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Abstract

We present a branch-and-cut algorithm for solving discrete bilevel linear programs
where the upper-level variables are binary and the lower-level variables are either pure
integer or pure binary. This algorithm performs local search to find improved bilevel-
feasible solutions. We strengthen the relaxed node subproblems in the branch-and-cut
search tree by generating cuts to eliminate all of the upper-level integer feasible solu-
tions explored during the local search step. Furthermore, to avoid repeatedly solving
similar bilevel integer problems in the local search, we derive structural properties of
the value functions of bilevel integer programs. Most notably, we generalize the integer
complementary slackness theorem to bilevel integer programs. We also propose three
efficient approaches for computing the bilevel programming value functions. Our com-
putational results show that the proposed branch-and-cut approach enhanced with the
implementation of value functions and local search can solve discrete bilevel program-
ming instances with up to 200 variables and 150 constraints in a reasonable amount of
time.

Keywords: Bilevel Programming; Integer Programming; Branch and Cut; Value Func-

tions

1 Introduction

Bilevel programs [2, 13, 16] model the hierarchical relationship between two autonomous

and possibly conflicting decision makers: the leader and the follower. Each decision maker

controls a distinct set of variables and the decisions are made sequentially according to a

hierarchy: the upper-level decisions are made first by the leader, after which the lower-

level decisions are made by the follower subject to constraints which depend on the leader’s

decisions. The follower’s decisions in return affect the leader’s objective function. Thus, the

leader should act by considering the follower’s response.

Bilevel programming is closely related to the static Stackelberg leader-follower game [10,

40] and interdiction problems [24, 37, 42]. Furthermore, it provides a flexible modeling ap-

proach for decentralized decision-making in several important application domains including
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hazardous material transportation [22], network design [12, 36], revenue management [14],

traffic planning [29, 34], energy [5], computational biology [9, 35] and defense [8] areas.

We consider discrete bilevel linear programs (DBLPs) where the upper-level variables are

binary and the lower-level variables are either pure integer or pure binary. We propose a

finite branch-and-cut (B&C) algorithm as an exact solution method. To avoid repeatedly

solving similar lower-level problems for different upper-level solutions in the B&C algorithm,

we study the properties of the value functions of bilevel integer programs. Most notably, we

generalize the integer complementary slackness theorem to bilevel integer programs. We also

propose three efficient approaches for computing the bilevel programming value functions.

These value functions are then utilized when calculating bounds in the B&C algorithm.

Any linear mixed 0–1 programming problem can be reduced to a bilevel linear program

(BLP), in which the leader’s and the follower’s problems are both linear programs [1]. There-

fore, BLPs, and so bilevel programs in general, are strongly NP -hard [23]. For BLPs, Bard

and Moore [3] proposed a branch-and-bound algorithm that branches on complementarity

conditions. Hansen et al. [23] extended this algorithm by exploiting the necessary optimality

conditions of the follower’s problem. Another approach by Júdice and Faustino [26] used

complementary pivoting to achieve ε-optimal solutions. We refer the reader to Ben-Ayed [6]

for a detailed survey on BLPs.

For mixed-integer bilevel programs (BMIPs) including mixed-integer linear programs in

the upper and lower levels, Moore and Bard [31] proposed a branch-and-bound algorithm.

DeNegre [19] improved this algorithm using cutting planes. Lozano and Smith [28] studied

BMIPs with integer upper-level variables and proposed an exact algorithm based on value

function reformulation. Vicente et al. [39] used penalty functions to reformulate BMIPs into

bilinear programs. Audet et al. [1], Dempe [15] and Wen and Yang [41] proposed solution

approaches for specific classes of BMIPs where either the leader’s or the follower’s variables

are all continuous. Dempe and Richter [18], Özaltın et al. [33] and Brotcorne et al. [7]

considered the bilevel knapsack problem, an extension of the classical knapsack problem to

the bilevel framework. Detailed surveys on bilevel programming solution techniques were

presented in [2, 16, 30].

We review below previous work in the literature that is closely related to the problem

studied in this paper. Bard and Moore [4] studied bilevel programs with binary upper- and

lower-level variables. They proposed an algorithm that implicitly enumerates the upper-

level variables and solves the associated lower-level problems to obtain bilevel feasible solu-
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tions. The authors reported solving instances with up to 45 variables and 18 constraints.

Caramia and Mari [11] and DeNegre and Ralphs [20] studied bilevel integer programs (BIPs)

with integer upper- and lower-level variables. They derived valid inequalities to eliminate

bilevel-infeasible solutions for a given upper-level solution in a branch-and-bound framework.

Caramia and Mari [11] reported solving BIPs with up to 25 variables and 25 constraints,

while DeNegre and Ralphs [20] performed tests using a set of interdiction problems with

up to 34 variables and 19 constraints. Zeng and An [43] proposed a single-level reformula-

tion for BMIPs by enforcing the optimality conditions for the continuous variables for each

fixed value of the integer variables in the lower-level problem. They offered a column-and-

constraint generation algorithm to solve this reformulation. The authors reported solving

pure integer instances with up to 20 variables and 30 constraints. Dempe and Kue [17] also

studied BIPs in which upper-level variables only affect the lower-level objective function.

The authors proposed a B&C algorithm based on an optimal value reformulation of the

follower’s problem and presented small illustrative examples.

Our proposed solution approach differs from the existing methods in the literature be-

cause we utilize value functions of BIPs in our B&C algorithm to avoid repeatedly solv-

ing similar lower-level problems. In addition, we implement local search to find improved

bilevel-feasible solutions. Finally, we strengthen the relaxed node subproblems in the B&C

algorithm by generating cuts to eliminate all of the upper-level integer feasible solutions

explored during the local search step. Our numerical results show that the proposed B&C

algorithm enhanced with the implementation of value functions and local search can solve

DBLP instances with up to 200 variables and 150 constraints in a reasonable amount of

time.

The remainder of this paper is organized as follows. Section 2 presents the formulation

of the DBLP. Section 3 describes the proposed B&C algorithm. Section 4 identifies various

properties of the value functions of bilevel integer programs, which are subsequently used in

our algorithms derived in Section 5 for constructing the value functions of BIPs. Section 6

presents the results of our computational experiments. Finally, Section 7 concludes the paper

with future research directions.
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2 Model formulation

We consider the following class of discrete bilevel linear programs:

(DBLP ) : max cTx+ dTy (1a)

subject to x ∈ Bn1 , (1b)

y ∈ argmax
{
tTy | Ay ≤ b−Bx, y ∈ Y

}
, (1c)

where x and y represent the leader’s and the follower’s decision variables, respectively, and

A and B are m2 × n2 and m2 × n1 constraint matrices. The discrete set Y restricts the

follower’s variables to be pure binary or pure integer. For ease of presentation, we only

consider the upper-level constraint x ∈ Bn1 in (1b), our proposed methods apply when there

are additional constraints on the upper-level variables. Without loss of generality, we assume

that the entries of the constraint matrices A and B as well as the entries of the right-hand

side vector b are all integers. The constraint region of DBLP is defined as:

ΩI = {(x, y) | Ay +Bx ≤ b, x ∈ Bn1 , y ∈ Y} .

For x ∈ Bn1 , the follower’s feasible region and rational reaction set are given by PL(x) =

{y ∈ Y | Ay ≤ b−Bx} and R(x) = argmax
{
tTy | y ∈ PL(x)

}
, respectively. We assume

that PL(x) is bounded for x ∈ Bn1 to avoid pathological cases. Finally, the inducible region

of DBLP is defined as IR = {(x, y) | x ∈ Bn1 , y ∈ R(x)}. Any point (x, y) ∈ IR is bilevel

feasible, and DBLP can be re-stated as:

max
(x,y)∈IR

cTx+ dTy. (2)

There are two approaches for modeling the follower’s response in bilevel programs [13]:

the optimistic formulation assumes that if there are multiple optimal solutions in the fol-

lower’s rational reaction set R(x) for a given decision by the leader, the follower implements

the most favorable solution for the leader. On the contrary, the pessimistic formulation as-

sumes that the follower implements the least favorable solution for the leader. The optimistic

case might arise in collaborative environments when the leader and the follower cooperate,

while the pessimistic case is used to model adversarial settings. The DBLP assumes the

optimistic case. However, our proposed methods can also be applied in the pessimistic case

as discussed in Section 4.2.
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3 A branch-and-cut algorithm

In this section, we develop a branch-and-cut (B&C) algorithm to solve the DBLP . We first

describe the key components of the proposed algorithm and then present its main framework.

