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Abstract

In this paper we extend naturally the scalarization proximal point method to solve
multiobjective unconstrained minimization problems, proposed by Apolinario et al.[1], from
Euclidean spaces to Hadamard manifolds for locally Lipschitz and quasiconvex vector objec-
tive functions. Moreover, we present a convergence analysis, under some mild assumptions
on the multiobjective function, for two inexact variants of the scalarization proximal point
algorithm for this kind of functions. In this sense, strong convergence of all the sequences
produced by the methods are obtained. Indeed, each accumulation point, of any sequence
generated by these algorithm, is a Pareto critical point for the multiobjective function.

Keywords: Proximal point method, quasiconvex function, Hadamard manifolds, multiobjetive
optimization, pareto optimality.

1 Introduction

In this paper, we consider the class of problems known as multiobjective quasiconvex op-
timization on Hadamard manifolds, which minimize a set of quasiconvex objective functions
on Hadamard manifolds. The multiobjective optimization problem, also called multicriteria
optimization, can be defined as the problem of finding a vector of decision variables which sat-
isfies constraints and optimizes a vector function who elements represent the objective functions.
Multiobjective optimization models have many significant applications in decision-making prob-
lems such as economic theory, management science and engineering design. On the other hand,
the class of quasiconvex functions has many applications for real life problems. For instance,
usually, in Economy, utility functions are quasiconcave functions; see [21, 22].



Nevertheless, several methods were proposed to solve multiobjective optimization problems.
We can cite, for instance, the steepest descent method for multiobjective optimization was dealt
with in [18], an extension of the projective gradient method to the case of convex constrained
vector optimization can be found in [20], a interior-point method was proposed for solving con-
vex multiobjective problem in [18], the proximal point scalarization methods for multiobjective
optimization can be found in [23, 32|, a novel multiobjective derivative-free methodology which
does not aggregate any of the objective functions was proposed by Custodio et al[13], Bonnel
et al.[10] generalized the classical results of Rockafellar[33] from the scalar case to the vector
case, Ceng and Yao [30] generalized the results of Bonnel et al.[10] to the approximate case

For the case multiobjective quasiconvex minimization, the proximal point scalarization
methods in [1], a subgradient type method for nonsmooth unconstrained multiobjective op-
timization where the objective function is componentwise essentially quasiconvex and Lipschitz
continuous is proposed by da Cruz Neto et al.[14], the projected gradient method for solving
the problem of finding a Pareto optimum in Bello Cruz et al.[5], a method for resolving multiple
objective goal programming problems with quasi-convex linear penalty functions is presented
by Li and Yu[30]. In the last years researchers began the study of the multiobjective optimiza-
tion problems on Riemannian manifolds, see [7, 8, 9, 25].

In this paper, we are interesed in solving the following multiobjective optimization problem:
min{F(z) | x € M}, (1.1)

where M is a Hadamard manifold, which is a complete simply connected Riemannian manifold
with non-positive sectional curvature, and F' : M — IR™ with each F; : M — IR U {+o0},
for i = 1,--- ,m, is a locally Lipschitz and quasiconvex (non-necessarily differentiable) vector
function.

A popular strategy for solving (1.1) is the scalarization approach. So, in this paper we
propose an extension and generalization of the scalarization proximal point method, proposed
by Apolinario et al.[1], for solving multiobjective unconstrained minimization problems with
locally Lipschitz and quasiconvex vector functions. The two differences between the algorithm
studied in this paper and existing scalarization proximal methods in [1] is the use of more
general topological spaces (namely Hadamard manifolds), requiring the use of tools of rieman-
nian geometry, and also an extension, in order to make the algorithm more implementable,
of the analysis for the cases where inexact solution holds. In fact, we present and analyze
the convergence of two inexact variants of the proximal point algorithm for locally Lipschitz
and quasiconvex multiobjective functions, which were already studied by Baygorrea et al.[3]
for proper, lower semicontinuous and scalar-valued quasiconvex functions on Hadamard mani-
folds whose convergence rate of these algorithms was analized in [4] The purpose of this paper
is to prove that the sequence generated by these algorithms, for solving (1.1) on Hadamard
manifolds, is well-defined and that global convergence to Pareto-Clarke critical points is also
obtained. We recall that an algorithm is said to be globally convergent if the algorithm is
guaranteed to generate a sequence of points converging to a critical point for arbitrary starting



points.

The outline of this paper is as follows: Section 2, we recall some definitions and results about
Riemannian geometry, quasiconvex analysis, Fréchet subdifferential and Clarke’s generalized
ones. In Section 3, we study some sufficient conditions to guarantee existence of global minimizer
for single-valued functions on Riemannian manifolds. In Section 4, we state the quasiconvex
multiobjective optimization problem and the inexact scalarization proximal point method for
solving the problem (1.1). In Section 5, we analyze two inexact variants of the algorithm
mentioned and convergence results are studied under certain given hypothesis on error criteria.
Finally, in Section 6, some final remarks are given.

2 Basic results and properties

In this section we recall some fundamental properties and notations on Riemannian man-
ifolds. Those basic facts can be seen, for example, in do Carmo[16], Sakai[34], Udriste[38],
Rapcsak(31] and references therein.

Let M be a differential manifold with finite dimension n. We denote by T,.M the tangent

space of M at x and T M :mgM T.M. T,M is a linear space and has the same dimension of
M. Because we restrict ourselves to real manifolds, T, M is isomorphic to IR"™. If M is endowed
with a Riemannian metric g, then M is a Riemannian manifold and we denote it by (M, G)
or only by M when no confusion can arise, where GG denotes the matrix representation of the
metric g. The inner product of two vectors u,v € T, M is written as (u,v), := g,(u,v), where
gz 1s the metrics at point . The norm of a vector v € T, M is set by ||v||, := <v,v>;/2. If
there is no confusion we denote (,) = (,), and ||.|| = ||.||z- The metrics can be used to define
the length of a piecewise smooth curve « : [tg, 1] — M joining a(tp) = p’ to a(t1) = p through
L(a) = ftzl &/ () [l a(s)dt. Minimizing this length functional over the set of all curves we obtain
a Riemannian distance d(p’, p) which induces the original topology on M.

