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Abstract

We derive computationally tractable formulations of the robust counterparts of convex quadratic
and conic quadratic constraints that are concave in matrix-valued uncertain parameters. We do
this for a broad range of uncertainty sets. In particular, we show how to reformulate the support
functions of uncertainty sets represented in terms of matrix norms and cones. Our results provide
extensions to known results from the literature. We also consider hard quadratic constraints;
those that are convex in uncertain matrix-valued parameters. For the robust counterpart of such
constraints we derive inner and outer tractable approximations. As application, we show how to
construct a natural uncertainty set based on a statistical confidence set around a sample mean vector
and covariance matrix and use this to provide a tractable reformulation of the robust counterpart
of an uncertain portfolio optimization problem. We also apply the results of this paper to a norm
approximation and a regression line problem.

1 Introduction

Many real-life optimization problems have parameters whose values are not exactly known. Let us
consider an optimization problem containing the constraint

f(y,¢) <0, (1)

where y € R” is the decision variable, ¢ € R? is the parameter that is not known exactly, and
f:R®" xR — R is a continuous function. One way to deal with parameter uncertainty is Robust
Optimization (RO), which enforces the constraints to hold for all uncertain parameter values in a
user specified uncertainty set Z C RY. More precisely, RO changes (1) into

f(y,) <0, Ve Z. ()

This leads to a semi-infinite optimization problem, called the robust counterpart (RC), which is
generally computationally intractable (see, e.g., Example 1.2.7 of the book [8]). A challenge in RO
is to find a tractable, i.e., conic quadratic or semi-definite, reformulation of the RC. Tractability
depends not only on the functions defining the constraint, i.e., f(y,{) in (1), but also on the
uncertainty set Z. For a linear constraint with linear uncertainty, where f(y,¢) = b(¢)Ty + ¢, with
scalar ¢ € R and affine b(¢) € R™, there is a broad range of uncertainty sets for which the RC has
a tractable reformulation, see [26].
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An extension of the linear case that we consider in this paper is an uncertain quadratic constraint
yTA(A)y +b(A) Ty +c <0, (3)

where A(A) € R™™ and b(A) € R™ are uncertain, and ¢ € R is deterministic. We consider
uncertain constraints in which the uncertainty in the parameters can be formulated in a matrix
format, whereas the results in the literature are mainly for vector uncertainty. Throughout the

paper, we use the notation ¢ in case of vector uncertainty and A in case of matrix uncertainty. So,
we consider the RC of (3):

yTAA)y +b(A)Ty+c<0, VA€ Z, (4a)

where A € R"*™ (of the same dimension as A) is the uncertain parameter belonging to the convex
compact uncertainty set Z C R™*™, where A(A) € R™*™ and b(A) € R™ are affine in A, A(A) is
positive semi-definite for all A € Z, and where ¢ € R.

An important optimization problem having constraints in the form (4a), is a portfolio choice
problem, in which one tries to find an asset allocation that trades off a low risk against a high
expected return. One can formulate a portfolio choice problem using the form (4a), where A(A)
is the covariance matrix and b(A) is minus the vector of mean returns (possibly with a weight),
respectively.

In addition to a quadratic constraint in the form (4a), we consider a conic quadratic constraint
that is concave in the uncertain parameters in the form

yTA(A)y +b(A)Ty+c<0, VA€ Z, (4b)

where A(A), b(A), ¢, and Z are defined as above.

To the best of our knowledge, there are only a few papers treating the constraints in the forms
(4). Moreover, the matrix A typically is given as an uncertain linear combination of some primitive
matrices with vector uncertainty. For example, the authors in [24] study constraints in the form
(3), where A is formulated as 27;:1 GA; and ¢ = [(1,...,¢)T € Z C R is the uncertain parameter
vector, for given positive semi-definite matrices A;, ¢« = 1,...,t. They provide exact tractable
reformulations of RCs for polyhedral and ellipsoidal uncertainty sets. The uncertainty set Z that
we consider in this paper is a matrix-valued one, which is not studied in [24]. The results in [29]
are similar to the results in [24] when applied to a quadratic constraint in the form (3). In a more
general setting, the authors in [25] introduce a dual problem to a general convex nonlinear robust
optimization problem where the objective function and constraints are concave in the uncertain
parameters, and provide conditions under which strong duality holds.

Except for the aforementioned papers, the focus in the literature remarkably is on the constraints
in the forms

yTA(A)TAA)y +b(A)Ty+¢<0, VA€ Z, (5a)
VT ABD)TAAYy + b(A) Ty +c<0, VA€ Z, (5b)

where A(A) € R™*™ and b(A) € R™ are affine in A € Z C R™*", and Z is a convex compact
set. For example, the book [8] and papers [20] and [6] treat the constraints in the forms (5). The
drawback of (5) is that the RC is, in general, (computationally) intractable, since the constraints
are convex in the uncertain parameter A (see, e.g., [34]).

It is worth mentioning that the key characteristic of the constraints in the forms (4) is that they
are concave in A with convex Z. Constraints in the forms (5) can be formulated in terms of (4),

for instance as follows: B _ _
y"B(A)y +bTy+¢c<0, VAc Z,

yTB(Ay +b'y+c<0, VAc Z,
where B(A) = A and Z={A: A=A(A)TA(A), A€ Z}, but Z is not convex anymore, even

not for a convex Z.
On the one hand, the focus of the literature is on reformulating the RCs of constraints in the
forms (5) with specific convex compact uncertainty sets, with applications specially in least-squares



problems. On the other hand, many applications that naturally contain constraints in the forms (4)
with matrix-valued uncertainty sets have been left out from the literature. Some of the applications,
in addition to portfolio choice problems, are the following ones.

e Chance Constraint [2, Chapter 1]: Consider a normally distributed random vector a € R™.
Let y € R™ be the vector of decision variables and ¢ € R be a constant scalar, respectively.
Then, the chance constraint Prob(aTy+c > 0) > « is equivalent to 0 > z4/yT Sy —yT u—c,
where a € (0,1), z, is the a percentile of the standard normal distribution, p and ¥ are the
mean vector and covariance matrix of a, respectively. Usually, u and X are estimated based
on historical data, which results in estimation inaccuracy. Since, p and ¥ are uncertain, the
inequality is of the format (4b).

e Quadratic Approximations: Many optimization methods, like (quasi) Newton and Se-
quential Quadratic Programming, use quadratic approximations of objective and constraint
functions. For a twice differentiable function, this approximation can be taken using the sec-
ond order truncated Taylor expansion, which requires calculating the gradient vector and the
Hessian matrix. However, often the calculated gradients and Hessians are inaccurate, which
make them uncertain. Therefore, if we apply methods, like the Newton method, to a con-
vex optimization problem, then we could approximate it by a convex quadratic optimization
problem, with an uncertain gradient vector and Hessian matrix.

The contribution of this paper is fourfold. First, we extend the results in [4], who consider vector
uncertainty, to derive reformulations of the support functions of matrix-valued uncertainty sets.
We derive explicit formulas for support functions of many choices of Z, mostly of those given in
terms of matrix norms and cones. We demonstrate that these derivations for support functions of
matrix-valued uncertainty sets are also useful for a class of linear Adjustable Robust Optimization
problems introduced in [9].

Second, we derive tractable formulations of the RCs of uncertain constraints in the forms (4),
where A(A) is positive semi-definite, with a general convex compact matrix-valued uncertainty set
Z, given in terms of its support function. In the literature only for very special uncertainty sets
tractable formulations have been developed, whereas the results in this paper are for a broad range
of uncertainty sets.

Third, we develop inner and outer tractable approximations of the RCs of constraints in the
forms (5). We do this by substituting the quadratic term in the uncertain parameter with upper and
lower bounds that are linear in the uncertain parameter and hence are in the forms (4). These results
extend the literature in two ways. First of all, inner approximations for (5) have been proposed in
the literature only for box or 2-norm type uncertainty sets [6, 10] while our approach is for a much
broader range of uncertainty sets. Secondly, in this paper we also derive outer approximations.
Hence, we obtain both a lower and an upper bound for the optimal value of the problem. In
the literature mostly inner approximations are derived. We test these approximations on norm
approximation problems as well as linear regression problems with budgeted-type uncertainty set,
which could not be treated using the results in the literature. Our numerical experiments show
that the obtained robust solutions outperform the nominal solutions.

Fourth, we show how to construct a natural uncertainty set consisting of the mean vector and
the (vectorized) covariance matrix by using historical data and probabilistic confidence sets. This
type of uncertainty sets is important for applications such as portfolio optimization problems. We
prove for this type of sets that the support function is semi-definite representable, and provide a
tractable reformulation of the robust counterpart of an uncertain portfolio optimization problem.

The remainder of the paper is organized as follows. Section 2 introduces notations and defini-
tions that are used throughout the paper. In Section 3, we show how to derive computationally
tractable expressions for the support functions of matrix-valued sets defined by matrix norms and
cones, and several composition rules, including summations, intersections, Cartesian products of
sets, convexification, linear transformations, and many more. In Section 4, we derive an exact
tractable formulation for the RC of constraints in the forms (4) for a general convex compact un-
certainty sets. In Section 5, we study constraints in the forms (5) with a general convex compact
uncertainty set, and provide inner and outer approximations of the RCs. Section 6 is about con-
structing an uncertainty set using historical information and confidence sets. In Section 7, we apply
the results of this paper to a portfolio choice, a norm approximation, and a regression line problem.



This paper contains four appendices. Appendix A contains the proofs of lemmas and propositions
not presented in the main text. The second appendix contains simple illustrative examples for the
results in Section 4. In Appendix C, we show how one can check assumptions needed in Section
5 to derive the approximations. Finally, Appendix D contains a heuristic method to find worst-
case scenarios, which are used in the numerical experiments to check the quality of the solutions
obtained using the inner and outer approximations proposed in Section 5.

