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Abstract

Recently, Mohammad-Nezhad and Terlaky studied the identification of the optimal partition for semidefinite opti-
mization. An approximation of the optimal partition was obtained from a bounded sequence of solutions on, or in a
neighborhood of the central path. Here, we use the approximation of the optimal partition in a rounding procedure to
generate an approximate maximally complementary solution. The procedure generates a rounded primal-dual solution
from an interior solution, sufficiently close to the optimal set, by solving two least square problems.
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1. Introduction

The notion of optimal partition for linear optimization
(LO) and linear complementarity problems (LCPs) is well-
known in the literature of interior point methods (IPMs).
For LO, the Goldman-Tucker theorem [5] proves the exis-
tence of strictly complementary solutions, and hence the
partition of the index set of the variables to two disjoint
complementary sets. For LCPs [9], only maximally com-
plementary solutions exist. Hence, the optimal partition
consists of three disjoint sets.

Goldfarb and Scheinberg [4] extended the concept of the
optimal partition to semidefinite optimization (SDO), and
Yildirim [17] presented a facial description of the opti-
mal partition for linear conic optimization with self-dual
cones. The optimal partition for second-order conic opti-
mization was studied by Bonnans and Ramirez [1]. Pefia
and Roshchina [11] established the complementarity par-
tition for a multifold homogeneous conic system.

The optimal partition provides a characterization of the
optimal set, and it is uniquely defined for SDO problems
with strong duality. The optimal partition information can
be used in a so called rounding procedure to generate either
a maximally or strictly complementary solution, see e.g.,
Ye [16] and Roos, Terlaky, and Vial [12] for LO, and Illés,
Peng, Roos, and Terlaky [9] and the references there in for
LCP. Recently, Terlaky and Wang [15] and Mohammad-
Nezhad and Terlaky [10] have investigated the identifica-
tion of the optimal partition for SOCO and SDO, respec-
tively. The rationale behind the identification of the op-
timal partition is closely interconnected with the limiting
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behavior of the central path and the existence of a maxi-
mally complementary solution. In [10], the approximation
of the optimal partition was obtained from the eigenvec-
tors of interior solutions, on or in a neighborhood of the
central path, whose accumulation points form orthonormal
bases for the subspaces of the optimal partition.

In this paper, we revisit the identification of the opti-
mal partition given in [10] for SDO. Our contribution is
a rounding procedure for an approximate maximally com-
plementary solution of SDO. We use the approximation of
the optimal partition from [10] to generate an approximate
maximally complementary solution through solving a pair
of auxiliary problems. To the best of our knowledge, the
identification of the optimal partition and rounding proce-
dures for SDO have not been studied before in the litera-
ture of IPMs. The rest of this paper is built as follows. In
Section [2| we review the concepts of the complementarity
and optimal partition for SDO. In Section [3| we present a
rounding procedure to generate an approximate maximally
complementary solution and provide feasibility bounds for
the primal and dual solutions. Concluding remarks and
topics for future studies are presented in Section [4]

Throughout this paper, S™ is the space of n X n symmetric
matrices, S} is the cone of n x n positive semidefinite ma-
trices, and ri(.) denotes the relative interior of a set. For a
symmetric matrix Apj(.) denotes the ith largest eigenvalue.
Furthermore, R(.) stands for the column space and Null(.)
denotes the null space of a matrix. The Frobenius norm is
indicated by ||.||, and the I norm of a vector is denoted by
Il We use the notation (.,.,...,.) to indicate the side
by side arrangement of the column vectors and matrices.
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2. Preliminaries

A pair of primal and dual SDO problems in standard
form can be phrased as
(P) min {(C, X) [ (A", X)=b;, i=1,...,m, X =0},

(D) max{bTy | ZyiAi +5=C, S-0, ye Rm},
i=1
where C, X, A" € S” for i = 1,...,m, b € R™, and the
inner product is defined as (C, X) := tr(CX). Let P and
D denote the primal and dual feasible sets, and P* and
D* be the primal and dual optimal sets, respectively. The
following assumptions are made throughout this paper:

Assumption 1. The matrices A* for i = 1,...,m are
linearly independent.

