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Abstract. In this paper, we study the local linear convergence properties of a versatile class of Primal-Dual
splitting methods for minimizing composite non-smooth convex optimization problems. Under the assumption
that the non-smooth components of the problem are partly smooth relative to smooth manifolds, we present a
unified local convergence analysis framework for these Primal-Dual splitting methods. More precisely, in our
framework we first show that (i) the sequences generated by Primal-Dual splitting methods identify a pair of primal
and dual smooth manifolds in a finite number of iteration, and then (ii) enter a local linear convergence regime,
which is for instance characterized in terms of the structure of the underlying active smooth manifolds. We also
show how our results for Primal-Dual splitting specialize to cover existing one on Forward—-Backward splitting
and Douglas—Rachford splitting/ADMM (alternating direction methods of multipliers). Moreover, based on these
obtained local convergence analysis result, several practical acceleration techniques for the class of Primal-Dual
splitting methods are discussed. To exemplify the usefulness of the obtained result, we consider several concrete
numerical experiments arising from applicative fields including signal/image processing, inverse problems and
machine learning, etc. The demonstration not only verify the local linear convergence behaviour of Primal-Dual
splitting methods, but also the insights on how to accelerate them in practice.
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1 Introduction

1.1 Composed optimization problem

In various fields such as inverse problems, signal and image processing, statistics and machine learning
etc., many problems are (eventually) formulated as structured optimization problems (see Section 6 for
some specific examples). A typical example of these optimization problems, given in its primal form,
reads

;Ielﬁéll R(z) + F(z) + (JVG)(Lx), (Pp)

def .

where (J ¥ G)(+) = inf,ecgm J(-) + G(- — v) denotes the infimal convolution of J and G. Throughout,
we assume the following:
(A1) R, F € I'p(R"™) with I'g(R™) being the class of proper convex and lower semi-continuous
functions on R", and VF is (1/[,.)-Lipschitz continuous for some 3, > 0,
(A.2) J,G € I'y(R™), and G is §,-strongly convex for some /3, > 0.
(A.3) L:R™ — R™ is a linear mapping.
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(Ad) 0 € ran(OR + VF + L*(9J0IG)L), where 0J09G = (97~ + G~1)~ is the parallel
sum of the subdifferential operators 0.J and 0G, and ran(-) denotes the range of a set-valued
operator. See Remark 3.2 for the reasoning of this condition.

The main difficulties encountered to solve such a problem are that the objective function is non-smooth,
the presence of the linear operator L and the infimal convolution. Consider also the Fenchel-Rockafellar
dual problem [43]

Urgg}q J*(v) + G*(v) + (R* Y F*)(—L"v). (Pp)

The classical Kuhn-Tucker theory asserts that a pair (z*, v*) € R™ x R™ solves (Pp)-(Pp) if it satisfies

the monotone inclusion
OR L* z* VF 0 z*
oe %8 0 )+ wel () (8

One observes that in (1.1), the composition by the linear operator and the infimal convolution have been
decoupled, hence opening the door to achieve full splitting. This is a key property that is used by all
Primal-Dual algorithms that we are about to review. In turn, solving (1.1) provides a pair of points that
are solutions to (Pp) and (Pp) respectively.

More complex forms of (Pp) involving for instance a sum of infimal convolutions can be tackled in
a similar way using a product space trick, as we will see in Section 5.

1.2 Primal-Dual splitting methods

Primal-Dual splitting methods to solve more or less complex variants of (Pp)-(Pp) have witnessed a
recent wave of interest in the literature [13, 11, 50, 18, 29, 21, 16]. All these approaches achieve full
splitting, they involve the resolvents of R and J*, the gradients of ' and G* and the linear operator L, all
separately at various points in the course of iteration. For instance, building on the seminal work of [3],
the now-popular scheme proposed in [13] solves (Pp)-(Pp) with F' = G* = 0. The authors in [29] have
shown that the Primal-Dual splitting method of [13] can be seen as a proximal point algorithm (PPA) in
R™ x R™ endowed with a suitable norm. Exploiting the same idea, the author in [21] considered (Pp)
with G* = 0, and proposed an iterative scheme which can be interpreted as a Forward—Backward (FB)
splitting again with an appropriately renormed space. This idea is further extended in [50] to solve more
complex problems such as that in (Pp). A variable metric version was proposed in [19]. Motivated by
the structure of (1.1), [11] and [18] proposed a Forward-Backward-Forward scheme [48] to solve it.

In this paper, we will focus the unrelaxed Primal-Dual splitting method summarized in Algorithm 1.
This scheme covers that of [13, 50, 29, 21, 16]. Though we omit the details here for brevity, our analysis
and conclusions carry through to the method proposed in [11, 18].

Algorithm 1: A Primal-Dual splitting method

Initial: Choose v,,,7, > 0and 6 € [—1,4+o00[. For k =0, zg € R", vg € R™;

repeat
Th+1 = prOXWRR(xk - ’YRVF(:EIC) - ’YRL*,Uk)a
Tpg1 = Trg1 + 0(Tpy1 — 1), (1.2)
Uk+41 = Prox, - (vg —v, VG (vg) + v, LTk11),
k=k+1;

until convergence;

Remark 1.1.



(i) Algorithm 1 is somehow an interesting extension to the literature given the choice of 6 that we
advocate. Indeed, the range of 6 is [—1, +oo] is larger than the one proposed in [29] (i.e. 0 €
[—1,1]). It encompasses the Primal-Dual splitting method proposed in [50] when 6 = 1, and the
one in [21] when moreover G* = 0. When both FF = G* = 0, it reduces to the Primal-Dual
splitting method proposed in [13, 29].

(ii) It can also be verified that Algorithm 1 covers the Forward—-Backward (FB) splitting [39] (J* =
G* = 0), Douglas—Rachford (DR) splitting [25] (if FF = G* = 0, L = Id and v, = 1/7,)
as special cases; see Section4 for a discussion or [13] and references therein for more details.
Exploiting this relation, in Section 4, we build connections with the results provided in [36, 37] for
FB-type methods and DR/ADMM. It also should be noted that, DR splitting is the limiting case
of the Primal-Dual splitting [13], and the global convergence result of Primal-Dual splitting does
not apply to DR.

1.3 Contributions

In the literature, most studies on the convergence rate of Primal-Dual splitting methods mainly focus on
the global behaviour [13, 23, 35, 9, 14]. For instance, it is now known that the (partial) duality gap de-
creases sublinearly at the rate O(1/k), which can be accelerated to O(1/k?) [13] under strong convexity
of either the primal or the dual problem. The iterates converge globally linearly if both the primal and dual
problems are strongly convex [13, 9], or locally linearly under certain regularity assumptions [35]. How-
ever, in practice, local linear convergence of the sequences generated by Algorithm 1 has been observed
for many problems with the absence of strong convexity (as confirmed by our numerical experiments in
Section 6). None of the existing theoretical analysis was able to explain this behaviour so far. Providing
the theoretical underpinnings of this local behaviour is the main goal pursued in this paper. Our main
findings can be summarized as follows.

Finite time activity identification For Algorithm 1, let (z*, v*) be a Kuhn-Tucker pair, i.e. a solution
of (1.1). Under a non-degeneracy condition, and provided that both R and J* are partly smooth relative
to C2-smooth manifolds, respectively MZ, and M/, near 2* and v* (see Definition 2.10), we show that
the generated primal-dual sequence { (z, v) }ren Which converges to (z*, v*) will identify in finite time
the manifold ME, x M. (see Theorem 3.3). In plain words, this means that after a finite number of
iterations, say K, we have xj, € Mf* and vy, € M;{* forall k > K.

Local linear convergence Capitalizing on this finite identification result, we first show in Proposi-
tion 3.6 that the globally non-linear iteration (1.2) locally linearizes along the identified smooth mani-
folds, then we deduce that the convergence of the sequence becomes locally linear (see Theorem 3.11).
The rate of linear convergence is characterized precisely based on the properties of the identified partly
smooth manifolds and the involved linear operator L.

Moreover, when F' = G* = 0, L = Id and R, J* are locally polyhedral around (z*, v*), we show
that the convergence rate is parameterised by the cosine of the largest principal angle (yet smaller than
/2, see Definition 2.6) between the tangent spaces of the two manifolds at (z*, v*) (see Lemma 3.8).
This builds a clear connection between the results in this paper and those we drew in our previous works
on DR and ADMM [38, 37].

1.4 Related work

For the past few years, an increasing attention has been paid to investigate the local linear convergence
of first-order proximal splitting methods in absence of strong convexity. This has been done for instance
for FB-type splitting [10, 27, 2, 30, 47], and DR/ADMM [24, 8, 4] for special objective functions. In



our previous work [34, 36, 38, 37], based on the powerful framework provided by partial smoothness,
we unified all the above-mentioned works and provide even stronger claims.

To the best of our knowledge, we are aware of only one recent paper [46] which investigated finite
identification and local linear convergence of a Primal-Dual splitting method to solve a very special
instance of (Pp). More precisely, they assumed R to be gauge, F' = %H -||* (hence strong convexity
of the primal problem), G* = 0 and J the indicator function of a point. Our work goes much beyond
this limited case. It also deepens our current understanding of local behaviour of proximal splitting
algorithms by complementing the picture we started in [36, 37] for FB and DR splitting.

Paper organization The rest of the paper is organized as follows. Some useful prerequisites, including
partial smoothness, are collected in Section2. The main contributions of this paper, i.e. finite time
activity identification and local linear convergence of Primal-Dual splitting under partial smoothness
are the core of Section 3. Several discussions on the obtained result are delivered in Section 4. Section 5
extends the results to the case of more than one infimal convolution. In Section 6, we report various
numerical experiments to support our theoretical findings. All the proofs of the main results are collected
in Section A.

2 Preliminaries

Throughout the paper, N is the set of non-negative integers, R" is a n-dimensional real Euclidean space
equipped with scalar product (-, -) and norm | - ||. Id,, denotes the identity operator on R", where n will
be dropped if the dimension is clear from the context.

Sets For a nonempty convex set C' C R", denote aff (C) its affine hull, and par(C') the smallest sub-
space parallel to aff (C'). Denote ¢ the indicator function of C, and P¢ the orthogonal projection oper-
ator onto the set.

Functions The sub-differential of a function R € T'o(R") is a set-valued operator,
OR:R" = R", z — {g € R"|R(z') > R(z) + (g, 2’ — x),Va' € R"}, (2.1)

which is maximal monotone (see Definition 2.2). For R € T'y(R™), the proximity operator of yR is

e . 1
prox, r(z) “ argmmzeRn§||z —z|* + yR(z). (2.2)

Given a function J € T'o(R™), its Legendre-Fenchel conjugate is defined as

J*(y) = sup (v, y) — J(v). (2.3)
veER™

We have J* € T'o(R™) and J** = J.

