
 

Abstract—This paper discusses a hierarchical alternating di-
rection method of multipliers (ADMM) approach for the unit 

commitment (UC) problem in a fully distributed manner. Decen-
tralized unit commitment operation schemes have several ad-

vantages when compared with the traditional centralized man-

agement system for smart grid. Specifically, decentralized man-

agement is more flexible, less computationally intensive, and eas-

ier to implement without relying on communication infrastruc-
ture. In this paper, the fully distributed UC approach is used to 

solve the UC problem of each individual unit in parallel. This 

approach consists of two layers of ADMM. In outer ADMM, 

 -update steps and  -update steps can be decoupled for each unit 
and executed in parallel after we rearranging and grouping the 

variables and constraints of the UC mixed integer quadratic 
programming (MIQP) model according to each unit. The 

 -update steps, which couple all units because of system con-
straints, were decoupled for each unit by using an inner consensus 

ADMM to solve their Lagrangian dual problems. The proposed 

method can be implemented in master-slave distributed and par-

allel schema. The master node can be deployed in regional center; 
other computing nodes can be deployed (or installed) on each unit. 

Each unit keeps its information secret and does its computations 

in parallel. The simulation results show that the proposed hier-

archical ADMM can obtain high-quality solutions in reasonable 

times and keep the information of units secret. The results in 
parallel environment show that the proposed method can obtain 

good speedup and is suit for solving large-scale D-UC problems. 

Index Terms—ADMM, full-distributed unit commitment, hi-

erarchical. 

NOMENCLATURE 

Indices: 

     Index for unit. 

     Index for time period. 
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Operator: 
{ }             . When this operator is used for vector, it is 

carried out element by element.  

   { }  if           , then    { }   , else    { }   . 

This operator can be used for vector.  

       get sub vector of     containing elements indexed 

from   to  . 

Constants: 

     Total number of units. 

     Total number of time periods. 

         Coefficients of the quadratic production cost function 

of unit  .  

       Hot startup cost of unit  . 

        Cold startup cost of unit  . 

      Minimum up time of unit  .  

       Minimum down time of unit  . 

        Cold startup time of unit  . 

   Maximum power output of unit  . 

   Minimum power output of unit  . 

     System load demand in period  . 

   Spinning reserve requirement in period   . 

      Ramp up limit of unit  . 

        Ramp down limit of unit  . 

         Startup ramp limit of unit  . 

        Shutdown ramp limit of unit  . 

     Initial commitment state of unit   (1 if it is online, 0 

otherwise). 

     Number of periods unit   has been online ( + ) or 

offline (  ) prio r to the first period of the time span 

(end of period 0). 

   {   [      (          )]}
 

 

   {       (      )              }
 

 

Variables: 

     Schedule of unit   in period  , binary variable that is 

equal to 1 if unit   is online in period   and 0 other-

wise.  

     Startup status of unit   in period  . 

     Power output of unit   in period  . 

       Startup cost of unit    in period  . 

I. INTRODUCTION 

HE unit commitment (UC) in power system is one of the 

most important optimizat ion problem for both daily op-

eration scheduling and planning studies from short term to long 

term[1]-[2]. In general, the UC problem is formulated as a 

mixed integer nonlinear programming problem [3]-[4] and 

comprises two tasks: one is determin ing the status (on/off) of 
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the generating units; the other is to dispatch the power distrib-

uting for committed units.  

In recent years, as power grids grow, the mechanism of en-

ergy supply has been greatly changed due to electricity liber-

alizat ion[5], the introduction of distributed and renewable en-

ergy. These changes bring new entities into the electricity 

market, including renewable generation owners and active 

customers equipped with self-owned generation resources and 

advanced metering infrastructures  [6]. Generally, these entities 

want to maximize their own profits without disclosing their 

actual financial information to system operators. A compelling 

alternative to solve the aforementioned problem is to distribute, 

rather than centralize. New d istributed operational frameworks 

will be needed, including distributed economic dispatch [7]-[8], 

distributed optimal power flow [9]-[10], and distributed UC 

(D-UC) [11]-[13]. Th is paper focuses on the fully distributed 

optimization approach for UC. Comparing to the centralized 

UC(C-UC), the D-UC has following advantages: (1) Due to the 

improvement of the system interconnection level, more and 

more complex factors, such as demand response [15], electrical 

vehicle [16]-[17], contingency analysis , etc., these has been 

introduced into UC. However, in C-UC manner, all detailed 

informat ion need to be collected by center calculator. This 

manner needs high bandwidth communication in frastructures. 

In D-UC, all indiv idual subsystems can be computed locally 

and no information needs to be exchanged with adjacent sub-

systems during the calculation; (2) In the D-UC, individual 

subsystems do not need to disclose the secret information to 

other subsystems and the central controller. Such as character-

istics of own electrical power unit. All which are the prerequi-

site for establishing a fair energy market environment and more 

detailed modeling and more modest computational require-

ments; (3) The D-UC is more scalable and flexib le with respect 

to system changes than C-UC. Especially, in the smart grid, the 

topologies of electric power and  communication infrastructure 

are more dynamic; (4) The D-UC is more robust than C-UC. In  

C-UC, if the central controller goes offline, the entire optimi-

zation computing system will be paralyzed. However, the 

D-UC can be solved asynchronously via indiv idual controller 

[14]. That is, even if a local computing node is paralyzed, other 

nodes can still work, and the whole system is running as usual. 

