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Abstract. Recently, a generalized version of Peaceman-Rachford splitting method
(GPRSM) for solving a convex minmization model with a general separable struc-
ture has been proposed by Sun et al and its global convergence has been proved.
In this paper, we further study theoretical aspects of the generalized Peaceman-
Rachford splitting method. We first establish the worst-case O(1/t) convergence
rate for the proposed GPRSM in both the ergodic and a nonergodic senses, then

we give some numerical results to demonstrate the convergence rate of the algorithm.
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1 Introduction

We consider the following convex programming with linear constraints and an objective function

which is sum of two functions without coupled variables

min f(z) + g(y)
st. Ax+ By =0. (1.1)
reX,ye)y,

where f : R" — R and g : R™ — R are closed proper convex but not necessarily smooth

functions, A € R>*", B e R>*™ b e Rl and X € R™ and Y C R™ are two nonempty closed
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convex sets. In this paper, the solution set of (1.1) is assumed to be nonempty, and the matrix
B are assumed to have full column rank.

In fact, the convex optimization model (1.1) contains many problems arising from compressed
sensing, image deblurring, and statistical learning. There are many efficient methods to solve
the model (1.1), such as the classical alternating direction method of multipliers (ADMM) [1,2],
the generalized version of the alternating direction method of multipliers (GADMM) [3,4], the
Peaceman-Rachford splitting method (PRSM) [5-9], and so on. Based on their high efficiency,
many researchers have been studying these methods and show that the ADMM, the PRSM and
their variants are quite efficient for solving some application problems. As elaborated in [16],

applying PRSM to the problem (1.1), we obtain the following scheme of PRSM [6],
2 —argmin{ f(z) — AT Az + g||Ax + Byf — b2z € &),

Ntz —)\F p(AzF L 4 Byk —b),

(1.2)
. 1T + €
y* 1 =argmin{f(y) — (\*"2)" By + gHAﬂUk '+ By - b|*ly € V),

AEFL kg p(Az* 1 + Byt —p).

Where A € R! is the Lagrange multiplier of the linear constraints in (1.1) and p > 0 is a
penalty parameter. The PRSM is always efficient if it is convergent (see [8, 17]). He et al.
[7] proposed a strictly contractive PRSM (SCPRSM) by attaching an relaxation factor v to
the penalty parameter p in the steps of Lagrange multiplier updating in (1.2) and established
a worst-case O(1/t) convergence rate of the iterative scheme (1.2) in the ergodic sense and a
worst-case O(1/t) convergence rate of the SCPRSM in a nonergodic sense.

Based on the strictly contractive PRSM [7], Sun et al. [10] developed a generalized version
of the PRSM (GPRSM). In this paper, we focus on the GPRSM, which was original proposed

in [10] as follows

¢

1
! =argmin{ f(z) — (/\k)TAx + gHA:c + ByF — b||? + iH:c — a:kHZGl |z € X},
AbF2 Z\E — yp(Ak T 4 ByF — b),
P —argmin( () - (W3 By + Zladst — (1- a)(By —b)+ By ~b? (13
1
+ 5l = v 11z, 1y € Y},
ARFL bty plaAzr*t — (1 — a)(By* —b) + By* ! —b),

where a € (0,2),v € (0,2—a) are two relaxation factors, and G; > 0,Gy = 0 or G; = 0,G2 > 0.
Here for a matrix G > 0 (resp., > 0) means that G is positive definite (resp., semidefinite). And

A € R! is the Lagrange multiplier associated with the linear constraints in (1.1) and p > 0 is a



penalty parameter. It is worthy noting that the GPRSM (1.3) is different from the SCPRSM
[7] for the Lagrangian multiplier. Since it is not attached any relaxation factor before p in the
second update of Lagrangian multiplier. Referring to [10], the reasons are: (i) If we attach a
factor, then the matrix 7 (defined in (2.3)) will be nonsymmetric; (ii) As pointed out in [7],
aggressive values of the relaxation factor + are preferred.

