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Abstract Consider settings such as stochastic optimization where a smooth objective function f is unknown but can be estimated with an inexact oracle such as
quasi-Monte Carlo (QMC) or numerical quadrature. The inexact oracle is assumed
to yield function estimates having error that decays with increasing oracle effort.
For solving such problems, we present the Adaptive Sampling Gradient Method
(ASGM) in two flavors depending on whether the step size used within ASGM is
constant or determined through a backtracking line search. ASGM’s salient feature
is the adaptive manner in which it constructs gradient estimates (henceforth called
gradient approximates), by exerting just enough oracle effort at each iterate to keep
the error in the gradient approximate within a constant factor of the norm of the
gradient approximate. ASGM applies to both derivative-based and derivative-free
contexts, and generates iterates that globally convergence to a first-order critical
point. We also prove two sets of results on ASGM’s work complexity with respect
to the gradient norm: (i) when f is non-convex, ASGM’s work complexity is ar1
−2− µ(α)
bitrarily close to O(ǫ
), where µ(α) is the error decay rate of the gradient
approximate expressed in terms of the error decay rate α of the objective function
approximate; (ii) when f is strongly convex, ASGM’s work complexity is arbi− 1
trarily close to O(ǫ µ(α) ). We compare these complexities to those obtained from
methods that use traditional random sampling. We also illustrate the calculation
of α and µ(α) for common choices, e.g., QMC with finite-difference derivatives.
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1 INTRODUCTION
Consider unconstrained optimization problems having the form
minimize f (x)
x∈Rd

(P )

where the function f : Rd → R is bounded from below, that is, inf x∈Rd f (x) >
1,1
−∞, and f belongs to the class CL
of differentiable functions having a Lipschitz
continuous first derivative. An important premise is that we do not have access to
exact oracle values f (x), x ∈ Rd but instead, we have access to an inexact oracle
using which an approximate value f (n; x) of f (x) at any chosen point x ∈ Rd can
be obtained after expending a chosen amount n of oracle effort.
The inexact oracle is such that the resulting approximator f (n; ·) is consistent,
that is, |f (n; x) − f (x) | → 0 as n → ∞. Furthermore, we assume that the error
|f (n; x) − f (x) | in the approximator f (n; ·) satisfies for n ≥ nf ,
nα |f (n; x) − f (x) | < σ0,f + σ1,f Γf0 (x),

(F E1 )

where
1. σ0,f and σ1,f are real-valued unknown constants that do not depend on x;
2. Γf (·) := 1 + Γf0 (·) is a known positive-valued continuous function;
3. α > 0 is a known constant called error decay rate of the inexact oracle f (n; ·).

(Throughout the rest of the paper, we use the function Γf (·) := 1 + Γf0 (·) instead
of Γf0 (·) as a matter of convention and convenience.)
As we illustrate in Section 2 using two motivating examples, numerous stochastic optimization settings are naturally subsumed by the above problem setting.
Specifically, while the objective function f in such settings is not known in closedform, f may be suitable for approximation using quasi-Monte Carlo (QMC) [27],
numerical quadrature [36, 12], or other low-discrepancy point-set methods [13,
Chapter 5], allowing the construction of an approximator f (n; ·), a scaling function Γf (·), and a known error decay α that together satisfy (F E1 ).
The problem statement that we have just outlined resembles the now popular simulation optimization (SO) problem [31, 14, 42] and many modern machine
learning settings [8] where the objective function f is an expectation. The difference between these settings and the context we consider here pertains primarily
to the assumptions on the approximator f (n; ·). In SO and machine learning settings, the objective function value f (x) is assumed to be estimated using Monte
Carlo or through random draws from a large database, implying that the resulting
estimator f (n; x) of f (x) is random, and hence any error guarantees analogous to
(F E1 ) can only be made in a “distributional” or an “expected value sense.” In
the current setting, the approximate f (n; x) is constructed using QMC or numerical integration, allowing for a deterministic error bound (F E1 ), and consequently,
sharper complexity results. We say more about this issue in Section 1.2 when we
discuss scope and related literature.
(As an aside, there is much ongoing debate [29, 43, 22, 27] on the appropriateness of the use of QMC for high-dimensional integration. Until recently, the general
consensus had been that QMC is more efficient than Monte Carlo for constructing
estimators of integrals in dimensions less than about 12. However, there is little
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doubt that QMC is gaining in popularity and now seems to be used routinely in
much higher dimensions [4, 40].)
We emphasize that neither the error decay rate α nor the scaling function
Γf (·) appearing in (F E1 ) are unique, that is, numerous choices of Γf (·) and α
may satisfy (F E1 ). However, such non-uniqueness will not concern us, and we
make no assumptions about any optimality properties of Γf (·) and α. Instead, we
only assume that, in addition to the inexact oracle approximator f (n; ·), we have
at our disposal one possible scaling function Γf (·) and one possible error decay
rate α that together satisfy the stipulation (F E1 ). All our results will accordingly
be expressed in terms of Γf (·) and α.

1.1 Terminology, Notation, and Convention
We emphasize that, while our primary motivating context is stochastic optimization, the approximator f (n; ·) of the objective function f (·) is indeed deterministic. Since this issue tends to cause confusion especially among readers steeped in
stochastic and simulation optimization, we have refrained from using upper case
notation for function and gradient approximators throughout the paper. For the
same reason, we have also limited our use of words such as “estimator” and “estimate,” instead preferring the non-standard terms “approximator” and “approximate.” An exception, of course, is the name of the proposed procedure “Adaptive
Sampling Method” where we have used the word “sampling” with no connotation
to statistical sampling.
The algorithms we present are derivative free by which we mean that we do
not assume that the inexact oracle provides direct observations of the gradient
approximate of f . Instead, when seeking an approximate for the gradient ∇f (x)
at the point x, we can resort to “finite differencing” of values from the ineact
oracle.
We use bold font for vectors, script font for sets, lower case font for real numbers
and upper case font for random variables. Hence {Xk } denotes a sequence of
random vectors in Rd and x = (x1 , x2 , . . . , xd ) denotes a d-dimensional vector of
real numbers. We use ei ∈ Rd to denote a unit vector whose ith component is
1 and whose everyother component is 0, that is, eii = 1 and eij = 0 for j 6= i.
The set B (x; r) = y ∈ Rd : ky − xk ≤ r is the closed ball of radius r > 0 with
center x. For a point y := (y1 , y2 , . . . , yq ), the norm kyk denotes the q-dimensional
P
1
Euclidean norm kyk = ( qi=1 yi2 ) 2 . We denote (a)+ = max(a, 0) to refer to the
maximum of a number a ∈ R and zero.
A sequence {yn }, y ∈ Rq is said to consistently approximate y ∈ Rq if kyn −
yk → 0 as n → ∞. For a sequence of real numbers {ak }, we say ak = o (1) if
limk→∞ ak = 0; we say ak = o−1 (bk ) if bk = o(ak ). We say ak = O (1) if {ak }
is bounded, that is, there exists a constant M > 0 such that |ak | < M for large
enough k. For sequences of positive real numbers {ak }, {bk }, we say that ak ∼ bk
if limk→∞ ak /bk = 1.
1,1
if f : Rd → R is differentiable and has derivative ∇f (·) such
We say f ∈ CL
that k∇f (x) − ∇f (y)k ≤ Lkx − yk for all x, y ∈ Rd . We say f ∈ FL1,1 if f is
1,1
1,1
if f is twice differentiable, f ∈ FL1,1 , and
. We say f ∈ Sλ,L
convex and f ∈ CL
k∇f (x) − ∇f (y)k ≥ λkx − yk for all x, y ∈ Rd .
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1.2 Related Literature
As was remarked earlier, the problem we consider is closely related to what has
been called the SO problem [31, 14, 42], and more recently, to optimization settings
in machine learning [8, 9]. While SO appears in many flavors [14], a predominant
version involves solving the optimization problem
minimize: f (x) := E[Y (x)],
x∈Rd

(1)

where the objective function f : Rd → R is a mathematical expectation that
cannot be observed directly but can be estimated using a Monte Carlo (MC)
based inexact oracle. Specifically, f (x)Pin SO is usually assumed to be estimable
as the sample mean F (m, x) = m−1 m
j=1 Yj (x) of independent and identically
distributed (iid) copies Y1 (x), Y2 (x), . . . , Ym (x) of a random variable Y (x) that is
unbiased with respect to f (x), and has finite second moment. Depending on the
context, iid (unbiased) observations W1 (x), W2 (x), . . . on the gradient ∇f (x) may
also be available.
SO has its roots in the seminal paper of Robbins and Monro [37] on the stochastic root-finding problem [37], and its immediate successor on derivative-free optimization by Kiefer and Wolfowitz [17]. The class of recursions proposed in [37]
and [17], called stochastic approximation, has since seen six decades of development pertaining to numerous variations based on the nature of the feasible region,
e.g., continuous versus integer, nature of needed solution, e.g., global versus local,
incorporation of constraints, and the nature of sampling, e.g., correlated versus
iid. We will not attempt a summary of this development but instead refer the
interested reader to surveys [18, 19, 7, 31, 14, 2, 3, 42] that might serve as suitable
“entry points” into the literature. In the more recent machine learning stream of
literature that is related to the context of the current paper, the reader is especially directed to [8] for a remarkable and organized account of the vast material
that has rapidly accumulated.
The error stipulation in (F E1 ) and its relationship to corresponding assumptions in the SO and machine learning literature are worthy of discussion. The
stipulation in (F E1 ) embodies two elements that seem essential to solving problems of the type considered in this paper: (i) access to an inexact oracle that
can be used to construct an approximator of the objective (or gradient) function; and (ii) an explicit or implicit characterization of the error suffered by the
approximator across the feasible region. The approximator in (i) is “deterministic” when the inexact oracle is based on QMC or numerical integration as in the
current context, or “stochastic” as in SO and other machine learning contexts
where the inexact oracle is based on Monte Carlo or random draws from a large
database. In either case, there tends to be some stipulation on the structure of the
error across the feasible region. For example, in typical SO contexts, the variance
Var(Y1 (x)) = E[kY1(x)k2 ] − E2 [kY1 (x)k] is subject to a regularity condition such
as
Var(Y1 (x)) < κ0 + κ1 kxk2 ,
(2)
where κ0 , κ1 are some positive constants. The seminal paper [17] and most of its
derivative-free successors assume a condition such as (2); Robbins and Monro [37],
and all its recent important successors [35, 24, 15], assume something similar but
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the stipulations are on the directly observed (unbiased) gradient estimates. Also,
the objective function estimate F (m, x) in SO, being the simple sample mean of iid
observations Y1 (x), Y2 (x), . . . , Ym (x), is governed by the central limit theorem [5]:
dp
lim m1/2 (F (m, x) − f (x)) → Var(Y1 (x))Z(0, 1),

m→∞

(3)

d
where Z(0, 1) is the standard normal random variable and “ → ” refers to convergence in distribution. The conditions (3) and (2) taken together are analogous to
the general error bound (F E1 ) assumed in the current paper.
Structural assumptions akin to (2) are also made in much of the machine
learning literature. For example, one of the standing assumptions (Assumption
4.3(c)) in [8] is that
Var(G(x, ξ)) := E[kG(x, ξ)k2 ] − E2 [kG(x, ξ)k] ≤ M + Mv k∇f (x)k2,

