STABILITY AND ACCURACY OF INEXACT INTERIOR POINT
METHODS FOR CONVEX QUADRATIC PROGRAMMING *
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Abstract. We consider primal-dual IP methods where the linear system arising at each iteration
is formulated in the reduced (augmented) form and solved approximately. Focusing on the iterates
close to a solution, we analyze the accuracy of the so-called inexact step, i.e., the step that solves
the unreduced system, when combining the effects of both different levels of accuracy in the inexact
computation, and different processes for retrieving the step after block elimination. Our analysis is
general and includes as special cases sources of inexactness due either to roundoff and computational
errors or to the iterative solution of the augmented system using typical procedures. In the roundoff
case, we recover and extend some known results.
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1. Introduction. Inexact Interior Point (IP) methods are procedures for linear,
convex and nonlinear programming problems where the linear system arising at each
iteration is solved approximately. These procedures are mainly associated to the
solution of the linear systems by Krylov subspace methods [1,3-9,11,14,19,23], but
they also provide a framework for analyzing the effect of any source of errors, such as
computational errors.

Standard implementations of IP methods use a “reduced” augmented inherently
ill-conditioned system obtained by block elimination [13,27] in spite of a usually well-
conditioned system denoted as “unreduced” [15,20]. This fact is supported by the
stability analysis of direct linear equation solvers in IP methods [12,22,25,26,28,29],
showing that in most cases the computed steps are much more accurate than expected
from the general theory on conditioning; see, e.g., [16]. In the context of inexact
preconditioned IP methods, the analysis in the recent paper [21] also supports the
use of the reduced formulation. In there, a theoretical and computational comparison
between unreduced and reduced systems shows that typically the performance of TP
implementations with the unreduced and reduced formulations are similar in terms of
robustness, while the latter is more convenient in terms of computational efforts due
to the smaller dimensions.
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This work aims at deepening our understanding of the accuracy in the solution of
the unreduced system, i.e., the so-called inexact step, in the late stage of an inexact
IP method for convex quadratic programming. The reduced formulation of the lin-
ear systems is used, and the inexact step is analyzed considering the effects of both
different levels of accuracy in the inexact computation, and different processes pro-
posed in the literature for forming the step after block elimination. A key ingredient
in our analysis is the distinction between the basic and nonbasic parts of the step.
We provide accuracy results of the inexact step with respect to the “exact” one and
establish when near-unit steplengths can be taken eventually by the IP procedure.
In case inexactness refers to roundoff-errors, our theory recovers and extends some
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known results.

In the context of IP methods implemented with iterative Krylov solvers, the appli-
cation of possibly ill-conditioned preconditioners may also seem to limit the accuracy
of the overall solver. We prove that certain commonly employed versions of augmented
and constraint preconditioners are structurally ill-conditioned, so that if direct solvers
are employed within their application, the analysis performed in [12,25, 26] ensures
that the action of the preconditioner does not hinder the stability of the whole pro-
cedure.

The paper is organized as follows. In Section 2 we introduce the quadratic opti-
mization problem and we analyze the primal-dual IP method. In Section 3 we explore
the inexact solution of the reduced augmented system while in Section 4 we discuss
two different ways for recovering the inexact step. In Section 5 we apply the results
obtained to the case where the source of inexactness comes from computational errors
and relate to the existing literature. In Section 6 we analyze the acceptance of an
inexact step and its steplength eventually. In Section 7 we study the spectral proper-
ties of two classes of preconditioners for the reduced system and finally in Section 8
we give our conclusions.

Notation. For any vector z, the ith component is denoted as either z; or (z);.
Given x € R™, X = diag(x) is the diagonal matrix with diagonal entries 1, ..., Z,.
Given column vectors x and y, we write (z,y) for the column vector given by their
concatenation instead of using [z, y”]7. For any positive integer p, the vector of all
ones of dimension p and the identity matrix of dimension p are indicated as e, and
I,,, respectively.

For any € R™ and K C {1,...,n}, we write either vg or (v)x for the subvector
of v having components v;, ¢ € K. Further, if A = (a;;) € R"™", and K, L C
{1,...,n} we denote either by Axy, or (A)x the submatrix of V' with elements a;;,

1€ K, j €L and by AI}lK the inverse of Ax i when it exists.

The Euclidean vector norm and the associated induced matrix norm are denoted
as || - |-

Given the scalar or vector or matrix v, and the nonnegative scalar y, we write
v = O(x) if there is a moderate constant g such that ||v]] < gx. We write v = ©(x)
if there are constants f and g such that fx < |jv]| < gx.

2. Preliminaries. In this section we introduce the problem considered and the
features of the primal-dual IP method adopted for its solution.
We analyze the pair of convex quadratic programming problems formulated as

1
min ¢’z + imTH:E subject to Jr—d=2z, x>0, z >0, (2.1)
T L r . T
max d y= 5% Hxz subject to Hrx+c—J'y=s, s>0, y >0, (2.2)
and the pair of convex quadratic programming problems formulated in standard form
1
min ¢’z + ixTHw subject to Jx =d, x >0, (2.3)
1
max dly — ixTHm subject to JTy+s—Hx=¢, s>0, (2.4)

where J € R™*™ has full row rank m < n, H € R"*" is symmetric and positive
semidefinite, z, s, ¢ € R", y, 2z, d € R™, and the inequalities are meant component-
wise. Our analysis is carried out on problems (2.1)—(2.2); the corresponding results
for (2.3)—(2.4) are then stated.



The Karush-Kuhn-Tucker (KKT) conditions for (2.1)—(2.2) are of the form

Hx—JTy—s+c
Jr—2z—d
XSe,
YZe,,

: (2.5)

o O oo

with (z,9,s,%2) > 0. Primal-Dual IP methods for (2.1)—(2.2) are a modification of
the Newton method for (2.5) [27]. They bias the trial steps toward the interior of
the nonnegative orthant (x,y, s, z) > 0, keep all the pairwise products z;s; and y;z;
strictly positive and drive them to zero at the same rate. To this end, the following
perturbed KKT conditions are used

He—JTy—s+c 0
Jr—z—d 0
XSe, ~ |open |’ 0 € [Omin, Omax] C [0, 1], (2.6)
YZBm T e

where o is a centering parameter, X = diag(x), Y = diag(y), S = diag(s), Z =
diag(z), and p is the complementarity gap

(z,9)" (5. 2)
=121 2.7
1 o (2.7)
At the kth iteration, IP methods compute the Newton direction and make one
step in this direction before reducing the parameter p. This requires the solution of

the linear system

H —-J' -1, 0 AzF —¢k

J 0 0 —In| |Ay*| —&r )

Sk 0 Xk 0 Ask| = _XkSken + Ok en , Ok € [Oal]v (2'8)
0 Zk 0 Yk AZF —Y*Z e, + oppinem

here pu is the complementarity gap (2.7) for (z%,y*, s¥, 2%), and ¢¥ = (&}, €F) is the
residual

k k T,k .k
gdef oo & ok ok by | &g | _ | HX" +ec—J Yy’ —s
5 —f((L‘ Y, 8 az)_|:£5:|_|: J.’I}k—Zk—d . (29)

The standard approach for solving (2.8) is to eliminate the As* and Az* variables
from the last two equations in (2.8) and solve the reduced augmented system

k k_ 1k
AR(AGT)T =0, (2.10)
of the form

H+ (XF)~1gk —JT ] [ Axk ] _ {—fs — 8+ oppn(XF) e,
= —1

J (9128 | Ayt | T ek 2t (v e, - 2D

A symmetric formulation of this system can be easily obtained using the unknowns
(Azk, —AyF).

