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Abstract

We consider the multistage stochastic programming problem where uncertainty enters
the right-hand sides of the problem. Stochastic Dual Dynamic Programming (SDDP)
is a popular method to solve such problems under the assumption that the random
data process is stagewise independent. There exist two approaches to incorporate
dependence into SDDP. One approach is to model the data process as an autoregressive
time series and to reformulate the problem in stagewise independent terms by adding
state variables to the model (TS-SDDP). The other approach is to use Markov Chain
discretization of the random data process (MC-SDDP). While MC-SDDP can handle
any Markovian data process, some advantages of statistical analysis of the policy under
the true process are lost.

In this work, we compare both approaches based on a computational study using the
long-term operational planning problem of the Brazilian interconnected power systems.
We find that the optimality bounds computed by the MC-SDDP method close faster
than its TS-SDDP counterpart, and the MC-SDDP policy dominates the TS-SDDP
policy. When implementing the optimized policies on real data, we observe that not
only the method but also the quality of the stochastic model has an impact on policy
performance and that using an AVQR formulation is effective in making the policy
robust against a misspecified stochastic model.
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1 Introduction

A scalable way of solving multistage stochastic decision problems is based on approximate
dynamic programming. In particular, the stochastic dual dynamic programming (SDDP)
method based on Pereira and Pinto’s seminal work [18] became popular in many applica-
tions. In SDDP it is crucial to assume randomness of the data process to be stagewise
independent, because in this case the respective cost-to-go (value) functions of the dynamic
programming equations are independent of the data process. However, in many applications
the data process has a Markovian type dependence structure. To deal with this problem two
approaches have been suggested in the literature.

One approach is to model the data process as an autoregressive process and to add
the time series transition equations as additional equality constraints into the optimization
problem, so that realizations of the data process are treated as decision variables [17, 25].
This allows to reformulate the problem in terms of the stagewise independent errors of the
considered time series, at the price of increasing the number of state variables. We refer to
this approach as the TS-SDDP method.

An alternative approach is based on Markov Chain discretization of the Markovian data
process using optimal quantization [6, 9, 21]. We refer to this approach as the MC-SDDP
method (this approach is referred to as Approximate Dual Dynamic Programming (ADDP)
in [9, 11]).

Both approaches have advantages and disadvantages. While TS-SDDP is restricted to
the linear case and right-hand side uncertainty, MC-SDDP allows modeling any parameter
as Markovian data process. MC-SDDP therefore allows usage of a much broader range
of stochastic models which may better represent the true process. Yet MC-SDDP makes
no convergence guarantees with respect to the true process, whereas the properties of the
TS-SDDP bounds are well-established.

Whichever approach provides the better policy in practice has not yet been studied. We
intend to close this gap and compare both approaches theoretically as well as numerically.
In Section 2 we introduce the two approaches and discuss constructions of lower bounds
for the optimal objective value. In Section 3 we discuss how a continuous data process can
be discretized to a lattice using optimal quantization to provide a time-nonhomogeneous
Markov chain. Starting from Section 4, we test the performance of both approaches based
on the long-term operational planning problem of the Brazilian interconnected power system.
The problem is widely used in the literature on SDDP due to its practical importance for
providing generation targets of power plants in the Brazilian power system [13].

In previous work on the performance of SDDP [25], it was found that the TS-SDDP



approach cannot close the gap between lower and upper bounds when time-dependent ran-
domness is represented by an appropriate autoregressive model. In Section 5, we demonstrate
that the MC-SDDP method computes tighter lower bounds for this problem than its TS-
SDDP counterpart, and provides slightly better policies. Moreover, MC-SDDP enables the
use of inflow models that show better performance when implementing the decision policy

on real data.

2 Modeling Time-dependent Randomness

Consider the following risk averse multistage linear stochastic programming problem
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Components of vectors ¢, b; and matrices A;, B; are modeled as random variables forming
the stochastic data process' & = (¢, Ay, By, by), t = 2,....T, with & = (c1, Ay, b1) being
deterministic (not random), {y = (&1, ..., &) denotes history of the data process up to time ¢,
and py¢,_,, are conditional risk measures (see, e.g., [26]). In particular if risk measures P,
are given as conditional expectations ]E|5[H], problem (2.1) becomes a risk neutral multistage
stochastic programming problem. It is said that data process & as stagewise independent if

random vector &1, is independent of {y, t =1,...,T — 1.

2.1 Static Case

In this section we consider two stage problems. We discuss construction of lower bounds for
the optimal value of the respective stochastic problem.