The numerical results given in [10] indicate that GPRSM (1.3) is quite efficient for solving
some optimization problems, such as statistical learning and image processing. We refer the
reader to [9, 10, 13] for some applications and numerical verification of the efficiency of GPRSM
(1.3). However, the convergence rate of the generalized version of the PRSM (1.3) is still in its
infancy. In this paper, we establish the worst-case O(1/t) convergence rate for the proposed
GPRSM (1.3) in both the ergodic and a nonergodic senses. And we also give some numerical
results to further show the efficiency of the GPRSM (1.3) and show some analysis of the con-
vergence rate of the algorithm (1.3).

The rest of this paper is organized as follows. In Sect.2, we summarize some preliminaries
which are useful for further analysis. Then, we establish the worst-case convergence rate for
the GPRSM (1.3) in the ergodic and a nonergodic senses in sect.3. In Sect.4, we show some

numerical results. Finally, we draw some conclusions in Sect.5.

2 Preliminaries

In this section, we give some preliminaries which are useful for the following discussions.
First, it is useful to characterize of the model (1.1) by a variational inequality. More specially,
as well known in the literature (see [11, 12]), solving (1.1) is equivalent to solving the following

variational inequality (VI) problem: Finding w* € €2 such that

D(u) — d(u*) + (w —w*) Fw*) >0, YweQ, (2.1)
where
x —AT)
u = <$>, w=|y |, Fw) = —BT\ , (2.2)
Y A Az + By — b

and ®(u) = f(z) +g(y), 2 =X x Y x RI. We denote by VI(£2, F, ®) the problem (2.1-2.2). It

is easy to see that the mapping F(w) defined in (2.2) is affine with a skew-symmetric matrix; it



is thus monotone:
(’LU1 — wg)T(}'(wl) — .7:(’11)2)) > 0, v w1, W € Q.

Under the assumption that the solution set of (1.1) is nonempty, we denote the solution set of
(2.1) by Q*.

We recall that a multifunction ¥ : R" — 2%" is called monotone if
(@) (=) 20 VEeU(@),V( € U(y).
It is well known that df is a monotone multifunction (see [18]) for any convex function f, that
is
(=0T (@w—y) >0 VE€If(x),YC € Df(y),

where Jf is a subdifferential of f.

To present our analysis in a compact way, we thus define some matrices in the following

analysis.
G1 0 0
o Gy+ L pBTB 1=2=a2pT
T = 0 Go+ ,H_%pBTB l'nyTanT , T = ( 177’;1;04& ’Y+f¢ p (23)
1—y— _1 Yo (v+a)
0 ’VlozaB p(v+a) I P
and
I, 0 0 G 0 0
M= 0 Iy 0 , Q=] 0 Gy+pB"™B (1—y—a)BT |. (24)
0 —pB (yv+a) 0 -B %Il

The matrices M, Q, T, T1 just defined have some nice properties, we elaborate in the following
lemma.
Lemma 2.1 (see [9, Lem. 2.1]) The matrices M, Q, T the above defined, respectively, in (2.3),
(24). fa€(0,2),y+a<2and G; =0, G2 = 0 or G; = 0, G2 > 0, then we have
(D). Q=TM.
(IT). If G1 =0, G2 = 0, then T > 0; If G; = 0, G2 = 0, then 7; > O.
). N =0T+ Q- M"TM = 0.

Now, we define an auxiliary sequences for the further analysis. More sepecially, for the

sequence {w*} generated by the GPRSM (1.3), let

fk .Tk+1
o = g& | = yh : (2.5)
2k pL - p(Akarl 4 Byk _ b)
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By using (1.3) and (2.6), we can obtain
ARFZ = 2F (AR 3R, (2.6)
and
N = A8 — (v + @)W =A%) = pB(y* = 3), (2.7)

combining (2.6) with (2.8), we have

where M is defined in (2.4).

3 Worst-case iteration complexity of the GPRSM (1.3)

In this section, we establish a worst-case iteration complexity for the GRPSM (1.3) in both the
ergodic and a nonergodic senses.

