
Matroid Optimization Problems with
Monotone Monomials in the Objective
Anja Fischer∗ Frank Fischer† S. Thomas McCormick‡

August 23, 2017

Abstract

In this paper we investigate non-linear matroid optimization problems with polyno-
mial objective functions where the monomials satisfy certain monotonicity properties.
Indeed, we study problems where the set of non-linear monomials consists of all non-
linear monomials that can be built from a given subset of the variables. Linearizing all
non-linear monomials we study the respective polytope. We present a complete de-
scription of this polytope. Apart from linearization constraints one needs appropriately
strengthened rank inequalities. The separation problem for these inequalities reduces
to a submodular function minimization problem. These polyhedral results give rise to
a new hierarchy for the solution of matroid optimization problems with polynomial
objectives. Finally, we consider extensions of our results and give suggestions for future
work.
Keywords: Polynomial 0-1 Programming, Polyhedral Combinatorics, Matroids, Com-
plete Description, Hierarchy
MSC2010: 90C57, 90C27

1 Introduction
In the last twenty years there has been a growing interest in studying combinatorial
optimization problems with non-linear objective functions, as this greatly expands the set
of applications, see, e. g., [BL12] for a recent survey on non-convex mixed-integer nonlinear
programming. An important subclass of non-linear objectives is polynomial objectives.
A standard approach to solve such problems is to linearize the non-linear monomials
by introducing a new variable for each of them and to investigate the properties of the
enlarged polytope. Linearization variants for the unconstrained case were, e. g., presented in
[BM84, For59, GW73, GW74, Pad89]. Since even the solution of unconstrained quadratic
0-1 problems is NP-hard, it is not surprising that one does not know complete descriptions of
the associated linearized polytopes in general. In order to improve the standard linearization
in these cases one tries to strengthen the relaxations by appropriate valid inequalities. A
study of the structure of the so called Boolean quadric polytope is presented in [Pad89]. For
the more general case of arbitrary sets of non-linear monomials strong cutting planes are
provided in the unconstrained case, e. g., in [BCRH16, CRH17, DPK16, DPK17a, DPK17b].
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In the constrained case similar approaches are applied. Then one hopes that the
knowledge of the polyhedral structure in the linear case helps in the polynomial case as
well. So one tries to strengthen the known inequalities, see, e. g., [FH13, FF15, PGdC15],
partially by problem specific lifting approaches. A standard way to do this is multiplying
some of the original constraints by one of the variables as part of the RLT (reformulation
linearization technique) [SA90, SA98].

Furthermore, papers such as Balas et al. [BCC93], Sherali and Adams [AS05, SA90, SA98],
Lovász and Schrijver [LS91] and Lasserre [Las01] strengthen the relaxations of binary (and
mixed-integer) optimization problems by introducing appropriate hierarchies. Then the
convex hull of all integer points of the problem can be derived after a finite number of
steps, getting better and better relaxations in each single step. An excellent overview of
the different schemes is given in [Lau03]. We will later work with a separation oracle. In
contrast to the other hierarchies mentioned, it is not known whether one can efficiently
optimize over the Lasserre hierarchy at some constant level if one is given only a separation
oracle in order to handle the often exponential number of constraints associated to the
problem, see, e. g., [CT12].

Recently, Buchheim and Klein suggested a new way to derive strengthened inequalities
[BK14, Kle14]. If we start with a polynomial-time solvable combinatorial optimization
problem and add one additional quadratic monomial, then the resulting problem remains
tractable and there is some hope that one finds a complete description of the linearized
polytope by the well-known “optimization equals separation” result [GLS93]. Usually,
the strengthened cutting planes remain valid for the problems with several linearized
monomials and might so be used for strengthening them as well. In order to employ these
cutting planes in branch-and-cut methods one aim is to derive more direct separators than
using the ellipsoid method. Results for the spanning forest and the spanning tree problem
with one quadratic monomial can be found in [BK13, BK14, FF13]. Furthermore, one
studied the bipartite matching problem [Kle14, Wal16] and the general matching problem
[HKL15, Kle14] with one quadratic monomial. [HKL15] stated that especially in the case
of dense quadratic objective functions the interaction of different monomial terms should
be taken into account in order to get significant reductions of the gap between the linear
relaxation and the integer hull at the root node or during branch-and-cut.
[FFM17] considered larger sets of monomials for matroid optimization problems. They

found a complete description of the linearization for a set of nested non-linear monomials
of arbitrary degree. This paper was our starting point for the investigations in the current
paper, where we will extend to a set of non-nested monomials when the monomials
satisfy certain monotonicity properties (similar to the up- and downward completeness
in [BR08]). We present a complete description of the linearized polytope for this class of
matroid optimization problems. Our description combines linearization constraints with
appropriately strengthened rank inequalities to be defined below. In contrast to [FFM17]
some coefficients of these extended rank inequalities might be negative. The associated
separation problem of our rank constraints reduces to a submodular function minimization
problem, which enables us to use these constraints rather directly. In the case of three
quadratic monomials on three original variables we derive a complete description as long
as we also add the cubic monomial on these variables or this monomial is always zero
(the associated set is dependent, see below). That allows us to take interactions of single
monomials into account, which partially answers a research question in [HKL15]. If the
number of variables in non-linear monomials is constant, then the associated optimization
and separation problems can be combinatorially solved in polynomial time. This gives
rise to a new hierarchy for solving general matroid optimization problems with polynomial
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objective functions. This hierarchy has the advantage that we only add larger monomials
for elements that are contained in some non-linear monomial. For quadratic matroid
optimization problems, the first step of our hierarchy is essentially the same as applying the
polyhedral results for the one-monomial case to each single quadratic monomial separately.
Solution approaches for different types of non-linear matroid optimization problem can be
found, e. g., in [Onn04, BLMA+08, LHLO10].
This paper is structured as follows. Section 1.1 covers the background we need on

matroids and matroid polytopes. Afterwards, in Section 2 we propose our matroid opti-
mization problem with polynomial objective where the monomials satisfy some monotonicity
conditions. These monomials are linearized. We present a complete description of the
linearized polytope and study the associated separation problems in Section 3. In Section 4
we present our new hierarchy for solving general matroid optimization problems with
polynomial objectives. Finally, we present some extension of our work and give some
suggestions for future work in Section 5. We further show that for matroid intersection
problems the polyhedral structure can be much more complicated and so our results cannot
easily be extended. Some rather technical proofs are deferred to the Appendix.

1.1 Preliminaries
Throughout this paper we will consider a matroid M = (E, I) with finite ground set
E, |E| = n, and a family of independent sets I ⊆ 2E , where 2X denotes the power set of a
finite set X. A matroid M satisfies the three properties

(M1) ∅ ∈ I,

(M2) S, T ⊆ E, T ∈ I, S ⊆ T ⇒ S ∈ I,

(M3) S, T ∈ I, |S| < |T | ⇒ ∃ e ∈ T \ S with S ∪ {e} ∈ I.

In this paper we assume that {e} ∈ I for all e ∈ E (otherwise we could consider the
matroid M ′ = (E \ {e}, I)). The rank function of M reads r : 2E → N0 with r(X) =
max{|I| : I ∈ I, I ⊆ X} for each X ∈ 2E . The rank function r of a matroid is well-known
to be subcardinal, monotone and submodular, e. g., [Oxl92, Wel76]. In slight abuse of
notation given S, T ⊆ E, e ∈ E we often write S + T, S − T and S + e, S − e instead of
S ∪ T, S \ T and S ∪ {e}, S \ {e}, respectively. Let T ⊆ E. Then B ∈ I is a basis of T if
B ⊆ T and B + e /∈ I for all e ∈ T \B. Sets C ⊆ E,C /∈ I with C − e ∈ I for all e ∈ C are
called circuits. The closure cl(T ) of a set T ⊆ E is cl(T ) := T ∪{e ∈ E : r(T ) = r(T ∪{e})}.
A set T ⊆ E is called closed if cl(T ) = T . We often make use of the strong basis exchange
property (equivalent to (M3)), see, also [Bru69]:

(M3′) B,B′ bases of T ⊆ E with B 6= B′ ⇒ for any e ∈ B \ B′ ∃ f ∈ B′ \ B with
(B − e) + f and (B′ − f) + e bases of T .

