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Abstract

An algorithm for solving smooth nonconvex optimization problems is proposed that, in the worst-
case, takes 0(673/2) iterations to drive the norm of the gradient of the objective function below a
prescribed positive real number ¢ and can take O(¢™3) iterations to drive the leftmost eigenvalue of
the Hessian of the objective above —e. The proposed algorithm is a general framework that covers a
wide range of techniques including quadratically and cubically regularized Newton methods, such as the
Adaptive Regularisation using Cubics (ARC) method and the recently proposed Trust-Region Algorithm
with Contractions and Expansions (TRACE). The generality of our method is achieved through the
introduction of generic conditions that each trial step is required to satisfy, which in particular allow
for inexact regularized Newton steps to be used. These conditions center around a new subproblem
that can be approximately solved to obtain trial steps that satisfy the conditions. A new instance of
the framework, distinct from ARC and TRACE, is described that may be viewed as a hybrid between
quadratically and cubically regularized Newton methods. Numerical results demonstrate that our hybrid
algorithm outperforms a cublicly regularized Newton method. unconstrained optimization, nonlinear
optimization, nonconvex optimization, inexact Newton methods, worst-case iteration complexity, worst-
case evaluation complexity

1 Introduction
This paper proposes an algorithm for solving

min f(z), (1)
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Research Program under Award Number DE-SC0010615 and by the U.S. National Science Foundation, Division of Mathematical
Sciences, Computational Mathematics Program under Award Number DMS-1016291.



where the (possibly nonconvex) objective function f : R™ — R is assumed to be twice-continuously differen-
tiable. The optimization problem has been widely studied, as evidenced by its appearance as the focal
point of numerous textbooks; e.g., see [1], [2], [I0], [20], [23], and [24].

For many years, the most popular methods for solving were in classes known as line search and trust
region methods. Recently, however, cubic regularization methods have become popular, which are based on
the pioneering work by [19] and [21]. Their rise in popularity is due to increased interest in algorithms with
improved complexity properties, which stems from the impact of so-called optimal algorithms for solving
convex optimization problems. For problem , by complexity properties, we mean a guaranteed bound on
the number of iterations (or function evaluations or derivative evaluations) needed by an algorithm before
the norm of the gradient of the objective must fall below a positive threshold € > 0. In other words, if zy,
denotes the kth iteration of an algorithm, one seeks a bound on the number of iterations until it is guaranteed
that

IV f(zr)ll < e

The complexity of a traditional trust region method (e.g., see Algorithm 6.1.1 in [10]) is O(¢~2) (see [5]),
which falls short of the 0(6’3/ %) complexity for cubic regularization methods (e.g., see the ARC method
by [6] [7]). This latter complexity is optimal among a certain broad class of second-order methods when
employed to minimize a broad class of objective functions; see [8]. That said, one can obtain even better
complexity properties if higher-order derivatives are used; see [4] and [9].

The better complexity properties of regularization methods such as ARC have been a major point of
motivation for discovering other methods that attain the same worst-case iteration complexity bounds. For
example, the recently introduced (nontraditional) trust region method known as TRACE (see [I1]) has the
same optimal 0(6_3/ 2) complexity, while at the same time allowing traditional trust region trial steps to
be computed and used. A key aspect of the TRACE framework is that a solution to an implicit trust region
problem is obtained by varying a regularization parameter instead of a trust region radius. This key idea
has been adopted and advanced further by [3]; in particular, they propose an algorithm that has optimal
iteration complexity by solving quadratic subproblems that have a carefully chosen quadratic regularization
parameter.

Contributions The main contributions of this paper relate to advancing the understanding of optimal
complexity algorithms for solving the smooth optimization problem . Our proposed framework is in-
tentionally very general; it is not a trust region method, a quadratic regularization method, or a cubic
regularization method. Rather, we propose a generic set of conditions that each trial step must satisfy that
still allow us to establish an optimal first-order complexity result as well as a second-order complexity bound
similar to the methods above. Our framework contains as special cases other optimal complexity algorithms
such as ARC and TRACE. To highlight this generality of our contribution, we describe one particular instance
of our framework that appears to be new to the literature.

