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Abstract: The main task of genetic regulatory networks is to construct a sparse probabilistic
Boolean network (PBN) based on a given transition-probability matrix and a set of Boolean net-
works (BNs). In this paper, a Bregman alternating direction method of multipliers (BADMM)

is proposed to solve the minimization problem raised in PBN. All the customized subproblem-
solvers of the BADMM do not involve matrix multiplication, consequently the proposed method

is in a position to deal with some huge-scale problems. The convergence to stationary point

of the BADMM is proved under some mild conditions. Numerical experiments show that the
BADMM is effective and efficient comparing with some existing methods.

Keywords: Genetic regulatory networks, Sparse probabilistic Boolean network, L%—regularization,

Separable minimization, Bregman alternating direction method of multipliers.

1 Introduction

Probabilistic Boolean Network (PBN) is a rule-based uncertainty model for gene regulatory
networks, see [1, 2, 3, 4, 5] and the references therein. This model is devoted to construct
the probabilistic Boolean network from a given transition-probability matrix P and a set of
Boolean networks (BNs) with matrices {P;}? ;. Mathematically, a sparse PBN problem is to
find a sparse probability distribution vector € R™, such that

> Pai=P, (1.1a)
1=1

efz=1, z>0, (1.1b)

where e = (1,1, ..., 1)T.

This problem is essentially a linear system restricted to > 0. In system (1.1), the transition-
probability matrix P and the Boolean matrices P; are sparse. If BN has j genes, there are 27
possible states. Correspondingly, the matrices P and P;(i = 1, ...,n) are 27 by 2/ matrices, each
column of P matrix has I(~ j) non-zero entries, and each column of P; has a unique non-zero
entry. On the other hand, system (1.1) is very large scale, in the case that there are j genes and
each column of P matrix has [ non-zero entries, system (1.1) has n = [’ unknowns. Hence it
is also indeterminate. The sparse PBN model is introduced to find a sparse solution of system
(1.1) since it needs a sparse probability distribution vector.
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A least squares solution of system (1.1) is given by the following minimization problem

1 - 2
mlniHP— E Pzl ,
z P F (1.2)
st. eTe = 1, > 0.
. 2
Let ”vec” be a mapping from R**® to R*", where
ayy - Qs
. . . T
vec . N . :(a/lla"'7aslaa/127"'7a827"'7'”)0’817”'70458) )
Gs1  *+  Qgs

A = [vec(Py),vec(Py),- -+, vec(P,)] and b = vec(P) € R™ with m = 2%/, Then the minimiza-
tion problem (1.2) can be expressed as

1
min iHAx —b||?,

x

(1.3)
st. eTe =1, 2 >0,

which is a convex minimization problem. The coefficient matrix A is a 229 x [* matrix.

Problem (1.3) may have too many solutions. To narrow down the solution set, Chen [1]
considered the solution given by the largest entropy based on the fact that x is a probability
distribution. They converted problem (1.3) to

1
in —||Az — b||*> + 271
min o 4w~ 017+ 2 1og

(1.4)
s.t. eTx = 1, x> 0.

However, to characterize the sparsity property of problem (1.3), the Lo-regularization is a
common choice. By Ly-regularization we get

o1
min 2| Az — b + 7lall,

(1.5)
st. ez =1, >0,

where 7 > 0 is a regularization parameter. Problem (1.5) is NP-hard [6] and intractable. To
overcome this difficulty, many researchers have relaxed ||z||o to ||z||1. By Li-regulation, problem
(1.5) becomes

1
min = ||Az — b||* + 7|z||1,
TrER™ 2

(1.6)
st. ele=1, z>0.

Problem (1.6) is a convex minimization problem. Many methods correlated with augmented
Lagrangian-based alternating direction methods of multipliers [7, 8, 9, 10, 11, 12, 13] can be
used to solve this kind of problem. These methods are globally convergent to a global solution.
However, since z > 0, we have ||z||; = .1, |z;| = e’z = 1. The regularization term 7|z, is
invalid in the constrained optimization problem (1.6).

Xu, et al [14] replaced Lo by L% regularization for characterizing the sparsity. By a phase
diagram study, Xu et al [15] showed that the L, (0 < ¢ < 1) regularization can assuredly

1

generate more sparse solutions than L; regularization, in which the index ¢ = 5 somehow



plays a representative role. If ¢ € [%, 1), the smaller g will lead to the solution yielded by L,
regularization more sparser. If ¢ € (0, %], the performance of L, regularization has no significant
difference. What may be the most important from the computational point of view, there is an

iterative half thresholding algorithm for the fast solution of L% regularization.