We start with the risk neutral problem of the form

min E[F(z, )], (2.1)
where X C R" is a nonempty set and F' : X x RY — R. In the two stage setting the
function F(x, ) can be viewed as the cost of the first stage plus the cost of the second stage
problem, X as a feasible set of the first stage and £ is composed from random elements of

(¢, Ag, B2, bs). The expectation in (2.1) is taken with respect to random vector & whose

LOf course, not all elements of the data vectors & should be random. For example, we can model only
the right-hand side vectors b; as random while all other elements of & being fixed (known). We use the same
notation &; for random vector and its particular realization; meaning of that will be clear from the context.



probability distribution (probability measure) P is supported on set = C R? The set =
equipped with its Borel sigma algebra F and measure P becomes a probability space. We
also use notation F,(§) := F(x,&) when considering F(z,¢) as a function of ¢ for fixed
x € X. It is assumed that the expectation E[F(z,&)] is well defined and finite valued for
every x € X. In particular, this means that for every z € X the second stage problem is
feasible w.p.1., i.e., we assume relatively complete recourse.

Let = = UK, =, be a disjoint partition of the set = into measurable subsets Z; C =,
i = 1,...,K. Assuming that probabilities m; := P({ € Z;), i = 1,..., K, are positive,

conditional expectations are given by

_ 1
~Egl =)= [ &P, 2.2
Note that S°%, mu; = E[€]. Suppose that for every z € X the function F(z,-) is convex?.

Then by Jensen’s inequality we have for every x € X,

E[F:()] =)  mE[F(¢)|¢ € Ej] > Z (2.3)

Hence, the optimal value of the following problem gives a lower bound for the optimal value

of problem (2.1)
K

I;él}(l > miF(z, ;). (2.4)

This lower bound is well known in stochastic programming (e.g., [5, Section 4.3] and refer-

ences therein).

Remark 2.1 A natural question is how well problem (2.4) approximates the original prob-
lem (2.1), i.e., how fine should the partition be in order for the difference between the optimal
values of these problems to be sufficiently small. Let g; € 0F,(u;) be a subgradient of F,(-)
at g, i = 1,..., K. Then we have that Fy(1;) = E [Fy (1) + g7 (€ — 1) |§ € Zi] , and hence

K

E[F.(&)] - ZﬂiF(%M) = ZME [Fo (&) — Fu(pi) — g7 (€ — )| € i . (2.5)

i=1

It follows that if for every i = 1,..., K and all £ € Z; the difference between F,(¢) and
the cutting plane F,(u;) + g; (€ — ;) is smaller than an accuracy constant ¢ > 0, then the

In the two stage setting, if the recourse is fixed, i.e., the matrix A, is fixed (not random), then the
optimal value of the second stage is convex in (Ba, b)) and concave in cs.



left-hand side of (2.5) is also less than €. This shows that, for sufficiently fine partition of
the set =, the difference between optimal values of problems (2.1) and (2.4) can be made
arbitrary small. However, for a general convex function of d variables the number of cutting

planes needed to uniformly approximate this function grows exponentially with dimension

d.

2.2 Risk-averse Case

The Jensen’s inequality lower bound has a natural extension for risk averse problems of the

form

min p[F ()], (2.6)

zeX

with p being a coherent risk measure. That is, consider the linear space Z := L,(=Z, F, P)
of random variables Z : Z — R having finite p-th order moments, p € [1,00). The dual of
space Z is the space Z* = L (2, F, P), where ¢ € (1,00] is such that 1/p+1/¢ = 1. A
functional p : Z — R is called coherent risk measure if it satisfies the axioms of convexity,
monotonicity, translation equivariance and positive homogeneity (cf. [1]). Every real valued

coherent risk measure has the following dual representation

p(Z) = sup EqlZ], (2.7)
Qem
where 91 is a set of probability measures () is absolutely continuous with respect to the
reference measure P and such that the corresponding density ¢ = d@Q/dP belongs to the
space Z* (cf. [22]).
Assuming that random variable F,(£) belongs to the space Z, and using Jensen’s in-

equality for every @ € 9t and convex F,(-), we can write

PIE(O] 2 EQ[Fo(©)] = ) 7P F(w, i),

i=1
where 7% = Q(¢ € 5;) and p? := Eg[¢|€ € B, i = 1,..., K. Therefore, for the risk averse

problem (2.6), a lower bound is given by the optimal value of the following minimax problem