To implement D-UC, some researchers investigate the 

market dynamics of UC conducted by generating companies 

only (called self-commitment). In this framework, the inde-

pendent system operator (ISO) posts hourly energy prices 

calculated based on the load forecast. Generating companies 

then conduct UC for their assets as price-takers [23]-[24]. Ad-

ditional iterat ions may occur to search for an equilibrium where 

all the load is served with min imal cost. The existence of such 

an equilibrium under certain conditions was established in [25] 

and investigated empirically  in  [26]. Simulation results in [27] 

found roughly 4% cost of anarchy for self-commitment, which 

is a greater cost for nowadays power industry. Challenges re-

lated to the nonconvexity, oscillat ion, high cost, and ineffi-

ciency of self-commitment were exp lored in [27]-[30]. In ad-

dition, a number of distributed or agent-based approaches have 

been investigated for implementing D-UC. Nagata et al. [31] 

have studied a method of UC scheduling in a decentralized 

power network based on a multi-agent system. Although they 

deal with the UC, the decision is made by a mobile agent and 

the previously fixed order of the generators. Ramachandran et 

al. [32] presented the application of a hybrid optimization a l-

gorithm for the d istributed energy resource management of a 

smart grid in the energy market. Pantoja and Quijano [33] 

proposed a replicator dynamics strategy for dynamic resource 

allocation. Kumar Nunna and Doolla [34] discussed distributed 

energy resource management for mult iple microgrids using 

multi-agent systems. However, in the last three studies, the 

statuses of units are not considered. 

In this paper we wish to investigate new approaches to the 

UC problem which are completely distributed/decentralized,  

i.e., most of computations can be done in parallel in each node, 

and all participators can keep their device characteristics secret. 

The solution that we propose is  nearly based upon a unit-based 

(indiv idual) optimization process, where a limited amount of 

informat ion is exchanged between master-node and other 

slaver-nodes. The solution is based on the alternating direction 

method of mult ipliers (ADMM) in the form rev isited by [35]. 

The ADMM is well suited to distributed convex optimization, 

and in particu lar to large-scale problems. The method was 

developed in the 1970s, with roots in the 1950s [36]. It can  be 

viewed as an attempt to blend the benefits  of dual decomposi-

tion and augmented Lagrangian methods for constrained opti-

mization. The ADMM is read ily  applicable  in many problems, 

such as in statistical learning, engineering design, or mul-

ti-period portfolio  optimizat ion. And it is interesting to note 

that with no tuning, ADMM can be competitive with the best 

known methods for some problems. After appropriately ar-

ranging the variables and constraints of the UC mixed integer 

quadratic programming (MIQP) model, we at first employ 

ADMM to solve the rearranged UC model. And two steps of 

scaled form of ADMM ( -update steps and  -update steps) can 

be decoupled for each unit and executed in parallel, but the 

 -update steps couple all units because of system constraints. 

Then we employ consensus ADMM to solve the Lagrangian 

dual problem of  -update step, which lets the  -update step to 

be decoupled for each unit.  

The major contributions of this paper are summarized as  

follows:  

1) We propose a fully d istributed method to solve UC prob-

lem. The proposed method can be implemented in mas-

ter-slave distributed and parallel schema. The mas-

ter-node can be deployed in regional center; other com-

puting nodes can be deployed (or installed) on each unit. 

Most computations for each unit can be done in each  

node in parallel. 

 2) We decouple all sub-problems for each unit. Th is means 

that, the parameters of each unit  can be kept in only one 

computing node for the purpose of privacy protection or 

competition. 

 3) The simulation results show that the proposed hierar-

chical ADMM (H-ADMM) can obtain h igh-quality so-

lutions in reasonable times and suit for solving 

large-scale D-UC problems.  

The rest of th is paper is organized as fo llow. Section  II in-

troduces the projected 2-b in formulat ion for UC. Section  III 

discusses the proposed fully d iscusses UC approaches. Nu-

merical results and analysis are presented in Section IV. Fi-
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nally, the conclusions of our study are presented in Section V. 

II. FORMULATION FOR UC 

Given that the operational costs of thermal units is com-

monly  represented as a quadratic function of the generation 

level, that is   (    )                  (    )
 
, the UC prob-

lem can be simply formulated as a mixed integer quadratic 

programming (MIQP) [37]. And after researching more than 5 

decades, mixed integer programming (MIP) formulat ions of 

UC receive notable attention and obtain remarkable improve-

ments. Many reported models, some of which are approxima-

tion models, have been developed for describing and solving 

the UC problem efficiently [3], [38]-[43].  

[44] recently proposed a tight and compact MIP formulation  

for UC problem based on projection and reformulations by only 

using two sets of binary variables. In  this paper, we will use 

ADMM to solve this UC formulat ion fully  distributed, and we 

briefly introduce it as follows, 

Let  ̃    representing the part of startup cost exceeding       ,  

      ̃   (     )        ,  ̃         ,                       (1) 

 ̃             (  )
 
,                                               (2) 

 ̃    ̅               ,                                            (3) 

 ̃      ̅     
 ,                                                            (4) 

 ̃     
     

 ̅    
,                                                                    (5) 

 ̃       
       

 ̅    
,                                                             (6) 

 ̃        
           

 ̅    
,                                                          (7) 

 ̃       
          

 ̅    
                                                            (8) 

The objective of the UC problem is to minimize the total 

operation cost, 

      ∑ ∑ [ ̃ ( ̃   )              ̃    ]
 
   

 
   ,       (9) 

where    is the total operation cost, the projected production 

cost  ̃ ( ̃   )   ̃       ̃  ̃     ̃ ( ̃   )
 

, and  ̃    can be 

formed as an MILP formulation: 

 ̃                    *     ∑     
   
     {                    }  

         +.  (10) 

 ̃                                                                                     (11) 

where             when                      and 

{     }
 

 |                  |   , otherwise            .  