For the L 1 regularization problem of the form

. 2 3
min ||z — b2 + o]} (1.7)
the iterative half thresholding algorithm is given by [14]:
ZF = Hyn’%(xk—l—nAT(b—Axk)), (1.8)
where i > 0. The operator Hwn,% is specified by
H’ym%(z) - (hwné(xl)’hwm%(x?)’ o ’h“ﬂ?v%(x"))T’ (1.9)
where Vs y
f l('Z)7 |Z| > 754(777)§7
Ry 1(2) = e ! (1.10)
'3 .
0, otherwise,
in which ) ) )
T
fan1(2) = 37 (1 — cos (? - 39077,(2))) (1.11)
and
_3
yn(2) = arccos <78n(|§|) 2) . (1.12)

Under some conditions, Zeng, Lin, Wang and Xu [16] have proven that the half algorithm
converges to a local minimizer of the regularization problem (1.7) with an eventually linear

convergence rate.

Based on the above consideration, the L 1 is used to instead of Ly regularization in this paper.

Then, we get the following L 1 regularization problem

. 1 2 1/2
min <Az~ bl + 7l i
st. ele=1, z>0.
By using a penalty method to problem (1.13), we have
min1|\Ax—bH2+i( Ty —1)% + 7|z} (1.14)
>0 2 21 1/2

where p > 0 is a penalty parameter. A separable reformulation of (1.14) is given by

1/2

) 1 2 1 T 2
min g ldz — bl + 7o (e — 1)* + 7yl . (1.15)

st. x—y=0, z2>0.
In this paper, we will propose a Bregman alternating direction method of multipliers (BAD-

MM) to solve problem (1.15), and prove the convergence to stationary point of the proposed
method.



The rest of this paper is organized as follows. In Section 2, we propose a Bregman alternating
direction method of multipliers (BADMM) for problem (1.15) raised in the sparse PBN, and
customize all the subproblem-solvers of the proposed method. Section 3 proves the convergence
to stationary point of the proposed method. Some numerical results are presented in Section
4 to demonstrate that the proposed method is effective and efficient. Section 5 concludes this

paper with some final remarks.

2 The proposed method

In this section, a Bregman alternating direction method of multipliers for problem (1.15) will

be proposed, and the iteration subproblem-solvers will be customized.

The augmented Lagrangian function associated with problem (1.15) is

[NIEYNIT

1 1 p
Lo,y ) = 5[ Az —bl* + @(e% =17+ rllyll: =A@ —y) + Slle -yl (2.1)

where A € R" is a Lagrange multiplier and p > 0 is a penalty parameter.
Based on the augmented Lagrangian function, we propose a Bregman alternating direction
method of multipliers to solve problem (1.15) as follows.

Algorithm 2.1. Bregman alternating direction method of multipliers, BADMM

For a given (z%,y*, A\F), the new iterate (x*+1 y*T1 A\*+1) is generated via:

y** = Argmin {L,,(J;k, Ys )\k)}, (2.2)
y20

Zh = Argn;in {L,,(x, YT AR 4 %Hx —zF|? > O}, (2.3)

)\k—i-l _ )\k _ p($k+1 _ yk+1). (24)

For subproblem (2.2) we have
ki1l . 2, P ok, Lk 2}
g = Angmin {lyll); + Slly - (F + N9 (25)

Let € € (0,1) be a small number, and 17 = 1 — e. Then, an iterative half thresholding algorithm

for problem (2.5) can be described as follows.



Algorithm 2.2. Iterative half thresholding algorithm for subproblem (2.5)
s0. initial: §° = y*, t =0, et = 1.0;

sl. while et > ¢, do

0" = o' —nly' — (2 — %A’m;

V6
- v

where [v], denotes the r—th largest component of v.

[0(5")]s+1

compute a new predictor via
§ =, 5 (06
update et = |7 — 7| o0;
end (while)
s2. compute a new iterate via

Y+ = max{y+?, 0}.

The iterative half thresholding algorithm is computationally tractable. Hence, the subprob-

lem (2.2) is referred to as an easy problem.