2 Preliminaries

In this section, we introduce the notations and definitions we use throughout the paper. We denote
by S, the set of all n x n symmetric matrices, and by S, its subset of all positive semi-definite
matrices. For A, B € R" " the notations A = B and A = B are used when A — B € ST
and A — B € int(S,)), respectively, where int(S,") denotes the interior of S;". We denote by
trace (A) the trace of A. For A, B € R™™ we set vec(A) = [A11, .., Aty ooy Ants ooy Apn] T,
and hence, trace (ABT) = vec(A)Tvec(B). For symmetric matrices 4, B € S,,, we set svec(A) :=
[A11,V2A19, ..., V2A1,,, Asg, ..., \@A(n,l)n, Apn]®, and hence, trace (AB) = svec(A)T svec(B). Ad-
ditionally, to represent a vector d € R" by its components, we use [d;]i=1,... n. Also, we denote the
zero matrix in R™*™ and identity matrix in S,, by 0, . and I,,, respectively. Moreover, for matrices
A, B € R"*™_ we denote the Hadamard product by Ao B;i.e., foranyi=1,...,nand j=1,...,m,
we have (A o B)ZJ = A”BU

We denote the singular values of a matrix A € R™*™ with rank r by 01(4) > ... > ¢,(4) > 0.
For a vector « € R™, the Euclidean norm is denoted by ||z||,. We use the following matrix norms
in this paper:

Frobenius norm: |[Allrp = /3", >0 | A%

lomorm: [|Ally =370, 370 [Aijl;

loo norm: ||Alle = Max 1<ism |Aij;

spectral norm: |A|[22 = supy,,—1 [[Az]l,;

trace (nuclear) norm: ||A|y =01(4) + ... + 0,.(4);

dual norm: For a general matrix norm ||. |, its dual norm is defined as || A||* = max )= trace (BT A).

Remark 1. Let ||.|| be a general vector norm. Then a matriz norm can be defined as ||vec(A)|| for
a matrix A € R™*™ . Frobenius, 11, and lo, norms are examples of this type of matrix norms. [

The following lemma provides the exact formulations of the dual norms corresponding to the matrix
norms defined above.

Lemma 1. /28, Section 5.6]
(a) [AllE = [|Allr = llvec(A)lly; () Al = [[Alleo;  (¢) 1Al = [ A]

In the rest of this section, we recall some definitions related to optimization.

2’2:0'1(14). D

Definition 1. Let Y be a set determined by constraints in a variable y. A set S determined
by constraints in the variable y and additional variable x, is an inner approximation of Y, if
(r,y) €S = y €Y. A set S is an outer approximation if y € Y = Jx: (z,y) € S. O

In [8] the inner approximation is called safe approximation.

Definition 2. For a convex set Z, the support function 0%(.) is defined as follows:

if Z CR", 6% (u) == sup {u"b},
bez
if Z CR™*™, 8% (W) := sup {trace (AW™)},
Acz
if ZCR™" xR, §5(W,u):= sup {trace (AW")+u"b},
(Ab)eZ
where W € R™*™ 4 € R™. O



Definition 3. Let

Z=qAecR™": he(A , 0=1,..,L, (" (6)

where p is a positive integer, C* € R™" i =1,..,1, ¢ € R, and hy : R™*" - R, ¢ =1,..., L,
and gy : R™*" — RPXP k =1,..., K, are convex continuous functions. Slater condition is satisfied
for Z if there exists A € Z such that hy(A) < 0, for any £ = 1,..., L, and gx(A) < Osx¢, for any
k=1,..,K. We call A a Slater point. O

3 Support functions for matrix-valued uncertainty sets

The importance of the support functions of the vector-valued sets in the area of Robust Optimiza-
tion has been highlighted by [4], who show how to derive explicit formulas of the support functions.
Support functions of the matrix-valued sets, however, are not studied in the literature despite their
applicabilities in defining uncertainty in linear optimization [13], quadratic optimization [20], and
semi-definite optimization problems [19]. For instance, let us consider an Adjustable Robust Linear
Optimization (ARO) problem, introduced in [9]:

min ¢’z + max min  dTy(A)
zER? A€Z y(A)eRn
s.t. Az + By(A) < h, (7)
y(A) 20,

where z € R! is a “here-and-now” decision, A € R™*? is the uncertain parameter, Z C R™*! is a
convex compact set, y(.) € R is a “wait-and-see” variable, ¢ € RY, B € R™*" d € R", and h € R™.
A typical approach to approximate the ARO problem (7) is to restrict the “wait-and-see” variable
y(A) to be affine in the uncertainty parameter. In other words, (7) is approximated by

min T +7
TER, zeR?t

VleRm,Xﬂ,
u?ER
st. > Zdi (trace (ViA) + ui) , VA € Z,
=1 (8)
Az + ZBji(trace (V'A) +u) <h, VAecZ,
i=1 j=1,...,m
[trace (ViA) + ui]izl .20, VA € Z,

which is the robust counterpart of an uncertain linear optimization problem where the uncertain
parameters appear in all constraints. Problem (8) can be solved efficiently if the support function of
Z has a tractable reformulation. In this section, we focus on deriving explicit tractable formulations
of the support functions of matrix-valued sets.

In the following lemma we provide equivalent formulations of the support functions of the sets
constructed using standard composition rules.

Lemma 2. Let U € R»*™,
(i) Let Z = {A ER™: pee(A) €U C R"Q}. Then 6% (U) = 67, (vec(U)).

(ii) Let A, ..,AF € R™ " be given. Also, let Z = {zle R geung}. Then, 6% (U) =

.....

(iii) Let L € R™™ and R € R**™ be given, and Z = {LAR: A €U CR'5}. Then §%(U) =
& (L"URT).



(iv) Let L € R"*™ be given, and Z = {A: Lo A €U CR™"}. Then,

55(U) = 5 (UoLT) ifU;j =0 for any i,5 =1,...,n, such that L;; =0,
Z o +00 if Uij # 0 for somei,j =1,...,n, such that L;; =0,

where for any 1,7 =1,...,n,

K 0 otherwise.

It {Llu if Lij # 0,

(v) Let Z; C R"™™ ¢ =1,...k, and let Z = Zle Z; be the Minkowski sum. Then §%(U) =
k *
> im1 0%, (U).
(vi) Let Z; C R™™™ 4§ =1,....k, be in the form (6) and have a common Slater point. Also, let
2=y Zi. Then 65(U) = mingicunn {Ch e w): $hv=v})

(vii) Let Z; CRM*™ Uy € RM<™ i =1, .k, and Z = {A = (Aq, oy AR) . Av€ Zii=1, ..k}
Then we have 0% ((Uy, ..., Uy)) = Zle 0% (Uy).

(viii) Let Z; C R™™ ¢ = 1,...,k, be conver and Z = conv(Uf:1 Z;) be the conver hull. Then
05 (U) = max;=1,k 6}(U)

Proof. Proof. Appendix A.1. O

Lemma 2 shows how we can derive the support functions of sets constructed using different
composition rules without being restricted to vector-valued sets in contrast with the results in [4],
which hold for vector-valued sets.

In the next lemma we derive explicit tractable reformulations of the support functions of matrix-
valued uncertainty sets defined by matrix norms and the cone of positive semi-definite matrices.

Lemma 3. Let U € R"*™.
(a) Let Z={A e R™": |A|l < p}, where||.|| is a general matriz norm. Then 6% (U) = p|U||*.

(b) Let Z ={A: Al < A < A"}, where A, A* € S, are given such that A* — Al = 0,xp-
Then

U+UT

0%(U) = min {trace (A%Ay) — trace (AlAl) Ao — A = 5

1 As ) AlaAZEOan}-
Proof. Proof. (a) This follows directly from the definition of the dual norm.
(b) This follows directly from conic duality (see Appendix A.2). O

Special cases of the uncertainty sets studied in Lemma 3 have been considered in the literature.
The uncertainty set constructed using the Frobenius norm is considered in [20] for the constraints
in the form (5b). Also, the authors of [36] construct an uncertainty set for the covariance matrix
using the Frobenius norm. The constraints in the forms (5) with uncertainty set defined by the
spectral norm is treated in Chapter 6 of [8]. Furthermore, the uncertainty set that we considered
in Lemma 3(b) is constructed in [35] for covariance matrices. Besides, the authors of [18] construct
an uncertainty set for the mean vector and covariance matrix, which can be formulated as an
intersection of two sets that are considered in Lemma 3(b).

It is known that the [y and [, norms are linear representable and the Frobenius norm is conic
quadratic representable. The following lemma shows that the spectral and trace norms are semi-
definite representable.

Lemma 4. Let U € R"*"™ and p > 0.
(i) |U|ls < p if and only if there exist matrices Y € R™*"™ and Z € R™*"™ such that
[Y U

T Z] = O2nxon, trace(Y) +trace (Z) < 2p.



. . P, U
(i) 10122 < p if and onty if |77 1] = Oacan

Proof. Proof. (i) See, e.g., Lemma 1 in [22].
(ii) See, e.g., Example 8 in [4], or Appendix A.3. O

Hitherto, we have shown how to derive tractable reformulations of the support functions of
matrix-valued uncertainty sets. In the next section, we show how such reformulations can be used
in tractably reformulating the RC of an uncertain quadratic constraint in the forms (4).

4 'Tractable reformulation of Robust Quadratic Optimiza-
tion problems that are concave in the uncertain parameters

In this section, we assume that A(A) = A + A. We emphasize that this assumption can be made
without loss of generality for A(A) that is affine on A, because of Lemma 2.(iii). Moreover, from
here on in the paper, we assume that the uncertainty set Z is defined as in (6) and satisfies the Slater
condition. The next theorem, which is the main theorem in this section, provides reformulations
of the RCs of constraints in the forms (4), and asserts that their tractabilities only depend on the
uncertainty sets.

