¢*,

1
t

log Ee!Mn=Yml = —og

— - E(et*iYn—Ym»)’/’* > %log la (]Eet*lyn_y'“)t/t*

! LI Wl s L VYol

Il

|
—_

Qo

oQ

Taking the infimum with respect to ¢ > ¢* reveals that E e/ "»Ym| < ¢"¢ whenever m, n > N.

It follows from convergence in probability (a consequence of convergence in L') that there is a
subsequence converging almost surely to Y. Without loss of generality we assume that Y,, is this
sequence. Then,

Ee' " Yl = E lim e W Ynl < liminfEe! Mn¥ml < ot"®

m—00 m-—00



by Fatou’s lemma. Finally

+e=2¢

1 N 1
e'® < —log

1 1 . 1
— 1 _EZ|Y_Yn|<_l
t* Ogl—oz ¢ ot Ogl—af t 1-a

due to (15). It follows that EV@R(|Y — Y,,|) — 0, and thus E** is complete and a Banach space.

The proof that E is complete is along the same lines as for completeness of E** (particularly (14)),
except that it is not necessary to find a number * > 0 for which all moments E e’¥ are well defined;
by definition, this is the case for ¥, € E. This completes the proof. m|

3 Comparison with normed spaces

This section relates the entropic spaces with the L” spaces in the first subsection. To further specify
the nature of the entropic spaces, the EV@R norm is related to specific Orlicz and Luxembourg
norms in the subsequent subsection.

3.1 Comparison with L? spaces

In this section, we proceed with a comparison of the EV@R norm with the L”-norms (see Fig. 1).

Theorem 3.1. For || - || = EV@R,(| - |) at every confidence level 0 < a < 1, it holds that

1Yl <Y, Y € E and |IY]| < [[¥]lw, ¥ € L. (16)

Further, for every 1 < p < oo there is a finite constant ¢ < max {1, lolg) _1, } such that

I-a

IYll, <c-EV@R,(|Y]), Y € E™. a7

It holds particularly that L C E C E** C (1,5 LP.

Proof. The first part follows from Remark 2.7. Without loss of generality we shall assume throughout
this proof that ¥ > 0. To prove (17), first assume that @ = 1 — ¢! 7. Then,

1 1 1 I=p
—log——Ee'Y = -1
tOgl—a ¢ tOg

i Diogre e = g (@'me)” a

where ¢(x) = (log(x))”. Now note that

¢"(x) = 55 (log )" (p — 1 - log ).

10



Figure 1: Cascading arrangement of the entropic spaces E, E*, and E**; and their relation to the L?
spaces, 1l < p < o

Hence, the function ¢(-) is concave (i.e., ¢”’ < 0) provided that the argument x satisfies x > e~ !;
this is the case in (18), as Ee’Y > 1. We apply Jensen’s inequality and obtain

(90 (E eP—1+zY))1/p > % (]Etp (ep—l+tY))1/P (19)
E

1
(p=1+1)")P 2 — B YY) =1V l|p,

EetY

Lo, |
— 10
P

~ | =~ =

as tY > 0. Taking the infimum in (19) among all ¢ > O reveals that
IYll, < EV@R,_o1-p (IY]).
The assertion follows finally from Proposition 2.12. |

Theorem 3.2. L* and simple functions are dense in E, but not dense in E* for the norm
|-l =EV@R,(|-]) atany 0 < a < 1.

Remark 3.3. Note that simple functions and L are of course dense whenever a = 0, as they are
dense in L'.