During the final preparation of this article, we came across the work in [I3] and [I4]. This work shares
certain commonalities with our own and appears to have been developed at the same time. Although there
are numerous differences, we shall only point out three of them. First, the precise conditions that they
require for each trial step are different from ours. In particular, the condition stated as (3.1¢) in [I4] requires
that regularization is used to compute every trial step, a property not shared by our method (which can
employ Newton steps). Second, they do not consider second-order convergence or complexity properties,
although they might be able to do so by incorporating second-order conditions similar to ours. Third, they
focus on strategies for identifying an appropriate value for the regularization parameter. An implementation
of our method might consider their proposals, but could employ other strategies as well. In any case, overall,
we believe that our papers are quite distinct, and in some ways are complementary.

Organization In §2] we present our general framework that is formally stated as Algorithm [I} In we
prove that our framework enjoys first-order convergence (see §3.1), an optimal first-order complexity (see
83.2)), and certain second-order convergence and complexity guarantees (see §3.3)). In we show that ARC

and TRACE can be viewed as special cases of our framework, and present yet another instance that is distinct



from these methods. In we present details of implementations of a cubic regularization method and
our newly proposed instance of our framework, and provide the results of numerical experiments with both.
Finally, in §6] we present final comments.

Notation We use R, to denote the set of nonnegative scalars, R, , to denote the set of positive scalars,
and N, to denote the set of nonnegative integers. Given a real symmetric matrix A, we write A > 0
(respectively, A > 0) to indicate that A is positive semidefinite (respectively, positive definite). Given a pair
of scalars (a,b) € R x R, we write a L b to indicate that ab = 0. Similarly, given such a pair, we denote
their maximum as max{a, b} and their minimum as min{a, b}. Given a vector v, we denote its (Euclidean)
ly-norm as ||v]|. Finally, given a discrete set S, we denote its cardinality by |S]|.

Corresponding to the objective f : R™ — R, we define the gradient function g := Vf : R® — R™ and the
Hessian function H := V2f : R® — R"*", Given an iterate zj in an algorithm for solving , we define
fri= f(xr), gr :== g(xx) == Vf(xr), and Hy := H () := V2f(x},). Similarly, we apply a subscript to other
algorithmic quantities whose definition depends on the iteration number k.

2 Algorithm Description

Our algorithm involves generic conditions that a trial step toward solving problem must satisfy. One can
obtain a step satisfying these conditions by computing—for appropriate positive lower and upper bounds o},
and oy}, respectively, on the ratio between a regularization variable A > 0 and the norm of the trial step—an
approximate solution of the subproblem

Pr(oy, o)) - min +gls+ 1T (Hyp + M)s
k(0% o) (s \)JER" xR, fe + 9k 55" (Hi ) @)
st (0)?lsl® < A2 < (o) |1s]I

For a given value of the regularization variable A, this problem involves a quadratic objective function and
an upper bound on the norm of the trial step, just as in a trust region method. However, it also includes a
lower bound on the norm of the trial step, and, in general, with )\ as a variable, it encapsulates other types
of subproblems as well, including those present in a cubic regularization framework. For additional details
on the properties of this subproblem and its solutions, see Appendices [A] and

The conditions that the kth trial step and regularization pair, i.e., (sx, A\r), must satisfy are stated in
Assumption below, wherein we invoke the following (unregularized) quadratic model of f at xy:

qr(s) = fr + ng,s + %STHks.
Assumption 2.1. The pair (sg, Ai) is computed such that it is feasible for problem and, with

skl if e =0

Ak(sk,)\k) = s . (3)
{\}6 /Hgkl)\\L\ Al if A >0

and constants (K1, K2, k3) € Ry, xR, xR, the following hold:

lgrll . { llgx || }
— > A S A ; 4
v —au(sk) > 6v2 min § 77 A 1 (Sks Ak) (4a)
st (ge + (Hy, + \eD)si) < min{ra||sgl|?, 2sf (He + Ae) s + Sralskl®}; and (4b)
gk + (Hi + Aed)skll < Allsll + sl skl (4c)