Given any open set U in a smooth manifold M. We denote by C*°(U) the algebra of
all smooth real-valued functions on U. A vector field X : C®(U) — C*(U) is C* on U
provided so is X (g) for any g € C*°(U). The collection of all C* vector fields on M is denoted
by V°(M). Given two vector fields X and Y on M, the covariant derivative of Y in the
direction X is denoted by VxY. In this paper V is the Levi-Civita connection associated to
(M,G). This connection defines an unique covariant derivative D/dt, where, for each vector
field X, along a smooth curve « : [ty,t1] — M, another vector field is obtained, denoted by
DX/dt. The parallel transport along a from «(tg) to o(t1), denoted by Py 4, 4, , is an application
Pototy  Tatg)M — Tou,yM defined by Py 41, (v) = X(t1) where X is the unique vector field
along « so that DX/dt = 0 and X (tg) = v. Since V is a Riemannian connection, P, ¢, is a
linear isometry, furthermore Pa_,tlo,h = Potito and Poyyt; = PattyPagor, for all t € [to, t1]. A
curve v : I — M is called a geodesic if Dv'/dt = 0.

A Riemannian manifold is complete if its geodesics are defined for any value of t € IR. Let
x € M, the exponential map exp, : T, M — M is defined exp,(v) = v(1,z,v), for each x € M.



If M is complete, then exp,, is defined for all v € T,, M. Besides, there is a minimal geodesic (its
length is equal to the distance between the extremes). Take x € M. Let exp,!: M — T, M be
the inverse of the exponential maps which is also C*°. Note that d(z,y) = [lexp, *z||.

Complete simply-connected Riemannian manifolds with nonpositive curvature are called
Hadamard manifolds. Some examples of Hadamard manifolds may be found in Section 4 of
Papa Quiroz and Oliveira [25]. In the sequel of this paper, we consider (M, g) as a Hadamard
manifolds.

Theorem 2.1 Given a geodesic triangle [z,y, z| in a Hadamard manifold, it holds that:
& (@, 2) + d*(2,y) — 2(exp; 'z, exp; y) < d(,y),
Proof. See Sakai [34, Proposition 4.5]. m

Theorem 2.2 Let M be a Hadamard manifold and y € M be a fixed point. Then, the function
g(z) = d*(z,y) is strictly convex and its gradient at x € M is grad g(x) = —2exp; 'y.

Proof. See Sakai[34] and Shiga[35]. =

Let D C M be a convex set, and x € D. The normal cone to D at x € D, denoted by
Np(z), is defined by

Np(z) :={v e TuyM | (v,exp,'y) <0, Vyc D}
Assume that D = {z}, then Np(z) = T, M.

Given an extended real valued function f : M — IR U {400}, we denote its domain by
dom(f) :={z € M | f(z) < +oo}. It is said to be a proper function if dom(f) # @) and for all
x € dom(f) we have f(z) > —oo.

Let f: M — IRU{+0o0} be a proper function, it is called quasiconvex if for all z,y € dom(f)
and t € [0, 1], it holds that

F(y(@)) < max{f(x), f(y)},
for the geodesic 7 : [0,1] — IR, so that v(0) = x and (1) = y.

A function f: M — IR U {+oc} is said to be lower semicontinuous at a point & € M if,
for any sequence {xk} convergent to T, we obtain

likrginff(xk) > f(z).

The function f is lower semicontinuous on M if it is lower semicontinuous at each point in M.



A function f: M — IRU{+o0} is said to be locally Lipschitz if for every z € M there exists
a constant L := L, > 0 such that for every z,y in a neigbourhood of z we have

[f (@) = f(y)| < Ld(z,y). (2.2)

Now we start with some definitions of nonsmooth analysis on Riemannian manifolds. See, for
instance, Hosseini and Pouryayevali[26], Azagra et al.[2], Ledyaev and Zhu[29].

Let f: M — IRU{+o00} be a lower semicontinuous function with dom(f) # (. The Fréchet
subdifferential of f at a point # € dom(f) is defined as the set OF f(x) of all s € T,,M with the
property that

- 1 _
h%:_g;rjlf d(x,u) [f(u) - f($) - <S,€pr 1U>w] Z 0.

Clearly, s € 0% f(z) iff for each n > 0, there is € > 0 such that
(s,expylu), < f(u) — f(z) +nd(z,u), for all u € B(z,e).
If 2 ¢ dom(f) then we set 9F f(z) = 0.

Theorem 2.3 [29, Theorem 4.4] Let f1,..., fr be lower semicontinuous functions on a man-
ifold M and let s € OF(fy + --- + fr)(@). Then for any ¢ > 0, any neigbourhood of T
and any v € V(M) there exist x; € B(Z,¢) and s; € OF fi(x;), i = 1,2,---, L, satisfying
\fz(xz) — fl(.i’)| < € and
L
|(s,v)z — Z<517U>mi| < e (2.3)

i=1

Lemma 2.1 Let f,g: M — IRU{+o00}, be proper functions such that f is lower semicontinuous
at & € dom(f)Ndom(g) and g is locally Lipschitz at & € dom(f) Ndom(g). Then

0" (f +9)(x) = 8" f(z) + 8" 9(2).