Proof. Let Y follow the exponential distribution, i.e., P(e™ < u) = u for u > 0. The moment
generating function of this distribution is finite only for ¢t < 1,

1
E l‘Y: ,
¢ T1

which shows that Y € E** \ E. Further, note that for ¥, := min{Y, n}

Ee!Ynl > 1,

11



and henceforO<a <landf <1

1
Zlog1 > 0.

1 1 1
—log —— Ee'V ¥l > Z1og
t (04

1-a t -«
Now if S, is any step function with S,, < n, then |Y — §,,| > |Y — Y, |; and the result follows from
monotonicity.
To accept that simple functions (and consequently L) are dense in E, let Y € E be fixed. By
Holder’s inequality,

E 'Y Livzn =P(Y <n)+ Ell{an}etY
5 2y /2
S1+(E]1{an}) (Ee t )

1/2

=1+P(Y 2n)" (Be*)
Recall the following extended version of Markov’s inequality,

E @Y
P(Y >n) < ﬂ, (20)
@(n)
where ¢(-) is an increasing function and ¢(n) > 0. We choose ¢(y) := exp(2ty) in (20), and it
follows that

1/2
E Y 2 E Y
EeYlivzn < 1 + -(E e2’Y) =1+ .
eZtn eln

Consequently,

; 21

< -1
_togl—oz

1 1 E %Y 1
EV@R, (Y]].{an}) < ?log I (1 + ¢ )
-

etn

provided that # is sufficiently large. As Y € E, the moment generating function exists for all # > 0.
Hence, the latter equation is valid for every ¢ > 0, and it follows that

n—oo

0 < EV@R, (Y - ¥,) < EV@R, (Y1 {ysn)) — 0

by monotonicity, where ¥, = min{Y, n}.
Finally, note that ¥;, is bounded, and thus it can be approximated sufficiently close by simple
functions (step functions). This completes the proof. m|

Remark 3.4. We want to point out that all moments of Y exist whenever Y € E, and thus
YeE = Yel?

forall 1 < p < co. However, E is not closed in LP, and a converse relation to Theorem 3.1 does not
hold true on E. More specifically, there is no finite constant ¢ < oo for which EV@R, (|Y|) < c [|Y|l,,
holds true for every Y € E (except p = 00).

12



We provide an explicit counterexample: consider the random variables ¥, with P(Y,, = n) = l/n?
and P(Y, = 0) = 1 = 1/n7. Then, ||¥,]|, = 1 and

1 1 1 1 11
—log I—Ee’Y" = —log (1 -+ —e’") . (22)

Now note that

1
(22) > —log (23)
t l-«a
1 e 1 1 plogn
22) > —log———— =n+ -1 - . 24
( )_tog(l—a)nl’ " togl—a t 24)
1
The function in (23) is decreasing in ¢, while the function in (24) is increasing for n > (1%”) /p.

We choose ¢ = 212 in (23) and (24), and it follows that EV@Rg (¥,) > -7 log 5 from which
the assertion is immediate.

3.2 Relation to Orlicz spaces

In this section, we demonstrate that the entropic spaces are equivalent to some Orlicz hearts and
Orlicz spaces. Let @ and ¥ be coercive convex functions with ®(0) = ¥(0) = 0, which are conjugate
functions to each other. These functions are called a pair of complementary Young functions in the
context of Orlicz spaces, and they satisfy

vz < O(y) + ¥Y(2).
Definition 3.5. For a pair ® and ¥ of complementary Young functions, consider the vector spaces
L®:={y e LY E®(t|Y]) < oo for some ¢t > 0}

LY =Y € L' : E®(1]Y|) < oo forall t > 0},

and define the norms

|[Y|lp:= sup EYZ (25)
E¥(|Z|)<I

Y
1Y |l(@) := inf {k >0:Ed (|_k|) < 1} . (26)
The norms || - [|p and || - ||(@) are called the Orlicz norm and Luxemburg norm, respectively. The

spaces L® and L® are called the Orlicz space and Orlicz heart, respectively. In an analogous way,
we define LY and LY, as well as the norms || - ||y and || - [lew)-
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Remark 3.6. The Orlicz norm || - ||¢ and the Luxemburg norm || - ||(¢) are equivalent,
Y@ < IYllo < 2 ]l@),

over L? (Pick et al. (2012, Theorem 4.8.5)). Hence, we present our results only for the Orlicz norm
in the following.