To see that Assumption is well-posed and consistent with problem , we refer the reader to Theo-
rem in Appendix |B| wherein we prove that any solution of problem with s restricted to a sufficiently
large dimensional subspace of R™ satisfies all of the conditions in Assumption We also claim that one
can obtain a pair satisfying Assumption [2.1]in either of the following two ways:



e Choose o € [0}, 0}], compute s by minimizing the cubic function
cr(s;0) = qu(s) + 30s|> = fu + gic s + 55T Hys + 50| s]° ()

over a sufficiently large dimensional subspace of R™ (assuming, when o = o}, = 0, that this function
is not unbounded below), then set A\; < o|[sg||. This is essentially the strategy employed in cubic
regularization methods such as ARC.

e Choose A; > 0, then compute s, by minimizing the objective of with A = g over a sufficiently
large dimensional subspace of R™ (assuming that the function is not unbounded below). The resulting
pair (sg, Ai) satisfies Assumption as long as it is feasible for . This is essentially the strategy
employed in [3] and partly employed in TRACE.

One can imagine other approaches as well. Overall, we state problem as a guide for various techniques
for computing the pair (sg, Ax). Our theory simply relies on the fact that any such computed pair satisfies
the conditions in Assumption

Our algorithm, stated as Algorithm [I} employs the following ratio (also employed, e.g., in TRACE) to
determine whether a given trial step is accepted or rejected:

Ik = flak +osp)
pr, = T LR
[l skl

One potential drawback of employing this ratio is that the ratio is not invariant to scaling of the objective
function. However, the use of this ratio can still be justified. For example, if one were to compute s; by
minimizing the cubic model for some o > 0, then the reduction in this model yielded by sj is bounded
below by a fraction of o|[sk||* (see [T, Lemma 4.2]), meaning that py > 7 holds when o > 1 and the actual
reduction in f is proportional to the reduction in the cubic model. For further justification for this choice—
such as how it allows the algorithm to accept Newton steps when the norm of the trial step is small (and,
indeed, the norms of accepted steps vanish asymptotically as shown in Lemma later on)—we refer the
reader to [3] and [I1].

3 Convergence Analysis

In this section, we prove global convergence guarantees for Algorithm In particular, we prove under
common assumptions that, from remote starting points, the algorithm converges to first-order stationarity,
has a worst-case iteration complexity to approximate first-order stationarity that is on par with the methods
in [7], [I1], and [3], and—at least in a subspace determined by the search path of the algorithm—converges
to second-order stationarity with a complexity on par with the methods in [7] and [11].

3.1 First-Order Global Convergence

Our goal in this subsection is to prove that the sequence of objective gradients vanishes. We make the
following assumption about the objective function, which is assumed to hold throughout this section.

Assumption 3.1. The objective function f : R® — R is twice continuously differentiable and bounded
below by a scalar finr € R on R™.

We also make the following assumption related to the sequence of iterates.

Assumption 3.2. The gradient function g : R™ — R™ s Lipschitz continuous with Lipschitz constant
grip € Ry | in an open convex set containing the sequences {xy} and {xy, + si}. Furthermore, the gradient
sequence {gr} has gp # 0 for all k € N, and is bounded in that there exists a scalar constant gmar € R,
such that ||gr|| < gmaa for all k € N, .



Algorithm 1 Inexact Regularized Newton Framework

Require: an acceptance constant n € R, , with 0 <n <1
Require: bound update constants {vy;,72} C R, with 1 <~ <
Require: ratio lower and upper bound constants {¢,a} C R, such that &

v
S}

1: procedure INEXACT REGULARIZED NEWTON

2 set g € R™

3 set 0§ « 0 and o € [0,7T]

4 for k € N, do

5: set (sg, \k) satisfying Assumption

6 if pp > n then [accept step]
7 set Tpy1 < T + Sk

8 set oy < 0and o), < o}

9 else (i.e., pr <n) [reject step]
10: set Tp41 < Tk

11: if A\, < g|sk|| then

12: set 0y, € [0,0) and 0} | € [0},,7]