K

: Qp Qy. 2.8
TR B 2 ) 25

Formula (2.8), although general, could be difficult to use in numerical implementations. In

some cases it is possible to construct lower bounds in a more direct way. For example consider



the following coherent risk measure
p(Z):= (1= NE[Z] + NAV@R,,(2), (2.9)

where AV@R,, is the so-called Average Value-at-Risk (also called Conditional Value-at-Risk,
Expected Shortfall and Expected Tail Loss)

AVQR,(Z) := inf {u+a 'E[Z —u]i} (2.10)

and the expectation is taken with respect to the reference probability measure P. In that

case we can write problem (2.6) in the following equivalent form

min B[G, (€)], (2.11)
where y := (z,u), Y := X x R and
Gy(€) = (1 = NE(€) + A+ A~ [Fo(€) — ul.. (212)

Note that if F,(-) is convex, then G,(-) is also convex. Hence, the optimal value of the

following problem gives a lower bound for the optimal value of problem (2.6)
min » Gy, (). (2.13)

2.3 Multistage Dynamic Case

Consider the multistage stochastic program (2.1). Let us start with the risk neutral case,
that is suppose that pyg, ,, := Ej¢,_,, and hence the corresponding multistage problem can

be written as

Min ¢z, +E min ~ cyay +E [ 4+ E[ min c}xTﬂ . (2.1)
Ar1z1=b1 Boz1+Azza=b3 Brxr_1+Arzr=b1
x12>0 220 x>0

Suppose further that the data process is stagewise independent. Then the dynamic program-

ming equations for problem (2.1) can be written as
Qi(w¢—1,&) = min {CtTSUt + Qui1(wy) « Bywyoq + Ayxy = by, ¢ > 0} ) (2.2)

Qrr1(ze) == E[Qry1 (7, &) (2.3)



t =2,...,T, with term Qp,; omitted (cf., [26, Section 3.1.1]). Suppose that the cost-to-go
functions Q(x¢_1, &) are convex in &. This holds if only b; and B; are random. Let support

=; of random vector & be partitioned,
= =UNE t=2,..,T. (2.4)

Consider probabilities my; := P(& € Zy) and conditional expectations uy; := E[&|& € 2yl

Then by Jensen’s inequality we have

Ky
Qt+1(l‘t) > Zﬁtz@tﬂ(l’t, ,Ut+1,z')- (2-5)
i=1

Hence, similar to the static case by discretizing the distribution of &, t = 2,..., T, using
points u;; and assigned probabilities my;, ¢ = 1, ..., K}, we obtain a multistage problem whose
optimal value gives a lower bound for the optimal value of the original problem (2.1) (cf. [5,
Section 11.1]).

Without the stagewise independence condition, the situation is considerably more in-
volved. Then the expected value cost-to-go functions also depend on realizations of the data
process. In order to deal with this in a reasonable way, we assume that the data process
is Markovian, i.e., conditional distribution of &, given { is the same as conditional dis-
tribution of &1 given & ,t = 1,...,T — 1. Then the corresponding dynamic programming

equations become (cf., [26, Section 3.1.1])
Qi(r¢-1,&) = min {CtT!L't + Qi1 (w4, &) + Bevy 1 + Agry = by, x4 > 0} ; (2.6)

Qe (x4, &) = E [Qua (e, &) &) - (2.7)

That is the cost-to-go functions Q(x;—1,&;) and the expected value cost-to-go functions
Qir1(x¢, &) depend only on & rather than the whole history of the data process.

One way of dealing with a Markovian data process is to model the state transition function
by including additional equality constraints into the optimization problem (cf. [17]). Suppose
that only the right-hand sides b; are random, i.e. & = b;, and the process b; is modelled as a
first order autoregressive process. That is b, = u+ ®b,_1 + €, with the error process €; being

stagewise independent. Then

Qt(ﬂit, ft) = E[QtJrl(xt, £t+1>’£t]
= E[Qu1(ws, p + P + €141)]&] (2.8)
= E[Qu1 (¢, + P& + 441)],



where the last equality holds since &; is modeled as an autoregressive process and hence is
a function of &;,&,_1,..., and thus is independent of £;,1. The last expectation in (2.8) is
taken with respect to ;1. In the considered case Q11 (zy,b;) is convex in (x4, by). This can
be proved by induction in t =T — 1, ..., 1. Let us refer to the above approach as the Time
Series (TS) approach.

