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Approximate linear programs (ALPs) are well-known models for computing value function approx-

imations (VFAs) of intractable Markov decision processes (MDPs) arising in applications. VFAs

from ALPs have desirable theoretical properties, define an operating policy, and provide a lower

bound on the optimal policy cost, which can be used to assess the suboptimality of heuristic policies.

However, solving ALPs near-optimally remains challenging, for example, when approximating MDPs

with nonlinear cost functions and transition dynamics or when rich basis functions are required to

obtain a good VFA. We address this tension between theory and solvability by proposing a convex

saddle-point reformulation of an ALP that includes as primal and dual variables, respectively, a vec-

tor of basis function weights and a constraint violation density function over the state-action space.

To solve this reformulation, we develop a proximal stochastic mirror descent (PSMD) method. We

establish that PSMD returns a near-optimal ALP solution and a lower bound on the optimal policy

cost in a finite number of iterations with high probability. We numerically compare PSMD with sev-

eral benchmarks on inventory control and energy storage applications. We find that the PSMD lower

bound is tighter than a perfect information bound. In contrast, the constraint sampling approach

to solve ALPs may not provide a lower bound and applying row generation to tackle ALPs is not

computationally viable. PSMD policies outperform problem-specific heuristics and are comparable

or better than the policies obtained using constraint sampling. Overall, our ALP reformulation and

solution approach broadens the applicability of approximate linear programming.

History : Initial version: April 2017; Current version: June 2018.

1. Introduction

Business problems arising in Operations Research, Operations Management, and Financial Engi-

neering, among other areas, involve sequential decision-making under uncertainty. Markov decision

process (MDP; Puterman 1994) models of these problems are common but generally intractable
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to solve exactly due to the well-known curses of dimensionality (Powell 2011, pages 3 and 112).

Approximate dynamic programming (ADP) provides techniques to heuristically solve such MDPs.

A common ADP strategy constructs a low-dimensional approximation of the MDP value function

as a linear combination of a manageable number of basis functions and uses it to obtain a heuristic

policy (Bertsekas 2007, Powell 2011). It is known that value function approximations (VFAs)

closely approximating the MDP value function provide policies with small suboptimality gaps.

We focus on the linear programming approach to ADP, which solves the so called approximate

linear program (ALP) to compute a VFA (Schweitzer and Seidmann 1985, de Farias and Van

Roy 2003). This approach has been successfully applied in a number of domains including eco-

nomics (Trick and Zin 1997), inventory routing and control (Adelman 2004, Adelman and Klabjan

2012, Adelman and Barz 2013), revenue management (Adelman 2007, Zhang and Adelman 2009,

Adelman and Mersereau 2013), queuing (Farias and Van Roy 2007), and health care operations

(Restrepo 2008, ch. 4, Patrick et al. 2008). ALPs have attractive theoretical properties such as a

guarantee on the error between its VFA and the best possible VFA given a set of basis functions.

This error is zero when the basis functions span the exact value function, that is, the ALP VFA

coincides with the exact value function. Moreover, the ALP VFA also provides a lower bound on

the optimal policy cost, which is useful in assessing the optimality gap of heuristic policies.

ALPs have a manageable number of variables (i.e., VFA weights) because they are derived by

applying a VFA on the variable space of the well-known exact linear programming representation

of an MDP (Puterman 1994, §6.9). However, the number of constraints in these models remains

large (possibly infinite) — one for each state and action — and each constraint may embed hard

to compute expectations. Compact reformulations and row generation strategies have been used

to solve ALPs near-optimally when expectations appearing in its constraints can be evaluated

precisely, the basis functions are simple, for example, affine or piecewise linear functions of the

MDP state, and the underlying MDP cost function and transition dynamics have special structure

(e.g., Adelman 2007, Vossen and Zhang 2015). Several applications do not satisfy one or more of

these requirements and thus the near optimal solution of ALPs remains challenging (see Restrepo

2008, ch. 4, Adelman and Klabjan 2012, and §§7.2−7.4 for examples). Constraint sampling is a

heuristic strategy for solving ALPs that is more broadly applicable. This approach constructs a

version of the ALP containing only a subset of its constraints obtained via sampling (de Farias

and Van Roy 2004, Farias and Van Roy 2006, Restrepo 2008, ch. 4, and Sun et al. 2016). However,

the optimal objective of a sampled ALP may not provide a lower bound on the optimal policy

cost. Guarantees on the error between the sampled and exact versions of an ALP exist under an

idealized sampling distribution (de Farias and Van Roy 2004), while in practice it is known that

this error is sensitive to the choice of such distribution.



Lin, Nadarajah, Soheili: Revising ALP using a saddle point approach
3

Overall, the ALP VFA has desirable theoretical properties, but solving an ALP near-optimally

is challenging under nonlinear MDP cost functions or transition dynamics and/or when using rich

basis functions. In this paper, we attempt to address this tension between the theory and solvability

of ALPs in the context of infinite-horizon discounted cost MDPs with compact state and action

spaces by developing a novel ALP reformulation and solution approach.

Our reformulation casts the search for a near-optimal ALP VFA as solving a primal-dual problem

following two steps. The first step develops a saddle-point formulation that endogenizes the problem

of computing the most violated ALP constraint. This saddle-point problem involves a linear primal

optimization over basis function weights and a potentially non-convex dual optimization over the

state-action space, where the non-convexity could stem from the structure of the immediate cost,

transition, or basis functions. The second step of our reformulation eliminates such non-convexity

in the dual optimization by lifting its variable space to the infinite dimensional space of continuous

state-action density functions and adding a regularization term. In other words, this second

step modifies the dual problem to avoid solving a potentially non-convex (finite-dimensional)

optimization problem for finding the most violated constraint, and instead, tackles an infinite

dimensional convex optimization problem for computing a constraint violation density function.

Our solution approach, dubbed proximal stochastic mirror-descent (PSMD), is a primal-dual

stochastic gradient method for solving the aforementioned regularized saddle-point ALP reformu-

lation. PSMD embeds a nontraditional scheme to automatically update the weight of the regu-

larization constant in our saddle-point formulation as its iterations progress. Its primal gradient

update works with the basis function weights and is standard (Nemirovski et al. 2009). In con-

trast, PSMD’s dual gradient update tackles a continuous state-action density function, which is

challenging, and is based on a novel stochastic functional gradient. We establish that PSMD finds

a near-optimal ALP solution in a finite number of iterations with high probability. The implemen-

tation of PSMD is not tied to this theoretical iteration complexity but can be stopped based on a

run-time limit or a bound on a computable primal-dual gap. Under both stopping criteria, PSMD

returns basis function weights and a lower bound on the optimal policy cost. Although the PSMD

updates involve solving simple optimization problems, it does have to contend with approximating

high dimensional expectations over the state and state-action spaces, for which we use Markov

chain Monte Carlo techniques (Robert and Casella 2004) such as Metropolis-Hastings.

We numerically illustrate the behavior of the PSMD lower and upper bounds on an inventory

control problem with partial backlogging and no lead time, also highlighting that PSMD learns

regions of high ALP constraint violations via its dual updates. Then, we compare PSMD with

the constraint sampling ALP approach (ALP-CS) and other benchmark bounds and policies for

solving a perishable version of this problem with lead time and a second application involving the
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management of end-user energy storage. We do not employ row generation in these applications

as it requires solving non-convex optimization problems to generate new constraints or computing

expectations with no closed form appearing in the ALP constraints. We find that the PSMD lower

bound is stronger than the perfect information bound on both our applications, while ALP-CS

may not provide a valid lower bound. On perishable inventory control instances, PSMD policies

outperform ones from a tractable special case of our problem, a look-ahead heuristic, and ALP-CS.

On consumer energy storage instances, the PSMD policies dominate a look-ahead heuristic and

are comparable to the ALP-CS policies. Our results indicate that PSMD is an effective method

for solving ALPs, and its policies and lower bounds are of high quality.

The rest of this paper is organized as follows. We review related literature and elaborate on

the novelty of our research in §2. We provide background on MDPs and ALPs in §3. We describe

the development of our ALP reformulation and PSMD in §4 and §5, respectively, and we discuss

PSMD implementation details in §6. We present our numerical study in §7 and conclude in §8. An

electronic companion contains proofs and additional results.

2. Literature review and novelty

Our research adds to the ALP literature by extending the class of ALPs that can be solved near-

optimally. The perspective of viewing an ALP as a saddle-point problem is new. PSMD is an

alternative to row generation and constraint sampling for solving ALPs that addresses some of

their known difficulties discussed earlier, exhibits promising numerical performance on important

applications, and offers theoretical guarantees. The use of regularization in ALPs has been previ-

ously considered by Petrik et al. (2010) and Bhat et al. (2012) for basis function selection. We use

regularization in a different manner. In particular, we apply regularization in the dual optimization

involving a sampling distribution to ensure that it is well defined. Our approximation guarantees

supplement the theory on ALPs found in de Farias and Van Roy (2003), where these authors

bound the error between the exact ALP VFA and the best possible VFA given a fixed set of basis

functions. Instead, we provide a bound on the error between the computed ALP VFA and the exact

ALP VFA. de Farias and Van Roy (2004) derive guarantees of this type for constraint sampling

but do not provide a lower bound on the optimal policy cost and assume the exact computation

of expectations. PSMD relaxes the latter assumption and extends the applicability of ALP-based

lower bounds beyond situations where row generation is viable.

Convergent primal-dual methods based on linear programming have been considered in the

literature (e.g., Hernández-Lerma and Lasserre 1996, Klabjan and Adelman 2007, and references

therein). Klabjan and Adelman (2007) develop theory for such an approach to solve semi-Markov

decision processes in an average cost setting. Here, VFAs are dynamically generated using ridge
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basis functions. Adelman and Klabjan (2012) implement this scheme for an inventory control

application using row generation which requires solving nonlinear mixed integer programs. Our

approach cannot dynamically generate basis functions but it avoids solving non-convex optimization

problems by shifting the burden instead to computing expectations, and relaxes the need to exactly

evaluate the expectations appearing in the ALP constraints.

Adelman (2003, 2004), Topaloglu and Kunnumkal (2006), Klabjan and Adelman (2007), and

Sun et al. (2016) consider ALPs for solving inventory control applications. Sun et al. (2016) apply

ALPs in a perishable inventory control setting but do not provide a lower bound on the optimal

policy cost as they use a constraint sampling solution approach. Our numerical study adds to this

line of work by considering partial backlogging and providing lower bounds. In a finite horizon

setting, Nadarajah and Secomandi (2017) and Nadarajah et al. (2015) heuristically solve ALPs

with polynomial basis functions and exactly solve relaxations of ALPs with piecewise constant

basis functions, respectively, in the context of merchant energy storage (see Secomandi and Seppi

2014 and references therein). Neither paper provides a mechanism to compute ALP based lower

bounds. Instead, we use an ALP to manage consumer energy storage in an infinite horizon setting

(Grillo et al. 2012, van de Ven et al. 2013, Erseghe et al. 2014) and provide lower bounds.

Our work identifies approximate linear programming as an application domain for first-order

methods in stochastic optimization. We do not attempt to review this extant literature but refer

the reader to Juditsky and Nemirovski (2011a,b), Bubeck (2015), and Duchi (2016) for excellent

treatments of this topic. PSMD builds on the mirror-descent method in Nemirovski et al. (2009)

and primal-dual methods for solving saddle-point problems (e.g., Chen et al. 2014b and references

therein). Specifically, we develop a new functional stochastic gradient based dual update to tackle

the infinite-dimensional nature of the dual decision variable in our ALP saddle-point reformulation.

This functional gradient is available in closed form because we use a Kullback-Liebler regular-

ization term in the saddle-point problem as well as our update of the endogenized state-action

distribution. Such a closed-form expression is not available when using a Euclidean regularizer as

done in Chen et al. (2014b). In addition, PSMD features a mechanism to automatically update

the regularization weight in the saddle-point formulation as iterations progress. These differences

also entailed new elements in our analysis to establish theoretical guarantees for PSMD.

3. Background material

We describe an infinite horizon MDP model in §3.1. In §3.2, we discuss the approximate linear

programming approach to compute a VFA and feasible policies for this MDP.



Lin, Nadarajah, Soheili: Revising ALP using a saddle point approach
6

3.1. MDP model

We consider decision-making applications that give rise to infinite horizon MDPs (Puterman 1994,

Hernández-Lerma and Lasserre 1996, Bertsekas 2007). We denote the state and action spaces by

S and A, respectively, and assume that both of these sets are continuous, convex, and compact.

Examples of applications that fall into this class of MDPs include inventory control, energy storage,

and queuing control (de Farias and Van Roy 2004, Zipkin 2008b, van de Ven et al. 2013, Chen et al.

2014a, Erseghe et al. 2014). We also assume these sets are full-dimensional to avoid technical com-

plications. Although we assume continuous state and action spaces throughout, low-dimensional

discrete states can easily be incorporated into our approach.

At each time step, the process underlying the MDP transitions from a given state s to a state

s′ in response to an action a chosen by the decision maker. An action a executed at state s incurs

an immediate cost c(s, a), which is a continuous function over the state and action space. This

action also results in a random transition to states in set S according to a probability distribution

p(·|s, a). A (stationary) policy π : S →A assigns an action from set A to each state in set S. The

expected discounted cost of using policy π over an infinite planning horizon is

V π(s) :=Eπs

[
∞∑
t=0

γtc(st, π(st))

]
,

where γ ∈ (0,1) is the discount factor, st is the state reached at step t by executing policy π starting

from state s0 equal to state s, and Eπs is expectation defined by the policy π starting from state

s and the transition probability distribution functions. An MDP minimizes V π(s) over all feasible

policies, denoted by set Π, to identify an optimal policy as follows:

V ∗(s) := inf
π∈Π

V π(s), ∀s∈ S. (1)

The term V ∗(s) is the minimum total discounted expected cost of operating over an infinite horizon

starting from state s. We make the following assumption in the rest of the paper to ensure that

the infimum in (1) can be replaced by a minimum (Hernández-Lerma and Lasserre 1996, ch. 3).

Assumption 1. The function c(·, ·) is Lipschitz continuous on S ×A. Moreover, the function∫
S f(s′)p(ds′|·, ·) is Lipschitz continuous on S×A for every measurable bounded function f(·) on S.

An optimal policy π∗ to (1) solves the stochastic dynamic program (SDP)

V ∗(s) = min
a∈A

[c(s, a) + γEp [V ∗(s′)|s, a]] , ∀s∈ S, (2)

where Ep[V ∗(s′)|s, a] :=
∫
S V

∗(s′)p(s′|s, a)ds′ denotes expectation defined by p(·|s, a). In theory, this

SDP can be cast as an infinite linear program (Hernández-Lerma and Lasserre 1996, ch. 6)

max
V

Eq [V (s)] (3)

s.t. V (s)− γEp [V (s′)|s, a]≤ c(s, a), ∀(s, a)∈ S ×A.
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Here q(·) is a continuous probability density function on S, Eq [V (s)] :=
∫
S V (s)q(s)ds the expec-

tation defined by this density function, and V (s) one of the infinitely many variables of the linear

program (3) corresponding to state s, which serves as a surrogate to the MDP value function. The

objective function of this linear program maximizes the expectation of V (·) with respect to q(·). The

constraints are obtained by replacing the minimization over actions in (2) by a set of inequalities.

3.2. Overview of ALPs and their solution

Solving linear program (3) is typically intractable because (i) it has infinitely many variables and

constraints, and (ii) each constraint may include a high-dimensional expectation. A well-known

approach to deal with the infinitely many variables is to approximate the function V (·) in (3) by a

linear combination of B “basis” functions φb : S 7→R, b= 1, . . . ,B, that is, V (s)≈ τ +
∑B

b=1 θbφb(s),

where θ := (θ1, . . . , θB)∈RB are basis function weights and τ ∈R defines a constant. We make the

benign Assumption 2.

Assumption 2. The basis functions φb(·), b= 1, . . . ,B, are Lipschitz continuous over S.

Employing the above value function approximation on (3) yields the following ALP (Schweitzer

and Seidmann 1985, de Farias and Van Roy 2003):

F := max
(τ,θ)∈RB+1

τ +
B∑
b=1

θbEq [φb(s)] (4)

s.t. (1− γ)τ +
B∑
b=1

θb (φb(s)− γEp [φb(s
′)|s, a])≤ c(s, a), ∀(s, a)∈ S ×A.

The vector variable θ represents the ALP basis function weights while the scalar variable τ can

be interpreted as a constant shift ensuring the feasibility of θ in the constraints of (4).