Our analysis in based on assumptions made in the literature. As for the problem
data and the solutions we make the same assumptions as in Wright [26]:
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ASSUMPTION 2.1.
A1.1 The vector (z*,y*, s*,z*) solves (2.1)-(2.2) and strict complementarity holds.
The set {1,2,...,n+m} of the indices of the pairs (z*,y*) and (s*,z*) can
be partitioned as

B={ie{1,2,...,n+m} st (z*,y%); >0},
N={12,....n+m\B={ie{1,2,...,n+m} st (s%,2"); >0}

A1.2 The quantities

1" y")sll, [ diag((@™,y) )7 I, I(s™ 2%)wll, [l diag((s™, 2")w) ",

are all of moderate size.
A1.3 The coefficient matriz in (2.8) is nonsingular at (z*,y*, s*, z*).
A1l.4 Letting

(2.12)

.

J 0
the quantities | M||, |Mgp|| are of moderate size.

The IP methods considered belong to the class of path-following methods, whose
iterates satisfy the following requirements [27].

ASSUMPTION 2.2.
A2.1 All iterates (z%,y*, 5%, 2%) are restricted to neighborhoods of the form

Nool) = {<x,y,s,z> >0 7 < (@), < T v} (2.13)

for some v € (0,1), and p given in (2.7).
A2.2 All iterates (z%,y*, s*, 2F) satisfy ||€%|| < Buw||€°|| for some given positive 3.
The focus of this paper is on the final stage of the IP method and on iterates
(xF, y¥, s* 2*) which are close enough to a solution (x*,y*, s*, z*) satisfying Assump-
tion 2.1. Tt is known that (z¥,y*, s¥, 2*) has the following properties.

LEMMA 2.1. Suppose that Assumptions 2.1-2.2 hold. If the iterate (z*,y*, s*, 2%)
is close enough to (x*,y*,s*,2*), we have

k

(:L'k,y )z S [6’2,61] Vi € B, (214)
(s%,27); € [Ca, C1] Vi€ N, (2.15)
Cipr < (2%, yF); < Coype Vi€ N, (2.16)
Crug < (sk,zk)i < Copg, Vi € B, (2.17)
o ) v 1
where C1, Cy are of moderate size, Ch = =, Co = =—.
Ch Cay
In addition, b* given in (2.10)-(2.11) satisfies
|(b%);] < Cspy Vi € B, |(b%);] < C5 Vi e N, (2.18)
for some Cs, and

[(AzF, Ay* As* AZF)|| = O(ur). (2.19)
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Proof. See [26, Lemma 2.1] and [26, p. 1292-1294]. O

For our analysis it is convenient to introduce

B, ={ie{l,....,n} st. (z"); >0}, N, ={1,2,...,n}\Bs, (2.20)
B, ={ie{l,...,m} st. (y); >0}, Ny, ={1,2,...,m}\B,, (2.21)
and denote

Xp =diag((z)p,), Yp=diag((y)p,), Xn =diag((x)n,), Yn =diag((y)n,).

The above notations are used also for S, Zp, Sy, Zn, i.e., Sp = diag((s)s,), ZB =

=

diag((2)p, ), etc. Consequently, setting Cy = max g, % , we get
Y Ci1' Oy
1 (X5)~'SE 0
64 Mk < H |: 0 (Y]g)_lzlg < C4lufka (222)
Lo (X%)~'S% 0 -1
— < N N <C . 2.23
Cy Ky > H [ 0 (inc])—lzjl% > Cgphy, ( )

REMARK 1. The use of the symmetric neighborhood (2.2) induced by the infinity
norm guarantees that every complementarity product is of order O(x). On the other
hand, the well-known one-sided infinity neighborhood

N_o(y) ={(z,y,8,2) >0 (x,9)i(s,2); >yp, foral i=1,....n+m}, (2.24)

prevents too small complementarity products but some complementarity products
may reach a value of order O((n + m)u), and this may be a disadvantage in a large-
scale setting, see [14].

3. Inexact solution of the augmented system. In practical applications of
IP methods, the trial step is computed via the augmented system (2.10). This system
becomes ill-conditioned eventually since a subset of diagonal elements tend to become
very large in magnitude. Nonetheless, in a series of articles on the accuracy of IP steps
it was shown that this type of ill-conditioning can be benign [12,22, 25,26, 28, 29].

Inspired by the mentioned papers, we consider the case where the augmented
system (2.10) is solved approximately, that is there exists a (residual) vector 7* such
that

AF(AT O =bF 40, (3.1)

where (AL )¥ is the computed inexact solution. We are interested in analyzing the
effect of the residual vector ¥ € R™™ on the solution. In this section r* may
represent either the effect of computational errors in IP methods or the effect of an
approximate solution of the system [4,5,8,14]. In the subsequent sections we will
specialize the origin and the form of 7*; in the cases under study distinct bounds for
the subvectors 7% and % will be available.

The inexact step (AZ)* = ((AI")*, (Ai")F) and the residual r* = (rk,7F) in
(3.1) satisfy

T el [



For ease of notation, from now on we drop the iteration index k in (2.10) and (3.1).
We analyze the systems (2.10) and (3.1) under Assumptions 2.1 and 2.2 and
show that the sensitivity of the system to the perturbation r is much smaller than
the conditioning of A. To this end, we follow [25,26] and consider the effect of the
perturbation by partitioning A, A | b and r into the two sets B and N introduced
in Assumption 2.1.
Applying proper permutations of rows and columns of

T,y

(3.3)

g [HAXTIS =gt
B J y-iz|’

and of rows of AS® A" b r we write the systems (2.10) and (3.1) as

x,y z,y

App Apn| [(AL)B bB (3.4)
Anp Ann (Aez )| .
App Apn| [(AT)B bB B
z.Y , 3.5
[ANB ANN:| {( ;" )| T ln (3:5)
where
X;ts 0
App = Mpp + { 5,77 YBIZB:| (3.6)
XS 0
AnnN = Myn + [ NO N YﬁlZN] (3.7)
Apny = Mpn, AN = My, (3.8)
and M is defined in (2.12).
As a first step, we analyze the matrix in (3.4) and its inverse
[ABB ABN} - _ { D —S AN ANy (3.9)
Anp Ann —AGNANEE TN AN (Inn + AnY T Apn AN) T
with
Y = App — ApnANNANB. (3.10)

By Assumptions 2.1, 2.2 and by (2.22), (2.23) there exists a scalar C5 such that
max{||Apsll, [Asnll, [Ansl} < C5, [Ann]l < Cspt (3.11)

The following assumption is added to our general hypotheses.