Again consider partitions (2.4) of the supports of random vectors &. This leads to an

approximation of the data process by a Markov chain with transition probabilities
Tiij = P(§1 € i1l € Eu) (2.9)

of moving from & = pu; to {41 = fu41,;. This approximation can be viewed as a recombined
scenario tree or lattice. That is, at the first stage, the lattice has got one (root) node. There
are K, nodes at the second stage, corresponding to points ua;, j = 1, ..., Ko, with probability
of moving from the root node to node jio; given by m9; at stage two. There are Ky K3 nodes
at the third stage with the conditional probability of moving from node pus9; to the respective
node at stage 3 given by my;;, and so on for later stages. The total number of scenarios
in that tree is HtT:2 K;. Although the total number of scenarios grows exponentially in the
number of stages, the corresponding dynamic programming equations can still be solved in
certain situations by approximate dynamic programming techniques. Let us refer to this as
the Markov Chain (MC) approach.

Both approaches have advantages and disadvantages. One of the advantages of the TS
approach is that the corresponding multistage problem can be formulated in terms of the
stagewise independent error process ¢; while treating b, as state variables. Consequently,
the lower bound of the form (2.5) can be constructed by discretizing the error process &;.
The price of such reformulation is an increase of the number of state variables and hence
computational complexity of the problem. Also the TS approach is appropriate only when
uncertainty in the data process is in the right-hand side, b;. Otherwise, adding the corre-
sponding state variables destroys convexity of the cost-to-go functions.

For the MC approach it is not clear how to construct a lower bound similar to (2.5).

Indeed, by Jensen’s inequality we have

Kyt
Qt+1(It,ft|£t € Et@') > Z Wtith+1<It7,ut+l,j(£t))a (210)
j=1
where
Nt+1,j(§t) = E [§41]&41 € SIS &l (2.11)



The problem is that here the points p11 (&) also depend on &.
Consider now the risk averse problem (2.1). Suppose that risk measure Prley_ny> t =

2,...,T, is the conditional analogue of the risk measure (compare with (2.9))
pi(Z) = (1 — \)E[Z] + MAV@R,,(Z). (2.12)

Assuming that the data process is stagewise independent the corresponding dynamic pro-

gramming equations are similar to (2.2)—(2.3) with (2.3) replaced by

Qii1(xe) = pe [Quyr (e, &i1)] - (2.13)

Similar to (2.11)—(2.12) it is possible to reformulate this dynamic equations in a form of
expectations by adding state variables u; corresponding to the variational representation
(2.10) of AV@R (cf., [24]). Consequently for the T'S approach it is possible to construct lower
bound similar to (2.5).

3 Markov Chain Stochastic Dual Dynamic Program-
ming

When the TS approach is used, computation of the lower bound proceeds in the usual way
(cf., [25]). For a description of the MC-SDDP method we can refer, e.g., to [26, pp. 258
- 259]. Note that by solving the problem for the constructed Markov Chain we generate a
policy only for the set of scenarios generated by the considered Markov Chain. In order to
extend such policy to all possible scenarios (sample paths), the usual approach is to find a
scenario from the set of MC scenarios in some sense closest to a considered sample path of
the continuous process and to use the respective approximations of the cost-to-go functions
for evaluating policy decisions for the considered sample path (cf., [6]). Note also that the
lower bound computed by the MC approach is valid for the MC discretized problem rather

than the original continuous data problem.

Discretization via Lattice Quantization Let us describe a method that constructs a
discretization of the continuous data process by separating the continuous data process into
a finite number of disjoint partitions. Since partitions are found using optimal quantization
and the set of quantizers forms a discrete probability lattice, we refer to this method as
lattice quantization.

We are interested in creating a lattice with minimal discretization error. We can infer



from [4] that this error depends on the stagewise Wasserstein distance between the data
process & and its discretization. More specifically, at each stage t = 2,...,T, we find

partition means (quantizers) puy;, i = 1, ..., K¢, which are solutions of the following problem

min “min_||& — pwl|*dP(&,), (3.14)
Ht1 e bt Ky i=1,..., Ky
where ||-|| denotes the usual Euclidean norm. Given a solution pu, ..., ik, of (3.14), the space

is partitioned into subsets I'}; consisting of points which are closest to u;;. The corresponding

sets
Uy i=4&  |& — pull < & — pjlls =1, Ky, j # i}, (3.15)

represent the Voronoi partition associated with respective means pg, ¢ = 1, ..., K, which
serve as the nodes of the lattice in t. Note the following relation between optimal partition

and the center points pu;:

o SPE)
P(Ty)
That is, pu; = E[&|& € Tyl
Unfortunately, finding the optimal center points is an N'P-hard problem [2]. In [4], faced
with a similar problem, the authors propose a method based on stochastic approximation
which we will adopt here. The stochastic approximation method draws S random sequences
(éf)thl, s=1,...,5, from the continuous data process. With (5,)5_, a sequence of stepsizes

with 0 < 5, <1, s =1,..., 5, means are updated recursively using

s—1 Fs s—1 Lo : s s—1(|2
s :uti +ﬂk <£t _luti ) 1fz=argm1n{||§t _N’tk ||27 k:: ]-7"'aKt}7
i, = (3.16)

s—1 .
Iy otherwise,

with gt =0, fori =1,..,K;, t =2,...,T, s = 1,...,S. In [4] the authors show that if
the sequence (f3;)5_; satisfies Y oo, B, = oo and Y oo | 2 < oo, then the resulting means are
local minimizers of (3.14).

To estimate the transition probabilities between partitions at subsequent stages, define
the nodes of the lattice as ju; := p5; and denote 7, t = 1,....,T — 1, as the |K;| x | K|
transition matrix between layers ¢ and ¢ + 1 with elements m;;, where each 7;;; defines the
(conditional) probability of a state transition from pu; to p141,;. The transition probabilities

(2.9) can be estimated by counting the sample transition between successive partitions,

Y 1, ()1, (64)

Trrij = A ci=1,.. K, j=1,.. K, t=1,...,T—1, (3.17)
S 1)




with 1, denoting the indicator function of the set A.

Stochastic Dual Dynamic Programming The SDDP method finds an outer approxi-
mation of the cost-to-go functions based on cutting planes which provides a lower bound of
the optimal objective value of the multistage stochastic programming problem. In the MC-
SDDP approach this is applied to the Markov Chain discretized problem with the respective
lower bound valid for discretized MC problem. As it was already mentioned, a solution of the
MC discretization provides a policy for the set of scenarios given by the constructed lattice
with nodes py;, @ = 1,..., K, t = 1,...,T — 1. In order to extend this policy to the original
continuous data process we proceed in the following way. Consider a scenario (sample path)
&, t=1,...,T, drawn from the continuous data process. For eacht =1, ..., T, find a point fiy
closest to & among the points uy, ¢ = 1,..., K;. Consequently, for the considered scenario,
use the constructed approximations of the cost-to-go functions Q. ;(+, ) for evaluating

policy value in the forward step of the algorithm (cf., [6]).

4 Case Study: the Brazilian Interconnected Power Sys-

tem

Our numerical analysis is based on a multistage stochastic program that is widely used in
the literature, the longterm planning problem of the Brazilian interconnected power system,
which, due to its impact on the Brazilian spot price, presents an important problem in energy
resource management.

In 2010, the Brazilian interconnected power system contained more than 200 power plants
with a total installed generation capacity of 109.6 gigawatt of which 79.1% were hydropower.
Long-term operational planning of this system is important to make efficient use of hy-
dropower and take advantage of the hydrological diversity between different geographical

regions.

4.1 The Long-term Operational Planning Problem

The objective of the long-term operational planning problem is to define an operational policy
which provides generation targets for each plant to supply the load at minimal system cost
constrained by generation capacity limits as well as transmission constraints. The existence
of multiple multi-season reservoirs and the variability of natural inflows makes the problem

a multistage optimization problem under uncertainty.
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Figure 1: Interconnected power system with energy equivalent reservoirs.

The typical planning horizon of the long-term operational planning problem is 60 months
due to some large reservoirs exhibiting multi-season regulation capacity. Since an individual
representation of all 141 hydropower plants as well as multivariate randomness of all of their
natural inflows results in a high-dimensional dynamic program, the problem is typically
separated into long-term, medium-term, and short-term models. For the long-term model,
hydropower plants that belong to a homogenous hydrological region are typically aggregated
into four equivalent energy reservoirs [3]. The aggregate cost-to-go functions then enter a
disaggregate medium-term model with a much shorter planning horizon which then again
provides boundary conditions for a short-term model.

Figure 1 shows a graph with five nodes, where four nodes are associated with an energy
equivalent reservoir, Southeast (SE), South(S), Northeast (NE), North (N), as well as one
transshipment node (T). The load at each node must be supplied by hydropower or thermal
power plants at that node or by power flow from another node. Available power flow capacity
is limited and represented by an arc in the graph. Load shortage at one node results in load
curtailment which is penalized by a convex cost function.