Theorem 1. Let Z C R™ " be a convex, compact set. Also, let A € R"*™, a,b € R”, and ¢ € R
be given. For any A € Z C R™ " let A(A) = A+ A, b(A) = b+ Aa (m =n in (4)). Assume
that A(A) is positive semi-definite (PSD), for all A € Z, and that for a Slater point A, A(A) is
positive definite. Then:

(1) y € R™ satisfies (4a) if and only if there exists W € R™*"™ satisfying the convexr system

trace (le) +bTy +c+05(W +yal) <0, [Z‘; ﬂ = Opt 1t 9)
(II) y € R™ satisfies (4b) if and only if there exist W € R™ "™ and n € R satisfying the convex
system
1 1T * T n W Yy
trace (AW) + b7y + c+ 05 (W + ya™) + 2 <0, JT = Ont1xntl- (10)

Proof. Proof. To prove this theorem we use the same line of reasoning as in Theorem 2 in [4]. For
T
any A € Z it is clear that %

yTA(A)y = yTMQA(A)Ty for any y € R, and A € Z. We replace y* A(A)y by yTMQA(A)Ty
in constraints (4).

(I) Let U = {(%,b(A)) A€ Z}. It is clear that y € R™ satisfies (4a) if and only if
F(y) :== maxp pyeu {y* By + b7y + ¢} < 0. Setting

= Opxn due to positive semi-definiteness of A(A). Also,

0 if (B,b) €U,
400  otherwise,

u(B,b) _{

we have F(y) = maxsro, ., {yTBy+ by +c— 6u(B,b)}. Since B = 0,,x, for all B € U, and
_ _ beER™
%;(A)T is positive definite and lies in the relative interior of U, specialization of Theorem 4.4.3
in [15] to R™*™ implies that F(y) < 0 is equivalent to the existence of W € R"*™ and u € R™, such
that
S (Wou)— inf  {trace (AWT) +u"b— (y" Ay +b"y+¢)} <0, (11)

A ¥ Opxn
beR"



where 6;,(.) is the support function of the set ¢. It follows from Definition 2 that

T
oy (Wyu) = sup {trace (BWT) + uTb} = sup {trace (A(AHA(A)WT> + uTb(A)}
(B,b)EZ/{ AeZ

T
= sup {trace((A—i—A) (W+W >) + uT(b+ Aa)

AeZ
- W+ wTt
uTh + sup {trace ( + )) —|—uTAa}
AEZ 2
T

}
() o
e (V) s g e (3 (5 ) )
_ trace< <W+WT>> +ouTh 4 5*Z<<W+WT> uaT) (12)

Also, we have

: T T T T
Ailréim{trace(AW )—|—u b—(y Ay+b y—l—c)}
b eR™

_ : Ty (T T
= A;%EM {trace (AW) +u"b— (y" Ay +b"y+¢)}
e

. —c W—nyion ny, U=
= —ct iuéixn {trace (A(W —yy")) +b"(u—y)} = {—oo otherwi:e. 3(13)
Rl

So, the fact that W > 0,,«, implies W';WT = W, and the Schur Complement Lemma (see, e.g.,
Appendix A.5.5 in [16]), (12), and (13) result in (9).

(IT) Similar to the proof of part (I) we have y € R™ satisfies (4b) if and only if there exists W € R"*™
such that

oy (Wu) — B jr&f {trace (AWT) +u"b— (\/yTAy + 0Ty + c)} <0. (14)
beRrn

Analogous to the result in Section 3.4 in [25],

inf {trace (AWT) +uTh— (\/yTAy + b7y + c)} = —c—inf {77 Cu =1, {WT y] > 0n+1><n+1} .
A ¥ Onxn n (4 yon
b eR™
So, (14) is equivalent to
« . n Wy
- > <0.
oy (Wou) + ¢+ %relfF;{Zl {yT TJ = 0n+1><n+1} <0 (15)

In (15), the infimum is taken over a closed lower bounded set, since n > 0. Hence, W € R™*™ and
y € R™ satisfies (15) if and only if there exists 77 € R such that

_ _ . W
trace (WAT) + b7y + 65 (W +ya”) + c + g <0, |:yT z] = Ontixnt1,

which completes the proof. U

One of the assumptions in Theorem (1) is that A(A) is positive semi-definite for all A € Z.
This assumption is needed to guarantee convexity of the constraint. Even though checking this
assumption for a general uncertainty set is intractable (Section 8.2 in [8]), there are cases for which
this assumption holds. An example is when A(A) is a covariance matrix, which is estimated, e.g.,
based on historical data. Another example is when A(A) is the Laplacian matrix of a weighted
graph, where the weights are uncertain. In these examples, A(A) by construction is positive semi-
definite for all possible values of the uncertain parameter A. Besides the aforementioned examples,



it is clear that if A is positive semi-definite and Z C S;f, then A(A) is positive semi-definite for all
AeZ.

Next to the cases mentioned above, Theorem 8.2.3 in [8] provides a tractable method to check
this assumption for a specific class of uncertainty sets. In the following lemma, we mention a
simplified version of this theorem.

Lemma 5. (Theorem 8.2.3 in [8]) Let Z = {A : ||Allz2 < p} C R™™. Then, for a given A €
R™*™ we have that A+ A = Opxn for any A € Z if and only if A — pl, = Opxn- L]

Illustrative examples

In the rest of this section, we derive tractable reformulations of RCs for some natural uncertain
convex quadratic and conic quadratic constraints. For brevity of exposition, we provide in Appendix
B the tractable reformulation of an uncertain convex quadratic constraint where the uncertainty
set is defined by the Frobenius norm, as well as an uncertain conic quadratic constraint where the
uncertainty set is similar to the one proposed in [18].

The following example is for constraints in the form (3) with vector uncertainty.

Example 1. Consider
yTAQy +b(Q) Ty +e<0, V(e Z, (16)

where A(C) = A+ Y1 GAY, b(C) = b+ 320, b, (AL b)) € R™™ x R™ is given, i = 1,....t.
This constraint is considered in [24], where A and A', i = 1,....t, are positive semi-definite and
where Z = Z, X Zg, for some polyhedral or ellipsoidal sets Z1 C R™ and Z5 C R™™, m € N, with
A' = Opsn, @ = 1,..;m, and b* = 0,51, i = m + 1,...,t (uncertainty in A is independent of the
uncertainty in b). In this example we show how using the results of Section 3 can extend the results
of [24] for general uncertainty sets, where A(C) is positive semi-definite for all ( € Z. Let

CC"‘C] = OI><17
Z={(eR": he(¢) <0, (=1,..,L, %,
96(Q) 2 Opxep, k=1,... K

where p is a positive integer, C € RI*t, ¢ € R!, and where hy : R* = R, ¢ = 1,...,L, and
gr : Rt = RPXP Lk =1,..., K, are convex continuous functions. First, we assume that ZngH where
Rﬁr denotes the nonnegative orthant of Rt. Also, we assume that A and A;, i =1, ....t, are positive
semi-definite, and there is a Slater point in Z for which A(C) is positive definite. In this case,
y € R™ satisfies (16) if and only if there exists v € R® such that

i=1,...,t

y Ay +65(0) +bTy+¢<0, 0> {yTAiy + biTy} : (17)
whose proof can be found in Appendix A.4. It is clear that in this case A(C) is positive semi-definite

for all ¢ € Z. Moreover, as mentioned in Remark 2 of [24], if b* =0, i = 1,...,t, then, for a general
uncertainty set Z, y € R™ satisfies (16) if and only if

t
y" <A+ZQAi>y+l_)Ty+c§0, V¢ e Z,
=1

where Z = ZN{(: ¢ > 041} and Z # 0. If the uncertainty set Z is a polyhedron, then a tractable
RC is provided in [24]. For other types of uncertainty sets, like ellipsoidal uncertainty sets, deriving
tractable RCs is achievable using the results in Sections 3 and 4. Let Z # 0. Then y € R™ satisfies
(16) if and only if

yTzzly + 6}(1)) + BTy +c S 03 v Z [yTAiy]i:1 ot

This is an extension of the results of [24], since there is a broad range of uncertainty sets for which
the support functions have tractable reformulations.

Now, for a general case where the uncertainty in A and b can be dependent, if A(C) is positive
semi-definite for all ¢ € Z, and positive definite for a Slater point, then by Theorem 1(I), y satisfies
(16) if and only if there exists W € R™*™ such that

i=1,..., t

trace (AW) +0Ty + 0% <[t7’ace (AZW) + biTy} > +c¢<0, B/Z gl/] = Optixnt1- O



In Section 6, we derive a natural uncertainty set for a vector that consists of the mean vector and
the vectorized covariance matrix. This type of uncertainty set can be used in different applications,
such as portfolio choice problems. In the following example we derive a tractable reformulation of
a quadratic constraint with an uncertainty set similar to the one constructed in Section 6.

Example 2. Consider the uncertain quadratic constraint

yTAy+Ty+c<0, V ¢ ez
svec(A)

where Z = Z1 N 25, and

_ C o . 712;»371, B C . .
a= {(SWC(A)) =B Ml <pveR }7 = {(svec(A)> CER AESJ}

X . n2+43n
for some invertible B € R™ 2

4 in [4],

« n243n

, p>0. For a fited W € S,,, by Lemma 2(vi), and Example

i BT w 5 v
5%( . >= ) ”H (svee(wﬂ)) , O (wee(W?))
SU@C(W) - 1 2 1 2 1 2
st. uwHu=u, W +W=W, W W*es,.

Similar to the proofs of Lemmas 2(i) and 2(vii), we have

5 (et = U1 (o)

It is easy to show that there exists a Slater point in Z. Hence, y € R™ satisfies (2) if and only if

Wy
BT b <0 = Opt el
‘ (svec(W)> +c¢<0, [yT 1] = Ontixnt1 O

5 Tractable inner and outer approximations of Robust Quadratic
Optimization problems that are convex in the uncertain pa-
rameters

2: lew}. (18)

there exists W € St that satisfies p

2

In this section, we provide inner and outer approximations of the RCs of constraints in the forms (5)
by replacing the quadratic term in the uncertain parameter with suitable upper and lower bounds.
We assume that A(A) = A+ A, b(A) = b+ DAa, for given D € R"*™ full column-rank matrix
A € R™*" vectors b € R", a € R", and scalar ¢ € R, and that A € Z C R™*™, where Z is a convex
and compact set in the form (6) containing 0,,x, as a Slater point. Here, we list all assumptions
on the constraints in the forms (5a) and (5b) that we will make in this section, and use some of
them in each theorem.