Lemma 2.1 (Moreau Identity [41]). Let J € T'o(R™), then for any x € R™ and v €]0, +00],

T = prox, ;(z) + yprox s« 1 (x/7). (2.4)

Using the Moreau identity, it is straightforward to see that the update of vy in Algorithm 1 can be deduced
also from prox ., .



Operators Given a set-valued mapping A : R® =2 R”, its range is ran(4) = {y € R® : Jz €
R” s.t. y € A(z)}, and graph is gph(A4) = {(z,u) € R” x R"|u € A(z)}.

Definition 2.2 (Monotone operator). A set-valued mapping A : R™ == R" is said to be monotone if,
(x1 — 2, v1 —v2) >0, V(z1,v1) € gph(A) and (x2,v2) € gph(A). (2.5)

It is moreover maximal monotone if gph(A) can not be contained in the graph of any other monotone
operator. If there exists an x > 0 such that

(x1 — @2, v1 — v2) > K71 — 227,
then A is called strongly monotone, and its inverse A~ is k-cocoercive.
Let 5 €]0, 400, B : R™ — R", then B is -cocoercive if the following holds
(B(z1) — B(x2), 1 — x2) > B||B(z1) — B(x2)||2, V1,29 € R™, (2.6)
which implies that B is 5~ !-Lipschitz continuous.

For a maximal monotone operator A, (Id + A)~! is its resolvent. It is known that for R € T'o(R")
and v > 0, prox, g = (Id +y9R) ™! [6, Example 23.3].

Definition 2.3 (Non-expansive operator). An operator F : R" — R" is non-expansive if

Yo,y € R, [|F(z) = F(y)| < llz -yl
For any @ €]0,1[, F is called «-averaged if there exists a non-expansive operator F' such that F =
aF + (1 - «a)ld.

The class of a-averaged operators is closed under relaxation, convex combination and composition
[6, 20]. In particular when o@ = %, F is called firmly non-expansive, and several properties of it are
collected in the following lemma.

Lemma 2.4. Let F : R® — R™. Then the following statements are equivalent:
(i) F is firmly non-expansive;
(ii) Id — F is firmly non-expansive;
(iii) 2F — Id is non-expansive;
(iv) Givenany X €]0,2], (1 — A)Id + \F is %—avemged;
(v) F is the resolvent of a maximal monotone operator A : R = R™.

Proof. (i)<(ii)<(iii) follow from [6, Proposition 4.2, Corollary 4.29], (i)<(iv) is [6, Corollary 4.29],
and (i)&(v) is [6, Corollary 23.8]. O

Let S(R") = {V € R™"|VT = V} the set of symmetric matrices acting on R". The Loewner
partial ordering on S(R") is defined as

YV, Ve € S(R™), Vi =Vy < Vz e R", (Viz, x) > (Vox, x).
Given any positive constant v €]0, +o00|, define S, as
S, E{VeSR") V= vid}, .7

i.e. the set of symmetric positive definite matrices whose eigenvalues are bounded below by v. For any
V € §,, define the following induced scalar product and norm,

(x, ')y = (z, V2'), |zlly = V/{(x, V), Vz,z' € R™.

By endowing the Euclidean space R™ with the above scalar product and norm, we obtain the Hilbert
space which is denoted by R7.



Lemma 2.5. Let the operators A : R™ = R" be maximal monotone, B : R" — R" be 3-cocoercive,
andV € S,.. Then for v €]0,2pv],

(G (Id+~V-1A)~!:R? — R is firmly non-expansive;

(i) (Id —yV~1B):R? — R%is 35, -averaged non-expansive;

(iii) The operator (1d +~V~tA)~H(Id — yV™'B) : R} — Ry is ; gfiy -averaged non-expansive.

Proof.
(i) See[19, Lemma 3.7];
(ii) Since B : R™ — R"™ is 3-cocoercive, given any z, ' € R", we have
(@ —a', V"'B(z) = V" 'B(2))y > B]| B(x) - B(')|’
= BV(VIB(z) =V 1B(2"), V7 IB(z) -V IB())y
> Bu|V'B(e) =V 'B@)|y,
which means V™!B : R? — R is (Sv)-cocoercive. The rest of the proof follows [6, Proposi-

tion4.33].
(iii) See [42, Theorem 3]. O

2.1 Angles between subspaces

In this part we introduce the notions of principal angles and Friedrichs angle between two subspaces T}
and Th of R™. Without the loss of generality, assume 1 < p < dim(7T}) < ¢ < dim(T3) < n — 1.

Definition 2.6 (Principal angles). The principal angles 6, € [0, 7], k = 1, ..., p between subspaces T}
and 75 are defined by, with ug = vg < 0, and
cos(0r) = (ug, v) = max(u, v) s.t. we Ty,v e Ty, |lul| =1, |jv]| = 1,
(uy u) = (v, v;) =0,i=0,---  k—1.
The principal angles §j, are unique with 0 < 6y < 6y <--- <6, < 7/2.

Definition 2.7 (Friedrichs angle). The Friedrichs angle 6 €]0, 5] between 7 and T3 is
cos(0p(Th, T?)) C max(u, v)stou e TyN (TN D)L ul =1, v e Ton (Ty N Ta) o] = 1.

The following lemma shows the relation between the Friedrichs and principal angles whose proof
can be found in [5, Proposition 3.3].

Lemma 2.8 (Principal angles and Friedrichs angle). The Friedrichs angle is exactly 04,1 where d “
dim(7Ty N T3). Moreover, 0 (T1,T>) > 0.

Remark 2.9. The principal angles can be obtained by the singular value decomposition (SVD). For in-
stance, let X € R"*PandY € R™*? form the orthonormal basis for the subspaces 7 and 75 respectively.
Let UV be the SVD of XY € RP*4, then cos(6;) = 0%, k = 1,2,...,p and o, corresponds to the
k’th largest singular value in 3.

2.2 Partial smoothness

In this section, we introduce the notion of partial smoothness, which lays the foundation of our local
convergence rate analysis. The concept of partial smoothness is first introduced in [33]. This concept, as
well as that of identifiable surfaces [51], captures the essential features of the geometry of non-smoothness



which are along the so-called active/identifiable manifold. For convex functions, a closely related idea is
developed in [32]. Loosely speaking, a partly smooth function behaves smoothly as we move along the
identifiable submanifold, and sharply if we move transversal to the manifold. In fact, the behaviour of
the function and of its minimizers depend essentially on its restriction to this manifold, hence offering a
powerful framework for algorithmic and sensitivity analysis theory.

Let M be a C2-smooth embedded submanifold of R™ around a point z. To lighten the notation,
henceforth we shall state C'2-manifold instead of C'?-smooth embedded submanifold of R™. The natural
embedding of a submanifold M into R™ permits to define a Riemannian structure on M, and we simply
say M is a Riemannian manifold. 7(x) denotes the tangent space to M at any point near x in M.
More materials on manifolds are given in Section A.1.

Below we present the definition of partly smooth function associated to functions in T'g(R™).

Definition 2.10 (Partly smooth function). Let R € I'y(R"), and x € R" such that R(z) # 0. R is
then said to be partly smooth at x relative to a set M containing x if
(i) Smoothness: M is a C?-manifold around z, R restricted to M is C? around z;
(ii) Sharpness: The tangent space T(z) coincides with T}, = par(dR(z))*;
(iii) Continuity: The set-valued mapping OR is continuous at x relative to M.
The class of partly smooth functions at x relative to M is denoted as PSF,(M).

Capitalizing on the results of [33], it can be shown that under transversality assumptions, the set of
partly smooth functions is closed under addition and pre-composition by a linear operator. Moreover,
absolutely permutation-invariant convex and partly smooth functions of the singular values of a real
matrix, i.e. spectral functions, are convex and partly smooth spectral functions of the matrix [22]. Popular
examples of partly smooth functions are summarized in Section 6 whose details can be found in [36].

The next lemma gives expressions of the Riemannian gradient and Hessian (see Section A.1 for def-
initions) of a partly smooth function.

Lemma 2.11. If R € PSF,(M), then for any ' € M near ,
VmR() = Pr, (OR(2)).
In turn, for all h € T,
Vi R()h =Py, V2R(z')h + 2, (h, PT;VE(:E’)),
where R is any smooth extension (representative) of R on M, and 2,(-,-) : T, x T+ — T is the
Weingarten map of M at x.

Proof. See [36, Fact3.3]. O

3 Local linear convergence of Primal-Dual splitting methods

In this section, we present the main result of the paper, the local linear convergence analysis of Primal—
Dual splitting methods. We first present the finite activity identification of the sequence (z, vy) gener-
ated by the methods, from which we further show that the fixed-point iteration of Primal-Dual splitting
methods locally can be linearized, and the linear convergence follows naturally.



3.1 Finite activity identification

Let us first recall the result from [50, 17], that under a proper renorming, Algorithm 1 can be written
as FB splitting. Let 6 = 1, from the definition of the proximity operator (2.2), we have that (1.2) is
equivalent to the following monotone inclusion

_|VE 0 T ¢ OR L*| [z n Id,, /v, —L* Tpi1 — Tk 3.1)
0 VG*| \u —L 0J*| \vg41 —L  Idw/7v,] \vky1 —vk /)’ ’
Define the product space K = R™ x R™, and let Id be the identity operator on /C. Define the following
variable and operators

def [ Tk def OR L* def VF 0 def Idn/'yR —L*
k= (vk> A= [—L 8J*]’ B= [ 0 VG*}’ V= [ L1y, G

It is easy to verify that A is maximal monotone [11], B is min{f,., 3, }-cocoercive. For V, denote

v =(1—/v,7ILI?) min{%, %}, then 'V is symmetric and v-positive definite [50, 19]. Define ICy
J R

the Hilbert space induced by V.

Now (3.1) can be reformulated as
2ip1 = (V+A)Y(V-—B)z, = (Id+V1A)"}(Id - V!B)z,. (3.3)

Clearly, (3.3) is the FB splitting method on /Cy [50]. When F' = G* = 0, it reduces to the metric
Proximal Point Algorithm discussed in [13, 29].

Before presenting the finite time activity identification under partial smoothness, we first recall the
global convergence of Algorithm 1.