An optimal ALP solution (τ ∗, θ∗) defines a VFA τ ∗+
∑B

b=1 θ
∗
bφb(·), which is known to be a lower

bound on the MDP value function V ∗(·) due to the nature of the ALP constraints (de Farias and

Van Roy 2003). Thus, the ALP optimal objective function value F is a lower bound on the optimal

policy cost and useful for assessing the optimality gaps of feasible policies from ALPs and other

heuristics, which provide upper bounds on the optimal policy cost. The ALP policy decision at

stage s can be computed by solving the following problem obtained by replacing the value function

in the right-hand side of SDP (2) by the ALP VFA:

min
a∈A

[
c(s, a) + γ

B∑
b=1

θbEp [φb(s
′)|s, a]

]
. (5)

We omit the term γτ in (5) as it is a constant and does not affect the optimal action, that is, the

ALP policy depends only on the basis function weights θ.
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The number of ALP variables are manageable but solving the ALP directly is challenging since it

has infinitely many constraints and contains expectations that are potentially difficult to compute.

The expectation appearing in the ALP objective needs to be computed only once and is with

respect to a probability density function q(·) of our choosing. Therefore, it is typically manageable.

However, the expectation appearing in the ALP constraints needs to be computed for every state

and action, and is with respect to the MDP probability transition function p(·|s, a). Row generation

(Trick and Zin 1997, Adelman 2004, 2007) and constraint sampling (de Farias and Van Roy 2004,

Farias and Van Roy 2006, Restrepo 2008, ch. 4, and Sun et al. 2016) are common solution strategies

to address one or both of these challenges.

Row generation involves solving a relaxation of the ALP containing only a subset of its

constraints. Given an optimal solution of this relaxation, we identify the most violated ALP con-

straint, if any, by solving the following separation problem: min(s,a)∈S×A[c(s, a)−
∑B

b=1 θb(φb(s)−

γEp [φb(s
′)|s, a])]. If no violated constraint is identified, then the incumbent solution is optimal to

the ALP and we terminate. If a violated constraint exists, it will cut off the incumbent solution.

We add this constraint to strengthen the relaxation of the ALP and repeat the procedure until

termination. Row generation is guaranteed to converge asymptotically (Adelman 2007) and

solve the exact ALP model, thus providing an optimal ALP solution and a lower bound on the

optimal policy cost. However, its computational feasibility depends on the separation problem,

which may be non-convex due to the structure of the cost function, nature of state transitions,

and/or the form of basis functions. Under these conditions, expectations present in the objective

function of the separation problem may not be available in closed form. Indeed, one could replace

these expectations by their sample average approximations and solve the separation problem

heuristically, while forgoing the termination guarantee and the ALP lower bound.

The constraint sampling technique for tackling an ALP pre-samples state-action pairs by simu-

lating a baseline heuristic control policy and solves a version of the ALP formulated on this sampled

state-action space. de Farias and Van Roy (2004) establish a sample complexity for this approach

under an idealized sampling distribution – loosely speaking one that depends on the unknown

optimal policy. However, the quality of the computed solution depends on the actual sampling

distribution employed. Given a sampling distribution, the constraint sampling approach is easy to

implement but does not provide a mechanism to obtain a lower bound on the optimal policy cost.

4. Saddle point ALP reformulation

We present a primal-dual reformulation of ALPs in this section. The first step of our reformulation

exploits the structure of the ALP constraints to obtain an equivalent non-convex saddle-point

model. To alleviate non-convexities, we subsequently lift this saddle-point problem to a higher
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dimensional variable space and add a regularization term. The result is an infinite dimensional

convex saddle-point model that we leverage in §5 to find near optimal ALP basis function weights

and a lower bound on the optimal policy cost.

The ALP constraints in (4) can be replaced by a single constraint that places an upper bound

on τ , that is

τ ≤ τ̄(θ) :=
1

1− γ
min

(s,a)∈S×A

{
c(s, a)−

B∑
b=1

θb(φb(s)− γEp [φb(s
′)|s, a])

}
. (6)

Since the ALP objective function maximizes τ , the inequality (6) must hold as an equality in an

optimal solution. The optimization in the definition of τ̄(θ) is equivalent to the one encountered

in row generation for computing the most violated ALP constraint (see §3.2). Specifically, if the

term τ̄(θ) is strictly negative, its absolute value equals the largest ALP constraint violation of the

solution (0, θ) scaled by 1/(1− γ). Otherwise this absolute value equals the smallest scaled ALP

constraint slack of the solution (0, θ). Therefore, setting τ equal to the right-hand side value of

(6) amounts to moving from (0, θ) to (τ̄(θ), θ), where the latter solution lies on the boundary of

the ALP feasible set. Indeed, if the ALP basis functions span the MDP value function, then there

exists a weight vector θ for which τ̄(θ) is zero.

Based on the above observation, we can substitute for τ in the ALP objective in (4) with τ̄(θ)

to obtain the following saddle-point reformulation:

F = max
θ∈Θ

min
(s,a)∈S×A

f(θ, s, a), (7)

where f(θ, s, a) :=
1

1− γ

{
c(s, a)−

B∑
b=1

θb(φb(s)− γEp [φb(s
′)|s, a])

}
+

B∑
b=1

θbEq [φb(s)] ,

and Θ⊆RB is a compact set containing the optimal ALP solution in its interior. A compact domain

Θ is commonly assumed in theoretical analyses found in the approximate dynamic programming

and stochastic programming literature (e.g., Shapiro et al. 2009, Birge and Louveaux 2011, Desai

et al. 2012). The primal (outer) optimization in (7) chooses the VFA weight vector θ and the saddle-

point objective f(·, s, a) is linear in these weights. The dual (inner) optimization over the state-

action pairs finds the most violated ALP constraint for a given weight vector θ, which is a potentially

non-convex problem. (The last term defining f(θ, s, a) is independent of the state-action pair.)

Next, we establish in Proposition 1 that the non-convex finite-dimensional dual minimization in

(7) can be replaced by a linear and infinite dimensional infimum over all continuous probability

density functions specified over the state-action set. The linear space of probability density functions

defined on S ×A are denoted by Y. Formally, Y := {y : S ×A 7→R++|
∫
S×A y(s, a)d(s, a) = 1}. We

denote by Ey[f(θ, s, a)] expectation
∫
S×A f(θ, s, a)y(s, a)d(s, a), which is well defined because S×A

is compact and assumptions 1 and 2 are true.
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Proposition 1. It holds that

F = max
θ∈Θ

inf
y∈Y

Ey[f(θ, s, a)]. (8)

For a given θ, by virtue of optimality, the distribution y in the inner optimization of (8) must

be chosen such that the set of state-action pairs corresponding to the largest constraint violation

have positive density. This set could contain only a finite number of state-action pairs, a scenario

captured only if y represents a discrete distribution. Such a discrete distribution does not belong

to the set Y. We use an infimum in (8) for this reason.

To replace the infimum in (8) by a minimum, we add a Kullback-Liebler (KL) regularization

term D(y, pu) := Ey
[
log y(s,a)

p̄

]
to the objective in (8), where y is a continuous probability density

function and pu is a uniform probability density function on S ×A with constant density value p̄=

(
∫
S×A 1d(s, a))−1, that is, pu(s, a) = p̄ for all (s, a)∈ S×A. It is well known that the KL divergence

term D(·, ·) measures the difference between continuous probability distributions (Bishop 2006, ch.

1). The resulting regularized saddle-point problem is

F (λ) := max
θ∈Θ

min
y∈Y

[Ey [f(θ, s, a)] +λD(y, pu)] , (9)

where λ ∈ (0,1] is the regularization parameter. The term Ey [f(θ, s, a)] is linear in both y and θ

and the KL divergence term λD(·, ·) is convex in y. Therefore, (9) is a convex saddle-point problem.

Proposition 2 confirms that a dual minimizer of (9) lies in Y for any θ ∈ Θ, and in addition,

relates F (λ) to F . Let exp(·) denote the exponential function.

Proposition 2. For a given θ and λ∈ (0,1], a dual minimizer in (9) is

y∗λ,θ(s, a) :=
exp(−f(θ, s, a)/λ)∫

S×A exp (−f(θ, s, a)/λ)d(s, a)
,

and y∗λ,θ ∈Y. Moreover, F ≤ F (λ) for all λ∈ (0,1] and for a given α> 0 there exists a sufficiently

small λ∈ (0,1] such that F (λ)−F ≤ α.

Intuitively, adding the KL divergence term in (9) ensures y∗λ,θ ∈ Y, because the uniform density

function pu belongs to the desired set Y and the regularization term discourages deviations of y

from this uniform density. The inequality F ≤ F (λ) is driven by the non-negativity of λD(y, pu).

The key consequence of Proposition 2 is that the saddle-point problem (9) closely approximates

(7) and, thus the ALP, when λ is sufficiently small. Accordingly, this reformulation shifts the

difficulty of solving finite dimensional non-convex optimization problems for finding the most

violated ALP constraint in (7) to (i) finding a small λ and (ii) solving the infinite dimensional

convex optimization problem in (9) involving an additional expectation over the state-action space.
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5. PSMD algorithm and guarantees

In this section, we discuss a primal-dual first-order approach for solving the saddle-point problem

(9). In §5.1, we present our main algorithm for finding a near-optimal ALP solution under a generic

(unspecified) stopping criterion. In §5.2, we discuss specific stopping criteria for this algorithm and

a lower bound on the optimal policy cost.

5.1. Algorithm

Mirror descent methods are popular in the literature for finding near-optimal solutions to saddle-

point problems. A common template for such methods involves computing gradients of the objective

function with respect to primal and dual variables and using them to move towards a new solution.

When applying these gradient based moves, feasibility of the updated solution is ensured using

projections. The primal optimization problem in the ALP saddle-point formulation (9) can be

handled by mirror-descent methods in the literature, but the dual optimization problem in this

formulation and its associated high-dimensional expectations are challenging to tackle.

Below, we develop a primal-dual1 stochastic mirror-descent method for computing an α-optimal

ALP solution, that is, a vector (τ, θ) satisfying the constraints in (4) and inequality F − (τ +∑B

b=1 θbEq [φb(s)])≤ α. Our method employs sample average approximations to handle high dimen-

sional expectations and features a novel dual update and an automated scheme for choosing the

regularization constant λ in (9). We begin by describing this method, which we already labeled as

proximal stochastic mirror-descent (PSMD), and then state its correctness.

The steps of PSMD are summarized in Algorithm 1. The inputs to this algorithm are the values

of a stopping tolerance TOL (e.g., bound on the number of iterations or CPU time), the initial

regularization coefficient λ0 ∈ (0,1], and the initial step length η0 > 0. Step 1 initializes the iteration

counter t to zero, the averaged and time zero primal variables θ̄ and θ0 to a vector of zeros; the

averaged and time zero dual variables ȳ and y0, respectively, to be the uniform density pu; and the

averaged regularization coefficient λ̄ to λ0. PSMD executes steps 3 to 7 until a generic stopping

criterion STOP(t, θ̄, ȳ, λ̄,TOL) is satisfied. We discuss each of these steps below at iteration t.

• Step 3 executes the primal update, which is similar to the one found in Nemirovski et al.

(2009). Given θt at iteration t, an idealized update to obtain vector θt+1 is

θt+1 := arg min
θ∈Θ

[
ηt 〈θt− θ,Eyt [∇θf(θt, s, a)]〉+ 1

2
‖θ− θt‖22

]
, (13)

where ηt represents the step length at iteration t, 〈·, ·〉 the dot product, ∇θ the gradient operator

with respect to θ, and ‖ · ‖2 the 2-norm. The optimization problem (13) can be viewed as a

gradient ascent step followed by a projection, which is more apparent when (13) is rewritten in

the following equivalent form2:

θt+1 := arg min
θ∈Θ

1

2
‖θ− (θt + ηtEyt [∇θf(θt, s, a)])‖22 .



Lin, Nadarajah, Soheili: Revising ALP using a saddle point approach
12

Algorithm 1 PSMD

Input: Stopping tolerance TOL, regularization constant λ0 ∈ (0,1], and step length η0 > 0.

1: Set t = 0, θ̄= θ0 = (0, . . . ,0)∈RB, ȳ= y0 = pu, and λ̄= λ0.

2: while STOP(t, θ̄, ȳ, λ̄,TOL) = FALSE do

3: Perform primal update: Sample state-action pair (ŝ, â) from the density function yt, generate
next stage state š from the MDP density function p(·|ŝ, â), and set

θt+1 = arg min
θ∈Θ

[
ηt

〈
θt− θ,∇θf̂(θt, ŝ, â)

〉
+

1

2
‖θ− θt‖22

]
, (10)

where

f̂(θ, ŝ, â) :=
1

1− γ

{
c(ŝ, â) + γ

B∑
b=1

θbφb(š)−
B∑
b=1

θbφb(ŝ)

}
+

B∑
b=1

θbEq [φb(s)] . (11)

4: Perform dual update:

yt+1 ∝ y(1+ηtλt)
−1

t exp
(
−ηtf̂(θt, ·, ·)/(1 + ηtλt)

)
. (12)

5: Update step length and regularization coefficient:

ηt+1 = η0/
√
t+ 2; λt+1 = λ0/

√
t+ 2.

6: Compute averaged regularization coefficient and primal and dual solutions:

λ̄=
1∑t+1

t′=0 ηt′

t+1∑
t′=0

ηt′λt′ ; θ̄=
1∑t+1

t′=0 ηt′

t+1∑
t′=0

ηt′θt′ ; ȳ=
1∑t+1

t′=0 ηt′

t+1∑
t′=0

ηt′yt′ .

7: Update iteration counter: t= t+ 1.

8: end while

Output: θ̄ and ȳ.

Here, θt+ηtEyt [∇θf(θt, s, a)] attempts to improve the objective value by starting at θt and moving

along the gradient3 of Ey [f(θ, s, a)], which is Ey [∇θf(θ, s, a)]. The updated solution θt+1 is the

Euclidean projection of θt + ηtEyt [∇θf(θt, s, a)] onto Θ.

The convex program (13) can be solved after the potentially high dimensional expectations in the

term Eyt [∇θf(θt, s, a)] are handled as follows. First, we approximate the expectation with respect to

yt by an unbiased point estimate ∇θf(θt, ŝ, â) defined on the sample (ŝ, â) from the density function

yt. Second, we substitute f(θt, ŝ, â) with the unbiased point estimate f̂(θt, ŝ, â) obtained by replac-

ing the expectation Ep[φb(s)|ŝ, â] in f(θt, ŝ, â) with the sample average approximation φb(š) that

relies on a single state š generated from the MDP transition density function p(·|ŝ, â). We assume
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expectation Eq[φb(s)] in (11) can be evaluated because the probability distribution q is a user choice

and this expectation is not conditioned on the state or action, that is, it needs to be computed only

once. The term ∇θf̂(θt, ŝ, â) constructed in the preceding manner is an unbiased stochastic gradient

of Eyt [f(θt, s, a)] with respect to θ. Using it in (13) results in the update (10). The optimization

in (10) can be handled by an off-the-shelf convex optimization solver (e.g. CPLEX).

• Step 4 executes the dual update, which is non-traditional and differs from the one

provided by Nemirovski et al. (2009). This difference is because the saddle-point objective

Ey
[
f̂(θt, s, a)

]
+ λD(y, pu), with f(θt, s, a) replaced by its unbiased point estimate f̂(θt, s, a), is

convex in the dual decision variable y due to the presence of the function λD(·, pu) and this

variable is infinite dimensional. Therefore, unlike the θ-update, using a gradient of the objective

with respect to y amounts to employing a linear approximation of the convex function λD(·, pu)

in the y-update, which is weak in general. To resolve this issue, we use λD(y, pu) directly in the

y-update and define the move to yt+1 by

yt+1 ∈ arg min
y∈Y

[
ηt

(
Ey−yt [f̂(θt, s, a)] +λtD(y, pu)

)
+D(y, yt)

]
, (14)

where D(y, yt) := Ey
[
log y(s,a)

yt(s,a)

]
is a KL prox-function that is added as part of the dual update.

In other words, it plays an analogous role to the Euclidean prox-function in the primal update.

Solving (14) requires handling the potentially high dimensional expectations with respect to y

in its objective. These expectations cannot be replaced by sample average approximations apriori

because the minimization is with respect to y and such replacement would result in a biased

update. Fortunately, we can apply the Karush-Kuhn-Tucker optimality conditions to (14) and

obtain yt+1(s, a) in closed form4:

yt+1(s, a) =
(yt(s, a))(1+ηtλt)

−1
exp

(
−ηtf̂(θt, s, a)/(1 + ηtλt)

)
∫
S×A(yt(s, a))(1+ηtλt)−1 exp

(
−ηtf̂(θt, s, a)/(1 + ηtλt)

)
d(s, a)

. (15)

The normalization constant in the denominator includes a high-dimensional integral but its

computation can be avoided when sampling from yt+1. For example, methods such as Metropolis-

Hastings (see, Robert and Casella 2004, ch. 7) use the “relative density” of different state-action

pairs for sampling, which is proportional to the numerator of (15), and not affected by the

denominator. Thus, the PSMD y-update becomes (12). This proportionality expression models

an unbiased functional stochastic gradient of Ey [f(θt, s, a)] with respect to y.