For further results on matroids in general we refer the reader to the excellent books
[Oxl92, Wel76].
We are mainly interested in the polytopes associated with some matroid. For these

we need the following definition. For any S ⊆ E we define the characteristic vector
χS ∈ {0, 1}E by

χS
e =

{
1, e ∈ S,
0, e /∈ S.
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(In slight abuse of notation, we often do not distinguish between the characteristic vector
of an independent set S ∈ I and the set S itself.) Then the polytope associated with the
matroid M is

PM = conv{χS ∈ {0, 1}E : S ∈ I}.

This polytope is well-understood.

Theorem 1 (Edmonds, [Edm70]). Let M be a matroid with rank function r : 2E → N0,
then

PM =
{
x ∈ RE

+ :
∑
e∈T

xe ≤ r(T ), T ⊆ E
}
.

The inequalities ∑
e∈T

xe ≤ r(T ), T ⊆ E, (1)

are often called rank inequalities. Together with the non-negativity of the variables they
completely describe PM . Edmonds further characterized which sets T lead to facets of PM

[Edm70], see also [Grö77].

2 Matroid Optimization Problems with a Set of Monotone
Monomials

In this section we consider matroid optimization problems with polynomial objectives
whose monomials satisfy certain monotonicity properties. We aim to develop a formulation
and afterwards a complete description of the extended polytope that arises from linearizing
the non-linear monomials. Later, in Section 3 we prove that the inequalities we develop
here indeed form a complete description of that polytope.

Fix a matroid M = (E, I). Note that each monomial
∏

e∈I xe is associated with a subset
I ⊆ E. We say that a class of matroid optimization problems is monotone if there is a
fixed independent set Ē := {e1, . . . , ek} ∈ I (we globally define k = |Ē|) such that the set
of allowed monomials is associated with precisely all non-empty subsets of Ē, plus linear
terms for all e ∈ E \ Ē. Thus our cost function is c : E ∪ (2Ē \ ∅)→ R, and our monotone
matroid optimization problem is

maximize
{ ∑

e∈E\Ē

c(e) · xe +
∑
∅6=I⊆Ē

c(I) ·
∏
e∈I

xe : x ∈ PM ∩ {0, 1}E
}
. (OPT)

Note that in general all coefficients can have arbitrary (possibly negative) values, and that
this objective function is neither convex nor concave. In comparison to the definition of up-
and downwards completeness of monomials in [BR08], our definition allows linear terms
not belonging to any non-linear monomial. In contrast to the unconstrained case, including
such terms might have an significant impact due to the matroid structure.

It is also possible to think of starting with an instance of a matroid optimization problem
with only some non-linear monomials, but with the property that the union of the elements
in these non-linear monomials is an independent set (this restriction can be relaxed, see
Corollary 13 below). Then we could consider such an instance to be a special case of
monotone matroid optimization where many of the cost coefficients are zero.
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Remark 2. In general, problem (OPT) is NP hard: Consider the case of the trivial
matroid Mtriv = (E, 2E) and zero costs for all monomials of degree at least three. Then
the problem is equivalent to the unconstrained quadratic 0-1-problem, which is NP hard
[SA98, BR08]. But if k is a fixed constant then we can solve the problem (OPT) with the
help of the Greedy algorithm [Edm71]. For each I ⊆ Ē we use the Greedy algorithm to
compute the 2k values

zI :=
∑
∅6=J⊆I

c(J) + max
{ ∑

e∈E\Ē

c(e) · xe : x ∈ PM ∩ {0, 1}E ;xe = χI
e, e ∈ Ē

}
,

and then an I that maximizes zI is optimal.

Consider the monomial
∏

e∈I xe over index set I ⊆ Ē. We linearize this monomial by
introducing a new variable xI . For each S ∈ I (so that χS is a feasible vector for (OPT))
we define the incidence vector of S w. r. t. all monomials (i. e., I ⊆ Ē with I 6= ∅) as

χS
I =

{
1, I ⊆ S,
0, I * S.

We define 2Ē
0 := 2Ē \ {∅} as the non-empty subsets of Ē. Then for S ∈ I we define χS

2Ē
0
to

be the incidence vector of all monomials over Ē except for the empty set.
In this paper we mainly focus on the study of the structure of the polytope

P Ē
M = conv

{(
χS

E\Ē , χ
S
2Ē

0

)
∈ {0, 1}n−k+2k−1 : S ∈ I

}

that arises after linearization. Notice that when k is a constant, P Ē
M has a polynomial

number of dimensions, but when k is part of the input P Ē
M has an exponential number of

dimensions. For the formulation and complete description of P Ē
M we need the following

definitions.

Definition 3. Let I ⊆ E, |I| ≥ 2, and T ⊆ E. Then we define

βI(T ) = |I \ T |+ r(T )− r(T + I), (2)
αI(T ) =

∑
J⊆I
|J |≥2

(−1)|I|+|J | · βJ(T ). (3)

Let I ⊆ E, |I| ≥ 2 and T ⊆ E. Since r(T + I) ≤ r(T ) + |I \ T | we have βI(T ) ≥ 0. If
βI(T ) > 0, then some dependency occurs. The β.(.) can be interpreted as a generalization
of the αi(.) in [FFM17]. So similar properties are satisfied. Furthermore, αI(T ) is
an inclusion-exclusion formula depending on the β.(T ) where one tries to count “each
dependency exactly once”. We will later use the α.(.) as the coefficients of the linearized
monomials in appropriately strengthened rank inequalities. A visualization of α.(T ), β.(T )
for some T ⊆ E on the example of the graphic matroid on a complete graph with six nodes
can be found in Fig. 1. The edges of T are drawn solid and the edges of Ē are drawn with
dotted lines.
Useful properties of αI(.), βI(.), I ⊆ Ē are given in the next two lemmas.

Lemma 4. Let T ⊆ E and e ∈ cl(T ) \ (T + Ē). Then βI(T ) = βI(T + e) for all
I ⊆ Ē, |I| ≥ 2. So αI(T ) = αI(T + (cl(T ) \ (T + Ē))) for all I ⊆ Ē, |I| ≥ 2.
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e1

e2
e3

e4

β{ei} = 0, i = 1, . . . , 4
β{e1,ei} = 0, i = 2, 3, 4
β{e2,e3} = β{e2,e4} = β{e3,e4} = 1
β{e1,e2,e3} = β{e1,e2,e4} = β{e1,e3,e4} = 1
β{e2,e3,e4} = 2
β{e1,e2,e3,e4} = 2
α{e2,e3,e4} = −1
α{e1,e2,e3,e4} = 0

e3

e1

e2

e4

β{ei} = 0, i = 1, . . . , 4
β{e1,ei} = β{e4,ei} = 0, i = 1, . . . , 4
β{e2,e3} = 1
β{e1,ei,e4} = 0, i = 2, 3
β{e2,e3,ei} = 1, i = 1, 4
β{e1,e2,e3,e4} = 1
α{e2,e3,e4} = 0
α{e1,e2,e3,e4} = 0

Figure 1: Illustration of α.(T ), β.(T ) for some set T ⊆ E on the example of the graphic
matroid on a complete graph G = (V,E) with six nodes and Ē = {e1, e2, e3, e4}.
The edges of T ⊂ E are drawn solid and the edges of Ē are drawn with dotted
lines. All other edges are omitted in the picture for the sake of clarity. Note
that αI(T ) = βI(T ) for sets I ⊆ Ē, |I| = 2. Furthermore β{ei}(T ) = 0 for all
i ∈ {1, . . . , 4} because T is closed.

Proof. Let T ⊆ E, e ∈ cl(T )\(T +Ē) and let I ⊆ Ē, |I| ≥ 2. Then r(T +J+e) = r(T +J)
for all J ⊆ I because

r(T + J) + r(T ) ≤ r(T + J + e) + r(T + e) ≤ r(T + J) + r(T + e) = r(T + J) + r(T )

by the monotonicity and submodularity of the rank function. Observation 5 in [FFM17] is
similar to this result. Furthermore, |J \ T | = |J \ (T + e)| for all J ⊆ I because e /∈ Ē. So
the statement immediately follows by the definition of αI(T ), βI(T ) in (2) and (3). �

The next result is a generalization of the proof of the feasibility of the extended rank
inequalities in [FFM17] to sets of non-nested monomials.

Lemma 5. Let T ⊆ E and I ∈ I. Then |T ∩ I|+ βI∩Ē(T ) ≤ r(T ).

