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Abstract

Recently, Mohammad-Nezhad and Terlaky studied the identification of the optimal partition for semidefinite opti-
mization. An approximation of the optimal partition was obtained from a bounded sequence of solutions on, or in a
neighborhood of the central path. Here, we use the approximation of the optimal partition in a rounding procedure to
generate an approximate maximally complementary solution. The procedure generates a rounded primal-dual solution
from an interior solution, su�ciently close to the optimal set, by solving two least square problems.
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1. Introduction

The notion of optimal partition for linear optimization
(LO) and linear complementarity problems (LCPs) is well-
known in the literature of interior point methods (IPMs).
For LO, the Goldman-Tucker theorem [5] proves the exis-
tence of strictly complementary solutions, and hence the
partition of the index set of the variables to two disjoint
complementary sets. For LCPs [9], only maximally com-
plementary solutions exist. Hence, the optimal partition
consists of three disjoint sets.

Goldfarb and Scheinberg [4] extended the concept of the
optimal partition to semidefinite optimization (SDO), and
Yildirim [17] presented a facial description of the opti-
mal partition for linear conic optimization with self-dual
cones. The optimal partition for second-order conic opti-
mization was studied by Bonnans and Ramı́rez [1]. Peña
and Roshchina [11] established the complementarity par-
tition for a multifold homogeneous conic system.

The optimal partition provides a characterization of the
optimal set, and it is uniquely defined for SDO problems
with strong duality. The optimal partition information can
be used in a so called rounding procedure to generate either
a maximally or strictly complementary solution, see e.g.,
Ye [16] and Roos, Terlaky, and Vial [12] for LO, and Illés,
Peng, Roos, and Terlaky [9] and the references there in for
LCP. Recently, Terlaky and Wang [15] and Mohammad-
Nezhad and Terlaky [10] have investigated the identifica-
tion of the optimal partition for SOCO and SDO, respec-
tively. The rationale behind the identification of the op-
timal partition is closely interconnected with the limiting
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behavior of the central path and the existence of a maxi-
mally complementary solution. In [10], the approximation
of the optimal partition was obtained from the eigenvec-
tors of interior solutions, on or in a neighborhood of the
central path, whose accumulation points form orthonormal
bases for the subspaces of the optimal partition.

In this paper, we revisit the identification of the opti-
mal partition given in [10] for SDO. Our contribution is
a rounding procedure for an approximate maximally com-
plementary solution of SDO. We use the approximation of
the optimal partition from [10] to generate an approximate
maximally complementary solution through solving a pair
of auxiliary problems. To the best of our knowledge, the
identification of the optimal partition and rounding proce-
dures for SDO have not been studied before in the litera-
ture of IPMs. The rest of this paper is built as follows. In
Section 2, we review the concepts of the complementarity
and optimal partition for SDO. In Section 3, we present a
rounding procedure to generate an approximate maximally
complementary solution and provide feasibility bounds for
the primal and dual solutions. Concluding remarks and
topics for future studies are presented in Section 4.

Throughout this paper, Sn is the space of n⇥n symmetric
matrices, Sn+ is the cone of n⇥n positive semidefinite ma-
trices, and ri(.) denotes the relative interior of a set. For a
symmetric matrix �[i](.) denotes the i

th largest eigenvalue.
Furthermore, R(.) stands for the column space and Null(.)
denotes the null space of a matrix. The Frobenius norm is
indicated by k.k, and the l2 norm of a vector is denoted by
k.k2. We use the notation (., ., . . . , .) to indicate the side
by side arrangement of the column vectors and matrices.
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2. Preliminaries

A pair of primal and dual SDO problems in standard
form can be phrased as
(P) min

�
hC,Xi | hAi, Xi = bi, i = 1, . . . ,m, X ⌫ 0

 
,

(D) max

⇢
bT y |

mX

i=1

yiA
i + S = C, S ⌫ 0, y 2 Rm

�
,

where C,X,Ai 2 Sn for i = 1, . . . ,m, b 2 Rm, and the
inner product is defined as hC,Xi := tr(CX). Let P and
D denote the primal and dual feasible sets, and P⇤ and
D⇤ be the primal and dual optimal sets, respectively. The
following assumptions are made throughout this paper:

Assumption 1. The matrices Ai
for i = 1, . . . ,m are

linearly independent.

Assumption 2. The interior point condition (IPC) holds,

i.e., there exists (X�, y�, S�) 2 P ⇥D with X�, S� � 0.

The IPC is standard in the literature of IPMs for linear
and conic optimization [12]. It ensures that the primal and
dual problems are solvable, and strong duality holds, i.e.,
for every primal-dual optimal solution we have XS = 0.
The primal-dual optimal pair (X⇤, y⇤, S⇤) is called max-
imally complementary (MC) if rank(X⇤ + S⇤) is maxi-
mal over the optimal set, or equivalently, if (X⇤, y⇤, S⇤) 2
ri(P⇤ ⇥ D⇤), see e.g., Lemma 2.3 in [2]. An MC solution
(X⇤, y⇤, S⇤) is called strictly complementary if X⇤ +S⇤ �
0. All X⇤ 2 ri(P⇤) have the same range space, see e.g.,
Lemma 2.3 in [2] or Lemma 3.1 in [4]. The same is true for
S⇤ with (y⇤, S⇤) 2 ri(D⇤). Recall [2] that an SDO problem
may have no strictly complementary solution.