• Step 5 updates the step length and the regularization coefficient. Both these quantities

decrease with the number of iterations.
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• Step 6 computes moving averages of regularization coefficients and primal and dual variable

values encountered by PSMD. As PSMD iterations progress and the regularization coefficient

and step length decrease, the values of the averaged primal and dual variables intuitively become

“closer” to being primal and dual optimal in the saddle-point problem (7).

At termination, PSMD returns a VFA weight vector θ̄ and a state-action density function ȳ. The

suboptimality of this solution can be assessed using min-max duality theory (Fan 1953). Define

the following primal and dual functions:

P(y) := max
θ∈Θ

Ey[f(θ, s, a)]; (16)

D(θ) := inf
y∈Y

Ey[f(θ, s, a)]. (17)

It is well known that D(θ)≤ F ≤P(y), that is, P(y)−D(θ) is the duality gap of the saddle-point

problem (7). Theorem 1 establishes a high probability big-O iteration complexity for PSMD to

return an α-optimal ALP solution.

Theorem 1. Given α > 0 and δ ∈ (0,1), the PSMD primal-dual pair (θ̄, ȳ) satisfies inequality

P(ȳ)−D(θ̄)≤ α with probability of at least 1− δ in at most

O
(

1

α2
log

(
1

α

)
log

(
1

δ

))
iterations.

Following standard convention, our big-O iteration complexity in Theorem 1 highlights the worst-

case convergence behavior of PSMD, which occurs when α and/or δ are small, and excludes positive

constants and lower order terms (Bach and Shallit 1996). If α and δ are large, the big-O expression

will become small (possibly negative) and other terms in the overall iteration complexity expression

will dominate to ensure the total number of iterations is positive (see (EC.25) on page 10 of the

Electronic Companion for the complete iteration bound expression).

5.2. Stopping criteria and lower bound

Applying PSMD requires choosing a stopping criterion STOP in Algorithm 1. The statement of

first order methods typically assume termination after a number of iterations T , which plays the

role of the stopping tolerance TOL, equal to the iteration complexity of the algorithm (e.g., Hazan

and Kale 2014). Unfortunately, worst-case iteration bounds are often highly conservative to provide

a practical stopping criterion. Therefore, T is set in a heuristic manner or replaced by a total run

time threshold during implementation. Under such stopping criteria, PSMD will indeed return basis

function weights θ̄ and a state-action density function ȳ but it is apriori unclear how a lower bound

on the optimal policy cost can be estimated. Furthermore, while terminating PSMD based on
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iteration or run time limits may suffice in many practical situations, it would still be useful to have

a mechanism to terminate PSMD using a target optimality gap when heuristic criteria fail to work.

To address the above shortcomings, we present an approximation of the exact PSMD primal-

dual gap P(ȳ)−D(θ̄) in Theorem 1. Consider the lower bound D(θ̄) on F , which is challenging to

compute because it involves an infimum over an open set with support over the state-action space.

To avoid the infimum, we consider the following regularized version of D(θ̄):

min
y∈Y

Ey[f(θ̄, s, a)] + λ̄
(
D(y, pu) + C̄ +n log(λ̄)

)
, (18)

where λ̄ is the averaged regularization coefficient computed by PSMD; n is the dimension in the

state-action space S ×A; the constant C̄ is defined as

C̄ := log(p̄)− log

(
Γ(n/2 + 1)

πn/2Rn

)
−L(R+QS×A);

R is the radius of the largest ball that can be included in S×A; QS×A := max(s,a),(s′,a′)∈S×A ‖(s, a)−

(s′, a′)‖2 is the diameter of the set S ×A; Γ(z) is the standard gamma function
∫∞

0
xz−1e−xdx for

z > 0; and L is the Lipchitz constant associated with f(·, ·, ·)5. The optimization over the state-

action space can be side-stepped because (18) has a closed-form optimal solution analogous to the

optimization problem (14). Specifically, it can be verified that y∗
λ̄,θ̄

(s, a) defined in Proposition 2 is

the optimal solution of (18). The objective function of (18) evaluated at y∗
λ̄,θ̄

becomes

Ey∗
λ̄,θ̄

[f(θ̄, s, a)] + λ̄D(y∗λ̄,θ̄, pu) + λ̄C̄ +nλ̄ log(λ̄),

where λ̄D(y∗
λ̄,θ̄
, pu) is non-negative. Theorem 2 shows that dropping λ̄D(y∗

λ̄,θ̄
, pu) yields a lower

bound on the optimal policy cost:

l(θ̄) :=Ey∗
λ̄,θ̄

[f(θ̄, s, a)] + λ̄C̄ +nλ̄ log(λ̄).

Specifically, (i) l(θ̄) lower bounds D(θ̄) and (ii) l(θ̄) can be combined with an upper bound P(ȳ) on

F to deliver performance guarantees analogous to Theorem 1, that is, l(θ̄) is not too conservative.

Theorem 2. At any iteration of PSMD, it holds that l(θ̄)≤D(θ̄). Moreover, given α > 0 and

δ ∈ (0,1), the PSMD primal-dual pair (θ̄, ȳ) satisfies inequality P(ȳ)− l(θ̄)≤ α with probability of

at least 1− δ in at most

O
(

1

α2
log

(
1

α

)
log

(
1

δ

))
iterations. Moreover, l(θ̄) is a lower bound on F such that F − l(θ̄)≤ α.
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The results in Theorem 2 have important algorithmic implications. Since F is a lower bound

on the optimal policy cost, l(θ̄) also defines a lower bound on this cost. Availability of a lower

bound suggests a simple PSMD implementation strategy: terminate PSMD based on a run time

or iteration limit, simulate the ALP policy associated with the incumbent θ̄ to obtain an upper

bound, evaluate the lower bound l(θ̄), and use it to compute an optimality gap. If this optimality

gap is small, the solution is acceptable. We found this strategy to work well in our numerical

study in §7. Nevertheless, when the optimality gap is large, it is unclear if this gap is due to the

ALP providing a poor VFA or PSMD being stopped prematurely, that is, the difference F − l(θ̄)
could be large. The latter concern can be eliminated by stopping PSMD when the inequality

P(ȳ)− l(θ̄)≤ α holds for a desired α> 0, which is guaranteed to happen by Theorem 2. Moreover,

this inequality may be satisfied in a significantly fewer number of iterations than our worst-case

iteration bound while still ensuring an α-optimal ALP solution. PSMD can also be modified to

terminate by checking a relative optimality gap with respect to an ALP feasible solution. We

discuss this PSMD variant in the Electronic Companion EC.2.

6. PSMD implementation

In this section, we discuss several implementation details of PSMD. We begin by providing guide-

lines for making PSMD design choices, then focus on the execution of Algorithm 1, and finally

discuss the evaluation of the bounds l(θ̄) and P(ȳ). These guidelines are used in the computational

study described in §7.

Specifying a VFA in PSMD requires choosing basis functions and a compact support Θ for basis

function weights. The former choice is often based on the structure of the cost and state transition

functions. The latter set can be constructed by applying regression on the costs from simulating a

baseline policy and defining a large box around the resulting weight vector. The compact set Θ can

itself be interpreted as an additional restriction on the VFAs to avoid large basis function weights.

Such restrictions are common in the extant regression literature (Tibshirani 1996) and consistent

with ALP being a constrained regression (Lemma 1 in de Farias and Van Roy 2003; also see Petrik

et al. 2010 for the use of regularization in an ALP).

The inputs to PSMD are a stopping tolerance (TOL), a regularization coefficient (λ0), and a

step length (η0). Choosing TOL as a run time limit is typically based on the user determining

an acceptable time budget. Selecting TOL instead to be an absolute optimality gap α entails an

assessment of the scale of the problem. This can be done, for example, by simulating a baseline

heuristic such as a myopic policy or a look-ahead policy and choosing α equal to a certain

percentage of the expected cost under this policy.

The remaining input parameters λ0 and η0 affect empirical performance even though PSMD

terminates regardless of these choices. Intuitively, a large value of λ0 places more weight on the
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KL-divergence term in the objective function of (9) and, hence, prevents the dual solution yt in

each iteration moving away from pu. Consequently, for a very large λ0, PSMD bound changes

across iterations may be too slow. On the other extreme, choosing λ0 to be very small results in

erratic bound changes in each iteration. The behavior of the PSMD bounds with respect to η0

is the opposite; that is, a small value causes slow bound changes, while a large value results in

erratic bound fluctuations. Some tuning of these parameters is needed via a training step, as with

most first-order and machine learning methods (see, TensorFlow 2018). For our computational

experiments in §7, we create a grid of possible values for λ0 and η0 and then run PSMD for a

limited number of iterations to evaluate the bound improvement. We select the best parameter

values from this training set as λ0 and η0 and execute PSMD until termination.

When executing PSMD, sample average approximations of expectations need to be evaluated in

steps 3 and 4 of Algorithm 1. These unbiased approximations use a single sample, which suffices

to establish our theoretical guarantees, but such point estimates may exhibit high variance and

affect empirical performance. Low-variance versions of these sample average approximations can be

constructed by using more samples. Specifically, the term f̂(θ, ŝ, â) can be replaced by f̂N(θ, ŝ, â)

based on N samples from p(·|ŝ, â) in set {sn, n= 1, . . . ,N}:

f̂N(θ, ŝ, â) :=
1

1− γ

{
c(ŝ, â) + γ

B∑
b=1

θb

(
1

N

N∑
n=1

φb(sn)

)
−

B∑
b=1

θbφb(ŝ)

}
+

B∑
b=1

θbEq [φb(s)] .

Subsequently, a low-variance stochastic gradient ∇θf̂(θt, ŝ, â) can be obtained by leveraging

f̂N(θt, s, a) and generating H samples {(ŝh, âh), h = 1, . . . ,H} from yt. The resulting stochastic

gradient 1
H

∑H

h=1∇θf̂N(θt, ŝh, âh) can be used in the primal update (10) in lieu of ∇θf̂(θt, ŝ, â).

This gradient relies on samples from both the state-action distribution yt and the MDP state

transition distribution p(·|ŝ, â). The distribution yt has the closed form (15), which, as discussed

in §5, requires a technique such as Metropolis Hastings to sample from its unscaled probability

density function (its numerator) and avoid evaluating the normalizing constant (its denominator)

containing a high-dimensional integral. In contrast, sampling from p(·|ŝ, â) is straightforward

when its density function takes a well-known form. The values of N and H can be selected

experimentally using a training strategy similar to the one discussed for the choices of η0 and λ0.

Next, we discuss the evaluation of l(θ̄), which provides a lower bound on F and hence the optimal

policy cost. Computing this bound requires evaluating high-dimensional expectations. However,

unlike steps 3 and 4 of Algorithm 1, which focus on computing unbiased gradients, we are interested

here only in a high-confidence bound estimate. Results from the sample average approximation
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literature can be leveraged for this purpose (see, Shapiro et al. 2009, ch. 5). Specifically, the sample

average approximation of l(θ̄) is

l̂(θ̄) :=E(H′,N ′)

 1

H ′

H′∑
h=1

f̂N
′
(θ̄, ŝh, âh)

+ λ̄C̄ +nλ̄ log(λ̄),

where N ′ samples are needed from p(·|s, a) for each of the H ′ samples generated from the density

ŷλ̄,θ̄(s, a)∝ exp
(
−f̂N

′
(θ̄, s, a)/λ̄

)
. (19)

The density function ŷλ̄,θ̄ is an optimal solution to miny∈Y [Ey[f̂N
′
(θ̄, s, a)] + λ̄D(y, pu)] and its

expression is equivalent to the definition of y∗
λ̄,θ̄

(see Proposition 2) with f(θ, s, a) replaced by

f̂N
′
(θ, s, a). The Metropolis Hastings procedure can be used to generate state-action samples from

ŷλ̄,θ̄ when evaluating l̂(θ̄) and the outer expectation E(H′,N ′) can be viewed as averaging over

independent realizations of these samples. Similarly, if P(ȳ) needs to be computed, the optimization

problem (16) can be replaced by

P̂(ȳ) :=E(H′,N ′)

max
θ∈Θ

1

H ′

H′∑
h=1

f̂N
′
(θ, ŝh, âh)

 ,
where we use H ′ and N ′ samples from the densities ȳ and p(·|s, a), respectively, to construct the

sample average approximation. Proposition 3 establishes that l̂(θ̄) and P̂(ȳ) provide valid bounds.

Proposition 3 (Proposition 5.6 in Shapiro et al. 2009). It holds that

l̂(θ̄)≤D(θ̄)≤P(ȳ)≤ P̂(ȳ).

Replacing expectation E(H′,N ′) in the definitions of l̂(θ̄) and P̂(ȳ) by a finite number of independent

trials yields valid bound estimates. Moreover, these estimates converge to l(θ̄) and P(ȳ) when

H ′, N ′, and the number of independent trials used to approximate E(H′,N ′) are all increased (see

Shapiro et al. 2009).

Finally, the value of the constant C̄ needs to be specified to compute l̂(θ̄). The parameters p̄, R,

and QS×A appearing in its definition are easy to compute directly if the state-action space has a

simple representation, which is the case in our computational study in §7. If not, bounds on these

parameters can be computed by enveloping the state-action space by a box and then computing

analogous parameters for this bounding box. The Lipschitz constant L used in C̄ can be bounded

by taking the gradient of the individual terms in f(θ, s, a) over the state-action space. Since the

state-action space is compact, a bound on these gradients can be easily computed.
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7. Computational study

In this section, we investigate the numerical performance of PSMD. We describe our PSMD

setup in §7.1 and graphically illustrate its behavior on an inventory control problem with a two-

dimensional state space in §7.2. We then compare PSMD with constraint sampling (ALP-CS) and

other benchmarks in §7.3 and §7.4, respectively, on applications related to (i) perishable inventory

control with partial backlogging and lead time and (ii) consumer energy storage management.

We do not consider row generation in these applications as the separation problem is non-convex

and/or the exact computation of expectations in the ALP constraints is not possible; see §3.2 for a

discussion. All methods in this section were implemented in Matlab running on a 64-bit Microsoft

Windows 10 machine with a 2.70 Ghz Intel Core i7-6820HQ CPU and 8GB of memory.

7.1. PSMD setup

We implemented PSMD using the guidelines discussed in §6. We describe here choices in the setup

of PSMD that are common across all the applications we consider. We fixed the input parameters

η0 and λ0 of Algorithm 1 equal to 0.1 and 0.0001, respectively. These choices relied on a training

procedure where we observed the reduction in the PSMD lower bound estimate l̂(θ̄) at the 0-th

and the 50-th iterations. We selected H ′ and N ′ equal to 1,000 and 10,000, respectively, when

computing the PSMD lower bound as the resulting standard error was less than 1% of the estimate.

We stopped PSMD using a run time limit in order to facilitate the comparison with ALP-CS. We

also selected the parameters H and N needed to define low-variance PSMD updates. Our instance-

specific choices for the run time limit, H, and N are discussed in §§7.2-7.4. We used CPLEX to

solve the convex optimization problem in the θ-update (10) and the Metropolis-Hastings sampling

method implemented by the mhsample function in Matlab to implement the y update (12). We sim-

ulated the ALP policy (5) for given PSMD basis function weights θ̄ over trajectories of uncertainty

generated in Monte Carlo simulation. Averaging the discounted total costs on these trajectories

provides an upper bound estimate on the optimal policy cost. We chose the number of such tra-

jectories so that the standard error of this upper bound estimate was less than 1% of its mean.

7.2. PSMD Illustration

We consider a single product inventory control system with partially backlogged demand and zero

order lead time inspired by Nahmias and Smith (1994), Rabinowitz et al. (1995), and Benjaafar

et al. (2010). We use this application to illustrate the behavior of the PSMD lower and upper

bounds as well as the dual state-action distribution as functions of iterations.