(4)

where G(x, ξ) is constructed from directly observed estimates of ∇f (x) satisfying
certain regularity properties, and M, Mv are finite constants. Similarly, the assumptions in [9, Chapter 6] are subsumed by (4) since they amount to assuming
that the constant Mv in (4) satisfies Mv = 0. Again, the error structure stipulation
in (4) is seen as being analogous to (F E1 ), but for the fixed sample size context.
It will become evident that the error structure characterization in (F E1 ) is a
crucial enabler of adaptive sampling within ASGM, by allowing judicious oracle
effort determination during algorithm evolution. Such judicious oracle effort determination, along with the use of a faster estimation procedure such as QMC, is
responsible for ASGM’s faster convergence rates (see Table 1) compared to stochastic approximation. Efforts on constructing similar adaptive sampling algorithms
but for the Monte Carlo context are currently underway [10, 34], but sharp characterizations of complexity have thus far been elusive because of the mathematical
difficulties associated with analyzing sequential sampling algorithms.

1.3 Summary of the Proposed Algorithm and Main Results
ASGM is a gradient search procedure in that, during the kth iteration, a step
of size βk is taken along the direction of the approximated negative gradient,
−g(n(xk ); xk ), to yield the subsequent iterate xk+1 = xk − βk g(n(xk ); xk ). The
step size βk is either chosen to be a constant, or calculated using a backtracking
line search, resulting in the fixed step ASGM and backtracking line search ASGM
flavors, respectively. ASGM can accommodate both derivative-based and “derivative free” settings and no assumptions are made about the availability of direct
gradient observations of the gradient function ∇f (·). In the derivative-free context,
for instance, ASGM accommodates the construction of the gradient approximate
g(n(xk ); xk ) at the point xk by “finite differencing” the function approximator
f (n(xk ), ·) at appropriately chosen points near the point xk .
The salient feature of ASGM is its adaptive oracle effort determination. During
each iteration k, ASGM expends an amount n(xk ) of oracle effort for determining
the step size βk and the gradient approximate g(n(xk ); xk ) used in constructing
the subsequent iterate xk+1 . How should n(xk ) be determined? Large values of
n(xk ) will yield better approximates g(n(xk ); xk ), leading to a higher quality of the
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Table 1: The first two columns list upper bounds on ASGM’s work complexity for func1,1
1,1
1,1
. The quantity µ(α) is the error decay rate of the gradient
and Sλ,L
, FL
tion classes CL
approximator used within ASGM, e.g., for forward-difference (FD) gradients µ(α) = α/2, for
central-difference (CD) gradients µ(α) = 2α/3, and for direct-gradients (DG), µ(α) = α. When
), and the constant δ > 0
QMC is used, α is arbitrarily close to 1. Also, µA (α) := min(µ(α), α
2
is arbitrary. The third column lists corresponding rates for an exact oracle, and the last three
columns list the complexities when random sampling is used, e.g., as in stochastic gradient
descent (SGD). See [25, 21] to get a sense of the results appearing in the last three columns.
ASGM
(fixed step)
1,1
CL
1,1
FL
1,1
Sλ,L

O(ǫ
O(ǫ

1
−2− µ(α)−δ
1
−2− µ(α)−δ

O(ǫ

1
− µ(α)−δ

SGD with Monte Carlo

ASGM
(back tracking)

Exact
Oracle

FD

CD

DG

)

1
−2− µ (α)−δ
A
O(ǫ

)

O(ǫ−2 )

O(ǫ−6 )

O(ǫ−5 )

O(ǫ−4 )

)

1
−2− µ (α)−δ
A
O(ǫ

)

O(ǫ−2 )

O(ǫ−6 )

O(ǫ−5 )

O(ǫ−4 )

O(log ǫ−1 )

O(ǫ−4 )

O(ǫ−3 )

O(ǫ−2 )

1
−
O(ǫ µA (α)−δ

)

)

subsequent iterate xk+1 . However, large values of n(xk ) also translate to higher
overall computational effort, leading to poorer complexity rates. ASGM hedges
this trade-off by striving to exert just enough oracle effort to ensure that the error
kg(n(xk ); xk )−∇f (xk )k in the approximated gradient is within a fixed proportion
of true gradient k∇f (xk )k. (Ensuring that the error kg(n(xk ); xk ) − ∇f (xk )k
is a fixed proportion of the true gradient k∇f (xk )k turns out to be relatively
easy in fixed step ASGM but more involved in backtracking line search ASGM.)
Such adaptive oracle effort determination within ASGM also ensures that ASGM’s
moves result in descent steps for large enough k, that is, the difference in objective
function values at the successive steps xk and xk+1 is strictly decreasing when the
iteration k is large enough.
Our results pertain to the performance of fixed step ASGM and backtracking
1,1
1,1
— see Section
, FL1,1 and Sλ,L
line search ASGM on the three function classes CL
1,1
1,1
. For all three function classes, we
, FL1,1 , and Sλ,L
1.1 for a formal definition of CL
demonstrate that when f is also bounded below, the iterates {xk } generated by
both flavors of ASGM are such that k∇f (x∗k )k → 0. (The point x∗k is the “returned
solution,” that is, that iterate amongst x1 , x2 , . . . , xk where the smallest gradient
norm was observed. We formally define x∗k in Section 4.1.)
For characterizing ASGM’s efficiency, we prove two sets of results, as sum1,1
and bounded below, we demonstrate
marized through Table 1. When f ∈ CL
Pk
that the fixed step ASGM’s total oracle effort wk =
j=1 n(xk ) → ∞ satis1

2+

fies supk wk k∇f (x∗k )k µ(α)−δ < ∞ for any δ > 0, where µ(α) is the error decay rate of the gradient approximates constructed by ASGM and expressed as a
function of the error decay rate α appearing in (F E1 ). The corresponding result
2+

1

for backtracking line search ASGM is supk wk k∇f (x∗k )k µA (α)−δ < ∞ for any
δ > 0 and µA (α) := min(µ(α), α2 ). Loosely, this means that upper bounds on the
“work complexity” of fixed step ASGM and backtracking line search ASGM are
1
−2− µ 1(α)
−2− µ(α)
A
arbitrarily close to O(ǫ
) and O(ǫ
) respectively. Likewise, when
1,1
and bounded below, we demonstrate that fixed step ASGM satisf ∈ Sλ,L
1

fies supk wk k∇f (xk )k µ(α)−δ < ∞ and backtracking line search ASGM satisfies
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1

supk wk k∇f (xk )k µA (α)−δ < ∞ for any δ > 0, indicating, loosely, that upper
bounds on ASGM’s work complexity for the two flavors are arbitrarily close to
1
−
− 1
O(ǫ µ(α) ) and O(ǫ µA (α)−δ ) respectively.
Comparing the first two columns of Table 1 with the third column gives a sense
of the “price” that is paid due to the non-availability of an exact oracle. Since we
have found that the gradient error decay rate µ(α) is invariably smaller than
the function error decay rate α, the resulting upper bound on the complexity of
backtracking line Search ASGM coincides with the upper bound on the complexity
of fixed step ASGM. Also notable are the corresponding complexities (listed in
the last three columns of Table 1) that are obtained when Monte Carlo is used to
construct the approximator f (n; ·). We will see later that α is arbitrarily close to 1
when QMC is used, and that µ(α) = 2α/3 when a central-difference approximation
is used for gradient estimation. Considering these numbers, we see from the first,
second and fourth columns that the work complexity of the proposed methods are
superior to a corresponding method involving Monte Carlo whenever the use of
QMC is viable.

1.4 Paper Organization
The subsequent sections of the paper are organized as follows. In Section 2 we
present two application contexts that have motivated this study. Section 3 characterizes the quality of gradient approximates that might be used within ASGM.
This is followed by Section 4 which contains the description, analysis, and main
results pertaining to the convergence and convergence rate calculations for ASGM.
We end the paper with some concluding remarks in Section 5.

2 Motivating Contexts
The predominant settings that motivate problems of the form Problem P are
stochastic optimization [39, 41, 42, 6] and stochastic root-finding [32, 30, 33] problems, both large problem classes that have recently generated much attention. In
what follows, we present two instances of Problem P chosen as an oversimplified
version of an “actual problem” that one or more of the authors have recently
encountered.

2.1 Optimal Scheduling in a Queue
Consider a time-varying service system, e.g. a healthcare facility, operating in
[0, T ]. Suppose that the facility services two types of patients: random arrivals
corresponding to patients having semi-emergent circumstances and following a
general probability law, e.g., the non-homogeneous Poisson process [38] with specified rate function ρ(t), t ≥ 0, and scheduled arrivals pertaining to non-emergent
patients who arrive at times x = (x1 , x2 , . . . , xd ). The problem is to determine
the times x = (x1 , x2 , . . . , xd ) of the scheduled arrivals in such a way that the
functioning of the facility is optimal in the following sense. Suppose h(ξ; x) is the
expected virtual waiting time at time ξ ∈ [0, T ], that is, the expected amount
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of time a “virtual customer” arriving at time ξ will have to wait before being
served, given the deterministic arrivals have been scheduled at x. The objective is
to identify x = (x1 , x2 , . . . , xd ) such that the time average of the function h(·; x)
is minimized. Formally, we want to solve the following optimization problem.
Z T
−1
:=
h(ξ, x) dξ,
minimize f (x)
T
0

subject to x ∈ [0, T ]d ,

(5)

where the function h(·; ·) in (5) can be determined through an oracle that solves
the Kolmogorov forward equations [16] either exactly, or using closure approximations [23].
Let’s perform the variable transformation xi = T φ(x̃i ), i = 1, 2, . . . , d where φ :
R → [0, 1] is any strictly increasing smooth transformation with limy→−∞ φ(y) =
0 and limy→∞ φ(y) = 1. Let φ(x) := (φ(x̃1 ), φ(x̃2 ), . . . , φ(x̃d )) and rewrite the
problem in (5) as the unconstrained optimization problem:
Z T
h(ξ; T φ(x̃)) dξ.
(6)
minimize f (x̃) := T −1
x̃∈Rd