Proof. The inclusion “ D” is easily obtained as consequence of limit inferior property. To
prove the converse, pick any s € 9 (f + ¢)(z) and employ Theorem 2.3 of sum rule property
for lower semicontinuous functions. For any € > 0, there exist x1, 72 € B(Z,¢€), s1 € 0F f(x1)
such that |f(x1) — f(Z)| < € and s2 € 0¥ g(x2) such that |g(z2) — g(T)| < € satisfying relation
(2.3) for any v € V=°(M).

Furthermore, since sy € 9% g(xs) and for any € > 0 find 7 = € — d(w2, 7) such that

(s2,expy) u)e, < g(u) — g(w2) + ed(u, z2), (2.4)

whenever d(zg,u) < 7.



On the other hand, we can take v := exp,u € T, M. So, relation (2.3) holds

€+ <827 U)wz > <37 Pzg,i‘v>:ﬁ - <817 P:CQ,$1U>$1
<37PI2,&_?”>5 - <P2717i31773301,f739ﬂ2,r1v>$1
= <S — Px1’181, 7312751))@. (25)

Denote z := exp; Py, z0. So, it follows from (2.4) and (2.5), for all z € B(z, 1), that

(s = Puy z sl,expglzﬁ < g(u) — g(z2) + €d(u, z2) + €
= 9(2) — 9(2) + 9() — 9(2) + g(u) — g(z2) + €d(u, v2) + € (2.6)

Since g is a locally Lipschitz function, there exist positive constants Lz and L., such that
relation (2.6) yields

(s — Pur z sl,expglzﬁ < g(2) —g(x) + Lzd(Z,z) + (L, + €)d(u, x2) + €
= g(z) —9(Z) + (Lz + Ly, + €)d(z, 2) + €. (2.7)

The last equality is obtained since d(u, z2) = d(Z, z).
Therefore, for € > 0 sufficiently small, relation (2.7) implies
(s = Py z51,2 — %) < g(2) —g(Z) + (Lz + Ly, )d(Z, 2),

whenever z € B(Z, 7). So, s — Py, z51 € 0¥ g(z). This implies that s € Py, 251 + 0¥ g(z). More-
over, in this conditions, it can be proved that if s; € 8% f(z1) then Py, z51 € 9 f(z). Thus,
s € OF f(z) + 0F g(%) and ends the proof of this result. m

Let f : M — IR U {+c0} be a locally Lipschitz proper function, with dom(f) # 0, at
x € dom(f) and d € T, M. The Clarke’s generalized directional derivate of f at € M in the
direction d € T, M, denoted by f°(x,d), is defined as

f°(x,d) ;= limsup f(eXp“t(Depr)expglud) — f(u)

U—x t

0

9

where (Dexpy) o -1, @ T, (TeM) = To M — T, M is the differential of exponential mapping

at exp;'u. The Clarke’s generalized subdifferential of f at x € M, is the subset 0°f(x) of
T, M* ~T,M defined by

0O°f(x) :={s €T, M| (s,d)r < f°(x,d), Vd € T, M}.

Note that for a locally Lipschitz function f : M — IRU {+oco}, the set 9°f(x) is a nonempty
closed convex subset of T, M for every x € M.



Remark 2.1 We recall that if f : M — IR U {+o0} is a locally Lipschitzian proper function
then, OF f(x) C 0°f(x) for allx € dom(f). It is due to the fact that OF f(x) = OF (foexp,)(0z),
0°f(x) = 0°(f oexp,)(0) and by Correa et al.[11, property 2.7].

Lemma 2.2 Let f; : M — RU{+oc}, i € Z C IN, be locally Lipschitz proper functions. Then,
foralld e T, M,

O _fiy@d < Y fla.d (2.8)

1€ i€
(@) d) = olfo(,d), Ya>0. (2.9
fi(x,ad) = af(x,d), Ya>0. (2.10)

Proof. Relation (2.8) follows by using simple upper limit properties together with the
definition of Clarke’s directional derivative. Relation (2.9) is immediate. Finally, relation
(2.10) means that function d — f°(z,d) is positively homogeneous. Its proof is trivial for every
de T, M and a > 0. Indeed, for a > 0 we get

af(exp,t(Dexp,). . .-1, d) —af(u
af®(z,d) = limsup Fexpy( p )expzlu ) f(u)
U—T t

0

, F(expy (t/ ) (Dexpy ) oy 1, 0d) — f(u)
= lmoup a

(t/2)\0
= fo (x7 Oéd) Y

and it is immediate as a=0. =

Lemma 2.3 Let f;: M — IRU{+o00},i € Z C IN, be locally Lipschitz functions. Then

O @) c > 0°fi(=), (2.11)
€T €L

F(afi)(z) = adfi(z) (2.12)

Proof.  Using Lemma 2.2, relation (2.11) follows immediately. To show relation (2.12),
consider s € 0°(af;)(z). By relation (2.9), for all d € T, M we have (s,d) < af?(z,d). So
s/a € 9°f(x) is given by the nonnegative number «. Therefore, s € a«9°f(x). The converse
can be proved in the same way. =

Lemma 2.4 Let Q C M be an open set. If f : M — IR U {+oo} is locally Lipschitz and
g: M — IR is convex and differentiable on ), then

(f +9)(x) =0°f(x) + grad g(z), VeeQ

Proof. See Bento et al.[6], Lemma 3.1 =



Proposition 2.1 Let f : M — IRU{+o0} be a locally Lipschitz function on M and g : IR — IR
be a continuously differentiable function on IR. Then, for any T € dom(f), it holds

(go f)°(x,d) =g (f(2)f*(2,d), VdeTzM

Proof. Let z € dom(f) such that x converges to Z. Let d := (Dexpy) —1,d € T, M, for any

eXpz

d € T, M. Consider v : IR — M be a geodesic such that v(z, 1, td) := exp,td € M witht > 0. As

t 0, y(z,1,1d) converges to x. As x converges to Z, lim,,z(Dexpz)., -1,d = (Dexpz)od = d,

so y(x, 1,td) converges to .