13: else

14: set oy, *ylH;\—:H and o} | 72”27::“

15: end if

16: end if

17: end for

18: end procedure

It is worthwhile to note in passing that our complexity bounds for first- and second-order stationarity
remain true even if one were to consider the possibility that g = 0 for some k& € N, , in which case one would
have the algorithm terminate finitely or, if Hy % 0, compute an improving direction of negative curvature
for Hx. However, allowing this possibility—which is typically unlikely ever to occur in practice—would
only serve to obscure certain aspects of our analysis. We refer the reader, e.g., to [7] (specifically, to the
discussions at the ends of §2.1, §4, and §5 in that work) for commentary about why zero gradient values do
not ruin complexity guarantees such as we present.

We begin with two lemmas each revealing an important consequence of Assumptions and

Lemma 3.1. For all k € N, it follows that sy, # 0.
Proof. The result follows by combining that g; # 0 for all £ € N, (see Assumption with . O

Lemma 3.2. The Hessian sequence { Hy} is bounded in norm in that there exists a scalar constant Hpqx €
R, such that |Hy|| < Hpas for all k € N,

Proof. The result follows by Assumption[3.1} the Lipschitz continuity of g in Assumption[3:2} and Lemma 1.2.2
in [22]. O

In our next lemma, we prove an upper bound for the regularization variable Ag.

Lemma 3.3. For all k € N, the pair (s, \i) satisfies

llgel

Ak <2
skl

+ %Hmar + K1.



Proof. Since ensures qx(sx) — fr <0, it follows with and Lemma that

0> qi(sk) — fr = gr sk + 35 Hisk
> gk sk + 55t Hesi + s (e + (Hi 4+ Ml )si) — i l|si |
=293 sk + 355 Hise + Arllsell® — sallskl”

=2llgelllskll = § Hmazllskll® + Mellskll* — mallsell*.
After rearrangement and dividing by |[|sk||? # 0 (see Lemma , the desired result follows. O
Using Lemma we now prove a lower bound for the reduction in g yielded by sy.

Lemma 3.4. For all k € N, the step s, satisfies

gl llgx || HskII Hng
fro — aqu(sk) > min .
6v2 1+ Hpas’ 2[|gwll + I8/ (3 Hmaz + 1)

Proof. If A\, = 0, then by and Lemma it follows that

lgell . { llg | } llgell { gk }
—qr(sg) > min , min S |Is .
fie = anlsw) 2 6v/2 L+ [[Hy| Il 6v/2 1+ Hopax ]
On the other hand, if Ay > 0, then , Lemma and Lemma imply that

llg |l lgell 1 [llgellisl
~ s i L
oo aln = 6 5 ™ T I Vo

> lgwll ) llgwll ||3k|| ||gk||
% 6v2 1+ Hpnaz” 2\l gkll + 15kl (5 Himaa + 1)

Combining the inequalities from these two cases, the desired result follows. O

Going forward, for ease of reference, we respectively define sets of indices corresponding to accepted and
rejected steps throughout a run of the algorithm as

A={keN,_:py>n} and R:={kecN_:p. <n}.

We now show that if the algorithm were only to compute rejected steps from some iteration onward, then
the sequence {Ag/||sk||} diverges to infinity.

Lemma 3.5. Ifk € R for all sufficiently large k € N, then {\/|sk||} — oo.

Proof. Without loss of generality, assume that R = N, . We now prove that the condition in Step [11] cannot
be true more than once. Suppose, in iteration k € N, , Step|12[is reached, which means that A;_ , /|ls; ;| >
since (skJr17 )‘k+1) is required to be feasible for ’PkH(akH, ak+1) in Step |5 where o} > g. Therefore, the
condition in Step [11] tests false in iteration (k + 1). Then, from Step |5 l Step [14] and the fact that v, > 1, it
follows that {\g/ Hsk||} is monotonically increasing for all k > k. Therefore, the condition in Step [11| cannot
test true for any k > k+1. Now, to see that the sequence diverges, notice from this fact, Stepl and Step

it follows that for all k > k + 1 we have App1/||sks1ll > 71 (Ar/|lskll) where v1 > 1. Thus, {\¢/||sk]|} — oo,
as claimed. D

We now prove that if the gradients are bounded away from zero and the sequence of ratios {\g/||sk||}
diverges, then pp > n for all sufficiently large k € N, meaning that the steps are accepted.