Proof. Let T ⊆ E and I ∈ I. Then we get by the monotonicity of the rank function and
by (M2) that

|T ∩ I|+ βI∩Ē(T ) = |T ∩ I|+ |(I ∩ Ē) \ T |+ r(T )− r(T + (I ∩ Ē))
= r((T ∩ I) + ((I ∩ Ē) \ T ))− r(T + (I ∩ Ē)) + r(T ) ≤ r(T ). �

Now we are ready to present a formulation for P Ē
M . Because we want to show that the

integrality constraints are not needed we include some constraints as well that are redundant
in the case of integral variables, but which will be needed for the complete description later
on.
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Lemma 6. A formulation for P Ē
M is given by

−xe ≤ 0, e ∈ E \ Ē, (4)

(−1)|I|+1 ∑
J⊆Ē :
I⊆J

(−1)|J |xJ ≤ 0, I ∈ 2Ē
0 , (5)

∑
I∈2Ē

0

(−1)|I|+1xI ≤ 1, (6)

∑
e∈T

xe +
∑
I⊆Ē
|I|≥2

αI(T )xI ≤ r(T ), T ⊆ E, (7)

xI ∈ {0, 1}, I ∈

2Ē
0 ∪

⋃
e∈E\Ē

{e}

 . (8)

Proof. Inequalities (4) are the non-negativity constraints and inequalities (5) and (6) give
a kind of standard linearization for the linearized monomials. These constraints are variants
of the ones presented in [BR08] where a complete description for linearized unconstrained
polynomial optimization problems is given for the case that the monomials satisfy the
so-called upward and downward completeness properties similar to our setting. Nonetheless,
we prove the validity of these constraints because we use a different notation and in order
to keep the presentation of the paper self-contained.

First, we consider the validity of (5). Let I ∈ 2Ē
0 be fixed and let S ∈ I be given. Because

elements e ∈ S \ Ē do not influence the left-hand side of (5) we can assume that S ⊆ Ē.
Let |S| = m. Then the left-hand side is zero if I 6⊆ S. If, otherwise, I ⊆ S, then

(−1)|I|+1 ∑
J⊆Ē :
I⊆J

(−1)|J |χS
J = (−1)|I|+1

m−|I|∑
i=0

(−1)|I|+i

(
m− |I|

i

)
= (−1)(0)m−|I| ≤ 0.

So (5) is satisfied with equality as long as I 6= S. Next, we prove the validity of (6). Let
again S ∈ I, |S| = m, be given and assume, w. l. o. g., S ⊆ Ē. If m ≥ 1, the left-hand side
of (6) reads ∑

I∈2Ē
0

(−1)|I|+1χS
I =

m∑
i=1

(
m

i

)
(−1)i+1 = −(0− 1) = 1.

If m = 0, then the left-hand side is zero. So validity follows.
It remains to consider the strengthened variant of the rank inequalities (7) visualized on

some graphic matroid in Fig. 2 and on some uniform matroid in Example 7. Let T ⊆ E be
fixed. We consider an arbitrary S ∈ I and define m = |S ∩ Ē|. If m ≤ 1, then the validity
follows from the validity of (1). So let m ≥ 2. Then∑

e∈T

χS
e +

∑
I⊆Ē
|I|≥2

αI(T )χS
I = |S ∩ T |+

∑
I⊆S∩Ē
|I|≥2

αI(T ).

In order to simplify
∑

I⊆S∩Ē,|I|≥2 αI(T ) we take definition (3) of the αI(·) into account.
Indeed, given K ( S ∩ Ē, |K| ≥ 2, |K| = k, we count how often βK(T ) appears in the sum.
This number equals

m−k∑
i=0

(
m− k
i

)
(−1)i = 0,
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e1

e2
e3

e4 • Ē = {e1, e2}:
∑

e∈T xe ≤ 2
• Ē = {e2, e3}:

∑
e∈T xe + xĒ ≤ 2

• Ē = {e2, e3, e4}:
∑

e∈T xe + x{e2,e3} + x{e2,e4} + x{e2,e4} − xĒ ≤ 2.

Figure 2: Visualization of the extended rank inequalities (7) on the example of the graphic
matroid on a complete graph G = (V,E) with six nodes and Ē = {e1, e2, e3, e4}.
The edges of T ⊂ E are drawn solid and the edges of Ē are drawn with dotted
lines. All other edges are omitted in the picture for the sake of clarity, see Fig. 1.

in all cases because it is “contained” in all αJ(T ) with J ⊆ S ∩ Ē,K ⊆ J and there are
exactly

(m−k
i

)
sets J with |J | = i+ k, i ∈ {0, . . . ,m− k}. Surely, βS∩Ē(T ) appears exactly

once. So the left-hand side of (7) reduces to

|S ∩ T |+ βS∩Ē(T )
L. 5
≤ r(T ).

So feasibility of (7) follows.
Then the strengthened rank inequalities together with the linearization and the integrality

conditions (8) are a formulation for P Ē
M by [BR08] and Theorem 1. �

Example 7. We consider a uniform matroid withE = {1, . . . , 8}, r(E) = 4, Ē = {1, 2, 3, 4}.
Then inequalities (7) read:

T = {5} : x5 + xĒ ≤ 1
T = {5, 6} : x5 + x6 +

∑
e∈Ē

xĒ−e − 2xĒ ≤ 2

T = {5, 6, 7} : x5 + x6 + x7 +
∑

I⊂Ē,|I|=2

xI −
∑
e∈Ē

xĒ−e + xĒ ≤ 3

These inequalities show nicely the inclusion-exclusion form of the coefficients of the linearized
monomials.

3 Complete Description of P Ē
M

In one of the main results of this paper we will even prove that the linearization constraints
together with the extended rank inequalities (4)–(7) suffice to completely describe P Ē

M .

Theorem 8. Inequalities (4)–(7) are a complete description for P Ē
M .

To prove Theorem 8 we need several lemmas. The first lemma says that it suffices to
consider the extended rank inequalities (7) for closed sets T ⊆ E.

Lemma 9. Let x̄ ∈ Rn−k+2k−1 be a point satisfying (4)–(6) as well as all inequalities (7)
for closed sets T ⊆ E, then the point also satisfies (7) for arbitrary sets T ⊆ E.
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Proof. Let T ⊆ E be arbitrary, but fixed. We define T ′ = T + (cl(T ) \ Ē) and X =
(cl(T ) \ T ) ∩ Ē = cl(T ′) \ T ′. Then cl(T ) = cl(T ′) and cl(T ) = T ′ +X. Furthermore, note
that βI(T ′) = βI(cl(T ′)) + |I ∩X| for I ⊆ Ē, |I| ≥ 2, by (2) and that∑

J⊆I
|J |≥2

(−1)|J ||J ∩X| =
∑
J⊆I
|J |≥2

∑
y∈J∩X

(−1)|J | =
∑

y∈I∩X

∑
J⊆I
|J |≥2
y∈J

(−1)|J | =
∑

y∈I∩X

1 = |I ∩X| (9)

for some I ⊆ Ē, |I| ≥ 2. Then

∑
e∈T

x̄e +
∑
I⊆Ē
|I|≥2

αI(T )x̄I

L. 4,(4)
≤

∑
e∈T ′

x̄e +
∑
I⊆Ē
|I|≥2

αI(T ′)x̄I

(3)=
∑
e∈T ′

x̄e +
∑
I⊆Ē
|I|≥2

∑
J⊆I
|J |≥2

(−1)|I|+|J |(βJ(cl(T ′)) + |J ∩X|)x̄I

=
∑

e∈cl(T ′)
x̄e +

∑
I⊆Ē
|I|≥2

∑
J⊆I
|J |≥2

(−1)|I|+|J |βJ(cl(T ′))x̄I

︸ ︷︷ ︸
=:x̄′

+
∑
I⊆Ē
|I|≥2

∑
J⊆I
|J |≥2

(−1)|I|+|J ||J ∩X|x̄I −
∑
e∈X

x̄e

(9)= x̄′ +
∑
I⊆Ē
|I|≥2

(−1)|I||I ∩X|x̄I −
∑
e∈X

x̄e = x̄′ +
∑
I⊆Ē

X∩I 6=∅

(−1)|I||I ∩X|x̄I

= x̄′ +
∑
e∈X

∑
I⊆Ē
e∈I

(−1)|I|x̄I

(5)
≤ x̄′ ≤ r(cl(T ′)) = r(T ).

This proves the statement. �

Next we show that for facet-defining inequalities that are not positive multiples of
the linearization constraints, the coefficients of all variables corresponding to linear and
quadratic monomials are non-negative.