0

To approximate the objective function in (6) at any given point x̃, we could
use one of a variety of methods, apart from naı̈ve Monte Carlo. For example, using
quasi-Monte Carlo (QMC) [27] with a low-dispersion sequence {un }, e.g., Sobol,
Halton, Faure, we can estimate f (x) as
f (n; x̃) := T −1

n
X

h(T uj , φ(x̃)).

j=1

Then, the Koksma-Hlawka [27] bound guarantees that for all n, there exists σ < ∞
such that
|f (n; x̃) − f (x̃) | < σ n−1 log n.
(7)
The constant σ in (7) will depend, amongst other things, on the total variation
of h(x, ·) on the interval [0, T ] and the particular QMC sequence that is used in
constructing f (n; x). Also, the term log n in (7) becomes (log n)d when ξ is a ddimensional random vector. To avoid going far afield, we will go into no further
detail but direct the reader to [27].
The optimization problem in (5) and the QMC error bound in (7) assure us
that the example just described is subsumed by Problem P with scaling function
Γf (·) ≡ 1, and the function error decay rate α = 1 − ǫ for any choice ǫ > 0.
In the above example, the function approximate f (n; ·) can also be constructed
using one of the standard numerical integration techniques [36, 12] in place of
QMC. For example, we can employ the trapezoidal rule [36] by observing h(·; x̃)
at n “evenly spaced” points ξ0 , ξ1 , . . . , ξn−1 in the interval [0, T ] and obtain the
function approximate
fT (n; x̃) =

1
1
h(ξ0 ; x̃) + h(ξ1 ; x̃) + h(ξ2; x̃) + · · · + h(ξn−2 ; x̃) + h(ξn−1 ; x̃).
2
2

The resulting error is well-studied; for example, since h(·; x̃) is continuous in [0, T ],
we can apply a well-known crude bound from [11] to see that there exists σ < ∞
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such that the resulting approximator satisfies supx̃∈Rd

9
|fT 
(n;x̃)−f
(x̃)|

T2
8

n−1

< σ suggest-

ing the scaling function Γf (·) = T 2 /8 and α = 1. The use of Simpson’s rule [36] will
yield a similar error bound but with the constant 5T 2 /72 instead of T 2 /8. (See [11]
for other bounds on estimation error based on different levels of smoothness of the
integrand when using numerical integration.)

2.2 Classical Markowitz Portfolio Optimization
The classical Markowitz portfolio optimization problem [20] seeks to identify weights
x
(x1 , x2 , . . . , xd ) that minimize the function f (x) = µT x − η xT Σ x subject to
P=
d
i=1 xi = 1, xi ≥ 0, where µ = E[X] and Σ = Var(X) are the mean and covariance of a random vector X ∈ [0, ∞)d representing the returns from a portfolio of
d invested assets, and η > 0 is the risk-aversion parameter.
Since the returns X are usually the result of detailed models of evolution of
an asset over time (e.g., see Chapter 3 in [13]), the quantities µ and Σ are not
known in closed-form but approximators µn , Σn of µ and Σ, respectively, can be
constructed using a method such as QMC. The resulting approximator f (n; ·) of
the objective function f (·) can then be constructed as
T
f (n; x) = µT
n x − η x Σn x.

(8)

Furthermore, if QMC is used to approximate µn and Σn , as usual the approximators µn and Σn satisfy error bounds stemming from the Koksma-Hlawka bound
under mild conditions. Then, similar to the example discussed in Section 2.1, there
exist constants σ1 < ∞ and σ2 < ∞ such that for all n ≥ 1,
kµn − µk
kΣn − Σk
< σ1 and −1
< σ2 .
n−1 (log n)d
n (log n)d

(9)

Combining (8) and (9), and after some algebra, we see that the resulting approximator satisfies for all n ≥ 1 and some σ < ∞
sup
x∈Rd

|f (n; x) − f (x) |
< σ.
(kxk + ηkxk2 ) n−1 (log n)d

(10)

We see then that the described example falls within the scope of Problem P with
the approximator having the scaling function Γf (x) = kxk + ηkxk2 and α = 1 − ǫ
for any ǫ > 0.

3 The Gradient Approximator
As we will see shortly, ASGM is a gradient method that relies on the repeated
construction of an approximator of the gradient function ∇f (·). Given the approximator f (n; ·) of the objective function f (·), a gradient approximator of ∇f (·)
can be constructed in a number of ways, the most prominent of which is by “finite differencing” observations of f (n; ·) at carefully selected points. Two popular
finite-differencing schemes are the forward and central difference approximations
having the following partial derivative approximators at the point x.
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gf i (



n
n
n
; x) := ζn−1 f (
; x + ζ n ei ) − f (
; x) ,
d+1
d+1
d+1
ζn−1


 n
n
n
f ( ; x + ζ n ei ) − f ( ; x − ζ n ei ) ,
gci ( ; x) :=
2d
2
2d
2d

i = 1, 2, . . . , d;
(FD)
i = 1, 2, . . . , d
(CD)

where ζn > 0 is the step size for finite-difference, and ei is a unit vector defined in
Section 1.1. (In the expressions (FD) and (CD), we have ignored the possible nonintegrality of n/(d+1) and n/(2d).) The forward-difference derivative approximate
n
n
n
gf (n; x) is then obtained as gf (n; x) = (gf 1 ( d+1
; x), gf 2 ( d+1
; x), . . . , gf d ( d+1
; x))
by accumulating the partial derivatives in (FD); likewise, the central difference
n
n
n
approximator gc (n; x) = (gc1 ( 2d
; x), gc2 ( 2d
; x), . . . , gcd ( 2d
; x)) is obtained by accumulating the partial derivative approximators in (CD).
We now characterize the behavior of gf (n, ·) and gc (n, ·) as approximators
of the gradient function ∇f (·). Lemma 1 that follows asserts that both gf (n, ·)
and gc (n, ·) are consistent approximators of the gradient function ∇f (·) as long
as the step size ζn used in finite-differencing decays to zero slower than n−α .
Furthermore, for a particular choice of ζn , Lemma 1 characterizes the convergence
rate of gf (n, ·) and gc (n, ·) expressed as a function of the error decay rate α of the
function approximator f (n, ·).
Lemma 1 (Forward-Difference and Central-Difference Approximator Quality)
1,1
. Then, the forward-difference derivative approximator gf (n; ·)
(i) Suppose f ∈ CL
is a consistent approximator of ∇f (·) if the step size ζn satisfies ζn = o−1 (n−α )
and ζn = o(1). Moreover, if the step size is chosen as ζn = cn−α/2 , c ∈ (0, ∞),
then for large enough n,

nα/2 kgf (n; x) − ∇f (x)k ≤ σ0,gf + σ1,gf Γf (x),
(11)
√
√

where σ0,gf = d (d + 1)α ( 2c )(σ0,f + σ1,f ) + 12 Lc and σ1,gf = (d+1)α d( 2c ).
(ii) Suppose f ∈ Cν2,2 . Then, the central-difference derivative approximator gc (n; ·)
is a consistent approximator of ∇f (·) if the step size ζn satisfies ζn = o−1 (n−α )
and ζn = o(1). Moreover, if the step size is chosen as ζn = cn−α/3 , c ∈ (0, ∞),
then for large enough n

where σ0,gc

n2α/3 kgc (n; x) − ∇f (x)k ≤ σ0,gc + σ1,gc Γf (x),
(12)
√
√

= d (2d)α c−1 (σ0,f + σ1,f ) + 61 νc2 and σ1,gc = (2d)α dc−1 .

Proof In what follows, we prove only the assertions in (ii). A proof of the assertions
in (i) follow in an identical fashion.
We see that

ζ −1  n
n
n
f ( , x + ζ n ei ) − f ( , x − ζ n ei )
gci ( ; x) = n
2d
2
2d
2d
 ζ −1  n

ζn−1  n
=
f ( , x + ζn ei ) − f (x + ζn ei ) − n
f ( , x − ζn ei ) − f (x − ζn ei )
2
2d
2
2d
ζn−1
+
(f (x + ζn ei ) − f (x − ζn ei )) .
2
(13)
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Since we have assumed that the function f ∈ Cν2,2 we can write
|

∂
ν
ζn−1
(f (x + ζn ei ) − f (x − ζn ei )) −
f (x)| ≤ ζn2 .
2
∂xi
6

(14)

Denoting ∆(n; y) := |f (n; y) − f (y)|, and using (13), (14), we write
|gci (

 ν
n
∂
n
ζ −1 
n
; x) −
f (x)| ≤ n
∆( , x + ζn ei ) + ∆( , x − ζn ei ) + ζn2 .
2d
∂xi
2
2d
2d
6
(15)

n −α
Since f (n, ·) satisfies (F E1 ), we know that for n ≥ nf , ∆(n; x+ζn ei ) ≤ 2d
(σ0,f +
σ1,f Γ (x + ζn ei )). Since Γf (·) is a continuous function, for large enough n,

∆(n; x + ζn ei )) ≤ (

n −α
) (σ0,f + σ1,f (1 + Γf (x)) .
2d

(16)

Similar arguments imply that for large enough n,
∆(n; x − ζn ei )) ≤ (

n −α
) (σ0,f + σ1,f (1 + Γf (x)) .
2d

(17)

The inequality in (15), along with (16) and (17), implies that gc (n; x) is a consistent
approximator of ∇f (·) if ζn = o−1 (n−α ) and ζn = o(1), proving the first asseertion
of part (ii).
To prove the second assertion of part (ii), use (15), (16) and (17) to write, for
large enough n,
√


√ −1 n −α
d 2
2α/3
2α/3
n
kgc (n; x) − ∇f (x)k ≤ n
(σ0,f + σ1,f (1 + Γf (x)) +
νζn
dζn
2d
6


√
√
1
= d (2d)α c−1 (σ0,f + σ1,f ) + νc2 + dc−1 (2d)α Γf (x),
6
(18)
where the inequality in (18) follows since we have chosen the step size ζn = cn−α/3 .
We conclude from (18) that the second part of assertion (ii) holds.
Lemma 1 characterizes the error decay rate of the forward and central difference
gradient approximators to be α/2 and 2α/3 respectively, where α is the error
decay rate associated with the function approximator f (n; ·). Most importantly,
the assertions of Lemma 1 imply that whenever the approximator f (n; ·) satisfies
the error structure (F E1 ), so do the finite-difference gradient approximators, as
described by (11) and (12), but with an altered scaling function and an altered
error decay rate.
The optimization method we propose in the subsequent section assumes that
we have at our disposal a gradient approximator g(n; ·) constructed through one
of various available means, e.g., finite differencing of the function approximator
f (n, ·) as in (FD) or (CD) or using even more number of design points [1]. Towards
providing a general analysis that subsumes foward-difference, central-difference,
and potentially other gradient estimation techniques, we assume going forward
that the available gradient approximator g(n, ·) satisfies the following stipulation

12

Hashemi, Pasupathy, and Taaffe

on accuracy. There exist σ0,g , σ1,g < ∞ and a threshold mg < ∞ such that for
n ≥ mg ,
nµ(α) kg(n; x) − ∇f (x) k < σ0,g + σ1,g Γg0 (x),

(GE1 )

where Γg (·) := 1 + Γg0 (·) is a known positive-valued continuous function, α > 0 is
the error decay rate of the approximator f (n, ·), and µ(α) > 0 is the error decay
rate of the gradient approximator g(n, ·). (Throughout the rest of the paper, we
use the function Γg (·) := 1 + Γg0 (·) instead of Γg0 (·) as a matter of convention and
convenience.)
Comparing (GE1 ) to (11) and (12) appearing in the assertion of Lemma 1,
we notice that when we use the forward-difference gradient approximator, that is,
when g(n; x) := gf (n; x), we have Γg (x) := Γf (x) and µ(α) := α/2; likewise for
the central-difference gradient approximator, that is, when g(n; x) := gc (n; x), we
have Γg (x) := Γf (x) and µ(α) := 2α/3. (In particular, note that the error decay
rate µ(α) of the gradient approximator is a function of the error decay rate α of
the function approximator.)