According to the formulation proposed in [44], the con-

straints of the UC formulation are: 

1) Unit generation limits: 

 ̃        ,                                                                     (12) 

 ̃     .                                                                        (13) 

2) Power balance constraint:  

∑ [ ̃                 ]
 
          .                    (14) 

3) System spinning reserve requirement:  

∑               
 
   .                                             (15) 

4) Ramp rate limits:  

 ̃     ̃           ̃           ̃         ̃     ,          (16) 

 ̃       ̃           ̃                    ̃        ̃       .(17) 

5) Minimum up/down time constraints :  
∑     

 

  {       }
 
  

                     ,       (18) 

∑     
 

  {        }
 

  
    

  {        }
              , 

(19) 

6) Initial status of units : 

                         
 .                                (20) 

7) State constraints:  

                .                                                     (21) 

Then, the UC MIQP formulation is: 

      ∑ ∑ [     ̃ ( ̃   )              ̃   ]
 
   

 
     

    {
               

          {   }
                                                       (22) 

III. H-ADMM FOR FULLY DISTRIBUTED UC 

A. Reformulation of UC Model for ADMM  

For convenience, we borrow two symbols in Matlab lan-

guage, comma “ ,” as row element separator, and semicolon “;” 

as array row separator. 

Let     [                ] ,  ̃   [ ̃     ̃        ̃   ] , 

 ̃   [ ̃     ̃       ̃   ] ,     [                ]
 

,     

          ̃    ̃   ,                  . And let      
∑        

  
   , where    

    
  ∑ [ ̃ ( ̃   )              ̃    ]

 
   .  

We define set 

   { |                                }.(23) 

It is obvious that all the constraints in    can be decoupled 

according to each unit. So    can be rewritten as 

   { | [
    
   
    

] [

   

 
   

] [
  

 
  

]   },        (24) 

where    and    (        ) are corresponding coefficient 

matrix and constant vector for unit  , respectively. 

Similarly, we define set 

   { |        },                              (25) 

then the constraints in    can be decoupled according to each 

time period. So    can be rewritten as 

   { | ̃   ̃   
      

}                             (26) 

where   and  ̃  are corresponding coefficient matrix,   and  ̃  
are corresponding constant vectors, and               ,  

 ̃    ̃   ̃     ̃  . 
We define the third set as  

   { |     {   }      {   }  ̃       ̃     }.  (27) 

Then UC model (22) can be reformulated as  

         

                                                                        (28) 

Here it is noticeable that, in our UC model (28), all the in-

formation of units are totally  included in     ,   ,   ,  ,  ̃, and 

 . And for each  ,    ,        
 ,   ,   ,  ̃ , and    only include 

the parameters and variables of unit  . 

B. ADMM for UC  

ADMM was originally introduced for solving convex prob-

lems[36], but practical evidence suggests that it can be an ef-

fective method to approximately solve some nonconvex prob-

lems as well [45]. ADMM in literature has been well used to 

solve linearly constrained problem whose objective function is 

separable into two individual convex functions  with 

non-overlapping variables [35], [46]-[47]. In order to use 



ADMM, by introducing vector variable  , we rewrite problem 

(28) in ADMM form as 

           
     

           ,                                                                (29) 

where                  
    and    denotes the indicator 

function of set  , defined as, 

      {
                 
              

.                         (30) 

The corresponding augmented Lagrangian function of (29) 

is: 

   
                    

       
   

         
  

 
‖   ‖ 

  
(31) 

where    is the penalty parameter o f the augmented term and 

                
 ,     [                ] ,         . 

This vector   is similar to   in structure.   is a vector of the 

Lagrangian variables. 

Using ADMM to solve problem (29), the iterat ions are as 

follows: 

               

                                      (32) 

               
                                     (33) 

                                                   (34) 

Obviously, the ADMM iterations can be reduced as: 

            ,           
    

  

 
‖       ‖

 
 - (35)  

            ,   
    

  

 
‖         ‖

 
 -  (36) 

                                                            (37) 

where    
 

  
  . 

Obviously,  -update steps are totally decoupled, so these 

updates can be carried out in parallel for each unit, and they can 

be decoupled according to each period, even for each  scale 

variable as well. We will analyze the solving of update steps 

(35)-(36) in following subsections.  

C.  -update Step (35)  

The  -update (35) can be rewritten as  

   ,     
  

 
‖       ‖

 
 -  

                                                                         (38) 

Observing that (38) is totally decoupled according to unit, 

then (38) is equivalent to solving the following sub-problems 

for        . 

   ,       
  

  

 
‖       

     
 ‖

 

 
-  

    {

                            

    {   }      {   } 

 ̃      ̃                     

                                      (39) 

(39) is an MIQP and can be carried out independently in  

parallel for each        . Each sub-problem (39) only 

needs parameters of unit  . And we note that (39) always is a 

small and scale invariant problem, with only     variab les, 

for various scale systems.  

D.  -update Step (36)  

 -update step (36) can be rewritten as  

   
  

 
‖         ‖

 
   

                                                                               (40) 

Sub-problem (40) is a QP problem. Its objective function is 

totally decoupled according to each variable element of   and 

its constraints can be decoupled according to each period  . So 

(40) can be decoupled as   sub-problems, and  each one for  

each period. However, (40) and these sub-problems couple all 

units (See (14) and (15)). In order to implement totally d is-

tributed UC solving, we must decoupled all sub problems ac-

cording to each unit.  

In what follows, taking strong duality under consideration 

[48]-[49], we will use consensus ADMM to solve the Lagran-

gian dual problem of (40), then all the sub-problems are de-

coupled according to each unit. 

(40) has the same solutions with following problem 

   ‖   ‖ 
   

       { ̃   ̃   
      

                                                       (41) 

where          ,  ̃   ̃    is power balance constraint 

and        is system spinning reserve requirement con-

straint. And, according to the practical significance of these 

constraints, the corresponding coefficient matrix  ̃ and   are 

row full rank. Thus, Slater condition holds fo r the p roblem (41). 

The Lagrangian function of (41) is 

 (     ̃)  ‖   ‖ 
            ̃ ( ̃   ̃)  (42) 

where   is Lagrangian  mult iplier vector associated with ine-

quality constraints, and similarly  ̃  is Lagrangian multip lier 

vector associated with equality constraints.  