Lemma 3.1 (Convergence of Algorithm 1). Consider Algorithm I under assumptions (A.1)-(A.4). Let
0 = 1 and choose vy, 7, such that

2min{f,, 8.} min {% %R}(1 — /7,7 > 1, (3.4)

then there exists a Kuhn-Tucker pair (z*,v*) such that x* solves (Pp), v* solves (Pp), and (zy,v;) —
(z*,v%).

Proof. See [50, Corollary 4.2]. O

Remark 3.2.

(i) Assumption (A.4) is important to ensure existence of Kuhn-Tucker pairs. There are sufficient con-
ditions which ensure that (A.4) can be satisfied. For instance, assuming that (7Pp) has at least
one solution and some classical domain qualification condition is satisfied (see e.g. [18, Proposi-
tion 4.3]), assumption (A.4) can be shown to be in force.

(ii) It is obvious from (3.4) that v,v, | L||* < 1, which is also the condition needed in [13] for con-
vergence in the special case F' = G* = 0. The convergence condition in [21] differs from (3.4),
however, 7,7, HL||2 < 1 still is a key condition. The values of v,, v, can also be made varying
along iterations, and convergence of the iteration remains under the rule provided in [19]. However,
for the sake of brevity, we omit the details of this case here.

(iii) Lemma 3.1 addresses global convergence of the iterates provided by Algorithm 1 only for the case
6 = 1. For the choices 6 € [—1, 1[U]1, 400, so far the corresponding convergence of the iteration
cannot be obtained directly, and a correction step as proposed in [29] for § € [—1,1] is needed
so that the iteration is a contraction. Unfortunately, such a correction step leads to a new iterative
scheme, not simply (1.2) itself, see [29] for more details. In a very recent paper [12], the authors



also proved the convergence of the Primal-Dual splitting method of [50] for the case of § € [—1, 1]
with a proper modification of the iterates. Since the main focus of this work is to investigate local
convergence behaviour, the analysis of global convergence of Algorithm 1 for any 6 € [—1, +o0]
is beyond the scope of this paper. Thus, we will only consider the case # = 1 in our analysis.
Nevertheless, as we will see later, locally 6 > 1 gives faster convergence rate compared to the
choice § € [—1,1]. This points out a future direction of research to design new Primal-Dual
splitting methods.

Theorem 3.3 (Finite activity identification). Consider Algorithm | under assumptions (A.1)-(A.4).
Let § = 1 and choose ~,,,~, according to Lemma 3.1. Thus (zi,vg) — (x*,v*), where (x*,v*) is a
Kuhn-Tucker pair that solves (Pp)-(Pp). If moreover R € PSFu«(ME) and J* € PSF « (M), and
the non-degeneracy condition holds

—L*v* — VF(z*) € ri(0R(z")),

ND
La* — VG*(v*) € ri(0J*(v")). (ND)
Then,
(i) 9K € N such that forall k > K,
(xg, vg) € Mf* X ./\/li:
(ii) Moreover,
@ if ME =a* + TE, then TR = TE and 7, € ME hold for k > K.
(b) If ML = v+ TL, then T)" = T holds for k > K.
(¢) If R is locally polyhedral around x*, then Vk > K, xj € ./\/lf* = z* + Tﬁ, Tﬁ = Tﬁ,

VMf* R(zy) = ng* R(x*), and Vi,,R* R(zy) = 0.

(d) If J* is locally polyhedral around v*, then ¥k > K, vy, € M: = v+ T\, T = TV,

See Section A.2 for the proof.

Remark 3.4.

(i) The non-degeneracy condition (ND) is a strengthened version of (1.1).

(ii) In general, we have no identification guarantees for x; and vy if the proximity operators are com-
puted with errors, even if they are summable, in which case one can still prove global convergence.
The reason behind this is that in the exact case, under condition (ND), the proximal mapping of
the partly smooth function R and that of its restriction to MZ, locally agree nearby x* (and sim-
ilarly for J* and v*). This property can be easily violated if approximate proximal mappings are
involved, see [36] for an example.

(iii) Theorem 3.3 only states the existence of K after which the identification of the sequences happens,
and no bounds are available. In [36, 37], lower bounds of K for the FB and DR splitting methods are
provided, and similar lower bounds can be obtained here for the Primal-Dual splitting methods.
Since such lower-bounds are only of theoretical interest, we decided to skip the corresponding
details here and refer the reader to [36, 37].

3.2 Locally linearized iteration

Relying on the identification result, now we are able to show that the globally nonlinear fixed-point
iteration (3.3) can be locally linearized along the manifold ME x M.. As a result, the convergence
rate of the iteration essentially boils down to analysing the spectral properties of the matrix obtained in
the linearized iteration.



Given a Kuhn-Tucker pair (z*, v*), define the following two functions

def

R(z) = R(x) + (z, L*v* + VF(z¥)), J*(y)

def

= J'(y) = (y, La* = VG (v")).  (3.5)
We have the following lemma.

Lemma 3.5. Let (v*,v*) be a Kuhn-Tucker pair such that R € PSF (ML), J* € PSF«(ML).
Denote the Riemannian Hessians of R and J* as

def

Hp £ 5, Pps VA n R@)Ppr and Hp <y, Py Ve T (W) P (3.6)

Then Hg and H+= are symmetric positive semi-definite under either of the following conditions:
(i) (ND) holds.
(i) ME and M. are affine subspaces.

Define,

def

Wg &

then both W and W are firmly non-expansive.

(Id, + Hz) ™" and W3 £ (1d,,, + H=) 7Y, (3.7)

Proof. See [37, Lemma 6.1]. ]

In addition to (A.1) and (A.2), in the rest of the paper, we assume that ' and G* locally are C2-
smooth around x* and v* respectively. Now define the restricted Hessians of F' and G*,

def

Hp &

def

Ppr VPF(2*)Prr and Hge = P VG (0P (3.8)

def

Denote Hp £ 1d,, — Y HF, H - < 1d,, — v,Hgx, L= PTJ** LPr and

Z RS - — - = 39

We have the following proposition.

Proposition 3.6 (Local linearized iteration). Suppose that Algorithm I is run under the conditions of
Theorem 3.3. Then for all k large enough, we have

Zpy1 — 25 = My (21, — 2%) + o[z, — 2])). (3.10)
See Section A.2 for the proof.

Remark 3.7.

(i) For the case of iteration varying (,, v, ), yielding {(7, &, Vx.k) }x according to the result of [36],
(3.10) remains true if these parameters are converging to some constants such that condition (3.4)
still holds.

(i) Taking Hg+ = Id,, (i.e. G* = 0) in (3.9), one gets the linearized iteration associated to the
Primal-Dual splitting method of [21]. If we further let Hpr = 1d,, this will correspond to the
linearized version of the method in [13].

def

dim(T?%") be the

Now we need to study the spectral properties of M. Let p e dim(Tﬁ), q
)t and S = (Tt

dimensions of the tangent spaces 7.2 and 7. 13]** respectively, define S = (T2
Assume that ¢ > p (alternative situations are discussed in Remark 3.9). Let

L=X%v*

be the singular value decomposition of L, and denote the rank of L as I “ rank (L), clearly, we have
[ < p. Denote leD the k-th power of M.

10



Lemma 3.8 (Convergence property of M ,,). The following holds for the matrix M, in (3.9).
(i) If0 =1, then M, is convergent to M°, i.e.

PD’

M £ lim M* (3.11)

k—oo D’
which is the projection operator onto the set of fixed-points of M. Moreover,
VkeN, ME — M = (M, — M2)* and p(M., — M) < 1.
Given any p €]p(My, — MZY), 1], there is K large enough such that for all k > K,
1My, — M35 | = O(p").

(ii) If F = G* =0, and R, J* are locally polyhedral around (z*,v*). Then given any 6 €0, 1], M,
is convergent with

0o Y Id,,—; Y*
Idmfl

Moreover, all the eigenvalues of My, — M_75 are complex with the spectral radius

P(Myy = MZ5) = /1= 077,00, < 1, (3.13)

where Omin is the smallest non-zero singular value of L.

Remark 3.9. Here we discuss in short other possible cases of (3.12) when F' = G* = 0 and R, J* are
locally polyhedral around (z*, v*).
(i) When L = Id, then L = Pr.Ppr and oy, stands for the cosine value of the biggest principal

angle (yet strictly smaller than 7/2) between tangent spaces Tﬁ and Tl;]:.

(ii) For the spectral radius formula in (3.13), let us consider the case of Arrow—Hurwicz scheme [3],
ie. § = 0. Let R, J* be locally polyhedral, and ¥; = (Uj){jzl,...,l} be the singular values of L,
then the eigenvalues of M, are

2 = Y27,05) £ /Y705 (V7,07 — 4)
p]:( x%9) \/;” ST e, (3.14)

which apparently are complex (v, JO'JZ- <YV, IL||* < 1). Moreover,

1 2
‘p]| = 5\/(2 - ’YR,’VJU]?) - ’YR’YJU?(’YR,’YJUJQ' - 4‘) =1

This implies that M, has multiple eigenvalues with absolute values all equal to 1, then owing to
the result of [5], we have M, is not convergent.
Furthermore, for 6 € [—1, 0], we have 1 — 07, afnin > 1 meaning that M is not convergent,
this implies that the correction step proposed in [29] is necessary for § € [—1,0]. Discussion on
6 > 1 is left to Section 4.
(iii) If I = rank(L) < dim(T%), then

Y pt y*
+ |: X:| Onprrl I: X*:| .

q—1

Om—q

11



Corollary 3.10. Suppose that Algorithm 1 is run under the conditions of Theorem 3.3, then the following
claims hold:
(i) the linearized iteration (3.10) is equivalent to

(T — M) (2 — 2%) = My (I — ME5) (25— 2°) + o((Id — M%) [z — 7). (3.15)

(ii) Ifmoreover R, J* are locally polyhedral around the solution pair (z*,v*), then M2? (z,—2*) = 0
for all k large enough, and (3.15) becomes

Zpy1 — 25 = (Myy, — M2 ) (2 — 27). (3.16)
Proof. See [37, Corollary 6.5]. ]

3.3 Local linear convergence

Finally, we are able to present the local linear convergence of Primal-Dual splitting methods.

Theorem 3.11 (Local linear convergence). Suppose that Algorithm 1 is run under the conditions of
Theorem 3.3, then the following holds:
() given any p €|p(My, — MZY), 1], there exist a K large enough such that for all k > K,

I(Td — M) (2, — 2)| = O(p" ). (3.17)

(ii) If moreover, R, J* are locally polyhedral around (z*,v*), then there exists a K large enough such
that for all k > K, we have directly

|lze — 2*| = O(p" %), (3.18)

Jorpe [IO(MPD - M;B)a 1[-
Remark 3.12.