In the rest of this paper, we consider the pair

0 ifz <1,
and Y(z):= (27)
zlogz ifz>1

y ify <1,
el ify > 1

D(y) = {

of complementary Young functions. It is clear that ®(y) and e¢” — 1 are equivalent, in the sense that
they generate the same Orlicz hearts and spaces.

We have the following relations among the entropic spaces, and the Orlicz hearts and spaces
corresponding with Young function ®(-) given in (27).

Theorem 3.7. It holds that E = L®, E* = LY = LY, and E** = L®. Indeed, for 0 < a < 1, the
norms
Il -II=EV@R.(I-1) and |- llo

are equivalent on E**, where @ is the Young function (27). Particularly, it holds that
1Yl < c-IYlo forallY € E**

for some ¢ < max {e, log ﬁ}

Proof. By employing the inequality logy < y — 1 and the elementary inequality

log -1+ <c-(1+D(y)),

l-a

which is valid for ¢ = max {e, log ITI(, }, it follows that

+logEe'Y! < log —1+E' < (1 +ED@]Y))),

1
log——Ee'¥! =1log
-«

l-«a l-a

and hence |
EV@R,(|Y]) < c- ing;(l +E®(t|Y])). (28)
>

By Krasnosel’skii and Rutickii (1961, Theorem 10.5) (see also Pick et al. (2012, Remark 4.8.9 (i))),
the Orlicz norm has the equivalent expression

o1
IYllo = inf —(1 + ED(¢]Y])).
>0t
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Therefore, the assertion
EV@R,(Y) <c-|Y|lp forallY e L? (29)

follows from (28). Note that we have particularly proved that Y € LY = Y € E**,ie., L® c E*.
To prove the converse inequality, let Y € E**. Then, by Definition 2.1, there is a number * > 0
such that E ¢?Y < o is finite whenever ¢ < t*. Hence, the Luxemburg norm ||Y ||(¢), given in (26),
which is equivalent to the Orlicz norm on L2, is also finite because of ®(x) < ée". We can, thus,
conclude that |Y|lp < o, i.e., Y € L?.
Now consider the identity map

i: (L% llo) = (E™, EV@R4(| - ),

which is bounded (]|i] < ¢ by (29)). By the above reasoning, i is bijective; and because
(E™, EV@R,(| - |) is a Banach space by Theorem 2.14, it follows from the bounded inverse
theorem (open mapping theorem, Rudin (1973, Corollary 2.12)) that the inverse i~! is continuous as

well, i.e., there is a constant ¢’ < oo such that
IYlo < ¢’ -EV@R,(]Y|) forallY € E*.

Finally note that the function W (-) in Eq. (27) satisfies the A,-condition, i.e., ¥(2x) < k¥ (x) for
every k > 2 whenever x is large enough. Then, it follows from Pick et al. (2012, Proposition 4.12.3)
that LY = LY, from which the remaining statement is immediate. This completes the proof. |

4 Duality

This section first establishes the duality relations of the entropic spaces. In the second part, we provide
an explicit expression for the EV@R dual norm. To complete the dual description, we explicitly
give the Hahn—Banach functionals, where the Hahn—Banach functional for a norm is an optimal
functional for the optimization problem corresponding to the dual norm. The last two subsections
provide the dual and Kusuoka representations of the EV@R, as well as explicit expressions for
optimal densities in both representations. A new version of the classical Donsker-Varadhan formula,
and its dual formula, is also presented.

4.1 Duality of entropic spaces

Theorem 3.7 above makes a series of results developed for Orlicz spaces available for the Banach
spaces (E, || - ||), its dual (E, || - ||)*, and (E**, || - ||). We derive the following relations for these
Banach spaces. They reveal that E* and E** are the norm dual and bidual spaces of E.