By using the first-order optimality condition and the proof of Lemma 3.1 in [9], it is easy to
see that the following Lemma holds.
Lemma 3.1 Let the sequence {w*} be generated by the GPRSM (1.3) and the associated

sequence {w"} be defined in (2.3). Then we have
®(u) — (@) + (w — @®) T F(@*) > (w — a*) " Q(wk — @), VYw e Q, (3.1)

where Q is defined in (2.4), F is defined in (2.2).

3.1 A worst-case O(1/t) iteration complexity for GPRSM (1.3) in a ergodic

sense

We will show the worst-case O(1/t) convergence rate for the GPRSM (1.3) in a ergodic sense in
the subsection. In order to establish this iteration complexity, we first give the following lemma.

Lemma 3.2 Let the sequence {w*} be generated by the GPRSM (1.3). Then, we have

—_

_ _ _ 1 _
®(u) — @(@") + (w — ") F(@") 2 S (lw - w7 — [lw - w¥7) + Soflwt — @b, (3.2)

where § = min{A\max(G1), Amax(G2), 2727(1} > 0.

Proof By using (2.3), if a € (0,2),y+ a <2 and G =0, Gy = 0 or G; = 0, G5 > 0, then we
have 7 > 0. Then, it holds that

1 1
(a=0)"T(c—d)= (lla— dlF —lla —clF) + (lle= bIF — lld = bll7), ¥ a,be.de.
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Then, setting a = w,b = @w*, ¢ = w*, d = w**! in the above identity and using (2.5) and (2.9),

we have
(w— @) " Q(w" — o)

:(w o wk)TT(wk _ warl)

1 k12 k(2 (3.3)
=5 (lw =™ 7 = llw = w™|I7)
(et — @3 — ot — a3,
It is a fact that
o T
= [Jw”* — ¥ |7 — [|(w* —@*) = (w* — )|
=k — @3 — [k — @) — Mt~ ab)F (3.4)
= Q(wk _ wk)T’TM(wk _ V_Vk) _ (wk _ wk)TMTTM(wk _ w’“)
= (W — ") T(QT + Q@ — MTTM)(w* — a")
=l = [
where
Gi 00
N=Q0T+Q0-M'TM=| 0 G 0 . (3.5)

2—y—«a
0 0 =—— I;

substituting (3.5) into (3.4) and using (3.1), we can obtain

_ _ _ 1 _
B(u) = @(@") + (w —@") F(@") = 5 (w = w7 — o - wb|7) + Sllw* - @, (3.6)

N

Let § = min{A\max(G1), Amax(G2), 2_70_0‘} > 0, then the assertion of the lemma is proved.
The following theorem shows the worst case O(1/t) iteration complexity for the GPRSM in
a ergodic sense.

Theorem 3.2 Let {w*} be the sequence generated by the GPRSM (1.3) and for any integer

t >0, let wy = t% 22:0 @", then we have w; € Q and

®(us) — ®(u) 4 (wy — w) " F(w) |w — w3, Yw € Q. (3.7)

1
R
2+ 1)
Proof By using the notation in (2.6) and w* € €, then we can obtain that w* € Q for all k& > 0.
Due to the convexity of X',) and the definition of wy, it implies that w; € 2. Because of the

monotonicity of the F(w), we have

(w— wk)Tf(w) > (w— u’)k)T]-"(ﬁ)k), (3.8)



Using the lemma 3.2 and the above inequality, we can obtain

1 1 1
@) = B(@) + (w - ) Fw) + Sl — wlf > e = wlF + ot — a2, Vwe e

1
®(u) — @(@") + (w — ") Fw) + S (Jw' — wlff — [ —w]F) >0, ¥we.

Summing the above inequality over k=0,1,...,t, we have

t t
1
=Y @) + ((t+ Dw =Y a") Fw) > — 5w - WO, Ywe Q. (3.9)
k=0 k=0

Due to the definition of w; and the convexity of ®(u), the above inequality can be rewritten as

1
B (ur) — P(u) + (wp — w) ' Flw) < m”w — |- (3.10)
The proof of this theorem is completed .
It is assumed that an substantial compact set S C 2 and let
S = sup{||w — w°||r|w € S}, (3.11)

where w? = (20, 5%, \%) is the initial point. After ¢ iterations of the GPRSM (1.3), there exists

a w; € € such that
82

supes{®(ut) — ®(u) + (wy — w)T]:(w)} < % (3.12)

Therefore, a worst-case O(1/t) iteration complexity for the GPRSM in a ergodic sense is estab-

lished.