Now, we turn to subproblem (2.3). Note that

SIS

Lyl ) = glAa bl 5 (o1 = =)+ = Pl (26)
Since A matrix is huge size, the storage-cost of full matrix A may be very expensive. By the
sparsity of A = [f1,---, fn] where f; = vec(F;), a coordinate descent method is recommended
to solve subproblem (2.3).
Let
Fi(@) = Ly(a, "1 00 + Zle - ob) 2

The coordinate descent method for subproblem (2.3) can be stated as follows:



Algorithm 2.3. Coordinate descent method for subproblem (2.3).
s0. initial: let 3° = 2%, [ =0, el = 1.0;
sl. while el > ¢, do
fori=1,2,---,n, let

~141
Ty

= arg min Fk(i‘itly Tj, fi-i-)
end (for)
update el = ||V Fy(z!1)]];

end (while)

s2. J}k+1 — jl—i-l

By the definition, f; = vec(P;)(i = 1,2,--- ,n) and f = vec(P) are sparse vectors which can
be stored in the sparse form. To do so, the memory-cost can be reduced immensely. When
the i-th component, x;, is updated, the coordinate descent method only needs to compute the
inner product of some sparse vectors. The coordinate descent method does not involve the

matrix-computation, thus has a low computational cost.

3 Convergence analysis

The Lagrange function associated with problem (1.15) is
1 1 1
L(w,y,A) = 5 [[Az = bl|* + @(e% R M HER RG] (3.1)

By the first-order optimality conditions, (z*,y*,A\*) € R™ x R} x R™ is a stationary point of
(1.15) if and only if

1
AT (Az* —b) + ;(eTx* —1)e—\* =0,

1
=7l Iz + )Ty —y*) 20, vy =0 (3.2)
¥ —y*=0.

N N

Tyl

By the optimality conditions of the iteration subproblems (2.2) and (2.3), combining with
(2.4) we get

1/2 1/2
T(lylly73) = Iy L) + (v — g F)TARFL > ply — g T @k —2F ) vy >0, (3.3)

1
AT (Azh*t —b) + ;(ekaJrl —1)e = M = p(zh — 2 HL), (3.4)
1
karl _ yk+1 _ ;(/\k _ >\k+1)' (35)

Let v = (x,\). It is easy to see that, to prove the convergence to stationary point of the
BADMM, one needs only to claim that

lim [Jof*t! — o2 = 0. (3.6)
k—o0



Lemma 3.1. For a given w* := (z%,9% \¥), let wk*? = (2F+1 y*+1 NF+HL) be generated by
BADMM. Then we have

1
B B L 4 K Xy
P

Proof. Since w**! is generated by the BADMM, by (2.2) and (2.3) we have
Lo(a®, y" 1 N) < Ly (2, 4", A7), (3.8)
Ly(@**1 g 1 NF) < Ly(ak, y AR = ekt — a2 (3.9)
By (2.4) of the BADMM, we get

L@ty A = L (A = S (310)
Adding (3.8), (3.9) and (3.10) yields (3.7) and completes the proof.
Let o = ||ATA + %eeT + rI||, we have the following lemma.
Lemma 3.2. For the sequence {v¥} generated by the BADMM we have
[ARFL —AF|12 < 2022 — 2F)? 4 202 2F — 2R Y2 (3.11)
Proof. By (3.4), we get

1
ML — AT (AP —b) + —(eTzF T — 1)e + r(aF Tt — 2F),
L

and at the previous iteration, we have
1
M= AT (A% —b) + —(eTa* — Ve + r(a® — 2F71).
"

Hence 1
AL AR — (AT A + ;eeT + D)z — 2F) — r(ah — 2P, (3.12)

Taking norm on both sides of (3.12) and using triangle inequality, we get
AL —AF|| < AT A + %eeT I |||z — 2F| 4 vl — 2|
= ol — 2+ rlla — 25
By the fact a? + b% > 2ab, we have
N XH2 < 202 — H R 4 22t - AR, (313)

which completes the proof.

Combing Lemma 3.1 and Lemma 3.2, we get

202 272
Ly (@ M) < Ly (b pR A8 = (5 = T b - b 4 et - ah P,
P

which deduces to

. 2r? 272
Ly(a 1 X £ o - b2 < Ly, N + S flaf - P
p
2 2 2
S HTET e e )



It is easy to show, if the penalty parameter p > 0 is large enough, the augmented Lagrange
function L,(x,y, A) is bounded below. Assume that

402

p>— +4r,
T
which implies
2 2 2
o D2t Hr)
2 P

Then we have the following theorem.