Theorem 4.1. For || - || = EV@R,(] - |) at every 0 < a < 1 and the pair of complementary Young
functions (27), it holds that

(D) E - 1) = (L2 1- llo)

15



(i) (E 1117 = (LY 11 ) = (LY 11+ Ilw)
(iii) (E= 1 -11) = (L% 11 o).
Further, the duality relations

(v) (E, - 1)" = (B 1-117) = (LY 11 - Ilw)

(v) (E NI = (LY 0 )" = (L2010 Do) = (E7 11 1)
hold true (here, = denotes the continuous homomorphism and the superscript * the dual space).

Proof. By employing Pick et al. (2012, Theorem 4.13.6), we deduce that
(L2 01llo) = (L% 11 ) (30)

It is evident that E = LY by the definition of the spaces, and the equivalence of the norms has already
been established in Theorem 3.7 in a broader context. Thus, (i) and (iv) follow from (30). Moreover,
(ii) and (iii) follow from Theorem 3.7 by noting (30).

As for (v), we recall that W(-) in Eq. (27) satisfies the Ap-condition. Then, it follows from Pick
et al. (2012, Proposition 4.12.3) that LY = LY, and further from Pick et al. (2012, Theorem 4.13.6),
that the dual space of LYis L% ie.,

(L¥ 1 lle) = (L% 11 lo) = (E*, EV@R4(] - ])).
Hence, we get (v) by employing (iii) and (i). This completes the proof. O

Remark 4.2. One should note that @ does not satisfy the Ap-condition, and hence the space (E, || - ||)
is not reflexive. This follows as well from E** 2 E. Moreover, by (iii) in Theorem 4.1, the norm
dual of E** can be determined using the results available in the literature of Orlicz spaces (see e.g.,
Section 3 of Rao (1968) and Section 2.2 of Biagini and Frittelli (2008)).

Remark 4.3. The duality relations in Theorem 4.1 are specified in the above-mentioned references
as well. One should note that the following natural mapping (the inner product on L® x LY):

(Y,Z) > EYZ

is the bilinear form considered to study duality results in this section, such as dual norms. Indeed,
for each Z in the dual space LY, the functional (-, Z) is the associated continuous linear functional
on the primal space L?.
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4.2 Explicit expression of dual norm

The dual norms corresponding to the Orlicz and Luxemburg norms associated with Young functions
in (27) cannot probably be derived explicitly. To see this, for example, the dual norm || - [|3, is defined
by
IZlly = sup EYZ,
1Y llo <1

where || - || is given by the rather involved expression (25); recall that the latter is a supremum over
a continuum of random variables.

However, for the EV@R, which is equivalent to the above mentioned norms by Theorem 3.7, the
following theorem makes a simple explicit expression for the dual norm

Z|I" := sup EYZ
EV@R, ([Y])<I
available, which is a supremum over a single parameter. Indeed, the norms || - [I*, || - [|g,, and || - [l¢

ar- IIE“(D), and || - ||ow)) are notably equivalent by Theorem 4.1.

Theorem 4.4 (EV@R dual norm). ForO < @ < land Z € E* (i.e.,, Z € L\P), we have the explicit
expression

E|Z|log (£ v 1)

121" = sup ————=
c>0 lOng(T \Y% 1)

€29

for the dual norm || - ||* on E*, where x V' y = max{x, y}.
Proof. Without loss of generality, we may assume that Z > 0. Then, it holds that
1ZIl* = s Yz q EYZ
= sup —— 8 ™ = Su
v EV@R(IYD) ~ v, inf, o LlogB 1L el
ELXz EYZ

= sup sup =su (32)

= sup .
1 1 |y 1 Y
v#0 1>0 7 10gE = eVl yz0 log — EelY!

Now define ¥, := log (% \Y 1) and observe that Y. > 0O for every ¢ > 0. Hence,

EZlog(4 V1
1Z||* > sup (Ev1)

c>0 logﬁE(%v 1)’ &)

which is the first inequality required to prove (31).
To obtain the converse inequality observe that, by (32), 4 > || Z||* is equivalent to

Ee¥ <0 forevery Y > 0.