3.2 A worst-case O(1/t) iteration complexity for GPRSM (1.3) in a noner-

godic sense

Next, we establish a worst-case O(1/t) convergence rate for GPRSM (1.3) in a nonergodic sense.
We first show that the term [|w* — w**1||2- can be used to measure the accuracy of an iterate.
Lemma 3.3 For a given sequence {w*}, let {w**1} be generated by the GPRSM (1.3). Then,

k+1||2

if |wh —w 7 =0, we have

®(u) — ®(@) + (w — a®) T F(@*) >0, vYweQ, (3.13)



Due to (2.5) and (2.9), we have
®(u) — (@) + (w — @®) T F(@") > (w — o) T T (wF — ™),  vweQ, (3.15)

By using the positive semidefiniteness of 7 in (2.3), the assertion of (3.14) is proved when
[wh ! — wk||2- = 0. Then w" defined in (2.6) is a solution to (2.1) if w1 — w"||% = 0.

To prove a worst-case O(1/t) convergence rate for the iterative scheme (1.8) in a nonergodic
sense. First, we prove the following two lemmas.
Lemma 3.4 Let the sequence {w*} be generated by the GPRSM (1.3) with a € (0,2) and
v € (2 — a), and the associated {w*} is defined in (2.3), the matrix Q is defined in (2.4). Then,
we have

(Tf)k _ warl)TQ (wk _ wk+1) . (’LDk o warl) > 0. (316)

k+1

Proof Setting u = u*!,w = w**! in (3.1),then we have

(I)(’ftk+1) . ‘I)(ka) + (wk—Fl . @k)Tf(QDk) > (lf)k+1 _ wk)—l—Q(wk - ,J)k) (317)
Clearly, it is true when k := k + 1. By using u = @*,w = @F, we get
(I)(ak) o (I’(ﬂk—H) + (,u—)k _ mk—&-l)T]:(,u—}k-&-l) > (,u—)k _ QDk+1)TQ(wk+l o u_Jk'H). (3.18)

Adding (3.18) and (3.19) and because of the monotonicity of F, the assertion (3.17) thus follows
directly.

Lemma 3.5 Let the sequence {w"} be generated by the GPRSM (1.3) and the associated {w*}
be defined in (2.6), then we have

(wk - wk)TMTTM (wk - wk) o (wk+1 o warl)

Lok ok Rl _ k12 (3.19)
> Sl(w” =) = (@ =" g o),
where the matrices 7 and M, Q is definied in (2.3) and (2.4), respectively.
Proof Adding the equation
+
(wk _ wk-i—l) _ (U_Jk _ wk+1):| 9 |:(wk _ wk‘—f—l) _ (’Lﬁk _ wk—‘rl)}
1 _ _
= Sk ) — = P
to both sides of (3.17), we have
(wk _ wk—i-l)TQ (wk _ wk‘—i—l) _ (’Lf)k _ wk-i-l)
Lok ok Bl kel )(2 (3:20)
> 2k — ) — @ - Py, g

8



Furthermore, from (2.5) and (2.9), the proof of lemma 3.5 is completed.

k+1_

From the above lemmas, it is easy to see that the sequence {||w w” |7} is monotonically

non-increasing. And we have the following theorem.
Theorem 3.3 Let the sequence {w*} be generated by the GPRSM (1.3) and the matrix 7 be
defined in (2.3). Then, we have

bt — w23 < ok — w3, (3:21)
Proof Using ¢ = M(w* — @*) and d = M(wF*! —@*+1), we get
el = ldlfF = 2¢" T (c — d) — |l — d|F,