4 The Adaptive Sampling Gradient Method (ASGM)
Recall that Problem P seeks to minimize the function f (·) using only the approximates f (n; x) assumed to satisfy the stipulation (F E1 ). We have also assumed
that a gradient approximate g(n; x), x ∈ Rd satisfying the error stipulation (GE1 )
can be constructed using appropriate finite-differencing of the function approximator f (n; ·), as detailed in Section 3. And, importantly, observing f (n; ·) at any
point x ∈ Rd entails oracle effort n, which is the sole unit of computational effort
in this paper.
ASGM has a simple iterative structure: at each iteration k, take a step along the
direction of the approximated negative gradient −g(n(xk ); xk ), where g(n(xk ); xk )
is constructed after exerting an amount of oracle effort n(xk ).
The ASGM recursion is as follows:
xk+1 = xk − βk g(n(xk ); xk ), k = 1, 2, . . . .

(ASGM )

Different flavors of ASGM result from different ways of choosing the step size βk
and the sampling effort n(xk ) in (ASGM). We propose the following two flavors of
1,1
ASGM based on whether or not the Lipschitz constant L associated with f ∈ CL
is known.
(i) In fixed step ASGM, the step size βk is chosen as βk = (1 − θ)/L, where L
satisfies k∇f (x)−∇f (y)k ≤ Lkx−yk for all x, y ∈ Rd . The oracle effort n(xk )
is chosen as
n(xk ) = min{n ≥ ηk : Γg (xk )n−µ(α)+δ ≤ θkg(n; xk )k},

(SSc )

where {ηk } is lower-bound sequence satisfying ηk → ∞ as k → ∞, µ(α) is the
gradient approximate decay rate appearing in (GE1 ), and δ > 0, θ ∈ (0, µ(α))
are constants.
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(ii) In backtracking line search ASGM, since no knowledge of a constant L is assumed, the step size βk is chosen through a backtracking line search procedure
akin to what is commonly done in deterministic line search algorithms [28].
(We list the backtracking line search procedure in Algorithm 1.) As we shall
see later in detail, the backtracking line search procedure performed during the kth iteration requires estimation of the objective function and the
gradient at the kth iterate xk , and potentially at several other candidates
i−1
x+
s0 , i = 1, 2, . . . evaluated before choosing
k (s) = xk − sg(n(xk ); xk ), s = γ
the subsequent iterate xk+1 . The respective oracle efforts at xk and x+
k (s) are
given as


q
1
ns (xk ) := min{m ≥ ηk : max Γg (xk ), Γf (xk ) m−(µA (α)−δ) ≤ s 2 θkg(m; xk )k};
q
1
−α
+ δ2
2
:=
ns (x+
(s))
min{m
≥
η
:
Γf (x+
≤ s 2 θkg(ns (xk ); xk )k}.
k
k
k (s)) m
(SSℓ )
The basis for the oracle effort expressions in (SSc ) and (SSℓ ) will be clarified
by the analysis that is to follow. Loosely speaking, however, the expressions in
(SSc ) and (SSℓ ) are chosen so that, during the kth iteration, the approximated
error of the gradient approximate at the iterate xk is in “balance” with a measure
of proximity of xk to a stationary point. This should be immediately evident at
least for fixed step ASGM where enough oracle effort is expended to ensure that
the term Γg (xk )n−µ(α)+δ appearing to the left of the inequality in (SSc ), which is
an approximation of the error in the gradient approximate at xk , stays at a fixed
proportion θ with respect to the approximated gradient norm at xk . A similar
logic dictates the choice of the oracle effort expression in (SSℓ ), as will become
clear when we analyze backtracking line search ASGM.
In both (SSc ) and (SSℓ ), {ηk } → ∞ is a lower-bound sequence and θ ∈
(0, 1), δ ∈ (0, µ(α)) are user-defined constants. Further mild stipulations on the
choice of ηk and θ hold but since such stipulations depend on the nature of the
objective function f , we postpone specifying them until we present our results
formally. The constant δ can be any positive real number but, as we shall see,
smaller δ values result in better work complexities for ASGM.
In what follows, our interest is in characterizing the convergence and work
complexity for fixed step ASGM and backtracking line search ASGM for the three
1,1
1,1
1,1
. We will analyze the case f ∈ CL
, f ∈ FL1,1 , and f ∈ Sλ,L
contexts f ∈ CL
in its entirety in the sense that the convergence and the work complexity rates
will be stated and proved for both the fixed step ASGM and the backtracking line
1,1
, we will treat fixed step ASGM in
search ASGM flavors. For the context f ∈ Sλ,L
its entirety; for backtracking line search ASGM, however, in an attempt to avoid
tedious repetition, we will be content with simply stating the result without proof.
We omit results for the context f ∈ FL1,1 since we have found that results on work
1,1
.
complexity for f ∈ FL1,1 do not deviate from the more general context f ∈ CL
Before we present the main results, we first state and prove a lemma involving
bounds on the oracle effort in general form involving generic constants p, cq (x)
and cr to facilitate subsequent invocation under different settings.
Lemma 2 Noting that (GE1 ) holds, let nG be such that for all n ≥ nG ,
kg(n; x) − ∇f (x) k ≤ Γg (x) n−µ(α)+δ .

(19)

14

Hashemi, Pasupathy, and Taaffe

Let x ∈ Rd and define the oracle effort
n(x) = min{n ≥ η : cq (x) n−p ≤ cr kg(n; x)k},

(20)

where η ≥ nG + 1, and the constants p, cq (x) and cr satisfy 0 < p ≤ µ(α) − δ,
0 < δ < µ(α), cr > 0, and cq (x) > Γg (x)cr . Also, define the following constants.
η0 := (1 − η −1 )−µ(α)+δ − 1;

− 1
− 1 


p
p
cr
Γg (x)cr
(1 + η0 )
c0 (x) :=
1−
.
cq (x)
cq (x) − Γg (x)cr

(21)
(22)

Then, the oracle effort n(x) satisfies


cr
cq (x) − Γg (x)cr

−

1
µ(α)−δ

k∇f (x)k

1
− µ(α)−δ

1

≤ n(x) ≤ max(η, 1+c0 (x)k∇f (x)k− p ).
(23)

Proof Since n(x) ≥ η > nG , we see that for all x ∈ Rd ,


cr
−µ(α)+δ
kg(n(x); x)k. (24)
kg(n(x); x) − ∇f (x)k ≤ Γg (x)n(x)
≤ Γg (x)
cq (x)
Also, the triangle inequality implies that, for all x ∈ Rd
kg(n(x); x) − ∇f (x)k ≥ kg(n(x); x)k − k∇f (x)k.

(25)

The inequalities in (24) and (25) imply that
kg(n(x); x)k ≤



−1
cr
1 − Γg (x)
k∇f (x)k,
cq (x)

and
cq (x)n(x)−µ(α)+δ ≤ cr kg(n(x), xk ≤

cq (x)cr
k∇f (x)k,
cq (x) − Γg (x)cr

(26)

(27)

where the second inequality in (27) follows from (26). By (27), we see that n(x) ≥
− 1

1
µ(α)−δ
−
cr
k∇f (x)k µ(α)−δ and the left-hand side of (23) holds.
cq (x)−Γg (x)cr
Multiplying both sides of (27) by ((n(x) − 1)/n(x))−µ(α) , we obtain

cq (x)(n(x) − 1)

−µ(α)+δ



−µ(α)+δ
n(x) − 1
cq (x)cr
k∇f (x)k
≤
cq (x) − Γg (x)cr
n(x)


cq (x)cr
≤
(1 + η0 )k∇f (x)k.
(28)
cq (x) − Γg (x)cr


Again apply the triangle inequality in (25) but for n(x) − 1, we get
kg(n(x) − 1, x)k ≥ k∇f (x)k − Γg (x)(n(x) − 1)−µ(α)+δ


Γg (x)cr
(1 + η0 )k∇f (x)k,
≥ k∇f (x)k −
cq (x) − Γg (x)cr

(29)
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where the last inequality in (29) follows from (28). Since n(x) satisfies (20), we see
that if n(x) > η then n(x) − 1 does not satisfy the inequality in (20), that is,
cq (x)(n(x) − 1)−p ≥ cr kg(n(x) − 1, x)k




Γg (x)cr
(1 + η0 ) k∇f (x)k,
≥ cr 1 −
cq (x) − Γg (x)cr

(30)

where the last inequality in (30) follows from (29). Employing some algebra, we
−1
conclude from (30) that if n(x) > η, then n(x) ≤ 1 + c0 (x)k∇f (x)k p , implying
that the right-hand side of the inequality in (23) holds.
1,1
4.1 ASGM Convergence and Work Complexity when f ∈ CL

We now analyze the performance of ASGM when the objective function f belongs
1,1
. Since f is not necessarily convex, ASGM provides no guarantees on the
to CL
attainment of a local minimum of f . Instead, we will show that ASGM’s iterates
are such that the corresponding sequence of objective function values are strictly
decreasing for large enough k, and that the corresponding sequence of true gradient
norms converge to zero. Define K(k) := arg min0≤j≤k {kg(n(xj ; xj )k}, and
k∗ (k) := max{K(k)}.

(31)

Then, Theorem 1 analyzes the behavior of the “returned solution sequence”
x∗k := xk∗ (k) .