3.1 Lower bounding

Lower bounds to DBLP can be obtained from bilevel feasible solutions. For a given decision

of the leader x ∈ Bn1 , a response from the follower ŷ ∈ R(x) can be identified by solving the

lower-level problem

max
{
tTy | y ∈ PL(x)

}
. (3)

Then, (x, ŷ) is a bilevel feasible solution in the inducible region and provides a lower bound

to DBLP . If the rational reaction set R(x) is not a singleton, i.e., if problem (3) has multiple

optimal solutions, the most favorable response of the follower to the leader can be selected

by solving:

max
{
dTy | tTy ≥ tT ŷ, y ∈ PL(x)

}
. (4)

Problem (4) characterizes the follower’s response by maximizing the leader’s benefit, because

we consider the optimistic formulation. The constraints in (4) simply impose that y ∈ R(x).

Let y be an optimal solution to (4). Then, (x, y) provides a tighter lower bound than (x, ŷ)

since dTy ≥ dT ŷ for any ŷ ∈ R(x).

3.2 Upper bounding

It is well known that relaxing the integrality requirements on the variables does not provide

a valid upper bound for DBLP [31]. Instead, we consider the following single-level problem:

max
(x,y)∈ΩI

cTx+ dTy, (5)

which is obtained by removing the lower-level optimality conditions. In other words, we let

the leader control the follower’s variables. Problem (5) is thus a relaxation of DBLP , and

its optimal value provides an upper bound for DBLP . The linear programming relaxation

of (5) is given by:

max
(x,y)∈Ω

cTx+ dTy, (6)

where Ω is obtained by removing the integrality requirements in ΩI . It is clear that the

optimal value of (6) also provides an upper bound for DBLP .
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3.3 Local search

The upper bound obtained from (6) could be very loose. In the implementation of our B&C

algorithm, we get improved upper bounds by gradually reducing the size of Ω. Specifically,

if an integer upper-level solution x is obtained at a B&C node, we perform a local search in

the neighborhood of x and update the global lower bound accordingly. We then add a cut

to remove all upper-level solutions evaluated in the neighborhood of x from Ω.

We define the distance-k neighborhood of an upper-level solution x ∈ Bn1 as:

Nk(x) =

{
x ∈ Bn1

∣∣∣ n1∑
j=1

|xj − xj| ≤ k

}
,

where xj is the jth element of vector x. Note that Nk(x) consists of upper-level solutions that

have at most k different elements from x. We evaluate the objective value of each upper-

level solution x ∈ Nk(x) and update the lower bound of DBLP whenever an improved

bilevel-feasible solution is found. After performing this local search step, we can exclude all

upper-level solutions in Nk(x) from Ω by adding the following cut:∑
j:xj=1

(1− xj) +
∑
j:xj=0

xj ≥ k + 1. (7)

Note that (7) only discards the upper-level solutions in Nk(x).

3.4 The main framework of the B&C algorithm

Algorithm 1 outlines the B&C algorithm proposed for solving the DBLP . Let F be the list

of unprocessed tree nodes in the B&C tree, and Γ be the set of cuts generated so far. The

bilevel subproblem at each node Pv ∈ F is given by:

max
(x,y)∈IRv

cTx+ dTy, (8)

where IRv denotes the inducible region at node Pv after enforcing the cuts in set Γ.

We generate a local upper bound at node Pv by solving the following relaxation of (8):

(LPv) : Uv = max
(x,y)∈Ωv

cTx+ dTy, (9)

where Ωv is obtained by removing the lower-level optimality conditions and integrality re-

strictions in IRv. We fathom node Pv if problem LPv is infeasible or its optimal value Uv is

no greater than the global lower bound L. If the optimal upper-level solution xv to LPv is

6



integer, we perform a local search in Nk(x
v), update L accordingly, and then add a cut to

exclude all x ∈ Nk(x
v) and solve LPv again. If xv is fractional, we use valid inequalities to

separate the fractional solution or branch if necessary.

Algorithm 1. A branch-and-cut algorithm to solve the DBLP .

Step 0: (Initialization) Create the root node P0. Initialize the unprocessed node list

F ← {P0} and the set of cuts Γ← ∅. Set the global lower bound L = −∞ and node

count v = 1.

Step 1: (Node selection) If F = ∅, terminate with optimal objective function value

L and optimal solution (x∗, y∗); otherwise, select and delete from F a node Pv.

Step 2: (Node fathoming) Solve problem LPv. If LPv is infeasible, fathom the current

node and go to Step 1; otherwise, let (xv, yv) be an optimal solution and Uv be the

corresponding objective function value. If Uv ≤ L, fathom the current node and go to

Step 1; otherwise, go to Step 3.

Step 3: (Feasibility check) If xv is binary, go to Step 4; otherwise, go to Step 5.

Step 4: (Local search) Perform local search in Nk(x
v) to update the global lower bound

L and the optimal solution (x∗, y∗). Add the cut
∑

j:xvj =1(1− xj) +
∑

j:xvj =0 xj ≥ k+ 1

to the set of cuts Γ, and apply Γ globally to the B&C tree. Go to Step 2.

Step 5: (Separation) Search for valid inequalities that are violated by xv. If any are

found, add them to problem LPv and go to Step 2; otherwise, go to Step 6.

Step 6: (Branching) Choose a dimension i, 1 ≤ i ≤ n1, such that xvi is fractional.

Create two child nodes Pv1 and Pv2 by adding constraints xi ≤ bxvi c and xi ≥ dxvi e,
respectively. Set F ← F ∪ {Pv1 ,Pv2}. Set v = v + 1 and go to Step 1.

Theorem 1. Algorithm 1 terminates with an optimal solution (x∗, y∗) to the DBLP after

a finite number of iterations.

Theorem 1 follows because the set of binary upper-level feasible solutions is finite, and

the local search in Step 4 evaluates a distinct subset of these solutions at every iteration.
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Note that we add cuts to remove feasible upper-level solutions in Step 4, whereas the valid

inequalities generated in Step 5 eliminate fractional upper-level solutions in problem LPv.

Node selection and branching rules used in Step 1 and Step 6, respectively, may significantly

affect the computational performance. We implement Algorithm 1 using the callback func-

tions of CPLEX (version 12.7.1). The default settings of CPLEX are used for node selection.

For branching and separation, CPLEX is set to branch only on the upper-level variables x

and separate only fractional upper-level solutions due to the following theorem.

Theorem 2. [31] Let (xv, yv) be an optimal solution to problem LPv at node v, and Uv be

the corresponding objective function value. If no restrictions on the lower-level variables y

have been made along the path to node v, then Uv is an upper bound on the optimal value of

problem (8).

4 The value functions of bilevel integer programs

In the proposed B&C algorithm, integer problems (3) and (4) are solved for different upper-

level solutions during the local search. To avoid repeatedly solving similar integer programs,

we will utilize the value functions of bilevel integer programs. We focus on the case where all

of the lower-level variables in DBLP are nonnegative integers, i.e., Y = Zn2
+ in the rest of this

section. We first review the basic properties of the value functions of integer programs (IPs).

We then study the value functions of bilevel integer programs (BIPs). These properties are

then utilized in the algorithms proposed for constructing the BIP value function in Section 5.

4.1 Properties of the IP value functions

We define the follower’s value function as:

ψ(β) = max
{
tTy | Ay ≤ β, y ∈ Zn2

+

}
, β ∈ Zm2 . (10)

Note that β = b − Bx for a given upper-level solution x ∈ Bn1 . We represent the feasible

region of the follower’s problem by S(β) = {y ∈ Zn2
+ | Ay ≤ β} for any β ∈ Zm2 . We assume

that ψ(β) = −∞ if S(β) = ∅, and define B = {β ∈ Zm2 | S(β) 6= ∅}. For any β ∈ B, the

optimal solution set of the follower’s problem is given by ôpt(β) = argmax{tTy | y ∈ S(β)}.
Let tj denote the jth element of vector t, and aj be the jth column of matrix A. We define

Bj = {β ∈ B | β ≥ aj} for j ∈ {1, · · · , n2}. Proposition 1 summarizes some of the important

properties of the IP value functions.
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Proposition 1. We have the following results that are compiled in Nemhauser and Wolsey [32].