A more detailed description of the long-term operational planning problem as well as

system parameters is given in Section 5 of [25].

4.2 Stochastic Inflow Models

Historical inflow data has been provided by the Brazilian system operator ONS (Operador
Nacional do Sistema Eltrico) for the years 1931 to 2008. In [25], the authors find that a

first-order periodic autoregressive model of the log-inflows provides a good description of

11



the data. This geometric periodic autoregressive (GPAR) model is defined as the first order
autoregressive (periodical) process after making the transformation Inb; (the logarithm of

vector b; is taken componentwise). That is
In bt = U + Cbt hlbt_l + E¢, Er N(O, Et), t = 2, ...,T, (418)

with vectors u; and matrices ®;, 3; having periodical behavior of 12 months. Here, the
error terms (random vectors), €, are assumed to form a stagewise independent process. The
GPAR model not only deals with negative inflows but also reduces symmetry of the error
distribution.

Unfortunately, the GPAR model destroys convexity of the cost-to-go functions with re-
spect to & = b; and hence cannot be used with TS-SDDP method. On the other hand for
the MC-SDDP method convexity with respect to & is not essential, and the model can be
used.

To linearize, the log-linear autoregressive model, the authors in [25] propose a first-order

approximation, which leads to
bt =¢eto (at + étbt—l)a E¢ ~ N(O, Zt)a t = 2, ceey T, (419)

with vector a; and matrices ®; and >; having periodical behavior of 12 months. The expo-
nents e are taken componentwise and aob denotes the componentwise (Hadamard) product
of vectors a and b. Let us refer to this inflow model as the Shapiro-Tekaya-Costa-Soares
(STCS) model.

Both models were fitted and tested on 78 years of data of historical inflows into the four
energy equivalent reservoirs of the Brazilian interconnected power system. As both models
exhibit approximately the same model fit measured by R? (STCS: 78.5%, GPAR: 78.2%)3,
let us compare them based on the inflow scenarios they generate.

Figure 2 shows multiple fan charts to visualize the percentiles of the unconditional dis-
tribution for each month based on 1000 simulated sample paths. Fan charts of the historical
data with 78 sample paths are shown on the left. The differences between simulated data
and original data are subtle. The STCS model seems to exhibit slightly heavier tails than
the data, e.g., inflows above 30’000 megawatt months into the South EER between May
and November occur more often than in the data. The GPAR model does not exhibit any
apparent deviations. Nevertheless, both models produce inflow scenarios with approximately

the same characteristics as the historical data.

3To obtain a joint R?, residual sum of squares (RSS) and total sum of squares (TSS) are taken jointly
over all four inflow dimensions, whereby TSS is computed using a separate mean for each inflow dimension.

12
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Figure 2: Monthly inflow percentiles with different stochastic inflow models.

Figure 3 shows Q-Q plots comparing the distribution of historical annual mean inflows
against simulated annual mean inflows for both inflow models. The STCS model exhibits
the largest deviation from the diagonal. Most notably, the means of the Southeast and the
South EER are greater than their historical means, which implies that the STCS model
overestimates the longterm inflow into these reservoirs. The GPAR model deviates less,
although the upper quantiles of the distribution of annual means of the Northeast EER

appear to be a little lower than in the data.

5 Computational Experiments

5.1 Implementation

For our computational experiments we used the same parameters as in [25] as well as the
same computational setup. All models were formulated and solved in Python using the
QUASAR stochastic optimization software [10].
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Figure 3: Q-Q-plots of annual mean inflows with different stochastic inflow models.

Unless stated otherwise, we used 100 different random realizations (K, = K = 100, ¢t =
1,...,T, center points) per stage, whereby MC lattices were trained with 100k stochastic
inflow scenarios. Convergence of TS-SDDP and MC-SDDP was tracked over 1000 iterations.
To allow for pairwise comparison, both methods received the same sequence of inflow scenar-
ios during the forward passes. As in [25], the optimization problem is solved with a planning

horizon of 120 months.

5.2 Simulation Analysis

In our first analysis, we study the gap between lower and upper bound using TS-SDDP
and MC-SDDP, respectively. Although MC-SDDP does not provide a lower bound for the
STCS inflow model, we can study the policy performance. The convergence of the lower
and upper bounds of MC-SDDP and TS-SDDP for five independent optimization runs is
shown in Figure 4. For better visual comparison, the estimates of the upper bound were
smoothed using a moving average with a right-centered window of size 100. Additionally,
we aggregated the bounds for all five runs in the bottom right subfigure. Here, to smooth
the upper bounds, we fitted a convex, monotone decreasing function by solving the following

quadratic program,

N
: N e — e > e — 1 N D
gieRf?“ﬁ...,N{Z(y’ i)’ 10— i = Gioa — Gic2y G < i g

=1
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Figure 4: TS-SDDP and MC-SDDP bounds for STCS inflow model.

with y; as random realization of the upper bound at iteration 1.