Then the Lagrange dual function of (41) is 

 (   ̃)       (     ̃)      {‖   ‖ 
           

 ̃ ( ̃   ̃)}          (43) 

Since  (     ̃) is a convex quadratic function of  , we can  

find the minimizing   from the optimality condition  

   (     ̃)              ̃  ̃    

which yields 

    
 

 
     ̃  * 

 ̃
+                                (44) 

Therefore the dual function is  

 (   ̃)   (  
 

 
     ̃  * 

 ̃
+     ̃)  

 
 

 
‖     ̃  * 

 ̃
+‖

 

 

        ̃  * 
 ̃
+       ̃  * 

 ̃
+           (45) 

Then the Lagrange dual problem associated with the problem 

(41) is 

    (   ̃)  

                                                                               (46) 

That is a QP problem equivalent to 

   
 

 
‖     ̃   * 

 ̃
+‖

 

 

        ̃  * 
 ̃
+       ̃  * 

 ̃
+  

                                                                                     (47) 

Note the structure of  ̃ and  , let  ̂  * 
 ̃
+, and let 

  
   ̂  

 

 
‖[  

   ̃ 
 ]* 

 ̃
+‖

 

 

   
 [  

   ̃ 
 ]* 

 ̃
+  

 

 
     ̃  * 

 ̃
+ 

(48) 

Then (47) can be rewritten as 

   ∑   
   ̂  

     

          .                                                                    (49) 

Let     {(   ̃)|   }, we rewrite problem (49) in  con-

sensus ADMM form[35] as 

   {∑   
   ̂  

  
       

  ̂ }  

         ̂   ̂                                                       (50)  



The corresponding augmented Lagrangian function of (50) 

is: 

   
  ̂     ̂   ̂  ̂     ̂ 

  ∑ *  
   ̂  

   ̂ 
   ̂    ̂   

   

  

 
‖ ̂    ̂‖

 
 +     

  ̂           (51) 

where    is the penalty parameter.  

To solve problem(50), then scaled form of consensus 

ADMM consists of the iterations: 

 ̂  
 ̂          ̂ 

,  
   ̂  

  
  

 
‖ ̂    ̂  ̂   ̂ 

 ̂‖
 

 
-     (52) 

 ̂  ̂          ̂ ,   
  ̂  

   

 
‖ ̂    ̅  ̂    ̅  ̂ ‖

 

 
-    (53) 

 ̂ 
 ̂    ̂ 

 ̂   ̂  
 ̂    ̂  ̂                                           (54) 

where  ̂ 
 ̂  

 

  
 ̂ 

 ̂, and with the average (over        ) of a 

vector denoted with an overline, i.e.,   ̅  ̂   
 

 
∑  ̂  

 ̂   
   , 

 ̅  ̂  
 

 
∑  ̂ 

 ̂ 
   . 

Now, we can see that  ̂-update (52) and  ̂-update (54) are 

decoupled, and can be carried out in parallel for each unit.  

The  ̂-update can be rewritten as  

 ̂  ̂      
  ̅  ̂    ̅  ̂                                   (55) 

According to the definition of   , then  -update can be  

 ̂  ̂   [
,( ̅  ̂    ̅  ̂)

   
-
 

( ̅  ̂    ̅  ̂)
      

]                            (56) 

The  ̂-update problem (52) is min imizing a convex quadratic 

function of  ̂  , we can find the min imizing  ̂  
 ̂   from the op-

timality condition 

 

 
[
  

 ̃ 

] [  
   ̃ 

 ] ̂ 
 ̂   [

  

 ̃ 

]    
 

 
*
 
 ̃
+    ( ̂  

 ̂    ̂  ̂  

 ̂ 
 ̂)   .   (57) 

Then, we have 

 ̂  
 ̂   (

 

 
[
  

 ̃ 

] [  
   ̃ 

 ]     )
  

(   ̂  ̂     ̂ 
 ̂  

[
  

 ̃ 

]    
 

 
*
 
 ̃
+). 

(58) 

We should note that, when a direct method, i.e. matrix in -

version, is used to solve (58), one matrix inversion and one 

matrix mult iplication are needed at the first iteration, and only  

one matrix mult iplication is needed in the fo llowing iterations, 

the algorithm calculation is very small, So  the  ̂-update is very 

easy to execute and quickly solve. 

In addition, the variables of the sub-problem (40) are only  

related to   and  ̃ . Therefore, when we solve the sub-problem 

(40), you cannot consider its. So  that the number of the columns 

of coefficient matrix  ̃  and   are reduced by half, and, the 

Lagrange dual problem (47) variables  ̂  are also reduced by 

half. This way can improve the efficiency of the ADMM algo-

rithm while reducing the dual variables. 

After using consensus ADMM iterations to solve(46), denote 

* 
 ̃
+   ̂  ̂   as the solution. Then according to strong duality 

and (44), we can  obtain the solution of (41), i.e .,  -update step 

(41) or (36) have been solved. In addition, (44) can be decou-

pled for unit   as 

      
 

 
[  

   ̃ 
 ] ̂ ̂                                (59) 

To now, we decouple all sub-problems for each unit. This 

means that, the parameters of each unit can be kept in only one 

computing node (can be installed on each corresponding unit) 

for the purpose of privacy protection or competition. 

E. Description of the Proposed H-ADMM  

We are now in a position to give the H-ADMM for Distrib-

uted UC.  

Algorithm 1  H-ADMM for Distributed UC 

Initializat ion:        ,       
   ,     ,     , 

    ,     ,            ,        . 
for iteration 0,1,…,    

    , set      for first iteration and randomly generate 

      for other iterations.  

for            

 -update:  

for each unit        : 

get    
    by solving (39) 

end 

 -update: 

         .  

[    ]=sub_DADMM_z(    ) 

 -update: (37) 

if               
 and    

‖         ‖
 

 
           

     =    ,        
        . 

end if 

if               

break. 

end if 

end for 

end for 

return      . 