Assumption 2. The interior point condition (IPC) holds,
i.e., there exists (X°,y°,S°) € P x D with X°,5° = 0.

The TPC is standard in the literature of IPMs for linear
and conic optimization [12]. It ensures that the primal and
dual problems are solvable, and strong duality holds, i.e.,
for every primal-dual optimal solution we have XS = 0.
The primal-dual optimal pair (X*,y*, S*) is called max-
imally complementary (MC) if rank(X™* + S*) is maxi-
mal over the optimal set, or equivalently, if (X* y*, 5*) €
ri(P* x D*), see e.g., Lemma 2.3 in [2]. An MC solution
(X*,y*,5*) is called strictly complementary if X* + S* >~
0. All X* € ri(P*) have the same range space, see e.g.,
Lemma 2.3 in [2] or Lemma 3.1 in [4]. The same is true for
S* with (y*, 5*) € ri(D*). Recall [2] that an SDO problem
may have no strictly complementary solution.

2.1. Optimal partition of SDO

Let (X*,y*,S*) € ri(P* x D*) be an MC solution. Since
X* and S* commute by the complementarity condition,
they are simultaneously diagonalizable, i.e., there exists
an orthogonal matrix Q* so that X* = Q*A(X*)(Q*)T
and S* = Q*A(S*)(Q*)T, where A(X*) and A(S*) are
diagonal matrices of the eigenvalues. Then R(X*) =
R(Q*A(X™)) and R(S*) = R(Q*A(S*)) indicate that the
subspaces R(X*) and R(S*) are orthogonal, and they
are spanned by the eigenvectors associated with the posi-
tive eigenvalues of X™* and S*, respectively. Let us define
B:=R(X*), N := R(S*), and T := (R(X*) + R(S"))",
where | denotes the orthogonal complement of a subspace.
Then (B, T,N), which partitions R", is called the opti-
mal partition of an SDO problem. It is immediate that
T = {0} when a strictly complementary solution exists.
Since (X*,y*,S*) € ri(P* x D*), the optimal partition is
invariant w.r.t. the choice of (X*, y*, S*).

We consider @ := (Qg,Q7,@x) as an orthonormal ba-
sis partitioned according to the subspaces B, 7, and N.
For instance, the eigenvectors associated with the positive
eigenvalues of X* and S* can be chosen as orthonormal
bases for B and N, respectively. Theorem [I] character-
izes P* and D*. For brevity, we define ng := dim(B),
nr = dim(7), and ny := dim(N).

Theorem 1 (Theorem 2.7 in [2]). The primal and
dual optimal solutions of SDO can be represented by
(QeUxQE.7,QnUsQr), where Uy € STF and Ug € STV .
If ng > 0 and X* € ri(P*), then Ux« = 0. Analogously,
if nar >0 and (y*,S*) € ri(D*), then Ug« > 0. O

From Theorem for any (X,Q,S’)V € P* x D* we
have Q%JNXQTU/\/ = 0 and quTSquT = 0, where
Qrun = (QT, Qn), and QpuT = (@B, Q7).

Remark 1. At least one of ng or ny has to be positive
by the IPC. The case with ng = 0 or ny = 0 turns out
to be fairly trivial, and it is easy to show that this trivial
case can actually happen. Hence, we can assume w.l.o.g.
that both ng and n are positive.

2.2. Approximation of the optimal partition

The central path is defined as the set of solutions to

o (AL X)) =1, i=1,...,m,
ZAiyi-l-S:C,
=1 XS =ul, X,5=0,

where X S = ul, is the centrality condition, and I,, stands
for the identity matrix of size n. Assuming linear indepen-
dence of A* for i = 1,...,m and the IPC, for any given
w > 0 the solution (X (p), y(u), S(p)), so called central so-
lution, is unique. It readily follows from the centrality con-
dition that X () and S(u) commute, and thus they have a
common eigenvector basis. Furthermore, it is well-known
that the central path converges to an MC solution [6].