Define

o(y) = { Hg I — g (@), y# S (@)

Since g is continuously differentiable, it follows that

ylj?%x)r(y) -0
Thus, we have
9(y) — g(f(x)) = g'(f(2))(y — f(x) +r(Y)(y — f(2)). (2.13)

Take y := f(v(x, 1,td)). Since f is a locally Lipschitz function, y converges to f(Z) as x — T
and t N\, 0. Moreover, limr(y) =0 as y — f(7).

Applying now limsup to relation (2.13), we get

(go f(v(x,1,td)) — (g o f)(x)

(9o f)°(@,d) = limsup ; (2.14)
N0
e x, 1, td)) — f(x
) sy 10 D) =)
T—T
t\0
= g(f@)f(@,d). (2.15)
The result follows immediately from the definition of the Clarke’s generalized subdifferential to
the left-hand side of the relation (2.15). n

Lemma 2.5 Let M be a Hadamard manifold and let f : M — IR U {400} be a proper quasi-
convex locally Lipschitz function on M. If g € 0°f(x) and (g,exp;'z) > 0, then f(z) < f(2).

Proof. See Papa Quiroz and Oliveira [24] =

The following notations are used throughout our presentation. We denote Z = {1,--- ,m}.
Consider the (multiobjective) function F := (F1,..., Fy,), for every F; : M — IR U {400} with
i € Z. It is said to be componentwise quasiconvex, or simply quasiconvex, if all component



functions F;,i € Z, are quasiconvex. Similarly, it is locally Lipschitz if all component functions
are ones. Moreover, the inequality sign < between vectors is to be understood in a componen-
twise sense, that is, for z,y € M, F(z) X F(y) iff F;(z) < F;(y) for all i € Z.

We say x € M to be a Pareto-Clarke critical point of a multiobjective function F' if for all
d € T;;M there exists ig := ig(d) € T such that F} (x,d) > 0.

3 Existence of minimizers for single-valued functions on Rie-
mannian manifolds

The following theorem ensures the existence of global minima for a proper, lower semicon-
tinuous, extended and single-valued function with compact domain. We recall the problem of
determining the global minimum solution set is called the global optimization problems.

Theorem 3.1 Let f: M — IRU{+0o0} be a proper lower semicontinuous function. If dom(f)
is compact, then f achieves its global minimum over M.

Proof. We first show that f is bounded from below. To this end, assume for the contradiction
that there exists a sequence {z*} C dom(f) such that

lim f(z*) = —c0. (3.16)

k—+o0

Since dom(f) is compact, there exist & € dom(f) and a subsequence {z*i} C {z*} such that
lim; 4 zF = Z. Because f is lower semicontinuous, we get

lim inff(xkj) > f(2),
J—+0o0

which contradicts relation (3.16). Thus, f is bounded from below on M. It implies that there
exists f* € IR such that f* := inf{f(z) |z € M}. From the infimum property, there exists a
subsequence {z*} C dom(f) such that limj_,. f(2*) = f*.

From the compactness of dom(f), there exist # € dom(f) and {z*} C {z*} such that
lim;_, z% = Z. From the lower semicontinuity of f, it holds
liminf f(z%) > f(z). (3.17)
j—o0

Since {f(x*)} converge to f*, then the subsequence {f(x*i)} converges to f*, and from (3.17)
we have f* > f(z), Therefore, Z is a global minimum point of f on M. =

Remark 3.1 Note that compactness is a very strong condition to ensure existence of a global
minimum. Indeed, consider the following problem

min{z? | z € IR} (3.18)

In this case, M = IR is a 1-dimensional Euclidean space. Note that dom(f) = IR is no compact
but the problem (3.18) has a global minimum at 0.



In order to give a weak form of the Theorem 3.1, we define, for o € IR, the following set
Ly(a) = {z € M| f(z) < o},
which is called lower level set of f.

Corollary 3.1 Let f : M — IRU {400} where M is a Riemannian manifolds. If L¢(«) is a
nonempty compact set, for any o € IR, and f is lower semicontinuous on L¢(«), then there
exists a global minimum point of f on M.

Proof. Let an arbitrary point x € M. If x € Ly(«), by Theorem 3.1, it follows that there
exists a global minimizer of f on L¢(«). It can be taken as T € Lg(«) such that f(z) <
f(x), for all z € L¢(cv). Otherwise, it implies that f(x) > o > f(Z). So, f(Z) < f(z). Therefore,
in both cases, we conclude that z € dom(f) is a global minimizer of f on M. =

Definition 3.1 A function f : M — IR U {400} is said to be coercive if for every sequence
{2F} € M for which limg_, o d(2*, ) = +00, for some x € M, it must be the case that

limsup f(z*) = +o0

k—+o0

as well.

Example 3.1 Let x € M be a fized point. We show that f(-) = d*(-,x) is a coercive function.
In fact, let {y*} C M such that limj_, o d(y*,w) = +oo for some w € M. By applying
Theorem 2.1 to the geodesic triangle [y*,z,w], it yields

d*(y*,w) + d*(w, ) — 2exp,, 'y, expy,'w) < d*(y", ).
Since —d(y*, w)d(z,w) < —{exp,'y¥, expylz), it holds
(d(y*, w) — d(z,w))? < d*(y*, ) := F(y°).