Function 1  [ ]= sub_DADMM_z1(    ) 

    ,     ,       ,        . 

for  ̂           

 -update:  

for each unit        : 

get  ̂  
 ̂   from (58) 

end 

 ̂-update: (56) 

 ̂-update: (54) 

   [( ̂ 
 ̂    ̂  ̂  )   ( ̂ 

 ̂    ̂ ̂  )], 

     [( ̂  ̂   ̂ ̂  )   ( ̂  ̂   ̂  ̂  )], 

     √                ,‖( ̂ 
 ̂      ̂ 

 ̂  )‖
 
  

 √ ‖ ̂ ̂  ‖
 
-  

      √            ‖(   ̂ 
 ̂        ̂ 

 ̂  )‖
 
  

if ‖  ‖
       and ‖  ‖

         break. 

end 

for each unit        : 

(59) 

end 

return  . 

According to the literature [50], Stephen Boyd proposed a 

simple effective heuristic for embedded mixed-integer quad-

ratic programming which is based on ADMM. According to the 

algorithm optimizat ion criteria of literature [50], we determine 

the criterion of iteration terminat ion. Here, we give some ex-

planations for our stop criterion in our H-ADMM. We note that, 
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in our algorithm, according to the definit ion of (39), we always 

have           , that means      is a solution which 

always meets all the unit physical constraints except two cou-

pling constraints: power balance and spinning reserve con-

straints. So, while iterat ing, if        , then           

 , i.t.,    
‖         ‖

 
 

          , when           is small  

enough, the      must be a feasible UC solution. So    can 

depicts the feasibility of iteration point     . 

The detailed  procedure of H-ADMM for fu lly  distributed 

solving UC problem is illustrated in Fig. 1. As can be seen in 

this figure, the proposed method can be implemented with 

master-slave distributed and parallel schema. The main node 

can be deployed in regional center; other computing node can 

be deployed (or installed) on each unit. For each unit, for e x-

ample for un it  , all the physical parameters of unit   (includ ing 

      ,   ,   ,   ,  ̃ ) are preserved in  node  , and the other nodes 

don’t know these parameters. Most computations for unit   are 

done in node  . The master node does not need any information 

of all units’ physical parameters. And the major jobs of the 

master node include checking the convergent criterion (i.e., in  

Fig. 1, “⑨” is the convergent criterion for outer ADMM itera-

tions, and “$” is the convergent criterion  for inner ADMM 

iterations). According to Fig. 1, we point out that the proposed 

H-ADMM method can solve UC problem in fully distributed 

and parallel schema and all units can taking part in power 

market competition but keeping their information secret. 

 

 
Fig. 1. Illustration of Algorithm 1 

IV. NUMERICAL RESULTS AND ANALYSIS 

In this section we present some numerical results to test the 

efficiency and effectiveness of the proposed H-ADMM method. 

The machine on which we perform all of our computations is an 

Intel i7-4790U 3.6GHz Lenovo desktop with 8 GB of RAM, 

running MS-Windows 7 and Matlab 2014a. CPLEX 12.6.2 is 

used to solve MIQP while setting the time limit 3600 s for 

solver in  our numerical experiments. Unless otherwise speci-

fied, we used the parameter values      ,       , 

          ,         ,               ,      , 

     ,          ,          ,      √        

       ,‖( ̂ 
 ̂      ̂ 

 ̂  )‖
 
 √ ‖ ̂ ̂  ‖

 
- ,       

√            ‖(   ̂ 
 ̂        ̂ 

 ̂  )‖
 
. 

A. The Simulation Results for a 5-units instance 

At first, a simple 5-units UC instance has been used to test 

our proposed H-ADMM method. We randomly chose 5 units 

(unit 1, 3, 5, 6, 8), including small, medium and large size units , 

from 10-units instance which can be found in [51] and hourly 

load demand is assumed to be a half of the corresponding part 

in original 10-units. And the ramp rate of each unit is selected 

as                    ,                    ,           . 

 
FIG. 2. T HE GLOBAL SOLUTION 

(22) is an MIQP, and CPLEX can solve small scale MIQP 

directly. The g lobal solution found by CPLEX generates an 

objective value of $278937.44 and the objective value with our 

algorithm was $279872.83. Let     
       denoting the ob-

jective value obtained by the proposed H-ADMM and 

    
     denoting the objective value returned by CPLEX 

while solving UC MIQP model. And let 

     
                   

        
, then            for this  

5-units system, i.e ., the solution obtained by H-ADMM is 0.33%  

suboptimal. The optimal schedule reported by CPLEX is shown 

in Fig. 2, and the suboptimal schedule returned by H-ADMM is 

shown in Fig. 3. In these two figures, we see that qualitatively, 

the optimal schedule and the schedule generated by H-ADMM 

are very similar. Simulation results show that the proposed 

method can obtain high-quality solutions for D-UC problems.  

All units of UC problem are coupled because of power bal-

ance and spinning reserve constraints. Our proposed method 

decouples these coupling constraints by using consensus 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
0

100

200

300

400

500

600

700

800

Index for time period (t)

A
c
c
u
m

u
la

ti
o
n
 o

f 
g
e
n
e
ra

ti
o
n
s
(M

W
)

 

 

G1

G3

G5

G6

G8

𝑣𝑖
   , 

generate 𝑧𝑖
   𝜒  𝑖 

 𝜌 , 𝑀 ,𝑘    

 

𝑓𝑥    
     

𝑘     

𝑥𝑖 
𝑘  : solve (39) 

𝑟𝑖  𝑥𝑖
𝑘   𝑣𝑖

𝑘  

𝑣𝑖
   , 𝑧    
 𝜌 , 𝑀 ,�̂�    

 
𝑥𝑖
�̂�  : solve (58) 