Remark 2. The concept of the optimal partition is well-
defined only when strong duality holds, and without the
IPC the central path does not exist. It is known that the
IPC can be made w.l.0.g., by using the self-dual embedding
model, see e.g., [3]. Note that in this case, the embedding
model is always well-posed (in terms of the IPC) even if
the original problem is not.

Recall the condition number o from [10]:

o {max)zep* Auin(QEXQs),  BA{O)
0, B = {0}7
_ [maxg.gen- Anin(@5Qu), N # {0},
ON 1= {007 Y N = {0}, (2)

o :=min{og, onr}.

Condition number o quantifies the magnitude of the eigen-
values on the central path. By the IPC and the compact-
ness of the optimal set, there exists an MC solution, and
the optimal values in or are attained. Hence, o is
well-defined and positive. See Appendix 1 in [10] for a pos-
itive lower bound on o. Moreover, Section 5 in [10] adds
more comments on the magnitude of o and complexity of
computing an exact solution of SDO.

Let X () = QTX(1)Q and S(p) = QTS()Q be an
orthogonal transformation of (X (u),y(u),S(u)) wr.t. Q



(see Section 2.1)), where

Xp(p) Xpr(p) Xen(w)

Xra(p) X7(p) Xra(p)| (3)
Xns(p) Xar(p) Xa(p)

and S(p) is defined analogously. In [10], the derivation of

bounds for Q% X (0)Qrun and QL +S(1)Qpur relies
on an error bound result, see Theorem 3.3 in [14], for the
following linear matrix inequality (LMI) systems
A? svec(X) = b, (A*)Ty + svec(S) = svec(C),
svec(9)T svec(X) =0, svec(X)T svec(S) = 0,
X =0, S =0,
where (X, U, S) € P* x D* is a primal-dual optimal pair,
A® = (svec(A),... ,svec(Am))T,
and svec(.) is an isometry between S™ and R™"+1)/2 stack-
ing the upper triangular part of a symmetric matrix, in
which the off-diagonal entries are multiplied by /2, see
e.g., [2]. Recall from the feasibility conditions that
(X (1) = X, 5(u) = 5) =0, (4)
which, by the optimality of X and S, implies
svec(S)" svec (X (n)) < np, svec(X)" svec (S(n)) < np.
Therefore, by the orthogonal projection of svec (X (,u)) and
svec (S()) onto the affine subspaces

Lp = {a: | 2 € svec(X) + Null(A*), svec(S) 'z = O},
Lp = {s | s € svec(S) + R((A%)T), svec(X)"s = 0},
we get

X(p) =

dist (svec (X(u)),ﬁ_p) < Oinpu,

5

dist (svec (S(,u)),ﬁp) < Oy, ®)
where dist(.,.) is induced by the Frobenius norm, and 6,
and 6, depend on A* and S, and A® and X, respectively.
Interestingly, 6; and 2 can be interpreted as Hoffman [7]
condition numbers. Now, we derive an upper bound on
the distance between a central solution and the optimal
set.

Lemma 2. Let (X (), y(u),S(p)) with
<= i {0—1 9—1}
p<ji:=—min< 0,65
n
be given. Then there exists (X, yu, Su) € P* x D* so that

HX(M) - X/J«H < C(”M)77 HS(M) - SMH < C(”M)77 (6)
where ¢ > 0 is independent of pu, and y > 217",

Proof. It is known that the set of central solutions
(X (), y(p), S(p)) for 0 < p < fi is bounded, see Lemma
3.2 in [2]. If u < i holds, then from (5) we get
dist (svec (X(,u)),fp> <1, dist (svec(S(,u)),Ep) <1
Hence, Theorem 3.3 and Lemma 3.6 in [14] are applicable,
e., by the compactness of the optimal set there exists
(Xu, Yu, Sp) € P* x D* so that
X (1) = Xu| < crlo)™, [[S(w) = Su| < calnp),
where ¢; and ¢y are positive numbers both independent
of pu, and 71,7, > 2", We get the result by setting
v :=min{y1,v2} and ¢ := max{ey, ca }. O

Remark 3. The exponents v; and 2 depend on the de-
gree of singularity [14] of the minimal subspaces which con-
tain the primal and dual optimal sets, respectively. We are
not aware of any upper bound on c¢. We refer the reader
to Section 4 in [14] for further details.