(i) Similar to Proposition 3.6 and Remark 3.7, the above result remains hold if (vy,,~,) are vary-
ing yet convergent. However, the local rate convergence of ||z, — z*| will depends on how fast
{(7, k> Vrn.k)}k converge, that means, if they converge at a sublinear rate, then the convergence
rate of ||z, — 2*|| will eventually become sublinear. See [37, Section 8.3] for the case of Douglas—
Rachford splitting method.

(i) When F' = G* = 0 and both R and J* are locally polyhedral around the (z*, v*), then the con-
vergence rate of the Primal-Dual splitting method is controlled by 6 and v, as shown in (3.13);
see the upcoming section for a detailed discussion.

For general situations (i.e. F, G* are nontrivial and R, J* are general partly smooth functions),
the factors that contribute to the local convergence rate are much more complicated, which involve
the Riemannian Hessians of the functions.

4 Discussions

In this part, we present several discussions on the obtained local linear convergence result, including
acceleration, the effects of & > 1, local oscillation and comparison with FB splitting method and DR
splitting method.

To make the result easier to deliver, for the rest of this section we focus on the case where F' = G* =
0, i.e. the Primal-Dual splitting method of [13], and moreover R, J* are locally polyhedral around the
solution pair (z*, v*). Under such setting, the matrix defined in (3.9) becomes
def Idn - RE*

M:

PD 'YJE 1d,, — (1 4 G)PYJFVREE* 4.1)

12



4.1 Choice of §

Owing to Lemma 3.8, the matrix M, in (4.1) is convergent for 6§ €]0, 1], see Eq. (3.12), with the spectral

radius
p(Myy, — M) = /1= 0y,7,0%, <1, 4.2)

with o in being the smallest non-zero singular value of L.

In general, given a solution pair (z*,v*), omin is fixed, hence the spectral radius p(Mp, — M?Y ) is
simply controlled by ¢ and the product «y,,. To make the local convergence rate as faster as possible, it
is obvious that we need to make the value of 6y, as big as possible. Recall in the global convergence
of Primal-Dual splitting method or the result from [13], that

2
Vel LT < 1.

Denote oy, the biggest singular value of L. It is then straightforward that v,v,02,.. < 7,7,/ L|* <1

and moreover
IO(MPD - MFC:;) =V 1- Q’YR’YJO—Iznin (4.3)

> \/1 — O(omin /|| LI))? > \/1 — 0(0min/0max)?.

If we define cnd = Omax,/Omin the condition number of L, then we have

p(Myy, — MZ2) > /1 —0(1/cnd)?.

To this end, it is clear that = 1 gives the best convergence rate for § € [—1, 1]. Next let us look at
what happens locally if we choose # > 1.The spectral radius formula (4.2) implies that bigger value of 0
yields smaller spectral radius p(M,, — MZ? ). Therefore, locally we should choose 6 as big as possible.
However, there is an upper bound of 6 which is discussed below.

Following Remark 3.9, let X7 = (Uj){jzl,...,l} be the singular values of L, let p; be the eigenvalue

of My, — MZ°, we have known that p; is complex with

(2-(1-F9)7R7JU?)i:Vkl-%ﬁ)zviviaﬁ-4wR710? 5
pj = 5 o |oil = /1= 077,075

Now let 6 > 1, then in order to let | p;| make sense for all j € {1, ...,}, there must holds

1
1-0 o2 >0e=0< ——
Ty Fmax = T VRV Timax

which means that 6 indeed is bounded from above.

Unfortunately, since L = Prr LP 1+, the upper bound can be only obtained if we had the solution

pair (z*,v*). However, in practice we can use back-tracking or the Armijo-Goldstein-rule to find the
proper 6. See Section 6.4 for an illustration of online searching of 6. It should be noted that such updating
rule can also be applied to 7, ,,, since we have ||L|| < ||L|, hence locally bigger values of them should
be applicable. Moreover, it should be noted that in practice one can choose to enlarge either 6 or v, v,
as they will have very similar acceleration outcome.

Remark 4.1. It should be noted that the above discussion on the effect of # > 1 may only valid for the
case F' = 0,G* = 0, i.e. the Primal-Dual splitting method of [13]. If F" and/or G* are not vanished,
then locally, 8 < 1 may give faster convergence rate.

13



4.2 Oscillations

For the inertial FB splitting and FISTA [7] methods, it is shown in [36] that they locally oscillate when
the inertia momentum are too high (see [36, Section 4.4] for more details). When solving certain type
of problems (i.e. F' = G* = 0 and R, J* are locally polyhedral around the solution pair (z*, v*)), the
Primal-Dual splitting method also locally oscillates (see Figure 6 for an illustration). As revealed in the
proof of Lemma 3.8, all the eigenvalues of M, — M7 in (4.1) are complex. This means that locally
the sequences generated by the Primal-Dual splitting iteration may oscillate.

For oy, the smallest non-zero singular of L, one of its corresponding eigenvalues of M, reads

G A O+ 072720k, — 49,7002,
Omin 2 ’

and (1 + 0)%/%73 Omin — 47,7202, < 0. Denote w the argument of p, _ , then

2— (1+0)7,7,0m;
— J R 7 min . 44
COS(w) \/1 - G'YJ 7R012r1in ( )

The oscillation period of the sequence ||z}, — z*|| is then exactly ”. See Figure 6 for an illustration.

Remark 4.2.

(i) Complex eigenvalues is only a necessary condition for local oscillation behaviour. When the in-
volved functions are all polyhedral, the eigenvalues of the local linearized operator of DR splitting
method are also complex (see [24, 4]), however, the iterates of DR splitting method do not oscillate.

(ii) The mechanisms of oscillation between Primal—Dual splitting and the inertial FB splitting (includ-
ing FISTA) methods are different. The oscillation of FISTA is caused by the inertial momentum
being too large, while the oscillation of Primal-Dual splitting is due to the polyhedrality of the
functions, which makes the eigenvalues all complex (see Lemma 3.8). Furthermore, if F' # 0
and/or G* # 0, then the Primal-Dual splitting method may not oscillate, see Figure 2 (c) numeri-
cal evidence.

4.3 Relations with FB and DR/ADMM

In this part, we discuss the relation between the obtained result and our previous work on local linear
convergence of FB splitting [34, 36] and DR splitting [38, 37].

4.3.1 FB splitting
For problem (Pp), when J = G* = 0, Algorithm 1 reduces to, denoting v = v, and 8 = 3,
T+1 = prox, g (zp — YV F(zy)), 7 €)0,26], 4.5)

which is the non-relaxed FB splitting method [39] with constant step-size.
Let z* € Argmin(R + F') be a global minimizer to which {zy }xen of (4.5) converges, the non-
degeneracy condition (ND) for identification then becomes

—VF(z*) € 1i(OR(z")),

which recovers the conditions of [36, Theorem 4.11]. Following the notations of Section 3, define M, o
Wx(Id,, — vHF), we have for all k large enough

Tpp1 — 2" = Myg (2 — 27) + o[y, — 7))

From Theorem 3.11, we obtain the following result for the FB splitting method, for the case y being fixed.

14



Corollary 4.3. For problem (Pp), let J = G* = 0 and suppose that (A.1) holds and Argmin(R +
F) # 0, and the FB iteration (4.5) creates a sequence v, — x* € Argmin(R + F) such that R €
PSF (M), F is C? near x*, and condition —NV F (z*) € 1i(OR(z*)) holds. Then

() given any p €|p(Myy — M2 ), 1|, there exist a K large enough such that for all k > K,

1(Id — M%) (2 — )| = O(p"5). (4.6)

(ii) If moreover, R are locally polyhedral around x*, there exist a K large enough such that for all
k > K, we have directly
k. — 2 = O(p"~"), 4.7

for p € [p(Myy, — Mb?g% 1.

Proof. Owing to [6], M, is %—averaged non-expansive, hence convergent. The convergence rates
in (4.6) and (4.7) are straightforward from Theorem 3.11. ]

Unlike the result in [34, 36], for the local linear convergence of FB splitting method, a so-called
restricted injectivity condition (RI) is required, which means that H should be positive definite. More-
over, RI condition can be only removed when J is locally polyhedral around x* (e.g. see [36, Theorem
4.9]), while in this paper, we show that no polyhedrality is needed. However, the price of removing such
a condition is that the obtained convergence rate is on a different criterion (i.e. ||(Id — M2 ) (xg — 2*)|)
other than the sequence itself (i.e. ||z — x*|)).

4.3.2 DR splitting and ADMM
Let F = G* = 0 and L = Id, then problem (Pp) becomes

min R(z) + J(x).
TER™

For the above problem, below we briefly show that DR splitting is the limiting case of Primal-Dual
splitting by letting vy, = 1. First, for the Primal-Dual splitting scheme of Algorithm I, let ¢ = 1 and
change the order of updating the variables, we obtain the following iteration
Uk‘-‘rl g prOX,YJ J* (Uk + ’yjffk;)
Tyl = provaR(:zk — VrUk+1) (4.8)
Tpt1 = 2Tp41 — Tk
Then apply the Moreau’s identity (2.4) to ProxX, s+, lety, = 1/v, and define z;11 = T — Y, Vk+1,
iteration (4.8) becomes
Upr1 = provaJ(2a:k — 2k)
21 = 2 + U1 — Tk 4.9)
Lh+1 = prOX'yRR(Zk-i—l)v

which is the non-relaxed DR splitting method [25]. At convergence, we have u, xp — x* = prox., r(z%)
where z* is a fixed point of the iteration. See also the discussions in [13, Section 4.2].

Specializing the derivation of (3.9) to (4.8) and (4.9), we obtain the following two linearized fixed-
point operator for (4.8) and (4.9) respectively

Id, Y Prr Pro ]

M, =
1 ’YJPTJ** PTIi Idn - Q'YJ’}/R PTJ: PTIE PTJ**

2 g x v*
%PTJ* Prr  Idy — 2Py Prr Ppy:

v*
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Owing to (ii) of Lemma 3.8, M7, M5 are convergent. Let w be the largest principal angle (yet smaller
than 7 /2) between tangent spaces 7% and 7)., then we have the spectral radius of M; — M reads ((i)
of Remark 3.9),

p(My — M7®) = /1 — 7,7, cos2(w)

1 — cos?(w) = sin(w) = cos(7/2 — w).