Moreover, we have

Mt — )~ [ MGt = at )|

—2(wk — T YMTTM [(wk — k) — (wht! - wkﬂ)] (3.22)
- | MGt - @) - ket - ar |

By using (3.20), we can obtain

| T |
> |(wh — a*) — @ - @
- HM[(wk — k) — (k- wkﬂ)]”i (3.23)

:H(wk - wk) - (wk+1 - wk+1)||%QT+Q),MT7—M
=[[(w* —@") = (W — @R
where N is defined in (3.6). Due to the positive definiteness of G; (i=1, 2), it is not difficult to
see that AV is positive definite when a € (0,2) and v € (0,2 — ). We thus have
2

s )

Using (2.8), the assertion (3.22) follows immediately.

For further analysis, we show the following two lemmas to establish the worst-case O(1/t)
convergence rate for GPRSM (1.3) in a nonergodic sense.
Lemma 3.6 Let {y*} be the sequence generated by the GPRSM (1.3) with a € (0,2). Then,
we have

1 1.,
(y" —y"THTBT (A — AFFL) > LA A A et T (3.24)



Proof By using the optimality condition of the y-subpeoblem in (1.3), there exists ¢; € dg(y**+1)
such that
(y—y*)7' [Cl — AZ N Go(y T - y"“)} >0, Vyel, (3.25)

where Og(y) is a subdifferential of g(y). Setting y = y*, then we have
(yF — oFHT [Cl — BT L Gy (it - yk)] > 0. (3.26)
And using y = y**1, there exists (3 € dg(y*) such that
W =T @ - BTN + GayF — )] 20 (3.27)

Adding (3.27) to (3.28) and using the monotonicity of the dg(y), we have
(yk _ yk-i-l)TBT()\k _ /\k-i-l) > (yk:-i-l _ yk)TGg(ka _ yk + yk:—l _ ykz)
= [l = yFlIE, + G =) TGy = )

Using the inequality

1 1
k ENT k— k k k k— k
(" = ") T Ga(y 1—y)Z—glly —y+1|!2@2—§!\y L2,

the assertion (3.25) is proved.
Lemma 3.7 The sequence {w*} generated by the GPRSM (1.3) with a € (0,2),7 € (0,2 — )

and the associated {w*} be defined in (2.6), then there exists 0 < x < 1 such that

= "%
> (et = 3, + - 91, + TE - ). 529
Proof By the definition of N in (3.6), we can obtain
Jw* — w13
ok — 2, + It — 71, + LN - k2 (3.29)
Zmin{ =T 1) (et = 12, + I = 71, + TN - AP,

Let x = min { 2;1;(1, 1} € (0, 1], then the proof of the assertion (3.29) is completed.

Finally, we will show the worst-case O(1/t) convergence rate for GPRSM (1.3) in a noner-
godic sense in the following theorem.

Theorem 3.4 Let the sequence {w"} be generated by the iterative scheme GPRSM (1.3) with

10



a € (0,2),7 € (0,2 —a). Then, we have

1
lw' —w™HF < 2

1 *
(e = B+ 1 - 0115 (3.30)

Proof Setting w = w* in (3.7), we can obtain
* — * 1 * *
(w* — ") F(w") 25 ("~ w3 — flw* — wb||F)

1

+ S flwt — %
2

where N = QT + Q — MTT M is defined in (3.6). Using (2.1), then we get
(w* — @) T F(w*) <0.

Therefore, we have

k —k k k
lw* — 2|3 < flw* = w7~ — w7 (3.31)