2.1. Optimal partition of SDO

Let (X⇤, y⇤, S⇤) 2 ri(P⇤⇥D⇤) be an MC solution. Since
X⇤ and S⇤ commute by the complementarity condition,
they are simultaneously diagonalizable, i.e., there exists
an orthogonal matrix Q⇤ so that X⇤ = Q⇤⇤(X⇤)(Q⇤)T

and S⇤ = Q⇤⇤(S⇤)(Q⇤)T , where ⇤(X⇤) and ⇤(S⇤) are
diagonal matrices of the eigenvalues. Then R(X⇤) =
R(Q⇤⇤(X⇤)) and R(S⇤) = R(Q⇤⇤(S⇤)) indicate that the
subspaces R(X⇤) and R(S⇤) are orthogonal, and they
are spanned by the eigenvectors associated with the posi-
tive eigenvalues of X⇤ and S⇤, respectively. Let us define

B := R(X⇤), N := R(S⇤), and T :=
�
R(X⇤) +R(S⇤)

�?
,

where? denotes the orthogonal complement of a subspace.
Then (B, T ,N ), which partitions Rn, is called the opti-
mal partition of an SDO problem. It is immediate that
T = {0} when a strictly complementary solution exists.
Since (X⇤, y⇤, S⇤) 2 ri(P⇤ ⇥ D⇤), the optimal partition is
invariant w.r.t. the choice of (X⇤, y⇤, S⇤).

We consider Q := (QB, QT , QN ) as an orthonormal ba-
sis partitioned according to the subspaces B, T , and N .
For instance, the eigenvectors associated with the positive
eigenvalues of X⇤ and S⇤ can be chosen as orthonormal
bases for B and N , respectively. Theorem 1 character-
izes P⇤ and D⇤. For brevity, we define nB := dim(B),
nT := dim(T ), and nN := dim(N ).

Theorem 1 (Theorem 2.7 in [2]). The primal and

dual optimal solutions of SDO can be represented by

(QBUX̌QT
B , y̌, QNUŠQ

T
N ), where UX̌ 2 SnB

+ and UŠ 2 SnN
+ .

If nB > 0 and X⇤ 2 ri(P⇤), then UX⇤ � 0. Analogously,

if nN > 0 and (y⇤, S⇤) 2 ri(D⇤), then US⇤ � 0.

From Theorem 1, for any (X̌, y̌, Š) 2 P⇤ ⇥ D⇤ we
have QT

T [N X̌QT [N = 0 and QT
B[T ŠQB[T = 0, where

QT [N := (QT , QN ), and QB[T := (QB, QT ).

Remark 1. At least one of nB or nN has to be positive
by the IPC. The case with nB = 0 or nN = 0 turns out
to be fairly trivial, and it is easy to show that this trivial
case can actually happen. Hence, we can assume w.l.o.g.
that both nB and nN are positive.

2.2. Approximation of the optimal partition

The central path is defined as the set of solutions to
hAi, Xi = bi, i = 1, . . . ,m,mX

i=1

Aiyi + S = C,

XS = µIn, X, S ⌫ 0,
where XS = µIn is the centrality condition, and In stands
for the identity matrix of size n. Assuming linear indepen-
dence of Ai for i = 1, . . . ,m and the IPC, for any given
µ > 0 the solution (X(µ), y(µ), S(µ)), so called central so-
lution, is unique. It readily follows from the centrality con-
dition that X(µ) and S(µ) commute, and thus they have a
common eigenvector basis. Furthermore, it is well-known
that the central path converges to an MC solution [6].

Remark 2. The concept of the optimal partition is well-
defined only when strong duality holds, and without the
IPC the central path does not exist. It is known that the
IPC can be made w.l.o.g., by using the self-dual embedding
model, see e.g., [3]. Note that in this case, the embedding
model is always well-posed (in terms of the IPC) even if
the original problem is not.

Recall the condition number � from [10]:

�B :=

(
maxX̌2P⇤ �min(QT

BX̌QB), B 6= {0},
1, B = {0},

(1)

�N :=

(
max(y̌,Š)2D⇤ �min(QT

N ŠQN ), N 6= {0},
1, N = {0},

(2)

� := min{�B,�N }.
Condition number � quantifies the magnitude of the eigen-
values on the central path. By the IPC and the compact-
ness of the optimal set, there exists an MC solution, and
the optimal values in (1) or (2) are attained. Hence, � is
well-defined and positive. See Appendix 1 in [10] for a pos-
itive lower bound on �. Moreover, Section 5 in [10] adds
more comments on the magnitude of � and complexity of
computing an exact solution of SDO.