MDP formulation and instance. The MDP state, denoted by s, represents on-hand inven-

tory with negative values indicating backlogged orders. This state must adhere to an upper bound

us > 0 and a lower bound ls < 0, respectively, due to limited holding space and a maximum limit
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Figure 1 PSMD lower and upper bounds as functions of iterations on an instance of the inventory control

application with partial backlogging and no lead time.

on backlogging. The finite order quantity a ∈ [0, ā] defines the MDP action, where ā is the max-

imum order size. We assume an order is placed before stochastic demand G is revealed and that

demand follows distribution PG. Given order quantity and demand, the new inventory level is

s′ := min(max(s+a−G, ls), us), where we suppress the dependence of s′ on s, a, and G for ease of

notation. This transition function accounts for two events: (i) if the demand reduces the inventory

level below the backlogging limit (i.e., s+ a−G < ls), then the excess demand (ls − s− a+G)

is lost at a cost equal to cl per unit; and (ii) if the inventory level exceeds the space limit (i.e.,

s+ a−G > us), the additional units (s+ a−G− us) are disposed at a cost of cd per unit. The

per unit purchasing, holding, and backlogging costs are cp, ch, and cb, respectively. Using these

definitions, the MDP cost function at state s and action a is

c(s, a) = cpa+ chE[(s′)+] + cbE[(−s′)+] + cdE[(s+ a−G−us)+] + clE[(ls− s− a+G)+],

where (s)+ = max{0, s} and expectations are with respect to PG. The MDP transition density

p(s′|s, a) is determined by PG and the nonlinear state transition function s′.

We consider an instance where γ equals 0.95; ls and us are chosen as −10 and 10, respectively;

PG is a truncated normal distribution on the interval [0,10] with mean and standard deviation of

5 and 2, respectively; and cp, cd, cl, ch, and cb are equal to 20, 10, 100, 2, and 10, respectively.

Results. We used PSMD to solve an ALP formulated with polynomial basis functions that

included the constant 1, the linear term s, and the quadratic term s2. We chose H and N in PSMD

via experimentation to be 10 and 50, respectively. Figure 1 displays the current and historic best

PSMD bound estimates as functions of the number of iterations. Figure 1(a) shows an improving

trend in both the lower and upper bounds with the number of iterations but these improvements
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Figure 2 State-action sampling distribution yt computed by PSMD on an instance of the inventory control

application with partial backlogging and no lead time.

are not monotone. This non-monotonicity is expected of methods based on (stochastic) gradient

updates. In contrast, the best incumbent historic PSMD lower and upper bounds shown in Figure

1(b) are indeed monotonically increasing and decreasing, respectively. The optimality gap computed

using the best PSMD upper and lower bounds is 1.51% after 1000 PSMD iterations and 31 seconds.

The quality of the PSMD bounds displayed in Figure 1 depend on its VFA weight vectors θt at

each iteration, which are updated using information from the state-action distribution yt. This dis-

tribution attempts to learn regions of large ALP constraint violation. Figure 2 plots 100 state-action

samples from yt as a function of t. At iteration 1, PSMD has a uniform (no information) prior y0

on ALP constraint violations. The subfigures in Figure 2 indicate rapid learning during early iter-

ations, that is, the PSMD updates give rise to violation distributions yt with density concentrated

in smaller regions of the state-action space. Moreover, significant PSMD bound improvements in

Figure 1(b) occur during iterations where yt in Figure 2 changes substantially. This suggests that

quick learning of the constraint violation distribution is important to obtain good quality bounds.

However, the highly localized nature of y1000 indicates that finding a pre-specified sampling density

to capture regions of high ALP constraint violation, as is often done in ALP-CS, may be difficult.

Thus, a procedure that dynamically learns constraint violations, such as PSMD, is appropriate.

7.3. Perishable inventory control with partial backlogging and lead time

We extend the partially backlogged system described in §7.2 by considering a product with finite

lifetime and a positive replenishment lead time (Karaesmen et al. 2011, Chen et al. 2014a, Wang

2014, Sun et al. 2016). This setting adds the feature of partial backlogging to one of the applications

studied in Wang (2014) and Sun et al. (2016).
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MDP formulation and instances. We assume that the order lead time is J periods and the

item life time is I periods from receipt. We denote by qj, 1 ≤ j ≤ J − 1, the orders that will be

received j periods from now, and by zi, 0 ≤ i ≤ I − 1, the on-hand inventory with i periods of

lifetime remaining. The MDP state is the vector

s= (z0, z1, . . . , zI−1, q1, q2, . . . , qJ−1)∈RI+J−1.

All on-hand and pipeline inventories are non-negative except for z0. If z0 ≥ 0, then there are no

backlogged orders and any remaining expired units will be disposed at the end of the current

period at a cost of cd per unit. If z0 < 0, the amount of backlogged orders is (G −
∑I−1

i=0 zi)+,

where G represents stochastic demand with distribution PG. We limit the amount of backlogging

by bounding z0 below by ls < 0. The order quantity a is bounded above by ā and thus belongs to

the interval [0, ā]. This bound on the order quantity implies that zi ∈ [0, ā] for i= 1, . . . , I − 1 and

qj ∈ [0, ā] for j = 1, . . . , J − 1. Assuming demand is realized before an order arrival and is satisfied

using a First In First Out (FIFO) rule, the MDP state transitions to

s′ = (max{z1− (G− z0)+, ls−
I−1∑
i=2

zi}, z2, . . . , zI−1, q1, q2, . . . , qJ−1, a).

The maximum appearing in the first element of s′ has two components. The first component is equal

to the inventory with one period of lifetime remaining minus the demand unsatisfied by the expiring

inventory. The second component imposes a lower bound ls on the maximum backlog because z1−
(G−z0)+ +

∑I−1

i=2 zi ≥ ls if and only if z1−(G−z0)+ ≥ ls−
∑I−1

i=2 zi. Elements 2 through I+J−2 in s′

correspond to elements 3 through I+J−1 in s, and element I+J−1 is the order quantity a placed

at state s. Using the same notation for unit cost terms as §7.2, we define the MDP cost function

c(s, a) = γJcpa+E

[
ch

(
I−1∑
i=1

zi− (G− z0)+

)
+

+ cb

(
G−

I−1∑
i=0

zi

)
+

+ cd (z0−G)+ + cl

(
ls +G−

I−1∑
i=0

zi

)
+

]
,

where the first term represents the purchasing cost paid when receiving the order, the second is

the holding cost, the third models the backlog cost, the fourth accounts for the disposal cost, and

the fifth is the cost of lost sales from exceeding the backlogging limit of ls.

To obtain instances for our computational experiments we considered I = 2 and J = 2. We chose

PG to be a truncated normal in the interval [0,10] with mean 5 and the standard deviation 2. We

fixed cp and cl to 20 and 100, respectively. We varied the remaining parameters as indicated in

Table 1 and set ā= |ls|. For policy evaluation, we chose the initial state to be the singleton where

each state element equals the mean of the demand distribution.

PSMD implementation. We use PSMD to solve an ALP formulation based on the basis

functions 1, z0, z1, q1, and {(z0− ν)+, (z0 + z1− 2ν)+, (z0 + z1 + q1− 3ν)+, (2ν− z0− z1− q1)+, (ν−
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Figure 3 PSMD lower bound and ALP-CS objective function values on a representative perishable inventory

control instance.

Table 1 PIB and ALP-CS objective function values as percentages of the PSMD lower bound on the

perishable inventory control instances.

Instance parameters ALP-CS Objective
ch cd cb γ ls PIB Minimum Average Maximum
2 5 10 0.95 -10 92.8 100.2 100.7 101.2
2 5 10 0.99 -10 84.0 100.9 101.1 101.5
2 5 10 0.95 -50 93.0 103.6 107.2 111.4
2 5 10 0.99 -50 87.4 105.6 109.1 111.3
5 10 8 0.95 -10 90.4 100.4 101.2 101.8
5 10 8 0.99 -10 84.4 102.1 105.0 109.7
5 10 8 0.95 -50 94.7 103.7 109.6 116.7
5 10 8 0.99 -50 88.5 102.4 106.7 111.4
2 10 10 0.95 -10 96.4 100.4 100.8 101.5
2 10 10 0.99 -10 87.8 102.4 102.9 104.1
2 10 10 0.95 -30 90.1 99.0 100.1 101.4
2 10 10 0.99 -30 90.2 100.9 107.7 104.2

Average 89.9 101.8 104.3 106.3

z1 − q1)+|ν ∈ {E[G],G0.25,G0.5}}, where G0.25 and G0.5 are the 25-th and 50-th quartiles of the

demand distribution. Our use of hinge-type basis functions is motivated by the structure of the cost

function. We selected the PSMD initial distribution q to be consistent with the initial state used

for policy evaluation. The effect of changing N and H in PSMD is illustrated in Figures 3(a) and

3(b), respectively, using a representative instance corresponding to row 3 of Table 1. The number

of iterations and computation time needed to achieve a good lower bound does indeed depend on

these parameters. Choosing H and N equal to 10 and 50, respectively, gives a good balance between

run time and lower bound quality. In addition, the PSMD lower bound stabilizes within 3 minutes.

Since this property was true across all instances, we set the PSMD run time limit to 3 minutes.

Benchmarks. We next discuss three heuristic policies and a lower bound to assess the

performance of PSMD. The benchmark heuristic policies rely on a tractable simplification of the
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problem, a look-ahead heuristic, and the ALP-CS VFA, respectively. The lower bound benchmark

is based on perfect information (Brown et al. 2010).

Our first benchmark policy assumes non-perishability (i.e., I = ∞) and allows unrestricted

order quantities and full backlogging. Under the first assumption, the MDP state simplifies to

s = (z, q1, q2, . . . , qJ−1). We model the second and third assumptions by relaxing the constraints

a≤ ā and z ≥ ls, respectively, as opposed to choosing ā=−ls =∞. In other words, the parameters

ā and ls are finite and consistent with their values in the original problem. When taking action a,

the MDP state transitions to s′ = (z−G+ q1, q2, . . . , qJ−1, a) and the corresponding cost is

cFB(s, a) = γJcpa+E
[
ch (z−G)+ + cbmin{(G− z)+ ,−ls}+ cl (G− z+ ls)+

]
,

where we ensure that the backlogging cost in cFB(s, a) is consistent with c(s, a) in the original

problem, that is, the unit backlogging cost is cb for each backlogged unit up to |ls| and is cl for each

unit of backlog greater than |ls|. The optimal ordering policy is characterized in Proposition 4.

Proposition 4. Assuming non-perishability, unrestricted order quantities, and full backlogging,

the optimal order quantity at state s is

aFB(s) := arg min
a≥0

{
(1− γ)γJcpa+ γJE

[
ch (Z + a−G(J))+

+cbmin{(G(J)−Z − a)+ ,−ls}+ cl (G(J)−Z − a+ ls)+

]}
,

where Z = z +
∑J−1

j=1 qj is the cumulative on-hand inventory, G(J) =
∑J

j=0Gj is the cumulative

demand over J + 1 periods, and Gj is a realization of random demand G at a stage that occurs j

periods in the future.

Note that aFB(s) in Proposition 4 is computed assuming unconstrained order quantities and

may thus be infeasible to our original problem, where a≤ ā. Therefore, we use the feasible order

quantity min{aFB(s), ā} instead to define a benchmark policy, which we label as FB.

The second benchmark relies on a look-ahead model that solves a one-period version of the

MDP formulation, which terminates when the order placed at the first period arrives. Such

look-ahead heuristics (LAH) perform well in inventory control applications considered by Zipkin

(2008a) and Sun et al. (2016). Brown and Smith (2014) show that the performance of these

policies can be improved by tuning the terminal stage cost. We thus implemented the version

of LAH described in §5.3 of Brown and Smith (2014), that is, we added a linear terminal cost

cs(
∑I−1

i=0 zi +
∑J−1

j=1 qj) where cs is an unknown constant. We searched over values of cs belonging

to set {−5,−3,−1,0,1,3,5} to obtain the LAH policy with the smallest upper bound estimate.

We also employed constraint sampling (ALP-CS) to tackle the same ALP solved by PSMD and

used the resulting VFA weights in (5) to obtain a benchmark ordering policy. We considered differ-

ent sampled versions of the ALP by varying (i) the initial distribution q and (ii) the procedure used
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Figure 4 Comparison of the PSMD upper bound against the PSMD lower bound and the ALP-CS objective

function value on two representative perishable inventory control instances.

to sample the state-action pairs needed to define the ALP constraints. For the initial state distribu-

tion q, we employed a degenerate distribution with density only at the initial state used for policy

evaluation, a uniform distribution, and the state-visit distribution under the LAH policy already

discussed. For defining the ALP constraints, we considered uniform sampling and simulated the

LAH policy to generate the state-action pairs. Combining our choices for q and constraint-sampling

distributions resulted in six different sampled ALPs. In each ALP-CS implementation, we also had

to replace the expectations appearing in the ALP constraints by sample average approximations

with NE samples. We found that using an initial distribution that is consistent with the initial

state and employing uniform constraint sampling gave the best ALP-CS policies on our instances.

We thus use this combination in our ALP-CS implementation. Figure 3(c) displays the ALP-CS

optimal objective as a function of time for different NE values. Here CPU time is a surrogate for the

number of ALP constraints because new sampled ALP constraints are added as time progresses.

Larger values of NE potentially lead to better lower bounds at the cost of extra computational time.

For NE equal to 50,000 the ALP-CS optimal objective value does not stabilize within three minutes

and we verified that its stable value is not significantly different from the one for NE equal to

10,000. We thus chose NE as 10,000 for our ALP-CS implementation. Moreover, for each ALP-CS

model we sampled constraints for three minutes to facilitate a fair comparison with PSMD.

We simulated all policies starting from the same initial state to estimate their values. Computing

the actions prescribed by the PSMD policy and the benchmark policies required optimizing over

order quantities. We solved this one-dimensional optimization problem by discretizing the action

interval [0, ā]≡ [0, |ls|] into 100 equally spaced points for all policies.

Finally, we considered a perfect information (lower) bound (PIB) to benchmark the PSMD

lower bound (Brown et al. 2010). PIB is estimated by solving deterministic versions of our MDP
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along sample paths of uncertainty generated using Monte Carlo simulation and averaging the

resulting discounted total costs across these sample paths. We chose the number of stages on each

sample path to be large enough (≈ 1000) so that the discounted cost is not affected by this horizon

truncation. This led to accurate bound estimates with small standard errors. Please see Brown

and Haugh (2017) for a detailed discussion and a potentially faster implementation for computing

PIB. We also tracked the ALP-CS optimal objective function value to check if it provides a lower

bound in our computations, even though this is not theoretically guaranteed.

Results. Table 1 reports the PIB and the ALP-CS optimal objective function values as

percentages of the PSMD lower bound on twelve instances. We constructed five ALP-CS models

using different random seeds to understand the impact of constraint sampling variability on its

objective function value and report the minimum, average, and maximum of this value. The

PSMD lower bound is 10% stronger on average than PIB. The ALP-CS optimal objective function

value varies significantly across trials and can be 11% larger than the PSMD lower bound. Figure

4 compares the PSMD lower bound and the average ALP optimal objective function value against

the PSMD policy value on the instances corresponding to rows three and four in Table 1 (the

variability in the ALP-CS objective is represented by error bars). On the former instance (left

subfigure), the mean ALP-CS optimal objective function value converges to the policy upper

bound (red line) although this value is above the upper bound on some trials. On the latter

instance (right subfigure), the ALP-CS objective function values are above the policy value by

a significant amount in all independent trials. These findings indicate that the ALP-CS optimal

objective function value may not provide a valid lower bound. In contrast, the PSMD lower bound

is indeed valid, as expected from the theory in §5.2, and quickly stabilizes on both instances.

Table 2 reports the optimality gaps of the LAH, FB, ALP-CS, and PSMD policies with

respect to the PSMD lower bound on the same instances of Table 1. We define the optimality

gap of a policy as 100(1 - [PSMD lower bound/policy value]). The LAH optimality gaps range

between 2.40% and 20.58% and average to 11.40%. The analogous range and average for FB are

4.89%−16.87% and 10.64%, respectively. Our results show that the FB policies outperform the

LAH policies on average. ALP-CS policies exhibit an average optimality gap of 7.10% with this

gap spread between 4.16% and 14.16% across instances. Policies from LAH and FB are clearly

dominated by the ones from ALP-CS. On the other hand, the PSMD optimality gaps vary between

2.17% and 11.73%, and their average is 5.93%. Specifically, PSMD delivers policies that improve

on the ones from ALP-CS on most instances. In addition, the small average PSMD optimality gap

shows that its lower bound is also of high quality. The average CPU time to estimate the LAH

and FB policies values were five minutes and three minutes, respectively. The analogous time for

both the ALP-CS and PSMD policies was four minutes on average.
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Table 2 Optimality gaps of the LAH, FB, ALP-CS, and PSMD policies on the perishable inventory control

instances.