It can be seen that, in the considered case, MC-SDDP consistently provides a policy that
is slightly better than TS-SDDP, and that its lower bound converges faster to the upper

1000

bound. Although the Markov chain lower bound is not theoretically valid for the “true”

problem, it is closer to the upper bound than the Monte Carlo lower bound. Using TS-
SDDP with K-means to partition the error distribution is only marginally different from

using a Monte Carlo sample, although we can see from the bottom right subfigure that the

Monte Carlo lower bound exhibits significant variability.

We conjecture that the reason for the better performance of the MC-SDDP over TS-SDDP
lies in the way in which the state space is being explored by either algorithm. TS-SDDP

introduces additional equality constraints into the model to ensure stagewise independence,
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Figure 5: Cumulative cost distribution of the optimal policy after 1000 iterations.

which adds dimensions to the cost-to-go functions that are not under the control of the
optimal policy, but are selected randomly during forward simulation of the decision process.
Since the approximate cost-to-go functions always underestimates the true cost-to-go func-
tions, sample decisions during forward passes are always explorative. Reservoir states can
thus be explored efficiently by adding information about the cost-to-go in regions of the state
space with the highest prospect of a cost decrease. Inflow states however cannot be explored
but are sampled at random. Random sampling of inflow states might therefore not lead into
inflow states with the largest information gain. Although the MC-SDDP does not resolve
this problem, generating an MC lattice of inflow states in advance at least ensures that a
diverse set of inflow states is selected beforehand. The numerical results indicate that this
strategy leads to faster convergence and a slightly better policy in a shorter amount of time.

In addition to the sample average, let us study the cost distribution obtained with each
approach. Figure 5 shows the cumulative log-cost distribution of the optimal policy after
1000 iterations for the same random realizations that were used during the forward passes for
all five repetitions. Although Kmeans and Monte Carlo sampling produce nearly the same
sample averages, we see that Kmeans leads to a higher probability of high cost scenarios.
The cost distribution obtained using MC-SDDP by contrast dominates the cost distribution
obtained using TS-SDDP with Monte Carlo sampling.

For our next analysis, we were interested at the convergence behavior of the MC-SDDP
under the GPAR model, when varying the number of nodes at each stage from 10 to 1000.
The convergence of the lower and upper bounds is shown in Figure 6. The graphs illustrate
that a larger number of nodes leads to a better policy as well as a lower bound that is closer

to the true upper bound, because it leads to a fine partitioning of the outcome space, which
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Figure 6: MC-SDDP convergence for the GPAR inflow model with varying number of nodes
in the Markov chain.

is supported by Remark 2.1. Nevertheless, as in Figure 4, the gap between lower and upper
bound does not close within 1000 iterations.

The convergence of the lower bounds of MC-SDDP and TS-SDDP for an AV@QR with
a = 0.1 and A = 0.25 is shown in Figure 7. Interestingly, the Monte Carlo version of TS-
SDDP now provides a higher lower bound than MC-SDDP for the same number of random
outcomes per stage. Only after increasing the number of partitions by a factor of 10 to
K = 1000 nodes per stage, the Markov chain lower bound is again higher than the Monte
Carlo lower bound.

Also, the relative increase in the lower bound when increasing the number of lattice

nodes per stage is much greater with AV@QR than without, so is the variability of the lower
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Figure 7: TS-SDDP and MC-SDDP lower bounds using AV@R in the objective.

bound. In lack of a valid upper bound, effect on the quality of the simulated policy however

is unknown and subject to future research.

5.3 Analysis with Historical Data

In addition to numerical benchmarks based on Monte Carlo simulation, we were also inter-
ested in the quality of the policies when implemented on the historical inflow data that was
used to fit the stochastic inflow models.

For this we separated the 78 years of inflow data into 68 overlapping 120-month horizons
and implemented the approximate optimal policy after 1000 iterations on the resulting 68
sample paths. To avoid bias, we only report the cost of the intermediate 12 months, since we
can expect initialization bias as well as end-of-horizon bias. The total cost accrued during
the respective year then serves an estimate of the steady-state cost. We will refer to the
corresponding distribution as the empirical cost distribution.