Lemma 10. Let aTx ≤ b be a facet-defining inequality of P Ē
M that is not a positive multiple

of (4)–(6). Then ae ≥ 0 for all e ∈ E and aI ≥ 0 for all I ⊆ Ē, |I| = 2.

Proof. Let aTx ≤ b be a facet-defining inequality of P Ē
M that is not a positive multiple

of (4)–(6). Then for all e ∈ E \ Ē there exists an S ∈ I such that aTχS = b with e ∈ S
and so χS

e = 1 > 0 because aTx ≤ b is not a positive multiple of (4). By (S − e) ∈ I and
χS

I = χS−e
I for all I ∈ 2Ē

0 it follows that ae is non-negative (otherwise aTx ≤ b would not
be feasible).

Next, let e ∈ Ē. Then because aTx ≤ b is not a positive multiple of (5) with I = {e} there
exists an S ∈ I with aTχS = b as well as S ∩ Ē = {e} and so

∑
J⊆Ē :

e∈J

(−1)|J |χS
J = −1 < 0.

With (S − e) ∈ I and χS
I = χS−e

I = 0 for all I ∈ 2Ē
0 , I 6= {e}, we get by feasibility that

ae ≥ 0.
Last, let I = {i, j} ⊆ Ē, i 6= j. Then there exists an S′ ∈ I with aTχS′ = b and I = S′∩Ē

and so −
∑

J⊆Ē :
I⊆J

(−1)|J |χS′
J = −1 < 0 because aTx ≤ b is not a positive multiple of (5)

9



and there exists an S ∈ I with aTχS = b and S ∩ Ē = ∅ and so
∑

I∈2Ē
0

(−1)|I|+1χS
I = 0 < 1

because aTx ≤ b is not a positive multiple of (6). Let us assume that |S ∩ S′| is maximal.
We consider three cases:

1. r(S) < r(S′) : Then there exists an e ∈ S′ \ S with (S + e) ∈ I. If e /∈ Ē, then ae = 0,
in contradiction to |S ∩ S′| maximal. If otherwise e ∈ Ē, then (S′ − e) ∈ I implies
−ae − aI ≤ 0 and S + e ∈ I implies ae ≤ 0 and so ae = 0. Putting this together we
get aI ≥ 0.

2. r(S′) < r(S) : Then there exists an e ∈ S \ S′ with (S′ + e) ∈ I. But with e /∈ Ē it
follows ae = 0, contradicting the maximality of |S ∩ S′|.

3. r(S) = r(S′): By (M3′) there exists for each e ∈ (S′ \ S) ∩ Ē 6= ∅ an f ∈ S \ S′
such that (S′ − e + f), (S − f + e) ∈ I. With (S − f + e) ∈ I we get ae ≤ af . For
(S′ − e+ f) ∈ I feasibility implies af ≤ ae + aI . So we conclude aI ≥ 0. �

In [FFM17] the coefficients of all linearized monomials are non-negative in constraints
that do not correspond to the linearization. This situation changes here. Under the
assumptions above, the coefficients of variables of linearized monomials of degree at least
three might be negative, but then the sum of certain coefficients is non-negative.

Lemma 11. Let aTx ≤ b be a facet-defining inequality of P Ē
M that is not a positive multiple

of (4)–(6) and let J ⊆ Ē, |J | ≥ 2 with ē ∈ J arbitrary, but fixed. Then
∑

I⊆J,ē∈I,|I|≥2 aI ≥ 0.

Proof. Before proving this result we introduce some notation. Let I ⊆ Ē and i ∈ I, then
we write

Σa(I) :=
∑
I′⊆I
|I′|≥2

aI and Σa(I, i) :=
∑
I′⊆I
|I′|≥2
i∈I′

aI .

Also note that Σa(I, i) = Σa(I)− Σa(I − i).
Let aTx ≤ b be a facet-defining inequality of P Ē

M that is not a positive multiple of (4)–(6).
Furthermore, let J ⊆ Ē, |J | ≥ 2, and let e, f ∈ J, e 6= f , be fixed. We set J ′ := J \ {e, f}.
Then we prove this result by induction on |J |. For all J ⊆ Ē with |J | = 2 the statement is
true by the previous lemma. So let us assume that the result is true for all sets J̄ ⊆ Ē
with |J̄ | < |J |.

Because aTx ≤ b is not a positive multiple of (5) there exists an S ∈ I with aTχS = b
and S ∩ Ē = J − e− f as well as an S′ ∈ I with aTχS′ = b and S′ ∩ Ē = J . We assume
that S, S′ are chosen such that |S ∩ S′| is maximal. We consider three cases:

1. r(S′) < r(S): Then there exists a g ∈ S \ S′ with g /∈ Ē such that (S′ + g) ∈ I.
But this implies ag ≤ 0 and so ag = 0 by Lemma 10 because χS′+e

I = χS′
I for all

I ⊆ Ē, |I| ≥ 2. But this is a contradiction to the maximality of |S ∩ S′|.

2. r(S) < r(S′): Then there exists a g ∈ S′ \ S such that (S + g) ∈ I. We consider two
subcases. If g /∈ Ē, then by similar arguments as above, we get that ag = 0 and
that the value of all linearized monomials remains the same. This again contradicts
the maximality of |S ∩ S′|. Let, otherwise, g ∈ Ē. Then g ∈ {e, f}. We define
h := {e, f} \ {g}.
• (S + g) ∈ I: This implies ag + Σa(J ′ + g, g) ≤ 0.
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• (S′ − g) ∈ I: This implies ag + Σa(J, g) ≥ 0.
Putting this together we get Σa(J, g) ≥ Σa(J ′ + g, g). By definition J ′ + g = J − h
and so Σa(J, g) ≥ Σa(J − h, g) ≥ 0 where the last inequality follows by induction.
Furthermore, direct computations show that

0 ≤ Σa(J, g)− Σa(J − h, g)
= Σa(J)− Σa(J − g)− (Σa(J − h)− Σa(J − h− g))
= Σa(J)− Σa(J − h)− (Σa(J − g)− Σa(J − g − h))
= Σa(J, h)− Σa(J − g, h)

By induction, we can conclude Σa(J, h) ≥ Σa(J − g, h) ≥ 0. With e ∈ {g, h} the
statement follows.

3. r(S) = r(S′): By (M3′) we know that for e ∈ S′ \ S there exists a j ∈ S \ S′ such
that (S − j + e), (S′ − e+ j) ∈ I.
• S − j + e: This implies ae + Σa(J ′ + e, e) ≤ aj .
• S′ − e+ j: This implies aj ≤ ae + Σa(J, e).

So we get Σa(J, e) ≥ Σa(J ′+e, e) = Σa(J −f, e) ≥ 0 where the last inequality follows
by induction. �

The previous lemmas allow us to prove our main result Theorem 8.

Proof (of Theorem 8). Let aTx ≤ b be a facet-defining inequality of P Ē
M that is not a

positive multiple of (4)–(7). Then we can assume by Lemma 10 that ae ≥ 0, e ∈ E, and
aI ≥ 0, I ⊆ Ē, |I| = 2. Furthermore we can assume by Lemma 11 that for J ⊆ Ē, |J | ≥ 2
with ē ∈ J we have

∑
I⊆J,ē∈I,|I|≥2 aI ≥ 0.

We set T ′ := {e ∈ E : ae > 0} and define T = cl(T ′), see Lemma 9. Because aTx ≤ b is
not a positive multiple of (7) with the chosen T , there exists an S ∈ I with aTχS = b such
that ∑

e∈T

χS
e︸ ︷︷ ︸

=|S∩T |

+
∑
I⊆Ē
|I|≥2

αI(T )χS
I < r(T ). (10)

We consider two cases:

1. If |S∩Ē| ≤ 1, we know that χS
I = 0 for all I ⊆ Ē, |I| ≥ 2. This implies r(S∩T ) < r(T ).

By the definition of T ′ we get

r(S ∩ T ′) ≤ r(S ∩ T ) < r(T ) = r(T ′).