Assumption:
(A) there exists 2 > 0 such that ||Al22 < Q for all A € Z.
(B) AT A+ 2AT A is positive semi-definite for all A € Z.

In addition to the discussion in Appendix C on how we can check these assumptions for a general
uncertainty set Z, here we show how to check them on two typically used uncertainty sets.
Ellipsoidal uncertainty set: Let us assume that 2 = {A € R™*": |Alj22 < p}, for some
p > 0. Clearly, Assumption (A) holds with 2 = p. Furthermore, Assumption (B) can be checked
using the following proposition:

Proposition 1. Let us assume that A € R"™*" is full column-rank and Z = {A € R™*" . ||Afl2,2 < p}.
Then, Assumption (B) holds if and only if Amin(AT A) > 4p?, where Apmin (AT A) denotes the smallest
eigenvalue of AT A.

10



Proof. Proof. Using Theorem 8.2.3 in [8], Assumption (B) holds if and only if there exists a positive

A such that B
A, pA

B )
pAT  ATA—arL,| =

Using the Schur Complement lemma (see, e.g., Appendix A.5.5 in [16]) the above linear matrix
inequality is equivalent to (A — p?)AT A = A\2I,,. Hence, Assumption (B) holds if and only if

I>pr ATA= 27,

A—p?
& > Am(ATA) > Aii,z
<~ Amin(ATA) > 4p2a

where )\min([lT/_l) denotes the smallest eigenvalue of AT A, and where the last equivalence holds
since /\i; is convex in A (for A > p?) with the minimum value of 4p. O

Box uncertainty set: Let us assume that Z = {A € R™*":  ||A]lo < p}, for some p > 0. Using
the following proposition, one can see that Assumption (A) holds with Q = p\/nm.

Proposition 2. Let Z = {A € R™*": ||A|l« < p}. Then, suppcz [|All2,2 = py/nm.
Proof. Proof. This follows directly from the definition of ¢, and spectral norms. O
Moreover, using Proposition 9 in Appendix C, Assumption (B) holds if

min {y" AT Ay —2p1"Ay: Ay >0, [yl <1} >0, (19)
y n

where 1 € R™ is a vector whose components are all one.

Remark 2. Notice that if the uncertainty set is Z = {A € R™*™ . ||Al1 < p}, for some p > 0,
then (5) can be reformulated to a system of 2mn deterministic (conic) quadratic constraints because
the uncertainty set contains 2mn vertices.

Now, we proceed to the main results of this section. The following theorem provides tractable
inner approximations of the constraints in the forms (5) by replacing the quadratic term in the
uncertain parameter with a linear upper bound.

Theorem 2. Let Assumption (A) hold. Then:
(1) y € R™ satisfies (5a) if there exists W € R™ "™ satisfying the convex system

trace ((/ITA + QZIH)W) + 5*3(2/1W + DTya™) + bly+e¢<0, [Z[; y] = Optixnt1-

1
(20)
(IT) y € R™ satisfies (5b) if there exist W € R"*™ and n € R satisfying the convex system
trace (AT A+ Q*L,)W) + 65 (2AW + DTya”) + b7y +c+ 2 <0, [yWT ﬂ = Optr1xntl-
(21)
Proof. Proof. (I) y € R™ satisfies (5a) if and only if
yT AT Ay + 297 AT Ay + || Aylls + (DAa)Ty + 0Ty +¢ <0, VA€ Z. (22)
Replacing ||Ay|\§ by its upper bound 22 Hy||§ implies that y € R™ satisfies (22) if it satisfies
yT AT Ay 4+ 29T AT Ay + Q*yTy + (DAa)Ty + b7y + ¢ <0, VA€ Z. (23)

Setting U = {(AT A+ 2ATA + O%I,,, DAa) : A € Z}, (23) is equivalent to

y"By+ (b+d)y+c<0 VY(B,d) cU.

11



For any (B,d) € U, B is positive semi-definite since B = (A+ A)T(A+A) +Q21,, — ATA = 0,5
So, by applying Theorem 1(I) and Lemma 2(iii), y € R™ satisfies (22) if there exists W € R™"*"
such that y and W satisfy (20).

(IT) The proof is similar to part (I). O

In the next theorem we derive tractable outer approximations of the constraints in the forms
(5).
Theorem 3. Let Assumption (B) holds. Then:
(1) if y satisfies (5a), then there exists W € R"™™ satisfying the convex system

trace (ATAW) + 6% (2AW + DTya™) + b7y + ¢ <0, [yWT Z{] = Opt1xntl- (24)
(II) if y € R™ satisfies (5b), then there exist W € R™™™ and 1 € R satisfying the conver system
trace (ATAW) + 6% (2AW + DTya”) + b7y + c+ 2 <0, [Z[; fﬂ = Opt1xntl- (25)

Proof. Proof. (I) It is clear that y satisfies (5a) if and only if y satisfies (22). Replacing ||Ay|\g
with its lower bound 0 implies that if y € R™ satisfies (22) then

yT AT Ay + 29T AT Ay + (DAa)Ty + b7y +¢ <0, VA€ Z. (26)

Settingd = {(ATA+2ATA, DAa): A € Z}, and using Theorem 1(I) and Lemma 2(iii) completes
the proof.
(IT) The proof is similar to the previous part. O

In the next theorem we provide an upper bound on the violation errors of (5a) and (5b) for the
solutions that satisfy the outer approximations (24) and (25), respectively.

Theorem 4. Let Assumptions (A) and (B) hold. Then,

(I) if y € R™ and W € R™ ™ satisfy (24), then y violates (5a) by at most Q2 ||y||§
(II) if y € R™ and W € R™™™ satisfy (25), then y violates (5b) by at most Q||y||,.

Proof. Proof. (I) Let y € R™ and W € R™*" satisfy (24). Then, y satisfies (26). Therefore,
gla%({nylely + 20T AT Ay 4+ (DAa)Ty + b7y 4 ¢} <0. (27)
€
As it is mentioned in the proof of Theorem 2(I), (5a) is equivalent to (22). Therefore, we have
rAng%({nylely + 29T AT Ay + || Ayl[3 + (DAa) Ty + 5Ty + ¢}
< T AT Ay + BT T 3T T 2
<y AT Ay + by + et max{2y” AT Ay + (DAa)”y} + max || Ayl
<yT AT Ay + 0"y + e+ max{2y" AT Ay + (DA Ty} + O yll; < Q2 [yl

where the last inequality follows from (27).
(IT) It is clear that (5b) is equivalent to

VT AT Ay 4 25T AT Ay + | Ayll? + (DAa)Ty + BTy + ¢ <0, VA€ Z.

Similar to the previous part, if y comes from the outer approximation (25), then we have

\/Igéa%({yTﬁTfly + 2yT AT Ay + HAyHg + (DAa)Ty} + b7y + ¢

< T AT A T AT T T
< \/y AT Ay + max{2yT AT Ay + (DAa)"y} + max || Ay[l, + b7y + ¢

< \/nylely + glgg@yTﬁTAy + (DAa) Ty} + Qyll, + "y + ¢ < Qlyll,,

where the first inequality holds because of the fact that /f +¢g < +/f + Vg forany f,g>0. O
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Remark 3. Until now, we have considered problems containing uncertainties in their constraint
parameters. This is without loss of gemerality, since if we have a problem with uncertainty in
the parameters of the objective function, then we can use the epigraph formulation to shift the
uncertainty to a constraint. O

6 Data-driven uncertainty set

A usual way of constructing an uncertainty set is by using historical data and statistical tools, such
as hypothesis testing ([11]), or asymptotic confidence sets ([7]). In this section, we use the latter
to design an uncertainty set for a vector consisting of the mean and vectorized covariance matrix.
For notational simplicity, we explain how to construct an uncertainty set for the two dimensional
case; the extension to higher dimensions is straightforward. For the two dimensional case, assume
that () is a random vector with components z, z and set 1, = E(z), pz = E(2), 02 = E(z — pa)?,
02 =E(z — )%, 02z = E(x — pg) (2 — ), and g = E(x — p2)* (2 — p2)!, k, 1 =10,1,2, ... Assume
that the fourth moments exist, which means that g exists when k+1 <4, k,1 =0,1,2,3,4. This
assumption can be tested using the result in [38]. Now, consider a random sample of size n, (z ),
i=1,...,n. Set
z= 1 Xn:x zZ= 1 iz 52 = li(mff)Z S2% = li(z-ff)z Sz = 1 Zn:(a:—f)(z—é)
7”1‘:1 ; 7”1’:1 ; xini:1 1 7 Zini:1 l 7 J62771@':1 Z T
Using the Central Limit Theorem (Example 2.18 in [39]) and the Delta Method (Theorem 3.1 in
[39]), and setting

y= (M:m w2, E(z?), E(z2), E(zz))T, Y, = <x, z,

it follows for any differentiable function ¢ : R®> — R™ that v/n (¢(Y,,) — #()))) converges in distribu-
tion to the normal distribution N (0, V@ (0)XV¢(0)T), where ¥ and V¢ are the covariance matrix

of (x, z, 2% 2z, 22)T — Y and the Jacobian matrix of ¢, respectively. Letting

T
Pz, .y 5) = (21, T2, 23— a7, T4 — T1T2, T5 — T3)

it is easy to show, similar to Example 3.2 in [39], that

0 H20  H11 H30 H21 H12
. 0 11 o2 o1 12 1403
Vn (T, —0) — N O, 30 po1  Hao — H39  H31 — M11H20 22 — 2002 , (28)
0 H21  H12 31 — H11M20 M22 — ,u% H13 — H11H02
0 Hi2  Ho3 22 — H20M02 13 — H11H402 Hoa — u32

14

where 0 = ¢()) = (sz Hzs 03:7 Ozz, JQ)Ta T, = ¢(n) = (E, z, ng Szz, SE)T’ and L)

4 n—oo
means convergence in distribution when the size of the random sample goes to infinity.