(4.10)

Suppose that the Kuhn-Tucker pair (z*, v*) is unique, and moreover that R and J are polyhedral. There-
fore, we have that if J* is locally polyhedral near v* along v* 4+ T'.", then .J is locally polyhedral near

v*

x* around z* + T/, and moreover there holds T/, = (T, "), As aresult, the principal angles between

x* r* T
TR T7 and the ones between T2, T, are complementary, which means that 7 /2 — w is the Friedrichs

x*r Loy* x* x

angle between tangent spaces 7%, T/,. Thus, following (4.10), we have

xxy txxe

p(My — M7®) = (/1 — 7,7, cos?(w) > cos(m/2 — w) = p(My — M5°).

S Multiple infimal convolutions

In this section, we consider problem (Pp) with more than one infimal convolution. Le m > 1 be a positive
integer. Consider the problem of minimizing

min R(z )+ Zm )(Lix), (Pp)
z€R™
where (A.1) holds for R and F', and for every i = 1, ..., m the followings are hold:
(A’.2) J;,G; € I'o(R™), with G; being differentiable and /3 ;-strongly convex for B¢ ; > 0.
(A’.3) L; : R" — R™ is a linear operator.
(A’.4) The condition
0 € ran (aR+VF+Z " LI(0J,00G))L )

The dual problem of (Pp) reads,

. * F* o * * m

meRmf?.l.gmeanm(R v )( ) + El 1 i)+ Gilv )) (Pp)

Problem (P}) is considered in [50, 19], and a Primal-Dual splitting algorithm is proposed there

which is an extension of Algorithm 1 using a product space trick, see Algorithm 2 hereafter for details.
In both schemes proposed by [50, 19], the choice of 6 is set as 1.

Algorithm 2: A Primal-Dual splitting method
Initial: Choose v, (v, ); > 0. Fork =0, 29 € R",v;9 € R™, i € {1,...,m};

repeat
Th+1 = PYOXVRR(M — Ve VEF(xr) =75 22 L;‘kvi,k)
Tpt1 = 2Tp41 — Tk, S
Fori=1,...m G.D
\‘Ui,k—&-l = ProXy g (Ui,k: - ’YJI.VGT (vig) + ’YJiLika)a
k=k+1;

until convergence;

16



5.1 Product space

The following result is taken from [19]. Define the product space KK = R™ x R™! x ... x R™~ and let
Id be the identity operator on XC. Define the following operators

d,  _7x ... _[*
OR L - Li VF W L
A —Ly 0Ji B VGI - —L EPe
L, 0.7, /e s o,
" REA
(5.2)
Then A is maximal monotone, B is min{/,,, ﬁGl ., B, }-cocoercive, and 'V is symmetric and v-
positive definite with v = (1—, /v, >, ILi| )mln{v , 71 ,%} Define zj, = (2, V15, - - - ,vm,k)T,
i Im
then it can be shown that (5.1) is equivalent to
2pi1=(V+A) Y (V-B)zp = (Id+V 1A' (Id - V'B)z. (5.3)
5.2 Local convergence analysis
Let (z*, v}, ..., v}) be a Kuhn-Tucker pair. Define the following functions
T (vg) E JF () — (vi, Lig* — VG (vF)), v; € R™, i€ {1,...,m}, (5.4)

and the Riemannian Hessian of each J7,

def 2 Tx def .
Hys :le.PT;z; AWl (U?)PTfi* and Wiz & (Idp, + Hyz) ™' i€ {Lom}. (5.5)

For each i € {1,...,m}, owing to Lemma 3.5, we have that W= is firmly non-expansive if the non-

degeneracy condition (ND,,) below holds. Now suppose that F' locally is C? around z* and G locally

def

is C? around v?, define the restricted Hessian Hg» = P VQGZ‘(U;*)PT sx. Define Hgr = Id,y,

v¥ ?
1 13
def

’YJ*HG L;=P J*L PTR and the matrix

1)
i

Wﬁi e Wr Li s 7’7RW§E:
dof ’nyWJle( WRHF—Idn) WJ*(HG* —2’YJ ’}/RL1W L )
My, = :
Yoz Wi Z/'"(QWRFIF — Idn) T Wi (HG?Z - 27./;; Yo LuWL,)
(5.6)

Using the same strategy of the proof of Lemma 3.8, one can show that M, is convergent, which again
is denoted as M2, and p(M,, — M22) < 1

Corollary 5.1. Consider Algorithm 2 under assumptions (A.1) and (A’.2)-(A’.4). Choose 7, (y 7, )i >
0 such that

2min{B,, Bg ;- ,BGm}mln{L L ...,i}(l —\/ Ve 2 'yJi||Li||2) > 1. (5.7)

TYTr Tn Y1

(ks V1 gy ooy Umr) — (27,07, ..., 0)), whfre x* solves (P[) and (v, ..., v},) solve (P[}). If moreover
R € PSFy+ (ML) and J; € PSF (/\/l;)]‘* ),i € {1,...,m}, and the non-degeneracy condition holds

— Y. Liv; — VF(2*) € 1i(OR(2%))
Liz* — VGi(v*) €ri(dJf(vY)), Vie {1,...,m}.

1

(NDy)

Then,
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(i) K > 0 such that for all k > K,
Ji JE
(xk,vl,k, --'>Um7k) S ./\/lg* X M”% X o+ X MU;.
ii) Given any p €|p — , 1|, there exist a K large enough such that for all k > K,
(ii) Gi My, — M7), 1], th ista K | h such th k>K
I(Td — MY (=2, — 27)| = O ("~ F). (5.8

Ifmoreover, R, J{, ..., J7: are locally polyhedral around (z*, vy, ..., v}), then we have directly have

lzi, — %] = O(p"~ 7).

6 Numerical experiments

In this section, we illustrate our theoretical results on several concrete examples arising from fields in-
cluding inverse problem, signal/image processing and machine learning.

6.1 Examples of partly smooth function

Table 1 provides some examples of partly smooth functions that we will use throughout this section, more
details about them can be found in [36, Section 5] and the references therein.

Table 1: Examples of partly smooth functions. For x € R"™ and some subset of indices 6 C {1,...,n},

x4 is the restriction of x to the entries indexed in 6. D . stands for the finite differences operator.

Function Expression Partial smooth manifold

£1-norm lzll, = >0 |2l M=T,={zeR": I,C L}, I,={i: z; #0}

{1 5-norm S s

M:Tm:{ZGR”: IZQIE},I :{i: :E@.;é()}

loo-norm | max;—q1, ny @] | M =T, ={z€R": 2z, € Rsign(zy,)}, L = {i: |2i| = 2]}

TV semi-norm

|xHTV = ||DDIF$||1 M=T, = {Z e R™: IDDIFz c IDDIFI}’ IDDIFI = {7’ : (DDIFx)i 7& 0}

Nuclear norm | [z, = >7_; o(z) |[M = {z € R™*"2 : rank(z) = rank(z) = r}, o(«) singular values of x

The ¢1, {o-norms and the anisotropic TV semi-norm are all polyhedral functions, hence their Rie-
mannian Hessian are simply 0. The ¢; >-norm is not polyhedral yet partly smooth relative to a subspace,
the nuclear norm is partly smooth relative to the set of fixed-rank matrices, which on the other hand is
curved, the Riemannian of these two functions are non-trivial and can be found in [49] and references
therein.

6.2 Linear inverse problems

Given an object zop € R", often times we can not access it directly, but through the following observation
model,
b =Xz, (6.1)

where b € R™ is the observation, K : R” — R™ is some linear operator. A more complicated situation
is when the observation is contaminated by noise, namely, b = Kz, + w, where w € R™ is the noise.

The operator K usually is ill-conditioned or even singular, hence recovering or approximating oy
from (6.1) in general is ill-posed. However, usually some prior knowledge of xqp can be available. Thus,
a popular approach to recover zq, from b is via regularization, by solving

min R(z) + J(Kz — b), 6.2)
z€R™
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where

— R € T'o(R") is the regularizer based on the prior information, e.g. ¢1,¢ 2, s-norms, nuclear
norm;

— J € Ty(R™) enforces fidelity to the observations. Typically J = ¢y when there is no noise, i.e.
w = 0.
Clearly, (6.2) is a special instance of (Pp) with F' = G* = 0, hence Algorithm 1 can be applied.
We consider problem (6.2) with R being /1, {1 2, {s-norms, and nuclear norm. X € R™*"™ is gen-

erated uniformly at random with independent zero-mean standard Gaussian entries. The settings of the
experiments are:

l1-norm (m,n) = (48,128), 0 =8
{1 o-norm (m,n) = (48,128), x4, has 3 non-zero blocks of size 4;
lo-norm (m,n) = (63,64), |I(xeb)| = 8;

Nuclear norm (m,n) = (500, 1024), xo, € R32*32 and rank(zqp) = 4.

Figure 1 displays the profile of ||z — z*|| as a function of k, and the starting point of the dashed line
is the iteration number at which the active partial smoothness manifold of M. is identified (recall that
M. = {0} which is trivially identified from the first iteration). One can easily see that for the ¢; and
£, norms, Theorem 3.11 applies and our estimates are very tight, meaning that the dashed and solid lines

has the same slope. For the case of /1 2-norm and nuclear norm, though not optimal, our estimates are
very tight.

102 : : : : : : : : 102
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Figure 1: Observed (solid) and predicted (dashed) convergence profiles of Algorithm I in terms of ||z, —
z*||. (a) £1-norm. (b) {so-norm. (c) ¢1 2-norm. (d) Nuclear norm. The starting point of the dashed line
is the iteration at which the active manifold of .J is identified.
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6.3 Total variation based denoising

In this part, we consider several examples of total variation based denoising, for the first two examples, we
suppose that we observe b = xq,+w, where x,, is a piecewise-constant vector, and w is an unknown noise
supposed to be either uniform or sparse. The goal is to recover x4, from y using the prior information
on xp (i.e. piecewise-smooth) and w (uniform or sparse). To achieve this goal, a popular and natural
approach in the signal processing literature is to solve

5161]'%11 [Dpexly subjectto [|b—zf, <, (6.3)
where p = 400 for uniform noise, and p = 1 for sparse noise, and 7 > 0 is a parameter depending on
the noise level.

Problem (6.3) can also formulated into the form of (Pp). Indeed, one can take R = U], <7
J=1|;, F=G*=0,and L = D, is the finite difference operator (with appropriate boundary
conditions). The proximity operators of R and J can be computed easily. Clearly, both two indicator
functions are polyhedral, and their proximal operator are simple to compute.