(32)

In words, the returned solution x∗k is simply the most recent iterate amongst those
having the smallest “observed” gradient-approximate norm. The corresponding
iteration and oracle effort are denoted k∗ (k) and n∗k respectively. The use of the
“best observed” solution is standard in non-convex settings [26].
1,1
1,1
and
) Suppose that f ∈ CL
Theorem 1 (Fixed Step ASGM for f ∈ CL
d
∗
bounded below, with f := inf{f (x) : x ∈ R }. Let ASGM be applied on f with fixed
step size βk = β ≤ L−1 and oracle effort rule as in (SSc ) with θ ∈ (0, 1/2).
the
 Let

1
2µ(α)−2δ
lower bound sequence {ηk } in (SSc ) be such that ηk → ∞ and ηk = O k
as k → ∞.

1. The sequence {xk } is such that
lim k∇f (xk )k = 0.

k→∞

Suppose the gradient approximate g(·, ·) satisfies g(n, x) 6= 0 for all n, x.
2. The sequence {k∗ (k)} satisfies k∗ (k) → ∞ as k → ∞.
3. The sequence {x∗k } is such that
lim k∇f (x∗k )k = 0.

(33)

k→∞

4. For large enough k, the oracle effort n(xk ) satisfies
n(xk ) ≤ (1 + c0 (xk ))k∇f (x∗k )k

1
− µ(α)−δ

.

(34)
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5. Recalling wk =

Pk

j=1

n(xj ), there exists χc < ∞ such that all k,
wk k∇f (x∗k )k

1
2+ µ(α)−δ

≤ χc .

(35)

Proof Since (GE1 ) holds, there exists nG such that for all x ∈ Rd and n ≥ nG :
kg(n; x) − ∇f (x) k ≤ Γg (x) n−µ(α)+δ .

(36)

Since ηk → ∞, we see that n(xk ) ≥ nG for large enough k, that is, there exists kG
such that if k ≥ kG , (g(n; xk )−∇f (xk ))T g(xk ) ≤ kg(n; xk )kkg(n; xk )−∇f (xk )k ≤
Γg (xk ) (n(xk ))−µ(α)+δ ≤ θkg(n; xk )k2 , implying that
∇f (xk )T g(n(xk ); xk ) ≥ (1 − θ)kg(n(xk ); xk )k2 .

(37)

1,1
, we see that
Also, since f ∈ CL

L
kxk+1 − xk k2
2
β
≤ f (xk ) − β∇f (xk )T g(n(xk ); xk ) + kg(n(xk ); xk )k2 ,
2

f (xk+1 ) ≤ f (xk ) + ∇f (xk )T (xk+1 − xk ) +

(38)

where the last inequality uses our assumption β ≤ L−1 . Continuing from (38) and
using (37), we get, for k ≥ kG , that
f (xk+1 ) ≤ f (xk ) − β(1 − θ)kg(n(xk ); xk )k2 +
≤ f (xk ) −

β
kg(n(xk ); xk )k2 ,
2

β( 21 − θ)
k∇f (xk )k2 ,
(1 + θ)2

(39)
(40)

where (40) follows since the sampling rule (SSc ) and the inequality in (36) imply
that
(1 + θ)−1 k∇f (xk )k ≤ kg(n(xk ); xk )k ≤ (1 − θ)−1 k∇f (xk )k
(41)

for k ≥ kG . Therefore β( 21 − θ)(1 + θ)−2 k∇f (xk )k2 ≤ f (xk ) − f (xk+1 ), and since
θ ∈ (0, 1/2), every move during iterations k ≥ kG is a “descent step.” Furthermore,
k
X

j=0

k∇f (xj )k2 =
≤

kG
X

j=0
kG
X

j=0

k∇f (xj )k2 +
k∇f (xj )k2 +

k
X

k∇f (xj )k2

(42)

(1 + θ)2
[f (xkG +1 ) − f ∗ ],
β( 21 − θ)

(43)

j=kG +1

where (43) follows from (40) and the definition of f ∗ . The inequality in (43) implies
P
∞
2
j=0 k∇f (xj )k < ∞, and hence the first assertion of the theorem holds.
P∞
2
To prove the second assertion, we see that
j=0 k∇f (xj )k < ∞ and (41)
∗
imply that g(n(xk ); xk ) → 0 as k → ∞. Now suppose k (k) does not diverge as
k → ∞. Then there exists k1 < ∞ such that for all k > k1 , kg(n(xk1 ); xk1 )k <
kg(n(xk ); xk )k. Combining the last two observations, we see that kg(n(xk1 ); xk1 )k =
0, giving rise to a contradiction since we have postulated that g(n(x), x) 6= 0 for
each n, x, and thus k∗ (k) → ∞.
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We will next prove the third assertion of the theorem. Since we have proved
that k∗ (k) → ∞, we know that there exists k2 < ∞ such that if k ≥ k2 , then
k∗ (k) ≥ kG and n∗k ≥ nG . We thus notice that for j ≥ k2 ,
k∇f (xj )k ≥ (1 − θ)kg(n(xj ); xj )k ≥ (1 − θ)kg(n∗j ; x∗j )k
1−θ
k∇f (x∗j )k,
≥
1+θ

(44)

where the first and third inequalities in (44) follow from P
(41), and the second
2
inequality in (44) follows from the definition in (32). Using ∞
j=0 k∇f (xj )k < ∞
∗
and (44), we conclude that k∇f (xk )k → 0.
Next, we prove the fourth assertion that appears in (34). We know that if
k ≥ k2 , then k∗ (k) ≥ kG and n∗k ≥ nG . Use (42) and (41) to write for k ≥ k2 ,
k
X

j=0

k∇f (xj )k2 ≥
≥

kG
X

j=0
kG
X

j=0

k∇f (xj )k2 + (1 − θ)2
k∇f (xj )k2 +



1−θ
1+θ

k
X

j=kG +1

2

kg(n(xj ), xj )k2

(k − kG ) k∇f (x∗k )k2 .

Combine (45) and (43) to see that for k ≥ k2 ,
!


f (x0 ) − f ∗
(1 + θ)4
∗ 2
k∇f (xk )k ≤
(k − kG )−1 .
(1 − θ)2
β( 21 − θ)

(45)

(46)

Now, the right-hand side of the assertion of Lemma 2 (applied with cq = Γg (xk ), cr =
θ, p = µ(α) − δ) implies that there exists k3 < ∞ such that for k ≥ k3 ,
n(xk ) ≤ max(ηk , (1 + c0 (x))k∇f (x∗k )k

1
− µ(α)−δ

).

(47)

1
− µ(α)−δ

By (46) the term k∇f (x∗k )k
appearing in (47), diverges at a rate faster than
1
the lower bound sequence {ηk }, which is assumed to diverge slower than k 2µ(α)−2δ .
Furthermore, due to the first assertion of the theorem, (41), and the continuity of
Γf (·), there exist constants k4 , c0 such that for all k ≥ k4 , c0 (x) ≤ c0 . We thus
see that for k ≥ max(k2 , k3 , k4 ),
n(xk ) ≤ (1 + c0 )k∇f (x∗k )k

1
− µ(α)−δ

,

(48)

proving the fourth assertion of the theorem.
The bound in (48) implies, after ignoring non-integrality issues, that for k ≥
k5 = max(k2 , k3 , k4 ),
wk =

k
X

j=0

n(xj ) =

k5
X

n(xj ) +

j=0



≤

k5
X

j=0

k
X

n(xj )

j=k5



n(xj ) + (1 + c0 )kk∇f (x∗k )k

1
− µ(α)−δ

.

(49)

Use (46) and (49) to conclude that the fifth assertion of the theorem holds with
1

P





(1+θ)4
(1+θ)4
f (x0 )−f ∗ 2(2+1/µ(α)−δ)
f (x0 )−f ∗
k5
n(x
)
χc =
+(1+c
)
.
j
0
1
1
2
2
j=0
(1−θ)
(1−θ)
β( 2 −θ)
β( 2 −θ)
⊔
⊓
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An
 of Theorem 1 is that the work complexity of fixed step ASGM
 implication
1
−2− µ(α)−δ
, where δ ∈ (0, µ(α)) is any (arbitrarily small) positive number.
is O ǫ
This means that an upper bound to the amount of oracle effort expended by fixed
step ASGM’s iterates toreach andstay within an ǫ-neighborhood of a zero of ∇f
1
−2− µ(α)
. The work complexity expression in Theorem
is arbitrarily close to O ǫ
1 also characterizes the dependence on the quality of the gradient approximator
through the decay rate µ(α). For example, Theorem 1 implies that QMC with
central-difference derivatives will yield an upper bound on work complexity that
is arbitrarily close to O(ǫ−3.5 ) when using fixed step ASGM on smooth non-convex
functions. It will be recalled [26] that the corresponding complexity rate when an
exact oracle is available is O ǫ−2 , thus providing a sense of the price that is paid
due to the lack of an exact oracle.
1
The stipulation that the lower bound sequence ηk diverge slower than k 2µ(α)−2δ
is satisfied typically by logarithmic sequences. e.g., ηk = log k. Also, note that while
Theorem 1 charaterizes the behavior of the sequence {∇f (x∗k )}, this says nothing
about convergence to a local minimum. More, e.g., convexity, needs to be assumed
about the structure of the function f (·) to guarantee such convergence.
Theorem 1 is an analysis of fixed step ASGM where the step size βk is fixed at
βk = β ≤ L−1 . So, fixed step ASGM implicitly assumes knowledge of a constant
L that satisfies k∇f (x) − ∇f (y)k ≤ Lkx − yk. For contexts where such a constant
L is unknown, we propose backtracking line search ASGM that mimics a widely
used technique in deterministic numerical optimization contexts [28].
Algorithm 1 Adaptive Backtracking Line Search
Inputs:
Current iterate xk ∈ Rd ; initial step s0 > 0; line search contraction factor
1/2
γ ∈ (0, 1); line search constant cF := 21 − s0 θ − 2θ 2 , effective decay rate
α
µA (α) := min( 2 , µ(α)).
Outputs:
Next step size βk .
Initialize:
i = 0;
repeat
i = i + 1;
si := γ i−1 s0 ;
:= xk − si g(nsi (xk ); xk );
x+
k (si )


q
1
nsi (xk ) := min{m ≥ ηk : max Γg (xk ), Γf (xk ) m−(µA (α)−δ) ≤ si2 θkg(m; xk )k};
:= min{m ≥ ηk :
nsi (x+
k (si ))
until

q

α

δ

1

− 2 +2
Γf (x+
≤ si2 θkg(nsi (xk ); xk )k};
k (s)) m

+
2
f (nsi (x+
k (si )); xk (si )) ≤ f (nsi (xk ); xk ) − cF si kg(nsi (xk ); xk )k .