(i) ψ(·) is nondecreasing in β ∈ Zm2.

(ii) ψ(·) is superadditive over B, i.e., for all β1, β2 ∈ B, if β1+β2 ∈ B, then ψ(β1)+ψ(β2) ≤
ψ(β1 + β2).

(iii) ψ(aj) ≥ tj for j = 1, . . . , n2. If ψ(aj) > tj, then ŷj = 0 for all β ∈ B and ŷ ∈ ôpt(β).

(iv) (Integer Complementary Slackness) If ŷ ∈ ôpt(β), then ψ(Ay) = tTy and ψ(Ay) +

ψ(β − Ay) = ψ(Ay) + ψ(A(ŷ − y)) = ψ(β), for all y ∈ Zn2
+ such that y ≤ ŷ.

We make the following two observations from Proposition 1.

Lemma 1. Let ŷ ∈ ôpt(β) for β ∈ B. Then ψ(β′) = ψ(0) for β′ ∈ B and 0 ≤ β′ ≤ β −Aŷ.

Proof. It follows from (i) that ψ(0) ≤ ψ(β′) ≤ ψ(β−Aŷ). Furthermore, we have ψ(β−Aŷ) =

ψ(A(ŷ − ŷ)) = ψ(0) from (iv).

Lemma 2. Let ŷ ∈ ôpt(β) for β ∈ B. Then ψ(β′) = ψ(β) for β′ ∈ B and Aŷ ≤ β′ ≤ β.

Proof. It follows from (i) that ψ(Aŷ) ≤ ψ(β′) ≤ ψ(β). In addition, ψ(Aŷ) = ψ(β) since

ŷ ∈ ôpt(β).

Proposition 2. [27] For all β ∈ B \ ∪n2
j=1Bj, ψ(β) = 0.

Proposition 3. [21] For any β ∈ ∪n2
j=1Bj,

ψ(β) = max
j
{tj + ψ(β − aj) | aj ∈ B, j = 1, . . . , n2} .

A right-hand side vector β ∈ B is called level-set minimal if ψ(β − ei) < ψ(β) for all

i = 1, · · · ,m2, where ei is the ith unit vector [38]. Let B̃ be the set of all level-set minimal

vectors. In the following theorem, Trapp et al. [38] showed that the IP value function ψ(·)
can be entirely characterized on B̃.

Theorem 3. [38] For any β ∈ B,

ψ(β) = max
β̃∈B̃:β̃≤β

ψ(β̃).
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4.2 Properties of the BIP value functions

We consider the following BIP value function:

φ(β) = max
{
dTy | tTy ≥ ψ(β), y ∈ S(β)

}
, β ∈ Zm2 .

Note that β = b − Bx for a given upper-level solution x ∈ Bn1 , and φ(β) denotes the

contribution of the follower’s decision to the leader’s objective. We assume that φ(β) = −∞
if S(β) = ∅. Otherwise, we characterize the follower’s response to the leader by opt(β) =

argmax
{
dTy | tTy ≥ ψ(β), y ∈ S(β)

}
. We define φ(β) as a maximization problem to model

the optimistic case. The pessimistic case can be considered by changing maximization to

minimization in the definition of φ(β).

Remark 1. φ(·) is not monotone in β ∈ Zm2, and not superadditive over B.

Proposition 4 generalizes the integer complementary slackness theorem to bilevel integer

programs. This is an important theoretical result on its own. However, it also has compu-

tational significance because complementary slackness can be leveraged when constructing

φ(·) to easily obtain the objective values for some of the right-hand sides.

Proposition 4 (Bilevel integer complementary slackness). If ŷ ∈ opt(β) for β ∈ B, then

φ(Ay) = dTy and φ(Ay) + φ(β −Ay) = φ(Ay) + φ(A(ŷ − y)) = φ(β) for all y ≤ ŷ, y ∈ Zn2
+ .

Proof. If ŷ ∈ opt(β), then ŷ ∈ ôpt(β). It follows from integer complementary slackness in

Proposition 1 that y ∈ ôpt(Ay) and ψ(Ay) = tTy for all y ≤ ŷ, y ∈ Zn2
+ . We will do the proof

in three steps. First, we will show φ(Ay) = dTy, second we will show φ(Ay) +φ(A(ŷ− y)) =

φ(β), and finally we will show φ(β − Ay) = φ(A(ŷ − y)).

i) Suppose that y /∈ opt(Ay). Then, ∃ỹ ∈ ôpt(Ay) such that dT ỹ > dTy. Consider the

vector y = ỹ + ŷ − y. We have y ∈ Zn2
+ and

Ay = Aỹ + Aŷ − Ay ≤ Aŷ ≤ β, (since Aỹ ≤ Ay)

tTy = tT ỹ + tT ŷ − tTy = tT ŷ = ψ(β), (since y, ỹ ∈ ôpt(Ay))

dTy = dT ỹ + dT ŷ − dTy > dT ŷ, (since dT ỹ > dTy)

which indicates that y ∈ ôpt(β) and it has a larger objective function value than ŷ. This

contradicts ŷ ∈ opt(β). We thus conclude that y ∈ opt(Ay) and φ(Ay) = dTy.

ii) Consider now ŷ− y. Since ŷ− y ∈ Zn2
+ and ŷ− y ≤ ŷ, we know ŷ− y ∈ opt(A(ŷ− y))

from the result proved in part i). Then φ(Ay)+φ(A(ŷ−y)) = dTy+dT (ŷ−y) = dT ŷ = φ(β).
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iii) From integer complementary slackness in Proposition 1, we know that ψ(β − Ay) =

ψ(A(ŷ − y)) = tT (ŷ − y). Also, A(ŷ − y) ≤ β − Ay. Hence ŷ − y ∈ ôpt(β − Ay). Suppose

ŷ − y /∈ opt(β − Ay). Then ∃ỹ such that dT ỹ > dT (ŷ − y) and ỹ ∈ ôpt(β − Ay). Consider

ỹ + y = ỹ + ŷ − (ŷ − y). We have Aỹ ≤ β − Ay and thus A(ỹ + y) ≤ β. We also have

ỹ + y ∈ Zn2
+ and

tT (ỹ + y) = tT ỹ + tT ŷ − tT (ŷ − y) = tT ŷ = ψ(β), (since ỹ and ŷ − y ∈ ôpt(β − Ay))

dT (ỹ + y) = dT ỹ + dT ŷ − dT (ŷ − y) > dT ŷ,

which indicate that ỹ + y ∈ ôpt(β) and it has a larger objective function value than ŷ.

This contradicts the fact that ŷ ∈ opt(β). We thus conclude that ŷ − y ∈ opt(β − Ay) and

φ(β − Ay) = φ(A(ŷ − y)).

Next, Lemma 3 and Lemma 4 generalize Lemma 1 and Lemma 2 to bilevel integer

programs, respectively.

Lemma 3. Let ŷ ∈ opt(β) for β ∈ B. Then φ(β′) = φ(0) for 0 ≤ β′ ≤ β − Aŷ, β′ ∈ B.

Proof. If ŷ ∈ opt(β), then ŷ ∈ ôpt(β). Thus, ψ(β′) = ψ(0) for 0 ≤ β′ ≤ β−Aŷ, β′ ∈ B from

Lemma 1. Then

φ(0) = max
{
dTy | tTy ≥ ψ(0), Ay ≤ 0, y ∈ Zn2

+

}
≤ max

{
dTy | tTy ≥ ψ(β′), Ay ≤ β′, y ∈ Zn2

+

}
= φ(β′)

≤ max
{
dTy | tTy ≥ ψ(β − Aŷ), Ay ≤ β − Aŷ, y ∈ Zn2

+

}
= φ(β − Aŷ).

The result follows since φ(β − Aŷ) = φ(A(ŷ − ŷ)) = φ(0) by Proposition 4.