𝑣𝑖
�̂�   𝑣𝑖

�̂�  𝑥𝑖
�̂�   𝑧 ̂�̂�    

𝑧 ̂𝑘   [
,(�̅�𝑘   �̅�𝑘)

  𝑇
-

 

(�̅�𝑘   �̅�𝑘)
𝑇    𝑇

]  

‖𝑝 ‖  𝜀    and  

‖𝑑 ‖  𝜀     or �̂�  𝑀  
N 

�̂�  �̂�     

𝑧𝑖  𝑟𝑖  
 

 
 𝐵𝑖

  �̃�𝑖
  �̂��̂�    

𝑧𝑖
𝑘   𝑧𝑖  

𝑣𝑖
𝑘   𝑣𝑖

𝑘  𝑥𝑖
𝑘   𝑧𝑖

𝑘    

 

∑ 𝒜𝑖
𝑘  𝑁

𝑖   𝑓𝑥    
 and  

𝜀  
‖𝑥

𝑘   𝑧𝑘  
‖
 

𝑁
 𝜀          

or 𝑘  𝑀  
𝒜𝑖

𝑘   𝑓𝑖   𝑥𝑖 
𝑘     

𝑓𝑥    
 𝑓 𝑥𝑘    

𝑥    =𝑥𝑘   

𝜀 
≤𝜂𝜀         

𝑘  𝑘     N 

 

Y 

Y 

𝑘  𝑘    

𝑘  𝑀   
N 

 

Y 

… 

… 𝐺𝑖  𝐺𝑗  

 

𝐺𝑁  

 

… … 

Y 

 

N 

 

𝑟𝑖 

𝑧𝑖 

① 

② 

③ 

④ 

⑤ 

⑥ 
⑦ 

⑧ 

⑨ 
! 

⑩ 

@ 

# 

$ 

^ 

& 

% 

* 

# 
% 

⑥ 

⑧ 

$ 

⑦ 

② 

⑤ 

③ 
④ 

! 

@ 

⑩ ⑨ 



ADMM to solve the dual problem of outer ADMM  -update 

step. For 5-unit test system, the iterations of consensus ADMM 

of the third  outer ADMM iteration are shown in  Fig. 4, Fig. 5, 

and Fig. 6. Fig. 4 and Fig. 5 show the procedures of the primal 

and dual residuals converging to primal and dual feasibility 

tolerances, respectively. And Fig. 6 shows the objective values 

of (49) while iterat ing. As can be seen in these figures, after 

about 10 iterations, the objective value comes to be nearly 

stable (no more than 0.05% d ifference), and primal residuals 

converge after 17 iterations. The total number of iterations for 

this consensus ADMM  -update step is 25.  

 
FIG. 3. T HE SOLUTION FOUND BY USING H_ADMM 

 
FIG. 4.  ITERATIVE VALUES OF ‖  ‖  AND      FOR INNER ITERATIONS 

 
FIG. 5.  ITERATIVE VALUES OF ‖  ‖  AND       FOR INNER ITERATIONS 

 
FIG. 6.  ITERATIVE VALUES OBJECTIVE FUNCTION OF (49) FOR INNER 

ITERATIONS 

As we point out at the paragraph following the description of 

sub function 1, the defin ition of (39) guarantees that      

     , i.e.,      always meets all the unit physical con-

straints except power balance and spinning reserve constraints. 

As the method proceeds, the primal residual      
‖         ‖

  converges to zero. That means        , 

then            , i.e.    
‖         ‖

 
 

          . When 

          is s mall enough, the      converges to the UC feasible  

solution. Values of    in iterat ions are depicted in Fig. 7. This 

figure shows that the residual of coupling constraints can be 

efficiently  decreased while outer ADMM iterations proceeding.  
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FIG. 7.  ILLUSTRATION OF STOP CRITERION FOR OUTER ITERATIONS 

Suppose      
       is the result of value of object ive 

function at the     iterat ion. The relative error    is defined as 

   
 (  )

               

        
. The convergence procedure is 

shown in Fig. 8. It is shown that, with a moderate number of 

iterations, the proposed algorithm converges. From Fig. 8, we 

can see that, after very few iterat ions, the values of    are very 

close to the “0”, which  means that the proposed algorithm can 

yield a good approximat ion solution in a  very short time. Note 

that there are some points     , that means the objective 

value      
           

     for these points. With Fig. 7 

and Fig. 8 under consideration simultaneously, at the very start，

the very less generating costs are obtained because that these 

point cannot meet powers balance and spin reserve constraints 

(which  can be seen in Fig. 7). Immediately, with the correct ions 

of algorithm, the feasibility becomes better (i.e. decrease) and 

generating costs increase. This is due to the intermediate solu-

tions starting to meet the powers balance and spin reserve 

constraints. In the previous iteration, the value of the algorithm 

objective function always swings near the CPLEX optimal 

value in Fig.8. And, from Fig.7 we can see that the curve has a 

section which is beating. These results are because that the 

H-ADMM algorithm is continually adjusting the states of the 

generators. After about 170 iterations, the curve begins to de-

crease steadily both in Fig.7 and Fig.8. This means the states of 

the generators in the whole system have been determined. And 

the following iterations of the algorithm will be used to adjust 

the generator’s active power output.  

 
FIG. 8.  ILLUSTRATION OF RELATIVE ERROR    FOR OUTER ITERATIONS 

B. The Simulation Results for large-scale problems 

In order to present the effectiveness of the proposed 

H-ADMM for the solution of a relatively complicated and large 

power system, the proposed method is  also tested on another 20 

test instances. As presented in [41], an eight-unit data set is 

replicated to create 20 larger instances and different 

power-systems mixes. These unit mixes, are shown in Tab le I. 

The data of eight units and load demands can be found in [41] 

and [43]. Sp inning reserves are set to be 3% of demand and 

          . Creating test instances by replicating units in-

troduces symmetry that can result in significantly harder than 

usual problems [41]. 