Let X̂(µ) := QTX(µ)Q and Ŝ(µ) := QTS(µ)Q be an
orthogonal transformation of (X(µ), y(µ), S(µ)) w.r.t. Q
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(see Section 2.1), where

X̂(µ) :=

2

4
X̂B(µ) X̂BT (µ) X̂BN (µ)
X̂T B(µ) X̂T (µ) X̂T N (µ)
X̂NB(µ) X̂NT (µ) X̂N (µ)

3

5 , (3)

and Ŝ(µ) is defined analogously. In [10], the derivation of
bounds for QT

T [NX(µ)QT [N and QT
B[T S(µ)QB[T relies

on an error bound result, see Theorem 3.3 in [14], for the
following linear matrix inequality (LMI) systems8
><

>:

As svec(X) = b,
svec(Š)T svec(X) = 0,
X ⌫ 0,

8
><

>:

(As)T y + svec(S) = svec(C),
svec(X̌)T svec(S) = 0,
S ⌫ 0,

where
�
X̌, y̌, Š

�
2 P⇤ ⇥D⇤ is a primal-dual optimal pair,

As :=
�
svec(A1), . . . , svec(Am)

�T
,

and svec(.) is an isometry between Sn and Rn(n+1)/2 stack-
ing the upper triangular part of a symmetric matrix, in
which the o↵-diagonal entries are multiplied by

p
2, see

e.g., [2]. Recall from the feasibility conditions that
hX(µ)� X̌, S(µ)� Ši = 0, (4)

which, by the optimality of X̌ and Š, implies
svec(Š)T svec

�
X(µ)

�
 nµ, svec(X̌)T svec

�
S(µ)

�
 nµ.

Therefore, by the orthogonal projection of svec
�
X(µ)

�
and

svec
�
S(µ)

�
onto the a�ne subspaces

L̄P :=
n
x | x 2 svec(X̌) + Null(As), svec(Š)Tx = 0

o
,

L̄D :=
n
s | s 2 svec(Š) +R

�
(As)T

�
, svec(X̌)T s = 0

o
,

we get

dist
⇣
svec

�
X(µ)

�
, L̄P

⌘
 ✓1nµ,

dist
⇣
svec

�
S(µ)

�
, L̄D

⌘
 ✓2nµ,

(5)

where dist(., .) is induced by the Frobenius norm, and ✓1
and ✓2 depend on As and Š, and As and X̌, respectively.
Interestingly, ✓1 and ✓2 can be interpreted as Ho↵man [7]
condition numbers. Now, we derive an upper bound on
the distance between a central solution and the optimal
set.

Lemma 2. Let (X(µ), y(µ), S(µ)) with

µ  µ̂ :=
1

n
min

n
✓�1
1 , ✓�1

2

o

be given. Then there exists (Xµ, yµ, Sµ) 2 P⇤⇥D⇤
so that��X(µ)�Xµ

��  c(nµ)� ,
��S(µ)� Sµ

��  c(nµ)� , (6)
where c > 0 is independent of µ, and � � 21�n

.

Proof. It is known that the set of central solutions
(X(µ), y(µ), S(µ)) for 0 < µ  µ̂ is bounded, see Lemma
3.2 in [2]. If µ  µ̂ holds, then from (5) we get

dist
⇣
svec

�
X(µ)

�
, L̄P

⌘
 1, dist

⇣
svec(S(µ)

�
, L̄D

⌘
 1.

Hence, Theorem 3.3 and Lemma 3.6 in [14] are applicable,
i.e., by the compactness of the optimal set there exists
(Xµ, yµ, Sµ) 2 P⇤ ⇥D⇤ so that��X(µ)�Xµ

��  c1(nµ)
�1 ,

��S(µ)� Sµ

��  c2(nµ)
�2 ,

where c1 and c2 are positive numbers both independent
of µ, and �1, �2 � 21�n. We get the result by setting
� := min{�1, �2} and c := max{c1, c2}.

Remark 3. The exponents �1 and �2 depend on the de-
gree of singularity [14] of the minimal subspaces which con-
tain the primal and dual optimal sets, respectively. We are
not aware of any upper bound on c. We refer the reader
to Section 4 in [14] for further details.

Now, consider the eigenvalue decompositions X(µ) =
Q(µ)⇤(X(µ))QT (µ) and S(µ) = Q(µ)⇤(S(µ))QT (µ),
where Q(µ) is a common eigenvector basis. In the sequel,
we prove that as µ ! 0, the eigenvalues of X(µ) and S(µ)
fall into three categories: 1) �[i](X(µ)) converges to a pos-
itive value and �[n�i+1](S(µ)) converges to 0; 2) �[i](S(µ))
converges to a positive value and �[n�i+1](X(µ)) converges
to 0; 3) both �[i](X(µ)) and �[n�i+1](S(µ)) converge to 0,
where the ith largest eigenvalue of X(µ) and the ith small-
est eigenvalue of S(µ) have an identical eigenvector. Asso-
ciated with the above categories of eigenvalues are QB(µ),
QT (µ), and QN (µ) as the respective subsets of columns
of Q(µ). It is well-known that for a given sequence {µt},
the accumulation points of QB(µt), QT (µt), and QN (µt)
form orthonormal bases for the subspaces B, T , and N ,
respectively, see e.g., Section 3.3 in [2]. Consequently, a
su�ciently small µ allows for the identification of QB(µ),
QT (µ), and QN (µ). Theorem 3 presents lower and upper
bounds for the eigenvalues of X(µ) and S(µ) using the
condition number � and the error bounds in (6).