ASSUMPTION 3.1. The iterate (x,y, s, z) is close enough to (z*,y*, s*,z*) so that
Lemma 2.1 holds. The barrier parameter p is small enough so that

= max < [Myw ], [IMp5] 1+ S SO <
w max Z
! NN BB 1_C4HMNNHM i 2’
where Cy is given in (2.22), and Cs is given in (3.11).

Our first result shows bounds for the blocks in (3.9). We will repeatedly use the
following standard technical lemma.



LEMMA 3.1. Let || - || be any induced matriz norm and A € R™ "™ be such that
[A < 1. Then |(I+A)~H <1/(1 = [|A]).

LEMMA 3.2. Suppose that Assumptions 2.1, 2.2 and 3.1 hold, and let A given in
(3.3) be partitioned as in (3.4) and its inverse as in (3.9). Then

[AN NI < 2Csp, (3.12)
3 _ _

1=l < SIMpsll,  I=7H < 2| Mgl (3.13)

I~ Apn Ayl < Cop, - (3.14)

with Cy given in (2.22), Cs given in (3.11) and Cg being a positive scalar.
Proof. Note that

-1

_ —1 1 -1
1 [XN'Sw 0 Xy'Sn 0
Ayn = [ 0 YilZy Mnn 0 Yo' Zy +Inn )

and that by (2.23) and Assumption 3.1,

XS o 177 1
N ON 7 ] < Cy||Myn|ip < =.

HMNN[ 0 Yo' Zy

2
Then, Lemma 3.1 gives
. Xy'S o 1
1 < N PN )
and (3.12) follows from (2.23).
Consider ¥ in (3.10),
X5'Sp 0 _
Y = Mg+ { BO Y]g_lZB] — ApNANNANE
o ([X5'S 0 _
= Mpp (IBB + Mgp ({ BO B YBIZB:| - ABNANﬁvANB)>
Y Mpp(Iss + E). (3.16)
Using (2.22) and (3.15) it holds that
C2 1
E|| < ||Mg; (1+5>C <w <=
181 < M550 (14 TGt ) G <1 < 5

Thus, |S|| < 2||Mpg||. From Lemma 3.1, [|[S7!|| < ||M§é||ﬁ, and (3.13) follows.
For the off-diagonal blocks in (3.9), clearly (3.14) holds with Cg = 4| My 5||C4Cs.
|
The next proposition shows that the accuracy of A;”y is higher than expected from
inspection of the condition number of A and provides an estimate of the steplength.
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PROPOSITION 3.3. Let Assumptions 2.1, 2.2 and 3.1 hold. Let AZY, and Ag}y
be as in (3.4) and (3.5). Then there exists a positive scalar C7 such that
1(AgE, = AL NI < Crpullrsll + [lrn D), (3.17)
I(AZY)NI < Crp(1 + sl + lIrn ), (3.18)
and
1(A57, = A Bl < Collrsll + pllra ), (3.19)
1A Bl < Cr(u+ lIrsll + plrwl)- (3.20)

Proof. The systems (2.10), (3.1) and equation (3.9) give

(AZy)N
(AZy)N

—ANANEY b + AV (Iny + ANeE T AN AN )by,
—ANANEE T (b +7B) +
+ANNUNN + AnpET AN AN (b + 1), (3.21)

and

(AN = (AN < 1Ay ANsS ™ | Irs] +
HIANNI vy + AneE~ Apn A lllirw]l-
Thus, (3.17) follows from (3.11) — (3.14).

In order to derive (3.18) we use (3.21), (3.11) — (3.14) and (2.18). The latter gives
1ol + lIrBll + ol + lrw]l = O(1 + ||rg|| + |lr~||) and implies (3.18) (enlarging C7
if necessary).

Concerning the set B, the block structure in (3.9) gives

(AL ) =%""bp — X Apn Ay by, (3.22)
(A?’Ly)B = E_l(bB + TB) - E_lABNA;bV(bN + TN). (3.23)
Therefore,
(A58 = (AT < 17 Irsll + 157 Asv ARyl I ll,
and (3.19) follows from (3.13) and (3.14) (enlarging C7 if necessary).

Finally, (3.23) and (2.18) give the bound (3.20) (enlarging C7 if necessary). O

Theorem 3.3 indicates that eventually the part of A%, in the set B has an absolute

error bound of order |rp|| whereas the part of A", in the set N has a much smaller
error bound.

4. Recovering the inexact step (AL, Al"). The step A", = (A", A") can
be recovered in two ways, either block-wise or element-wise.

I) Block-wise computation. The vectors A™ and A are formed with a block-wise
computation based on the first two equations in (2.8). It amounts to setting

Ai{; =MA" +¢ (4.1)

Y

with M given in (2.12) and & = (£4,&p)-



Using (3.2), the inexact step (AL, A", AL, A") satisfies

H —-JT —I, 0 Ain —&4 0
J 0 0 -7 A —£ 0
m Y = P
S 0 X 0 A —XSe, +oue, - Xrp |- (42)
0 7 0 Y Al —YZey, + ouen Yr,

Interestingly, if the current iterate is primal and dual feasible, any step along the

inexact direction (AL, A’") preserves primal and dual feasibility.

1) Element-wise computation. The vectors A and A are formed via the last
two equations in (2.8)

A" = —XTISAI — Se, +ouX e, (4.3a)

A=Y ZAY — Zew + opY em. (4.3b)

Using again (3.2), the inexact step (A", A", AL", A") satisfies

H -J' —-I, 0 Ain —&4 T
J 0 0 —1 A —£ T
0 7 0 Y Al Y Ze,, + ouem 0

Next we compare the step A%, = (As,Az) in (2.8) with the step AL and
distinguish the two cases described above.

PROPOSITION 4.1. Let Assumptions 2.1, 2.2 and 3.1 hold. Let AST, and A;’fy be
as in (3.4) and (3.5) and A be computed block-wise as in (4.1). Then

S,2

1A% — AT Bl < Cs(llrsll + ullra ), (4.5)
I(ASE = ASL)InIl < Cs(llrsll + plirn D),

and

1AL < Cs(u+ llrall + pllrw ), (4.7)

where Cy is a positive scalar.

Proof. By construction Ag", = MAZT, + £, and consequently

Aiirz - Agfz = M(Ai,zy - A’g,ly) (48)

Then bounds (3.17), (3.19) yield to (4.5) and (4.6).
Bound (4.7) follows from (3.18), (3.20) and Assumption 2.2. O

The proof of Proposition 4.1 highlights that the matrix-vector product (4.8) mixes
up the vectors (ASY, — A))p and (AgY, — A;”y) ~ having different accuracy and
consequently a component-wise analysis for A", in the sets B and N cannot be
carried out.