Theorem 3.1. The sequence {vF = (¥ \F)} generated by the BADMM is asymptotically
reqular, i.e.,
lim [[o" ! —o¥|2 = 0. (3.15)
k—o0

Proof. By (3.14), we get

272 _
L R L R A

2r2

— {Lp(@ Ty X ¢ Tk gt (3.16)
p
Summing (3.16) with respect to k yields
b 272
Y Nt = ol |2 < Lt gt A + et — 202}
=1 p
272

- {Lp(xk+1?yk+1a )‘k+1) + 7“xk+1 - xk||2}' (317)

Since the augmented Lagrange function L,(z,y,\) is lower-bounded, L,(z*+1, y*+1 \F+1) 4
%kaﬂ — %2 is also lower-bounded for any k. We have

k
Sl —afP < C < .
j=1
which implies
lim ||z — 22 = 0. (3.18)
k—o0

Combing this with Lemma 3.2, we have

lim AT — AF)2 = 0. (3.19)
k—o0

The assertion (3.15) follows directly from (3.18) and (3.19).

Theorem 3.2. The sequence {w*} generated by the BADMM converges to a stationary point
of problem (1.15).

Proof. Denote w* := lim w”. Taking limit as & — oo on (3.3)-(3.4) and (3.5), and using

k—o0
Theorem 3.1, we have w™ € R™ x R} x R" and

1
AT(Az> = b) + = (eTa™ — 1)e = A =0,
I
1 1
Tllyll? = 7lly= I3 + ()~ y>) 20, ¥y =0, (3.20)
> —y>* =0.



This implies w™ is a stationary point of (1.15). Hence, the sequence {w*} generated by the

BADMM converges to a stationary point of problem (1.15).

4 Numerical experiments

To demonstrate the performance of the BADMM, some numerical results on the Probabilistic
Boolean Network will be presented in this section. All the testing examples are chosen from
the BN/PBN MATLAB-based toolbox introduced by Léhdesméki and Shmulevich [17].

All methods used in these numerical experiments are coded in MATLAB 2014a and run on
a personal computer Macbook Pro with 2.6 GHz Intel Core i5 and 8GB RAM.

The stopping criterion of the BADMM is set to [|[v**! — v*||, < &, where ¢ > 0 is a small
real number. The parameters used in the BADMM are set to

p=08,p=037r=160n=0095.

For subproblem (2.2), the sparsity parameter s is set by a cross-validation, and the L% regu-

larization parameter 7 is set by

- \gﬁpnw(ytnsﬂni (41)

where ¢ is inner iteration counter of Algorithm 2.2. The initial point is set to
2o =0,5% =1, =0.

Example 4.1. There are j = 2 genes, and each column of the given transition-probability

matrix P has | = 2 non-zero entries. The observed transition-probability matrix of the PBN is

0.1 03 05 0.6
0.0 0.7 0.0 0.0
0.0 0.0 0.5 0.0
09 0.0 0.0 04

In this case, there are 16 Boolean network matrices. The sparse probabilistic Boolean network

problem seeks a sparse solution of the following system
16
i=1

with £ > 0 and eTa = 1.

For this example, three methods are used: the BADMM proposed in this paper, the maxi-
mum entropy rate approach (MEM) proposed by Chen, Ching and Chen [1] and the modified
maximum entropy rate approach (MMEM) proposed by Chen, Jiang and Ching [2]. The com-
putational results are displayed in Figure 1 for easy comparison. The solution generated by
the BADMM is as sparse as that of the MMEM, and both are sparser than the solution gen-
erated by the MEM. We have noticed that, the MMEM also emphasized the sparsity by using
L,-regularization. To do so, the objective function of the MMEM is

mﬁx{—ixﬂogmi—ﬁix?}. (4.3)



With the best choice of the parameter pair («, 8), the MMEM obtains a sparse solution of the
PBN problem. The computational results of the MMEM are very sensitive to the parameter pair
(a, B). In the case of that there are 2 genes and each column of the given transition- probability
matrix P has 2 non-zero entries, the best choice of the parameter pair (o, ) = (0.63,1.40) is
determined by numerical experiments without theoretical principle. However, the BADMM
is independent of experimental parameters, and also gives a solution as sparse as that of the
MMEM. However, the model of the MEM is a convex optimization, the solution generated by
MEM is more logical since it is a global optimal solution. The MEM identifies six major Boolean
networks, they are Py, P11, P13, P14, P15 and Pig, and the BADMM gives a more sparse solution
with four major Boolean networks. The MMEM gives a different solution, and the identified

major Boolean networks are Py, Ps, Pig, P12, P13 and Pis.