Theorem 3. Let a central solution (X(µ), y(µ), S(µ))
with µ  µ̂ be given. Then we have

�[n�i+1](S(µ)) 
nµ

�
, i = 1, . . . , nB,

�[i](X(µ)) � �

n
, i = 1, . . . , nB,

�[i](S(µ)) �
�

n
, i = 1, . . . , nN ,

�[n�i+1](X(µ))  nµ

�
, i = 1, . . . , nN ,

�[n�i+1](X(µ))  c
p
n(nµ)� , i = 1, . . . , nN + nT ,

�[i](S(µ)) �
µ

c
p
n(nµ)�

, i = 1, . . . , nN + nT ,

�[n�i+1](S(µ))  c
p
n(nµ)� , i = 1, . . . , nB + nT ,

�[i](X(µ)) � µ

c
p
n(nµ)�

, i = 1, . . . , nB + nT .

Furthermore, if µ is small enough so that

µ < µ̃ := min

⇢
1

n

✓
�

cn
3
2

◆ 1
�

,
�2

n2
, µ̂

�
, (7)

then we can identify QB(µ), QT (µ), and QN (µ).

Proof. We first derive bounds for the vanishing blocks of
X̂(µ) and Ŝ(µ) defined in (3). It follows from the compact-
ness of the optimal set and the continuity of the eigen-
values that a primal-dual optimal solution (X̄, ȳ, S̄) 2
P⇤ ⇥ D⇤ exists such that �B = �min(QT

BX̄QB) and �N =
�min(QT

N S̄QN ). Therefore, we have
�min(UX̄) � �, �min(US̄) � �, (8)

where UX̄ = QT
BX̄QB and US̄ = QT

N S̄QN . By (4) and the
optimality of X̄ and S̄ we have

hX(µ), S̄i+ hX̄, S(µ)i
= hQT

NX(µ)QN , US̄i+ hUX̄ , QT
BS(µ)QBi = nµ.
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Since X(µ) � 0, it is immediate that
�min(US̄) tr

�
X̂N (µ)

�
 hX̂N (µ), US̄i  nµ,

which together with (8) implies tr
�
X̂N (µ)

�
 nµ/�.

Further, by Lemma 2 and Theorem 1 there exists
(Xµ, yµ, Sµ) 2 P⇤ ⇥ D⇤ so that (6) holds for µ  µ̂ and
that Xµ = QBUXµQ

T
B for unique UXµ ⌫ 0. All this gives

1p
n
tr
�
QT

T [NX(µ)QT [N
�

��QT

T [NX(µ)QT [N
��


��X(µ)�Xµ

��  c(nµ)� .
In a similar fashion, we can derive upper bounds on
tr
�
ŜB(µ)

�
and tr

�
QT

B[T S(µ)QB[T
�
.

In the sequel, taking into account the centrality condition
�[i](X(µ))�[n�i+1](S(µ)) = µ,

and the application of Theorem 4.5 in [13](i.e., for X 2 Sn
and Y 2 Rn⇥k we have �[n�k+1](X) + . . . + �[n](X) =

min{tr(Y TXY ) | Y TY = In}) to tr
�
ŜB(µ)

�
, tr

�
X̂N (µ)

�
,

tr
�
QT

T [NX(µ)QT [N
�
, and tr

�
QT

B[T S(µ)QB[T
�
yield the

lower and upper bounds. For instance, we get

�[n�nB+1](S(µ)) + . . .+ �[n](S(µ))  tr
�
ŜB(µ)

�
 nµ

�
,

which gives upper and lower bounds on the nB smallest and
the nB largest eigenvalues of S(µ) and X(µ), respectively:

�[n�i+1](S(µ)) 
nµ

�
, �[i](X(µ)) � �

n
, i = 1, . . . , nB.

Finally, it can be deducted from the bounds that as µ ! 0,
the nB and nN largest eigenvalues of X(µ) and S(µ) re-
main positive while the nB and nN smallest eigenvalues
of S(µ) and X(µ) converge to 0, respectively. Addi-
tionally, if nT > 0, then there exist a set of nT eigen-
values of X(µ) and S(µ) both belonging to the interval
I :=

⇥
µ/c

p
n(nµ)� , c

p
n(nµ)�

⇤
. Thus, we can identify

QB(µ), QT (µ), and QN (µ) when µ  µ̂ and the intervals
I, (0, nµ/�], and [�/n,1) are disjoint, i.e., when

µ

c
p
n(nµ)�

 c
p
n(nµ)� ,

nµ

�
<

µ

c
p
n(nµ)�

,

c
p
n(nµ)� <

�

n
,

nµ

�
<

�

n
,

which gives the upper bound (7).