Lemma 4. Let ŷ ∈ opt(β) for β ∈ B. Then φ(β′) = φ(β) for Aŷ ≤ β′ ≤ β, β′ ∈ B.

Proof. If ŷ ∈ opt(β), then ŷ ∈ ôpt(β). Thus, ψ(β′) = ψ(β) for Aŷ ≤ β′ ≤ β, β′ ∈ B from

Lemma 2. Then

φ(Aŷ) = max
{
dTy | tTy ≥ ψ(Aŷ), Ay ≤ Aŷ, y ∈ Zn2

+

}
≤ max

{
dTy | tTy ≥ ψ(β′), Ay ≤ β′, y ∈ Zn2

+

}
= φ(β′)

≤ max
{
dTy | tTy ≥ ψ(β), Ay ≤ β, y ∈ Zn2

+

}
= φ(β).

The result follows since φ(β) = φ(Aŷ) by Proposition 4.
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Once we compute ŷ ∈ opt(β) for β ∈ B, Lemma 3 and 4 yield the objective value for

additional right-hand sides without solving the corresponding bilevel integer programs.

Lemma 5. φ(β) = 0 for β ∈ B\ ∪n2
j=1 Bj.

Proof. The result follows since ôpt(β) = {0} for β ∈ B\ ∪n2
j=1 Bj.

Proposition 5. For any β ∈ ∪n2
j=1Bj, if there exists ŷ ∈ opt(β) such that ŷ 6= 0, then

φ(β) = max
j
{dj + φ(β − aj) | ψ(β) = tj + ψ(β − aj), j = 1, . . . , n2} .

Proof. For any β ∈ ∪n2
j=1Bj and any j ∈ {1, . . . , n2} satisfying ψ(β) = tj + ψ(β − aj),

dj + φ(β − aj) = dj + max
{
dTy | tTy ≥ ψ(β − aj), Ay ≤ β − aj, y ∈ Zn2

+

}
= max

{
dTy + dj | tTy ≥ ψ(β)− tj, Ay ≤ β − aj, y ∈ Zn2

+

}
= max

{
dT (y + ej) | tT (y + ej) ≥ ψ(β), A(y + ej) ≤ β, y ∈ Zn2

+

}
= max

{
dTy | tTy ≥ ψ(β), Ay ≤ β, yj ≥ 1, y ∈ Zn2

+

}
≤ max

{
dTy | tTy ≥ ψ(β), Ay ≤ β, y ∈ Zn2

+

}
= φ(β).

Hence

φ(β) ≥ max
j
{dj + φ(β − aj) | ψ(β) = tj + ψ(β − aj), j = 1, . . . , n2} .

Let ŷ ∈ opt(β) with ŷ 6= 0. We know that ŷ ∈ ôpt(β). Suppose ŷj∗ > 0 for j∗ ∈ {1, . . . , n2}.
Then ej∗ ≤ ŷ and by integer complementary slackness in Proposition 1, ψ(β) = ψ(aj∗) +

ψ(β − aj∗) = tj∗ + ψ(β − aj∗). Furthermore, by bilevel integer complementary slackness in

Proposition 4, φ(β) = φ(aj∗) + φ(β − aj∗) = dj∗ + φ(β − aj∗). Hence

φ(β) ≤ max
j
{dj + φ(β − aj) | ψ(β) = tj + ψ(β − aj), j = 1, . . . , n2} .

Then, the result follows.

4.3 Bilevel minimal vectors

In this section, we show that the BIP value function φ(·) can be entirely characterized on

the set of bilevel minimal vectors:

Definition 1. A vector β ∈ B is bilevel minimal if φ(β − ei) < φ(β) for all i ∈ {1, · · · ,m2}
such that ψ(β − ei) = ψ(β). Let B̄ be the set of all bilevel minimal vectors.
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Remark 2. Any β ∈ B that is level-set minimal is also bilevel minimal, i.e., B̃ ⊆ B̄.

Remark 3. There are instances where some β ∈ B is bilevel minimal but not level-set

minimal, i.e., B̃ 6⊇ B̄. Consider the following example:

φ(β) = max 3y1 + 2y2 + y3

subject to y1 + 2y2 + 2y3 ≤ β1,

2y1 + 2y2 + y3 ≤ β2,

y1 + 2y2 + 2y3 ≥ ψ(β), y ∈ Z3
+,

and ψ(β) = max
{
y1 + 2y2 + 2y3|y1 + 2y2 + 2y3 ≤ β1, 2y1 + 2y2 + y3 ≤ β2, y ∈ Z3

+

}
. Right-

hand side vector β = (2, 2)T is bilevel minimal as ψ((1, 2)T ) = 1 < ψ((2, 2)T ) = 2,

ψ((2, 1)T ) = ψ((2, 2)T ) = 2 and φ((2, 1)T ) = 1 < φ((2, 2)T ) = 2. However, β = (2, 2)T

is clearly not level-set minimal since ψ((2, 1)T ) = ψ((2, 2)T ).

Lemma 6 (Monotonicity). φ(β′) ≤ φ(β) for β, β′ ∈ B such that β′ ≤ β and ψ(β′) = ψ(β).

Proof. Let ŷ ∈ opt(β′). Then Aŷ ≤ β′ ≤ β. Also, tT ŷ = ψ(β′) = ψ(β). Thus ŷ ∈ ôpt(β) and

dT ŷ = φ(β′) ≤ φ(β).

Proposition 6. β ∈ B̄ if and only if φ(β′) < φ(β) for all β′ ≤ β, β′ 6= β such that

ψ(β′) = ψ(β).

Proof. ⇒ Suppose there exists β′ ≤ β, β′ 6= β such that ψ(β′) = ψ(β) and φ(β′) ≥ φ(β).

Select i ∈ {1, · · · ,m2} such that βi > β′i and consider the vector β − ei. We have β′ ≤
β − ei ≤ β and thus ψ(β′) ≤ ψ(β − ei) ≤ ψ(β) due to the nondecreasing property of ψ(·).
Then ψ(β′) = ψ(β − ei) since ψ(β′) = ψ(β). Let ŷ ∈ opt(β′). Then Aŷ ≤ β′ ≤ β − ei. Also,

tT ŷ = ψ(β′) = ψ(β−ei). Thus ŷ ∈ ôpt(β−ei) and φ(β′) ≤ φ(β−ei). Hence φ(β−ei) ≥ φ(β)

and by Lemma 6, φ(β − ei) = φ(β). This indicates that β is not bilevel minimal.

⇐ Suppose φ(β′) < φ(β) for all β′ ≤ β, β′ 6= β such that ψ(β′) = ψ(β). Then φ(β −
ei) < φ(β) for all i ∈ {1, · · · ,m2} with ψ(β − ei) = ψ(β). Hence β is bilevel minimal by

Definition 1.

Lemma 7. For any β ∈ B \ B̄ there exists β′ ≤ β, β′ 6= β such that ψ(β′) = ψ(β) and

φ(β′) = φ(β).

Proof. By Proposition 6, for any β ∈ B\B̄ there exists β′ ≤ β with β′ 6= β and ψ(β′) = ψ(β)

such that φ(β′) ≥ φ(β). We then have φ(β′) = φ(β) by Lemma 6.

13



Lemma 8. Aŷ = β̄ for β̄ ∈ B̄ and ŷ ∈ opt(β̄).

Proof. Suppose Aŷ ≤ β̄ and Aŷ 6= β̄. Then for any Aŷ ≤ β ≤ β̄ we have φ(β) = φ(β̄) by

Lemma 4 and ψ(β) = ψ(β̄) by Lemma 2, which contradicts the fact that β̄ ∈ B̄.

Corollary 1. For β ∈ B, if there exists ŷ ∈ opt(β) such that Aŷ 6= β, then β /∈ B̄.

Proposition 7. If β̄ ∈ B̄ and ŷ ∈ opt(β̄), then Ay ∈ B̄ for any y ∈ Zn2
+ and y ≤ ŷ.