On the other hand, if AY", is computed element-wise via (4.3) then the absolute

error bound for [|(A%%, — AL )| is much smaller than that for (A%, — A" ) x| For

ease of notation, in the following we use

Vg,y = (fE, y)7 Vs, = (87 Z)
9



PROPOSITION 4.2. Let Assumptions 2.1, 2.2 and 3.1 hold. Let AST, and Afgfy be
as in (3.4) and (3.5), and A", be computed element-wise as in (4.3). Then

1AL = A5l < Cspllrsl + pllrnl), (4.9)
1A% — AT )N < Cs(|lrsll + IrnlD), (4.10)
and
1AL Bl < Csp(L+ [lrpl + [lrx ), (4.11)
AN < Cslu+ sl + [lrnlD, (4.12)
IAYLIN < Cs(p + sl + w1, (4.13)

where Cy is a positive scalar.

Proof. By construction

W [X7's 0 S 0] en X1 0
Asz=- [ 0 le} Az~ [o Z} [em} J”’“[ 0 Yl}
(XS0 Tam [S 0] Ten X1 0
Agz=- [ 0 Y—lZ} Ary — [0 Z} Lm} +"“[ 0 Y‘l}

Thus,
(vs,z)i
(V)i

and the thesis follows from (2.22), (2.23) and Theorem 3.3.
Bounds (4.11)—(4.13) follow from (4.9), (4.10) and (2.19). O

(A — ALl =

|(Ai:,vy - A’;c’rfy)ZL

The above results can be used to analyze how the two different strategies for
recovering A{", affect the steplength behavior of the IP method. We start considering
the positivity condition

(Vz.y, Vs,2) + (A

Ty’

A") >0, (4.14)

and estimate the steplength that can eventually be taken without violating positivity
of the iterates. Next theorem refers to the block-wise computation of A" Bound
(4.7) for [|AL", || is used and the claim concerns the worst-case analysis for the occur-
rences where o = 1 can be taken eventually. The following two results rely on a large
enough magnitude of oy, the left extreme of the interval enclosing the centering
parameter o, as defined in (2.6).

THEOREM 4.3. Let Assumptions 2.1, 2.2 and 3.1 hold. Let AL", be as in (3.5)
and AL, be computed block-wise via (4.1). If omin € (0,1) is sufficiently larger, in
a sense to be defined below, than v (p+ ||rn|| + p~||rel) then condition (4.14) is
satisfied for all o € [0,1].

Proof. The steplength to the boundary of the positive orthant (z,y,s,z) > 0 is
affected by the components A}" in the set N and the components A{", in the set B.
The last two equations in (4.2) give

(V)i (AT)i + (06,2)i(A))i = =(Vay)i (Vs 2)i + T + (Ve )i i (4.15)
10



Concerning (A}",);, i € N, equation (4.15) gives

(Va,y)i + a(Am,y)i = (Vz,y)i | 1 + 0——

(Vay)i
T R op (A%
= ( m,y)l (1 + ((U"[;7y)i(vs7z)i (Us,z)i N ('Us,z)i>>
N op | (A%
Z (vz,y)l (1 + ((Ux,y)i(vs7z)i ‘ (Us7z)i * (vs,z)i >> ’
Using (2.15) and (4.7) we obtain
S Ll + et el + Ionl) (436
(Us,z)i (Us,z)i o C(2
< Co(p+lrsll + Irn i), (4.17)

for some scalar Cy. Using (x,y, s,2) € Neo(7), we conclude that (4.14) holds for all
a € [0,1] provided that

Ain i )
( s,z) + T
('Us,z)i (Us,z>i

ou > (Ux,y)i(vs,z)i -

Considering the upper bound in (4.17), the previous inequality is guaranteed when
Omin = YCo(p+ [IrBll + [rNlD)-

We next consider (A{",);, i € B. Proceeding as above, we have

(A:Zg?y)l Ti

(Um,y)i (vs,2)i

(Us,z)z' + OZ(AZLZ)Z > (Us,z)z' <1 —a+a ( on B ‘

(Uz,y)i(US,Z)i

and (2.14), (2.17) and (3.20) give

A ), 74
|< Wi,

<ﬁ( T lirsl + lirnl) + =izl
(Vay)i  (vs2)i| — Ca : Bl HITN oy

< Co(u+p~Hrall + pllrxl),
(enlarging Cy if necessary). This concludes the proof. O

n
8,z

Now, consider the case where A'™ is computed element-wise.

THEOREM 4.4. Let Assumptions 2.1, 2.2 and 3.1 hold. Let A, be as in (3.5) and

Ai’fz be computed via (4.8). If omin € (0,1) is sufficiently larger, in a sense to be
defined below, than y(u + ||rell + ||rwll), then condition (4.14) is satisfied for all
a € [0,1].

Proof. The steplength to the boundary of the positive orthant (_x,y, s,z) > 0is
affected by the components A} in the set N and the components A{", in the set B.
The proof parallels that in Lemma 4.3. By (4.3),

(V)i (AT + (05,2)i(AL))i = = (Ve (Vs,2)i + Op. (4.18)
11



For the components AZ", in the set N, it holds

(Us,z)i .

By using (2.15) and (4.13), we conclude that condition (4.14) is guaranteed for all
a € [0,1], provided that oy, is sufficiently larger than v(u + |7 + [|rn|])-
As for (AI");, i € B, we have

. o
V)i + (A7) > (ay)i | 1 —a+a -
(Vay)i + a(A)i = (Vay) ( ((vm,y)i(vs,z)i

. a in o\ . v . —a+a oK o _(Azfryby)l
s (1 * <<><> ‘ () ))

Then (2.14) and (3.20) imply that (4.14) is guaranteed for all a € [0, 1], provided that
Omin is sufficiently larger than y(u + ||r5|| + lral)-
Combining the results for the set B and N, the proof is completed. O

Comparing the claims in Theorem 4.3 and Theorem 4.4 we observe that, when
A", is computed via the block-wise strategy in (4.1), the term ! |[rg| may increase
as u tends to zero and the inexact step may be severely damped in a long-step im-
plementation of the IP method. While the result for the element-wise computation is
in the same flavor as that in [28], the result for the block-wise strategy appears to be

new.

5. Computational errors in IP methods. One possible source of inexactness
in the step computation derives from floating point arithmetic with precision u. The
analysis given in the previous section can be used to characterize the behavior of TP
methods in the presence of computational errors and in this section we address such
an issue. The result stated for the element-wise computation of the step recovers that
in [26, 28], while the result concerning the block-wise computation of the step is new.