For both examples, we set n = 128 and x, is such that D, . zop has 8 nonzero entries. For p = +o00,
w is generated uniformly in [—1, 1], and for p = 1, w is sparse with 16 nonzero entries. The corresponding
local convergence profiles are depicted in Figure 2(a)-(b). Owing to polyhedrality, our rate predictions
are again optimal.

Practical observation
— — Theoretical estimation

Practical observation Practical observation
— — — Theoretical estimation — — — Theoretical estimation

14
G
2|
2

4
[

10° ~ 10° ~ 10° 1 NS

1010 1010 1010
50 100 150 200 1000 2000 3000 4000 5000 6000 50 100 150 200 250 300 350 400

k 1 .

(a) Sparse noise removal p = 1 (b) Uniform noise removal p = oo (c) Gaussian noise removal

Figure 2: Observed (solid) and predicted (dashed) convergence profiles of Primal-Dual (1.2) in terms
of ||z — 2z*||. (a) Sparse noise removal. (b) Uniform noise removal. (c) Gaussian noise removal. The
starting point of the dashed line is the iteration at which the active manifold of J is identified.

We also consider an underdetermined linear regression problem
b=Kxep +w.

We assume that the vectors to promote are group sparse and each non-zero group is constant. This
regression problem can then be approached by solving

. 1 2
min MIHx”LQ"" §||J<$—b|| + p2l| Dyl
TER™

where p1; > 0, || - ||, 5 is a first regularizer that favours group sparsity, and || D, - ||, a second regularizer

designed to promote piece-wise constancy. This is again in the form of (Pp), where R = p1]| - |

1,27
F = %HSK - =b|% J = pa| - |l;, G* = 0,and L = D, . For this example, we set zo, € RS with 2
piecewise constant non-zeros blocks of size 8. The result is shown in Figure 2(c), the estimate is not as
tight as the other 2 examples, but still sharp enough.
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6.4 Choicesof Y and v,,,

In this part, we present a comparison on different choices of 6 and v, 7, to see their influences on the
finite identification and local linear convergence rate. Two examples are consider for these comparisons,
problem (6.2) with R being ¢;-norm and ¢; 2-norm.

Fixed # We consider first the case of fixing 6, and changing the value of ~,~,||L||*. 4 different cases
are considered, which are
7,7 LI € {0.3,0.6,0.8,0.99},

and we fix § = 1, moreover we set 7, = ,. The comparison result is shown in Figure 3, and we have
the following observations
(i) The smaller the value of ~,7, || L||?, the slower the iteration converges;
(ii) Bigger value of «y,, leads to faster identification (since J* is globally C2-smooth, so only the iden-
tification of R for this case).

102 T T T T 102
%nHLHz =03 %%HLHz =03
vaLHZ =0.6 w,,w,(HLHZ =0.6
Y YalILII" =08 YV Vel ILII” =08
02l Vvl LP =0.99 | 02l Yl LP = 0.99 |
| |
10° 106
10'10 L L L L 10'10 L L L L L L L L
500 1000 1500 2000 100 200 300 400 500 600 700 800 900
k k
(a) £1-norm (b) £1,2-norm

Figure 3: Comparison of the choice of 7,,~,, when 6 is fixed.

Fixed 7,7, | L||> Now we turn to the opposite direction, fix the value of y,,.||L||? and then change 6.
In the test, we fixed 7,7, ||L]|* = 0.9 and -, = ~,, 5 different choices of § are considered, which are

6 € {0.5,0.75,1.0,2.0},

plus one with Armijo-Goldstein-rule for adaptive update 6. Although there’s no convergence guarantee
for 6 = 2.0, in the tests it converges and we choose to put it here as an illustration of the effects of 6. The
result is shown in Figure 4, and we have the following observations
(i) Similar to the previous one, the smaller the value of 6, the slower the iteration converges. Also,
the Armijo-Goldstein-rule is the fastest one of all.
(ii) Interestingly, the value of # has no impacts to the identification of the iteration.

Fixed 0 and ~,v, For the above comparisons, we fix 7, = 7, so for this comparison, we compare
the different choices of them. We fix § = 1 and v, v, | L||* = 0.99, then we choose

0.99
2 .
Vel Ll

Figure 5 shows the comparison result, we can also have two observations

v € {0.25,0.5,1,2} and v, =
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Figure 4: Comparison of the choice of ¢ when v, v,, are fixed.

(i) For the ¢1-norm, since both functions are polyhedral, local convergence rate are the same for all
choices of v, see (3.13) for the expression of the rate. The only difference is the identification
speed, v, = 0.25 gives the slowest identification, however it uses almost the same number of
iterations reaching the given accuracy;

(ii) For the ¢1 2-norm, on the other hand, the choice of v, affects both the identification and local
convergence rate. It can be observed that bigger v, leads to faster local rate, however, it does not
mean that the bigger the better. In fact, too big value will slow down the convergence.

Yp = 0.25
Yr =05
Ve = 1.0
102 102 Ve =20
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\ |
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Figure 5: Comparison of fixed 6 and «y,,,, but varying .

To summarize the above comparison, in practice, it is better to chose ¢ and v, as big as possible,

moreover, the choices of v, and v, should be determined based on the properties of the functions at hand
(i.e. polyhedral or others).

6.5 Oscillation of the method

We dedicate the last part of the numerical experiment to the demonstration of the oscillation behaviour
of the Primal-Dual splitting method when dealing with polyhedral functions. As we have seen from the
above experiments, oscillation of ||z — z*| happens for all examples whose involved functions R, J* are
polyhedral, even for the non-polyhedral ¢1 >-norm (for the {,-norm, due to the fact that the oscillation
period is too small compared to the number of iteration, hence it is not visible).

Now to verify our discussion in Section 4, we consider problem (6.2) with R being the ¢1-norm for
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this illustration, and the result is shown in Figure 6. As revealed in (4.4), the argument of the leading
eigenvalue of My, — M2’ is controlled by 67,7, so is the oscillation period. Therefore, the value
7,7 is tuned such that the oscillation period is an integer, and 7/w = 12 for the example we tested.
Figure 6 shows graphically the observed oscillation, apparently the oscillation pattern coincides well with
the theoretical estimation.

10?2 T T T T T T T T T T T T T T T T T T T T T T

[l = 27|

10

ll2x — 2"l

40 52 64 76 88 100 112 124 136 148 160 172 184 196 208 220 232 244 256 268 280 292

k

10°

Figure 6: Oscillation behaviour of Primal-Dual splitting method when dealing with polyhedral functions.

7 Discussion and conclusion

In this paper, we studied local convergence properties of a class of Primal-Dual splitting methods when
the involved functions are moreover partly smooth. In particular, we demonstrated that these methods
identify the active manifolds in finite time and then converge locally linearly at a rate that we characterized
precisely. We also built connections of the presented result with our previous work on forward—backward
splitting method and Douglas—Rachford splitting method/ADMM. Though we focused on one class of
Primal-Dual splitting methods, there are other Primal-Dual splitting schemes, such as those in [11, 18,
26], for which our analysis and conclusions can be straightforwardly extended.
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A Proof of Section 3

A.1 Riemannian Geometry

Let M be a C%2-smooth embedded submanifold of R™ around a point zz. With some abuse of terminology, we shall
state C2-manifold instead of C2-smooth embedded submanifold of R™. The natural embedding of a submanifold
M into R™ permits to define a Riemannian structure and to introduce geodesics on M, and we simply say M is
a Riemannian manifold. We denote respectively T((x) and Ny () the tangent and normal space of M at point
near z in M.

23



Exponential map Geodesics generalize the concept of straight lines in R™, preserving the zero acceleration
characteristic, to manifolds. Roughly speaking, a geodesic is locally the shortest path between two points on
M. We denote by g(t; x, h) the value at t € R of the geodesic starting at g(0; z, h) = « € M with velocity

g(t;x,h) = %(t; x,h) = h € Ty (x) (which is uniquely defined). For every h € Tp(z), there exists an interval
I around 0 and a unique geodesic g(¢;x, h) : I — M such that g(0; z, h) = x and §(0; x, h) = h. The mapping

Exp, : Tm(x) = M, h— Exp,(h) = g(1;z,h),
is called Exponential map. Given x, ' € M, the direction h € T () we are interested in is such that

Exp,(h) =2’ = g(1;,h).

Parallel translation Given two points z,z’ € M, let Trq(z), Tam(x') be their corresponding tangent spaces.
Define
7 Tmlx) = Ta(a'),

the parallel translation along the unique geodesic joining x to z’, which is isomorphism and isometry w.r.t. the
Riemannian metric.

Riemannian gradient and Hessian For a vector v € Ny(z), the Weingarten map of M at x is the operator
W, (-, v) : Tam(x) = Ta(x) defined by

W, (- v) = —Pry@dVIhl,

where V' is any local extension of v to a normal vector field on M. The definition is independent of the choice of
the extension V', and 20, (-, v) is a symmetric linear operator which is closely tied to the second fundamental form
of M, see [15, Proposition II.2.1].

Let J be a real-valued function which is C? along the M around z. The covariant gradient of .J at 2’ € M is
the vector V o J (') € Ta(2') defined by

(Vand (@), h) = LT (Pau(a’ +th)

i Vh € TM(ml),

‘t:()’
where P 54 is the projection operator onto M. The covariant Hessian of J at 2’ is the symmetric linear mapping
V3,J (') from T (z') to itself which is defined as

d2

5J (Pam(2’ + th))

(V3T (), by =

l,_» Vh € Ta(a"). (A.1)

This definition agrees with the usual definition using geodesics or connections [40]. Now assume that M is a
Riemannian embedded submanifold of R™, and that a function .J has a C?-smooth restriction on M. This~ can be
characterized by the existence of a C?2-smooth extension (representative) of .J, i.e. a C?-smooth function .J on R"
such that J agrees with J on M. Thus, the Riemannian gradient V r,.J(z') is also given by

VM J(CC/) = PTM(z/)VJ(x'), (A.Z)
and Vh € Tp(z'), the Riemannian Hessian reads

Vi (@) = Py oy d(Vand) (2')[h] = Py ond(2” = Py oy Vo) [1]

T ~ (A.3)
= PTM(x')VQ‘](x/)h + 20,/ (hv PNM(I’)VJ(-f/))a

where the last equality comes from [1, Theorem 1]. When M is an affine or linear subspace of R", then obviously

M =2+ Tym(z), and W (h, Ppry, 2\ VI (2')) = 0, hence (A.3) reduces to
Vi,t{](l‘/) = PTM(x’)v2j(x/)PTM(w’)-
See [31, 15] for more materials on differential and Riemannian manifolds.