Proof. Suppose for some β̄ ∈ B̄ and ŷ ∈ opt(β̄), there exists y ∈ Zn2
+ and y ≤ ŷ but

Ay /∈ B̄. By Lemma 7 there exists β′ ≤ Ay with β′ 6= Ay such that ψ(β′) = ψ(Ay) and

φ(β′) = φ(Ay). Let y′ ∈ opt(β′) and then Ay′ ≤ β′, ψ(β′) = tTy′ and φ(β′) = dTy′. We also

have φ(Ay) = dTy by Proposition 4 and ψ(Ay) = tTy from integer complementary slackness

in Proposition 1.

Consider the nonnegative vector ỹ = ŷ − y + y′. We have Aỹ = A(ŷ − y + y′) ≤
β̄ − Ay + β′ ≤ β̄ and Aỹ 6= β̄ since β′ ≤ Ay and β′ 6= Ay. Also, tT ỹ = tT (ŷ − y + y′) =

ψ(β̄)−ψ(Ay) +ψ(β′) = ψ(β̄). Since Aỹ ≤ β̄ and due to the nondecreasing property of ψ(·),
tT ỹ = ψ(Aỹ) = ψ(β̄). Hence ỹ ∈ ôpt(Aỹ) and ỹ ∈ ôpt(β̄). In addition, dT ỹ = dT (ŷ−y+y′) =

φ(β̄)− φ(Ay) + φ(β′) = φ(β̄). Hence φ(Aỹ) ≥ φ(β̄). By Lemma 6, φ(Aỹ) = φ(β̄). We thus

have found a vector Aỹ ≤ β̄ with Aỹ 6= β̄, ψ(Aỹ) = ψ(β̄) and φ(Aỹ) = φ(β̄). This contradicts

the fact that β̄ ∈ B̄.

Corollary 2. For β̄ ∈ B̄ and ŷ ∈ opt(β̄), if ŷj ≥ 1 for j ∈ {1, · · · , n2}, then aj ∈ B̄.

As a result of Corollary 2, those columns in constraint matrix A that are not bilevel

minimal can be eliminated. In particular, let A be the index set of columns in A that are

bilevel minimal. For any β ∈ Zm2 , define

φ′(β) = max

{∑
j∈A

djyj

∣∣∣ ∑
j∈A

tjyj ≥ ψ′(β),
∑
j∈A

ajyj ≤ β, y ∈ Zn2
+

}
,

where

ψ′(β) = max

{∑
j∈A

tjyj

∣∣∣ ∑
j∈A

ajyj ≤ β, y ∈ Zn2
+

}
.

Let S ′(β) = {y ∈ Zn2
+ |

∑
j∈A ajyj ≤ β}, and define φ′(β) = ψ′(β) = −∞ if S ′(β) = ∅.

Let opt′(β) = argmax
{∑

j∈A djyj |
∑

j∈A tjyj ≥ ψ′(β), y ∈ S ′(β)
}
.

Proposition 8. ψ(β̄) = ψ′(β̄) and φ(β̄) = φ′(β̄) for β̄ ∈ B̄.
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Proof. Let y′ ∈ opt′(β̄) for β̄ ∈ B̄. Construct ỹ from y′ by letting ỹj = y′j for all j ∈ A
and ỹj = 0 for all j /∈ A. Then ỹ ∈ S(β̄) and ψ(β̄) ≥ tT ỹ =

∑
j∈A tjy

′
j = ψ′(β̄). Let

ŷ ∈ opt(β̄). By Corollary 2, ŷj = 0 for all j ∈ {1, · · · , n2} and j /∈ A. Then ŷ ∈ S ′(β̄) and

ψ′(β̄) ≥
∑

j∈A tj ŷj = ψ(β̄). Hence ψ′(β̄) = ψ(β̄). Note that ŷ is an optimal solution to ψ′(β̄)

and thus φ′(β̄) ≥
∑

j∈A dj ŷj = φ(β̄). Moreover, ỹ is an optimal solution to ψ(β̄) and thus

φ(β̄) ≥ dT ỹ =
∑

j∈A djy
′
j = φ′(β̄). Hence φ(β̄) = φ′(β̄).

4.4 Integral monoids

We introduce a superset of the bilevel minimal vector set B̄ that is easier to generate and

maintains many of the desirable properties. An integral monoid [25] is a set of vectors in

Zm which forms a semi-group under addition. Let M be the integral monoid generated by

nonnegative integer linear combinations of the columns of A, i.e., M = {Ay | y ∈ Zn2
+ }. The

truncated integral monoid is defined as M̄ = M ∩B.

Remark 4. The set of bilevel minimal vectors B̄ ⊆ M̄ .

Theorem 4. [38] For any β ∈ B,

ψ(β) = max
π∈M̄ :π≤β

ψ(π).

Theorem 5. For any β ∈ B,

φ(β) = max
π∈M̄ :π≤β,ψ(π)=ψ(β)

φ(π).

Proof. For any β ∈ B and π ∈ M̄ satisfying π ≤ β and ψ(π) = ψ(β),

φ(β) = max
{
dTy | tTy ≥ ψ(β), Ay ≤ β, y ∈ Zn2

+

}
= max

{
dTy | tTy ≥ ψ(π), Ay ≤ β, y ∈ Zn2

+

}
≥ max

{
dTy | tTy ≥ ψ(π), Ay ≤ π, y ∈ Zn2

+

}
= φ(π).

Hence

φ(β) ≥ max
π∈M̄ :π≤β,ψ(π)=ψ(β)

φ(π).

Let ŷ ∈ opt(β). Then φ(β) = φ(Aŷ) by Lemma 4, and ψ(β) = ψ(Aŷ) by Lemma 2. In

addition, Aŷ ∈ M̄ and Aŷ ≤ β. Hence

φ(β) = φ(Aŷ) ≤ max
π∈M̄ :π≤β,ψ(π)=ψ(β)

φ(π).

The result then follows.
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5 Constructing the BIP value functions

Utilizing the properties derived in Section 4, we first design a dynamic programming (DP)

algorithm for constructing the BIP value function φ(·) over B. This algorithm does not

require solving any IP. However, it is memory intensive as it stores φ(·) and ψ(·) for all

right-hand sides in B. Thus, it can only be used when the number of rows in the follower’s

problem is relatively small. To solve problems with larger number of rows, we propose a

two-step approach to generate φ(·) over the truncated integral monoid set M̄ . Finally, we

present an algorithm for computing the BIP value function when the lower-level variables y

are all binary. The constructed BIP value functions and the truncated integral monoid M̄

are then used in the local search procedure of the proposed B&C algorithm.

5.1 Constructing the BIP value function using DP

We propose a dynamic programming approach for finding the BIP value function φ(·). This

approach, however, only applies to the case when the constraint matrix A is nonnegative.

We thus assume that A is nonnegative in this section. Without loss of generality, we assume

that constraint matrix B is also nonnegative, and let B = {β ∈ Zm2 | 0 ≤ β ≤ b}. The

proposed approach is presented in Algorithm 2. For β ∈ B, l(β) is the lower bound of

ψ(β), and y(β) is a feasible solution to the follower’s problem with l(β) = tTy(β). Moreover,

u(β) is the leader’s benefit from y(β), i.e., u(β) = dTy(β). The algorithm terminates when

u(β) = φ(β) for all β ∈ B.

Algorithm 2. A DP algorithm to evaluate φ(β) for all β ∈ B when Y = Zn2
+ .

Step 0: Initialize l0(β) = 0, y0(β) = 0 and u0(β) = 0 for all β ∈ B. For j = 1, . . . , n2,

if aj ∈ B, set l0(aj) = tj, y
0(aj) = ej and u0(aj) = dj, and insert aj into a vector list

L. Set l1(β) = l0(β), y1(β) = y0(β) and u1(β) = u0(β) for all β ∈ B. Denote the ith

element of vector β by βi. Set k ← 1.

Step 1: Denote the kth vector in L by βk and let β = βk. Update all β′ ≥ βk, β′ ∈ B

with the following lexicographic order:

(1a) Set β1 ← β1 + 1.

If lk(β) < lk(βk) + lk(β − βk), set lk(β) = lk(βk) + lk(β − βk), yk(β) = yk(βk) +

yk(β − βk) and uk(β) = uk(βk) + uk(β − βk) = dTyk(β);
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else if lk(β) = lk(βk) + lk(β − βk) and uk(β) < uk(βk) + uk(β − βk), set yk(β) =

yk(βk) + yk(β − βk) and uk(β) = uk(βk) + uk(β − βk) = dTyk(β).