Let Ai"y be an approximation to the step AZY with perturbation caused by
roundoff errors in the solution of (2.11). Let 0 € [0min, Omax] C [0,1], p € (0,1) and
consider a standard IP scheme where the new iterate is formed finding the largest
« € [0,1] such that

(1 v32) + (AL} ALL) € Noo (), (5.1)
dof (Vay + aA;”y)T(US,Z T aAénz)
) : — == 2
M(Oé) n+m = ( Ot),u, (5 )
(o) < pp. (5.3)

see [27, p. 111]. In [26] S. Wright studied how roundoff errors affect the IP method and
showed when the computed steps are sufficiently accurate to be useful. Specifically,
suppose that A;"y is computed by applying Gaussian elimination to (2.11) and suppose
that AZ”Z is computed element-wise , i.e. by (4.3). Then roundoff errors do not badly
affect the IP method as unit steplengths can be taken eventually. Indeed, Theorem 4.3
in [26] claims that the steplength parameter « is one if o,y,;, is substantially larger
that (4 + u). This result relies on the following issues shown in [26, Theorems 3.2,
3.3, 3.4]: the computed step can be viewed as an inexact step A;"y which satisfies

(3.2) with (rp,rn) = O(p + u); it holds

1A%, = AT ]| =0(u(u+w), (AL — ATl = Olu(u + ),
1AL, — A7)l = Ou+u), (AL — Ay = O +w),
12



and

1A N = O, II(AL) Bl = O + ), (5-4)
1A Bl = Ow), (AT )Nl = O + w). (5:5)

Remarkably, for the components of the iterate which tend to become active, the
steplength to the boundary is not affected by finite precision arithmetic.

We note that the above estimates can be derived also from our Theorems 3.3
and 4.2 setting (rg,rny) = O(u + u). As for problems (2.3)-(2.4), in accordance
to [28, Theorems 4.1, 5.3], we obtain

[(Az)n|[ = O(p), [I(Az)| = O(p + ), (5.6)
I(As)pll = Ow), [[((As)n|l = O(p +u). (5.7)

A similar result does not hold when A™ is computed block-wise. Neglecting for

8,2
in
5,29

simplicity computational errors in the computation of A" , by Theorem 4.1 we have

1AL = O(u + ), (5.8)

and distinct estimates in the sets B and N, such as those in (5.5), are not available.
Consequently, for y small enough [|AL" || = O(u) and roundoff errors may be amplified
as u decreases. Indeed, considering the basic requirement of positivity of the iterates,
Theorem 4.3 gives that, in the most adverse case, the steplength is affected by the
quantity g~ !rg|| = O(n=(1 + u)) which is essentially of order O(u~1u) if p is
smaller than u. As for problems (2.3)-(2.4) in standard form, proceeding as above
bound (5.6) and (5.8) hold.

5.1. Numerical illustration of the step behavior. We report on typical be-
havior of the IP step, supporting our findings of Section 5. To focus on finite precision
arithmetic, the linear systems are solved by Gaussian elimination with partial piv-
oting. The constants in the IP method are set as: o = mid(1072, u/\/n, 2.1071),
~ = 1073, the attainable maximum steplength « is reduced by the factor 0.995. In
order to analyze asymptotic effects, as in [28] termination occurs with the artificially
stringent control pu < 10730,

Our experiments indicate that the formula used for recovering AL does not
influence the IP iterations as long as p and & are reduced to O(u). Successively, for
stringent values of y we know that | AL || = O(u) when the step is computed block-
wise, and |[(A%)p|| = O(n) when the step is computed element-wise, and that in
the former case the steplength may be severely shortened. This occurrence has been
detected in some runs and here we report a representative case concerning problem
LPnetlib/lp_israel [24]. The problem is in standard form, its dimensions are n = 316,
m = 174, and J € R™*™ is full row rank. Primal and dual regularization is applied
and the quadratic regularization terms are of the form 10761, and 10761,,,.

In Table 5.1 we report selected iterations in the late stage of the IP method
and display: the value of p; the maximum value of « in (0, 1] satisfying (5.1)—(5.3)
in case AZLZ is computed element-wise; the maximum value of « in (0,1] required
for positivity of the iterates in case A is computed element-wise. Moreover, we
display the components s;, (As); of s and As corresponding to the minimum value
(As);/s; attained for i = 1,...,n; observe that if min; (As);/(s;) > —1, positivity is
guaranteed with & = 1. The notation w(q) means w - 109. Remarkably, for very small
values of 11, the element-wise computation of A" allows steps with maximal (unit)

steplength, whereas block-wise computation leads to significantly smaller steps.
13



A computed element-wise A computed block-wise
I o Si (As); « Si (As);
1.6(—17) | 1.0 1.4642(—17) —1.4478(—17) 1.0 1.4642(—17) —1.4478(—17)
35(—21) | 1.0 3.6102(—21) —3.5736(—21) 1.0 6.3711(—22) —6.3067(—22)
1.2(—26) | 1.0 1.2200(—26) —1.2078(—26) | 9.7(—1) 3.7759(—27) —3.8654(—27)
2.6(—30) | 1.0 2.7277(—30) —2.7004(—30) | 6.6(—3) 8.4425(—31) —1.2622(—28)

TABLE 5.1
Selected IP iterations: complementarity gap p, mazimum value of a allowed using element-wise
computation for A", ; mazimum value of o allowed for positivity using block-wise computation for

S8,27
Ain
5,2°

6. Inexact Interior Point methods. In this section we consider IP methods
where the large linear system arising at each iteration is solved by an iterative method,
giving rise to an inexact procedure. The key issue in this context is the level of error
acceptable in the approximation of the steps, see, e.g., [5,8,14].

Two ways for controlling the residual r = (r, ry), r» € R?, r, € R™, in (3.2)
have been devised. They are based on the theory in [10] for Inexact Newton methods
and on the observation that the right-hand side in (2.8) is of order O(u). If AL is
computed block-wise then the step (AZ*, Al", AL, A) solves (4.2) and the residual
is required to satisfy the following stopping criterion

X 0 | Xre
o v|"I | |vr
see, e.g., [8,14]. Since a scaling is applied on the residual r, we name (6.1) the Scaled
Residual (SRE) criterion.
If A" is formed via element-wise computation, then (A", A", A" A") solves

(4.4) and the residual is requested to satisfy

‘ <np, ne(0,1); (6.1)

[rll <nu, ne(0,1); (6.2)

see, e.g., [4-6]. We denote this control as NonScaled Residual (NOSRE) criterion.
The accuracy of the inexact steps is as follows. We recall that the centering
parameter o belongs to the interval [omin, Omax] C (0, 1).

COROLLARY 6.1. Let Assumptions 2.1, 2.2 and 3.1 hold. Let (AL, AL") be
the inexact step in (4.2) and r satisfy the SRE criterion (6.1). Then there exists a
positive scalar Chy such that
1(AgE, = AT NI < Cropn,  (I(ASE, = AT Bl < Cro

1AL = AL Bl < Cropm, (AL = AL )N < Cro .

If omin 1s sufficiently larger than y(u+n) then condition (4.14) is satisfied for all
a € [0,1].
Proof. Bound (2.14) gives

~ . Xry
Colrall < min(an)a: () Hiral < | [377] [ <

B

1 1
ie, [|rp] < rolas Analogously, bound (2.16) gives [|ry|| < o Then, the claims
1

are a consequence of Theorems 3.3, 4.1 and 4.3. O
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COROLLARY 6.2. Let Assumptions 2.1, 2.2 and 3.1 hold. Let (A", A") be the

inexact step in (4.4) and r satisfy the NOSRE criterion (6.2). Then there exists a
positive scalar C1g such that

(A5, = ANl < Cropn 1(AS, = AT 5] < Cro pm,
I(ASE = ATL) Bl < Crop’n, [I(ASE — ALL)N ]| < Cro .