Figures 8 and 9 show the empirical cost distribution for different solution approaches and
inflow models. While Figure 8 shows empirical cost for 68 historical time series averaged
over five repetitions, Figure 9 shows empirical cost for five repetitions but averaged over 68

historical time series. We can make the following observations.

e MC-SDDP leads to significantly lower cost than T'S-SDDP with STCS inflows (p <
0.001, t(n=68) = 4.15).

e MC-SDDP with GPAR inflows leads to significantly lower cost than TS-SDDP with
STCS inflows (p < 0.01, t(n=68) = 3.34).
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e The decrease in cost for using an AVQR with o = 0.1 and A = 0.05 is already significant
for TS-SDDP with STCS inflows (p < 0.05, ¢(n=68) = 2.56).

e The decrease in cost for using an AV@QR with v = 0.1 and A = 0.15 is not significant
for MC-SDDP with GPAR inflows (p = 0.52, t(n=68) = 0.64).

e The difference in cost between MC-SDDP with GPAR inflows but without AV@R and
TS-SDDP with STCS inflows with AV@QR with v = 0.1 and A = 0.15 are not significant
(p = 0.93, t(n=68) = —0.09).

We interpret these results as follows. The optimal policy with the GPAR model results in
better decisions than the optimal policy with the STCS model. In contrast to the GPAR
policy, the STCS policy can be significantly improved by using an AV@QR formulation. As
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already shown in Figures 2 and 3, the STCS model overestimates the probability of high
inflow outcomes, which may be the reason for the worse quality of the resulting optimal
policy when implemented on real data. Using an AVQR has robustified the STCS policy
against the misspecified inflow model and, given the right parameters, leads to a policy that
is not significantly different from the optimal GPAR policy.

To strengthen this result, let us take a look at the implemented decision under the
optimal policy obtained using TS-SDDP with the STCS model and MC-SDDP with the
GPAR model, with and without using an AV@R in the objective.

Figure 10 shows reservoir content curves for the Southeast energy equivalent reservoir for
each policy. The top subfigure shows the reservoir content over 68 years under each policy
without using an AV@QR formulation. The bottom panel also shows the reservoir content,
but this time TS-SDDP used an AV@R formulation with @ = 0.1 and A = 0.05. To better
visualize the difference between the two policies, the middle two panels additionally show
the monthly average reservoir content before and after introducing an AVQR.

Clearly, usage of AV@R has increased the amount of energy held in the reservoir. Both
policies now produce nearly the same reservoir content curves, which demonstrates that in-
troducing an AV@R not only minimizes risk, but can result in a cost decrease if the stochastic
model does not correctly describe the true process that underlies the variability of the data

process.

6 Conclusion

In this paper, we compare two different approaches to model time-dependent randomness in
stochastic dual dynamic programming: introducing additional variables and constraints into
the problem formulation to model right-hand side uncertainty as a linear time series model
(TS-SDDP) versus discretizing the data process to a Markov chain (MC-SDDP).

We compare both approaches using case study data from the Brazilian interconnected
power system, where randomness enters the problem through uncertainty in hydrological
inflows into a number of interconnected reservoirs. We study SDDP bounds as well as
policy quality using simulated and empirical data. For this, we fit a geometric periodic
autoregressive (GPAR) model to historical inflow data and compare this to a linearized
version from the literature (STCS) that meets the requirements of TS-SDDP.

We find that MC-SDDP produces tighter lower bounds as well as consistently better
policies for the STCS inflow model. The gap is largest in the early iterations, but vanishes
as the number of iterations increases.

We also compare solution quality using the original data and find that MC-SDDP leads
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to significantly lower cost than TS-SDDP, irrespective of the inflow model. We also find
that the GPAR model yields significantly lower cost than the STCS model, which roots back
to the STCS model overestimating high inflow outcomes. The effect can be mitigated by
using an AV@R formulation, which appears to robustify the solution under the STCS model.
This finding provides empirical support for the ability of the AV@R to provide distributional
robustness.

Of course, these are empirical observations for the studied case where data vectors are low-
dimensional. Also the MC-SDDP lower bounds are valid for the Markov Chain discretization
and are not guaranteed for the “true” continuous model. Future work should therefore study
the performance of TS-SDDP and MC-SDDP for high-dimensional data processes with no

or only low dependence between components of the data vectors.
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Figure 10: Southeast reservoir contents over 68 years from TS-SDDP (STCS) and MC-SDDP
(GPAR) with and without AV@R
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