(1b) If β1 ≥ b1, go to Step (1c); otherwise, go to Step (1a).

(1c) If βi ≥ bi for all i = 1, . . . ,m2, go to Step 2. Otherwise, let s = min{i : βi < bi}.
Set βi ← βki for i = 1, . . . , s− 1. Set βs ← βs + 1 and go to Step (1a).

Step 2: If k = |L|, terminate with solution φ(·) = uk(·). Otherwise, set lk+1(β)← lk(β),

yk+1(β)← yk(β) and uk+1(β)← uk(β) for all β ∈ B. Set k ← k + 1 and go to Step 1.

Theorem 6. Algorithm 2 terminates with optimal values to φ(β) for all β ∈ B in at most

n2 iterations.

Proof. Let k∗ = |L|. The algorithm then terminates at iteration k∗. By Theorem 4 in [27],

ψ(β) = lk
∗
(β) = tTyk

∗
(β) and yk

∗
(β) is an optimal solution to ψ(β) for all β ∈ B. For

β ∈ B \ ∪n2
j=1Bj, we initialize u0(β) = 0 in Step 0 and do not update it subsequently. By

Lemma 5, φ(β) = 0 for any β ∈ B \ ∪n2
j=1Bj.

For β ∈ ∪nj=1Bj, u
k∗(β) ≤ φ(β) because yk

∗
(β) is optimal to ψ(β) and uk

∗
(β) = dTyk

∗
(β).

Suppose there exists β ∈ ∪nj=1Bj such that uk
∗
(β) < φ(β) and uk

∗
(β′) = φ(β′) for all β′ ≤ β,

β′ 6= β and β′ ∈ ∪nj=1Bj. It follows from Proposition 5 that there exists j∗ ∈ {1, . . . , n2},
such that uk

∗
(β) < dj∗ + φ(β − aj∗) and ψ(β) = tj∗ + ψ(β − aj∗). Note that ψ(aj∗) = tj∗

from integer complementary slackness. Since uk
∗
(aj∗) ≥ dj∗ and uk

∗
(β − aj∗) = φ(β − aj∗),

it follows that uk
∗
(aj∗) + uk

∗
(β − aj∗) ≥ dj∗ + φ(β − aj∗) > uk

∗
(β). In addition, lk

∗
(β) =

ψ(β) = ψ(aj∗) + ψ(β − aj∗) = lk
∗
(aj∗) + lk

∗
(β − aj∗). This leads to a contradiction because

if lk
∗
(β) = lk

∗
(aj∗) + lk

∗
(β − aj∗) and uk

∗
(β) < uk

∗
(aj∗) + uk

∗
(β − aj∗), then uk

∗
(β) should

have been updated to uk
∗
(aj∗) + uk

∗
(β − aj∗) in Step (1a). Hence, uk

∗
(β) = φ(β) for all

β ∈ ∪nj=1Bj. The result then follows from k∗ = |L| ≤ n2.

Step 1 of Algorithm 2 requires O(|B|) calculations and the overall running time of the

algorithm is O(n2|B|).

5.2 Constructing the BIP value function using integral monoids

We present a two-step approach to generate φ(·) over the truncated integral monoid set M̄ .

First, Procedure 1 generates the truncated integral monoid M̄ and simultaneously calculates
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ψ(π) for π ∈ M̄ . The generated monoid elements are stored in set M. Then, Procedure 2

computes the BIP value function φ(π) for π ∈ M. As we assume that the feasible region

of the lower-level problem (1c) is bounded for any upper-level decision x ∈ Bn1 , there is

an upper bound uj on each lower-level variable yj, j = 1, · · · , n2. Also, let πmax be the

maximum right-hand side vector that (b−Bx) can take for any x ∈ Bn1 .

Procedure 1. Generate truncated integral monoid M̄ and compute ψ(·) over M̄ .

1: Generate Monoid (j, τ)

2: for µ = uj to 0 do

3: Construct vector π = τ + µaj.

4: If π ≤ πmax then

5: If j < n2 then

6: Call Generate Monoid (j + 1, π).

7: else

8: If π /∈M then

9: Solve IP associated with ψ(π) to obtain optimal solution ŷ.

10: Store π in M and ψ(π) = tT ŷ.

11: for all y ∈ Zn2
+ such that y ≤ ŷ and y 6= ŷ do

12: Compute monoid element Ay.

13: If Ay /∈M then store Ay in M and ψ(Ay) = tTy.

After initialization with j = 1, τ = 0 and M = ∅, Procedure 1, which is first described

by Trapp et al. [38], recursively generates monoid elements using integer linear combinations

of the columns of constraint matrix A (Lines 1-6). When a new monoid element π that is not

already contained inM is generated, we solve the IP associated with ψ(π) to get an optimal

solution ŷ (Lines 8-10). After we store π and the value ψ(π) in M, we leverage the integer

complementary slackness property in Proposition 1 to discover additional monoid elements

π′ ≤ π for which ψ(π′) is easily obtainable (Lines 11-13). Unlike Trapp et al. [38], we do

not eliminate a monoid element that is not level-set minimal in Procedure 1 because that

monoid element can still be bilevel minimal as illustrated in Remark 3.

Procedure 2. Compute φ(·) over M̄ .

1: Initialize φ(π) = −∞ for all π ∈M.
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2: for all π ∈M do

3: If φ(π) = −∞ then

4: Solve the IP associated with φ(π) to obtain optimal solution ŷ.

5: If Aŷ 6= π then

6: Delete π from M. (Corollary 1)

7: for all y ∈ Zn2
+ such that y ≤ ŷ and y 6= ŷ do

8: Compute monoid element Ay.

9: Set φ(Ay) = dTy. (Proposition 4)

Procedure 2 iterates over all π in M̄ . If φ(π) has not been updated (i.e., φ(π) = −∞),

we solve the IP associated with φ(π) to get an optimal solution ŷ. We can solve that IP

because the follower’s value function ψ(π) is already computed in Procedure 1. If Aŷ 6= π,

π is not bilevel minimal and thus it can be eliminated from M̄ by Corollary 1. Finally,

we leverage bilevel integer complementary slackness result in Proposition 4 to set φ(π′) for

π′ ≤ π, π′ 6= π and π′ ∈ M̄ without solving their associated IPs.

5.3 Constructing the BIP value function when lower-level vari-
ables are binary

We present a DP algorithm to construct the BIP value function when the lower-level variables

in DBLP are all binary, i.e., Y = Bn2 . We assume that constraint matrices A and B are

nonnegative. For k = 1, . . . , n2, define the following partial value functions:

φk(β) = max

{
k∑
j=1

djyj

∣∣∣ k∑
j=1

tjyj ≥ ψk(β),
k∑
j=1

ajyj ≤ β, y ∈ {0, 1}k
}
, β ∈ B, (11)

where B is defined as in Section 5.1 and

ψk(β) = max

{
k∑
j=1

tjyj

∣∣∣ k∑
j=1

ajyj ≤ β, y ∈ {0, 1}k
}
, β ∈ B.

Note that φn2
(β) denotes the leader’s benefit from the optimal response of the follower

for β ∈ B. Algorithm 3 is motivated by the DP algorithms described in Brotcorne at al. [7]

and Özaltın et al. [33].

Algorithm 3. A DP algorithm to evaluate φ(β) for all β ∈ B when Y = Bn2 .

19



Step 0: Initialize ψ0(β) = 0 and φ0(β) = 0 for all β ∈ B. Denote the ith element of

vector β by βi. Set ψ1(β)← ψ0(β) and φ1(β)← φ0(β) for all β ∈ B. Set k ← 1.

Step 1: Let β = ak. Update all β′ ≥ ak, β
′ ∈ B with the following lexicographic order:

(1a) If ψk(β) < ψk−1(β − ak) + tk, set ψk(β) ← ψk−1(β − ak) + tk and φk(β) ←
φk−1(β − ak) + dk;

else if ψk(β) = ψk−1(β − ak) + tk and φk(β) < φk−1(β − ak) + dk, set φk(β) ←
φk−1(β − ak) + dk.