Now, consider the eigenvalue decompositions X (u ) =
QA (1)QT (1) and S(x) = QUASI)QT (),
where Q(u) is a common eigenvector basis. In the sequel,
we prove that as p — 0, the eigenvalues of X (u) and S(u)
fall into three categories: 1) A;;(X (1)) converges to a pos-
itive value and A, _;41)(S(n)) converges to 0; 2) Aj;)(S(u))
converges to a positive value and Aj,_;1(X (1)) converges
to 0; 3) both A (X () and Ap,—;417(S (1)) converge to 0,
where the i'h largest eigenvalue of X (1) and the i** small-
est eigenvalue of S(u) have an identical eigenvector. Asso-
ciated with the above categories of eigenvalues are Qp (1),
Q7(p), and Qa(p) as the respective subsets of columns
of Q(u). It is well-known that for a given sequence {u;},
the accumulation points of Qg(u:), Q7 (1), and Qar(pe)
form orthonormal bases for the subspaces B, T, and N,
respectively, see e.g., Section 3.3 in [2]. Consequently, a
sufficiently small p allows for the identification of Qg(u),
Q7(p), and Qar(p). Theorem [3| presents lower and upper
bounds for the eigenvalues of X (u) and S(u) using the
condition number ¢ and the error bounds in @

Theorem 3. Let a central solution (X (u),y(w),S(u))
with pu < i be given. Then we have

Apn—it1(S(p)) < > i=1,...,np,
g
A[z](X(M)) > n’ i=1, y B,
g
z](S(/Jf))ZE7 Z:]-v' ,TL/\/',
n
n z+1](X(M))§7’u7 2_17- y N
n i+1] (X(/j’)) < c\/ﬁ(nu)’y7 =1, ny +nr,
L
> =1,.
z](S(/‘)) = c\/ﬁ(nu)V’ ¢ ) ny +nr,
An—it1)(S(p)) < ev/n(np)?,  i=1,...,ng+nr,
M .
. > =1,... .
)\[1]( (/”L)) = c\/ﬁ(n ~ ? 1, s +nr

=

Furthermore, if p is sma

1/ o g o?
u<ﬂ::min{n<cng) "t ﬂ}, (7)
then we can identify Qp(p), Q7 (1), and Qnr(w).
Proof. We first derive bounds for the vanishing blocks of
X (1) and S(p) defined in (3). It follows from the compact-
ness of the optimal set and the continuity of the eigen-
values that a primal-dual optimal solution (X,7,S) €
P* x D* exists such that o5 = Anin(Q5XQp) and on =
/\min(Q}QSQ ). Therefore, we have
Amin(Ux) 2 0, Amin(Us) > o, (8)

where Ug = Q}';XQB and Ug = QNSQN By (4) and the
optimality of X and S we have

(X (), ) + (X, S(u))

= (QNX(1)Qw, Us) +

[ enough so that

<UX'7 QgS(M)QB> = npy.



Since X (u) > 0, it is immediate that

Amin(Ug) tr (XN(N)) < A(Xn(p),Ug) < np,
which together with implies tr (XN(M)) < npjo.
Further, by Lemma [] and Theorem [I] there exists
(X0 Yps Su) € P* x D* so that (6) holds for 4 < fi and
that X, = QpUx, QL for unique Ux, = 0. All this gives

%tr (QTunX(WQ7un) < ||QFunX (1) QTun]]
<[ X (1) = Xp|| < elnp)”.