T ABLE I 
NUMBER OF UNITS PER PROBLEM CASE 

No. 
Unit Total  

Units 
No. 

Unit Total  

Units 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8 

1 12 11 0 0 1 4 0 0 28 11 46 45 8 0 5 0 12 16 132 

2 13 15 2 0 4 0 0 1 35 12 40 54 14 8 3 15 9 13 156 

3 15 13 2 6 3 1 1 3 44 13 50 41 19 11 4 4 12 15 156 

4 15 11 0 1 4 5 6 3 45 14 51 58 17 19 16 1 2 1 165 

5 15 13 3 7 5 3 2 1 49 15 43 46 17 15 13 15 6 12 167 

6 10 10 2 5 7 5 6 5 50 16 50 59 8 15 1 18 4 17 172 

7 17 16 1 3 1 7 2 4 51 17 53 50 17 15 16 5 14 12 182 

8 17 10 6 5 2 1 3 7 51 18 45 57 19 7 19 19 5 11 182 

9 12 17 4 7 5 2 0 5 52 19 58 50 15 7 16 18 7 12 183 

10 13 12 5 7 2 5 4 6 54 20 55 48 18 5 18 17 15 11 187 

In order to show the quality of solutions obtained by the 

proposed method, we solve the UC MIQP model (22) d irectly  

by setting CPLEX with accuracy 0.5%. The results of CPLEX 

and the proposed method are listed in Table II. In this table, 

column “Ctime” represents the execution time; column “Total 

cost     
    ” and “Total cost     

      ” represent the 

total cost return by CPLEX and the proposed H-ADMM, re-

spectively; “Gap” represents the relative integrality gap re-

ported by CPLEX at the end of solving process; column “    ” 

represents relative error of solution obtained by H-ADMM, 

denoted as 
                   

        
; column “  ” reports the value 

of    for the H-ADMM solution; column “Nit_out” reports the 

number of outer ADMM iterat ions; and column “Nit_in_avg” 

reports the average number of inner consensus ADMM itera-
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tions.  

In Table II, the columns under “MIQP-CPLEX”  show that 

CPLEX can obtain better solutions (Gap less than 0.5%) for 

most test systems. Take the solutions obtained by CPLEX as 

references. As can be seen in Table II, H-ADMM can  get high 

quality solutions for these test systems, and the relative errors 

are less than 1% and for all test systems. And for 12
th

 system, 

the solution obtained by H-ADMM is better than CPLEX. That 

is to say the proposed H-ADMM has “good convergence” for 

our experiments, i.e ., it can converge to a point with good ob-

jective value. Next, look at the system running time, we can 

find that the solution time of CPLEX is increased obviously as 

the scale of the problem is increases. When the generator 

number reaches 180, the CPLEX solution time is more than 2 

minutes. However, H-ADMM solves these large instances, in a 

serial environment, with no more than 30s. And in parallel 

environment with four workers, the solution time is less than 

15s. The results in Table II show that, in the case of without the 

disclosure of privacy, our p roposed H-ADMM algorithm can 

quickly obtain high quality solutions. 

Now, in order to show the computational efficiency and the 

quality of the solutions obtained by the proposed method fur-

ther, we solve the UC MIQP model (22) direct ly by setting 

CPLEX with accuracy 0.01% and time limit 1 hour for these 20 

systems. The results of CPLEX and the proposed method are 

listed in Table Ⅲ . In Tab le III, the columns under 

“MIQP-CPLEX” show that CPLEX can obtain high quality 

solutions (Gap less than 0.2%) for all test systems although 

CPLEX cannot reach preset 0.01% accuracy in one hour. 

Taking  the solutions obtained by CPLEX as references, as can 

be seen in Table III, H-ADMM can get high quality solutions 

for these test systems, and the relative erro rs are about 1%, and 

for most of the test systems (17 systems), the relat ive erro rs are 

still less than 1%. That is to say the proposed H-ADMM has 

“good convergence” for our experiments, i.e., it can converge 

to a point with good objective value. 

T ABLE II   

ILLUSTRATION OF H-ADMM IN SOLVING LARGE SCALE SYSTEMS 

 

No. 

MIQP-CPLEX(0.005) H_ADMM 

Ctime (s) 
Total cost 

          ($) 
Gap 

Total cost 

            ($) 

        Nit_out Nit_in_avg 
In serial 

 Ctime(s)  

In Parallel 

 Ctime(s) 

1 1.09 3830181  0.2% 3868032 0.46% 0.98% 26 18 5.74 3.54 

2 1.99 4823318  0.4% 4852508 0.47% 0.60% 15 18 3.93 2.25 

3 2.53 5135669  0.3% 5151714 0.58% 0.31% 24 17 8.01 4.19 

4 1.39 4805839  0.4% 4825959 0.58% 0.41% 20 18 7.37 3.58 

5 2.68 5407696  0.3% 5449875 0.59% 0.77% 171 18 76.00 42.01 

6 1.70 4425656  0.5% 4430939 0.58% 0.11% 93 20 39.24 18.9 

7 1.79 5852746  0.4% 5866804 0.51% 0.24% 20 18 8.63 4.24 

8 6.31 5189715  0.3% 5234994 0.52% 0.87% 136 18 57.53 28.71 

9 3.18 5640472  0.3% 5683544 0.57% 0.76% 171 17 80.99 46.83 

10 3.68 5096676  0.4% 5110531 0.54% 0.27% 76 19 32.39 15.77 

11 8.87 15877896  0.5% 15963696 0.55% 0.54% 14 17 16.07 7.37 

12 29.95 17242879  0.3% 17234942 0.55% -0.04% 22 18 28.21 16.09 

13 28.21 16936528  0.4% 16950110 0.32% 0.08% 97 18 145.24 69.28 

14 117.22 20182255  0.2% 20356607 0.59% 0.83% 13 18 16.32 7.91 

15 116.50 17383821  0.1% 17470305 0.33% 0.48% 81 18 140.90 67.13 

16 13.20 19570568  0.4% 19583330 0.48% 0.06% 16 18 26.11 11.58 

17 129.06 19710424  0.2% 19748998 0.58% 0.19% 18 18 26.37 12.42 

18 54.382 19628548  0.2% 19704270 0.58% 0.38% 16 18 25.55 11.49 

19 77.00 20137786  0.2% 20282731 0.50% 0.71% 15 18 24.47 10.90 

20 138.20 19734927  0.1% 19793775 0.57% 0.29% 17 18 16.99 12.34 

 