We have the following proposition characterising the parallel translation and the Riemannian Hessian of two
close points in M.
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Lemma A.1. Ler x, 2’ be two close points in M, denote Tyq(x), Tar(x') be the tangent spaces of M at x,x’
respectively, and T : Ty (z') — Ty (x) be the parallel translation along the unique geodesic joining from x to x/,
then for the parallel translation we have, given any bounded vector v € R™

(TP 7 — Pra)v = o([[v]). (A4)

The Riemannian Taylor expansion of J € C*(M) at x for x' reads,
VM (') = Vmd () + Vi d () Pry ) (2 — z) + oz’ — z|)). (A.5)
Proof. See [36, Lemma B.1 and B.2]. O

Lemma A.2. Let M be a C?-smooth manifold, & € M, R € PSFz(M) and i € OR(Z). Let R be a smooth
representative of R on M near x, then given any h € Tj, B
(1) when M is a general smooth manifold, if there holds u € ri(aR(:E)), define the function R(x) = R(x) —

(x, u), then
(P1, VI R(Z)Pr,h, h) > 0. (A.6)
(ii) if M is affine/linear, then we have directly,
(P, V2,R(Z)Pr, h, h) > 0. (A7)
Proof. See [36, Lemma 4.3]. O

A.2 Proofs of main theorems

Proof of Theorem 3.3.
(i) From the iteration scheme (1.2), for the updating of =1, we have for zj1,

Thy1 = prox,yRR(xk. — v, VF(zy)) — ’}/RL*’Uk-)

1 *
= 5 (zr = ¥ VF () = v L 0k — Tp41) € OR(wp41),
R

and then
dist(—L*v* — VF(2*),0R(zp41)) < || — L*v* — VF(z*) — i(mk — . VE(z) — v, L vk — xp41) ||

1 1 *
< (5= + g2 )lwe = @l + Lo = v*]| = 0.
Tr F

Similarly for vg1
Vg1 = pI‘OX,YJ J* (’Uk - ’)/JVG* (Uk) —+ ’YJLfk‘Jrl)

1 * - *
— 7(1% — 7, VG* (vg) + v, LTq1 — g1) € O (vg41),

J
then we have
dist(La* — VG*(v*), 8" (vk41))
<[ La* = VG (v*) = 5+ (vk =7, VG (k) + 7, Lk — vera)|

IA

1 * * * = *
ok = vk VG (wr) = VG @I+ [ L1251 = 27]

< (24 2 ) o — ot + LN+ O)llargr — |+ Ollar, — a*]) — .
Y Be

By assumption, J* € T'o(R™), R € T'o(R™), hence they are sub-differentially continuous at every point in

their respective domains [44, Example 13.30], and in particular at v* and *. It then follows that J*(vy) —

J*(v*) and R(xy) — R(z*). Altogether with the non-degeneracy condition (ND), shows that the conditions

of [28, Theorem 5.3] are fulfilled for (—Laz* + VG*(v*), -) + J* and (L*v* + VF(2*), -) + R, and the

finite identification claim follows.
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(ii)) (a) In this case, MZE is an affine subspace, i.e. ME = x* + Tk

7 it is straight to have 7, € MZE.. Then
since R is partly smooth at 2* relative to M, , the sharpness property holds at all nearby points in

/\/lf& [33, Proposition 2.10]. Thus for k large enough, i.e. z; sufficiently close to z* on Mf*, we
have indeed 7, (ME) = TE = TE as claimed.

(b) Similar to (ii)(a).

(c) Itis immediate to verify that a locally polyhedral function around x* is indeed partly smooth relative
to the affine subspace z* +7% , and thus, the first claim follows from (ii)(a). For the rest, it is sufficient

to observe that by polyhedrality, for any x € MZE, near z*, 9R(x) = OR(x*). Therefore, combining
local normal sharpness [33, Proposition 2.10] and Lemma A.2 yields the second conclusion.
(d) Similar to (ii)(c). O

Proof of Proposition 3.6. From the update of zj, in (1.2), we have
Ty — Ya VE(2r) = VoL vk — Tpi1 € 1 0R(2p41),
—v,VF(z*) — v, L*v* € y,0R(x").

Denote 7, the parallel translation from Tﬁ to T2, Then project on to corresponding tangent spaces and apply
parallel translation,

VaTieV pr, R(@ii1) = T Prs wp (2 — 7, VF(21) — 7 Lok — 2p41)
= PT;%* (g — Vo VF(2g) — v L vk — Zpy1)
+ (T,CRPTf* Tyt — Ppr ) (@ — v, VEF(2k) = vo L0k — p41),
e, B(%) = P (—1, VF(a*) — 7, L"),
which leads to
VaTieV pr, R(@h41) = 7,V pqm, R(a)
=Py ((zr = V2 VF(@r) = 7 L0k = zp41) = (@ =7, VF(2*) =7, L"v" —27))

+ (18P ki1 = Pra ) (7, VF (@) = 7, L70") s

Term 1

+ (1P s st — Py ) (@r — 1 VE (1) = 1 L0k — 2is1) + (7, V(@) + 7, L°0).

Term 2

Moving Term 1 to the other side leads to
VT g, R(@ii1) = 7o Voaas, R@*) = (1P i — Pro ) (—7, VE(@*) = 7, L*0*)
=y, T (VMf* R(zp41) + (L*v* + VF(z*))) — 7, (va& R(z*) + (L*v* + VF(z%)))
= 7P Vi, R(@ )Pyt (2 — ) + ol |angs — 7)),
where Lemma A.2 is applied. Since zx41 = provaR(;vk — ¥u VF(xg) — v L v), prox,, p is firmly non-
expansive and Id,, — ~y,, VF is non-expansive (under the parameter setting), then
I(@r =¥ VE(2k) = 7o L0k = Tpp1) = (@7 = 7, VE(@") =75 L0 — 27))
< N (Idp =7, VE) (@) = (dn = 7, VE) (@) + 74l L vk — L0 (A.9)
<Hlzw = 2"l + e Lok — o™
Therefore, for Term 2, owing to Lemma A.1, we have
(7i Prr w1 — Prr ) (2 = 7 VE(@r) = 7o L'k = 2p11) = (2% = 7, VF(2") =7, L*0" —2%))
= olllex — ™[ + va | Llllloe = v*[))-

Therefore, from (A.8), and apply x3, — 2* = Prr (zx — 2*) + o(wy, — 2*) [34, Lemma5.1] to (241 — 2*) and
(z — %), we get

(Idy + Hp) (241 — 27) + o([|wr1 — 27]))
= (wx = 27) =7 Prr (VF (k) = VE(@7)) = 75 Prr L (vk = v7) + o(([zy, — 27| + v, [ L[lve = v7]))-
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Then apply Taylor expansion to V', and apply [34, Lemma 5.1] to (vy — v*),

(Idn + HR)(ka — CE*)

* T * * * * (AIO)
= (dp =7 Hp)(xp — 27) =7, L™ (0k — v") + o[lz — 2| + v [ LIl ve — v7])).

Then invert (Id,, + Hy) and apply [34, Lemma 5.1], we get
i1 — 2* = WrHp(zp — 27) = v, WgL" (ve = v*) + oz — 2| + vg [ Ll v — v*[))- (A.11)
Now from the update of vj41

vk =7, VG (0k) + 7, LTp1 — vrt1 € 7,007 (vk11),
v* =, VG*(v*) + v, La* — v* € 4,0 (v*).

Denote T,;]j:l the parallel translation from Tl;{;l to T2, then

%TiglngI J* (vg41) = TJQILPTJ;H (vk =7, VG (0r) + 7, LTk41 — Vis1)
= P (v =7, VG (k) + 7, LTkp1 — Vrt1)
+ (TI;]J*APT,;];H - PT;’: Yk =7, VG () + 7, LZk41 — Vit1),
7,V g I (0) = Prgs (v =7, VG (v*) + 7, La” — o)
which leads to

”YJTIQJLVMT{I J*(Vky1) — %VM;ji J*(v)
= Py (0 =7, VG (08) 7, Lo = vhs1) = (0 =7, VG (0%) £, La* — "))

+ (71;]4*-1PT1{;+1 - PTvJ: J(wr =7, VG*(v) + 7, LTk41 — Vkt1)
= Pro- ((vk — 7, VG (0r) +7, LTk 1 — vis1) — (0" =7, VG (0*) + 7, Le* — v"))

+ (aPry =Py )0, La* =7, VG ("))

(A.12)

Term 3

+ (T;;];PTgk*“ = Prae)((or =7, VG (0k) + 7, LEkt1 — vki1) +7, (VG (v*) — La*)).

Term 4

Similarly to the previous analysis, for Term 3, move to the lefthand side of the inequality and apply Lemma A.2,
Vi Vogs T (On1) =7,V pgr 7 (0°) = (s Py | = Pros) (v, La™ =, VG (v7)
= 7 (Vs T 1) — (La* = VG (0)) =3, (V g J*(0%) — (La* = VG (1))
=7, Pp: Ve I (0")Pras (vk1 — ") + o(Jvrss — v*).

Since 8 < 1, we have

1Zer — 27| < (L4 O)args — 27| + Oy, — 27|
<2(flex — 2" + el Lo — o™[) + 2 — 27|
= 3llzx — 2| + 2y, [ Lllflox — v7].

Then for Term 4, since v, 7, [|L?| < 1, prox,, ;- is firmly non-expansive and Id,, — v, VG™ is non-expansive,
we have

e~ Pros) (e =, VG (o) + 9, LEpg1 —vesr) = (0° =7, VG (%) 4, La™ = 7))

= o([lvx — o™ + 7, | Llllzx — z*]))-

(7'157+1PTJ*
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Therefore, from (A.12), apply [34, Lemma5.1] to (vi4+1 — v*) and (v — v*), we get

(Idm + Hyzz)(ves1 —v") = (Idm — 7, Ha ) (0k = 0") + 9, L(Zes1 — 27) + o([Jox — o™ + 7, 1L |2 — 27])).
(A.13)
Then similar to (A.11), we get from (A.13)

Vet — vt = W Hge (v — 0*) 9, WL (@ — ) + ook — v°]) + 7, Ll ek — 2*1)
=Wx=Hg (v —v*) + (1 + )y, W= L(zpy1 — %) — 0y, W= L(z), — 2*)
+o(foe = o™+, [ Llllee — ™)
= WyHe (vp — v*) — 0y, W= L(x), — )
+(1+ O)VJWﬁE(WRHF(Ik —z*) — 'YRWEE*(UIC - U*)) (A.14)
+olllze — 2" + VR I Llllvk = v*[) + o(lve — o[+, [ Ll [l — =)
= (WrHg — (14 0)y,7,WrLWgL") (v —v*)
+ (14 0)y, W=LWgHp — 6y, W3= L) (z), — 2*)
+olllze — 2™ + R I Llllvx = v*[) + ook — o™ [+, [ L[|z — =*).