In a similar fashion, we can derive upper bounds on

tr (Ss(u)) and tr (QF,7S(1)QsuT)-
In the sequel, taking into account the centrality condition
A (X (1)) Ap—i+1 (S (1) = p,
and the application of Theorem 4.5 in [13J(i e., for X € §”
and Y € R™* we have Ap_py1)(X) + . + A (X) =
min{tr(Y7XY) | YTY = I,,}) to tr (Sp(u) ) tr (Xar(n)),
tr (QFunX (1)Q7un), and tr (QF,S(1)QpuT) yield the
lower and upper bounds. For instance, we get
m

5 n

N 1 (S()) - Ay (S0) < e (Sis() < ™2,
which gives upper and lower bounds on the nz smallest and
the np largest eigenvalues of S(u) and X (p), respectively:

Mamit(S(n) < 75 Mg(X () = 7,
Finally, it can be deducted from the bounds that as 4 — 0,
the np and nar largest eigenvalues of X (u) and S(u) re-
main positive while the ng and na smallest eigenvalues
of S(u) and X(u) converge to 0, respectively. Addi-
tionally, if ny > 0, then there exist a set of ny eigen-
values of X (u) and S(u) both belonging to the interval
I := [p/ey/n(np)?, ey/n(np)?]. Thus, we can identify
Qp(p), Qr(w), and Qar(p) when p < i and the intervals
I, (0, nﬂ/a] and [o/n,00) are disjoint, i.e., when

i=1,...,ng.

e
ey SO/ <
o n o
ey/n(np)’ < =, ez
n o n
which gives the upper bound . O

Remark 4. Theorem [l is used in Section [ to derive
bounds for the feasibility of an approximate MC solution.
Throughout the following sections, R(QB(u)), R(QT(M)),
and R(Q N(,u)) with p < fi are referred to as approxima-
tions of the subspaces B, 7, and N, respectively.

3. A rounding procedure for central solutions

We present a rounding procedure which can be viewed
as a generalization of the approach in [12]. Even though
only approximations of B, 7, and N are available, from
a central solution with sufficiently small y we can make a
projection onto the boundary of the positive semidefinite
cone to generate a complementary solution with approxi-
mate primal-dual feasibility. Such solutions are called ap-
proximate MC solutions.

Suppose that a central solution (X (u),y(u),S(r)) and

Q1) = (Qu(12), Q7 (), Qu (1) are given, where 1 < f as
defined in Theoreml Let (X™,y*,S*) be an MC solution

and define X* := QT (u)X*Q(u), S* = = QT (n)S*Q(w),

and A" := QT (1) A'Q(p1). Then from the primal feasibility
constraints we have

(AZ X*) =, i=1,...,m, 9)

<A1 ( ))) = bi, i=1,...,m. (10

By subtractlng ) from (9) for each i, for AXp(p) =
A?( (1)) we get N
(A, AXis(10)) = (Alr, A7 (X ()

+ (A, A (X (1)) + &,

where the residual term &; is given by

—2({ Ay Kir) + (A, Xin) + (Al K70))-
Analogously, let C' = QT( )YOQ(p). Then we get

(11)

Zy*AZ + 8% = (12)
Zyz (S(w) = C. (13)

By subtracting from (12), for Ay; (1) = y; — yi(p)
and ASn(u) = Si, — An(S(r)) we get

00 0
Z Ay;(wA*+ (00 0
00 ASy ()
Ap(S(n)) 0 0
= 0 Ar(S(u))0 STB ST STN
0 0 0 SNB Sxer 0
Both the right hand sides in and (14) depend on the
chosen MC solution. Thus, the systerns (11) and may
not be solvable if we drop the unknown terms. Instead,

we can solve two least square problems to obtain search
directions towards primal and dual solutions.

Al—i—A

Gx Ok Qs 14
SB SBT SB./\/ ( )

Remark 5. For an LO problem embedded in SDO, X (u)
and S(u) are diagonal matrices. When the optimal par-
tition is known, the coordinates of variables can be rear-
ranged to get Q(u) = I,. All this implies that the un-
known terms in and are just zero for LO.