Because of the positive definiteness of G; (i=1, 2), it holds that N is positive definite when
a € (0,2) and v € (0,2 — ). We have thus

o
Sl - a* [ < flu® - - (3.32)
k=0

Moreover, by using the definition of 7 in (2.3), we can obtain

[w* — w5
1
ok k2 ko k2 ko \k+1)2
=[lz" —z%||a, +y" — ¥ ||(G2+#BTB)+7[)(7+@) AT — AT
N 21—77—04(2/9 T BT (AF AR

v+«

=[lz* — z*(1E, + lly* — 7°11Z, + lpB(y* —7*) + (AF = A2

p(y+a)
. Q(yk _ yk+1)TBT()\k _ )\k+l).
And using (2.8), we have

_ _ v+« <
lw* — w13 =(l2* — 218, + lv* — 7" 12, + THA’“ — 2|2

(3.33)
o z(yk’ . yk:-i-l)TBT()\k . )\k:-‘rl).
By (3.25), (3.29), (3.33) and (3.34), we have
t 1
St — bt <3 k-t
k=1 k=1
d (3.34)
3 (5 = P12, - gt - v 2, '

k=1

1
< fw” = w T+ v - g,

11



Due to the theorem 3.3, the sequence {||w* — w*||2-} is non-increasing. Thus, we obtain

t
to’ = w1 < 3wt - w1
=1 (3.35)

1
< o’ = wlF+ v -y

Using the above inequality, then the assertion (3.31) follows immediately.
A worst-case O(1/t) convergence rate for GPRSM (1.3) in a nonergodic sense is thus estab-

lished.

4  Numerical experiments

In fact, in [10], the efficiency of the generalized version of the Peaceman-Rachford splitting
method has been very well illustrated, but there is few people demonstrating its convergence
rate by some numerical. In this section, we illustrate the convergence rate of the GPRSM (1.3)
by some numerical experiments. In our experiments, we show a popular model that satisfies our
assumption is the LASSO model and Calibrating the correlation matrices.

All experiments were implemented in MATLAB R2010b on a hp-notebook with an Intel
Core 15-3340M CPU at 2.70 GHz and 8 GB memory.

4.1 The Lasso problem

In this subsection, we apply the GPRSM (1.3) to solve the lasso problem. To achieve the goal,
we first give the following LASSO model

min 3| Ez — q|3 + 72|

We introducing an auxiliary variable y € R, then we can change the above model to the

following equivalent form
min 3| Bz — qll3 + 7yl
st. xz—y=0. (4.1)
xreR" yeR™
Clearly, the above model follows the framework of (1.1), and we can use the GPRSM scheme
(1.3) to solve (4.1). And we generate a 1500 x 5000 random sparse matrix E together with

corresponding random sparse vector ¢ € R, where we set 7 = %HETqHOO and f(z) =

HIEz —ql3, 9(y) = Tllylh, A= I, B=—I,.

12



Here, we apply the GPRSM (1.3) to solve (4.1) and we derive the subproblems.

1 p 1 1
P =argmin{C||Ex — gl + Sl +y" — EMHQ + llz = 28& |z € R,

)\k—i-% —\F_ Rk ,
vo( y) (42)

. p Lykrdypz 4 1
yk+1 :argmln{THyHl —+ §Hy — (Oéﬂ:k+1 + (]. - Oé)yk - ;)\k+2)||2 + iHy - yk||é2|y € Rn};

AEHL kg plaz®*! + (1 — a)y* — yF ).
We then elaborate on the subproblem in (4.2) by the algorithm (1.3). Here, we set G; =
145010, Go =0 and v = £ % (2 — ).

For the z-subproblem (4.2), by simple calculation, we have
1
" = (G + pL, + ATA) Y AT+ p(yF + ;Ak‘) + GraP).

For the y-subproblem (4.2), let shrinkage(a, ) :=sign(a)- max(0, |a|] — k) be the soft shrinkage
operater, where sign(-) is the sign function. Then the closed-form solution of the y-subproblem
in (4.2) is written as
y*+1 = shrinkage <awk+1 + (1 —a)y® — l/\’”%, T) .
P p

To implement Algorithm (1.3), we use the termination criterion in [15]. First, we give the
following some preparations.