Let V and 6 be consistent estimates of V and 6 defined in (28), respectively. Then, asymptoti-
cally with (1 — )% confidence, 6 belongs to the following ellipsoid:

U:= {9 ) (é - 9)T vt (9 - 9) < Xzank(V)d—a} ’

where X?Ll—a denotes the (1—«) percentile of the Chi-square distribution with d degrees of freedom.
To use the results of Section 4, we reformulate the uncertainty set Y. Setting

001 0 0
\lj 2
I R I (E R IR e v
> 000 0 1 rE T
(29)
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due to positive semi-definiteness of ¥, with (1 — «)% confidence

(svech(E)) eU:=UnN {7 ton (\I/é _ ’Y)T y-ly-lg-t! (\Ilé B 7) < XEank:(V),l—a} 7

where U = {(”‘) D vy = svee(M), M = On><n}~ Letting RTR be the Cholesky factorization of

s
V‘l, ie., v-l= RTR, U can be rewritten as

2
U= 0Nl Hmfl(y_q,é)H Xrank(V)1-a
’ 2~ n
Y2
= UN{UR YW+ T0: |y < | renk)lze
n
Hence, by letting the estimated mean vector and covariance matrix based on the random sample
be i and X, respectively, we have

N 2
_ ~ _ 1% Xrank(V),lfoz
U=UN TR ) <y mRe e R 30

v (51}60(2)) vl < n (30)

Remark 4. If V is not invertible, then one can use a generalized inverse, such as the Moore-
Penrose inverse. O

Remark 5. The construction of the uncertainty set can straightforwardly be extended to higher
dimensions using suitable ¢, ¥, and V. Details are omitted for brevity of exposition. O

Remark 6. The uncertainty set U is constructed for a random sample. Analogously, one can
construct an uncertainty set for a time-series under appropriate assumptions; see, e.g., Section 2.2

in the book [30]. O

Now, consider a convex quadratic constraint
'Sy +p"y+c <0, (31)

where p and ¥ are the mean vector and covariance matrix of a random vector. By using the
uncertainty set I in (30) and Example 2, the RC of (31) is

~T S _\T Yy w Yy
i~y +trace (ZW) —&—pH(\I/R ) (svec(W)) +c¢ <0, [yT 1] = Ong1xn+1, (32)

2
X2
Where p — rank'(nV),l—a .

Let u and X be the actual population mean vector and covariance matrix, respectively. Then,

svec(X)
roughly speaking, means that the uncertainty set not only contains € but also many more points.
Therefore, y that satisfies (32) is asymptotically immunized against some extra g and ¥ and hence
conservative.
Another way of dealing with the uncertainty in 6 is by making use of the chance constraint
Prob (yTEy +uly+c< O) >1—«, where a > 0 is close to 0. In what follows, we elaborate more
on this chance constraint and provide a reformulation and relaxation of it.

For any vector 3, (28) implies that /n (37T, — 570) % N (0,87V ). By setting 8 =
n oo

0= ( K ) belongs to the uncertainty set 2 asymptotically with confidence level (1 —a)%. This,

\ (Svecz’ny) ), it follows straightforwardly that the (asymptotic) chance constraint with probability
of 1 — a is equivalent to

Rl—a ’ T T
W\/BT‘/ﬁ‘FH y+y Yy+c<0, (33)
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where z1_,, is the 1 — « percentile of the standard normal distribution. Clearly (33) is equivalent
to the set of constraints

Rl—a | pT~ ! AT T Y T
R » <0, =T , W= ,
e BT gy Sy e <o, p=w (|t ) W=

where R is the Cholesky factorization of V1. The constraint W = yy” is nonconvex, so we relax
it to W = yyT, which is a semi-definite representable constraint. Hence,

21— -1 R ~ Yy w
\1/5 ||RT 6“ + uTy +yTEy +c< 0, 5 =V <8’U€C(W)) s |:yT ?:| ~ 0n+1><n+17 (34)

is a relaxation of (33). In the next proposition, we provide a relation between solutions that satisfy
(32) and the ones satisfying (34).

Proposition 3. Let (y, W) be a solution that satisfies (32). Then (y, W) also satisfies (34).
Proof. Proof. Appendix A.5. O

Even though Proposition 3 asserts that (32) is more conservative than (34), we cannot conclude
that (32) is more conservative than (33). This is because W = yy’ is not necessarily satisfied for
solutions of (34).

Remark 7. After solving the problem containing (34), if W = yyT is not satisfied, then y is not
feasible for (33). However, y is strictly feasible for

Y Sy+ply+c<0 (35)
for the nominal scenario (fi, f]) Therefore, y may also be feasible for other scenarios and hence is
more robust than the nominal solution. O

Consider a solution g that satisfies (32) where the uncertainty set is constructed using the desired
confidence level 1—a. For this solution, according to the above discussion, Prob (57 X7 + p 'y + ¢ < 0)
might be larger than the desired confidence level 1 — @. If so, then by decreasing the confidence
level that is used in the construction of the uncertainty set and considering g that satisfies (32),
Prob (gng +ulg+c< 0) gets closer to the desired confidence level 1 — &. In our numerical ex-
periments, we check for different instances which confidence level should be used in the construction
of the uncertainty set such that for the robust solution the constraint y” Sy +u”y+c < 0 is satisfied
with probability close to the desired confidence level.

7 Applications

In this section, we apply the results of the previous sections to a robust portfolio choice, norm
approximation, and regression line problem. All computations in this paper were carried out with
MATLAB 2016a using YALMIP [32] to pass the optimization problems to MOSEK 8.1.0.80 [33].

7.1 Mean-Variance portfolio problem

In this subsection, we describe a formulation for a mean-variance portfolio problem (Chapter 2 in
[21]), and use the results of Section 6 to construct an uncertainty set and to derive a tractable
reformulation of the robust counterpart.

Problem formulation: We consider a mean-variance portfolio problem with n assets. Let p and
Y be the expectation and covariance matrix of the return vector r = (ry, ..., 7,), respectively. One
formulation of a mean-variance portfolio problem is to model the trade-off between the risk and
mean return in the objective function using a risk-aversion coeflicient A:

max {,uTw 2w Tw=1, w> O}, (36)
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where 1 = [1,1, ..., 1]7. The risk aversion coefficient is determined by the decision maker. When it
is small, it means that the mean return is more important than the corresponding risk and it leads
to a more risky portfolio than when the risk-aversion coefficient is large.

In practice p and X are typically estimated from a set of historical data, which makes them
sensitive to sampling inaccuracy. There are several ways of defining uncertainty sets for the expected
return vector and asset return covariance matrix, e.g., see Chapter 12 in [21]. In this section, we

use U defined in (30), i.e., the uncertainty set constructed for (Sve’;@)). Using (32), the robust

counterpart of (36) with uncertainty set U reads

AT, 3 _ -7 v

- ? (37)
s.t. [wT ﬂ = Opsisnst, 1Tw=1, w>0,

2 A
where p = {/ renk(Wiza 5 5 and V are consistent estimates of y, ¥, and V, with V and ¥ as in

(28) and (29), re§pnectively, but formulated for the higher dimensional case, and R is the Cholesky
factorization of V1.
Furthermore, by setting 8 = ¥ (7 Asv‘;fc(w

robust counterpart of problem (36) with confidence (1 — «)% is approximated by

)) , and using the relaxed chance constraint (34), the

fl—a

NG

s.t. |:(EI; Lf:| t 0n+1><n+17 1Tw = ]_7 w Z 0.

max (lw— A Sw — RTﬁlﬁH
w 2

(38)

Numerical evaluation: To evaluate the above robust counterparts, we use the monthly average
value weighted return of 5 and 30 industries from 1956 until 2015, obtained from “Industry Portfo-
lios” data on the website http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_
library.html. The data are monthly returns, but to present the results, we report the annualized
returns (obtained by multiplying the expected monthly return by 12) and the annualized risk (mul-
tiplication of the standard deviation by v/12). Furthermore, we set the risk aversion coefficient A
to 3.

We have solved the following three problems: (36) with nominal values for p and ¥ estimated
from the data, which we call Nominal problem; (37), which we call Robust problem; and (38), which
we call Chance problem, due to the chance constraint.

We first check the behavior of Prob(uw* — At Sw* > z*) as a function of the confidence level
used to construct the uncertainty set, where w* and z* are the robust solution and corresponding
robust objective value, respectively. As shown in Figure 1, in order to be sure that the constraint
pulw* — At T > 2* is satisfied with probability of at least 95%, one can reduce the confidence
level used in the construction of the uncertainty set from 95% to 16% for the 5 industries case, and
to 2% for the 30 industries case.

We emphasize that even though the confidence level of 2% seems to make the uncertainty set
much smaller than the one corresponding to 95%, this does not happen for the 30 industries case

2 2
since we have 1/ W = 0.8723 and 1/ w = 0.7751, where n = 720 and rank(V) =
495.

Remark 8. The 2% confidence level was achieved from Figure 1(b), which was plotted by discretiz-
ing [0, 1] into the set of points starting from 0 with the step size of 0.02. Hence, choosing a smaller
step size may result in a smaller confidence level. However, the uncertainty set will not be much
smaller than the one constructed by 2% confidence level, as it can be easily checked that even for

107%% confidence level we have \/ M = 0.5710, where n = 720 and rank(V) = 495.
O

We considered both data sets with 5 and 30 industries in our numerical experiments; however,
due to similarity in the results, we present the results of considering only data set with 30 industries.
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Figure 1. The horizontal axis presents the value of (1 — )%, the confidence level used in the un-
certainty set for data with 5 and 30 industries. The vertical axis presents the value of
Prob(ufw* — 3wt Yw* > 2*), where w*,z* are the robust solution and corresponding ob-
jective value for (37), respectively, with the uncertainty set (30) and different a.. The plots
are constructed by considering multiplications of 0.02 in [0,1] as values of .