8.1. Primal least square problem

For the primal problem we solve

min  [AX|* + [le]3

st (A, AX) e = (A%, Ar(X(u) (15)

+ (A A (X)), i=1,eeim

We may assume that flg # 0 for some i. Otherwise, the
optimal solution of would give AX* = 0, and thus
the effect of the vanishing terms is absorbed in primal
infeasibility. For LO we have A’B = 0 for some i, since
otherwise the primal optimal solution would be trivial.

The optimal solution (AX*, e*) to the auxiliary prob-
lem (I5) yields X5 := Ap(X (1)) + AX* so that
(A, Xp) =bi+e;, i=1,....,m



Thus, Xz is €p infeasible for the primal constraints with

ep = [|e7]|2.

Let r(n) := n(n+1)/2 and define
A3y = (svec(Ap), ..

A= (vec(A"),... ,vec(Am))T7

in which vec : R™*™ — R"" is the concatenation of the
columns of a matrix. Then problem 15) reduces to

min [ As} + |AzAc - I (16)
where Az = svec(AX), and n; = <A7—, Ar(X(w)) +
(Aj\[, An(X(p))) denotes the vanishing term, which should
be zero for all optimal solutions. Lemma [4] establishes up-
per bounds on |AX*|| and ||e*||2. The bounds depend on
the constant

., svec(AR ))T,

r(ng) X X
- Ic1;[1 H((A%)TA% JrIr(”B))‘k’ 2

where ((.,leB)Tflfg + I(ng)) ;. denotes the k™ column of
(A%)TA% + I,(ny)- Using the upper bounds in Lemma
Theorem |§| proves that Xz = 0 for sufficiently small .

Lemma 4. Let (AX™,
of . Then we have

JAX*] < QWp\/T(nB)||A||2maX{
& < 2l4] <Wp\/T(nB)|A2 ; 1)

n
X max

Proof. The optimality conditions for are given by
()T A + L) Aa = (A)Tn, (17)
where (A%)T A% + I, (5,5) > 0. The unique solution of
can be computed using Cramer’s rule [g]:
1s 1s ()
det (((AB)TAB + IT‘(TLB)) J )
det ((Ag)T Ay + L)
in which the matrix ((A%)TA% + Ir(ng))(j) in the
nominator is obtained by substituting the Gt col-
umn of (AT AL + Ly by (Aj)Tn.  Noting that
det ((A%)TA% + Irng)) = 1, we can deduce from

e*) be the unique optimal solution

ny/IN 1L
g

v “m%(nw}.

j=1,...,r(ng),

Hadamard’s inequality [8] that for j =1,...,7(ng)
|A£C ‘ < ’det( .AS )T.A +Ir(n3))( ))‘
A r(ng) X R
<[l ally TTICAR)T AR + Lns) £l
k=1
k#j

hold. Since the diagonal entries of (A%)T A% + Iy (ny) are
greater than or equal to 1, the norm of each column is at
least 1, and thus a uniform bound for A:c; can be derived:

r(ng)

2231 < A9l TT A7 46 + ool
i3
< 7| (AR) -

(18)

,cmmw},

Then we can conclude from Theorem [3] that
(A An (X ()| < 22 e,

(A, A (X (0)))| < ev/mnr (npn) || A
for i =1,...,m, which yields the upper bound

I o o) (19)

Consequently, from (18) and it follows that
|Azj| < mpl|(Aj)" nll2

[mi| < 2||A"[| max

< 2mp || A|* m

IR o () }

for j = 1,...,7(np), where we have used the inequality
< . As a result, we ge
Ag|l < | Al A It, we get

le*llz = |ABAL"™ —nlla < [|Ag][[| Az |2 + (9]l

< 2141 (my /412 + 1)
F sey/nng (np)? }

This completes the proof. O

X max

8.2. Dual least square problem

Let E denote a slack matrix as
Ep EpT Enn
Ers Er Ern|, (20)
Exs EnT O
which is defined in accordance with the unknown right
hand side matrix in . Then the auxiliary problem for
an approximate dual solution is formulated as

min | Ay3 + |AS|* + || E|®

FE =

00 0
ZAyZA’—k 000 |—FE
im1 00AS (21)
A(S(w)) 0 0
= 0 A7r(S(w)0
0 0 0

The optimal solution (Ay*, AS* E*) gives §; := y;(1) +
Ay: fori=1,...,m and Sy := A (S(p)) + AS* with €4
infeasibility for the dual constraints, where
= £l