Lemma 3.6. Suppose that I C N, is an infinite index set such that for e € R, , independent of k, one
finds that ||gx|| > € for all k € T and {\r/||skll}rex = o0. Then, for all sufficiently large k € I, it follows
that pr, > n, meaning k € A.

Proof. From the Mean Value Theorem, there exists Ty, € [zk, x + Sg] such that

ar(sk) — f(zr+ sk) = (96 — 9(@k)) " s + Lsi Hisy,
> —llgk — 9(@i) skl — 5l Hellllsk ]I (6)

From this, Lemma [3:4] and Assumption [3.2] it follows that, for all k € Z,

fr — for +sk) = fx — ae(sn) + qr(s) — f(or + si)

el el ||sk|| o] 1 )
min —9gL: +7Hmaw Sk
632 "\ T Hoer' 6 \| 2gal = 50 [ G Horan 4 rer) [ 9ir T 2Fmac) s

€ e lsell : ) ,
Z 5 min — (Grip + L Hyae) |51
6v/2 {1+Hm ¢ 29maz + |5kl (2 Himaw + 1) P2

This shows that there exists a threshold sy;,esn > 0 such that

Y

fre — flzr + sg) > 77H5k||3 whenever k €Z and |[|sg| < Sthresh-

We now claim that {||sg||}rez — 0. To prove this claim, suppose by contradiction that there exists an
infinite subsequence Z;, C 7 and scalar €, € R, such that [[s;|| > €, for all k € Z,. It then follows from
the boundedness of {||gx||} (see Assumption and Lemma that {A;}rez. is bounded. This allows
us to conclude that {A;/||sk||}xez. is bounded, which contradicts the assumptions of the lemma. Thus,
{llskll}xez — 0. Hence, there exists ks € Z such that for all k € Z with k > kg one finds [|sk|| < Sthresh-
Therefore, for all k € Z with k > ks, it follows that py > 7, as claimed. O

Next, we prove that the algorithm produces infinitely many accepted steps.
Lemma 3.7. It holds that |A| = 0o and {si}rea — 0.

Proof. To derive a contradiction, suppose that |A| < co. This implies that there exists kg such that, for all
k > ko, one has k € R and (zk, gk, Hr) = (Tky, Gko» Hi, ) From this fact and Assumption it follows that
llgi|| > € for all k > kg for some e € R, . From the fact that £ € R for all k > ko and Lemma it follows
that {\r/||sk||} — oo. This fact and ||gx|| > € for all k > kg imply that all the conditions of Lemma are
satisfied for Z := {k € N : k > ko}; therefore, Lemma implies that for all sufficiently large k € Z, one
finds pr > 71 so that k € A, a contradiction.

To complete the proof, notice that the objective function values are monotonically decreasing. Combining
this with the condition in Step@, the fact that f is bounded below by fins (see Assumption, and |A| =
one deduces that {s;}rea — 0, as claimed.

We now prove that there exists an infinite subsequence of iterates such that the sequence of gradients
computed at those points converges to zero.
Lemma 3.8. [t holds that
liminf |lgx]| = 0.
kEN_ k—o0

Proof. To derive a contradiction, suppose that liminfren, koo [[gx[| > 0, which along with the fact that
gr+1 = gk for any k € N, \ A means liminfyc 4,x—s00 [|gr|| > 0. Thus, there exists e € R, , such that

llgr]l > € for all sufficiently large k € A. (7)



Under , let us prove that {\g}rea — co. To derive a contradiction, suppose there exists an infinite
Ax € A such that Ay < Apjqn for some Ayq, € Ry . On the other hand, by {si}rea — 0 (see Lemma
and , it follows that {gi + (Hg + Al)Sk }kea, — 0. Combining the upper bound on {A;}reca,, the fact
that {sk}rea — 0, and ||Hg| < Hypoo (see Lemma [3.2), it follows that {gi}rea, — 0, which violates (7).
Therefore, { g }rea — 0.