If omin 1s sufficiently larger than yu, with v as in Assumption 2.2, then condition
(4.14) is satisfied for all a € [0, 1].

Proof. The criterion (6.2) implies ||rg|| < nu and ||rn|| < np, and Theorems 3.3,
4.2 and 4.4 give the claims. O

We next analyze the late stage of a inexact IP method step. We first consider
the case where the SRE criterion is used. The new iterate (v, vs,.) + (ALY, A,
is formed with the largest o € (0, 1] such that conditions (5.1)—(5.3) are met. As for
condition (5.2), it makes the primal and dual infeasibility £ bounded by some multiple
of u, as required in Assumption 2.2; in fact, the definition of £ in (2.9) and the first

two equations in (4.2) give
f((vr,yv Us,Z) + a(Afgfy, Azsflz)) =(1- O‘)g(vﬁ,yv US,Z), (6.3)
and this, along with (5.2), implies the requirement on &, see [27, p. 111].

THEOREM 6.3. Let Assumptions 2.1, 2.2 and 3.1 hold. Let (A", A") be the
inezact step in (4.2) and r satisfy the SRE criterion (6.1). If omin € (0,1) is

nt e and omax € (0,1) is

sufficiently larger, in a sense to be defined below, than

2
such that omayx < Sip

, then conditions (5.1)-(5.3) are satisfied with o equal to

one.

Proof. Equation (4.15) gives
(Vay + O‘AZLy)i(US,z + O‘Aiflz)i = (Va,y)i(vs,2)i + ((Uﬂc,y)i(A?z)i‘F
(Us,z)i(A;fy)i) + O‘Z(A?;?y)l(Azlz)l
= (1 = @) (va,y)i(vs,2)i + alop + (vay)iri + (A7) (AL )i).

By summing over i and recalling the definition of u(«) in (5.2) we get

_ - T in \T Ain
,U,(Oé) - :LL(]' —oa+ 0[0’) + n—+m (Ux,yr + a(Az,y) As,z)'
. R (% :
Observe that (6.1) gives |(vgy)iri| < nu, Vi, ie., T < nu. Further, letting
n+m
0 A AR ], it trivially foll A V(AT )] <0 d (A;‘!}y)TA?’LZ <46
1= || x,y” || s,z||7 1t trivially lollows |( x,y)l( s,z)1| > Up an n+m = V1.

Then, using (x,y, s, 2) € Noo(7), we obtain

in in 1 in in
(Ur,y + aAm,y)i(vSyz + aAs,z)i < (1 - a);ll“ + O[(Uﬂ + |(vfb,y)i7"i + a(Az,y)i(As,z)iD

1
< (1—a);u+a(0u+nu+01)a (6.4)

(Ve + @AF)i(vs,2 + aALL)i > (1= a)yp+ alop — [(vay)iri + a(AF)i(ALL)i])
> (1—a)yp+a(op—nu—~01), (6.5)
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and

@ T in \T Ain
pla) < p(l —a+ao) + n+ m|vz,yr + a(A%y) A572|

<M(1—a+a(a+n+9ul>>7 (6.6)

o T in \T Ain
/j,(OZ) > /L(l —a+ O[J) - n -+ mlvz,yr + a(Az,y) As,z|

> (1-ata(a-n-2)). (6.7)

Then, (6.5) and (6.6) give

(Vg,y + aA;’}y)i(vsyz + aAi’fZ)l— - 1-a)y+alc—n— %1)
() - 1—a+a(o+n+%1)

whereas (6.4) and (6.7) give

(v + OB 0 + 0BT _ (1= ) +alotn+5)
p(cx) B 1—04—&—&(0—77—%1)

As a consequence, (5.1) is guaranteed for all « € [0, 1] when

> & (n + il) : (6.8)

Using (6.7) we can conclude that the above choice of oy, enforces (5.2) too.

2
Moreover, (6.8) and opax < 37p yield

a(3-7)

N(l) 91 Omin 5 S P

<o+n+—<o0+
o 2

(1-7<

Observing that Corollary 6.1 gives 8, = O (uz), the proof is completed. O

REMARK 2. [t can be easily verified that the claim in the above theorem is valid
also when the SRe control on the residual is performed using the infinity norm (as
occurs in [14]).

We now estimate the steplength that can eventually be taken when the NoSRe
criterion is used. Due to the first two equations in (4.4), equality (6.3) does not hold
and we control the infeasibility by means of

1§ (Ve - vs,2) + (AT, AL < Tpa(er), (6.9)

T = B||(§2,£2)||/u0, B > 1, see e.g., [27, p. 109]. Summarizing, the new iterate is
supposed to meet conditions (5.1), (5.3) and (6.9).

THEOREM 6.4. Let Assumptions 2.1, 2.2 and 3.1 hold. Let (A", Al") be the
inexact step in (4.4) and r satisfy (6.2). If omin € (0,1) is sufficiently larger,

+ 1 and Omax € (0,1) is such that
-

in a sense to be defined below, than

2
Omax < 37p! then conditions (5.1), (5.3) and (6.9) are satisfied with o equal to

one.
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Proof. The proof follows the lines of the proof of Theorem 6.3. Equation (4.18)
gives

(U:my + O‘Ag,ly)i(vs,z + O‘A?fz)i =(1-a) (Uw u) (Us 2)i+alop+ a(A;:T}y)Z(A?,Lz)l)

and (6.4)—(6.7) become

, 4 1
(Vay + AT )i(vsz + @A) < (1 - a)*u +a(op+61),

(Vay + aAZ,l )i(vs,z + ozAm iy > (1 —a)yp+ a(op—01),

wse(i-asae:4))
R )]

2 0
where 6; = | A" || [A"||. Then, (5.1) holds if oyin > —— —

=7 p
2p
3—7°
Finally, (4.4) and (6.2) give

, and (5.3) is fulfilled

if Omax <

, 0
(1) = ({01 00) + (A AL = 7)) = el 2 s (o= 2 2).

2 0
so that (5.1) and (6.9) are satisfied if o, is larger than T 2217 Since 0 =
T

-7 K

O(u?) by Corollary 6.2, the proof is completed. O

REMARK 3. If the NoSRe control on the residual is performed using the infinity
norm, the claim in the above theorem is still valid if opmin 1s sufficiently larger than
o virm T
11— T

We conclude this section drawing some conclusions from Sections 5 and 6. FEx-
cluding computational errors, Theorems 6.3 and 6.4 indicate that, for u small enough
so that p < 7, unit steps can be taken if oy, is of order O(n). On the other hand,
if the inexact steps are computed in finite precision, the results in Theorems 6.3 and
6.4 are valid as long as roundoff errors in Krylov solvers are below the threshold nu
in both the SRE and NOSRE criteria; otherwise, we fall in the case r = O(u) and the
analysis in Section 5 holds.