Instance parameters Optimality gaps
ch cd cb γ ls LAH FB ALP-CS PSMD
2 5 10 0.95 -10 6.12 8.92 4.52 4.01
2 5 10 0.99 -10 15.68 11.14 5.04 6.44
2 5 10 0.95 -50 13.1 9.75 4.50 4.40
2 5 10 0.99 -50 19.75 13.91 4.74 2.17
5 10 8 0.95 -10 7.18 7.83 8.56 7.96
5 10 8 0.99 -10 2.40 4.89 4.16 2.17
5 10 8 0.95 -50 12.82 10.18 10.05 11.73
5 10 8 0.99 -50 20.58 15.19 14.16 11.01
2 10 10 0.95 -10 8.31 12.21 6.79 2.40
2 10 10 0.99 -10 14.28 16.87 5.19 3.60
2 10 10 0.95 -30 9.05 9.41 8.71 6.14
2 10 10 0.99 -30 7.51 7.36 8.75 9.14

Average 11.40 10.64 7.10 5.93

7.4. Consumer electricity storage management

We model the management of electricity storage by a consumer facing stochastic electricity demand

and price. This application relates to recent research on the long-term operations of storage in the

context of smart grids and power systems. For examples, see Grillo et al. (2012), van de Ven et al.

(2013), and Erseghe et al. (2014).

MDP formulation and instances. Let x∈ [0,W ] represent the amount of electricity stored in

a battery with capacity W . The electricity demand and price are denoted by g and e, respectively.

The pair (g, e) belongs to the box [lg, ug]× [le, ue], where lg, ug, le, and ue are non-negative and

satisfy ug > lg and ue > le. The MDP state is the triple (x, g, e). At each stage, the consumer can

charge or discharge the battery. If the decision is to charge, then the demand at the current stage

plus the charge amount must be purchased from the grid. If the decision is instead to discharge,

then any residual demand after using the discharged electricity is purchased from the grid and

excess power is sold into the grid. Our MDP action, denoted by a, represents a charge if a≥ 0 and

a discharge otherwise. A feasible charge/discharge decision satisfies the battery capacity, that is,

a ∈ {a′
∣∣0 ≤ x+ a′ ≤W}, and changes the electricity in the battery to x+ = x+ a. The demand-

price pair (g, e) transitions in a random manner to (g′, e′) following a truncated bivariate normal

distribution with support on the box [lg, ug]× [le, ue], mean (µg, µe), standard deviation (σg, σe), and

correlation ρg,e. Denoting by ψc > 1 and ψd ∈ (0,1) the charging and discharging losses, respectively,

the MDP cost function is

c(e, g, a) := (g+ [ψc(a)+−ψd(a)−])e.
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We create instances of the above MDP by fixing γ = 0.99, lg = le = 0, ug = ue = 5, µg = µe = 2.5,

and ρg,e = 0. We assume σ= σg = σe and vary σ, W , ψc, and ψd as shown in Table 3. We chose an

initial state that is uniformly distributed in the interval [0,5] for policy evaluation.

Table 3 PIB and ALP-CS objective function values as percentages of the PSMD lower bound on the storage

instances.

Instance parameters ALP-CS Objective
ψc ψd W σ PIB Minimum Average Maximum
1.1 0.9 1 1 97.96 101.5 103.4 104.2
1.1 0.9 1 2 97.60 101.7 102.6 103.0
1.1 0.9 2 1 98.31 102.9 103.6 104.3
1.1 0.9 2 2 91.11 101.5 103.7 105.4
1.25 0.75 1 1 93.04 103.5 104.4 105.0
1.25 0.75 1 2 97.42 100.1 102.1 104.5
1.25 0.75 2 1 93.95 100.3 100.5 100.9
1.25 0.75 2 2 96.07 102.2 102.8 103.8

Average 95.58 101.7 102.8 103.9

PSMD and benchmarks. PSMD solves an ALP formulated using the following polynomial

basis functions of the state: 1, x, e, g, x2, e2, g2, xe, xg, and ge. The initial distribution q in PSMD

and the initial state for policy evaluation were both chosen to be uniform over storage inventory

levels. We fixed both H and N equal to 10 as this provided a good trade-off between CPU time

and lower bound quality. Please see the Electronic Companion EC.3. We terminated PSMD by

imposing a run time limit of one minute as its lower bound stabilized before this time threshold

on all the storage instances.

As policy benchmarks, we considered an LAH policy analogous to the one used in §7.3 and the

ALP-CS policy. When implementing ALP-CS, we experimented with the same choices for the initial

and constraint sampling distributions as outlined in §7.3. Combining a uniform initial distribution

with either uniform- or LAH policy-based constraint sampling led to results that were within 0.5%

of each other. We thus chose a uniform distribution for constraint sampling as well. We set the

number of samples NE to approximate expectations in ALP constraints equal to 10,000 as it leads

to roughly the same stabilized objective function value as a higher value such as 50,000. We allowed

one minute for constraint sampling in ALP-CS to be consistent with our PSMD run time limit.

To benchmark the PSMD lower bound, we computed a perfect information bound (PIB) and also

tracked the ALP-CS objective function value. Further details on parameter choices can be found

in the Electronic Companion EC.3.

Results. Table 3 reports the PIB and ALP-CS objective function values as percentages of the

PSMD lower bound on eight instances. We solved five ALP-CS models that were created using

different random seeds for constraint sampling. The PSMD lower bound improves on PIB by
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Table 4 Optimality gaps of the LAH, ALP-CS, and PSMD policies on the storage instances.

Instance parameters Optimality gaps
ψc ψd W σ LAH ALP-CS PSMD
1.1 0.9 1 1 9.07 7.49 7.04
1.1 0.9 1 2 10.86 7.08 5.96
1.1 0.9 2 1 9.89 9.67 9.93
1.1 0.9 2 2 12.59 10.24 11.76
1.25 0.75 1 1 10.61 4.05 5.18
1.25 0.75 1 2 9.12 3.96 3.02
1.25 0.75 2 1 4.73 5.59 5.44
1.25 0.75 2 2 9.63 5.72 5.23

Average 9.56 6.72 6.69

between 2% and 9%. The ALP-CS optimal objective function value exhibits significant variability

across different random trials, which can be as much as 5% on some instances. In particular, we

verified that the ALP-CS objective function value after one minute can be larger than an upper

bound on the optimal policy value, that is, ALP-CS may not provide a lower bound within a given

a run time limit (please see the Electronic Companion EC.3 for details).

Table 4 contains the optimality gaps of the LAH, ALP-CS, and PSMD policies with respect to the

PSMD lower bound. The PSMD optimality gaps range between 3.02% and 11.76% and are 6.69%

on average. Analogous ranges and averages for ALP-CS and LAH are respectively 3.96%−10.24%

and 6.72% and 4.73%−12.59% and 9.56%. We find that the PSMD and ALP-CS policies improve on

the LAH policies on almost all the instances and their average policy values are roughly 3% larger.

The average performance of PSMD and ALP-CS policies is the same although the performance of

each policy on individual instances differ.

Overall, PSMD provides stronger lower bounds than PIB, while ALP-CS may not provide a valid

lower bound. These findings are consistent with those in §7.3. PSMD policies improve on LAH

policies and are comparable to the ALP-CS policies. The latter finding deviates partially from §7.3

where the PSMD policies also improved on the ALP-CS policies in addition to other benchmarks.

8. Conclusions

The linear programming approach to ADP has been successfully used to tackle high dimensional

MDPs arising in several business applications and offers theoretical guarantees. This approach

solves an ALP to compute a VFA that can be used to define an operating policy. ALP VFAs also

provide a lower bound on the optimal policy cost that is useful for computing the optimality gaps

of heuristic policies. Solving ALPs near optimally remains challenging in applications where the

cost functions and/or transition dynamics are nonlinear or rich basis functions are needed to obtain

good VFAs. We address this issue by introducing a saddle-point based reformulation of an ALP
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that endogenizes a state-action density function as a dual decision variable. We develop a mirror-

descent solution approach, PSMD, to solve this reformulation based on a functional stochastic

gradient. PSMD computes a VFA that is a near optimal solution to ALP, provides a lower bound on

the optimal policy cost, and guarantees such a solution and bound in a finite number of iterations

with high probability. In theory, our approach offers advantages over row generation and constraint

sampling strategies commonly employed for solving ALP. It also exhibits promising numerical

performance on applications related to inventory control and energy storage. Specifically, PSMD

delivers reliable and high quality lower bounds while the constraint sampling objective function

value may provide invalid lower bounds. Moreover, PSMD policies outperform problem-specific

benchmark policies and match or improve on the constraint sampling based ALP policies. Our

ALP reformulation and PSMD thus extend the class of ALPs that can be solved near optimally.

Endnotes
1We caution that the use of sample average approximations may lead to biased gradients if a primal, as

opposed to a primal-dual, first order approach is used. A primal approach views (7) as maxθ∈Θ f(θ), where f(θ) :=

min(s,a)∈S×A f(θ, s, a), and requires the gradient of f(θ). Since the expectation in f(θ) lies inside a minimization, a

sample average approximation of this expectation could lead to a biased estimate of f(θ) and its gradient.

2The equivalence follows from arg minθ∈Θ
1
2
‖θ− (θt + ηtEyt [∇θf(θt, s, a)])‖22 =

arg minθ∈Θ
η2t
2
‖Eyt [∇θf(θt, s, a)]‖2 + ηt 〈θt− θ,Eyt [∇θf(θt, s, a)]〉 + 1

2
‖θ − θt‖22 =

arg minθ∈Θ

[
ηt 〈θt− θ,Eyt [∇θf(θt, s, a)]〉+ 1

2
‖θ− θt‖22

]
. The constant term

η2t
2
‖Eyt [∇θf(θt, s, a)]‖2 can be dropped

from the last equation since it does not effect the optimal solution.

3We are using the equality ∇θEy [f(θ, s, a)] = Ey [∇θf(θ, s, a)], which holds by assumptions 1 and 2 and the

compactness of S ×A.

4This closed-form expression can be derived because we use a KL divergence as a regularizer and a prox-function in

(9) and (14), respectively. Obtaining a closed form is not viable under the Euclidean prox-function used, for example,

in Nemirovski et al. (2009) and Chen et al. (2014b).

5Lemma EC.4 in the Electronic Companion EC.1 shows that C̄ is non-positive. Since set S×A is full-dimensional,

such a ball exists. The Lipschitz continuity of function f(·, ·, ·) follows from assumptions 1 and 2, and the compactness

of the set Θ.
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Electronic Companion

EC.1. Proofs

The proofs in this appendix use terms defined in the main paper such as the gamma function Γ(·)

and the exponential function exp(·); the parameters C̄, R, L, n, and QS×A specified in §5.1; and

y∗λ,θ := arg min
y∈Y

[Ey[f(θ, s, a)] + λD(y, pu)] for given θ ∈ Θ and λ ∈ (0,1]. These proofs also require

new notation. To ease referencing, we define the most commonly used notation below and present

the remaining terms as needed.

1. For any y ∈Y, θ∗y := arg max
θ∈Θ

[Ey[f(θ, s, a)]].

2. Given θ ∈Θ, (s∗θ, a
∗
θ)∈ arg min(s,a)∈S×A f(θ, s, a).

3. QΘ := maxθ̄,θ̂∈Θ ‖θ̄− θ̂‖2 is the maximum width of the compact set Θ.

4. Given λ∈ (0,1], QD :=−C̄ −n log(λ).

5. Given θ ∈Θ, Mθ is a scalar such that Mθ ≥ ‖∇θf̂(θ, s, a)‖2 for all (s, a)∈ S ×A and all possible

samples š defining f̂(θ, s, a). The scalar Mθ can be chosen as a finite value because the stochastic

gradient ∇θf̂(θ, s, a) in (13) is bounded in our setting. This is easy to verify by noting that the

b-th element of ∇θf̂(θ, s, a) is γφb(š)− φb(s) + Eq[φb(·)], where φb(s) is a continuous function

over a compact domain S.

6. Given y ∈ Y, My is a scalar such that My ≥ ‖f̂(θ, s, a)‖∞ := max(s,a)∈S×A |f̂(θ, s, a)| for all θ ∈

Θ almost surely. The parameter My can be chosen as a bounded value because the gradient

∇yEy
[
f̂(θt, s, a)

]
with respect to y (i.e. ∇yEy

[
f̂(θt, s, a)

]
= f̂(θt, s, a)) used in (15) is bounded

in our setting. This follows because the function f̂(θt, s, a) is defined by a sample š that can

be bounded on each sample path by a constant My, since each realization of the state-action

pair (s, a) belongs to the compact domain S ×A, the continuous functions c(s, a) and φb(s) are

defined on this domain and θ also belongs to the compact set Θ.

7. Q :=QΘ + 2QD.

8. M 2 =M 2
θ +M 2

y .

Proof of Proposition 1 Since min
(s,a)∈S×A

f(θ, s, a) ≤ inf
y∈Y

Ey[f(θ, s, a)] for any θ ∈ Θ, it holds

that F ≤max
θ∈Θ

inf
y∈Y

Ey[f(θ, s, a)]. To complete the proof, we establish the reverse of this inequality.

Fix an arbitrary θ ∈Θ. For this θ and any r≥ 0, we define a density function

yr,θ(s, a) :=
1(‖(s, a)− (s∗θ, a

∗
θ)‖2 ≤ r)∫

S×A 1(‖(s, a)− (s∗θ, a
∗
θ)‖2 ≤ r)d(s, a)

over S ×A, where 1 is the 0-1 indicator function. Note that yr,θ ∈Y. Since f(θ, s, a) is L-Lipschitz

continuous on S ×A (by Assumption 1), we have f(θ, s, a) ≤ f(θ, s∗θ, a
∗
θ) + L‖(s, a)− (s∗θ, a

∗
θ)‖2 ≤

f(θ, s∗θ, a
∗
θ)+rL for any (s, a)∈ S×A such that ‖(s, a)−(s∗θ, a

∗
θ)‖2 ≤ r. Therefore, inf

y∈Y
Ey[f(θ, s, a)]≤
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Eyr,θ [f(θ, s, a)] =
∫
S×A f(θ, s, a)yr,θ(s, a)d(s, a)≤ f(θ, s∗θ, a

∗
θ) + rL. Since r can be arbitrarily small,

in the limit we have inf
y∈Y

Ey[f(θ, s, a)]≤ f(θ, s∗θ, a
∗
θ) = min

(s,a)∈S×A
f(θ, s, a). Since this inequality holds

for any θ ∈Θ, we have max
θ∈Θ

inf
y∈Y

Ey[f(θ, s, a)]≤ F . �

We present Lemmas EC.1-EC.7 below, which are needed in the proofs of Proposition 2 and

Theorem 1.

Lemma EC.1. For any λ∈ (0,1] and θ ∈Θ we have∫
S×A

exp

(
− 1

λ
f(θ, s, a)

)
d(s, a)≥ πn/2

Γ(n/2 + 1)
(λR)n exp(−L(R+QS×A)) exp

(
− 1

λ
min

(s,a)∈S×A
f(θ, s, a)

)
.