Our next goal is to prove, still under @, that k € A for all sufficiently large k € N,. To prove this,
our strategy is to show that the sets of iterations involving a rejected step followed by an accepted step are
finite. In particular, let us define the index sets

R := {k € R : the condition in Step [L1] tests true and (k+ 1) € A} and
R2 = {k € R : the condition in Step |11] tests false and (k + 1) € A}.

We aim to prove that these are finite. First, consider R;. To derive a contradiction, suppose that |R| = oco.
By definition, for all k¥ € R4, the condition in Step [11] tests true, meaning (sgy1, Ag+1) is found in Step
satisfying A\gy1/|lsk+1]| < @. On the other hand, since (k+1) € A for all k € R4, it follows from Lemma
that {sg4+1}trer, — 0. Combining the conclusions of these last two sentences shows that {A\gi1}rer, — 0.
However, this contradicts the conclusion of the previous paragraph, which showed that {\x}rc.4 — co. Hence,
we may conclude that |R| < co. Now consider Ry. To derive a contradiction, suppose that |Rs| = co. The
fact that the condition in Steptests false for k € Ry implies that (sgy1, Ag+1) is found in Step satisfying
Met1/l18k+1]] < v2Ak/lIsk|l. However, since {sipt1}trer, — 0 (see Lemma and {Ag+1trer, — o0
(established in the previous paragraph), it follows that {M\gt1/||sk+1]l trer, — 00, which combined with the
previously established inequality Akr1/||sg+1]l < ¥2Ak/|Isk]| shows that {Ag/||sk||}ker, — oo. Therefore,
with , the conditions in Lemma hold for Z = R,, meaning that, for all sufficiently large & € R, the
inequality pi > 1 holds. This contradicts the fact that Ro C R; hence, we conclude that R is finite. Since
R1 and Ry are finite, it follows from the logic of Algorithm [I] that either k € A for all sufficiently large k or
k € R for all sufficiently large k. By Lemma it follows that k& € A for all sufficiently large k.

Thus far, we have proved under that {Ax}rea — oo and that k € A for all large k € N, . From this
latter fact, it follows that there exists k, such that o = o € R, | for all k > k,. In addition, from Step
it follows that for k > k, one finds Ay /|[[s|| < o) = 0}, < oo. However, this leads to a contradiction to the
facts that {A\g}rea — 00 and {sg}rea — O (see Lemma [3.7). Overall, we have shown that cannot be
true, which proves the desired result. O

We close with our main global convergence result of this subsection, the proof of which borrows much
from that of Theorem 3.14 in [I1].

Theorem 3.3. Under Assumptions[2.1} and[3-3, it follows that

lim lg[| = 0. (8)

kEN, k— oo

Proof. For the purpose of reaching a contradiction, suppose that does not hold. Combining this with the
fact that |A| = oo (see Lemma [3.7)), it follows that there exists an infinite subsequence {t;} C A (indexed
over i € N ) and a scalar € > 0 such that, for all i € N, one finds ||g;,|| > 2¢ > 0. Also, the fact that
|A] = oo and Lemma imply that there exists an infinite subsequence {¢;} C A (indexed over i € N )
such that, for all i € N, and k € N, with ¢; <k < /{;, one finds

gkl = € and Jlge,|| <e. (9)
Let us now restrict our attention to indices in the infinite index set
K:={kecA:t; <k </ for someicN,}.
Observe from (9)) that, for all k € K, it follows that ||gx|| > €. Also, from the definition of A,

fr — fer1 > nllsk]|® forall ke K C A (10)



Since {fx} is monotonically decreasing and bounded below, one finds that {fx} — f for some f € R, which
when combined with shows that B B
lim  ||sk] =0. (11)
keK, k—oo
Using this fact, Lemma Assumption and the Mean Value Theorem (as it is used in the proof of
Lemma, to yield @), it follows that for all sufficiently large k£ € K one has