For the sake of clarity, in what follows, auxiliary prob-
lem is represented in vector form. To do so, analogous
to the deﬁnltlon of A, we apply the Vec( ) operator to each
block of A; to form A, Ax, A, Agr, Agpr, and Agy.
Thus, problem (21 reduces to the least square problem

min HAyH% + AR A5 + ([ A5AY s
P 2 ; 2
AT Ay = Crll; + 2] Ay A, (22)
+ 2| Agn Ay, + 2] AT Ay,
where (g = vec (Ag(S(n))) and {7 = vec (A7 (S(w))).
Lemma [] establishes upper bounds on €4 and ||AS*|. For
the upper bounds we define the positive definite matrix

H = Ap Al + AT AL + A AL + 2457 AL
+ 2Apn ALy + 2ATN AT 4 1,



and constant

m
Tq = H 1H k2,
k=1

where # ;, denotes the k" column of H. Theorem@proves
that for sufficiently small u we have Sy > 0.

Lemma 5. Problem has a unique optimal solution
(Ay*, AS*, E*), which satisfies

145°) < 2ray AP max { V22 o oy
€ < V2(4mgv/m|| A||? + 1) max { IVIBH c\/nnT(n,u)’y}.

g

Proof. For the sake of simplicity we define
¢ = Ap(s + A7 (T
The optimality conditions for can be written as
HAy = ¢, where H = 0. The unique solution of this
system can be computed by using Cramer’s rule as follows
. det(H")
bi = det(H) ’
where matrix %9 in the nominator is obtained by sub-
stituting the i*" column of H by ¢. Therefore, for i =
1,...,m, using det(H) > 1 we get

|Ay;| < [det(HD)] < flella [T 1M xll2 < wallell2,
k=1
ki
where the second inequality follows from Hadamard’s in-
equality. Note that [T, ,_; [|H xll2 < 74, since the diag-
onal entries of H are at least 1. Furthermore, from Theo-
rem [3] we get

Iellz < | As¢all2 + | ATCr )2

< 2w { PR ooy
which leads to

80 < 2l Al mox { V22 e | 2

Consequently, from we have
[AS™]| = [[(An)T Ay*l2

< 2mg/mi Al max { ”V:B“,c\ﬁnnﬂnw}.

Then we derive bounds on the components of E* as fol-
lows

I1ES] = I AEAY" — Csll2

< 2mgy/m||A|? max { n :B'u7 c\/nnT(nu)V} + LV:BM

< ra AP + D { V2, e (o
1B51 = 15 Ay" - rll
< 2mav AP max { V22 o g |
+ ey/nng (np)?
< mayA + )max
1B, 1Bl 1 B p

< 2mgyv/m|| Al|* max {

1=1,...,m,

n\/NpBH
g

, cm(nw},

I oy}

Finally, we get

12 < <2(2m\/EIIAll2 #1) 4 6(2mmnA||2)2>

x (max{n :BM, c\/W(WWDQ,

which gives the upper bound on €. O

3.8. Cone feasibility

Solving (15) and (21) yields a complementary so-

lution (Qus()X5Q% (1), 5 Qn(1)Sx Q% () with € =
max{e,, €q} infeasibility w.r.t. the linear constraints. The-
orem [6] shows that for sufficiently small 4, the rounding
procedure yields a primal-dual solution with X5, Sy = 0.