 

T ABLE III 
ILLUSTRATION OF H-ADMM IN SOLVING LARGE SCALE SYSTEMS 

No. 
MIQP-CPLEX H_ADMM 

Ctime  Total cost          ($) Gap Ctime(s)  Total cost            ($)      

1 1h 3828408  0.07% 4.78 3868032 1.03% 

2 1h 4813859  0.13% 2.25 4852508 0.80% 

3 1h 5124010  0.02% 4.19 5151714 0.54% 

4 1h 4793846  0.03% 3.58 4825959 0.66% 

5 1h 5397428  0.05% 42.01 5449875 0.97% 

6 1h 4411234  0.03% 18.9 4430939 0.44% 

7 1h 5834861  0.05% 4.24 5866804 0.54 % 

8 1h 5180435  0.03% 28.71 5234994 1.05% 

9 1h 5629538  0.05% 46.83 5683544 0.95% 



10 1h 5082788  0.07% 15.77 5110531 0.54% 

11 1h 15824863  0.07% 7.37 15963696 0.87% 

12 1h 17218206  0.04% 16.09 17234942 0.09% 

13 1h 16895931  0.01% 69.28 16950110 0.32% 

14 1h 20148929  0.03% 7.91 20356607 1.03% 

15 1h 17369489  0.03% 67.13 17470305 0.58% 

16 1h 19508290  0.04% 11.58 19583330 0.38% 

17 1h 19692032  0.03% 12.42 19748998 0.28% 

18 1h 19603663  0.03% 11.49 19704270 0.51% 

19 1h 20119361  0.03% 10.90 20282731 0.81% 

20 1h 19721585  0.04% 12.34 19793775 0.36% 

The proposed H-ADMM can be executed parallel by using 

Matlab Parallel Computing Toolbox with 4 workers, and the 

calculating time and speedup are listed in Table IV. In this table, 

column “    ” represents the parallel speedup; column “   ” 

represents the parallel efficiency. The results of 1, 2, and 4 

workers show that as the number of workers increases, the 

calculating time reduces dramatically, but parallel efficiency 

decreases either. For the communicat ion between too many 

processors and low efficient allocation taking too much t ime, 

the parallel efficiency is a decreas ing function of CPU number. 
 

T ABLE IV 
RESULTS OF H-ADMM IN PARALLEL ENVIRONMENT 

No. 
1 worker 2 workers 4 workers 

Ctime(s)            Ctime(s)            Ctime(s)            

1 6.77  1 100.0% 4.30  1.57  36.5% 3.54 1.91 47.7% 

2 4.66  1 100.0% 3.24 1.43  30.4% 2.25 2.07 51.7% 

3 9.45  1 100.0% 6.03  1.56  36.2% 4.19 2.26 55.7% 

4 8.57  1 100.0% 5.08  1.68  40.7% 3.58 2.39 58.2% 

5 86.58  1 100.0% 51.90  1.67  40.0% 42.01 2.06 51.5% 

6 44.19  1 100.0% 27.72  1.59  37.3% 18.9 2.34 57.2% 

7 9.79  1 100.0% 5.87  1.66  40.0% 4.24 2.31 56.7% 

8 64.88  1 100.0% 39.26  1.65  39.5% 28.71 2.26 55.7% 

9 91.55  1 100.0% 54.29  1.68  40.7% 46.83 1.95 48.8% 

10 36.04  1 100.0% 22.13  1.62  38.6% 15.77 2.29 56.2% 

11 18.43  1 100.0% 11.18  1.64  39.3% 7.37 2.50 60.0% 

12 37.18 1 100.0% 19.55  1.90  47.4% 16.09 2.31 56.7% 

13 170．67  1 100.0% 98.98  1.72  42.0% 69.28 2.46 59.4% 

14 18.36  1 100.0% 11.35  1.62  38.2% 7.91 2.32 56.9% 

15 151.21  1 100.0% 90.27  1.67  40.3% 67.13 2.25 55.6% 

16 28.61  1 100.0% 21.20 1.35  25.9% 11.58 2.47 59.5% 

17 29.08  1 100.0% 17.60  1.65  39.4% 12.42 2.34 57.3% 

18 28.53  1 100.0% 17.45 1.63  38.8% 11.49 2.48 59.7% 

19 26.82 1 100.0% 16.15  1.66  39.8% 10.90 2.46 59.4% 

20 29.68  1 100.0% 18.24  1.63  38.5% 12.34 2.41 58.4% 

V. CONCLUSION 

The need for the coordination of d istributed energy resources 

in the future electric power system provides motivation to  move 

from the current h ighly centralized control of resources towards 

a more d istributed control structure. In this paper, a novel h i-

erarchical method for fully distributed solving UC problem was 

proposed under the framework of ADMM. The separable ob-

jective function and physical constraints for each unit can  be 

decoupled in outer ADMM. And we decouple the coupling 

system constraints by using inner consensus ADMM to solve 

the Lagrangian  dual p roblem of the outer ADMM  -update step. 

The proposed method can be carried out in master-slave dis-

tributed and parallel schema and can protect privacy for inde-

pendent power producer. Simulat ion results show that the 

proposed method can obtain high-quality solutions for D-UC 

problems and is suit for large-scale electricity market applica-

tion.  
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