(1b) Set β1 ← β1 + 1. If β1 ≥ b1, go to Step (1c); otherwise, go to Step (1a).

(1c) If βi ≥ bi for all i = 1, . . . ,m2, go to Step 2. Otherwise, let s = min{i : βi < bi}.
Set βi ← βki for i = 1, . . . , s− 1. Set βs ← βs + 1 and go to Step (1a).

Step 2: If k = n2, terminate with solution φ(β) = φn2
(β) for all β ∈ B. Otherwise,

ψk+1(β)← ψk(β) and φk+1(β)← φk(β) for all β ∈ B. Set k ← k+ 1 and go to Step 1.

Theorem 7. Algorithm 3 terminates with optimal values to φ(β) for all β ∈ B in at most

n2 iterations.

Step 1 of Algorithm 3 requires O(|B|) calculations and the overall running time of the

algorithm is O(n2|B|). The major difference between Algorithms 2 and 3 is that at each

iteration k, Algorithm 2 updates the lower bound l(β) of ψ(β) for all β ≥ ak, β ∈ B by using

the supperadditivity of ψ(·). Thus, Algorithm 2 is not directly applicable when Y = Bn2

because the value function of a binary IP is not superadditive. Algorithm 3 computes the

exact value of ψk(β) for all β ≥ ak, β ∈ B by utilizing the dynamic programming recursion

ψk(β) = max{ψk−1(β), ψk−1(β − ak) + tk}.

6 Computational experiments

We demonstrate the performance of our algorithms on a set of randomly generated instances.

The algorithms are implemented in C++, compiled using Microsoft Visual Studio 2015 and

tested on a desktop computer equipped with a single 3.4 GHz CPU, 24 GB of RAM and

CPLEX 12.7.1. A 3-hour runtime is allowed for each instance and solution times are reported

in seconds.
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Table 1: Characteristics of instance classes in Testbeds 1 and 2.
Tm-K m2

T1-K (Testbed 1) T2-K (Testbed 2)

n1 n2 A B b n1 n2 A B b

Tm-1 6 50 70 [5,9] [3,7] [21,26] 70 90 [4,8] [1,7] [21,26]

Tm-2 6 60 80 [5,9] [3,7] [22,27] 75 95 [4,8] [1,7] [22,27]

Tm-3 6 70 90 [5,9] [3,7] [23,28] 80 100 [4,8] [1,7] [23,28]

Tm-4 6 80 100 [5,9] [3,7] [24,29] 85 105 [4,8] [1,7] [24,29]

Tm-5 6 90 110 [5,9] [3,7] [25,30] 90 110 [4,8] [1,7] [25,30]

Tm-6 7 50 70 [3,7] [3,7] [13,18] 70 90 [2,6] [1,5] [14,18]

Tm-7 7 60 80 [3,7] [3,7] [14,19] 75 95 [2,6] [1,5] [15,19]

Tm-8 7 70 90 [3,7] [3,7] [15,20] 80 100 [2,6] [1,5] [16,20]

Tm-9 7 80 100 [3,7] [3,7] [16,21] 85 105 [2,6] [1,5] [17,21]

Tm-10 7 90 110 [3,7] [3,7] [17,22] 90 110 [2,6] [1,5] [18,22]

Table 2: Characteristics of instance classes in Testbed 3.
T3-K m2 n1 n2 A B b

T3-1 20 70 90 [3,8] [3,8] [11,17]

T3-2 20 80 100 [3,8] [3,8] [12,18]

T3-3 20 90 110 [4,8] [3,8] [13,19]

T3-4 50 70 90 [3,8] [3,8] [15,21]

T3-5 50 80 100 [3,8] [3,8] [16,22]

T3-6 50 90 110 [4,8] [3,8] [16,22]

T3-7 100 70 90 [3,8] [3,8] [16,23]

T3-8 100 80 100 [3,8] [3,8] [17,24]

T3-9 100 90 110 [4,8] [3,8] [18,25]

T3-10 150 70 90 [3,8] [3,8] [16,24]

T3-11 150 80 100 [3,8] [3,8] [17,25]

T3-12 150 90 110 [3,8] [3,8] [18,26]

6.1 Experiment design

We randomly generate three different testbeds, of which testbeds 1 and 2 are generated for

the DBLP with pure integer and pure binary lower-level variables, respectively. Testbed 3

is also generated for the DBLP with pure integer lower-level variables but the instances in

Testbed 3 contain more constraints than the instances in Testbeds 1 and 2. There are 10

different instance classes in Testbeds 1 and 2 as shown in Table 1. Testbed 3 contains 12

different instance classes as shown in Table 2.

The instance classes are named Tm-K, where m = 1, 2, 3 is the testbed index and

K = 1, · · · , 12 is the instance class index. The numbers listed under A,B and b in Tables 1

and 2 are the lower and upper bounds of the uniform distribution that is used to generate

nonzero elements of these parameters. We set the densities of constraint matrices A and B

to 0.4, which is modeled by a Bernoulli distribution. Deterministic parameters c, d and t are

generated from uniform distribution U [1, 10]. We randomly generate 3 instances for each

instance class in Tables 1 and 2. The instances are named Tm-K-X, where X = 1, 2, 3 is

the instance index. Our instances are available online [44].
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We apply column elimination to reduce the size of the A matrix before constructing

the value functions of instances in Testbeds 1 and 3. Specifically, we eliminate column j

if ψ(aj) > tj using the third result in Proposition 1. In addition, we eliminate column

j if aj /∈ B̄ based on Corollary 2. For Testbed 1 and Testbed 2, we use Algorithm 2 and

Algorithm 3, respectively, to construct φ(·) over B. For Testbed 3, we first execute Procedure

1 to generate the truncated integral monoid M̄ and the follower’s value function ψ(·) over

M̄ . We then use Procedure 2 to construct the value function φ(·) over M̄ .

Note that using Algorithm 2 to construct φ(·) over B is only possible when the number

of rows is at most 7 in Testbed 1. Algorithm 2 would require prohibitively large memory

allocations for Testbed 3, because the instances in Testbed 3 have up to 150 rows. Using

Procedures 1 and 2 to construct φ(·) over M̄ , however, is considerably slower than Algorithm

2 for Testbed 1, because these procedures involve solving IPs whereas Algorithm 2 does not.

As a result, we recommend using Algorithm 2 to construct φ(·) when the number of rows in

the follower’s problem is relatively small. Otherwise, Procedures 1 and 2 should be used.

After constructing φ(·), the B&C algorithm returns the optimal upper-level solution. The

objective function value of a given upper-level solution x̄ equals cT x̄+φ(b−Bx̄). For Testbed

3, we compute ψ(b−Bx̄) and φ(b−Bx̄) using Theorems 4 and 5, respectively. For Testbed

1 and Testbed 3, we set the neighborhood distance k = 4 in the local search procedure. We

set k = 2 for Testbed 2. These values are chosen based on our computational observations.

6.2 Computational results

Tables 3, 4 and 5 report our computational results for instances in Testbeds 1, 2 and 3,

respectively. Columns tBC and ttotal in these tables display the B&C algorithm solution

time and the total solution time, respectively. Column tvf in Tables 3 and 4 shows the

value function computing time. Column tce in Table 5 presents the time spent in column

elimination. We do not report tce in Table 3 because tce is less than 1 second for all the

instances in Testbed 1. Column tmg in Table 5 gives the total time used by Procedures 1

and 2 to generate the truncated integral monoid M̄ and the associated value functions ψ(·)
and φ(·) over M̄ . The optimal objective values of all the instances can be found online [44].

In Tables 3 and 4, tvf increases as n2 or the magnitude of the right-hand side vector

b increases because the running times of Algorithm 2 and Algorithm 3 are both O(n2|B|).
Table 5 shows that tce increases as the number of rows m2 increases. This is also expected

because when there are more rows in the constraint matrix A, we need to solve more IPs
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Table 3: Computational results for instances in Testbed 1.