So there exists an f ∈ T ′ \ (S ∩ T ′) such that ((S ∩ T ′) + f) ∈ I. But then

b =
∑
e∈E

aeχ
S
e +

∑
I⊆Ē,
|I|≥2

aIχ
S
I

︸ ︷︷ ︸
=0

=
∑
e∈E

aeχ
S∩T ′
e +

∑
I⊆Ē,
|I|≥2

aIχ
S∩T ′
I

︸ ︷︷ ︸
=0

<
∑
e∈E

aeχ
(S∩T ′)+f
e +

∑
I⊆Ē,
|I|≥2

aIχ
(S∩T ′)+f
I

︸ ︷︷ ︸
≥0

This contradicts the validity of aTx ≤ b.
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2. If |S ∩ Ē| ≥ 2, we set Ẽ = S ∩ Ē. We can assume that S ⊆ T ′ ∪ Ẽ (because all other
coefficients are zero). We consider first the term

∑
I⊆Ē,|I|≥2 αI(T )χS

I .∑
I⊆Ē,|I|≥2

αI(T )χS
I =

∑
I⊆Ẽ,|I|≥2

αI(T ) = βẼ(T ) = |Ẽ \ T |+ r(T )− r(Ẽ + T ),

so we get

r(S ∩ T ) < −|Ẽ \ T |+ r(Ẽ + T ).

Furthermore this implies

r(S) = r(S ∩ T ) + |S \ T | < |S \ T | − |Ẽ \ T |︸ ︷︷ ︸
=|(S\Ē)\T |=0

+r(Ẽ + T ) = r(Ẽ + T ) = r((S ∩ Ē) + T ′).

So we can conclude that there exists an f ∈ T ′ \ S with (S + f) ∈ I. We consider
two subcases:
• f /∈ Ē: Then χS

I = χS+f
I for all I ⊆ Ē, |I| ≥ 2, and af > 0 contradicts the

validity of aTx ≤ b.
• f ∈ ((T ′ \ S) ∩ Ē) : Then

b =
∑
e∈E

aeχ
S
e +

∑
I⊆Ē
|I|≥2

aIχ
S
I

=
∑
e∈E

aeχ
S+f
e +

∑
I⊆Ē
|I|≥2

aIχ
S
I +

∑
I⊆Ē
f∈I
|I|≥2

aIχ
S+f
I − af︸︷︷︸

>0

−
∑
I⊆Ē
f∈I
|I|≥2

aIχ
S+f
I

︸ ︷︷ ︸
=
∑

I⊆(Ẽ+f)
f∈I,|I|≥2

aI≥0

<
∑
e∈E

aeχ
S+f
e +

∑
I⊆Ē
|I|≥2

aIχ
S+f
I ,

a contradiction to the validity of aTx ≤ b. �

So we know a complete description of P Ē
M . We now want to consider the associated

separation problems. If k is fixed, violated linearization constraints can be determined by
complete enumeration and the extended rank inequalities can be separated in polynomial
time using the well-known optimization equals separation result [GLS93] and Remark 2.
We next describe a more direct way to separate (7) in polynomial time if k is fixed.

Theorem 12. The separation problem for inequalities (7) reduces to a submodular function
minimization problem.

For solution approaches and further information on submodular function minimization
problems we refer to [Sch00, Fuj05, McC06].

Proof. Let x̄ ∈ Rn−k+2k−1 be a vector that satisfies (4)–(6). We consider the separation
problem for (7). This reduces to determining the minimizer of the function d : 2E → R
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with

d(T ) := r(T )−
∑
I⊆Ē
|I|≥2

αI(T )x̄I −
∑
e∈T

x̄e

= r(T ) +
∑
I⊆Ē
|I|≥2

 ∑
J⊆I
|J |≥2

(−1)|I|+|J |(r(T + J)− r(T )− |J \ T |)

 x̄I −
∑
e∈T

x̄e

= r(T ) +
∑
I⊆Ē
|I|≥2

 ∑
J⊆I
|J |≥2

(−1)|I|+|J |(r(T + J)− r(T ))

 x̄I

︸ ︷︷ ︸
=:d′(T )

−
∑
I⊆Ē
|I|≥2

 ∑
J⊆I
|J |≥2

(−1)|I|+|J ||J \ T |

 x̄I −
∑
e∈T

x̄e

︸ ︷︷ ︸
modular

So it remains to check whether the function d′ : 2E → R is submodular or not.
Let J̄ ⊆ Ē, |J̄ | ≥ 2. Then the coefficient of r(T + J̄) equals

∑
I⊆Ē
J̄⊆I

(−1)|J̄ |+|I|x̄I

(5)
≥ 0.

Last, we consider the coefficient of r(T ). This equals

1−
∑
I⊆Ē
|I|≥2

 ∑
J⊆I
|J |≥2

(−1)|I|+|J |

 x̄I = 1−
∑
I⊆Ē
|I|≥2


|I|∑

k=2

(
|I|
k

)
(−1)|I|+k

︸ ︷︷ ︸
(−1)|I|(|I|−1)

 x̄I

= 1−
∑
I⊆Ē
|I|≥2

(−1)|I|(|I| − 1)x̄I = 1 +
∑
I⊆Ē
|I|≥2

(−1)|I|(1− |I|)x̄I (11)

Our statement follows if we can show that (11) is non-negative. For proving this, we
consider inequalities (6) as well as (5) for all I = {e}, e ∈ Ē. Adding up we get

1 +
∑

J∈2Ē
0

(−1)|J |x̄J −
∑
e∈Ē

∑
J⊆Ē :

e∈J

(−1)|J |x̄J ≥ 0.

All x̄e ∈ Ē cancel out in the left-hand side and each xJ ′ , J
′ ⊆ Ē, |J ′| ≥ 2, has the coefficient

(−1)|J ′| − |J ′|(−1)|J ′| = (−1)|J ′|(1− |J ′|). So (11) is at least zero and d′(T ) as well as d(T )
are submodular functions (in T ) by the submodularity of the rank function r. If T ′ ⊆ E
minimizing d(T ) has function value d(T ′) ≥ 0, then all rank inequalities (7) are satisfied, if
d(T ′) < 0, (7) with T = T ′ is violated. �
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Determining the exact minimum of the submodular function d in the previous theorem
we even get a set T ′ which maximally violates (7). The previous result also implies that
if k is a fixed constant, the separation problem for (7) can be solved in polynomial time
even by purely combinatorial algorithms [Sch00]. For arbitrary matroids the result above
is the best we could hope for. Further knowledge of the matroid structure might allow
finding faster separation algorithms. For the spanning forest problem with exactly one
quadratic monomial, [BK14] developed an adapted version of a separator for the classical
subtour elimination constraints. Applying these separators to general quadratic spanning
tree problems reduced the number of nodes in branch-and-cut and the running times in
comparison to using only the standard linearization.

Let us at the end of this section consider an extension of our results. Given an arbitrary
objective function of a polynomial matroid optimization problem we cannot assume that
the union of all elements contained in non-linear monomials is actually independent, i. e.,
that Ē /∈ I. In this case the approach presented above can still be applied. But then we
have to fix the value of monomials that correspond to dependent sets explicitly to zero.

Corollary 13. Let M = (E, I) be a matroid and Ē ⊆ E arbitrary. A complete description
of the associated polytope P Ē

M is given by (4)–(7) and

xJ = 0, J ∈ 2Ē
0 , J /∈ I. (12)

Note, if in contrast to our assumption there exists e ∈ E with {e} /∈ I, then one also has
to include xe = 0.

Proof. The validity of all constraints is ensured by Lemma 6 and by setting all variables
corresponding to dependent sets explicitly to zero. In the proofs leading to and of Theorem 8
we always use independent sets, so restricting to those shows the desired results. (Note
that the coefficient of variables fixed to zero is unimportant. So it would suffice to consider
sets J ⊆ Ē, |J | ≥ 2, J ∈ I in Lemma 11.) �

Setting some of the monomials to zero in (7) can lead to stronger inequalities for problems
where only monomials of smaller degree are present. Consider, for instance, the uniform
matroid with E = {1, 2, 3, 4}, r(E) = 2, and Ē = {1, 2, 3}. Then

x4 + x{1,2} + x{1,3} + x{2,3} ≤ 1

is valid and contains only linearized monomials of degree two.