Now we consider the small o-terms. For the 2 small o-terms in (A.10) and (A.13). First, let aq, as be two
constants, then we have

ol + ol = Vel Tl < /2068 + o) = V2 | (4]

as
Denote b = max{1,v, || L, v,|IL|}, then
(o =1+, 0l — 1)+ (e — 1+ 3 Do — o7
< 2l — ]+ o — ot < 2B (24 1))

v

Combining this with (A.11) and (A.14), and ignoring the constants of the small o-term leads to the claimed result.

O
Proof of Proposition 3.8.
(i) When § =1, M, becomes
_ _ WeHr o TwWRL (A15)
PD 2’}/JWFLW§HF —’)/JWﬁL WﬁHG* - 2’YR"}/JWﬁLW§L* )
Next we show that M, is averaged non-expansive.
First define the following matrices
Hg/vy L* Hr 0 1d,, /v —L*
A= = , B= , V= =0 , A.16

[ —L  Hj/v, 0 Hg- —L  Idn /7y, ( )
where we have A is maximal monotone [11], B is min{3,., 5, }-cocoercive, and V is v-positive definite
withv = (1 — \/4,7,1LI%) min{i, % .

Now we have
ld,+Hp 0
Wz 0
ViA=| T — (V4+A4) = TR
* 9L IdijJ*] VA= oy, WoeLvg 7, W]
J
and _
1 HF —L*
V-B=|"r _ 1 7
L He-
k¥
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(ii)

As aresult, we get

1 77 *
Wx 0 soHe =L
\7+A1\7—B:{ Tr VR ] TR _
( ) ( ) 271’7RWFLWR ’YJWﬁ —L %HG*

27JWFLWRHF - "}/JWﬁL WFHG* - Q’YJ’VRWFLWRL* ’

which is exactly (A.15).
From Lemma 2.5 we know that M, : ICy — Ky is averaged non-expansive, hence it is convergent [6].
Then we have the induced matrix norm
k 1 E_

lim
k—o0 b

Since we are in the finite dimensional space and 'V is an isomorphism, then the above limit implies that

. oo ||k
klggo HMPD - MPDH =0,
which means that p(M,,, — M%) < 1. The rest of the proof is classical using the spectral radius formula,
see e.g. [5, Theorem 2.12(i)].
When R and J* are locally polyhedral, then W5 = Id,,, W3 = 1d,,, altogether with I = 0,G = 0, for
any 0 € [0, 1], we have

| 1dy e
L Ty =, (1 +9)LL*} ' (A7
With the SVD of L, for M, , we have

1 A }
"y, L Idy, — (14 6)y,7, LL*
CoYYy* YT X }
7, XEY" XX — (14 6)7,7, XE2X"
Y } {Idn —Ve 2} } {Y* }
T X S Wy - (14 0)7,7,52 X+

Ms

(A.18)

Since we assume that rank(f) = [ < p, then X, can be represented as

DY O1,n—1
N = :
L |:Om—l,l Om—1,n—1

where 3; = (0;);j=1,...;. Back to Msx, we have
Id; 01,n—1 —Yr 21 07,m—1
My = On—1,1 Id,,—; On—1, On—1,m—1
v, 20 Oin—r Idi— (L4077, 57 O
Om—1,1 Om—in—i Om—1,1 Id,,—

Let’s study the eigenvalues of My,

(1—p)Id; 01,n—1 —Yr 20 01,m—1
On_1.1 (1= p)Id,—y On—1,1 On—1,m—1
My, — pldi0| = ’ ’ ’
Mz = Pl v, 20 01,1 (1= p)Id; — (1 +0)7,7, %7 02,m—1
Omfl,l Omfl,nfl Omfl,l (1 - P)Idm—l
_ (1 _ p)m+n—21 |:(1 - p)Idl 77R2l :| )
7,}21 (]- - p)Idl - (1 + 0)7R7J2l2
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Since (—v, %) ((1 — p)Id;) = (1 — p)Id;)(—v,X1), then by [45, Theorem 3], we have
p)1d —Yp 2
Ms, — pld, _ 1_ m+n 21 l Yr&1
M = plds] = A (e
= (1L=p)™ [ -p)(C )Idz (L4 0)v,7,37) + 747, 2i%] |
= (1—p)™ [ - )QIdz (1= P A+ 0)v,7, 57 + 7,7, Zi%] |

=(1—pmt- 211_[ (P* = (2= (14 60)7,7,07)p+ (1 = 07,7,07)).

For the eigenvalues p, clearly, except the 1’s, we have for j = 1,...,1

(2= (A +0)y,7,07) £ \/(1 +0)2929207 — 47,7502 i
Pj = 9

Since ny'yRojz < ’yJ’yRHL||2 < 1, then p; are complex and

1 2
lpj| = 5\/(2 - (1+ 9)’}/']’}/1?0]2-) —((1+ 9)273v§a§ — 47.]7130]2,) =,/1— H%'VRJ? < 1.

As a result, we also obtain the Ml‘jg, which reads

o Y Id,,_; Y*
wi=|" o o |7 x)

Idmfl

If n = m and moreover L = Id,,, then (0;),;=1,... , corresponds to cosine the principal angles between
the tangent spaces 7/ and 77, [24]. O

Proof of Corollary 3.10.
(i) From the local fixed-point iteration (3.10), we have

Zhy1— 25 = Moy (zi—2%) +o(||ze — 2*||) = MFH R (2 — 27 Z] METo(]|z;—2*). (A.19)
Since z; — z*, then take k to the limit we get

klgrgoz Moz — 2*) = kll}m ((zrg1 — 2%) = MEFI R (20 — 2%)) = =M (zi — 2%),

(A.20)
which holds for any k > K, ie. 0 = M (2 — 2*) + lim; Ej le— o(||z; — z*||). Now back to
(3.10), forany k£ > K,

Zpr1 — 2°
= My, (2, — 27) + o(]|z1, — 27))
= My (2 — 27) = M (21 — 27) + ||z — 27[]) — lim Z My oz — 27)

= (M, — M>)(z —z*)+(1d—11320M; Fo(llzr — 2*|) — Jim ZJ pa Moz — 2*])

= (Myyy = M) (21— 2) + (Id = MZ5)o(|lzi — 2*]) + M3 Ganr - ),
(A.21)
where the following equivalence is applied, given finite k > K

M

PD

— lim M!"F =M, — M.

l—o0

Then for M, — M2, we have

PD’

M, — M}SE = (MPD - M;‘;)(Id - Ms;)'
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Therefore, for (A.21), move M2P (zr4+1 — 2*) to the other side, we get

(Id — M2 (241 — 27) = (M, = MT)(Id = MT) (2 — 27) + o((Id = MT) |2 — 27])),
(A22)
which proves (3.15).
(ii) When R, J* are locally polyhedral around the solution pair («*,v*), then the small o-term vanishes, and
(A.20) implies that for any &k > K
M2 (zr — 27) =0,

i.e., zx — 2 belongs to the kernel of M2°. (3.16) then follows. O]

Proof of Theorem 3.11.
(i) Define d & (Id — M22)(z, — 2*) and ¢, = o(dy), then from (A.22), for k > K

P

_ k coNk—i
di1 = (Mypyy = M) Kdge 4+ 370 (M, — M) 4 (A.23)

Since the spectral radius p(M,,, —M?>°) < 1, then from the spectral radius formula, given any p €|p(M,,, —
M:2), 1], there exists a constant C' such that, for any & € N

(M, = MZ)F| < Cpt.

Therefore, from (A.23), we get

00 — k oo \k—J
”dk-‘rlH < ||(MPD - MPD)k+1 KdK + Zj:K(MPD - MPD)k ]’(/)j”
k+1-K k k—j
<My, = M il + D25 | Mo, — M 1051 (A.24)
_ k —j
< OO dre |+ C Y P -

Together with the fact that ¢; = o(||d;|) leads to the claimed result.
(ii) When J and R* are locally polyhedral, then o(| z; — z*||) vanishes, and from (3.16) we have

ot — 25 = (M — M2 (20 — 2%) = My — M) (25 — 2°).

Then applying the spectral formula leads to the result (3.18). If M, is normal, then it converges linearly
to M2° at the optimal rate p = p(M,, — M) = || M, — M2 |. Combining all this then entails

D
lzkrs = 2*|) < (M, — M) K (2K — 27)
= Moy = MM |2k - 2|
= p" 2k — 2",
and we conclude the proof. O

Proof of Corollary 5.1. Owing to the result of [19], condition (5.7) guarantees the convergence of the algorithm.
(i) the identification result follows naturally from Theorem 3.3.
(ii) The result follows Proposition 3.6, Corollary 3.10 and Theorem 3.11. First, for the update of x; of (5.1),
we have

Tpi1 — 2t = WrHp(wp — %) =7, Wg D, L (vi = v}) + o(lex — 2| + v, 3, 1 alllvis — o7 1)
(A.25)
Then the update of v; j41, foreach i = 1, ..., m, similar to (A.14), we get

Vi1 — 0 = (WiHay — (1+0)7, 7. Wi=LiWRL}) (vig, — vf)
+ (29, Wi LiWgHp —~, Wy=Li) (xx — z*)

+o(l|lzk — 2| + v 22 1 Lilllvie — o7 ) + o(lvik — vFll + 7, 1 Lilllzx — =)
(A.26)
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Now consider the small o-terms. For the 2 small o-terms in (A.10) and (A.13). First, let ag, a1, ..., a,, be
m + 1 constants, then we have

S glaid = /(S glail)? < /(m+ 1) S0y Jal® = v+ T (o, o a) 7]l

Denote b = max{1, > .o||L:||, vl L1l ---s Ve || L }, then

> Ui = vf |+ oul Lilllzes — 2 ) + (lew — &Il + 75 3, I Lalllvie — o7 1)
S 20([|w — 2| + 30 ok — of[]) < 20Vm + 1|z — 27

Combining this with (A.25) and (A.26), and ignoring the constants of the small o-term, we have that the
fixed-point iteration (5.3) is equivalent to

21 — 2" = My (21 — 27) + o(]| 2 — 27).

The rest of the proof follows the proof of Theorem 3.11. O
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