T2-K
Instance 1 Instance 2 Instance 3

|B| tvf tBC ttotal |B| tvf tBC ttotal |B| tvf tBC ttotal
T1-1 1.9E8 6 0 6 2.4E8 8 12 20 1.7E8 4 184 189

T1-2 2.8E8 7 48 54 2.9E8 10 2 12 2.7E8 8 23 31

T1-3 4.0E8 16 42 59 3.7E8 10 23 33 3.5E8 10 21 32

T1-4 4.8E8 14 5 19 3.6E8 12 204 217 4.3E8 17 2419 2437

T1-5 4.9E8 24 433 457 4.8E8 17 72 89 6.8E8 26 14 40

T1-6 3.5E8 11 1 12 2.4E8 9 469 478 2.4E8 9 1 10

T1-7 5.9E8 18 1 19 5.1E8 14 2491 2506 3.6E8 12 3 15

T1-8 5.3E8 18 140 158 1.0E9 39 8 48 7.3E8 40 41 81

T1-9 1.3E9 82 274 356 1.6E9 107 1845 1952 8.2E8 32 89 121

T1-10 1.4E9 52 9 62 1.4E9 69 704 774 1.5E9 - - -*
∗ 3-hour runtime limit is exceeded.

Table 4: Computational results for instances in Testbed 2.

T2-K
Instance 1 Instance 2 Instance 3

|B| tvf tBC ttotal |B| tvf tBC ttotal |B| tvf tBC ttotal
T2-1 1.7E8 26 0 27 1.7E8 25 123 148 1.8E8 26 8291 8317

T2-2 3.2E8 48 49 97 2.3E8 34 48 82 2.1E8 32 231 263

T2-3 2.7E8 - - -* 4.1E8 70 135 205 3.6E8 61 0 61

T2-4 3.6E8 62 1 63 4.4E8 77 2148 2225 4.6E8 84 4039 4124

T2-5 4.6E8 86 12 98 6.5E8 122 5233 5355 3.5E8 63 3086 3149

T2-6 4.5E8 64 1272 1336 3.3E8 58 0 58 4.7E8 75 1 76

T2-7 4.0E8 62 0 62 7.1E8 112 0 112 6.0E8 94 475 570

T2-8 8.7E8 165 517 682 8.8E8 148 7 156 7.5E8 125 1 126

T2-9 1.7E9 343 95 438 1.3E9 - - -* 1.3E9 256 1815 2071

T2-10 1.5E9 321 6220 6540 2.0E9 393 4 397 1.5E9 307 0 308
∗ 3-hour runtime limit is exceeded.

Table 5: Computational results for instances in Testbed 3.

T3-K
Instance 1 Instance 2 Instance 3

tce tmg tBC ttotal tce tmg tBC ttotal tce tmg tBC ttotal
T3-1 2 412 32 445 1 1631 193 1824 1 71 4 76

T3-2 1 972 141 1114 1* 14066 628 14695 1 1689 172 1862

T3-3 1 3904 959 4864 1 1289 731 2021 1 1462 308 1771

T3-4 2 126 151 279 2 541 1427 1970 2 137 440 578

T3-5 3 649 6101 6752 2 676 4791 5469 2 895 6472 7369

T3-6 3 261 3723 3986 3 142 1864 2008 3 245 1253 1501

T3-7 5 82 121 208 4 56 53 113 4 62 53 119

T3-8 5 226 883 1114 5 350 2372 2727 5 193 648 846

T3-9 6 209 2631 2845 6 193 2266 2465 6 429 7132 7567

T3-10 7 42 19 68 7 46 22 75 7 49 20 76

T3-11 9 161 255 424 9 148 219 376 9 139 230 378

T3-12 10 662 4171 4842 9 724 5054 5788 10 413 1769 2192
∗ We let this instance run more than 3 hours.
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Table 6: More details on monoid generation for instances in Testbed 3.

T3-K
Instance 1 Instance 2 Instance 3

tP1 tP2 |M̄ | nIP tP1 tP2 |M̄ | nIP tP1 tP2 |M̄ | nIP

T3-1 327 85 5.4E4 5.5E4 963 668 2.1E5 1.8E5 50 21 3.8E4 2.7E4

T3-2 554 418 1.8E5 1.7E5 7065 7001 6.3E5 5.8E5 918 771 2.1E5 2.3E5

T3-3 2521 1383 3.0E5 4.0E5 764 525 1.6E5 2.1E5 868 594 1.9E5 1.9E5

T3-4 60 66 1.5E5 1.2E5 258 283 4.4E5 3.3E5 67 70 1.6E5 1.3E5

T3-5 298 351 4.8E5 3.6E5 316 360 5.2E5 4.0E5 414 482 6.3E5 4.4E5

T3-6 123 138 2.4E5 2.2E5 69 73 1.5E5 1.3E5 117 128 2.2E5 2.0E5

T3-7 39 43 7.7E4 7.7E4 27 29 5.2E4 5.2E4 30 32 5.7E4 5.8E4

T3-8 108 117 1.9E5 1.9E5 171 179 3.1E5 3.0E5 92 101 1.7E5 1.7E5

T3-9 101 108 1.7E5 1.7E5 93 100 1.5E5 1.6E5 208 222 3.2E5 3.5E5

T3-10 20 22 2.8E4 3.4E4 21 24 2.9E4 3.7E4 23 26 3.2E4 3.9E4

T3-11 75 86 1.1E5 1.1E5 69 79 1.0E5 1.0E5 65 74 9.7E4 1.0E5

T3-12 286 375 3.3E5 3.7E5 310 414 3.7E5 3.9E5 184 229 2.3E5 2.5E5

to check if a column aj is bilevel minimal according to Definition 1. The B&C algorithm

solution time tBC in Tables 3 and 4, however, does not exhibit a regular pattern and varies

significantly even across the instances in the same instance class. For example, in instance

class T1-4 in Table 3, tBC is 5 seconds for T1-4-1 but 2419 seconds for T1-4-3.

Table 6 presents more details on truncated integral monoid generation for Testbed 3. In

particular, columns tP1 and tP2 report the time spent in Procedures 1 and 2, respectively.

Note that tmg in Table 5 is equal to tP1 + tP2. Column |M̄ | in Table 6 shows the size of the

truncated integral monoid M̄ after Procedure 2 is executed. Note that |M̄ | may be smaller

than the number of monoid elements generated in Procedure 1 because some of the monoid

elements may be deleted from M̄ in lines 5 and 6 of Procedure 2. Column nIP in Table 6

gives the total number of IPs solved in Procedures 1 and 2, not including the number of IPs

solved in column elimination. We observe from Table 6 that |M̄ | is rather small compared

to |B| in Tables 3 and 4.

7 Conclusions

We study a class of discrete bilevel linear programming problems in which the upper-level

variables are all binary and the lower-level variables are all integer or all binary. The main

contribution of this article is two-fold. First, we derive some theoretical properties of the

value functions of bilevel integer programs. Most notably, we generalize the integer com-

plementary slackness theorem to bilevel integer programs. This is an important theoretical

result on its own. However, it also has computational significance because complementary

slackness can be leveraged when constructing the value functions of bilevel integer programs
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to easily obtain the objective values for some of the right-hand sides. We also introduce the

set of bilevel minimal right-hand side vectors B̄ and show that the BIP value functions can

be described by using only the elements in B̄. We further investigate the truncated integral

monoid M̄ ⊇ B̄ as membership in B̄ is difficult to verify.

Second, utilizing the derived properties, we develop two efficient dynamic programming

algorithms to build the BIP value functions when there are at most seven constraints in the

lower-level. For problems with more constraints, we provide two procedures to generate the

truncated integral monoid M̄ and the associated value functions. Finally, given the BIP

value functions, we propose a B&C algorithm to find the optimal upper-level solution. The

computational results show that we can solve instances of this class with up to 200 variables

and 150 constraints in a reasonable amount time.

The solution approach presented in this paper may be extended for solving bilevel pro-

grams with mixed-integer upper- and lower-level variables. Furthermore, our approach can

be generalized to solve discrete bilevel linear programs with stochastic right-hand sides in the

lower-level problem. We will also consider discrete bilevel nonlinear programs with quadratic

or fractional objective functions. Finally, we are interested in using the proposed approach

in practical applications of bilevel programming such as network interdiction.
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