After solving the Nominal problem, the Robust problem considering the uncertainty set with
95% confidence level, the Robust problem considering the uncertainty set with 2% confidence level,
and the Chance problem with 95% confidence level, we compare the solutions in three ways:

(i) evaluating the solutions with respect to the nominal values;

(ii) evaluating the solutions with respect to their worst-case scenarios in the uncertainty set
constructed with 95% confidence level;

(iii) evaluating the solutions with respect to their worst-case scenarios in the uncertainty set
constructed with 2% confidence level.

Table 1 presents the evaluations of the solutions. In the first block row (with results), the evaluation
is done using the nominal scenario. The objective value of the Nominal problem is the highest. The
worst objective value in this row is corresponding to the solution of the Robust problem considering
the uncertainty set with 95% confidence level. This solution is immunized against more scenarios
than the others.

The second block row is the evaluation of the solutions considering their worst-case scenario in
the uncertainty set constructed by 95% confidence level. This implies that the solution of the Robust
problem with this uncertainty set has the highest objective value, because the solution is immunized
against all scenarios in the uncertainty set; however, other solutions are immunized against all
scenarios in a subset of the uncertainty set. The third block row has the same interpretation,
where the scenario is chosen in the uncertainty set with confidence level 2%.

Table 1 shows that even though all solutions have close annualized returns and risks in the
nominal scenario, the solutions of (37) have extremely better returns and risks in the included
worst-case scenarios.

Proposition 3 states that a solution of (37), denoted by (@, W), is more conservative than a
solution of (38), denoted by (@, W). This means (@, W) is safeguarded against more scenarios (all
scenarios in the uncertainty set /) than (&, W). Therefore, as the last column of Table 1 shows,
the objective values of (&, W) at their worst-case scenarios in I are worse than the ones for (@, W).

7.2 Least-squares problems with uncertainties

This subsection contains applications of the results of Section 5 to two well-known problems, namely
a norm approximation and a linear regression problem.
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solution of solution of solution of
Nominal problem | Robust problem (37) | Chance problem
(36) with confidence level (38)
95% 2%
Obj. value -35.57 -39.24 -38.84 -35.59
Nominal case Ann. risk 12.08 12.63 12.56 12.08
Ann. return 7.02 7.29 7.28 6.98
Worst-case with Obj. value -77.47 -51.11 -51.12 -55.01
confidence level Ann. risk 15.77 13.22 13.20 13.42
95% Ann. return -183.10 -89.14 -90.49 -119.87
Worst-case with Obj. value -75.00 -50.39 -50.38 -53.89
confidence level Ann. risk 15.57 13.18 13.16 13.38
2% Ann. return -172.72 -83.91 -85.20 -113.87

Table 1. Comparison among the solutions of the nominal problem (36), the Robust problem (37) con-
sidering the uncertainty set with 95% confidence level, the Robust problem (37) considering
the uncertainty set with 2% confidence level, and (38) in three way: The first block row
with results is the nominal evaluation of the solutions. The second and third block rows
are the evaluation of the solutions with respect to their worst-case scenarios in uncertainty
sets 95%, and 2% confidence level, respectively. The results are by considering the data for
30 industries. The bold numbers shows the best objective value in each scenario. The

annualized return and risk are in italics and not individually optimized.

7.2.1 Norm approximation with uncertainty in the coefficients

The norm approximation minyegrn || Ay — b||, tries to find the closest vector to b € R™ in the range
of the linear function Ay. The solution to this problem can be sensitive even to small errors in A or
b. To detect this, one can analyze the condition number of the matrix A and check the sensitivity
of the nominal solution to a perturbation in A, see, e.g., Chapter 7 in [27]. If the condition number
is large, then the solution might be sensitive to a small error in A or b, hence not reliable. In this
subsection we are using the results of Section 5 to deal with this problem.

Consider the uncertain norm approximation min, H(fl—i— Ay — b’ ,» Where A € Z C R™*"

reflects the uncertainty in A. This problem is equivalent to minyecgrn y? (A + A)T (A+A)y +

26T (A+ A) y + bTb. Now using the results of Section 5, upper and lower bounds on the robust
optimal value of this problem are obtained by solving

rvrvlin {trace (ATA+ Q2L)W) + 65 (2W AT — 2by™) — 20" Ay + 1b]|3 - [Z[; ﬂ = 0n+1Xn+1} )
Y
(39)
and
Hmllin {trace (ATAW) + 05 (2W AT — 2by™) — 20" Ay + ||b\|§ : B}Z 21/] = On+1x”+1} . (40)
Y
respectively.

For our numerical experiments, we construct randomly generated problems with ill-conditioned
A as follows: we fix n = 100 and generate randomly a matrix U € (0,1)"*" and a vector b € (0,1)".
Also, we randomly generate an integer ¢ in {1,...,n — 1} and construct a diagonal matrix D whose
first 7 diagonal entries are randomly chosen in (—5,5) and the remaining diagonal entries are
randomly chosen in (0,1078). Then, we set A := UTDU. Using this procedure, we generate
20 ill-conditioned A matrices with condition numbers in the interval [10'%,10'®]. Moreover, we
generate uniformly distributed pseudorandom matrices B*, B2 € {0,1}"*" and an integer number
K € {1,2,...,n%} using MATLAB built-in function “randi”. Then, we solve the norm approximation
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2. The average behavior of the objective values of y', y©, and yY related to 20 randomly

generated norm approximation problems. (a) The nominal objective value is computed by
| Ay — bHQ. (b) The worst-case objective value is computed by ||(A+ A*)y — b 5» Where
A* is the worst-case scenario corresponding to y~, y' or y©. Notice that the scales of

the vertical axes in (a) and (b) are different. The solid blue, red dashed, and green dotted

curves correspond to y!, yV, and y©, respectively.

problems using the generated matrices and the budget-type uncertainty set, proposed in [14]:
Z={AeR™: ||Allx <p}N{A€R™™: |B*oA|; < Kp, k=1,2}, (41)

for some p > 0. For this uncertainty set, one can derive ¢%(U) using Lemma 2.(iv), 2.(vi), and
3.(a). It is worth noting that the constructed uncertain norm approximation problems contain
100 x 100 = 10,000 uncertain parameters, and hence obtaining an exact optimal robust solution is
computationally intractable.

We analyze the performance of the solutions by comparing the objective values of the solutions
yN, y!, and y© for both the nominal matrix A and a worst-case matrix A + A* corresponding to
the vector y, where A* is constructed using the algorithm proposed in Appendix D.

Figure 2 provides a visualization of the average performance of ", the nominal solution, y’,
the solution of (39), and y©, the solution of (40) for different scenarios and values of p € [0,0.1].
We check Assumption (B) by solving (19) and find that this assumption holds when p < 0.02 for
all instances except one. When this assumption is not satisfied, y© is just an approximated robust
solution, which is more robust than the nominal solution, and (40) is no longer a lower bound for

: T (7 Tz T (7 T

;IenRr}erng%gy (A+A) (A+A)y+2b (A+A)y+b b.
One of the important observations from Figure 2 is that even though the constructed matrices are
nonsingular, and hence the true nominal objective value is zero, the solver is not able to find the
true optimal solution of the nominal problem because of the large condition number of the matrix
A. Furthermore, despite the small difference in the average performance of the solutions in the
nominal case, the average performance of 4V in its worst-case scenario is extremely worse than the
performance of y' and y©. For instance, for a = 0.7, the average value of [|(A+ Ax)y™ —b|,
is 5.13 x 10° whereas the average values of ||([l + A%yl — b||2 is 4.22 and the average value of
[(A+ AL)y© —bl|, is 4.29, where A%, A}, and A, are the worst-case scenarios corresponding to
yN, o', and y©, respectively. This implies that in average (A + A%)y" is a point in the range of
A+ A% that is far from b, as b € (0,1)".

Figure 3 provides the box plot of the objective values of the solutions with respect to their
worst-case scenarios, where, for each p, the box represents the values between the first and third
quartile, the dashed line above and below each box indicates the range of objective values excluding
the outliers, and the red line in each box represents the second quartile.
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Figure 3. Box plot of the worst-case objective values of y~, y!, and y© for 20 randomly generated
norm approximation problems with p € [0,0.1]. The boxes are representing the values
between the first and the third quartile. The outliers are left out in the figures to have a
better comparison (cf. the main text where more is explained).

As this figure shows, the variance of the worst-case objective values of y! and y© does not
change much as p increases. However, the worst-case objective value of y” significantly changes
when p increases. This shows the robustness of 3! and y© against small changes in the components
of A, whereas yV is very sensitive to these changes.

Furthermore, the comparison between Figures 2.(b) and 3 shows that the extremely high average
value of || (A+ Ay)yY — b||2 is because of some outliers with extremely high values. However, even
after removing the outliers, y’ and y© outperform y*.

Figure 4 provides the average time (in seconds) taken by MOSEK to solve the nominal problem
as well as (39) and (40) to obtain y”~, y!, and y©, respectively. We emphasize that even though
(39) and (40) have only one constraint, which is a linear matrix inequality, we need O(n?) more
variables and constraints to pass the optimization problems to the solver. This is the reason that
we see a difference between the time spent to get y with the one for ' and y© when p = 0.

7.2.2 Robust linear regression with data inaccuracy

Another application of the results of this paper is finding a robust linear regression of a dependent
variable Y and a vector of independent variables X that are highly collinear. For a data set with
n linearly independent variables and m data points, a mathematical formulation of finding the
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Figure 4. Average time (in seconds) spent by MOSEK to obtain y", y', and y© for 20 randomly
generated norm approximation problems. The solid blue, red dashed, and green dotted
curves correspond to y', yV, and y©, respectively.

regression line is

n
min < |lw||,,: wi:ZXijcj—i—b—Yi, Vi=1,...mp, (42)
,¢,b =
where Xj; is the i-th observed value of the j-th independent variable and Y; is the value of the
dependent variable in the i-th observation.

For our numerical experiment, we use the dataset proposed in [17], which is used to create a
regression model of appliances energy consumption in a low-energy house located in Stambruges,
Belgium. The dataset consists of 19,735 observations of 26 continuous measurable variables, 10
of which are temperatures of different parts of the house. The description of the variables can be
found in Table 2 in [17]. In this section, we analyze the performance of our results in acquiring a
robust linear regression model to predict the appliances energy consumption.