0.45 T T T

I"star: Maximum entropy rate method in [1]
I circle: Modified maximum entropy rate method in [2] ! 1

quare: The proposed method in this paper ! -

04F s
s |
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Figure 1: The probability distribution x for the case j =2 and [ = 2

Example 4.2. There are j = 2 genes, and each column of the observed transition-probability

matrix P has [ = 3 non-zero entries, where

0.1 03 02 0.1
02 03 0.2 0.0
0.0 0.0 0.6 0.4
0.7 04 0.0 0.5

In this case, there are 81 Boolean network matrices.

The MMEM obtains the best choice of the parameter pair (0.61,0.6) from 1980 pairs of
(a, B), then it gives a sparse solution identifying six major Boolean networks. The BADMM
identifies eight major Boolean networks, and the re-constructed PBN is dominated by the
5th 11th 47tk 500 6374, 7274 7374 and 80" BNs. The numerical solutions generated by the
three methods are displayed in Figure 2 for comparison. Compared with results of the MEM
and MMEM, the solution generated by the BADMM is more sparse, and the BADMM is able
to more readily identify the major BNs in the PBN.
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Figure 2: The probability distribution x for the case j =2 and [ =3

Example 4.3. There are 1024 BNs, and each column of the observed transition-probability

matrix P has different non-zero entries, where

012 0 060 042 O 0 0 0
028 0 0 018 0 0 0 0
0 040 O 0 040 018 O 0
0 0 0 0 0 042 0 0.60
018 0 040 028 O 0 0 0
042 0 0 0.12 0 0 0
0 060 O 0 060 012 0 0
0 0 0 0 0 028 1.0 A

0 0.40

Fixing the other parameters, we obverse the effect of stopping error € > 0 to the computa-
tional results. The computational results generated by the BADMM are put in Table 1. From
Table 1, we find that the identified major BNs keep unchanged while the computational cost
increases as the stopping error ¢ is deceasing continuously to 1.0 x 10~?. This fact implies that,
the identified major BNs generated by the BADMM is spot-on, reliable, and robust under the
different error setting.

When the stopping error is set to € = 1.0 x 1073, the BADMM identifies 7 major BNs from
1024 BNs with 260 iterations. The reconstructed transition probability matrix is

0.1199 0 0.5999  0.42 0 0 0 0
0.2801 0 0 0.18 0 0 0 0
0 0.4001 0 0 0.4001  0.18 0 0
p_ 0 0 0 0 0 0.42 0 0.5999
0.18 0 0.4001 0.2801 0 0 0 0
0.42 0 0 0.1199 0 0 0 0
0 0.5999 0 0 0.5999 0.1199 0 0
0 0 0 0 0 0.28 1.00 0.4001
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Table 1: The computational results of BADMM with different stopping error

Stopping error € 1072 1072 5x107* 107* 5x107° 107°
Total iteration number k 97 260 267 520 562 722
104
118
189 118 118 118 118 118
358 360 360 360 360 360
360 395 395 395 395 395
Identified major BNs 376 594 594 594 594 594
395 836 836 836 836 836
594 911 911 911 911 911
836 939 939 939 939 939
911
939

The reconstructed residual is || P — P||p = 3.4067 x 10~%, and the cpu-time cost is 66.86 seconds.
The major BNs identified by the BADMM is displayed in Figure 3.

0.25

0.2

0.05[

0 200 400 600 800 1000 1200

Figure 3: The probability distribution x for the case 7 = 3 and 1024 BNs

Example 4.4. There are j = 3 genes, and each column of the observed transition-probability

12



matrix P has 2 or 4 non-zero entries, where

0.5672 0.4328 0.2881 0 0.1447 0 0.4328 0
0 0 0.1447 0 0.2881 0 0 0
0 0 0 0 0 0 0 0.3776
p_ 0 0 0 0.4328 0 0 0 0.1896
0.4328 0.5672 0.3376 0 0.1896 0 0.5672 0
0 0 0.1896 0 0.3776 0 0 0
0 0 0 0 0 0.6657 0 0.2881
0 0 0 0.5672 0 0.3343 0 0.1447

In this case, there are 2048 BNs.