4 A New Hierarchy for Solving Polynomial Matroid
Optimization Problems

In this section we present a new hierarchy for solving general matroid optimization problems
with polynomial objective. This hierarchy is a direct consequence of the previous results.
Indeed, in each step of the hierarchy we enlarge the size of Ē to be considered for deriving
strengthened inequalities according to (4)–(7) and (12).
Let M = (E, I) be a matroid and J ⊆ 2E

0 be the index set of all monomials of the
polynomial matroid optimization problem to be considered below (with J including the
linear monomials) and let J̃ = J \ {{e} : e ∈ E} be the index set of all monomials with
degree at least two. We denote by Ẽ ⊆ E all elements of E that appear in monomials of
degree at least two, i. e., Ẽ := {e ∈ E : ∃ J ∈ J̃ with e ∈ J}, and by md(J) the maximum
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degree of a monomial in J. For the important case of quadratic objective functions md(J)
equals two. The coefficients in the objective function are c : J→ R. We consider matroid
optimization problems of the form

maximize

∑
J∈J

c(J)
∏
j∈J

xj : x ∈ PM ∩ {0, 1}E
 .

We are interested in the linearized polytope

P̄ Ẽ
M = conv

{
χS

E+J̃
: S ∈ I

}
where χS

E+J̃
corresponds to the incidence vector of a set S ∈ I with a component for all

linear monomials as well as for all non-linear monomials indexed by J̃. A relaxation of P̄ Ẽ
M

with associated polytope P̄ Ẽ,1
M is given by the constraints of the standard linearization of

the non-linear monomials via

0 ≤ xJ ≤ xe, J ∈ J̃, e ∈ J, (13)∑
e∈J

xe − xJ ≤ |J | − 1, J ∈ J̃, (14)

0 ≤ xe, e ∈ E \ Ẽ, (15)

(see [GW74]) and the rank inequalities (1).
Our aim is to describe P̄ Ẽ

M by doing lift and project operations to P̄ Ẽ,1
M that make it

closer and closer to P̄ Ẽ
M . For this we define for each i ∈ {2, . . . , |Ẽ|} the lifted polytopes

P̃ Ẽ,i
M =

{(
xE\Ẽ , x2Ẽ,i

0 +J̃

)
: (xE\Ī , x2Ī

0
) ∈ P Ī

M for each Ī ⊆ Ẽ, |Ī| = i, xE+J̃ ∈ P̄
Ẽ,1
M

}

that contain in comparison to P̄ Ẽ
M additional components associated to the linearized

monomials with degree between 2 and i. So these polytopes contain the entries associated
to all e ∈ E \ Ẽ, to all non-linear monomials represented by J̃ and to all linearized
monomials up to degree i (of elements in Ẽ). For all sets Ī ⊆ Ẽ, |Ī| = i, the components of
a vector x ∈ P̃ Ẽ,i

M that correspond to E \ Ī and the monomials in 2Ī
0 satisfy the constraints

(4)–(7) where Ī has here the role of Ē in Sections 2 and 3. They additionally satisfy the
constraints (12) if Ī /∈ I and so some monomials are always zero in this case. Furthermore,
the linearization constraints (13) and (14) are satisfied for the non-linear monomials in
P̃ Ẽ,i

M .
The projection of P̃ Ẽ,i

M onto the original variables in P̄ Ẽ
M is called P̄ Ẽ,i

M . Projecting to
the space of original variables allows a comparison with P̄ Ẽ

M or P̄ Ẽ,1
M , respectively. So we

use the complete description of the polytopes studied in Sections 2 and 3 to strengthen
our description of P̄ Ẽ

M . By construction our description of P̄ Ẽ
M improves in each step where

for i = |Ẽ| we have one variable for each subset of Ẽ. This implies the following result.

Theorem 14. Let M = (E, I) be a matroid. Then

P̄ Ẽ
M = P̄

Ẽ,|Ẽ|
M ⊆ P̄ Ẽ,|Ẽ|−1

M ⊆ . . . ⊆ P̄ Ẽ,2
M ⊆ P̄ Ẽ,1

M .

Assuming that |J| is polynomially bounded and that the depth of the hierarchy i is a constant,
one can optimize over P̃ Ẽ,i

M or its projection P̄ Ẽ,i
M in polynomial time.
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Note that the results from the previous sections give explicit descriptions of all polytopes
P Ī

M , for each Ī ⊆ Ē with |Ī| = i for some i ∈ {2, . . . , |Ẽ|}.

Proof. By Theorem 8 we get that P̄ Ẽ
M = P̄

Ẽ,|Ẽ|
M . Let i ∈ {2, . . . , |Ẽ|}. We show that

P̄ Ẽ,i
M ⊆ P̄ Ẽ,i−1

M . For this, let x̄ ∈ P̄ Ẽ,i
M . By definition x̄ can be extended to some x̃ ∈ P̃ Ẽ,i

M

with x̄ = x̃E+J̃. Obviously, x̃ satisfies x̃E+J̃ ∈ P̄
Ẽ,1
M , which does not depend on i. Now

consider an arbitrary Ī ⊆ Ẽ with |Ī| = i − 1. Choosing an arbitrary e ∈ Ẽ \ Ī, we get
(x̃E\(Ī+e), x̃2Ī+e

0
) ∈ P Ī+e

M . Because P Ī+e
M is a convex polytope, (x̃E\(Ī+e), x̃2Ī+e

0
) is a convex

combination of vertices of P Ī+e
M (which are integral by definition), i. e. (x̃E\(Ī+e), x̃2Ī+e

0
) =∑m

j=1 αj x̃
(j), αj ≥ 0,

∑m
j=1 αj = 1 for some integral vertices x̃(j) of P Ī+e

M . Restricting to
the monomials not containing e we get integral points (x̃(j)

E\Ī , x̃
(j)
2Ī

0
) ∈ P Ī

M with (x̃E\Ī , x̃2Ī
0
) =∑m

j=1 αj(x̃(j)
E\Ẽ , x̃

(j)
2Ī

0
) ∈ P Ī

M . Because Ī was arbitrary this implies (x̃E\Ẽ , x̃2Ẽ,i−1
0 +J̃

) ∈ P̃ Ẽ,i−1
M

and because P̄ Ẽ,i−1
M is the projection of P̃ Ẽ,i−1

M onto the original monomials x̄ ∈ P̄ Ẽ,i−1
M

follows.
For the second part of the theorem, let the level of the hierarchy be a fixed constant

as well as |J̃ | be polynomially bounded. Then we can explicitly separate the linearization
constraints as there are only polynomially many and we can separate the extended rank
inequalities (7) using submodular function minimization, see Theorem 12, on problems of
polynomial size leading to some polynomial algorithm. �

Let us consider the hierarchy in more detail.

Remark 15. 1. An advantage of our new hierarchy in comparison to other hierarchies
such as Sherali-Adams is that for the lifted polytopes, new monomials are only
introduced for variables that appear in some non-linear monomial. So, if |Ẽ| is small
in comparison to E, our hierarchy might pay off.

2. The extended rank inequalities (7) and the associated separator (Theorem 12)
can as well be used in general branch-and-cut approaches for solving polynomial
matroid optimization problems or polynomial problems with some underlying matroid
structure. For just improving a current formulation, one can also use only some of
the new constraints.

In the next remark we compare our new hierarchy to the hierarchy of Sherali-Adams [SA90],
which is the weakest of the ones treated in [Lau03], and mention some properties of our
hierarchy.

Remark 16. 1. The structure of the extended rank inequalities is rather special. All
linear monomials as well as all linearized monomials of degree two have non-negative
coefficients, see Lemma 10. Apart from this, for small levels of the hierarchy,
the extended rank inequalities are somewhat sparse with respect to the linearized
monomials, i. e., in level i at most 2i − i − 1 monomials with non-zero coefficients
appear in these constraints. In contrast to this in the hierarchy of Sherali and Adams
for each constraint most of the linear terms are replaced by terms corresponding to
linearized monomials of degree two even in level two [SA90].

2. Due to the sparsity with respect to the number of added monomials it does not seem
to be fair to compare the hierarchy of Sherali-Adams on level lSA with our hierarchy
at the same level i (we apply the Sherali-Adams procedure to the matroid polytope
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and so get variables corresponding to quadratic monomials for lSA ≥ 2). So we set
lSA + 1 = i. We consider the graphical matroid on the graph

a

b

c

d

e

f

g

Using the following objective functions for the matroid maximization problem

f1(x) := xd + xab + xac + xbc + xef + xeg + xfg − 1
2xag − 1

2xbf − 1
2xce

f2(x) := f1(x)− 1
2xbd − 1

2xdf

we get the following optimal solution values (rounded) if we neglect the integrality
condition (in both cases the integral optimal solution value equals 3) [GO16]

Sherali-Adams at lSA = 2 our approach at level i = 3
f1 3.7857 3.8333
f2 3.7857 3.7500

Note that the smallest circuit contains four elements so we do not need equations of
type (12). These computational results show that the associated polyhedra are not
comparable.
Apart from this observation one can easily show that the Sherali-Adams hierarchy
for lSA = 2 dominates our hierarchy with i = 2 on graphical matroids. In this level
at most one linearized monomial might be added to some rank inequality. Indeed, let
G = (V,E) be a graph. In this case one of the two forms of the strengthened rank
inequalities turns out to be (see [BK14, FF13])∑

e={i,j}∈E :
i,j∈S

xe + x{{u,v},{v,w}} ≤ |S| − 1, S ( V, u, w ∈ S, v ∈ V \ S.