(EC.1)

Proof. Take any θ ∈Θ and λ∈ (0,1]. By multiplying and dividing the left hand side of (EC.1)

by exp
(
− 1/λ min

(s,a)∈S×A
f(θ, s, a)

)
, we get

∫
S×A exp

(
− 1

λ
f(θ, s, a)

)
d(s, a)

= exp

(
− 1

λ
min

(s,a)∈S×A
f(θ, s, a)

)∫
S×A

exp

(
− 1

λ

[
f(θ, s, a)− min

(s,a)∈S×A
f(θ, s, a)

])
d(s, a)

≥ exp

(
− 1

λ
min

(s,a)∈S×A
f(θ, s, a)

)∫
S×A

exp

(
−L
λ
‖(s, a)− (s∗θ , a

∗
θ)‖2

)
d(s, a). (EC.2)

The above inequality holds since f(·, s, a) is L-Lipschitz continuous in (s, a) by Assumption 1. We

next show that∫
S×A

exp

(
−L
λ
‖(s, a)− (s∗θ, a

∗
θ)‖2

)
d(s, a)≥ πn/2

Γ(n/2 + 1)
(λR)n exp(−L(R+QS×A)). (EC.3)

Then using (EC.3) in (EC.2) completes the proof. Since S × A is full-dimensional, there exists

(ŝ, â) ∈ S × A such that BR(ŝ, â) := {(s, a) : ‖(s, a) − (ŝ, â)‖2 ≤ R} ⊆ S × A where BR(ŝ, â) is a

Euclidean ball with radius R centered at (ŝ, â). For any (s, a)∈BR(ŝ, â), we have

‖(s, a)− (s∗θ, s
∗
θ)‖2 ≤ ‖(s, a)− (ŝ, â)‖2 + ‖(ŝ, â)− (s∗θ, a

∗
θ)‖2 ≤R+ ‖(ŝ, â)− (s∗θ, a

∗
θ)‖2. (EC.4)

Let (sλ, aλ) := λ(ŝ, â) + (1− λ)(s∗θ, a
∗
θ). Then we have BλR(sλ, aλ) := {(s, a) : ‖(s, a)− (sλ, aλ)‖2 ≤

λR} = λBR(ŝ, â) + (1− λ)(s∗θ, a
∗
θ) ⊆ S ×A, where the last inclusion holds since BR(ŝ, â) ⊆ S ×A,

(s∗θ, a
∗
θ) ∈ S × A and the set S × A is convex. This indicates that for any (s, a) ∈ BλR(sλ, aλ),

there exists a point (s′, a′)∈BR(ŝ, â) such that (s, a) = λ(s′, a′) + (1−λ)(s∗θ, a
∗
θ). Therefore, for any

(s, a)∈BλR(sλ, aλ), we have

‖(s, a)− (s∗θ, a
∗
θ)‖2 = ‖λ(s′, a′) + (1−λ)(s∗θ, a

∗
θ)− (s∗θ, a

∗
θ)‖2 = λ‖(s′, a′)− (s∗θ, a

∗
θ)‖2

≤ λ (R+ ‖(ŝ, â)− (s∗θ, a
∗
θ)‖2) . (EC.5)

The last inequality holds by (EC.4) since (s′, a′)∈BR(ŝ, â). Therefore, we have∫
S×A

exp

(
−L
λ
‖(s, a)− (s∗θ, a

∗
θ)‖2

)
d(s, a)≥

∫
BλR(sλ,aλ)

exp

(
−L
λ
‖(s, a)− (s∗θ, a

∗
θ)‖2

)
d(s, a)
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≥
∫
BλR(sλ,aλ)

exp (−L (R+ ‖(ŝ, â)− (s∗θ, a
∗
θ)‖2))d(s, a)

= exp(−L (R+ ‖(ŝ, â)− (s∗θ, a
∗
θ)‖2))

∫
BλR(sλ,aλ)

1d(s, a)

≥ πn/2

Γ(n/2 + 1)
(λR)n exp (−L(R+QS×A)) .

The first inequality holds since BλR(sλ, aλ) ⊆ S × A, the second inequality follows by (EC.5),

and the last inequality holds by the definition of QS×A and the fact that
∫
BλR(sλ,aλ)

1d(s, a) =

πn/2

Γ(n/2 + 1)
(λR)n is the volume of the Euclidean ball with radius λR in an n-dimensional space. �

Lemma EC.2. For a given θ ∈Θ and λ∈ (0,1], a dual minimizer in (9) is

y∗λ,θ(s, a) :=
exp(−f(θ, s, a)/λ)∫

exp (−f(θ, s, a)/λ)d(s, a)
,

and y∗λ,θ ∈Y.

Proof. The KKT conditions for the convex optimization problem (9) are

f(θ, s, a) +λ

(
1 + log

y∗λ,θ(s, a)

p̄

)
+µ(s, a) +β = 0, ∀(s, a)∈ S ×A, (EC.6)∫

S×A
y∗λ,θ(s, a)d(s, a) = 1, β ∈R, µ(s, a)≤ 0, µ(s, a)y∗λ,θ(s, a) = 0, y∗λ,θ(s, a)> 0, ∀(s, a)∈ S ×A,

where µ(·, ·) and β are Lagrange multipliers. Since y(s, a) > 0 and µ(s, a)y(s, a) = 0 for all

(s, a) ∈ S ×A, we conclude that µ(s, a) = 0 for all (s, a) ∈ S ×A. Using this observation in (EC.6)

and solving it for y∗λ,θ gives

y∗λ,θ(s, a) = p̄ exp

(
−f(θ, s, a)

λ
− β+λ

λ

)
, ∀(s, a)∈ S ×A. (EC.7)

The equality
∫
S×A y

∗
λ,θ(s, a)d(s, a) = 1 can be used to verify that p̄ exp

(
− β+λ

λ

)
=
(∫
S×A exp

(
−

f(θ,s,a)

λ

)
d(s, a)

)−1
. Using this latter equality in (EC.7) shows that

y∗λ,θ(s, a) = p̄ exp

(
−f(θ, s, a)

λ

)
exp

(
−β+λ

λ

)
=

exp
(
− f(θ,s,a)

λ

)
∫

exp
(
− f(θ,s,a)

λ

)
d(s, a)

.

Finally, y∗λ,θ ∈ Y because y∗λ,θ > 0 for all (s, a) ∈ S ×A and
∫
S×A y

∗
λ,θ(s, a)d(s, a) = 1, which follow

directly from the preceding expression for y∗λ,θ. �

Lemma EC.3. For any λ∈ (0,1] and θ ∈Θ we have

inf
y∈Y

Ey[f(θ, s, a)]≥min
y∈Y

[Ey[f(θ, s, a)] +λD(y, pu)] +λC̄ +nλ log(λ).
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Proof. Using Lemma (EC.2), we know y∗λ,θ solves (9). Evaluating the objection function of (9)

at y∗λ,θ and θ, we get Ey∗
λ,θ

[f(θ, s, a)] +λD(y∗λ,θ, pu)

= λ

(∫
S×A

exp (−f(θ, s, a)/λ)d(s, a)

)−1 [∫
S×A

exp (−f(θ, s, a)/λ) log

(
1

p̄

)
d(s, a)

− log

(∫
S×A

exp (−f(θ, s, a)/λ)d(s, a)

)∫
S×A

exp (−f(θ, s, a)/λ)d(s, a)

]
= λ log

(
1

p̄

)
−λ log

(∫
S×A

exp (−f(θ, s, a)/λ)d(s, a)

)
,

where we remind the reader that p̄ is the constant value defining the uniform density pu.

Using (EC.1) to bound the second term in the right hand side of the last equality we get

Ey∗
λ,θ

[f(θ, s, a)] +λD(y∗λ,θ, pu)

≤ λ log

(
1

p̄

)
−λ log

(
πn/2

Γ(n/2 + 1)
(λR)n exp(−L(R+QS×A)) exp

(
− 1

λ
min

(s,a)∈S×A
f(θ, s, a)

))
= λ log

(
1

p̄

)
+λ log

(
Γ(n/2 + 1)

πn/2Rn

)
+λL(R+QS×A)−nλ log(λ) + min

(s,a)∈S×A
f(θ, s, a)

=−λC̄ −nλ log(λ) + min
(s,a)∈S×A

f(θ, s, a), (EC.8)

where the second and third equalities follow from rearranging and simplifying terms, and

recalling that C̄ = log(p̄) − log

(
Γ(n/2 + 1)

πn/2Rn

)
− L(R + QS×A). Therefore, infy∈Y Ey[f(θ, s, a)] −

miny∈Y [Ey[f(θ, s, a)] + λD(y, pu)] ≥ min
(s,a)∈S×A

f(θ, s, a) + λC̄ + nλ log(λ) − min
(s,a)∈S×A

f(θ, s, a) =

λC̄ +nλ log(λ), where the inequality follows from (EC.8). �

Lemma EC.4. The parameter C̄ = log(p̄)− log

(
Γ(n/2 + 1)

πn/2Rn

)
−L(R+QS×A) is non-positive.

Proof. The third term −L(R + QS×A) in the definition of C̄ is non-positive since L ≥ 0,

R > 0, and QS×A ≥ 0. In addition, since S × A is full-dimensional, there exists (ŝ, â) ∈ S × A

such that BR(ŝ, â) ⊆ S × A, where BR(ŝ, â) denotes a Euclidean ball with radius R centered

around (ŝ, â). Using
∫
BR(ŝ,â)

1d(s, a) ≤
∫
S×A 1d(s, a) we conclude that C̄ is non-positive since

log(p̄)− log

(
Γ(n/2 + 1)

πn/2Rn

)
= log

(∫
BR(ŝ,â)

1d(s, a)∫
S×A 1d(s, a)

)
≤ 0. Notice that, in the last equation we used

the formula for the volume of a Euclidean ball with radius R in a n-dimensional space that is∫
BR(ŝ,â)

1d(s, a) =
πn/2Rn

Γ(n/2 + 1)
. �

Lemma EC.5. Let ηt, λt, and λ̄t be respectively the step length, the regularization parameter, and

averaged regularization coefficient used in the t-th iteration of Algorithm 1. For a given λ̃ ∈ (0,1],

we have that λ̄T ≤ λ̃ after T ≥max

{
4,

(
8λ0

λ̃
log

(
8λ0

λ̃

))2

− 2

}
iterations of Algorithm 1.
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Proof. Since ηt =
η0√
t+ 1

and λt =
λ0√
t+ 1

, when T ≥ 4, we have
∑T

t=0 ηt ≥ 2η0(
√
T + 2− 1)≥

η0

√
T + 2 and

∑T

t=0 ηtλt =
∑T

t=0

η0λ0

t+ 1
≤ η0λ0(1 + log(T + 2))≤ 2η0λ0 log(T + 2). Therefore,

λ̄T =
1∑T

t=0 ηt

T∑
t=0

ηtλt ≤
2λ0 log(T + 2)√

T + 2
.

When T + 2≥max

{
6,

(
8λ0

λ̃
log

(
8λ0

λ̃

))2
}

, we get

λ̄T ≤
λ̃

2
log

(
8λ0

λ̃
log

(
8λ0

λ̃

))
/ log

(
8λ0

λ̃

)
≤ λ̃,

where we used the fact that the function log(T + 2)/
√
T + 2 is decreasing for T ≥ 4 in the first

inequality and log

(
8λ0

λ̃
log

(
8λ0

λ̃

))
/ log

(
8λ0

λ̃

)
≤ 2 in the second inequality. �

Lemma EC.6. For any α> 0 and

λ̃ :=


min

{
α

32n log (32n/α)
,− α

16C̄

}
if C̄ > 0,

α

32n log (32n/α)
if C̄ = 0,

(EC.9)

we have λ̃C̄ +nλ̃ log(λ̃)≥−α/8.

Proof. If C̄ = 0, then λ̃=
α

32n log (32n/α)
by definition and it follows that

λ̃C̄ +nλ̃ log(λ̃) = nλ̃ log(λ̃)

=−nλ̃ log
(
λ̃−1
)

=−n
(

α

32n log (32n/α)
log

(
32n log (32n/α)

α

))
≥−α/16≥−α/8.

The inequality holds since log
(

32n
α

log (32n/α)
)
/ log(32n/α)≤ 2.

If C̄ < 0, we have λ̃= min

{
α

32n log (32n/α)
,− α

16C̄

}
. In this case,

λ̃C̄ +nλ̃ log(λ̃)≥− α
16
−nλ̃ log(λ̃−1)

≥− α
16
−n

(
α

32n log (32n/α)
log

(
32n log (32n/α)

α

))
≥− α

16
− α

16
=−α

8
,

where we use λ̃ ≤ − α

16C̄
to obtain the first inequality. The second inequality follows from

λ̃ ≤ α

32n log (32n/α)
and the function λ log (λ−1) increasing on the interval [0,0.3]. The third

inequality holds since

log

(
32n

α
log

(
32n

α

))
/ log

(
32n

α

)
≤ 2.

�
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Lemma EC.7. For any λ∈ (0,1] and θ ∈Θ, we have

D(y∗λ,θ, pu)≤QD, (EC.10)

where QD :=−C̄ −n log(λ).

Proof. We proceed to show that λD(y∗λ,θ, pu) ≤ λQD = −λC̄ − nλ log(λ) for λ > 0,

which proves the required inequality. Using the definition of y∗λ,θ and Lemma EC.3 we get

λD(y∗λ,θ, pu) =Ey∗
λ,θ

[f(θ, s, a)]+λD(y∗λ,θ, pu)−Ey∗
λ,θ

[f(θ, s, a)]≤miny∈Y [Ey[f(θ, s, a)] +λD(y, pu)]−
infy∈Y Ey[f(θ, s, a)]≤−λC̄ − nλ log(λ). Notice that since C̄ ≤ 0 (by Lemma EC.4) and λ ∈ (0,1],

the upper bound on D(y∗λ,θ, pu) is non-negative. �

Proof of Proposition 2 The first part of this Proposition was already proved in

Lemma EC.2. We begin here by showing that F (λ)≥ F for any λ∈ (0,1]. Take an arbitrary θ ∈Θ.

From the definition of F (λ), we have

F (λ)≥min
y∈Y

[Ey [f(θ, s, a)] +λD(y, pu)] =Ey∗
θ,λ

[f(θ, s, a)] +λD(y∗θ,λ, pu)

≥Ey∗
θ,λ

[f(θ, s, a)]≥ inf
y∈Y

E[f(θ, s, a)],

where the second inequality holds since λ> 0 and D(y, pu)≥ 0 for all y ∈ Y. Since our choice of θ

was arbitrary, it follows that

F (λ)≥max
θ∈Θ

inf
y∈Y

E[f(θ, s, a)] = F.

Finally, we show that given α > 0, if λ is sufficiently small, i.e. λ = λ̃ for λ̃ defined in

(EC.9), we have F (λ) ≤ F + α. Given λ ∈ (0,1], we have F = maxθ∈Θ infy∈Y Ey[f(θ, s, a)] ≥
maxθ∈Θ miny∈Y [Ey[f(θ, s, a)] +λD(y, pu)] + λC̄ + nλ log(λ) = F (λ) + λC̄ + nλ log(λ). The first

inequality follows from Lemma EC.3. When λ= λ̃ (defined in (EC.9)), we have F ≥ F (λ̃) + λ̃C̄ +

nλ̃ log(λ̃)≥ F (λ̃)−α/8≥ F (λ̃)−α, where the second inequality holds by virtue of Lemma EC.6. �

Proof of Theorem 1 We begin by bounding the duality gap P(ȳ)−D(θ̄) and use this bound

to derive the iteration complexity.

Bound on −Ey−yt [f(θt, s, a)] − λtD(y, pu) for any y ∈ Y: Fix t ≥ 0. When performing the

y-update, yt+1 ∈Y solves the convex optimization problem (14). The optimality of yt+1 implies〈
ηt(f̂(θt, ·, ·) +λt(1 + log(yt+1/pu))) + 1 + log(yt+1/yt), yt+1− y

〉
≤ 0.

This indicates that Eyt+1−y

[
ηtf̂(θt, s, a) + ηtλt log(

yt+1(s,a)

pu(s,a)
) + log(

yt+1(s,a)

yt(s,a)
)
]
≤ 0. By rearranging

the terms in this inequality we get −Ey
[
log(

yt+1(s,a)

yt(s,a)
)
]

≤−ηtEyt+1−y

[
f̂(θt, s, a)

]
− ηtλtEyt+1−y

[
log

(
yt+1(s, a)

pu(s, a)

)]
−Eyt+1

[
log

(
yt+1(s, a)

yt(s, a)

)]
=−ηtEyt+1−y

[
f̂(θt, s, a)

]
− ηtλtD(yt+1, pu) + ηtλtD(y, pu)− ηtλtD(y, yt+1)−D(yt+1, yt).

(EC.11)
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The last equality holds since Ey
[
log
(
yt+1(s,a)

pu(s,a)

)]
=D(y, pu)−D(y, yt+1). In addition, D(y, yt+1)−

D(y, yt)

=Ey
[
log

(
y(s, a)

yt+1(s, a)

)]
−Ey

[
log

(
y(s, a)

yt(s, a)

)]
=−Ey

[
log

(
yt+1(s, a)

yt(s, a)

)]
≤− ηtEyt+1−y

[
f̂(θt, s, a)

]
− ηtλtD(yt+1, pu) + ηtλtD(y, pu)− ηtλtD(y, yt+1)−D(yt+1, yt). (EC.12)

The last inequality holds by (EC.11). By diving both sides of (EC.12) by ηt > 0, adding

Eyt [f̂(θt, s, a)] to both sides, and rearranging the terms we get

−Ey
[
f̂(θt, s, a)

]
−λtD(y, pu) +Eyt

[
f̂(θt, s, a)

]
≤−(λt +

1

ηt
)D(y, yt+1)−λtD(yt+1, pu) +

1

ηt
D(y, yt)−

1

ηt
D(yt+1, yt)−Eyt+1−yt

[
f̂(θt, s, a)

]
≤−(λt +

1

ηt
)D(y, yt+1)−λtD(yt+1, pu) +

1

ηt
D(y, yt)−

1

2ηt
‖yt+1− yt‖21−Eyt+1−yt

[
f̂(θt, s, a)

]
,

(EC.13)

where the last inequality holds by Pinsker’s inequality (Pinsker 1964): D(yt+1, yt)≥ 1
2
‖yt+1− yt‖21.