The primal feasibility of the necessary and sufficient optimality conditions for the problem

(4.1) is showed in the following identity

=y =0, (4.3)

and the dual feasibility is written as
0€af(x*)+ A, (4.4)
0€dg(y") — A", (4.5)

where f(z*) = ||E2* — ql|3, 9(y*) = 7lly*[li. And we refer to s**1 = —p(yFFt1 — y*) as a dual
residual for the condition (4.4) at (k + 1)-th iteration, and to r**! = k1 —¢#+1 a5 the primal
residual at (k + 1)-th iteration. In [15], the suggests that a reasonable stopping criteria is that

the primal and dual residuals must be small

|r¥|| < &P and ||s¥|| < e®ual, (4.6)

13



where 7" > 0 and €% > ( are feasibility tolerances
gpri — \/,ﬁgabs + ErdmaX{HfL'kH, H _ ka}’

Edual _ \/ﬁgabs +€T61Hyk”-

rel > () is a relative tolerance.

where €% > 0 is an absolute tolerance and ¢

According the above analysis, the termination criterion is " = 1073 in our experiment. We
apply the GPRSM (1.3) to solve the model (4.1) and show the convergence rate of the algorithm
(1.3) by using different relaxation factors a or different penalty parameter p. We plot the the

revolutions of objective function value with iterations for different values of a or p in Figure 4.1.

On the one hand, from the Figure 4.1, we can see that when « is close to 2, the objective value

Objective Value Objective Value
220 220
o ~
> >
5 15 5 15
15110 —a=05 gm —u=0.5
' —qa=1 [ —a=1
2 =15 e s =15
g 5 a=1. g 51 a=1.
2 —u=1.8 2 | =18
o 0 1 1 1 1 T ; O 0 1 1 1 T ]
o] 20 40 60 80 100 120 0 10 20 30 40 50
iter(k) iter(k)
p=04 p=1
Objective Value Objective Value
515 320
o o
z z 15
f=4 =
o
5 —p=04 £ —p=0.4
g - £ 10 P
t 5 —p=06 '-; —p=0.8
% -p=0.8 % 5 p=0.8
& —p=1 2 | il
O 0 1 1 T | [e) 0 1 L T 1
o] 20 40 60 80 0 10 20 30 40
iter(k) iter(k)
a=1 «=1.8

Figure 4.1: Comparison results of GPRSM on (1.2) for different «
and p

decrease faster than the cases where « is close to 1. The penalty parameter p has little impact

on the convergence rate when the parameter has a small change. On the other hand, we give

Figure 4.2: Evolutions of the relative error of the objective function value

with respect to different values of «

some analysis of the Error of the objective function in Figure 4.2. And

. |2 () — Bt
OvaalRelativeETTOT = H )\ (uk) H ’

where ¥(u) = 3||[Ez — q||3+7|y/1. And we also show some numerical results about the penalty

parameter p = 1 in Table 4.1. Furthermore, we give the primal residual, dual residual, the CPU
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time and the iterations for the whole experiment process. The numerical results in Table 4.1

indicate that the convergence rate is faster when the relaxation « is close to 2.

a No. It 7|2 IIs||2 CPU Sec
0.5 44 0.0080 0.0012 1.931261
1 25 0.0067 0.0022 1.212279
1.5 19 0.0060 0.0058 1.095425
1.8 30 0.0073 0.0001 1.465247

Table 4.1: Numerical comparison of the different a (p = 1).

GPRSM Running Time

20~
16\ —+-g=0.1
~+-a=0.4
L =07
4
wl " ~+-g=1.2
\\
\\
»Bo12- T
() b
= ~
- 101 iy
~
™
B Bameas
“““““““““ k\“*-+\\k_
6  TTTmeeall TEEERRG
X TR e ‘—m—_“‘\“‘
- g It i ———
4 i o ek i L T ————— P
........................ B ettt S R S - il
F - - S -r“ ~—
| | | i | | | |
%.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 4.3: evolutions of computing time and the parameter v in seconds

with respect to different values of «

In fact, we also plot the evolutions of the parameter v and computing time in seconds with
respect to different values of « in the interval [0.1,0.9] with an equal distance of 0.1 in Fig.4.3.
From the Fig.4.3, we can see that when « is close to 1.2, the iterative time is less than the cases
where « is close to 0.1. However, if the « is close to 2, the convergence of the algorithm (1.2) will
be poor, We thus set the a € (0,1.2]. And in our experiment, the convergence rate will become
faster, if v is close to 0.9. This case where the values of 7y close to 1 follows the numerical results

in [7], but our experiment involves in the relaxation parameter a.
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4.2 Calibrating the correlation matrices

In this subsection, we use the algorithm (1.3) to calibrate the correlation matrices.