Now, we suppose that limsupy_,, f(y*) < +oo. That is, there exists M > 0 such that
ld(y*, w) — d(z,w)] < M. So, limy_, o d(y*,w) < M + d(z,w). Since d(z,w) is finite, it
follows that limy,_, 4 o d(y*, w) < +00, which is a contradiction. m

Corollary 3.2 Let M be a complete Riemannian manifold and let f : M — IR U {400} be a

coercive and lower semicontinuous function, then there exists a global minimizer of f

Proof. Since M # (), there exists & € M such that Ly(o) # 0 with a = f(&). We will show
that L¢(«) is bounded. By contradiction, suppose that L¢(«) is no bounded. Then, there exists
a sequence {z*} C L;(a) such that

lim d(z*,7) = +oo,
k—+o00

10



for any Z € Ly(a). Since 2% € Ly(a), we have f(z*) < . Taking the upper limit, as k goes
to +oo, and using coercive property of f we obtain +oo = limsupy_, f(z*) < o, which is a
contradiction. Therefore, the set Lf(«a) is bounded.

Let us now prove that Ls(«) is a closed set. Let {z*} C Ly(a) be a sequence such that {z*}
converges to Z and suppose that = ¢ Ls(«a), that is, f(Z) > «. By the lower semicontinuity, it
follows that

a < f(z) < liminf f(z*) < a,
k——+o0

which is a contradiction. Therefore, Z € L¢(c) and so L¢(«) is a closed set.

Finally, since M is a complete Riemannian manifold and using the well known Hopf-Rinow
Theorem, see for example Do Carmo[16, Theorem 2.8], we get L;(«) is a compact set. The
result follows by Corolary 3.1. =

4 Definition of the problem and the algorithm.

Let M be a Hadamard manifold. We are interested in solving the problem:

2{21}/} F(x) (4.19)

where F' := (F,..., Fy), for every F; : M — IR U {+o0}, is a vector function which satisfies
the following assumptions:

(H1) F is a locally Lipschitz function.
(H2) F is a quasiconvex function.

Let us define the set
Qp:={zx e M| F(z) < Fz")}. (4.20)

We now extend the inexact scalarization proximal point algorithm, based on the work of Apoli-
nario et al.[1] in the context of Euclidean spaces, to solve the problem (4.19). It will be denoted
by HISPP algorithm and is described as follows:

HISPP algorithm.

Initialization: Take an arbitrary point 2 € M. Set k = 0.

Main step: Given zF € M, find ¢! € Q;, such that
e 0P ((F (), 2)) (@) = Apexp i a® + No, (211), (4.21)

where )\, is an exogenous positive parameter and {zF} C R\ {0} with [|2*|| =1

11



Stop criterion: If zFt! = 2% or zkt!

k+ 1<+ k and go to Main step.

is a Pareto-Clarke critical point, stop. Otherwise,

Remark 4.1 1. If M = IR", then equation (4.21) becomes
6k+1 e 8O(<F('),Zk>)(xk+l) _ )\k(.ka _ karl) +Ngk($k+1).
From Lemma 2.4, it holds

M

6k—l—l € 9° <<F(),Zk> + 5

- —:r"“HQ) (&5 + Ny ().

Thus, the HISPP algorithm is an extension of the scalarization proximal point method
proposted by Apolinario et al.[1].

2. If F is a single-valued function, 2F =1 and 21 € int(Qy), then (4.21) yields
e 9°F (b)) — )\kexp;klﬂwk, (4.22)

which is a particular case of the Inexact proximal point methods for quasiconver minimi-
zation studied by Baygorrea et al.[3], in sense that abstract subdifferential discussed here
is reduced to Clarke’s generalized subdifferential.

k+1

Moreover, if € =0, so by Lemma 2.4, equation (4.22) becomes

M

5 d2(-, xk))($k+1)

0ed°(F()+

Thus, HISPP algorithm also extends the proximal point algorithm proposed by Papa Quiroz
and Oliveira[24].

On the other hand, according to the Remark 3.0.1 made by Apolinario et al[l] (see also
Huang and Yang[28]) we also can to consider, without loss of generaty, the following condition:

(H3) 0 =< F, that is, Fj(z) > 0 for all i € Z and = € dom(F;).

Theorem 4.1 Under assumptions (H1) and (H2), the sequence {z*} generated by the HISPP
algorithm is well defined.

Proof. We proceed by induction. Due to Initialization step of the HISPP algorithm. It holds
for k = 0. Assume that z* exists and define

Yi(e) = (F (), ) + (0, 7%) + b, (o).
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Note that 0 < F and {z*} c R7\{0}, so ¢ : M — IR U {+oc} is bounded below. We recall
that Q is closed iff epi(Qy) = Q) x Ry is closed iff dq, is lower semicontinuous. So, since F
is locally Lipschitz, it holds that vy (-) is also lower semicontinuous. Moreover, since d?(-, z¥)
is coercive, see Example 3.1, it follows that ) (-) is also coercive. Therefore, by Corollary
3.2, there exists a global minimum and it can be taken as z*t!. Thus, by Lemma 2.1 we get
0 € IF((F(-),2")(@**1) + Aegrad d?(zF+1, 2%) + No, (z¥1). The result follows by Theorem
22, =m

The following condition, given in various works in the literature of proximal algorithms
(e.g., Ceng and Yao[12], Bonnel et al.[10] and Villacorta and Oliveira[39]), is both necessary
and sufficient for the iteration to have a limit point, which guarantees strong convergence of
the HISPP algorithm: the set

(H4) (F(a%) = R U F(M)

is IR'"-complete, which means that for all sequences {ak} C M with a° = 2% such that
F(aF*1) < F(a*) for all k € IN, there exists a € M such that F(a) < F(a") for all k € IN.

Note that when stop criterion applies at some iteration, the sequence remains constant
thereafter, and so it is convergent to the stopping iterate. Therefore, we will assume from now
on that the stop criterion rule never applies.