Remark 4. Theorem 3 is used in Section 3 to derive
bounds for the feasibility of an approximate MC solution.
Throughout the following sections, R

�
QB(µ)

�
, R
�
QT (µ)

�
,

and R
�
QN (µ)

�
with µ < µ̃ are referred to as approxima-

tions of the subspaces B, T , and N , respectively.

3. A rounding procedure for central solutions

We present a rounding procedure which can be viewed
as a generalization of the approach in [12]. Even though
only approximations of B, T , and N are available, from
a central solution with su�ciently small µ we can make a
projection onto the boundary of the positive semidefinite
cone to generate a complementary solution with approxi-
mate primal-dual feasibility. Such solutions are called ap-
proximate MC solutions.

Suppose that a central solution (X(µ), y(µ), S(µ)) and
Q(µ) := (QB(µ), QT (µ), QN (µ)) are given, where µ < µ̃ as
defined in Theorem 3. Let (X⇤, y⇤, S⇤) be an MC solution
and define X̂⇤ := QT (µ)X⇤Q(µ), Ŝ⇤ := QT (µ)S⇤Q(µ),
and Âi := QT (µ)AiQ(µ). Then from the primal feasibility
constraints we have

hÂi, X̂⇤i = bi, i = 1, . . . ,m, (9)⌦
Âi,⇤(X(µ))

↵
= bi, i = 1, . . . ,m. (10)

By subtracting (10) from (9) for each i, for �XB(µ) =
X̂⇤

B � ⇤B(X(µ)) we get
hÂi

B,�XB(µ)i =
⌦
Âi

T ,⇤T (X(µ))
↵

+
⌦
Âi

N ,⇤N (X(µ))
↵
+ ⇠i,

(11)

where the residual term ⇠i is given by
⇠i =� hÂi

N , X̂⇤
N i � hÂi

T , X̂
⇤
T i

� 2
⇣
hÂi

BT , X̂
⇤
BT i+ hÂi

BN , X̂⇤
BN i+ hÂi

T N , X̂⇤
T N i

⌘
.

Analogously, let Ĉ = QT (µ)CQ(µ). Then we get
mX

i=1

y⇤i Â
i + Ŝ⇤ = Ĉ, (12)

mX

i=1

yi(µ)Â
i + ⇤(S(µ)) = Ĉ. (13)

By subtracting (13) from (12), for �yi(µ) = y⇤i � yi(µ)
and �SN (µ) = Ŝ⇤

N � ⇤N (S(µ)) we get
mX

i=1

�yi(µ)Â
i +

2

4
0 0 0
0 0 0
0 0 �SN (µ)

3

5

=

2

4
⇤B(S(µ)) 0 0

0 ⇤T (S(µ)) 0
0 0 0

3

5�

2

4
Ŝ⇤
B Ŝ⇤

BT Ŝ⇤
BN

Ŝ⇤
T B Ŝ⇤

T Ŝ⇤
T N

Ŝ⇤
NB Ŝ⇤

NT 0

3

5 .

(14)

Both the right hand sides in (11) and (14) depend on the
chosen MC solution. Thus, the systems (11) and (14) may
not be solvable if we drop the unknown terms. Instead,
we can solve two least square problems to obtain search
directions towards primal and dual solutions.

Remark 5. For an LO problem embedded in SDO, X(µ)
and S(µ) are diagonal matrices. When the optimal par-
tition is known, the coordinates of variables can be rear-
ranged to get Q(µ) = In. All this implies that the un-
known terms in (11) and (14) are just zero for LO.

3.1. Primal least square problem

For the primal problem we solve
min k�Xk2 + kek22
s.t. hÂi

B,�Xi � ei =
⌦
Âi

T ,⇤T (X(µ))
↵

+
⌦
Âi

N ,⇤N (X(µ))
↵
, i = 1, . . . ,m.

(15)

We may assume that Âi
B 6= 0 for some i. Otherwise, the

optimal solution of (15) would give �X⇤ = 0, and thus
the e↵ect of the vanishing terms is absorbed in primal
infeasibility. For LO we have Âi

B 6= 0 for some i, since
otherwise the primal optimal solution would be trivial.

The optimal solution (�X⇤, e⇤) to the auxiliary prob-
lem (15) yields X̃B := ⇤B(X(µ)) +�X⇤ so that

hÂi
B, X̃Bi = bi + e⇤i , i = 1, . . . ,m.

4



Thus, X̃B is ✏p infeasible for the primal constraints with
✏p := ke⇤k2.