(SSℓ )
(50)

return βk = si .

In backtracking line search ASGM, during the kth iteration and starting from
the point xk , a one-dimensional search is undertaken along the approximated
negative gradient direction until a point that satisfies a sufficient decrease condition
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is identified. As outlined in Algorithm 1, the backtracking line search procedure
always starts with the step size s0 and successively checks if the points x+
k (si ) :=
xk − γ i−1 s0 g(nsi (xk ); xk ), i = 1, 2, . . . satisfy the sufficient decrease condition
(50). Akin to the Armijo condition [28], the sufficient decrease condition in (50)
involves checking if the approximated function value at the candidate point x+
k (si )
lies below the line passing through the point (xk , f (nsi (xk ), xk )) and having slope
equal to a constant cF times the approximated negative gradient norm at the
point xk . As we will see, the constant cF is chosen carefully, to ensure that the
backtracking procedure always terminates with a point that satisfies the sufficient
decrease condition.
The oracle effort sizes nsi (xk ) and nsi (x+
k (si )) used to construct the function
and gradient approximates appearing in (50) are specified through the rule (SSℓ )
appearing in Algorithm 1. The oracle effort rule (SSℓ ) is designed to keep the
+
square-root of the error approximates of f (nsi (xk ); xk ) and f (nsi (x+
k (si )), xk (si )),
and the error approximate of kg(nsi (xk ); xk )k, within a fixed proportion of the
gradient norm kg(nsi (xk ); xk )k. It will be seen in the ensuing analysis that the
need for maintaining such a balance between the various error approximates and
1,1
the gradient norm is rooted in a certain fundamental inequality that governs CL
functions.
We first demonstrate through Lemma 3 that the backtracking linesearch procedure Algorithm 1 always terminates successfully, that is, it takes as input the
current iterate xk and successfully returns a step size βk for obtaining the next
iterate xk+1 . Lemma 3 also provides an upper bound for the total amount of oracle
effort expended by Algorithm 1 before termination.
1,1
and bounded below. Let ASGM with backtracking
Lemma 3 Suppose that f ∈ CL
line search procedure Algorithm 1 be applied on the function f with constants θ ∈
1/2
(0, 1), s0 > 0, and cF ∈ (0, 1). Let these constants be chosen so that s0 θ < 1,
√
√
1/2
θ ≤ 41 ( s0 + 4 − s0 ), and cF = 12 − s0 θ − 2θ2 . If the iterate xk satisfies
k∇f (xk )k =
6 0, then the following assertions hold.

1. The backtracking line search procedure in Algorithm 1 always terminates, that
is, for each k, the termination criterion (50) for the recursive loop in Algorithm
1 is satisfied after a finite number of steps.
2. Define µA (δ) := min(α/2, µ(α)) and kG,F := min{k : ηk ≥ nG,F }, where the
constant nG,F is such that for all n ≥ nG,F ,
kg(n; x) − ∇f (x)k ≤ Γg (x) n−µ(α)+δ ;

kf (n; x) − f (x)k ≤ Γf (x) n−α+2δ .
(51)

Then, during the kth iteration, for k ≥ kG,F , the backtracking line search procedure in Algorithm 1 is guaranteed to terminate in I ∗ := 2 − (log γ)−1 (log s0 +
log L) or fewer steps. Furthermore, the oracle effort n(xk ) expended by Algorithm 1 during the kth iteration satisfies




n(xk ) ≤ 2I ∗ max ηk , 1 + max cA (xk ) , c∗A (xk ) max 1, k∇f (xk )k−1/µA (α)−δ ,
(52)
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where ηA := (1 − η0−1 )−(µA (α)−δ) − 1,


cA (xk ) := 



1

βk2 θ
max(

c∗A (xk ) :=  q

1
2

p

Γf (xk ), Γg (xk ))

βk θ

Γf∗ (xk )

−

1
µA (α)−δ





−



1−

Γf∗ (xk ) := sup{Γf (y) : y ∈ B xk ,

1
µA (α)−δ


1−

θ
(1 + ηA )
1−θ

θ
(1 + ηA )
1−θ

s0
1

1 + βk2 θ

−

1
µA (α)−δ

−

1
µA (α)−δ

,

,



k∇f (xk )k},

and βk is the step size returned by Algorithm 1 upon termination.
Proof Let ns (xk ), ns (x+
k ) be the oracle efforts in Algorithm 1 expressed as a function of a step s, that is,


q
1
ns (xk ) := min{m ≥ ηk : max Γg (xk ), Γf (xk ) m−(µA (α)−δ) ≤ s 2 θkg(m; xk )k};
q
1
−α
+ δ2
2
ns (x+
Γf (x+
≤ s 2 θkg(ns (xk ); xk )k}.
(53)
k (s)) := min{m ≥ ηk :
k (s)) m

Suppose for now that the following two conditions hold: (i) min(ns (xk ), ns (x+
k (s))) ≥
nG,F , and (ii) s ∈ (0, min(L−1 , s0 )). Then the guarantees in (51) hold, and using
Cauchy-Schwarz [5] inequality we write

∇f (xk )T g(ns (xk ); xk ) ≥ kg(ns (xk ); xk )k2 − kg(ns (xk ); xk )kk∇f (xk ) − g(ns (xk ); xk )k
≥ kg(ns (xk ); xk )k2 − kg(ns (xk ); xk )k Γg (xk ) ns (xk )−µ(α)+δ
1

≥ kg(ns (xk ); xk )k2 − s 2 θkg(ns (xk ); xk )k2

(54)

= (1 − s θ)kg(ns (xk ); xk )k ,

(55)

1
2

2

where (54) follows from the expression for ns (xk ) in (53). (Since s ≤ s0 < θ−2 ,
(55) implies that −g(ns (xk ); xk ) forms a descent direction for f at the point xk .)
1,1
Recalling the notation x+
k (s) := xk − sg(ns (xk ); xk ), and since f ∈ CL , we can
write
1
T
+
+
2
f (x+
k (s)) ≤ f (xk ) + ∇f (xk ) (xk (s) − xk ) + Lkxk (s) − xk k
2
1
≤ f (xk ) − s∇f (xk )T g(ns (xk ); xk )) + s2 Lkg(ns (xk ); xk ))k2
2


1
≤ f (xk ) − 1 − s1/2 θ − sL skg(ns (xk ); xk ))k2 ,
(56)
2
where the last inequality follows from (55). Also, since min(ns (xk ), ns (x+
k )) ≥
nG,F , the function quality bound in (51) holds and we have
|f (ns (xk ); xk ) − f (xk )| ≤ Γf (xk )ns (xk )−α+2δ ;

+
|f (ns (x+
k (s)); xk (s))

−

f (x+
k (s))|

≤

+
−α+2δ
Γf (x+
.
k (s)) ns (xk (s))

(57)
(58)
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Combining (56) with (57) and (58), we see that
+
f (ns (x+
k (s)); xk (s)) − f (ns (xk ); xk )

+
−α+2δ
≤ Γf (x+
+ Γf (xk )ns (xk )−α+2δ
k (s))ns (xk (s))


1
1/2
− 1 − s θ − sL skg(ns(xk ); xk ))k2
2


1
(59)
≤ 2sθ2 kg(ns(xk ); xk ))k2 − 1 − s1/2 θ − sL skg(ns(xk ); xk ))k2
2


1
≤ − 1 − s1/2 θ − sL − 2θ2 skg(ns (xk ); xk ))k2
2


1
1/2
2
≤ − 1 − s θ − − 2θ skg(ns (xk ); xk ))k2
(60)
2


1
1/2
(61)
− s0 θ − 2θ2 skg(ns (xk ); xk ))k2
≤−
2

= −cF skg(ns (xk ); xk ))k2,

(62)

where (59) follows from the expressions for ns (xk ) and ns (x+
k (s)) in (53) and recalling that µA (α) := min(α/2, µ(α)) ≤ α/2; (60) follows since we have assumed
s ≤ L−1 ; (61) follows since s ≤ s0 ; and (62) follows from the definition of cF . Comparing the termination criterion in (50) of Algorithm 1 with (62) we thus see that
the Algorithm 1 will terminate if the two conditions (i) min(ns (xk ), ns (x+
k )) ≥
nG,F and (ii) s ∈ (0, min(L−1 , s0 )) are satisfied during some step in the recursive loop of Algorithm 1. The condition in (ii) will be satisfied if the backtracking
line search iteration number i exceeds I ∗ := min{i : s0 γ i−1 ≤ L−1 } simply because the step size is reduced sequentially by a factor γ ∈ (0, 1) during each
iteration of the backtracking line search. To see that the condition in (i), that
is, min(ns (xk ), ns (x+
k )) ≥ nG,F will also be “ultimately” satisfied, let us suppose
k < kG,F . (The constant kG,F is defined in the statment of the lemma.) Then
∗
the expressions for ns (xk ) and ns (x+
k ) show that there exists s (xk ) such that
+
∗
min(ns (xk ), ns (xk )) ≥ nG,F for all s ≤ s (xk ). On the other hand, if k ≥ kG,F ,
we see that min(ns (xk ), ns (x+
k )) ≥ nG,F by the definition of kG,F . The first assertion of the lemma is thus proved.
As part of proving the first assertion, we argued that if min(ns (xk ), ns (x+
k (s))) ≥
nG,F and s ∈ (0, min(L−1 , s0 )), the termination criterion in (50) will be satisfied.
Now, if k ≥ kG,F , we know by the definition of kG,F that min(ns (xk ), ns (x+
k (s))) ≥
nG,F . Furthermore, we see that due to the backtracking line search, Algorithm 1
terminates in I steps or less where
I ∗ := min{i : s0 γ i−1 ≤ L−1 } ≤ 2 −

log s0 + log L
.
log γ

(63)

Next, recalling that βk is the output (i.e., step length) returned by Algorithm
1
p
1, we invoke Lemma 2 with cq (xk ) := max(Γg (xk ), Γf (xk )), cr := βk2 θ, and
p := µA (α) − δ = min(α/2, µ(α)) − δ to see that
nsi (xk ) ≤ nβk (xk ) ≤ max(ηk , 1 + cA (xk ) k∇f (xk )k−1/µA (α)−δ ).