7. Preconditioners for the augmented system. The system solution phase
is also critical for the method overall accuracy. Stability of direct methods for linear
systems arising in IP methods was investigated in [12,22,25,26,28,29]. Such papers
cover the solution of both the augmented linear system (2.11) and the “condensed”
system, i.e. the reduced positive definite normal equation formulation of (2.11). Al-
though such systems are increasingly ill-conditioned as the solution is approached, it
has been repeatedly reported that this type of ill-conditioning is benign when spe-
cific direct methods are applied. Recommendations of such analysis are: backward
stable methods are used; the corresponding growth factor is bounded by a reason-
able constant; the IP iterates are well-centered within the positivity orthant; see,
e.g., [12,25,27].
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The indefinite matrix in (2.10) is diagonally ill-conditioned, i.e., a subset of the
diagonal elements becomes very large in magnitude [12]. As reviewed in Section 5, S.
Wright [26] shows that the numerical solution of the augmented linear system (2.11) by
Gaussian elimination with partial pivoting gives sufficiently accurate computed steps;
an unsymmetric formulation of the system is used in [26]. Analogous conclusions
were drawn by Forsgren et al., [12] for a symmetric and indefinite formulation. In
there, an LDL”T symmetric factorization is used, where a pivoting strategy selects
the large pivots first and, once the dominant rows and columns have been eliminated,
the factorization continues on the remaining matrices with either 1 x 1 and 2 x 2
pivots as necessary. The key feature for obtaining the above results is that nonbasic
indices are eventually used as pivots before any of the basic indices are used, because
of the magnitude of the diagonal entries of XX,lS N, Yy ! Zx. For these formulations,
stability of the Bunch-Parlett, Bunch-Kaufman and sparse Bunch-Parlett algorithms
for (2.10) was studied in [28] making use of the fact that generally the largest diagonal
elements are not selected as pivots before any others. Useful steps are obtained with
nondegenerate linear programming problems.

For the symmetric positive definite condensed formulation, the linear system ma-
trices are structurally ill-conditioned, i.e., the eigenvalues fall into two well-separated
groups and the submatrices associated to such partitioning are much better con-
ditioned than the whole matrix itself. M. Wright [25] shows that in this case ill-
conditioning only marginally affects the accuracy of the computed step.

In the context of Inexact IP methods, the approximate system solution is obtained
by an iterative method, usually in the Krylov subspace class, accelerated with a
preconditioning strategy. In the following we assume that the roundoff of the Krylov
iteration itself is under control (see, e.g., [18] for a thorough account), and focus on the
preconditioning step. Since the preconditioner should somehow mimic the coefficient
matrix, we expect it to also be ill-conditioned. Thus the question arises whether we
can rely on some structured ill-conditioning for the selected preconditioner, so that
if direct solves are involved in its application, known theory ensures good stability
properties. In the following we answer in the affirmative for two commonly employed
classes of preconditioners: augmented block diagonal and constraint preconditioners.
The literature cited above can thus be exploited to justify a good practical behavior
of the preconditioners for p close to zero in spite of their ill-conditioning.

We start by discussing the use of the augmented preconditioner

po_ [P 0] _ H+JTW-1J+ x-18 0
AT10 Py 0 W+Y-1lz|°

where P, and P, are symmetric and positive definite, W is diagonal positive definite,
see e.g., [20]. Typically, W is either a multiple of the identity or it is related to the
parameter matrices. We note that JZW 1] is low rank, and this affects the lower
bounds involving this matrix. Assume first that W = 1, with 6 > p. Then for
[I€]l = 1 we have

(7.1)

1
0<ctJtw—ti¢ < S||J||2. (7.2)

Consider next the ideal choice W = Y ~1Z [20] and recall the definitions (2.20),
(2.21). Applying proper permutations of rows and columns, split W as the block
diagonal matrix W = blkdiag(Wp,, Wy,) and the rows of J accordingly, i.e., J =

[ :;By: ] , with Jp . and Jy,. being the submatrices of J with row indices in B, and
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N, respectively. We have J'W~'J = JE Wglip,. + J§ Wy Jn,:, so that for
<l =1,

1
0<chITwtu¢ < C4;HJBy:||2 + Capl| I, || (7.3)

To derive helpful bounds for the spectral properties of P; we recall the following
result in our context.

THEOREM 7.1. [17, Theorem 4.2.10] Let A € R™*"™ be symmetric, with its eigen-
values arranged in increasing order, let § be a given k-dimensional subspace of R™,
and let ¢ € R be given. Then

i) If 7 Az > ¢ for every unit vector x € 8, then \,—k+1(A) > c.

i) If 27 Az < ¢ for every unit vector x € 8, then \y(A) < c.

We can thus derive the following result. We denote with B, and N, the spaces
associated with the indices in B, and N, respectively. To make the result as simple
as possible, the theorem analyzes the generic case, that is we assume that B,, N, and
By, Ny are non-empty. A few additional comments covering some of the non-generic
cases are reported in Remark 4.

PROPOSITION 7.2. Suppose that (x,y, s, z) satisfies (2.14) — (2.17). Assume that
Bz, N and By, Ny, are non-empty. With the previous notation,
i) If W = 61, with 6 > u then there are card(B,) eigenvalues A of Py satisfying

1
A< Cr (1 + 5 + u) for some positive constant C*, and card(N,) eigenvalues that

satisfy — < X for some positive constant C,.
1

ii) Let 8 = null(J) N B, and let ng be its dimension. If W =Y =17 then there
are ng eigenvalues X\ of Py that satisfy A < C*(1+ p) for some positive constant C*,

and n —ng ones that satisfy — < X for some positive constant C,.
1

Proof. i) We write P = H + $J7J 4+ X~ 'S. For ¢ € B, [{|| = 1 and using
(2.22), (7.2) we obtain

1
¢TPLC < Amax (H) + gllJll2 + Cap.

The first result thus follows from Theorem 7.1(i¢). For ¢ € N, ||¢]| = 1 and using
(2.23) we obtain

11
win(H) + —— < ¢TPC.
A ()+C’4,u_< 1¢

The second result thus follows from Theorem 7.1(7).

ii) Let ¢ € 8, ||¢|| = 1. Then ¢(TPi¢ = (TH(+¢TX1S¢ < ¢(THC + Cyp. The
first result follows from Theorem 7.1. Let now ¢ € 81, the space orthogonal to 8,
and [[¢|| = 1. Then if ¢ € null(J)*, because of the contribution from JZW~1J and

11
of (2.23), we obtain (TP ¢ > (TJTW=LJ¢ > F*||J<||2 (here we are using the
4 M

assumption that B, is non-empty).
19



Analogously, if ¢ € null(J) and ¢ € B, because of the contribution from X 18
we obtain (TP ¢ > ¢(TX~15¢ > C%;ng (here we are using the assumption that B,
is non-empty). The result follows from Theorem 7.1. O