Denote the following set:
E:={zeM | F(z) < F(z"),Vk e N} (4.23)
Note that £ C €, for any k € IN.

Remark 4.2 By the definition of the HISPP algorithm, {x*} satisfies F(x*T1) < F(2*). Then,
by hypothesis (H4), there exists a € M such that F(a) < F(z*), for all k € IN. Therefore, the
set E, given by (4.23), is nonempty. Moreover, by assumptions (H1) and (H2), it is clear to
see that E is also closed and convex, respectively.

The following results will play a central role in the sequel. More precisely, it will be useful
in the convergence analysis of the sequence generated by the HISPP algorithm.

Lemma 4.1 Let F := (Fy,...,Fy), for every F; : M — IRU {+o0}. Let {2'} C M be a
sequence such that '+ € Q. Suposse that assumptions (H1), (H3) and (H4) are satisfied. If
& € M is an accumulation point of {x'}, then & € E.

Proof. Let # € M be an accumulation point, then there exists {z%} C {2'} such that 2% — #.
Let any arbitrary p € M. Since F' is locally Lipschitz, there exist L, > 0 and J,, > 0 such that
for any x, y € B(p,d,), we have |F(z) — F;(y)| < Lpd(z,y), for all i € 7.
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Let w € IR"\{0} be an arbitrary vector. Since F; is locally Lipschitz and as consequence of
the Cauchy-Schwarz inequality, it holds |(F'(z),w) — (F(y), w)| < Ly|lw||d(z, y). Thus, (F(-), w)
is locally Lipschitz and so, continuous on M. It follows that lim; e (F(2%), w) = (F(2), w).

On the other hand, since z/*t! € €, it follows by relation (4.20) that F;(z'*!) < F;(a!) for
all i € Z. It is clear that (F(z'*1),w) < (F(a!),w), for any w € IR7"\{0}. Thus, (F(-),w) is a
decreasing function.

Moreover, by assumption (H3) and for any w € R7\{0}, 0 < (F ('), w). So, since (F(%),w)
is an accumulation point of {(F(-),w)}, it follows that (F(-),w) is convergent. Then, it yields

(F(2),w) = liiinoo<F(iBl)7w> (F(a'),w)} < (F(a'), w), (4.24)

= inf
le]N{
for alll € IN.

Relation (4.24) implies that
0 < (F(z)— F(&),w), VIlelN.
and for any w € IRT'\{0}. Take w = {ey,..., ey }. It implies that F(2) < F(a!), for all [ € IN.
By relation (4.23), it implies that Z € E. =

Proposition 4.1 Let {2} C M be a sequence generated by the HISPP algorithm and
{eF} C T, M be an error sequence. If assumptions (H1), (H2), (H3) and (H4) are satisfied
with A such that A < A, then for any x € E and all k € IN we have

2
d2(xk+17 .’L') < dQ(xk> :B) - dQ(xk—H? xk) - §<€k+17 eXp;k1+1x>'
Proof. By Lemma 2.3, relation (4.21) becomes
= Z 2ok — )\kexp;k1+1xk +
1€T
where v* € N, (z"*1) and ¢gF € 0°F;(x**1). Thus,
1
-1 _k k ko k_ _k

eXp i T = )\—k(z 2Fgh 4ob — FTD, (4.25)

i€T
Let x € EE C Q41 be an arbitrary point for any k£ € IV. Since F is a closed set, see Remark

4.2, there exists {x'} C int(Q1) such that {x'} converges to z.

Since 2! € int(Qx11), it follows that Fy(x**1) > F;(2!) for all i € Z. Hence, for gF €
0°F;(z**1) and according to Lemma 2.5, we obtain <gf, exp;k1+1xl> <0, for all : € Z. It implies
that

(> gk expliia’) <0 (4.26)
€T
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with 2% € Ry.

Now, since v € N, (zF1) C No,,, (z*™) and 2! € Q41 , it holds that (vF, exp;k1+1xl> <0.
So, relation (4.26) yields

0 > O zfgf explaal) + (0 expl,af)
i€l
= <)\kexp;k1+1xk+ek+1,exp;kl+1xl>. (4.27)

This last result is obtained from relation (4.25). Thus, since A < A, (4.27) yields

1< k+1

-1 _k -1 1 -1 .1
(exp i1 7", eXp_ i ') + 3 e exp ) <0,

It follows from Theorem 2.1, for the given geodesic triangle [xk ,xt, xk“}, that
2
d?(2F, 2ty > dP(aF, 2P ¢ P (2 2l + i(ekﬂ, exp;k1+1:nl), (4.28)

and taking limit, as [ — 400, the result follows. =

5 Inexact variants of the HISPP algorithm for multiobjective
minimization

In this section, following the same approach done by Baygorrea et al.[3] for single-valued func-
tions, we discuss convergence results of two inexact proximal algorithms for multiobjective
minimization. Firts, about a classical version, as error estimative criterion is considered under
mild and natural conditions. Second, it is considered the Tang and Huang’s error criterion, see
[37].

5.1 HISPP1 algorithm and convergence results.

In this subsection, we discuss the HISPP algorithm considering the classical version on error
estimation criterion, which will called the HISPP1 algorithm, and it is as follows:

Let {z*} € M be a sequence generated by the HISPP algorithm. Consider the following
assumption:

(AL) Y% [leb]) < +oc.

The convergence analysis of the HISPP1 algorithm is based on the theory of p-Quasi-Fejér
convergence, which was introduced by Ermol’ev [17] in the context of sequences of random
variables. We recall that a sequence {z*} C M is said to be p-Quasi-Fejér convergent to a set
UcC M, U +# 0 if, for each u € U there exists a non-negative, summable sequence {px} such
that

dP (2 w) < dP(2F u) + pr k=0,1...