1
EYZ—/l-log1
-

17



To maximize this latter expression with respect to nonnegative Y > 0, consider the Lagrangian

1
LY, w :=}EYZ—/1-log1
-«

Ee¥ —EYy,
where u is the Lagrangian multiplier associated with the constraint ¥ > 0. The Lagrangian L is
differentiable, and its directional derivative with respect to Y in direction H € L? is

1 g,y

P =
LY, )H=BEZH -1 120 —
6Y(’m A

(3
1 B
1-a

A
~EuH =B(Z-u)-H-—=Ee"-H. (34
EeY

The derivative vanishes in every direction H, i.e., g—lL,(Y , )H = 0, and it follows from (34) that

Z-—pu=c-e as, (35)

where ¢ := # > ( is a positive constant. By complementary slackness for the optimal ¥ > 0 and

the associated multiplier 4 > 0 one may conclude that

Y>0e= u=0=Z=ce’ >c,

and hence, by (35),

loeZ ifY >0 4
Y = 8 B = :log(—vl).
0 ifYy =0 c

It is thus sufficient to consider Y. in (33) to prove the remaining assertion. |
To evaluate the dual norm numerically, we continue by examining the objective function in (31).

Proposition 4.5. The objective function

E|Z|log (£ v 1)

log ﬁ E (@ \% 1)

(PQ(C) =

in the expression of the dual norm (31) extends continuously to ¢ = 0, and it holds that

li{gcpa(c) =E|Z|. (36)

Further, the supremum is attained at some ¢ > 0. If Z # 0 is bounded, then the optimal c satisfies
0<c < |1Z|lco-

Remark 4.6. The function ¢, (-) can be continuously extended to [0, o). ¢,(+) is, however, not
necessarily monotonic, convex, nor concave in general.
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Proof. First, note that the objective is continuous and ¢4 (-) > 0. One may consider the numerator
and denominator separately for ¢ — oo to get

) ElZllog (Elv1) . o
_logﬁE(%vl) log ==

$al(c) =0.

For the case ¢ — 0 we find that

o2 BP0 (E V1) ot BIZI-(+o() oo o
(,Dl CcC) = = .
‘ log Lo E (£ v 1) log L +o(1)

Finally, for ¢ > ||Z|| the numerator of ¢, is E |Z| log (% \ 1) = 0, and thus ¢, (c) = 0, from
which the remaining claim of the proposition follows by the continuity of ¢, (+). m|

4.3 Hahn-Banach functionals

In this section, we describe the Hahn—Banach functionals corresponding to Y € E** and Z € E*
explicitly. That is, we identify the random variable Z € E* which maximizes the objective function
in the expression

EYZ
EV@R,(|Y|) = sup -,
zz0 I Z]l

and the random vairable Y € E** maximizing the objective function in the follwing supremum

(37)

. EZY
IZ]I" = sup

_ 38
P EV@R, (7)) %)

Proposition 4.7. Let Y € E** and suppose there is an optimal t* € (0, o) for (1) when Y is replaced
by |Y|, then
Z :=sign(Y) - el Yl

maximizes (37), that is, for || - || = EV@Ry(| - |) atany 0 < a < 1,
EYZ
Y= . 39)
Z1l*

Proof. Without loss of generality, we may assume Y > 0. Consider the function ¢(¢) :=
%logﬁEetY. Given t’ := sup{r € (0,00) : my(t) < +oo}, the function ¢(-) is continuously
differentiable on (0, t") with derivative