Let r(n) := n(n+ 1)/2 and define

Âs
B :=

�
svec(Â1

B), . . . , svec(Â
m
B )
�T

,

A :=
�
vec(A1), . . . , vec(Am)

�T
,

in which vec : Rn⇥n ! Rn2

is the concatenation of the
columns of a matrix. Then problem (15) reduces to

min k�xk22 + kÂs
B�x� ⌘k22, (16)

where �x = svec(�X), and ⌘i = hÂi
T ,⇤T (X(µ))i +

hÂi
N ,⇤N (X(µ))i denotes the vanishing term, which should

be zero for all optimal solutions. Lemma 4 establishes up-
per bounds on k�X⇤k and ke⇤k2. The bounds depend on
the constant

⇡p :=

r(nB)Y

k=1

���
⇣
(Âs

B)
T Âs

B + Ir(nB)

⌘

.k

���
2
,

where
�
(Âs

B)
T Âs

B + Ir(nB)

�
.k

denotes the kth column of

(Âs
B)

T Âs
B + Ir(nB). Using the upper bounds in Lemma 4,

Theorem 6 proves that X̃B � 0 for su�ciently small µ.

Lemma 4. Let (�X⇤, e⇤) be the unique optimal solution

of (15). Then we have

k�X⇤k  2⇡p

p
r(nB)kAk2 max

⇢
n
p
nNµ

�
, c
p
nnT (nµ)

�

�
,

✏p  2kAk
✓
⇡p

p
r(nB)kAk2 + 1

◆

⇥max

⇢
n
p
nNµ

�
, c
p
nnT (nµ)

�

�
.

Proof. The optimality conditions for (16) are given by�
(Âs

B)
T Âs

B + Ir(nB)

�
�x = (Âs

B)
T ⌘, (17)

where (Âs
B)

T Âs
B + Ir(nB) � 0. The unique solution of (17)

can be computed using Cramer’s rule [8]:

�x⇤
j =

det
⇣�

(Âs
B)

T Âs
B + Ir(nB)

�(j)⌘

det
⇣
(Âs

B)
T Âs

B + Ir(nB)

⌘ , j = 1, . . . , r(nB),

in which the matrix
�
(Âs

B)
T Âs

B + Ir(nB)

�(j)
in the

nominator is obtained by substituting the jth col-
umn of (Âs

B)
T Âs

B + Ir(nB) by (Âs
B)

T ⌘. Noting that

det
�
(Âs

B)
T Âs

B + Ir(nB)

�
� 1, we can deduce from

Hadamard’s inequality [8] that for j = 1, . . . , r(nB)

|�x⇤
j | 

��� det
⇣�

(Âs
B)

T Âs
B + Ir(nB)

�(j)⌘���


��(Âs

B)
T ⌘
��
2

r(nB)Y

k=1
k 6=j

��((Âs
B)

T Âs
B + Ir(nB)).k

��
2

hold. Since the diagonal entries of (Âs
B)

T Âs
B + Ir(nB) are

greater than or equal to 1, the norm of each column is at
least 1, and thus a uniform bound for �x⇤

j can be derived:

|�x⇤
j | 

��(Âs
B)

T ⌘
��
2

r(nB)Y

k=1
k 6=j

��((Âs
B)

T Âs
B + Ir(nB)).k

��
2

 ⇡pk(Âs
B)

T ⌘k2.

(18)

Then we can conclude from Theorem 3 that��⌦Âi
N ,⇤N

�
X(µ)

�↵�� 
n
p
nNµ

�
kAik,

��⌦Âi
T ,⇤T

�
X(µ)

�↵��  c
p
nnT (nµ)

�kAik
for i = 1, . . . ,m, which yields the upper bound

|⌘i|  2kAikmax

⇢
n
p
nNµ

�
, c
p
nnT (nµ)

�

�
. (19)

Consequently, from (18) and (19) it follows that
|�x⇤

j |  ⇡pk(Âs
B)

T ⌘k2

 2⇡pkAk2 max

⇢
n
p
nNµ

�
, c
p
nnT (nµ)

�

�

for j = 1, . . . , r(nB), where we have used the inequality
kÂs

Bk  kAk. As a result, we get
ke⇤k2 = kÂs

B�x⇤ � ⌘k2  kÂs
Bkk�x⇤k2 + k⌘k2

 2kAk
✓
⇡p

p
r(nB)kAk2 + 1

◆

⇥max

⇢
n
p
nNµ

�
, c
p
nnT (nµ)

�

�
.

This completes the proof.

3.2. Dual least square problem

Let E denote a slack matrix as

E :=

2

4
EB EBT EBN
ET B ET ET N
ENB ENT 0

3

5 , (20)

which is defined in accordance with the unknown right
hand side matrix in (14). Then the auxiliary problem for
an approximate dual solution is formulated as

min k�yk22 + k�Sk2 + kEk2

s.t.
mX

i=1

�yiÂ
i +

2

4
0 0 0
0 0 0
0 0�S

3

5� E

=

2

4
⇤B(S(µ)) 0 0

0 ⇤T (S(µ)) 0
0 0 0

3

5 .