To reformulate (42) into the form (4b), let A € R™*("+2) he a matrix whose collection of the first
n = 25 columns is the matrix X consisting of the observations corresponding to all variables except
the appliances energy consumption, the (n + 1)st = 26th column corresponds to the observations
of the appliances energy consumption, and the components of the last column are all ones. Then,
problem (42) is equivalent to minyeR(nJrz){HAyH2 © Yn41 = —1}. Solving this problem results in
the nominal solution y~V. The condition number of A is 1.16 x 103. This means that the nominal
solution might be sensitive to an error in A. Let us assume that the maximal inaccuracy in the
coefficients of the first (n+1) columns of A is 1%, and the aggregated inaccuracy in the temperature
data cannot exceed 0.1% of the aggregated values. Hence, we consider the following uncertainty
set:

1=1,...,m,

2= QAER™UT SN NGy 1851 S i Aignezny =0, ) T 6

JjeJ =1

where 7 is the set containing the indices of the temperature columns and p = 0.001 >, ; S 1Al
p; = 0.0l max;—1 . m|Aij|, 7 =1,..,n+ 1. To obtain the value of Q in Assumption (A), we first
notice that

swp [Albz < s sw Azl = s sw Azl = swp V(L el
AeZ A xzl,=1 x|zl = Ax x:||z]|,=1
IAJ{I < pj | 71{\ < pj
RTINS =1,
(43)
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Figure 5. The empirical cumulative distribution functions (ECDF) of the absolute errors of two linear
regressions: the solid blue line corresponds to y! obtained from our inner approzimation
problem and the dashed red line corresponds to y"™ obtained by solving (42). The left and
right figures illustrate the ECDF of the absolute errors of the two linear regressions on the
test dataset and the randomly generated scenarios, respectively.

and due to symmetry we can reformulate the far right optimization problem in (43) to

n+1

sup  vm Z PiT;
j=1

a:flafl,<1

So, we use
n+1

Q:=+vm max E PiT;.
weRm 2 zfa<1 I

For this instance, Assumption (B) does not hold. Therefore, we only consider the inner approxi-

mation
min trace ((ATA + QQIn+2)W) + 05 (2AW) + Ui : W; Yl = Ontixnals Yna1 = —1
W e R(PH2)x (n+2) z 4 yoon - ’ ’
y € Rr(n+2)
n E€R

to obtain a robust solution y/. We use 75% of the observations in the dataset to construct the
regression model and the remaining ones to test the performance of the regression lines. To obtain
the robust regression line, denoted by y’, we solve the inner approximation, which takes around
276.5 seconds to be solved. Moreover, the nominal regression line, denoted by 'V, is obtained in
around 1.1 seconds by solving (42). Figure 5 shows the empirical cumulative distribution function
(ECDF) of the absolute errors of each regression lines on: (i) the rest of the 25% observations
in the dataset, called the test dataset, and (ii) on 100 randomly generated scenarios A from the
uncertainty set Z. We use each random scenario to construct a possible inaccuracy noise that
is neglected in the data. As one can see in Figure 5, the performances of y! and y» are close
while measured on the test dataset and randomly generated scenarios. The main distinction of the
performances are in the skewness of the empirical distributions of the absolute errors. As can be
seen, both distributions are right-skewed but the distribution of the absolute errors of the regression
line 4 has a higher skewness.

Table 2 shows the comparison between the worst-case performances of y! and y~, where A%
and A} are the worst-case scenarios for y! and y”, respectively, obtained using the heuristic
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y! y

T(A+A;) 4, | 13,714.6 | 15,1040
1(A+A%) v, | 18.559.7 | 15,2723

Table 2. Performances of the inner approzimation solution, y!, and the nominal solution, y" , on the
worst-case scenarios. A} and A} are the scenarios generated in the uncertainty set using
the algorithm in Appendiz D for y' and y~, respectively.

algorithm proposed in Appendix D. As one can see, y' has a better performance with respect to
both worst-case scenarios A} and A%;. More specifically, the regression line obtained from the inner
approximation results in 10% improvement on the error realized in the worst-case scenarios. This
shows the superiority of the robust regression line since the difference between its performances in
the randomly generated inaccuracies as well as the test dataset are close to the ones delivered using
the nominal solution.
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Appendices

The appendix of this paper consists of four parts. Part A contains the proofs of several lemmas and
propositions. In the second part, we provide two simple examples to illustrate the results of Section
4. We provide different methods in Appendix C to check Assumptions (A) and (B). Finally, we
propose a heuristic algorithm in Appendix D to find a worst-case scenario in the uncertainty set
defined in (41) corresponding to a solution y.

A Proofs

A.1 Proof of Lemma 2

(i) 0% (U) = supacpnxn {trace (AUT) : vec(A) € U} = suppcrnxn {vec(U)Tvec(A) : vec(A) eU} =
8 (vee(U)).

(ii) 6%(U) = suppcz {trace (AUT)} = SUD¢ ey {Zi;l trace (QAiUT)}

.....

(iii) 0% (U) = suppcz {trace (AUT)} = supggy {trace (LORU™)} = supggy {trace (ORUTL)} =
& (LYURT).

(iv) Let A € R™ ™ be such that Lo A € U. If there exist i,j = 1,...,n for which L;; = 0 and
U;; # 0, then for any integer k, set

Ak B Aij B le#EOI']?é;a
i = k:sgn(Ur)AZj otherwise,

where sgn(.) is the sign function. This constructs a sequence of matrices {A*},en for which
Lo A* € U and trace (A*UT) goes to +o0o when k tends to +oo.
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Now, assume U;; = 0 if L;; =0, for any ¢,j = 1,...,n. Then,

02(U) = su AUy = su A;Uij = su Lij AU, LY.
z(U) LOAIG)UZJX:I ijUij = " AEU,JZ . ijUij LoAIe)Z/{ LJZ ij DijUij g
L;j#0 Lij#0
= sup tlrace (LOA(UOLT)T> =05 (UoLl).
LoAeU
k .
(v) 0%(U) = sup trace (AUT) = sup Ztrace (a'u™) Z sup trace (A'UT) 253
AeZ Aq‘,EZi i—1 i—1 ATeZ;

i=1,...,
(vi) Similar to the proof of Lemma 9 in [4]
(vii) 6% (Ui, ...,Uk)) = supacz trace (A(Ul, - Uk)T) = sup aez trace ((Al, oy A ) (U4, ., Uk)T) =

Sup a,cz; trace (ZZ WAY UT) = Ele SUpp, ¢z, trace (AiUiT) = Zle 0% (U).

(V111) 6}( ) = supaez trace (AUT) =sup ri ¢ 2, {Zle Nitrace (A'UT) Zle A = 1} =

A >0
i=1,...,k

max;—1,... k SUPpic z, trace (AiUT) =max;—1,.. .k 5Zi(U). O
A.2 Proof of Lemma 3(b)

The assumptions imply that

* T l u U + UT l u
0L (U) = sup{trace(AU):AjAjA}:mAax trace A)l: A"<SA=<A
A

: u l U+ UT
= min < trace (A"Ay) — trace (A A1) t Ao — A= ——— A, A = O ¢ s
A1,A 2
where the last equality holds because of conic duality (both problems are strictly feasible). O

A.3 Proof of Lemma 4(ii)

Lemma 1(c) implies that [|Ul|3, is the largest eigenvalue of UU”. Hence, [|U]j3, < p? can be
reformulated as UUT < p?I,, which by using Schur Complement Lemma (see, e.g., Appendix

2
P In U:| i 02n><2n- O

A.5.5 in [16]) is equivalent to [ uT oI,

A.4 Proof of the statement in Example 1
y € R™ satisfies (16) if and only if

i=1,...,

yT Ay + sup {CT {yTA’:y + biTy} 4 } +bTy4+c<o. (44)
ez

Now, we show that y € R™ satisfies (44) if and only if there exists v € R® such that

y" Ay +sup {(Tv} +b"y+¢<0, v > {yTAiy + biTy} A : (45)
ez

1=1,...,t
It is clear that if y € R™ and v € R satisfy (45) then due to nonnegativity of ¢ € Z,

o> (" [yTAiy + biTy} L

yoaay

which implies y € R™ satisfies (44). Now let y € R™ satisfies (44). Then setting v = [yTAiy + biTy} L

implies y € R™ and v € R satisfy (45), which can be reformulated as (17). O
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A.5 Proof of Proposition 3
Let (y, W) satisfy

W
+C§O7 |:yT 31/

2
A X _
iy + trace (Ew> 4y Krank() 120

:| i 0n+1><n+1-

)" (el

We know that 4 /Xg l—o = Zl1—a, for any d. Also, we have

2

trace (Wfl) > trace (nyfJ) = nyJy,

where the inequality is because by > Opxn and W = yyT using Schur Complement Lemma. There-
fore, (y, W) satisfies

o - w
0Ty + TSy + 22 f(wr Y (Y <0 I Opg1en
A N I Py R ML Rk
which is the same as (34), since ¥ is diagonal. O

B Some illustrative examples

Example 3. Let Z = {A € R : ||Allr < 1} and let the assumptions of Theorem 1 hold.
Then, using Theorem 1(I), Lemma 1, and Lemma 3(a), y satisfies (4a) if and only if there exists
1

In the next example, we derive a tractable reformulation of the RC in the form (4b) with the
uncertainty set similar to the one proposed by [18].