For Sherali-Adams, this inequality can be obtained by multiplying∑
e={i,j}∈E :

i,j∈S

xe ≤ |S| − 1 with (1− x{u,v}),
∑

e={i,j}∈E :
i,j∈S∪{v}

xe ≤ |S| with x{u,v},

replacing the products by the corresponding linearized variables and x2
e by xe,

summing up as well as using the non-negativity of the variables. The second form of
the strengthened rank inequalities can be handled similarly.

Let us finally have a look at the important special case of matroid optimization problems
with quadratic objective. Using our hierarchy at level three (with monomials of degree two
and three) we present in this paper a way to take interactions of different (non-nested)
monomials into account, see the research question in [HKL15]. Applying it at level four,
we even can handle interactions between quadratic monomials that do not share a common
variable, e. g., x1x2, x3x4.
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4.1 Matroid Optimization Problems with Monomials Corresponding to the
Bases of a Circuit

In the following we present some example where monotonicity of the monomials is not needed
in order to derive a complete description. We consider a set of monomials that correspond
to the bases of a circuit. Let M = (E, I) be a matroid and let C = {c1, . . . , c|C|} ⊆ E,
|C| ≥ 3, be a circuit. We define Ci := C \ {ci}, i ∈ {1, . . . , |C|}. By definition Ci ∈ I for
all i = 1, . . . , |C|, and (Ci ∪ Cj) /∈ I for all i, j ∈ {1, . . . , |C|}, i 6= j. For cost functions
c : E → R and c̄ : {1, . . . , |C|} → R we consider the optimization problem

maximize
{∑

e∈E

c(e) · xe +
|C|∑
i=1

c̄(i)
∏

e∈Ci

xe : x ∈ PM ∩ {0, 1}E
}
. (16)

So Ẽ = C in this case, i. e., all elements of C appear in non-linear monomials.

Remark 17. A solution of (16) can be obtained by solving |C| matroid optimization
problems as well as one matroid intersection problem. First, we determine for each
i ∈ {1, . . . , |C|} an Ii ∈ I with Ci ⊆ Ii maximizing the sum

∑
e∈Ii\C c(e) (the total objective

value of Ii equals c(Ii) + c̄(i)). In a second step, we determine an optimal solution Ī for the
intersection of matroid M and matroid M ′ = (E, I′) with I′ := {S ⊂ E : |S ∩C| ≤ |C| − 2}
(the total objective value of Ī equals c(Ī)). Finally, we take a solution with total maximal
objective value as a solution of (16).

We are interested in the structure of the linearized polytope

PC
M := conv

{
(χS , χS

C1 , . . . , χ
S
C|C|

) ∈ {0, 1}E+|C| : S ∈ I
}
.

Similarly to above we provide a complete description of PC
M that is our main result in this

subsection.

Theorem 18. The inequalities

−xCi ≤ 0, i ∈ {1, . . . , |C|}, (17)
|C|∑
i=1

xci −
|C|∑
i=1

xCi ≤ |C| − 2, (18)

|C|∑
j=1,j 6=i

xCj − xci ≤ 0, i ∈ {1, . . . , |C|}, (19)

−xe ≤ 0, e ∈ E \ C, (20)

∑
e∈T

xe +
|C|∑
i=1

βCi(T )xCi ≤ r(T ), T ⊆ E, (21)

are a complete description of PC
M .

In order to prove this result we need several lemmas whose proofs are deferred to the
Appendix. The structure of the results is very similar to the structure in Section 3.

First we provide a formulation for PC
M .

Lemma 19. The inequalities (17)–(21) together with

x ∈ {0, 1}E+|C|, (22)

are a formulation for PC
M .
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Next, we prove that we can restrict to extended rank inequalities (21) for closed sets T ⊆ E.

Lemma 20. A point x̄ ∈ RE+|C| that satisfies (17)–(20) as well as (21) for closed sets
T = cl(T ) ⊆ E, satisfies (21) for arbitrary sets T ⊆ E.

Facet-defining inequalities of PC
M that are not positive multiples of the linearization

constraints have non-negative coefficients, see also Lemma 10.

Lemma 21. Each facet defining inequality aTx ≤ b of PC
M that is not a positive multiple

of one of (17)–(20) satisfies a ≥ 0.

The previous lemmas allow us to prove our main result on the structure of PC
M .

Proof (of Theorem 18). Let aTx ≤ b be a facet defining inequality of PC
M that is not a

positive multiple of (17)–(20). Then Lemma 21 implies a ≥ 0. Let T ′ := {e ∈ E : ae > 0}
and T := cl(T ′). We consider the constraint (21) associated with T . Because aTx ≤ b is not
a positive multiple of this constraint, there is an S ∈ I with

∑
e∈T χ

S
e +

∑|C|
i=1 βCi(T )χS

Ci
<

r(T ) and aTχS = b. In particular, r(S ∩ T ) =
∑

e∈T χ
S
e implies

r(S ∩ T ) +
|C|∑
i=1

(r(T ) + |Ci \ T | − r(T ∪ Ci))χS
Ci
< r(T ). (23)

We may assume S ⊆ T ′ ∪ C (otherwise use S̄ := S ∩ (T ′ ∪ C)).

a) If Ci ⊆ S for some i ∈ {1, . . . , |C|}, then χS
Ci

= 1 and χS
Cj

= 0 for all j ∈ {1, . . . , |C|}\
{i} implying r(S ∩ T ) < r(T ∪Ci)− |Ci \ T | (see (23)). Therefore r(S) = r(S ∩ T ) +
|S \ T | < r(T ∪ Ci)− |Ci \ T |+ |S \ T | = r(T ∪ Ci) = r(T ′ ∪ Ci). So there exists an
e ∈ (T ′ ∪ Ci) \ S = T ′ \ S with S + e ∈ I, contradicting the validity of aTx ≤ b.

b) If Ci * S for all i ∈ {1, . . . , |C|}, then χS
Ci

= 0 for all i ∈ {1, . . . , |C|}, and with
S′ := S ∩ T ′ we know r(S′) = r(S ∩ T ′) ≤ r(S ∩ T ) < r(T ) = r(T ′). So there exists
an e ∈ T ′ \ S′ with S′ + e ∈ I. By the choice of T ′, aTχS′ = b, too, and S′ + e
contradicts the validity of aTx ≤ b by Lemma 21. �

Considering the graphic matroid, we derive exactly the known complete description of the
so called Boolean quadric polytope for complete graphs on three nodes [LL04].
Similarly to above, the separation problem for PC

M simplifies to a submodular function
minimization problem and explicit enumeration of the linearization constraints.

Observation 22. The separation problem of (21) reduces to a submodular function mini-
mization problem.

Remark 23. The result in Observation 22 can be further generalized. We consider matroid
optimization problems with a set of non-linear monomials in the objective function such
that all these monomials are in pairwise conflict. Extended rank inequalities for T ⊆ E
(similar to (7) and (21)) can be derived that consist of the sum of the variables of the
elements in T , each with coefficient one, and the variables corresponding to the linearized
monomials, each with coefficient βK(T ) = r(T ) + |K \ T | − r(T +K) for the monomials
corresponding toK ⊆ E. Using the fact that at most one of these monomials can be present,
validity easily follows. The associated separation problem can be solved via submodular
function minimization as well. Unfortunately, the inequalities of that type combined with
linearization constraints and one packing type constraint (stating that at most one of
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the monomials can be present) are usually not sufficient for a complete description of
such linearized polytopes. For this consider the uniform matroid with E = {1, 2, 3, 4} and
r(E) = 2. Then x3 + x4 − x{3,4} + x{1,2} ≤ 1 defines a facet of the associated polytope
with two linearized monomials [LR15].