Furthermore, by Young’s inequality we get

− 1

2ηt
‖yt+1− yt‖21−Eyt+1−yt

[
f̂(θt, s, a)

]
≤ ηt

2
‖f̂(θt, s, a)‖2∞ ≤

ηt
2
M 2

y , (EC.14)

where the last inequality follows from the definition of My, that is, ‖f̂(θt, s, a)‖∞ ≤My almost

surely. Using (EC.14) in (EC.13) and dropping the non-positive term −λtD(y, yt+1), we have

−Ey−yt
[
f̂(θt, s, a)

]
−λtD(y, pu)≤− 1

ηt
D(y, yt+1)−λtD(yt+1, pu) +

1

ηt
D(y, yt) +

ηt
2
M 2

y .(EC.15)

To obtain a bound on −Ey−yt [f(θt, s, a)]− λtD(y, pu), we need to connect the left hand side of

(EC.15) with an analogous term involving f(θt, s, a) instead of f̂(θt, s, a). For this, we employ

an auxiliary sequence of ŷt ∈ Y for t ≥ 0 as follows in the spirit of Nemirovski et al. (2009). Let

ŷ0 = y0 = pu. For t≥ 0 we define

ŷt+1 ∈ arg min
y∈Y

[
ηtEy

[
(f(θt, s, a)− f̂(θt, s, a))

]
+D(y, ŷt)

]
. (EC.16)

Starting from (EC.16) and applying arguments analogous to the ones used to obtain (EC.15)

beginning from (14), we can show, for any y ∈Y, that

−Ey−ŷt
[
f(θt, s, a)− f̂(θt, s, a)

]
≤− 1

ηt
D(y, ŷt+1) +

1

ηt
D(y, ŷt) + 2ηtM

2
y . (EC.17)
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Let ∆1t :=Eyt−ŷt
[
f(θt, s, a)− f̂(θt, s, a)

]
. We sum (EC.15) and (EC.17), and add and subtract the

term Eyt [f(θt, s, a)] on the left hand side of this sum to obtain

−ηtEy−yt [f(θt, s, a)]− ηtλtD(y, pu)≤ ηt∆1t− ηtλtD(yt+1, pu) +D(y, yt)−D(y, yt+1)

+D(y, ŷt)−D(y, ŷt+1) +
5

2
η2
tM

2
y . (EC.18)

Bound on Eyt [f(θ, s, a)− f(θt, s, a)] +λtD(yt, pu) for any θ ∈Θ: Recall that θt+1 is a minimizer

of (10). Starting from this optimization and applying similar arguments used to derive (EC.13)

we can show for any θ ∈Θ that

−
〈
θt− θ,∇θf̂(θt, s, a)

〉
≤ 1

2ηt
(‖θ− θt‖22−‖θ− θt+1‖22−‖θt+1− θt‖22)−

〈
θt− θt+1,∇θf̂(θt, s, a)

〉
.

By Young’s inequality we have

−
〈
θt− θt+1,∇θf̂(θt, s, a)

〉
− 1

2ηt
‖θt+1− θt‖22 ≤

ηt
2

∥∥∥∇θf̂(θt, s, a)
∥∥∥2

2
≤ ηt

2
M 2

θ ,

where the last inequality follows from the definition of Mθ. Combining the preceding two

inequalities we establish

−
〈
θt− θ,∇θf̂(θt, s, a)

〉
≤ 1

2ηt

(
‖θ− θt‖22−‖θ− θt+1‖22

)
+
ηt
2
M 2

θ . (EC.19)

Analogous to the auxiliary sequence used to bound −Ey−yt [f(θt, s, a)] − λtD(y, pu) earlier, we

define θ̂t ∈Θ for t≥ 0. Let θ̂0 = θ0. For t≥ 0 we define

θ̂t+1 = arg min
θ∈Θ

[
ηt

〈
θ̂t− θ,Eyt [∇θf(θt, s, a)]−∇θf̂(θt, s, a)

〉
+

1

2
‖θ− θ̂t‖22

]
.

Notice that Mθ can be chosen so that ‖Eyt [∇θf(θt, s, a)]‖ ≤Mθ because the difference φb(s
′)−φb(s)

is bounded for (s′, s) ∈ S ×S. Using an approach similar to the one involved in deriving (EC.17)

and because we can show for any θ ∈Θ that

−
〈
θ̂t− θ,Eyt [∇θf(θt, s, a)]−∇θf̂(θt, s, a)

〉
≤ 1

2ηt

(∥∥∥θ− θ̂t∥∥∥2

2
−
∥∥∥θ− θ̂t+1

∥∥∥2

2

)
+ 2ηtM

2
θ . (EC.20)

Let ∆2t :=
〈
θ̂t− θt,Eyt [∇θf(θt, s, a)]−∇θf̂(θt, s, a)

〉
. Summing (EC.19) and (EC.20), and adding

and subtracting 〈θt− θ,Eyt [∇θf(θt, s, a)]〉+λtD(yt, pu), we get

−ηt 〈θt− θ,Eyt [∇θf(θt, s, a)]〉+ ηtλtD(yt, pu)≤ ηt∆2t +
1

2
‖θ− θt‖22−

1

2
‖θ− θt+1‖22

+
1

2
‖θ− θ̂t‖22−

1

2
‖θ− θ̂t+1‖22 +

5

2
η2
tM

2
θ + ηtλtD(yt, pu).

(EC.21)
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Finally, note that 〈θt− θ,Eyt [∇θf(θt, s, a)]〉=Eyt [f(θt, s, a)−f(θ, s, a)] since f(θt, s, a) is linear in θt.

Bounding the duality gap: We add the inequalities (EC.18) and (EC.21) and sum both sides of

the summed inequality over t for t= 0,1, . . . , T and then divide both sides by
∑T

t=0 ηt. Following

the preceding steps we get[
Eȳ [f(θ, s, a)]−Ey

[
f(θ̄, s, a)

]
−

T∑
t=0

ηtλtD(y, pu)/(
T∑
t=0

ηt)

]

≤ 1∑T

t=0 ηt

(
D(y, y0) +D(y, ŷ0) +

1

2
‖θ− θ0‖22 +

1

2
‖θ− θ̂0‖22

)
+

5
(
M 2

θ +M 2
y

)
2
(∑T

t=0 ηt

) ( T∑
t=0

η2
t

)

+
1∑T

t=0 ηt

(
T∑
t=0

ηt(∆1t + ∆2t)

)

=
1∑T

t=0 ηt

(
2D(y, pu) + ‖θ− θ0‖22

)
+

5
(
M 2

θ +M 2
y

)
2
(∑T

t=0 ηt

) ( T∑
t=0

η2
t

)
+

1∑T

t=0 ηt

(
T∑
t=0

ηt(∆1t + ∆2t)

)
.

(EC.22)

Since ηt = η0/
√
t+ 1 and λt = λ0/

√
t+ 1 for all t≥ 0, when T ≥ 4 we have

T∑
t=0

ηt ≥ 2η0(
√
T + 2− 1)≥ η0

√
T + 2, and

∑T

t=0 η
2
t∑T

t=0 ηt
≤ η2

0 (1 + log(T + 2))

η0

√
T + 2

≤ 2η0 log(T + 2)√
T + 2

.

Applying these two inequalities to (EC.22) and evaluating (EC.22) at y = y∗
λ̄T ,θ̄

and θ = θ∗ȳ, we

obtain a bound on the duality gap as

P(ȳ)−Ey∗
λ̄T ,θ̄

[
f(θ̄, s, a)

]
− λ̄TD(y∗λ̄T ,θ̄, pu)

≤ 2√
T + 2η0

D(y∗λ̄T ,θ̄, pu) +
1√

T + 2η0

∥∥θ∗ȳ − θ0

∥∥2

2
+

5η0 log(T + 2)√
T + 2

(
M 2

θ +M 2
y

)
+

1∑T

t=0 ηt

T∑
t=0

ηt(∆1t + ∆2t)

≤ 1√
T + 2η0

(2QD +QΘ) +
5η0 log(T + 2)√

T + 2

(
M 2

θ +M 2
y

)
+

1∑T

t=0 ηt

T∑
t=0

ηt(∆1t + ∆2t)

=
1√

T + 2η0

Q2 +
5η0 log(T + 2)√

T + 2
M 2 +

1∑T

t=0 ηt

T∑
t=0

ηt(∆1t + ∆2t), (EC.23)

where the second inequality holds by the definitions of QΘ and QD. Using Lemma EC.3, we get

D(θ̄) = inf
y∈Y

Ey[f(θ̄, s, a)]≥min
y∈Y

[
Ey[f(θ̄, s, a)] + λ̄TD(y, pu)

]
+ λ̄T C̄ +nλ̄T log(λ̄T ).

Applying this inequality to (EC.23) and using the definition of y∗
λ̄T ,θ̄

, we have

P(ȳ)−D(θ̄)

≤ 1√
T + 2η0

Q2 +
5η0 log(T + 2)√

T + 2
M 2 +

1∑T

t=0 ηt

T∑
t=0

ηt(∆1t + ∆2t)− λ̄T C̄ −nλ̄T log(λ̄T ). (EC.24)
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Iteration complexity and probability guarantee for P(ȳ)−D(θ̄)≤ α: Note that E[∆1t] =E[∆2t] =

0. By Cauchy-Schwarz and triangle inequalities, we can show that |∆1t| ≤ 4My and |∆2t| ≤ 2QΘMθ.

Therefore, the sequence {ηt(∆1t+∆2t)}t≥0 is a Martingale difference sequence (Resnick 2014, page

354) bounded by 4ηtMy + 2ηtQΘMθ. Hence using T ≥ 4 and Azuma’s inequality (Azuma 1967),

we get

Prob

(
1∑T

t=0 ηt

T∑
t=0

ηt(∆1t + ∆2t)≥
α

8

)

≤ exp

(
−α2(

∑T

t=0 ηt)
2

2(8)2(4My + 2QΘMθ)2(
∑T

t=0 η
2
t )

)
≤ exp

(
−α2(T + 2)

4(32My + 16QΘMθ)2 log(T + 2)

)
.

Choosing

T + 2≥ T (α, δ) :=max

{
4,

(
8Q2

αη0

)2

,

(
160η0M

2

α
log

(
160η0M

2

α

))2

,

(
2
√

2(32My + 16QΘMθ)

α

)2

log

(
1

δ

)[
2 log

(
2
√

2(32My + 16QθMθ)

α

)
+ log

(
log

(
1

δ

))]
,

(
8λ0

λ̃
log

(
8λ0

λ̃

))2
}

=O
(

1

α2
log

(
1

α

)
log

(
1

δ

))
, (EC.25)

we guarantee

1√
T + 2η0

Q2 +
5η0 log(T + 2)√

T + 2
M 2 ≤ α

4
, Prob

(
1∑T

t=0 ηt

T∑
t=0

ηt(∆1t + ∆2t)≥
α

8

)
≤ δ,

and

−λ̄T C̄ −nλ̄T log(λ̄T )≤ α

8
.

This indicates that if the number of iterations is greater than T (α, δ) we have

Prob
(
P(ȳ)−D(θ̄)≥ α/2

)
≤ Prob

(
1√

T + 2η0

Q2 +
5η0 log(T + 2)√

T + 2
M 2 +

1∑T

t=0 ηt

T∑
t=0

ηt(∆1t + ∆2t)

− λ̄T C̄ −nλ̄T log(λ̄T )≥ α/2
)
≤ δ (EC.26)

Therefore, with probability at least 1− δ, it is guaranteed that P(ȳ)−D(θ̄)≤ α/2≤ α. �

Proof of Theorem 2 Assume θ̄ ∈Θ, ȳ ∈Y, and λ̄ ∈ (0,1] are the inputs to Algorithm 1. We

first show that l(θ̄)≤D(θ̄)≤ F ≤P(ȳ). Using the definition of D(θ̄) and F we have

F = max
θ∈Θ

inf
y∈Y

Ey[f(θ, s, a)]≥ inf
y∈Y

Ey[f(θ̄, s, a)] =D(θ̄)

≥min
y∈Y

[
Ey[f(θ̄, s, a)] + λ̄D(y, pu)

]
+ λ̄C̄ +nλ̄ log(λ̄)

=Ey∗
λ̄,θ̄

[f(θ̄, s, a)] + λ̄D(y∗λ̄,θ̄, pu) + λ̄C̄ +nλ̄ log(λ̄)

≥Ey∗
λ̄,θ̄

[f(θ̄, s, a)] + λ̄C̄ +nλ̄ log(λ̄) = l(θ̄),
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where the second and third inequalities follow from Lemma EC.3 and λD(y, pu)> 0 for all λ≥ 0

and y ∈Y, respectively.

We next show that given α > 0 and δ ∈ (0,1), the solution (θ̄, ȳ) returned by the PSMD

algorithm at termination satisfies P(ȳ) − l(θ̄) ≤ α with probability of at least 1 − δ in at most

O
(

1
α2 log(1/α) log(1/δ)

)
iterations. This result follows directly from Theorem 1. In particular, using

this theorem, we know that after T ≥ T (α, δ) iterations (see (EC.25) for the definition of T (α, δ)),

with probability of at least 1 − δ, we get P(ȳ) − D(θ̄) ≤ α/2 and −λ̄T C̄ − nλ̄T log(λ̄T ) ≤ α/2.

Therefore, using the definitions of l(θ̄) and D(θ̄) it follows that

P(ȳ)− l(θ̄)≤ P (ȳ)−D(θ̄)− λ̄T C̄ −nλ̄T log(λ̄T )≤ α

2
+
α

2
= α.

Furthermore, since l(θ̄)≤ F ≤P(ȳ), we get F − l(θ̄)≤P(ȳ)− l(θ̄)≤ α. �

Proof of Proposition 3 The proof of this proposition follows standard arguments from the

sample average approximation literature. See for example, Shapiro et al. (2009, Chapter 5). Since

1
H′
∑H′

h=1 f̂
N ′(θ, ŝh, âh) is an unbiased sample average approximation of Eȳ[f(θ, s, a)], it follows that

E(H′,N ′)

 1

H ′

H′∑
h=1

f̂N
′
(θ, ŝh, âh)

=Eȳ[f(θ, s, a)].

Moreover, we have

1

H ′

H′∑
h=1

f̂N
′
(θ, ŝh, âh)≤max

θ∈Θ

1

H ′

H′∑
h=1

f̂N
′
(θ, ŝh, âh).

Taking expectations on both sides and using the unbiased nature of the sample average

approximation gives

Eȳ[f(θ, s, a)] =E(H′,N ′)

 1

H ′

H′∑
h=1

f̂N
′
(θ, ŝh, âh)

≤E(H′,N ′)

max
θ∈Θ

1

H ′

H′∑
h=1

f̂N
′
(θ, ŝh, âh)

 .
Since this inequality holds for any θ ∈Θ, we can maximize over θ to obtain the required inequality

P(ȳ) = max
θ∈Θ

Eȳ[f(θ, s, a)]≤E(H′,N ′)

max
θ∈Θ

1

H ′

H′∑
h=1

f̂N
′
(θ, ŝh, âh)

= P̂(ȳ).

We prove l̂(θ̄) ≤ D(θ̄) next. Recall that ŷλ̄,θ̄(s, a) solves miny∈Y

[
Ey
[
f̂N
′
(θ̄, s, a)

]
+ λ̄D(y, pu)

]
and is accessed using the proportionality expression (see (19))

ŷλ̄,θ̄(s, a)∝ exp
(
−f̂N

′
(θ̄, s, a)/λ̄

)
.

Because ŷλ̄,θ̄(s, a) depends on f̂N
′
(θ̄, s, a) its definition relies on N ′ independent samples from

the transition function p(·|s, a) for each state-action pair (s, a). In other words, we would obtain
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a different ŷλ̄,θ̄(s, a) density each time we repeat the sampling procedure, that is, ŷλ̄,θ̄(s, a) can

be viewed as one among a set of random density functions Ŷ(N ′) constructed in this manner.