W € R™ ™ such that trace (AW) + b7y + ¢+ HW "‘yaT”F <0 and [Z[; y] Z Onpixntr. O

Example 4. Consider the constraint

yTAL)y +0(¢Q) Ty +c<0 Y A) € Z, (46)
where ¢ € R, A € R"™™ are uncertain parameters, A(A) = A+ A, b(¢)=b+ D¢, A, D € R™*",
beR"™ and Z = Z1 N Z,,

1 CT l u

Z = (CvA) C A >_-On+1><n+1 s 22:{(45A)A jAjA }a

with given A and A% such that A* — Al = 0,,xn,. Also, assume that the assumptions of Theorem
1 hold. By Lemma 2(vi),

0% (U,v) = . Lgleignxn {65 (U" 0" + 6%, (U 0% : U'+U*=U, v' +v° =v}.
vl p2eRrn

Following a similar line of reasoning as in the proof of Theorem 1(II), y € R™ satisfies (46) if and
only if there exist W,U',U? € R™*™, v!,v2 € R® and n € R such that

trace (AW) + b7y + ¢+ 6% (v!,UY) 4 0%, (02, U?) + 4 <0,

|:yWT 71; = Opgixnil, UL +U2 =W, vl 402 = DTy, (47)
Using Lemma 3(b), (47) is equivalent to
trace (AW) + b7y + ¢ + trace (A*Ay) — trace (AlAl) + Z +~ <0,
U2+ U
UL+ U2 =W, Ap— A= A1 Ay = O,
[W y} =0 vt apryl o
— Un+1xn+1, 2 2 2 Un+4+1xn+1
wT x %yTD . x
for some Ay, A5 € S, and v € R. ]
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C How to check Assumptions (A) and (B)

In this section, we provide methods that can be used to check Assumptions (A) and (B), each in a
separate subsection.

C.1 Finding Q for which Assumption (A) holds

Assumption (A) states that there exists an upper bound € for supa¢z ||A||2,2. This assumption is
equivalent to the boundedness of the uncertainty set Z. So, checking this assumption can be done
easily; however, in our inner approximation, we use the value of 2. Thus, in this section we provide
methods to obtain it. Notice that ||.||2,2 is a convex function and the maximization of a convex
function over a set, in general, is NP-hard. However, in Proposition 2, we show how to compute 2
for the box uncertainty set.

In the cases for which supaecz [|All2,2 cannot be computed efficiently, one may use an upper
bound for ||.||2,2 to calculate Q. For instance, one can approximate Z with the union of simplices
or boxes (see, e.g., [5] and [3]) and then find the maximum of ||Al|z2 over the union by means of
Proposition 2 (for boxes) or by checking the vertices (for simplices).

C.2 Checking Assumption (B)

Regarding Assumption (B), it is mentioned in Section 8.2 in [8] that finding a robust solution to
an uncertain linear matrix inequality, in general, is NP-hard. Hence, there is no efficient way, in
general, to check Assumption (B) exactly. However, there is much research that provides different
methods to check Assumption (B). We refer the reader to the papers [19], [12], and Chapters 8
and 9 of the book [8]. Moreover, the problem may have specific characteristics from which this
assumption can be certified. We refer the reader to the similar discussion in Section 4. In the
following proposition, we provide an equivalent statement to Assumption (B) for uncertainty sets
defined by matrix norms.

Proposition 4. Let Z = {A € R™*" : ||A|| < p}, for a general matriz norm ||.||. Then Assumption
(B) holds if and only if sup,cgn {fyTATAy + 2p||Any||*} =0.

Proof. Proof.
Assumption (B) holds if and only if

VyeR"” VAeZ yT AT Ay + 2trace (nyATA) >0
& Vy € R —yT AT Ay + sup {—Qtrace (nyf_lTA)} <0
A€z
&= Yy € R" —yT AT Ay + 65 (—2Ayy™) <0
& Yy € R" —yT AT Ay + 2p|| Ayy™||* <0
& sup {—y" AT Ay + 2p|| Ayy™|*} < 0. (48)
yeR™

Now, we show that, given A € R", the optimal value of SUp, crn {—yT[le_ly + 2p||[1ny||*}, de-
noted by 7%, is either 0 or +oo.

Clearly, the objective value of y = 0,, € R™ is 0. Hence, 7 > 0. If for any y € R™ the objective
value is nonpositive, then 7* = 0. Now, let us assume that there exists a y € R™ such that the
objective value is positive. Then for any « € R, the objective value of ay is

— (ay)" AT A(ay) + 20 A (ay) (ay)” || = a® (—y" A" Ay + 2p] Ayy" ") -

Hence, the objective value of ay goes to 400 when a tends to +oco. Therefore, the optimal value
in this case is +o0. O

Proposition 4 provides an unconstrained optimization problem equivalent to checking Assump-
tion (B). In the next proposition, we show how one can use Proposition 4 to check Assumption
(B) for box uncertainty sets.
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Proposition 5. Let Z = {A € R"*": ||Allo < p}. For this uncertainty set Assumption (B) holds
if and only if the following optimization probem has a nonnegative optimal value:

min {y" A" Ay — 2p||Ayllx = |lyll =1} (49)

yeR™

Proof. Proof. Using Proposition 4, Assumption (B) holds if and only if

sup {—yT AT Ay + 2p| Ayy" ||} = sp {—y" AT Ay + 2p|| Ay|l1[lyl1 } = . (50)
o,

yER™

As it is mentioned in the proof of Proposition 4, the optimal value of (50) is either zero or +oo.
Therefore, we know if Assumption (B) does not hold then the optimal value of (50) is +oco and
hence there exists § € R™ such that

gyt AT Ay —2p)| Ag1lg]: <.

y
[Fi

Let us define g := I So, we have:

<

gr AT Ay —2p)| Aglly = 9" AT A — 20l Agl1 9], = (5" AT Ag — 20l Agll1|7ll) < 0.

1
19113
So, in (49) the objective value of the feasible solution § is negative. Hence, the optimal value of
(49) is negative.

Now, let us assume that Assumption (B) holds. By Proposition 4 for any y € R™ we have
that —y" AT Ay + 2p||Ay|l1 ||yl < 0, for any y € R". Therefore, for any y in the set F :=
{yeR™: |yl =1}, we have yT AT Ay — 2p||Ay|l; > 0 and hence (49) has a nonnegative op-

timal value. O

We emphasize that the optimization problem in (49) belongs to the class of DC (Difference of
Convex) optimization problems, for which an extensive literature exists (see, e.g., [1, 31, 37]).

Remark 9. In this paper, we use (19) to check Assumption (B). If the optimal solution of (19)
is nonnegative, then the inequality in (49) and hence Assumption (B) hold. Furthermore, (19) can
be seen as an approzimation of (49). The intuition behind this relazation is that in (49) we want
to minimize H/_lsz and simultaneously mazimizing || Ay||1. Due to symmetrical behaviour of norm

functions, we only restrict the problem to be optimized on {y €R": Ay>0, |yli= 1}, and
then relaz it into {y eR™: Ay >0, |yl <1}. O

Remark 10. For a general uncertainty set, using the Q from Assumption (A) and Proposition 1,
we know Assumption (B) holds if Amin(AT A) > 402, where Amin denotes the smallest eigenvalue
of AT A. O

D A heuristic method to find a worst-case scenario in a
norm approximation problem

In this section, we describe a heuristic method to find a worst-case scenario in the uncertainty set
Z, defined in (41), corresponding to a given solution y. We assume, without loss of generality, that
the components of y are sorted such that their absolute values are descending.

The idea behind the algorithm comes from the fact that for the box uncertainty set

{AeR™™: |Allx < p}
and a solution y, the worst-case scenario A5 is defined by
AL = sgn([Ay — b;)sgn(y;)p, i,j=1,..,m,

where sgn(.) is the sign function. To see this, we first rewrite ||(A +A)y — b||2 as ||Ay + Ay — b||2
and we recall that the worst-case scenario is a vertex of the box uncertainty set, which are matrices
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whose components are either p or —p. We know that A maximizes ||Ay + Ay — b||2 if for any
i =1,...,n, the value of (Ay); is the highest and its sign is the same as the sign of (Ay — b);. To
make the value of (Ay); the highest for any ¢ = 1,...,n, any component of A;; should have the
same sign as y;, with |A;;| = p, j = 1,...,n. Hence, A" is the maximizer of H(/_l +A)y— bHQ over
the box uncertainty set.

So, in the definition of Z, if B = B2 = 0,,,,, then A5 is the worst-case scenario. Also, if there
exists i € {1,...,n} such that the ith column of B! and B? are zero, then for any j = 1,...,n, the
component in the jth row and ith column of the worst-case scenario is AiDj. So, from now on we
assume that B! and B? do not have any zero columns in common.

Let A = 0,xn. As y; has the largest absolute value, changing the first column of A may result

(A+ Ay — bH2. So, we start with j = 1 and ¢ = 1. If Bj; (or

in a high increase in the value of ’

B?j) is 1, then we change A;; to sgn([Ay — bli)n.nsgn(y;)p. We increase i by one and continue
the same procedure. We also make sure that the number of changes happened because of Bilj =1
(or ij = 1) does not exceed K. If we finish the procedure with ¢ = n, then we increase j by one

and reset ¢ = 1. This procedure guarantees that the resulting scenario A is feasible. In the next
example, we illustrate how the algorithm works.

Example 5. Let n =3,

) 28 32 5.1 1 01 111 2 -3
A=1|-25 36 0|, B'=|0 1 1|, B =11 0 1|, b=1|3|,y=1|2],
—1.5 2.7 3.0 111 1 01 1 -1

K =5, and p = 0.2. For this example, Ay — b = [—9.1 11.7 5.9]T and

0.2 —02 02
AP =1-02 02 -02
—02 0.2 -02

Let Cy and Cy be the changes occurring because of B and B2, respectively. For A, we start with
i,j = 1. Since both B}, = B, =1, so Ay =02, C, =1, and Cy = 1. Since K = 5, we have
C1 < K, and Cy < K. So, we continue and increase i to 2. We have B3, = 1 while B3, = 0, so we
change Ao = —0.2, and Cy = 2. By continuing this procedure, we end up with

o J02 -02 02
A=|-02 02 0
02 02 0

For this example, the worst-case value of |[(A+ A)y — b, over Z is 17.78 (obtained using SCIP
5.1 [23]) while H(A+A)y—bH2 = 17.75. O

As one can also see from Example 5, the algorithm proposed in this section is a heuristic and
the obtained scenario may not be the worst-case scenario.
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