(21)

The optimal solution (�y⇤,�S⇤, E⇤) gives ỹi := yi(µ) +
�y⇤i for i = 1, . . . ,m and S̃N := ⇤N (S(µ)) +�S⇤ with ✏d
infeasibility for the dual constraints, where

✏d := kE⇤k.
For the sake of clarity, in what follows, auxiliary prob-
lem (21) is represented in vector form. To do so, analogous
to the definition of A, we apply the vec(.) operator to each
block of Âi to form ÂB, ÂN , ÂT , ÂBT , ÂBN , and ÂT N .
Thus, problem (21) reduces to the least square problem

min k�yk22 +
��ÂT

N�y
��2
2
+
��ÂT

B�y � ⇣B
��2
2

+
��ÂT

T �y � ⇣T
��2
2
+ 2
��ÂT

BT �y
��2
2

+ 2
��ÂT

BN�y
��2
2
+ 2
��ÂT

T N�y
��2
2
,

(22)

where ⇣B = vec
�
⇤B(S(µ))

�
and ⇣T = vec

�
⇤T (S(µ))

�
.

Lemma 5 establishes upper bounds on ✏d and k�S⇤k. For
the upper bounds we define the positive definite matrix

H := ÂBÂT
B + ÂT ÂT

T + ÂN ÂT
N + 2ÂBT ÂT

BT
+ 2ÂBN ÂT

BN + 2ÂT N ÂT
T N + Im

5



and constant

⇡d :=
mY

k=1

kH.kk2,

where H.k denotes the kth column of H. Theorem 6 proves
that for su�ciently small µ we have S̃N � 0.

Lemma 5. Problem (21) has a unique optimal solution

(�y⇤,�S⇤, E⇤), which satisfies

k�S⇤k  2⇡d
p
mkAk2 max

⇢
n
p
nBµ

�
, c
p
nnT (nµ)

�

�
,

✏d 
p
2(4⇡d

p
mkAk2 + 1)max

⇢
n
p
nBµ

�
, c

p
nnT (nµ)

�

�
.

Proof. For the sake of simplicity we define
' := ÂB⇣B + ÂT ⇣T .

The optimality conditions for (22) can be written as
H�y = ', where H � 0. The unique solution of this
system can be computed by using Cramer’s rule as follows

�y⇤i =
det(H(i))

det(H)
, i = 1, . . . ,m,

where matrix H(i) in the nominator is obtained by sub-
stituting the ith column of H by '. Therefore, for i =
1, . . . ,m, using det(H) � 1 we get

|�y⇤i |  | det(H(i))|  k'k2
mY

k=1
k 6=i

kH.kk2  ⇡dk'k2,

where the second inequality follows from Hadamard’s in-
equality. Note that

Qm
k=1,k 6=i kH.kk2  ⇡d, since the diag-

onal entries of H are at least 1. Furthermore, from Theo-
rem 3 we get

k'k2  kÂB⇣Bk2 + kÂT ⇣T k2

 2kAkmax

⇢
n
p
nBµ

�
, c

p
nnT (nµ)

�

�
,

which leads to

|�y⇤i |  2⇡dkAkmax

⇢
n
p
nBµ

�
, c

p
nnT (nµ)

�

�
. (23)

Consequently, from (23) we have
k�S⇤k = k(ÂN )T�y⇤k2

 2⇡d
p
mkAk2 max

⇢
n
p
nBµ

�
, c
p
nnT (nµ)

�

�
.

Then we derive bounds on the components of E⇤ as fol-
lows
kE⇤

Bk = kÂT
B�y⇤ � ⇣Bk2

 2⇡d
p
mkAk2 max

⇢
n
p
nBµ

�
, c

p
nnT (nµ)

�

�
+

n
p
nBµ

�

 (2⇡d
p
mkAk2 + 1)max

⇢
n
p
nBµ

�
, c

p
nnT (nµ)

�

�
,

kE⇤
T k = kÂT

T �y⇤ � ⇣T k2

 2⇡d
p
mkAk2 max

⇢
n
p
nBµ

�
, c

p
nnT (nµ)

�

�

+ c
p
nnT (nµ)

�

 (2⇡d
p
mkAk2 + 1)max

⇢
n
p
nBµ

�
, c

p
nnT (nµ)

�

�
,

kE⇤
BT k, kE⇤

BN k, kE⇤
T N k

 2⇡d
p
mkAk2 max

⇢
n
p
nBµ

�
, c

p
nnT (nµ)

�

�
.

Finally, we get

kE⇤k2 
 
2
⇣
2⇡d

p
mkAk2 + 1

⌘2
+ 6
⇣
2⇡d

p
mkAk2

⌘2
!

⇥
 
max

⇢
n
p
nBµ

�
, c

p
nnT (nµ)

�

�!2

,

which gives the upper bound on ✏d.