Let EŶ(N ′) denote expectation over the density functions in this set. Given a density function

ŷλ̄,θ̄ ∈ Ŷ(N ′), we denote by EH′|yλ̄,θ̄ the expectation over the sets of H ′ independent samples (i.e.,

(ŝh, âh), h= 1,2, . . . ,H ′) from this density. Then we have

E(H′,N ′)

 1

H ′

H′∑
h=1

f̂N
′
(θ̄, ŝh, âh) + λ̄D(ŷλ̄,θ̄, pu)

=EŶ(N ′)

EH′|ŷλ̄,θ̄
 1

H ′

H′∑
h=1

f̂N
′
(θ̄, ŝh, âh)

+ λ̄D(ŷλ̄,θ̄, pu)


=EŶ(N ′)

[
Eŷλ̄,θ̄

[
f̂N
′
(θ̄, s, a)

]
+ λ̄D(ŷλ̄,θ̄, pu)

]
=EŶ(N ′)

[
min
y∈Y

{
Ey
[
f̂N
′
(θ̄, s, a)

]
+ λ̄D(y, pu)

}]
≤EŶ(N ′)

[
Ey∗

λ̄,θ̄

[
f̂N
′
(θ̄, s, a)

]
+ λ̄D(y∗λ̄,θ̄, pu)

]
=Ey∗

λ̄,θ̄

[
EŶ(N ′)

[
f̂N
′
(θ̄, s, a)

]]
+ λ̄D(y∗λ̄,θ̄, pu)

=Ey∗
λ̄,θ̄

[
f(θ̄, s, a)

]
+ λ̄D(y∗λ̄,θ̄, pu), (EC.27)

where the first equality follows from the definition of set Ŷ(N ′) and conditional expectation;

the second equality because EH′|ŷλ̄,θ̄ [
1
H′
∑H′

h=1 f̂
N ′(θ̄, ŝh, âh)] is an unbiased expectation over

independent sample average approximations of Eŷλ̄,θ̄
[
f̂N
′
(θ̄, s, a)

]
; the third from the definition of

ŷλ̄,θ̄; the inequality because y∗
λ̄,θ̄

is feasible but not necessarily optimal to the inner minimization;

the fourth equality follows as a result of y∗
λ̄,θ̄

being independent of the collection of N ′ samples at

each state-action pair from Ŷ(N ′); and the last equality because f̂N
′
(θ̄, s, a) is a sample average

approximation of the function f(θ̄, s, a).

Using (EC.27) and the definition of l̂(θ̄), we have

l̂(θ̄)≤E(H′,N ′)

 1

H ′

H′∑
h=1

f̂N
′
(θ̄, ŝh, âh) + λ̄D(ŷλ̄,θ̄, pu)

+ λ̄C̄ +nλ̄ log(λ̄)

≤Ey∗
λ̄,θ̄

[
f(θ̄, s, a)

]
+ λ̄D(y∗λ̄,θ̄, pu) + λ̄C̄ +nλ̄ log(λ̄)

= min
y∈Y

[
Ey[f(θ̄, s, a)] + λ̄D(y, pu)

]
+ λ̄C̄ +nλ̄ log(λ̄)

≤D(θ̄)

where the first inequality follows from the definition of l̂(θ̄) and the non-negativity of λ̄D(ŷλ̄,θ̄, pu),

the second is a consequence of (EC.27), the equality uses the definition of y∗
λ̄,θ̄

, and the last

inequality is due to Lemma EC.3. �

Proof of Proposition 4 To prove that aFB(s) is determined by the myopic optimization

problem stated in the proposition, we first show that the state s = (z, q1, q2, . . . , qJ−1) collapses

to a scalar Z = z +
∑J−1

j=1 qj. We then establish that the desired myopic optimization is sufficient
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to compute an optimal order quantity. The structure of our proof mirrors the one in the lecture

notes of Gallego (2003).

The in-transit inventory elements q1, . . . , qJ−1 do not affect the system cost until they become

on-hand inventory, that is, they replace z. This feature is evident from the definition of the

MDP immediate cost function c(s, a). Therefore, an order quantity a at the current period incurs

its first cost J periods in the future and this cost will be a function of the on-hand inventory

z+
∑J−1

j=1 qj +a−
∑J

j=0Gj at that future stage, where Gj is the a realization of random demand at

a stage, j periods in the future. The cost associated with this future on-hand inventory discounted

back to the current period is

γJcpa+ γJE
[
ch (Z + a−G(J))+ + cbmin{(G(J)−Z − a)+ ,−ls}+ cl (G(J)−Z − a+ ls)+

]
. (EC.28)

We remind that reader that G(J) =
∑J

j=0Gj. Defining

C(x) := γJE
[
ch (x−G(J))+ + cbmin{(G(J)−x)+ ,−ls}+ cl (G(J)−x+ ls)+

]
.

We rewrite (EC.28) as γJcpa+C(Z + a), which is an alternative definition of the immediate cost

for the problem. Since its dependence on the state s is only through the scalar variable Z, we

obtain the desired state-space collapse and can express the problem of computing an optimal

ordering policy using the following stochastic dynamic program with value function V ∗(Z):

V ∗(Z) = min
a≥0

γJcpa+C(Z + a) + γE [V ∗(Z + a−G)] , ∀Z ∈R. (EC.29)

The remaining steps of the proof focus on showing that an optimal action a∗(Z) to (EC.29) solves

min
a≥0

[
(1− γ)γJcpa+C(Z + a)

]
, (EC.30)

which is the myopic optimization problem determining aFB(s). Consider the function and variable

transformations U∗(Z) := V ∗(Z) + γJcpZ and Z ′ =Z+ a, respectively. Applying them on (EC.29)

and (EC.30) results in the equivalent problems

U∗(Z) = γJ+1cpE [G] + min
Z′≥Z

[
(1− γ)γJcpZ

′+C(Z ′) + γE [U∗(Z ′−G)]
]
, (EC.31)

and

min
Z′≥Z

[
(1− γ)γJcpZ

′+C(Z ′)
]
. (EC.32)

In obtaining (EC.32) from (EC.30), we dropped the constant term (γ − 1)γJcpZ as it does not

affect the optimal solution. Based on the definition of U∗(·), it follows immediately that it is a

non-decreasing function. Moreover, due to the convexity of C(·), standard arguments can be used

to show that U∗(·) is also a convex function. The convex and non-decreasing nature of U∗(·) will
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facilitate our ensuing analysis to prove that the optimal solutions to (EC.31) and (EC.32) are

identical, which then implies that the same holds for the pair of equivalent optimization problems

(EC.29) and (EC.30).

Consider the optimal solution to an unconstrained version of the optimization in (EC.31):

Z∗ ∈ arg min
Z′

[
(1− γ)γJcpZ

′+C(Z ′) + γE [U∗(Z ′−G)]
]
.

• When Z∗ ≥Z, clearly we have Z∗ being a minimizer in (EC.31). Thus, in this case, we have

U∗(Z) = γJ+1cpE [G] + (1− γ)γJcpZ
∗+C(Z∗) + γE [U∗(Z∗−G)] . (EC.33)

The unconstrained optimal value in the right-hand side of the above expression is independent of

Z. Denoting this constant by Umin, we have U∗(Z) =Umin for all Z ≤Z∗.

• When Z∗ < Z, the optimal solution to the minimization problem in the definition of U∗(Z)

will be Z because U∗(Z) is a convex function.

Next we show that Z∗ is also a minimizer of minZ′ [(1− γ)γJcpZ
′+C(Z ′)]. To prove this

statement by contradiction, suppose Z∗ is not a minimizer of the latter optimization problem.

Then there exists a Ẑ 6=Z∗ such that

min
Z′

[
(1− γ)γJcpZ

′+C(Z ′)
]

= (1− γ)γJcpẐ +C(Ẑ)< (1− γ)γJcpZ
∗+C(Z∗). (EC.34)

Once again we consider two cases.

• Suppose Ẑ < Z∗. We note that

γJ+1cpE [G] + (1− γ)γJcpZ
∗+C(Z∗) + γE [U∗(Z∗−G)]

≤ γJ+1cpE [G] + (1− γ)γJcpẐ +C(Ẑ) + γE
[
U∗(Ẑ −G)

]
<γJ+1cpE [G] + (1− γ)γJcpZ

∗+C(Z∗) + γE [U∗(Z∗−G)] , (EC.35)

where the first inequality follows from the definition of Z∗ (i.e. Z∗ is the minimizer of (EC.31))

and the second inequality holds since Ẑ −G<Z∗−G≤Z∗ and U∗(Z) =Umin for all Z ≤Z∗. We

have a contradiction, which rules out Ẑ < Z∗.

• Suppose Ẑ ≥ Z∗. Due to the convexity of U∗(·) and the cost function C(·), the optimal

solution of minZ′≥Ẑ [(1− γ)γJcpZ
′+C(Z ′) + γE [U∗(Z ′−G)]] is Ẑ. Since U∗(·) is non-decreasing

(i.e., U∗(Ẑ −G)≤U∗(Ẑ)), we have

U∗(Ẑ) = γJ+1cpE [G] + (1− γ)γJcpẐ +C(Ẑ) + γE
[
U∗(Ẑ −G)

]
≤ γJ+1cpE [G] + (1− γ)γJcpẐ +C(Ẑ) + γU∗(Ẑ). (EC.36)
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Once again we use the non-decreasing property of the function U∗(·) to write

(1− γ)U∗(Z∗)≤ (1− γ)U∗(Ẑ)

≤ γJ+1cpE [G] + (1− γ)γJcpẐ +C(Ẑ)

<γJ+1cpE [G] + (1− γ)γJcpZ
∗+C(Z∗),

where the second inequality follows from rearranging terms in (EC.36) and last inequality is due

to (EC.34). The preceding inequality, equation (EC.33), and U∗(Z∗) = U∗(Z∗−G) = Umin result

in the following contradiction:

Umin <γJ+1cpE [G] + (1− γ)γJcpZ
∗+C(Z∗) + γU∗(Z∗)

= γJ+1cpE [G] + (1− γ)γJcpZ
∗+C(Z∗) + γE [U∗(Z∗−G)] =Umin.

This contradiction rules out Ẑ ≥Z∗.

Thus, we have shown that Z∗ solves minZ′≥Z(1− γ)γJcpZ
′+C(Z ′) when Z∗ ≥Z. If Z∗ <Z, then

Z is the optimal solution since (1− γ)γJcpZ
′+C(Z ′) is convex in Z ′. �

EC.2. Termination of PSMD based on a relative optimality gap

In this section, we discuss how PSMD can be terminated using a relative optimality gap. We define

a relative optimality gap with respect to a reference feasible solution as done in the math pro-

gramming literature (see, e.g., Balas and Saxena 2008 in integer programming, and Aravkin et al.

2016 in first order methods). Recall that the absolute optimality gap of a feasible ALP solution

(τ, θ) is AGAP(τ, θ) := (τ ∗− τ) +
B∑
b=1

(θ∗b − θb)Eq [φb(s)], where (τ ∗, θ∗) is an optimal ALP solution.

Suppose we have a reference feasible ALP solution (τ̂ , θ̂). Given a target relative optimality gap

αr ∈ (0,1], we stop PSMD when it finds an improved feasible ALP solution (τ̄ , θ̄) such that

AGAP(τ̄ , θ̄)

AGAP(τ̂ , θ̂)
≤ αr. (EC.37)

By virtue of this condition, the feasible solution (τ̄ , θ̄) closes the absolute optimality gap of the

feasible solution (τ̂ , θ̂) by at least (1−αr)× 100%.

The left-hand side of the condition (EC.37) is not computable as it requires knowledge of the

unknown optimal solution (τ ∗, θ∗). We thus construct a conservative approximation of this ratio

by upper bounding and lower bounding its numerator and denominator, respectively. Specifically,

we leverage the inequality AGAP(τ̄ , θ̄)≤P(ȳ)− l(θ̄), which follows from the the definition of the

primal-dual gap in Theorem 2, and the relationship l(θ̄) − τ̂ −
∑B

b=1 θ̂bEq [φb(s)] ≤ AGAP(τ̂ , θ̂),
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which follows from l(θ̄) being a lower bound on the optimal ALP objective function value F (also

due to Theorem 2). The resulting stopping criterion is

P(ȳ)− l(θ̄)

l(θ̄)− τ̂ −
B∑
b=1

θ̂bEq [φb(s)]

≤ αr, (EC.38)

which is a sufficient condition for a feasible ALP solution (τ̄ , θ̄) to satisfy (EC.37).

Proposition EC.1 establishes that the solution returned by PSMD satisfies the relative opti-

mality gap condition (EC.38) in a finite number of iterations with high probability. Our iteration

complexity depends on the parameter ᾱ(τ̂ , θ̂, αr) := αrAGAP(τ̂ , θ̂)/(1 + αr), which captures the

intuitive effect that achieving relative optimality gap reductions is more difficult when the absolute

optimality gap of the reference solution (τ̂ , θ̂) is small. Recall the definition of τ̄(θ̄) in (6).

Proposition EC.1. Let αr > 0 and δ ∈ (0,1). Suppose we have a reference feasible ALP

solution (τ̂ , θ̂). Then PSMD returns the pair (θ̄, ȳ) such that the feasible ALP solution (τ̄(θ̄), θ̄)

satisfies (EC.38), and hence (EC.37), in at most

O

(
1

ᾱ(τ̂ , θ̂, αr)2
log

(
1

ᾱ(τ̂ , θ̂, αr)

)
log

(
1

δ

))

iterations with probability of at least 1− δ.

Proof. The inequality P(ȳ)− l(θ̄)≤ ᾱ(τ̂ , θ̂, αr) can be guaranteed to hold after

T + 2≥max

4,

(
8Q2

ᾱ(τ̂ , θ̂, αr)η0

)2

,

(
160η0M

2

ᾱ(τ̂ , θ̂, αr)
log

(
160η0M

2

ᾱ(τ̂ , θ̂, αr)

))2

,

(
2
√

2(32My + 16QΘMθ)

ᾱ(τ̂ , θ̂, αr)

)2

log

(
1

δ

)[
2 log

(
2
√

2(32My + 16QθMθ)

ᾱ(τ̂ , θ̂, αr)

)
+ log

(
log

(
1

δ

))]
,

(
8λ0

λ̃
log

(
8λ0

λ̃

))2
}

=O

(
1

ᾱ(τ̂ , θ̂, αr)2
log

(
1

ᾱ(τ̂ , θ̂, αr)

)
log

(
1

δ

))
,

iterations by following the same steps as the proof of Theorem 1 with α replaced by ᾱ(τ̂ , θ̂, αr).

Moreover,

AGAP(τ̄ , θ̄)

AGAP(τ̂ , θ̂)
≤ P(ȳ)− l(θ̄)

l(θ̄)− τ̂ −
B∑
b=1

θ̂bEq [φb(s)]

≤ ᾱ(τ̂ , θ̂, αr)

AGAP(τ̂ , θ̂)− ᾱ(τ̂ , θ̂, αr)
= αr,

where the second inequality follows from F − l(θ̄)≤P(ȳ)− l(θ̄)≤ ᾱ(τ̂ , θ̂, αr) and the equality holds

by simplifying expressions after writing AGAP(τ̂ , θ̂) in terms of ᾱ(τ̂ , θ̂, αr) and αr. �
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When implementing the relative gap stopping criterion, we can replace the upper bound P(ȳ) and

the lower bound l(θ̄) in (EC.38) by P̂(ȳ) and l̂(θ̄), respectively, as discussed in §6. If a reference fea-

sible ALP solution is not available, one can be constructed as follows: (i) Run the PSMD algorithm

for a fixed number of iterations (100 iterations for example) and obtain (θ, y); (ii) compute P̂(y) as

described in §6; and (iii) define the reference feasible ALP solution (τ̂ , θ̂) as θ̂= θ and τ̂ = P̂(y)−∑B

b=1 θbEq[φb(s)], where feasibility follows since P̂(y)≥ τ̄(θ) +
∑B

b=1 θbEq[φb(s)] by Proposition 3.
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Figure EC.1 Changes in the PSMD lower bound and ALP-CS objective function values on a representative

consumer energy storage instance.

EC.3. Addendum to numerical results

We provide computational results supplementing §7.4. Figures EC.1(a) and EC.1(b) show the

PSMD lower bound behavior as functions of time for different values of N and H, respectively,

on the consumer energy storage instance corresponding to row one of Table 3. These results are

representative of the behavior of PSMD on other instances and shows that N =H = 10 provides

bounds of good quality in reasonable time. We thus used this choice for our PSMD implementation.

Figure EC.1(c) shows the behavior of the ALP-CS objective function value with CPU time for dif-

ferent values of NE, which denotes the number of samples used to approximate the expectations in

the ALP constraints. We chose NE equal to 10,000 as it decreased the ALP-CS objective the fastest.

Finally, in Figure EC.2 we investigate the behavior of the ALP-CS objective and PSMD lower

bound against a PSMD upper bound on two consumer energy storage instances corresponding

to rows one and five of Table 3. As expected, the PSMD lower bound is always below the upper

bound. On the instance considered in Figure EC.2(a) the ALP-CS objective function value is below

the upper bound but this is not the case for the instance corresponding to Figure EC.2(b). Thus,

the ALP-CS objective may not provide a lower bound on the optimal objective function value.
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(a) Instance defined in row one of Table 3.
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(b) Instance defined in row five of Table 3.

Figure EC.2 Comparison of the PSMD upper bound against the PSMD lower bound and the ALP-CS objective

function value on two representative energy storage instances.
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