By setting the stopping error € = 1.0 x 10~3 and the sparsity parameter s = 20, the BADMM
identifies 14 major BNs from 2048 BNs within 307 iterations. The reconstructed residual
|P — P||p = 5.1609 x 10~* and the cpu-time cost is 524.21 seconds. The identified major BNs
are displayed in Figure 4.

pd I 1

0 500 1000 1500 2000 2500

Figure 4: The probability distribution z for the case 7 = 3 and 2048 BNs

Example 4.5. There are j = 4 genes, and each column of the observed transition-probability

matrix P has 1 or 2 non-zero entries. The matrix P to be reconstructed has the sparse form as

follows:
P(1,1)=1.0 P(1,4)=1 P(1,8)=0.5078 P(1,12)=0.5078
P(2, 3)=0.5078 P(2,7)=0.5078 P(2, 11)=0.5078  P(2,15)=0.5078
P(5, 2)=1.0 P(5, 6)=1 P(5,10)=0.5078 P(5,14)=0.5078
P(6, 4)=0.5078 P(6,8)=0.5078 P(6,1 ) 0.5078 P(6,16)=0.5078
P(9, 9)=0.4922  P(9,13)=0.4922  P(10,3)=0.4922  P(10,7)=0.4922
P(10,11)=0.4922 P(10,15)=0.4922 P(13, 0):0.4922 P(13, 14)=0.4922
P(14, 4)=0.4922 P(14, 8)=0.4922 P(14, 12)=0.4922 P(14, 16)= 0.4922

In this case, there are 4096 BNs.
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By setting the stopping error ¢ = 1.0 x 1073 and the sparsity parameter s = 40 , the
BADMM identifies 79 major BNs from 4096 BNs within 44 iterations. The reconstructed
residual is [|[P — P||p = 1.2 x 1074, and the cpu-time cost is 426.85 seconds. The identified
major BNs are displayed in Figure 5.
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Figure 5: The probability distribution x for the case 7 = 4 and 4096 BNs

In summary, the numerical results show that, the proposed BADMM is valid for solving
problem (1.15) resulted from the sparse probabilistic Boolean network model (1.13). Compared
with the MEM and MMEM, model (1.13) and the BADMM proposed in this paper are more

steady and efficient for the sparse probability Boolean network reconstruction problem.

5 Conclusions

The genetic regulatory networks are very useful in molecular biology of gene and genetic biology,
e.g., gene diagnosis. From the view of genetic diagnosis point, a virulence gene is driven from
some interrelated normal genes. Probability Boolean network models the interrelated normal
genes as a set of Boolean networks, and the virulence gene as a transition-probability matrix.
The gene diagnosis is devoted to finding a sparse probabilistic Boolean network, which is used
to distinguish the major genes which resulting to the virulence gene.

This paper reformulated the sparse probability Boolean networks problem to a separable L 1
regularization optimization problem, and proposed a Bregman alternating direction method of
multipliers (BADMM) for resulting optimization problem. Under some mild conditions, the
convergence to stationary point of the BADMM was established.

By the customized subproblem-solvers of the proposed BADMM, all the iteration subprob-
lems are computationally tractable, and consequently the proposed method is efficient. Nu-
merical results indicate that, the BADMM is numerically steady and efficient for the sparse

probabilistic Boolean networks problem.

14



The Lo regularization optimization model (1.5), and a variant of the form

1
min fHAx — b||27
zER™ 2

(5.1)
st. |zllo <k, efz=1, >0,

has some important applications in the genetic regulatory networks as well as sparse proba-
bilistic Boolean network. The recent development of optimization technique, such as projected
gradient methods proposed by Xu, Dai, et al [18], provides some useful approaches to solve
problems (1.5) and (5.1) with high efficiency. However, at information representation, the reg-
ularization parameter 7 in (1.5) and the sparsity parameter x in (5.1) are sensitive to practical
applications of the sparse probabilistic Boolean network. Hence, model (1.5) and its variant

(5.1), and the corresponding computational algorithms, are the future works of our group.
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