(64)
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+
Similarly, noting
q the expression for 1nsi (xk (si )) in (SSℓ ), invoke Lemma 2 with
2
Γf (x+
cq (x+
k (si )) :=
k (si )), cr := si θ, and p = α/2 − δ/2 so that
+
−2/(α−δ)
nsi (x+
),
k (si )) ≤ max(ηk , 1 + c̃A (xk (si )) k∇f (xk )k

(65)

where
c̃A (x+
k (si ))



:=  q

1

si2 θ
Γf (x+
k (si ))

We notice that since βk ≤ si ,


q
c̃A (x+
k (si )) ≤

1

βk 2 θ

−

1
µA (α)−δ

−

1
µA (α)−δ





−

1
µA (α)−δ

−

1
µA (α)−δ


1−

θ
(1 + ηA )
1−θ


1−

θ
(1 + ηA )
1−θ

Γf (x+
k (si ))
− 1

µA (α)−δ 
− 1
1
µA (α)−δ
2θ
θ
β
k


q
(1 + ηA )
1−
≤
1
−
θ
∗
Γf (xk )
=: c∗A (xk ),

.

(66)
(67)

1

−1
2
where (66) holds since k ≥ kG,F implying that kg(n
 si (xk ); xk )k ≤ (1+βk θ) k∇f (xk )k

and hence x+
k (si ) := xk − si g(nsi (xk ); xk ) ∈ B xk ,
(67) in (65), we get

s0

1

1+βk2 θ

k∇f (xk )k . Plugging

∗
−2/(α−δ)
nsi (x+
).
k (si )) ≤ max(ηk , 1 + cA (xk ) k∇f (xk )k

(68)

Combining (64) and (68), and noticing that µA (α) − δ ≤ α/2 − δ/2, we see that
the oracle effort nsi (xk ) + nsi (x+
k (si )) during the ith step of Algorithm 1 satisfies,
for k ≥ kG,F ,
nsi (xk ) + nsi (x+
k (si )) ≤



2 max ηk , 1 + max(cA (xk ) , c∗A (xk ) ) max 1, k∇f (xk )k−1/µA (α)−δ .
(69)

Using (69) and since we have argued that Algorithm 1 terminates in I ∗ := min{i :
0 +log L
s0 γ i−1 ≤ L−1 } ≤ 2 − log slog
or fewer steps when k ≥ kG,F , the total oracle
γ
effort n(xk ) expended by Algorithm 1 when k ≥ kG,F satisfies


n(xk ) ≤ 2I ∗ max ηk , 1 + max(q cA (xk ) , c∗A (xk ) )k∇f (xk )k−1/µA (α)−δ .
This proves the second assertion of the lemma.

⊔
⊓

We next present Theorem 2 that uses Lemma 3 to establish that the sequence
of true gradient norms at the iterates generated by backtracking line search ASGM
converges to zero. Theorem 2 also establishes an upperbound on the resulting work
complexity.
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1,1
Theorem 2 (Backtracking Line Search ASGM for f ∈ CL
) Let the postulates of Lemma 3 hold and
let
the
lower
bound
sequence
{η
}
in
(SSℓ ) be such
k


1
2µA (α)−2δ
as k → ∞.
that ηk → ∞ and ηk = O k

1. The sequence {xk } is such that limk→∞ k∇f (xk )k → 0.

Suppose the gradient approximate g(·, ·) satisfies g(n(x), x) 6= 0 for all n, x. Then,
2. The sequence {k∗ (k)} (defined in (31)) satisfies k∗ (k) → ∞ as k → ∞.
3. The sequence {x∗k } (defined in (32)) satisfies limk→∞ k∇f (x∗k )k → 0.
4. For k ≥ kG,F , the oracle effort n(xk ) satisfies




n(xk ) ≤ 2I ∗ 1 + max cA (xk ) , c∗A (xk ) max 1, k∇f (xk )k−1/µA (α)−δ ,

where kG,F , cA (xk ), c∗A (xk ), and I ∗ are as defined in Lemma 3.
P
5. There exists a constant χu < ∞ such that the total oracle effort wk = kj=1 n(xj )
expended until the kth iteration of backtracking line search ASGM satisfies
wk k∇f (x∗k )k

2+ µ

1
A (α)−δ

< χu .

(70)

Proof Since the postulates of Lemma 3 hold, we see that the backtracking line
search procedure in Algorithm 1 terminates successfully. Specifically, the (k + 1)th
iterate xk+1 = xk − βk g(n(xk ); xk ) satisfies
f (n(xk ); xk+1 ) ≤ f (n(xk ); xk ) − cF βk kg(n(xk ); xk )k2.

(71)

Also, the function approximator quality condition (F E1 ) guarantees that for k ≥
kG,F , we have |f (n(xk+1 ); xk+1 ) − f (xk+1 )| ≤ Γf (xk+1 )n(xk+1 )−α+2δ and that
|f (n(xk ); xk ) − f (xk )| ≤ Γf (xk )n(xk )−α+2δ . (See statement of Lemma 3 for definition of kG,F .) Combining these with (71), we get for k ≥ kG,F that
f (xk+1 ) ≤ f (xk ) + Γf (xk+1 )n(xk+1 )−α+2δ + Γf (xk )n(xk )−α+2δ − cF βk kg(n(xk ); xk )k2
≤ f (xk ) + 2θ2 βk kg(n(xk ); xk )k2 − cF βk kg(n(xk ); xk )k2
1
1
= f (xk ) − βk kg(n(xk ); xk )k2 ( − s02 − 4θ2 ),
2

(72)
(73)

where (72) follows from the oracle effort rule (SSℓ ) used in Algorithm 1, and (73)
from the definition of cF . Now notice that the stipulation on θ and s0 guarantees
1

1

that the multiplier ( 21 − s02 − 4θ2 ) in (73) satisfies 21 − s02 θ − 4θ2 > 0. Also,
from Lemma 3, we know that the procedure in Algorithm 1 terminates in I ∗ ≤
0 +log L
(2 − log slog
) or fewer steps if k ≥ kG,F . Since the step size is reduced by a
γ
factor γ during each step, this implies that for k ≥ kG,F , βk ≥ γL−1 . Furthermore,
the function approximator quality stipulation (F E1 ) and the oracle effort rule in
Algorithm 1 guarantee that for k ≥ kG,F ,
1/2

kg(n(xk ); xk ) − ∇f (xk )k ≤ Γg (xk )n(xk )−µ(α)+δ ≤ βk θkg(n(xk ); xk )k

(74)

and hence
k∇f (xk )k
1
2

(1 − s0 θ)

≥

k∇f (xk )k
1
2

(1 − βk θ)

≥ kg(n(xk ); xk )k ≥

k∇f (xk )k
1
2

(1 + βk θ)

≥

k∇f (xk )k
1

(1 + s02 θ)

.

(75)
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1

Since 12 − s02 θ − 4θ2 > 0 and we have argued that βk ≥ γL−1 , and using the
right-hand side of (75) in the inequality (73), we get for k ≥ kG,F that


1
k∇f (xk )k2
1
2
−1
2
− s0 θ − 4θ
.
(76)
f (xk+1 ) ≤ f (xk ) − γL
1/2
2
1+s θ
0

Summing (76) across iterations, we then get



1
k
2
1
2
X
θ
−
4θ
−
s
0

f (xk+1 ) ≤ f (xkG,F ) − γL−1  2
k∇f (xi )k2  .
1/2
1 + s0 θ
i=kG,F

(77)

Recalling that f (xi ) ≥ f ∗ := minx∈Rd f (x), we have


k
1/2
X

1
+
s
θ
2
0
 L f (xkG,F ) − f ∗ .
k∇f (xi )k ≤ 
(78)
1
γ
1
2
2
i=kG,F
2 − s0 θ − 4θ
P
2
The inequality in (78) implies that as k → ∞, ∞
i=0 k∇f (xi )k < ∞, and the first
assertion of the theorem is proved.
P∞
2
To prove the second assertion, we see that
i=0 k∇f (xi )k < ∞ and (75)
∗
imply that g(n(xk ); xk ) → 0 as k → ∞. Now suppose k (k) does not diverge as
k → ∞. Then there exists k̃1 < ∞ such that for all k > k̃1 , kg(n(xk̃1 ); xk̃1 )k <
kg(n(xk ); xk )k. Combining the last two observations, we see that kg(n(xk̃1 ); xk̃1 )k =
0 leading to a contradiction since we have postulated that g(n(x), x) 6= 0 for each
n, x, and thus k∗ (k) → ∞.
We will next prove the third assertion of the theorem. Since we have proved
that k∗ (k) → ∞, we know that there exists k̃2 < ∞ such that if k ≥ k̃2 , then
k∗ (k) ≥ kG,F and n∗k ≥ nG,F . We thus notice that for j ≥ k̃2 ,
1

1

k∇f (xj )k ≥ (1 − s02 θ)kg(n(xj ); xj )k ≥ (1 − s02 θ)kg(n∗j ; x∗j )k
1

≥

1 − s02 θ
1
2

1 + s0 θ

k∇f (x∗j )k,

(79)

where the first and third inequalities in (79) follow from P
(75), and the second
2
inequality in (79) follows from the definition of x∗j . Using ∞
i=0 k∇f (xi )k < ∞
∗
and (79), we conclude that k∇f (xk )k → 0.
We will next prove the fourth assertion. Again we write for k ≥ k̃2 that
k
X

j=0

kG,F

k∇f (xj )k2 ≥

X

j=0

1

k∇f (xj )k2 + (1 − s02 θ)2

kG,F

≥

X

j=0

k∇f (xj )k2 +

1
2

1 − s0 θ
1
2

1 + s0 θ

k
X

j=kG,F +1

!2

kg(n(xj ), xj )k2

(k − kG,F ) k∇f (x∗k )k2 .

(80)

Combine (80) and (78) to see that for k ≥ k̃2 ,

!2 
1
1/2

1
+
s
θ
1 − s02 θ
∗ 2
0

 L f (xkG,F ) − f ∗ (k − kG,F )−1 .
k∇f (xk )k ≤
1
1
γ
1
2
2
2
1 + s0 θ
2 − s0 θ − 4θ
(81)
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Now, the second assertion of Lemma 3 implies that for k ≥ kG,F




n(xk ) ≤ 2I ∗ max ηk , 1 + max cA (xk ) , c∗A (xk ) max 1, k∇f (xk )k−1/µA (α)−δ .
(82)

1

−
k∇f (x∗k )k µA (α)−δ

appearThe inequality in (81), however, implies that the term
ing in (82) diverges at a rate faster than the lower bound sequence {ηk } (which
1

has been assumed to diverge slower than k 2(µA (α)−δ) ). We thus see that there exists
k̃3 such that for k ≥ k̃3 ,



1

−
.
n(xk ) ≤ 2I ∗ 1 + max cA (xk ) , c∗A (xk ) max 1, k∇f (xk )k µA (α)−δ

(83)

This proves the fourth assertion of the theorem.
For proving the fifth assertion, we use (78) to write

k∇f (x∗k )k2



≤



1/2

1 + s0 θ


 L f (xkG,F ) − f ∗ (k + 1)−1 .
− s0 θ − 4θ2 γ
1
2

1
2

(84)

P
2
Also, due to ∞
i=0 k∇f (xi )k < ∞, (75), and the assumed continuity of functions
Γf (·), Γg (·), there exists constants k̃4 , cA , and c∗A such that for all k ≥ k̃4 , cA (xk ) ≤
cA and c∗A (xk ) ≤ c∗A . This, and the P
inequality in (82) imply that for k ≥ k̃5 :=
max(k̃2 , k̃3 , k̃4 ), the total work wk = ki=0 n(xi ) satisfies
wk ≤ wk̃5 + (2 −
≤ wk̃5

k
log s0 L X
)
(1 + max(cA , c∗A )k∇f (xi )k−1/µA (α)−δ ),
log γ
i=k̃5


log s0 L 
) 1 + max(cA , c∗A )k∇f (xk )k−1/µA (α)−δ (k + 1). (85)
+ (2 −
log γ

Combining (84) and (85), we conclude that the fifth assertion of the theorem holds
s0 L
with χu = (wk̃5 + 2 − log
log γ )((
log s0 L
log γ ) max(cA

, c∗A )((

1/2

1+s0

1
1
−s02
2

1/2

1+s0

1
1
−s02
2

θ

θ−4θ 2

θ

θ−4θ 2

1

∗ 2 (2+1/µA (α)−δ)
+ (2 −
)L
γ (f (xkG,F ) − f ))

∗
)L
γ (f (xkG,F ) − f )).