REMARK 4. If B, = () then 8 = @ and Proposition 7.2(ii) ensures that all
eigenvalues behave like O 1 . The case B, = 0 is a little more involved and
it requires digging into the ;/jroof of Proposition 7.2. If B, is the empty set, then
|JTW=L]|| < C%MHJH?. Then if ¢ € null(J)* and ¢ € By, then (TP ¢ = (TH( +
CTIJTW=rJ¢ + ¢TX18¢ < ¢THC + Cp. If ¢ € null(J)* and ¢ ¢ B,, then

11
(TP (¢ > (TX18¢ > Y Summarizing, with respect to Proposition 7.2(ii) we
4 [

have card(B;) additional eigenvalues A of P; satisfying A < C*(1 + p) while the

. . 1
remaining eigenvalues are O | — |.
I

The analysis of the (2,2) block, P, = W +Y ~1Z is easier because for both choices
of W, P, is diagonal. For W = §I the block is structurally ill-conditioned in the

1
sense that there is a basic part that is controlled by 5 + p, and a nonbasic part that

1
behaves like —. Therefore, there will be two eigenvalue clusters, one depending on

the magnitud/:} of § and one on that of u. Note however that solving with P, causes
no round-off propagation, since P, is diagonal. Hence this ill-conditioning may be
considered harmless.

Proposition 7.2 shows that, for both choices of W, matrix Pj is structurally ill-
conditioned similarly to the condensed matrices arising in the late stage of an IP
method. Indeed, the first block P; has two widely separated sets of “moderate” and
“large” eigenvalues. Following [25], if the right-hand side of a system with matrix P is
perturbed then the effective conditioning of the problem is split into the conditioning
of the two clusters. More generally, using the theory in [25] (see equations (6.9), (6.10)
therein) we can deduce that if a backward stable method is used to solve with P; then
the portion of the computed step in the nonbasic indices has a much smaller error
bound than the basic part.

The second class of preconditioners we consider is written as

D r : -
P = [] }le] , D =diag(H+ X'9);

it is an indefinite matrix and is usually called a constraint preconditioner in certain
contexts where the blocks enforce the constraints stemming from the problem. As
outlined at the beginning of this section, the application of P¢ is stable using Gaussian
elimination with pivoting [26] or the LD LT factorizations with 1x 1 and 2 x 2 diagonal
blocks analyzed in [12,28]. Alternatively Pc can be factorized as

p_|[ 1 0D 0 I DT
C=\Jp"t 1|0 —JDYJT —v-1z| |0 I :

or, to avoid the occurrence of JD™!, in the equivalent form
D 0] [D7! 0 D JT
_ T _
Po=LDLT = [J 1} { 0 —JD T —Y—lz} {o I ] '
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Applying P requires two block triangular solves with matrices having diagonal
blocks, and one block diagonal solve. From [16] we know that the accuracy in the
solution of a block triangular system depends on both the conditioning of the diago-
nal matrices and the norm of the non-diagonal block. Since the non-diagonal block is
bounded, the latter decomposition of P¢ is preferable. Solving with the (1,1) diagonal
block of D may be considered harmless while solving with the (2,2) block of D requires
further study. Before we derive actual estimates, we emphasize that in spite of the
indefiniteness of Pg, the system we need to worry about is symmetric and definite.
If we manage to show structured spectral clustering of the eigenvalues of the (2,2)
block, then the discussion performed for P4 carries over, and the available theory is
again applicable.

The following result ensures that under certain hypotheses the spectrum of the
(2,2) block of D is bounded by moderate constants from below and from above.

PROPOSITION 7.3. Suppose that (x,y,s,z) satisfies (2.14) — (2.17). With the
previous notation, the following holds
i) There are card(By) eigenvalues X\ of the (2,2) block of D satisfying

Cip <A< C* ((min hi) "+ ,u) (7.4)
for some positive constants C, and C*;
ii) There are card(N,) eigenvalues satisfying Cop™" < \;

iii) If J?];,w is full-column rank then the lower bound in (7.4) can be replaced by
Cy <\

Proof. The matrix JD~'J7 is full rank for any positive p. Applying proper per-
mutations of rows and columns, split D as the block diagonal matrix D = blkdiag(Dp_, Dy, )i
and the rows of .J accordingly; then JD~'JT = J p, Dgi Jh + I, D;,i JX\. . Using
(2.22) and (2.23), for ||¢|| = 1 and for some positive scalar C' we have .

¢TIDTNITC < € (min(his + )~ I, 12 + min(hi; + =) 7 IR )
together with
¢TID™ITC = € (max(his + 1) "I, ¢ + max(h + o) 7T CI1P)
> C'min {max(h; + )" max(hi; + 1) 7 7P
> C min {m?x(hii + )7, m?x(h“- + u_l)_l} Omin(J),

where H = (h; ;) and omin(J) is the smallest singular value of J. Thus, for p suffi-
ciently small the eigenvalues of JD~1J7 satisfy

~ ~ 1
Cp<ANJD ') <C ( _ + u) ,
ming Mg

for some positive C' and C. Moreover, if J:%w is full-column rank the lower bound
becomes
~ 1
c— -
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Using again the bounds in (2.22) and (2.23), for the general case we can deduce that
~ 1 . 1
Cpu+ —p) <TIDJT+Y 12 < (C| ——+p)+Can), (€B,
04 min; ]7,”
~ 11
Cu+ ———) <TUID'JT +Y712)¢, CeN,,
Cyp

and, in particular, if J%I is full-column rank

~ 1 1 T o . N 1
— ) < < 1
<Cmaxz'(hii + 1) + 04,u) SCUDTIT Y Z)C< (C <min¢ e +M) +C’4M) , C€By
C 1 L1 T 14T 1
— 4+ < _
<Cmaxi(h“~ + 1) + Ca #) <¢CIDTI +YTZ), CEN

d

REMARK 5. The spectrum of JD~'JT + Y ~'Z is characterized by a structured
clustering depending on g and min; h;;. If min; h;; is nonzero, which is the case if
regularization is employed [2], then there are card(lN,) eigenvalues becoming large
as 1 tends to zero. Otherwise the large eigenvalues in magnitude are expected to be
more than card(Ny).

REMARK 6. In case J:%m is full-column rank and max; h;; is nonzero the small
eigenvalues are bounded away from zero. The full-column rank hypothesis on J7;
is typically related to the Linear Independence Constraint Qualification (LICQ). We
refer to [15,20] for connection between LICQ and the properties of the unreduced
system formulation in IP methods for convex quadratic programming.

8. Conclusions. We have focused on the late phase of an inexact primal-dual
interior point method and analyzed when the inexact step is accurate enough to
preserve the features of the “exact” step. The sources of inexactness have encompassed
both computational errors and the approximation associated with the system solves
arising at each iteration. We have shown that unit inexact steps can be taken - hence
improving the duality measure - in spite of a possibly severe ill-conditioning of the
associated linear system. Moreover, we have shown that the preconditioning phase
also provides a less ill-conditioned solution procedure than expected by the global
spectral properties of the involved matrices.
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