5 Future Work
In this paper we studied matroid optimization problems with polynomial objective functions
where the monomials satisfy certain monotonicity properties. We derived a complete
description of the linearized polytope that was the basis for a new hierarchy for solving
polynomial matroid optimization problems. We have presented a case in which the
monotonicity of the monomials is not necessary in order to derive a complete description
for the linearized polytope using our framework. It remains for future work to detect more
cases in which weaker types of monotonicity work. For such extensions, a good knowledge
of the unconstrained case is essential. Furthermore one could compare our new hierarchy in
more detail with the existing ones with respect to the quality of the bounds in the different
hierarchy levels and the computational effort. For these tests on certain matroids it seems
essential to develop problem-specific separation algorithms that do not rely on submodular
function minimization.

Improving the understanding of the linearizations of more general monomial structures
seems worthwhile in both the unconstrained (see, e. g., [CRH17, DPK17b]) and the con-
strained case. One starting point could be the study of matroid optimization problems with
some, not necessarily related, quadratic monomials without adding further monomials. Ad-
ditionally, we could try to extend our results to other combinatorial optimization problems.
In principle our approach of combining some combinatorial optimization problem with
some non-linear monomials which are linearized and studying the associated polyhedron
should be possible for all polynomial-time solvable problems where the polyhedral structure
in the linear case is well understood. But determining the concrete descriptions might be
quite challenging for non-matroid problems. One possibility is to consider the intersection
of two matroids. Here Walter [Wal16] proved a conjecture of [Kle14] on the complete
description of the bipartite matching problem with one (linearized) quadratic monomial.
But an extension to arbitrary matroid intersection problems might be complicated because
the structure of the constraints that do not correspond to the linearization is different to
our current setting and differs in general from the structure in the bipartite matching case
(intersection of two partition matroids). Indeed, even in the case with only one quadratic
monomial, the coefficient of the new variable can be negative in constraints not related to
the linearization, see also [Kle14, Wal16]. Furthermore, the coefficient of the two original
variables that belong to the quadratic monomial might be two in such constraints. One
example is the braching problem. For a complete digraph on four nodes, the constraint
2x(1,2) +x(1,4) +x(2,1) +x(2,3) +x(2,4) +x(3,2) +x(3,4)−x(1,2),(2,3) ≤ 3 is facet-defining for the
associated polytope [LR15] where we linearize the monomial x(1,2) · x(2,3) (the x-variables
correspond to the arcs of the complete digraph on the nodes {1, 2, 3, 4}). In our extended
rank inequalities and in the ones in [FFM17, Kle14, Wal16] the coefficients of variables
corresponding to monomials of degree one are always zero or one.

Appendix
Proof (of Lemma 19). The integrality constraints (22) together with the linearization
constraints (17)–(20) ensure the dependencies between the variables xe, e ∈ E, and the
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linearized monomials xCi , i = 1, . . . , |C|. Indeed, at most one of xCi , i ∈ {1, . . . , |C|} can be
one. So, the desired result follows directly from Theorem 1 if we can prove the validity of
(21). If S ∈ I with |C∩S| ≤ |C|−2, then χS

Ci
= 0 for all i ∈ {1, . . . , |C|} and so the validity

of the extended rank inequalities is clear. If, w. l. o. g., C1 ⊂ S ∈ I and so Ci 6⊂ S for all
i ∈ {2, . . . , |C|}, then the coefficient of xC1 equals r(T ) + |C1 \ T | − r(T + C1) = βC1(T )
and so Lemma 5 proves the result. �

Proof (of Lemma 20). Let T ⊆ E be arbitrary, but fixed, and x̄ be a point with the
desired properties. We set T ′ = T + (cl(T ) \ Ē). Then

∑
e∈T

x̄e +
|C|∑
i=1

βCi(T )x̄Ci

(20),L.4
≤

∑
e∈T ′

x̄e +
|C|∑
i=1

βCi(T ′)x̄Ci

(19)
≤

∑
e∈cl(T )

x̄e +
|C|∑
i=1

βCi(cl(T ))x̄Ci ≤ r(cl(T )) = r(T ). �

Proof (of Lemma 21). Let aTx ≤ b be a facet defining inequality of PC
M that is not a

positive multiple of (17)–(20). We consider three cases. For all e ∈ E \ C there exists an
S ∈ I with aTχS = b and e ∈ S because aTx ≤ b is not a positive multiple of (20). By
(S − e) ∈ I and χS

Ci
= χS−e

Ci
for all i ∈ {1, . . . , |C|}, it follows that ae ≥ 0 by feasibility of

aTx ≤ b. Next, let ci ∈ C. Then, because aTx ≤ b is not a positive multiple of (19), there
exists some S ∈ I with aTχS = b and χS

Cj
= 0 for all j ∈ {1, . . . , |C|} \ {i}, ci ∈ S. Then

(S − ci) ∈ I and χS
Cj

= χS−ci
Cj

= 0 for all j ∈ {1, . . . , |C|} imply aci ≥ 0 by feasibility.
It remains to prove aCi ≥ 0 for all i ∈ {1, . . . , |C|}. By the previous cases we may assume

ae ≥ 0 for all e ∈ E. Because aTx ≤ b is not a positive multiple of (18) there exists an
S ∈ I with |C ∩ S| ≤ |C| − 3 and aTχS = b.

1. Let i ∈ {1, . . . , |C|} with ci ∈ C \ S. Because aTx ≤ b is not a positive multiple of
(17), there exists S′i ∈ I with aTχS′i = b and Ci ⊆ S′i. We set Ti := {e ∈ E \Ci : ae >
0} ∪ (S ∩ Ci). We may assume S ⊆ Ti and r(S) = r(Ti) as well as S′i ⊆ Ti + Ci and
r(S′i) = r(Ti + Ci). We distinguish two cases.

1.1 r(Ti) < r(Ti +Ci): Then there exists an e ∈ Ci \ Ti with r(Ti + e) > r(Ti) = r(S),
so S + e ∈ I. This implies ae ≤ 0 and so ae = 0. Furthermore with e ∈ Ci ⊆ S′i we
get b = aTχS′i = aTχS′i−e + ae + aCi ≤ b+ aCi and so aCi ≥ 0.

1.2 r(Ti) = r(Ti + Ci): By assumption S, S′i are both bases of Ti + Ci. We may
assume that |S ∩ S′i| is maximal. By (M3′) there exists for each f ∈ (S′i \ S)∩Ci an
e ∈ S \S′i, e /∈ C, so that S− e+ f, S′i + e− f ∈ I. Because aTχS−e+f ≤ b = aTχS we
get ae−af ≥ 0. Then aTχS′i+e−f ≤ b = aTχS′i = aTχS′i+e−f −ae +af +aCi implying
aCi ≥ 0.

2. Let i ∈ {1, . . . , |C|} with ci ∈ C ∩ S. Similarly to above, there exists S′i ∈ I with
aTχS′i = b and Ci ⊆ S′i. Case 1.1 and case 1.2 with f ∈ Ci and e 6= ci can be treated
analogously without any changes. It remains to consider e = ci and f = cj for some
j ∈ {1, . . . , |C|} \ {i}. Then we get b ≥ aTχS′i+e−f = aTχS′i − af + ae + aCj − aCi

and b ≥ aTχS−e+f = aTχS − ae + af . This implies af ≤ ae and aCi − aCj ≥ 0. By
the choice of f we have cj = f ∈ S′i \ S with cj ∈ C \ S and so aCj ≥ 0 by case 1.
This implies aCi ≥ aCj ≥ 0 in this case. �
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Proof (of Observation 22). Let x̄ ∈ RE+|C| be a vector that satisfies (17)–(20). We
consider the separation problem for (21). This reduces to determining the minimizer of
the function d : 2E → R with

d(T ) := r(T )−
∑
e∈E

x̄e −
|C|∑
i=1

(r(T ) + |Ci \ T | − r(T + Ci))x̄Ci

=

1−
|C|∑
i=1

x̄Ci

 r(T ) +
|C|∑
i=1

x̄Ci︸︷︷︸
≥0

r(T + Ci)−
∑
e∈E

x̄e −
|C|∑
i=1
|Ci \ T |x̄Ci︸ ︷︷ ︸

modular

So in order to show the submodularity of d(.) it remains to prove that 1−
∑|C|

i=1 x̄Ci ≥ 0.
This formula can be derived by adding (18) and (19) for each i ∈ {1, . . . , |C|} and scaling
both sides by |C| − 2. �
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