We consider to solve the following matrix optimization problem
1
min {§||X—C||%\X € ST NSg}, (4.7)
where
S ={H e R™"|H" = H,H > 0},
and
Sp={H e R""H" =H H, < H < Hy}.
The above problem (4.2) could be converted to the following equivalent form

min || X — O + 3[|Y - C|?
st. X-Y=0. (4.8)
X € S_?_, Y € Sg.
To solve the above matrix optimization problem, it is easy to see that the GPRSM (1.2)

could be applicable and we obtain the following subproblem for model (4.8).
ok ool o P vk Lk Lo ok n
X* = argmin{3 X = ClfE + 51X = Y* — S\ + 31X - XM, 1X € 1),

Ntz = \F oy p(XF - vEy,
_ 1 _ 1 1
V¥ = argmin{|[Y — |} + §HY — (aXF 4+ (1 - a)YF - ;A’”%w% + 5l = YHE, 1Y € Sp),

M= A2 plaXt 4 (1— )Y — V).
(4.9)

Here, we set G1 = pl,,, G2 = %p[n, then the X-subproblem in (4.9) can be rewritten as

(p(Y* + XF)+ X+ OV}, (4.10)

Xk = Pon
5+{1+2p

where Psn(A) = UATUT and AT = max(A,0), U,A] = eig(A). And, the solution of the
Y -subproblem in (4.9) is given by

_ 1 1 _
vk = PSB{m(p(iYk +(1—a)Y* +aXF) — Atz 4 O}, (4.11)
2

where Sp = {H € R"*"|H, < H < Hy} and Ps,(A) = min(max(Hp, A), Hy).

To implement the GPRSM (1.3), we use the following matlab code to produce the matrices
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C,Hy and Hy:

rand(state,0); C' = rand(n,n);C = (C + C) — ones(n,n) + eye(n);
%%%C' is symmetric and Cj; is in(—1,1), Cj; is in (0,2)%%%

HU = ones(n,n) *0.1; HL = —HU; for i=1:n HU(i,i) = 1; HL(i,i) = 1; end;

And we set n = 1000 and v = 0.89, then we apply the GPRSM (1.3) to solve the problem
(4.1) and show the convergence rate of the algorithm (1.3) by using different penalty parameter

p in Fig.4.4. From Fig.4.4, it is easy to see that the iterations decrease faster when the penalty
parameter p get larger in our experiment. In fact, the value of the parameter p should not be
too large or too small, since the convergence will be poor if the p is too small or too large. On
the other hand, we can also observe that the selection of o can affect the convergence rate of the
GPRSM (1.3) significantly. Clearly, we see that when « is close to 0.5, the number of iterations
is more than the cases where « is close to 1.8. Therefore, we can obtain that the convergence

rate of the algorithm (1.3) is related to the choice of the parameter p or a by our experiment.

5 Conclusions

In this paper, we further study the convergence rate of the Generalized version of the Peaceman-
Rachford splitting method by establishing the worst-case O(1/t) convergence rate for the algo-

rithm (1.3) in both the ergodic and a nonergodic senses. And we further illustrated its numerical

Calibrating the correlation matrices Ilterations
800
%
700/ s
\\
-+-o=0.8

» 600F | *
& \
® 500F 4 ¢ =11
3 A
= 6l -y =
v 400 “'-\\\i\ o=1.8
¢ ‘\.‘k \\\\
g 300 A e e
= \‘ \\\ 0
= 200 L.~~ Ny \\\\\

100_ ~-.,,._; ..\:\:\

S ~i§;;;===-‘-;=;=;==‘~.
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Figure 4.4: evolutions of the number of iterations and the penalty parameter p

when the stopping criterion is achieved
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efficiency and convergence rate by some numerical experiments.
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