The following result on p-Quasi-Fejér convergence is well known.
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Lemma 5.1 Let (M,d) be a complete metric space, p € (0,4+00) and {z¥} C M be a se-
quence which is p-Quasi-Fejér convergent to a nonempty set U C M, then {z*} is bounded.
Furthermore, if a cluster point x € M of {xk} belongs to U, then it converges to such a point.

Proof. See Svaiter[36], Proposition 2.1 m

Lemma 5.2 Let {2*} ¢ M and {*} C T,xM be sequences generated by HISPP1 algorithm.
Consider assumptions (H1),(H2), (H3) and (H4). Then, it holds that

(i) The sequence {z*} is bounded;
(i) limpy oo d(z®, zFH1) = 0;
(111) [f hm]_>+oo xFi = & then hm]—H—oo zkivt = 4

Proof. (i) Let z € E be a fixed point. From Proposition 4.1, we have

2
(2 2) < dZ(xk,Z)—§<€k+lyeXp;k1+1Z>
2
< @t 2) + 2 A, )

It implies that
1

2
1
(aaH41,) = SIET) < et + 1 (529
It is clear that if d(z**!,2) — %HekHH <0, we get d(zFt1 2) < %Hek“H < 4, for some § > 0.

It follows that {x*} is bounded. In this case, note that for k suffiently large, we get that {z*}
converges to z. In this case, Since z was chosen arbitrarily, it holds that E = {z}. Otherwise,
by (5.29) we have

1
A, 2) = <[]

IN

1
2( -k k+11(|12
W (@*,2) + 55l

1
< dat,2)+ 5[

Here, d(z"*1,2) < d(zF,2) + %HekHH. Thus, because of the summability of ||e**!|| we have
that {2¥} is a 1-Quasi-Fejér convergente to E. By Lemma 5.1, it follows that {z*} is bounded.

ii) By using again Proposition 4.1, it holds
y g ag p
2
d2(xk+la $k) < d2(xka Z) - d2($k+1’ Z) - §<Ek+1? exp;k1+1z>

2
< d2($k’ Z) - d2($k+1’ Z) + §||€k+1”d($k+la Z)'
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By summing up, it yields
2
Zd2 k+1 .CC < d2(a: Z) dQ(karl )+ )\max{d k+1 }Z H6k+1H

By assumption (A1), it holds > r_, d?(z*+1, 2F) < 400, and the result follows.

(iii) Since d(z*+1, ) < d(2F1, %) +-d(2¥, 2) and Z is a limit point of {z*}, result follows
clearly by item (ii). m

Proposition 5.1 Let {z*} ¢ M and {€*} C T,xM be sequences generated by HISPP1 al-
gorithm. If the assumptions (H1), (H2), (H3) and (H4) are satisfied with A > 0 such that

0 < \i < A, then the sequence {x*} converges to a point of E.
Proof. By Lemma 5.2(i), it follows that there exist {z%} C {z¥} and # € M such that
zF converges to . Moreover, by Lemma 4.1, it follows that & € E. Therefore, according to

Lemma 5.1, we can conclude that the given sequence is convergent to £ € . =

Theorem 5.1 Let F := (Fy,...,Fy,), for every F; : M — IRU {+oc0}. Let {z*} ¢ M and
{e*} C Ty be sequences generated by HISPP1 algorithm. If the assumptions (H1), (H2), (H3)
and (H4) are satisfied with X > 0 such that 0 < \, < X, then {z¥} converges to a Pareto-Clarke
critical point in M.

Proof. By Proposition 5.1, there exists £ € E such that {a:k} converges to £. Now, we prove
that # is Pareto-Clarke critical point. By contradiction, suppose that there exists d € Tp M
satisfying

FP(&,d) <0, (5.30)

for all i € Z. That is, there exists 6 > 0 such that F(exp,(td)) < F(&), for all t € (0,8]. Denote
v(t) := exp,;(td). So v(t) € E

On the other hand, we recall that {z**!} € Q is a sequence generated by relation (4.21),
T Apexp 2t —oF € O°((F (), 27) ("),

where v* € Ny, (z¥+1). By definition of Clarke’s generalized subdifferential, for all d € T x41 M,

we get
(11, d) + Melexp_l a® d) — (0F, d) < (F(-),27)° (2", d). (5.31)
k

Take d := exp;k1+1fy(t). Since y(t) € , it follows that (v*, exp k+1fy( )) <0, for all ¢ € (0,4].
Then, relation (5.31) yields

<€k+17 eXp;klﬂ'Y(t» + Ak <eXp;k1+1$ka eXp;klﬂ'Y(t» < (F(), Zk>o(xk+17 eXp;klﬂ'V(t)) (5.32)
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By triangle inequality property, and taking into account that ||exp,'s| = d(s,w), for all
w,s € M, relation (5.32) yields

lE (1), ) — A, (1), ) < (B (), M@ expll (1) (5.33)

Since {z*} is an unit vector sequence, there exists {z%1} C {z¥} such that ¥ — 2z with
z € R™\{0}. Considere a subsequence, if necessary, we may assume, without loss of generality,
that {z%} C {z*}. By Lemma 2.2, and since A\, < A, (5.33) yields

(), b = Ad(ats, B d(y (), 4 < 3 2B ER @b expd Ly (1), (5.34)
€T

Moreover, we have that lim;_, exp_k1j+1’y(t) = expgl(expj:tcz) = td, with t € (0, d]. Note that
€T
by Lemma 5.2 (ii)-(iii), the left-hand side of (5.34) tends to 0, as j — 4o0.