1 L EYeY

Eety+_.1_(l—
1-«a t ﬁEetY

, 1
@'(t) = —t—zlog
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The point t* € (0,¢’) attaining the infimum satisfies ¢’(*) = 0, i.e.,

oY EYe'Y
-« ¢ T Ee&v

1
S log (40)

so we have
EYZ =EV@R,(Y)-EZ,
and thus it is enough to demonstrate that || Z||* = E Z for Z = exp(t*Y). By (36), it is sufficient to
prove
EZlog(£v1)
log = E (% Y 1)

for all ¢ > 0, or the stronger statement

<EZ

1
EZlog(ZVvc) <EZ-log 1 E(Z V ¢) 401

-—a
for all ¢ > 0. Note that, by (40), ¢ = 0 satisfies the latter equation. To accept (41), it is enough to
demonstrate that the left hand side of (41) grows slower than its right hand side with respect to
increasing c. This is certainly correct if the derivatives of (41) with respect to c¢ satisfy the inequality
E %ﬂ{zgc} <EZ- IZ]IZ{—ZVSZ}.
The latter relation derives from
EZ _EZ]]-{ZSC}+EZ]]-{Z>C} S EZ]]-{ZSC}

EZVe ECﬂ{ZSc} +EZﬂ{Z>C} - EC]]-{ZSC} ’

which is a consequence of Ecll{z<.y > E Z1{z<.). This completes the proof. O

The following proposition addresses and answers the converse question, i.e., given Z, what is
the random variable Y to obtain equality in (38)?

Proposition 4.8. Ler ¢* > 0 be optimal in (31) for Z € E*. Then,

Z
Y :=sign(Z) - log ('—*l \% 1) 42)
c
satisfies the equality
EYZ =|YI-lZI".

Proof. Without loss of generality, we may again assume that Z > 0. By (31) and the definition of Y
in (42) we have that

. EYZ
Izl = ———,
IOg 1a Ee
and hence
EYZ < ||IZ|* -EV@QR,(|Y]) < |1 Z|* - log 0 Ee¥ =EYZ,
-
from which we conclude the assertion. O
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4.4 Dual representation and extended Donsker—Varadhan formula

We derive the dual representation of EV@R for Y € E** from the characterizations already established
for the norms in the previous section. As stated in the introduction, the dual representation given in
the following theorem was already shown for Y € L™ and Y € E in the literature.

Theorem 4.9 (Dual representation of EV@R). Forevery 0 < a < 1 andY € E*, the EV@R has
the representation

1
EV@R(,(Y)zsup{EYZ: EZ=1,7Z >0and EZ]OgZSlog1 } (43)
—a

Proof. The proof of Proposition 4.7 can be applied to similarly show that the equation

EYZ

EV@R,(Y) = .
¢ IZ|l*

(44)

holds for some density Z € E*. This implies the following representation:
EV@R,(Y) =sup{EYZ:EZ=1,Z>0and || Z||" < 1}.
From the representation (31) of the norm and (36) it follows that
E Zlog ( % \% l)

log = E(Z V1) =5z

By the same reasoning as in the previous proof, we have

1
EZlog(ZVc) SEZ-log1

-

E(ZVc)

for every ¢ > 0. By setting ¢ = 0 and assuming E Z = 1 (which follows from the translation
invariance property (P1)), we obtain

EZlogZ < log

1-a

This concludes the proof.

Remark 4.10. A random variable Z with EZ = 1 and Z > 0O represents a density and
O(B) :=E1pZ

is a measure, which is absolutely continuous with respect to the probability measure P. Therefore,
the expression E Z log Z represents the relative entropy of O with resepct to P (also known as
Kullback-Leibler divergence of Q from P, denoted by D(Q || P)) (cf. (45)).
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Remark 4.11 (A financial interpretation). A nice financial interpretation of EV@R(Y) can be given
based on the dual representation presented in Theorem 4.9. Namely, EV@R(Y) is the largest
expected value of Y over all probability measures Q which are absolutely continuous with respect to
P and have a Kullback-Leibler divergence D(Q || P) less than some positive value (informally, all
measures Q within a ball around P defined based on the relative entropy), that is,

EV@R,(Y) = sop. {Eo(¥): D(Q || P) =Ep ($510g58) < —log(1—)}.  (45)

This gives the interpretation of EV@R(Y) as a model risk quantification when it is compared to
Ep(Y) in the presence of model ambiguity, which has been widely studied over the past several
decades in economics, finance, and statistics (see the seminal papers Ellsberg (1961) and Gilboa and
Schmeidler (1989); and also Ahmadi-Javid (2012c), Breuer and Csiszéar (2016), Watson and Holmes
(2016), and references therein).