3.3. Cone feasibility

Solving (15) and (21) yields a complementary so-
lution

�
QB(µ)X̃BQT

B(µ), ỹ, QN (µ)S̃NQT
N (µ)

�
with ✏ :=

max{✏p, ✏d} infeasibility w.r.t. the linear constraints. The-
orem 6 shows that for su�ciently small µ, the rounding
procedure yields a primal-dual solution with X̃B, S̃N � 0.

Theorem 6. Let #1 := 2n2kAk2, #2 := 2cn
3
2
p
nT kAk2,

and

µr := min

⇢
�2

#1 max{⇡p

p
r(nB)nN , ⇡d

p
mnB}

,

1

n

✓
�

#2 max{⇡p

p
r(nB), ⇡d

p
m}

◆ 1
�

, µ̃

�
.

If µ < µr
, then we have X̃B, S̃N � 0.

Proof. We only need to show that for µ < µr the rounding
procedure results in X̃B, S̃N � 0. Noting that

|�min(�X⇤)|  k�X⇤k, |�min(�S⇤)|  k�S⇤k,
we conclude from Theorem 3, and Lemmas 4 and 5 that
�min

�
X̃B
�
� �min

�
⇤B
�
X(µ)

��
+ �min(�X⇤)

� �

n
� 2⇡p

p
r(nB)kAk2 max

⇢
n
p
nNµ

�
, c
p
nnT (nµ)

�

�
,

�min

�
S̃N
�
� �min

�
⇤N
�
S(µ)

��
+ �min(�S⇤)

� �

n
� 2⇡d

p
mkAk2 max

⇢
n
p
nBµ

�
, c
p
nnT (nµ)

�

�
.

Consequently, X̃B, S̃N � 0 holds if

2⇡p

p
r(nB)kAk2 max

⇢
n
p
nNµ

�
, c
p
nnT (nµ)

�

�
<

�

n
,

2⇡d
p
mkAk2 max

⇢
n
p
nBµ

�
, c
p
nnT (nµ)

�

�
<

�

n
.

3.4. Rounding procedure

Now, we can outline a simple procedure which yields an
approximate MC solution.

Algorithm 1 Rounding procedure for SDO

Input (X(µ), y(µ), S(µ)), where µ < µr is fixed.
Do Solve least square problem (15) to get X̃B.

Solve least square problem (21) to get (ỹ, S̃N ).
Return (QB(µ)X̃BQT

B(µ), ỹ, QN (µ)S̃NQT
N (µ)).

Even though Algorithm 1 produces an approximate MC
solution and needs the eigenvalue decomposition of a cen-
tral solution, it relies on solving two linear systems of equa-
tions with better conditioned coe�cient matrices than the
Jacobian of the Newton system.
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Remark 6. For a fixed µ the orthogonal matrix Q(µ),
due to multiplicity of the eigenvalues, may not be unique.
Then the solution given by Algorithm 1 varies with the
choice of Q(µ). Obviously, this cannot happen for LO.

Remark 7. As indicated in Remark 5, Algorithm 1 can
be inferred as an extension of the method in [12]. Com-
puting an ✏-feasible MC solution requiresO(max{n6

B,m
3})

arithmetic operations. In fact, this is equivalent to solving
two linear systems of equations, using the Gauss elimina-
tion method, with r(nB) and m variables, respectively.

4. Concluding remarks and conclusion

4.1. A rounding procedure for approximate solutions

We recall from [10] that the identification results can be
extended for approximate solutions, which is best suited
for primal-dual IPMs, since they generate a sequence of
interior solutions in a neighborhood of the central path.
This motivates the extension of the rounding procedure
for solutions in a neighborhood of the central path.

Let (X�, y�, S�) be an interior solution, and consider the
eigenvalue decompositions X� = M⇤(X�)MT and S� =
P⇤(S�)PT , where M and P are orthogonal matrices. Fur-
ther, let M := (MB,MT ,MN ) and P := (PB, PT , PN ),
where the subsets of columns of M and P correspond to
the optimal partition. When hX�, S�i is su�ciently small,
we can identify MB, MT , and MN from X�, and PB, PT ,
and PN from S�. Then we need to choose the eigenvectors
either from M or P , because X� and S� do not necessar-
ily commute. The rest of the procedure follows, e.g., by
replacing X(µ) and Q(µ) by X� and M in the definition
of Âi, Ĉ, and the right hand sides in (15) and (21).

4.2. Conclusion and future studies

In this paper, we used the approximation of the optimal
partition obtained from a sequence of bounded interior so-
lutions, on or in a neighborhood of the central path, to
generate an ✏-feasible primal-dual solution with zero com-
plementarity gap. It is proven that if the complementarity
gap drops below a certain bound, then both the primal
and dual solutions satisfy the cone constraints, yielding
an approximate MC solution.

It is worth investigating the sensitivity of the invariant
subspaces spanned by the columns of QB(µ) and QN (µ)
w.r.t. the perturbation of right hand side and objective
vectors. Parametric analysis of SDO and SOCO problems
will be studied in a forthcoming paper.
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