So, applying limsup to relation (5.34) and since lim;_, 4 zfj = z;, (5.34) yields

) ki or ks _
0 < hmsup(z,zijFi (ﬂfk]+1,eXP$klj+1’Y(t)))

J=F0 ier

< Zlimsupzfjﬂo(wkj+l,eXp7k1~+1’Y(t))
P ]—)-‘rOO xJ

< ) HLFY(E,d),
€L

with z; € Ry and ¢t € (0,0]. It follows that there exists, at least, some ig € Z such that
0 < Fj,(2,d), which contradicts relation (5.30). Therefore,  is a Pareto Clarke critical point.
n

5.2 HISPP2 algorithm and convergence results.

In this subsection, we discuss the HISPP algorithm and the error criteria studied by Baygorrea
et al.[3] for solving quasiconvex minimization for single-valued function on Hadamard manifold,
which will be called the HISPP2 algorithm and it is given as follows:

Let {2} € M be a sequence generated by the HISPP algorithm. Consider the following
assumption:

(B1) [|€¥]| < mpd(a®, z*1);
(B2) > 025 nf < +oo.

Lemma 5.3 Let {2%} ¢ M and {*} C T, M be sequences generated by HISPP2 algorithm.
Then there exists an integer kg > 0 such that for all k > ko we have

2n7 1
(P ) < (14 LQ (2"t ) — —d?(aF, 2, Ve € B.
1— 212 2

Furthermore, {x*} is a bounded sequence and limy_, o d(z¥, 2%~1) = 0.
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Proof. See Baygorrea et al[3]. =

Proposition 5.2 Let F := (Fy,...,Fy,), for every F; : M — IRU {4+o0}. Let {z¥} ¢ M and
{¥} € T, M be sequences generated by HISPP2 algorithm. If the assumptions (H1), (H2),
(H3) and (H4) are satisfied with X > 0 such that 0 < A\, < X, then the sequence {x*} converges
to a point of E.

Proof. Lemma 5.3 implies that there exists {z¥/} C {2} and & € M such that 2%/ converges
to &. In analogy to the last part in the proof of Theorem 3.1 by Tang and Huang[37], convergence
of the whole sequence {z*} to a point & € M is obtained. In adittion, From Lemma 4.1, & € E
n

Theorem 5.2 Let ' := (Fy,...,Fy,), for every F; : M — IR U {+occ}. Let {x*} ¢ M and
{e¥} € T,x M be sequences generated by the HISPP2 algorithm. If the assumptions (H1), (H2),
(H3) and (H4) are satisfied with X\ > 0 such that 0 < A\, < X, then {z*} converges to a
Pareto-Clarke critical point.

Proof. Consider the first paragraph of the proof of Theorem 5.1. Let {2*} be a sequence
generated by the HISPP2 algorithm and # € M such that z* converges to #. Suppose that i
is no Pareto-Clarke critical point. Then, by assumptions (B1) and (B2), (5.34) yields

S AP E R el () 2 b b ((0), 254 - Ad(et, (1), b )
i€l
> (M + Ndla 2P d((0), 25, (5.35)

for some M > 0. Note that d(y(t),z"+1) = Hexp_klj+1fy(t)||. So, lim_ oo d(7(t), z%F1) = t||d||
x

for all ¢ € (0,4]. Thus, since {*} and {z*} are convergent, the right-hand side of (5.35) tends

to 0, as j — +oo. Thus, relation (5.35) yields

liminf » 2z F7(2,td) > 0,
J—+oo £
i€l

where z; > 0 for all i € Z, t € (0,6] and some d € Tz M. Tt implies that F°(&,d) > 0 for some
i € Z, which leads to a contradiction to relation (5.30). =

Note that, in the case that Ad(z*+1, 2¥) > ||é¥*1|, if m < X then ISPPA2 is a better
approximation than SPPA1; otherwise, ISPPA2 will be an ISPPA1-like relaxation algorithm.a
sesin, el embajador ruso ante la ONU, Vitali Churkin, seal que la votacin del Consejo de
Seguridad deba ser aplazada hasta despus de celebrarse una reunin entre los expertos rusos y
estadounidenses con el fin de elaborar un plan para arreglar la situacin en Alepo.

El diplomtico recalc que los autores del documento haban sido sometidos a una ”presin
flagrante” por parte de EE.UU., el Reino Unido y Francia, que exigan "llevar a votacin un
proyecto condenado al fracaso”. Churkin calific tales acciones de provocativas y agreg que
socavan los intentos internacionales de poner fin al conflicto sirio.
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Segn el analista internacional Andrs Pierantoni, los pases occidentales siempre recorren a
la diplomacia cuando hay una derrota de los mercenarios en el terreno militar en Siria. El
experto ha destacado que instan a un alto el fuego inmediato para mejorar el abastecimiento y
reequipar a los combatientes.

6 Final Remarks.

e We extend and generalize the scalarization proximal point algorithm for (non-necessarily
smooth) unconstrained multiobjective optimization for quasiconvex and locally Lipschitz
objective functions from Euclidean spaces, studied by Apolinario et al.[1], to Hadamard
manifolds.

e For this method, using the same error criteria studied by Baygorrea et al.[3], two inexact
versions are presented: First, it was considered a classical and natural error estimation
criterion. Second, the error estimative assumptions is related with the distance of adjacent
iterations as an upper bound for this.

e Furthermore, under reasonable and mild assumptions, we proved that any accumulation
point is itself a Pareto-Clarke critical ones for any of these two versions. Moreover, for
any initial point, under the completion property, the sequence generated by this algorithm
strongly converges to a Pareto-Clarke critical point.

e Nevertheless, to compute the iterates of the algorithms HISPP, we need to determine
vectors of normal cones, which can be hard and non-effortleessly. Thus, overcoming this
obstacle requires some technicalities to be studied.
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