We further explicitly describe the maximising Z € E* for the dual representation (43) of EV@R.

Proposition 4.12 (The maximizing density of the dual representation of EV@R). Suppose that
Y € E*. IfV@R,(Y) < esssup(Y) (or equivalently, P(Y = esssup(Y)) < 1 — a), the supremum

in (43) is attained for
et*Y
YARES —E Foa

where t* > 0 is the optimal parameter for (1). This density satisfies

EZ"logZ* = log .
1-a
IfV@R,(Y) = esssup(Y), or equivalently, P(Y = esssup(Y)) > 1 — a, the supremum is attained
Jor
7 P(Y =ess sup(Y))_1 if Y = esssup(Y),
o else.

Proof. From Proposition 2.11, V@R, (Y) < esssup(Y) if and only if the optimal parameter ¢* for (1)
is a finite value in (0, c0). Then, to obtain the equality, consider (40) in the proof of Proposition 4.7,
which can be rewritten as

1 .y EYe'Y

Ee'Y = =EYZ", 46
1-—a ¢ EetY (46)

I
—1
t* o8

and thus EV@R,(Y) = EY Z*.
It is further evident that Z* > 0, E Z* = 1, and it holds that

etY

EZ"logZ :EEe’*Y

(t*Y —logE et*Y) .
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By (406) it follows that

EZ*logZ" = log Ee'Y —logEe'" = log

l-a l-a
If V@R, (Y) = esssup(Y), the remaining assertion follows from EV@R, (Y) = esssup(Y). m]

Corollary 4.13 (Donsker—Varadhan variational formula). The Donsker—Varadhan variational formula
EZlogZ=sup{EYZ—log]EeY: YGE} 47)

holds true; further, the latter expression is finite only for densities Z € E*. Conversely, for any
YeE
logEeY =sup{EYZ-EZlogZ: ZcE*, EZ=1, Z>0}. (48)

Remark 4.14. The equation (47) is an alternative expression for the Kullback-Leibler divergence
(see Remark 4.10) based on convex conjugate duality. In the classical Donsker—Varadhan variational
formula (see Lemma 1.4.3 and Appendix C.2 of Dupuis and Ellis (1997)), the supremum is taken
over Y € L. The formula (47) shows that the optimal value remains intact after extending the
optimization domain to Y € E. The dual formula (48) is also extended for a broader range of random
variables Y € E, while the old version is given for Y € L*™ (see Proposition 1.4.2 of Dupuis and
Ellis (1997)). It should be remarked that the latter variational formula plays a key role in weak
convergence approach to large deviations.

Proof. To verify the Donsker—Varadhan variational formula (47), we define the convex and closed
set

1
{a::{ZeE*:EZ=1,ZZOandEZlonglog1 } (49)
-—a
and its support function
0 if Z € ¢,,
ﬂ{a(Z) - { 1 év(t
+o00 else.

By the Fenchel-Moreau duality theorem (Shapiro et al. (2014, Theorem 7.5)) and the dual
representation of EV@R, we have that

I[ZH(Z) =supEYZ —EV@R,(Y)
' YeE

1 1
= sup EYZ—;logm]EetY

t>0,YeE

1 1
= sup —(EYZ—logEeY—log )
YEE, t>0 © l-a

It follows that Z € £, if and only if

1
EYZ -logEe’ <log : forallY 