Theorem 6. Let U1 := 2n2||A|]2, 95 := 2en2 /n7| Al
and

2
u" = min {

o
¥ max{mo\/r(n)nnr, Ta/mng}

1

n <192 max{m, \/7%, Wd\/m}>

If p < p”, then we have Xg, Sy > 0.

1
v ~
5

Proof. We only need to show that for p < p" the rounding
procedure results in Xp, Sy >~ 0. Noting that

Amin (AX)[ < [JAXT], [ Amin(AS™)| < [[AS™]],
we conclude from Theorem [3} and Lemmas [] and [3] that
Amin (XB) > )\min (AB (X(,u))) + AmiH(AX*)

> % - 2ﬂp\/r(n5)A|2max{n nNM,c«/nnT(n,u)'Y},

g

Amin (Sn7) = Amin (Ax (S(1))) + Amin (AS™)
> 7~ oAl e { V2 o g .
Consequently, X3z, Sy >~ 0 holds if

2m,7/7(ns) | All> max { aVail , c\/nnT(nu)V} <

319

)
g

21 g/m||A|? max { Iy :Bu,c\/nnﬂr(nu)”*} <2

n

3.4. Rounding procedure

Now, we can outline a simple procedure which yields an
approximate MC solution.

Algorithm 1 Rounding procedure for SDO

Input (X (u),y(u),S(r)), where p < u” is fixed.

Do Solve least square problem (15]) to get X B
Solve least square problem (21)) to get (g, Sxr)-

Return (Qs (1) XsQ% (1), §, Qar (1) Sn QX (1))

Even though Algorithm [I] produces an approximate MC
solution and needs the eigenvalue decomposition of a cen-
tral solution, it relies on solving two linear systems of equa-
tions with better conditioned coefficient matrices than the
Jacobian of the Newton system.



Remark 6. For a fixed p the orthogonal matrix Q(u),
due to multiplicity of the eigenvalues, may not be unique.
Then the solution given by Algorithm [I| varies with the
choice of Q(u). Obviously, this cannot happen for LO.

Remark 7. As indicated in Remark [5] Algorithm [1] can
be inferred as an extension of the method in [12]. Com-
puting an e-feasible MC solution requires O(max{n$, m3})
arithmetic operations. In fact, this is equivalent to solving
two linear systems of equations, using the Gauss elimina-
tion method, with r(ng) and m variables, respectively.

4. Concluding remarks and conclusion

4.1. A rounding procedure for approxrimate solutions

We recall from [10] that the identification results can be
extended for approximate solutions, which is best suited
for primal-dual ITPMs, since they generate a sequence of
interior solutions in a neighborhood of the central path.
This motivates the extension of the rounding procedure
for solutions in a neighborhood of the central path.

Let (X°,y°,S°) be an interior solution, and consider the
eigenvalue decompositions X° = MA(X°)MT and S° =
PA(S°)PT | where M and P are orthogonal matrices. Fur-
ther, let M := (Mg, M7, My) and P := (Pg, Py, Py),
where the subsets of columns of M and P correspond to
the optimal partition. When (X°, S°) is sufficiently small,
we can identify Mg, M7, and My from X°, and Pg, Pr,
and Py from S°. Then we need to choose the eigenvectors
either from M or P, because X° and S° do not necessar-
ily commute. The rest of the procedure follows, e.g., by
replacing X (u) and Q(u) by X° and M in the definition
of Ai, C', and the right hand sides in and .

4.2. Conclusion and future studies

In this paper, we used the approximation of the optimal
partition obtained from a sequence of bounded interior so-
lutions, on or in a neighborhood of the central path, to
generate an e-feasible primal-dual solution with zero com-
plementarity gap. It is proven that if the complementarity
gap drops below a certain bound, then both the primal
and dual solutions satisfy the cone constraints, yielding
an approximate MC solution.

It is worth investigating the sensitivity of the invariant
subspaces spanned by the columns of Qp(n) and Qar(u)
w.r.t. the perturbation of right hand side and objective
vectors. Parametric analysis of SDO and SOCO problems
will be studied in a forthcoming paper.
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