⊔
⊓

An implication of
2 is that the work complexity of backtracking line
 Theorem
1
−2− µ (α)−δ
A
search ASGM is O ǫ
, where µA (α) = min(α/2, µ(α)) and δ is any

(arbitrarily small) positive number. So, we see that this complexity result for
backtracking line search ASGM matches the corresponding complexity for ASGM
with fixed step size except that the constant µ(α) in the fixed step size context is
replaced by the constant µA (α).
Backtracking line search ASGM is a “practical” algorithm in that it assumes no
knowledge about any structural constants of the function f . Furthermore, Lemma
3 and Theorem 2 together provide a characterization that is based on a complete
“book-keeping” of the operations within backtracking line search ASGM.
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1,1
4.2 ASGM Convergence and Work Complexity when f ∈ Sλ,L
1,1
In this section we assume f ∈ Sλ,L
, that is, f is smooth and strongly convex.
Such problems frequently arise in classification problems [9, 8] where f is the sum
of a convex function and a regularization term. As noted in [8], a consideration
1,1
is important also because it sheds light on the local behaviour of ASGM,
of Sλ,L
that is, the behaviour of ASGM in the vicinity of first-order critical point when
implemented on a smooth (and potentially non-convex) function f .
1,1
is guaranteed to
Since f (·) has been assumed to be bounded below, f ∈ Sλ,L
attain its unique minimum

x∗ = arg inf{f (x) : x ∈ Rd }.

(86)

We now present an analysis of fixed step ASGM through Theorem 3 which asserts ASGM’s iterates converge to the minimum x∗ as k → ∞. Theorem 3 also
characterizes the iteration complexity and the work complexity associated with
generating such a sequence.
1,1
1,1
) Suppose that f ∈ Sλ,L
and
Theorem 3 (Fixed Step ASGM for f ∈ Sλ,L
bounded below. Let ASGM be applied on f with fixed step size βk = β ≤ L−1 and
oracle effort rule as in (SSc ) with θ ∈ (0, 1/2). Let the lower
 bound sequence {ηk }
1
in (SSc ) be such that ηk → ∞ and ηk = o−1 k 2µ(α)−2δ as k → ∞. Define nG
such that for all n ≥ nG :

kg(n; x) − ∇f (x) k ≤ Γg (x) n−µ(α)+δ .

(87)

and kG := min{k : ηk ≥ nG }. Then the following assertions hold.

1. Defining r := 12 λβ(1 − 2θ)(1 + θ)−2 , for all k ≥ kG ,


f (xk+1 ) − f (x∗ ) ≤ (1 − r) f (xk ) − f (x∗ ) .

(88)

2. For all k ≥ kG ,

2L2 f (xkG ) − f (x∗ )
k∇f (xk )k2
=: su .
≤
k
λ
(1 − r)kG −1
(1 − r)

(89)

1
 1
−
µ(α)−δ
(su (1 − r)k ) 2(µ(α)−δ) .
3. For k ≥ kG , n(xk ) ≥ 1−θ
θ
4. There exist constants χℓ,S , χu,S ∈ (0, ∞) such that the total oracle effort wk =
Pk
j=1 n(xj ) expended until the kth iteration of fixed step ASGM satisfies
1

χℓ,S < wk k∇f (xk )k µ(α)−δ < χu,S .

(90)

1,1
, we get
Proof Employing standard arguments on functions belonging to Sλ,L



2L2
λ f (xk ) − f (x∗ ) ≤ k∇f (xk )k2 ≤
f (xk ) − f (x∗ ) .
λ

(91)

Also, we have argued in the proof of Theorem 1 that if k ≥ kG , then

(1 + θ)−1 k∇f (xk )k ≤ kg(n(xk ); xk )k ≤ (1 − θ)−1 k∇f (xk )k.

(92)
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By (40) and (91), we see that for k ≥ kG ,


f (xk+1 ) − f (x∗ ) ≤ (1 − r) f (xk ) − f (x∗ ) ,

(93)

and the first assertion of the theorem holds.
Use the right-hand side of (91) and the first assertion of the theorem to conclude
that the second assertion of the theorem holds as well.
For proving the third assertion, observe from the stopping rule (SSℓ ) employed
in fixed step ASGM that
Γg (xk )n(xk )−µ(α)+δ ≤ θkg(n(xk ); xk )k.

(94)

Noting that Γg (xk ) > 1, and combining (92), (93), and (94), we see that for
k ≥ kG ,
n(xk ) ≥



1−θ
θ



1
µ(α)−δ

k∇f (xk )k

1
− µ(α)−δ

≥



1−θ
θ



1
µ(α)−δ

(su (1 − r)k )

1
− 2(µ(α)−δ)

.

(95)
Let’s now prove the fourth assertion of the theorem. We see that the left1
hand side of (90) holds with χℓ,S = (θ−1 − 1) µ(α)−δ from the first inequality
in (95) and since n(xk ) ≤ wk . For proving the right-hand side of (90), we first
notice from the third assertion
P that n(xk ) grows faster than geometrically, and
hence, for some c̃ ∈ (1, ∞), kj=0 n(xj ) ≤ c̃ n(xk ). In addition, similar to (48),


1
since (89) holds and ηk = o−1 k 2µ(α)−2δ , there exists k̃ > 0 such that for all
1
−
˜ = max{k̃, k }, we then have
k > k̃, n(xk ) ≤ (1 + c0 )k∇f (xk )k µ(α)−δ . Taking k̃
G
1
P˜
−
wk ≤ k̃j=1 n(xj ) + c̃ (1 + c0 )k∇f (xk )k µ(α)−δ , thus proving the right-hand side


1
Pk̃˜
n(x
)
+ c̃ (1 + c0 ).
⊔
⊓
of (90) with χu,S = su2(µ(α)−δ)
j
j=1

Theorem 3notes that
 that the work complexity of fixed step ASGM when
1
1,1
is O ǫ µ(α)−δ , where δ > 0 is any (arbitrarily small) positive number.
f ∈ Sλ,L
This assurance implies a faster convergence rate than what was guaranteed when
1,1
; such acceleration is understandable given the stronger structure that
f ∈ CL
comes with f being smooth and strongly convex. The rate specified in Theorem
3 is still substantially slower than the linear rate O (− log ǫ) achieved in presence
of an exact oracle [26]. The inability of ASGM’s iterates to achieve a linear rate
is rooted in the polynomial decay of error implicit in (F E1 ).
We end this section by stating a result analogous to Theorem 3 but for backtracking line search ASGM. Since the method of proof provides no insight over and
1,1
,
above the analysis that was detailed for the corresponding context when f ∈ CL
we omit a proof.
1,1
) Let ASGM
Theorem 4 (Backtracking Line Search ASGM for f ∈ Sλ,L
with backtracking line search procedure Algorithm 1 be applied on the function f
√
1/2
with constants θ ∈ (0, 1), s0 > 0, cF ∈ (0, 1) satisfying s0 θ < 1, θ ≤ 41( s0 + 4−

1
√
1/2
s0 ), and cF = 21 −s0 θ −2θ2 . Furthermore, let {ηk } → ∞, ηk = o−1 k 2µ(α)−2δ
as k → ∞. Then, given kG,F as defined in Lemma 3, the following assertions hold.
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1. Let r :=

γλ
L (

1
1
−s02
2

θ−4θ 2
1/2

1+s0

θ

) < 1 and x∗ as in (86), we have for all k ≥ kG,F ,



f (xk+1 ) − f (x∗ ) ≤ (1 − r) f (xk ) − f (x∗ ) .

2. For all k ≥ kG,F ,

∗
k∇f (xk )k2
2L2 f (xkG,F ) − f (x )
=: su .
≤
λ
(1 − r)kG,F −1
(1 − r)k

3. There exist χℓ,S , χu,S ∈ (0, ∞) such that the total oracle effort wk =
satisfies χℓ,S < wk k∇f (xk )k

1
µ(α)−δ

< χu,S .

Pk

j=1

n(xj )

5 Concluding Remarks
ASGM is a procedure that mimics gradient search for unconstrained optimization
in settings where the objective function can only be approximated using an inexact
oracle such as quasi-Monte Carlo or numerical quadrature. ASGM accommodates
both derivative-based and derivative-free contexts, the latter through the use of
approximated derivatives, e.g., by finite-differencing function values obtained using
the inexact oracle. ASGM’s strength is its incorporation of adaptive sampling — it
exploits knowledge of error bounds on the approximates to decide how much oracle
effort to expend during each iteration. Specifically, ASGM expends just enough
oracle effort to ensure that the approximated gradient norm at the incumbent
iterate is within a fixed constant of the norm of the error in the approximated
gradient at the incumbent iterate. Three other remarks pertaining to ASGM are
in order.
1. As Table 1 notes, ASGM’s work complexity is superior (when using QMC) to
that of corresponding methods such as SGD due to the faster inherent rate of
QMC compared to Monte Carlo. Such dominance should warrant ASGM with
QMC as a serious contender to methods such as SGD.
2. ASGM’s complexity rates are poorer than when an exact oracle for the function
f is available and used within corresponding gradient search algorithms. The
difference in complexities, as displayed in Table 1 clearly reflect the “price” of
not having an exact oracle.
3. The methods we have outlined in this paper provide a framework of analysis
for obvious extensions that incorporate second order information, functional
constraints, and contexts where the function f is non-smooth.
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