Ir = fer1 = fo — au(sk) + ar(sk) — fxr + si)
lgrll . 9% ||5k\| llgx I 1 2
> min — (9rip + 5Hmaz) |5k |l
6v2 1+ Hypao' 2(|grll + [|5/1(3 Himaz + 1) P
€ skl [l gl

= — \9L: +1Hmax Sk 2~
6v3 6 \| ol T ol G oo )~ 92ip + fmas)llsel

It now follows from (9) and that, as k — oo over k € I, the square root term in the previous inequality
converges to 1/1/2. Since the second term in the previous inequality is of order ||sx||?, the first term is of
order |sg||, and 1/4/2 > 1/4/3, one can thus conclude that fx — fry1 > €||sk|/36 for all sufficiently large
k € K. Consequently, it follows that for all sufficiently large i € N, one finds

l;i—1
||xti _xfi” < Z ka _xk+1||
keK h=t;
l;i—1 £;—1
= > skl D0 (e~ frr) = B(f, — fr)
kek k=t; kek h=t;

Since {f;, — fe,} — 0 (recall that {fx} — f monotonically) this implies that {||z;, — x¢, ||} — 0, which, in
turn, implies that {||g:, — g¢,||} — 0 because of the continuity of g. However, this is a contradiction since,
for any i € N, we have ||g;, — g¢,|| > € by the definitions of {t;} and {¢;}. Overall, we conclude that our
initial supposition must be false, implying that holds. O
3.2 First-Order Complexity

Our next goal is to prove, with respect to a prescribed positive threshold, a worst-case upper bound on the
number of iterations required for our algorithm to reduce the norm of the gradient below the threshold. In
this subsection, along with Assumptions and we add the following.

Assumption 3.4. The Hessian function H is Lipschitz continuous on a path defined by the sequence of
iterates and trial steps; in particular, it is Lipschitz continuous with a scalar Lipschitz constant Hr;, > 0 on
the set {x + s, : k € N, 7 € [0,1]}.

We begin our analysis in this subsection by providing a lemma that shows that successful steps always
result if Ay is sufficiently large relative to the size of the step.

Lemma 3.9. For any k € N, if the pair (s, \i) satisfies
Ak 2 (Hrip + 2 + 2n)| sk, (12)
then px > 1.

Proof. Tt follows from Assumption and Taylor’s expansion with Lagrange remainder that there exists Ty,
on the line segment [z, + S| such that

ar(sk) — fzk + sx) = 35 (He — H(ZTy))sk > — 5 Hpipllsil’. (13)
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Also, it follows from that

fro — ar(sk) = —gf sk — 2s} Hysy,
—sT (g + (Hy, + MD)sg) + 2llsel|? + 1T (Hy + Mo D)si

S 1) Y A o P ST A PR
= —grollskll® + 3k lskl*.
From and , it follows that
o — f(or +sk) = fi — ar(se) + qu(sk) — f(zr + si)
> gArllsell? = srallsell® — sHeipllsil®,
which together with implies that pr > 7, as claimed. O

We now prove that the sequence {o} } is bounded above.
Lemma 3.10. There exists a scalar constant opmar € Ry | such that, for all k € N,
U;gj S Omaz-

Proof. Consider any k € N,. If s; is accepted (i.e., & € A), then o/, < o}. On the other hand, if
sy, is rejected (ie., k € R), then it follows from Step [12| and Step hat oip1 < max{7, v2 i/ ||skl}-
Moreover, since k € R, meaning that px < 7, it follows from Lemma that Ag/|sk| is bounded above
by (Hrip + k2 + 27). Thus, it follows that o}/, ; < max{a,v2(Hrip + k2 + 2n)} for all k € R. Overall, the
desired result follows for any o4, > max{a,y2(Hrip + k2 + 21)}. O

We now establish a lower bound on the norm of any accepted trial step.
Lemma 3.11. For all k € A, it follows that
—-1/2
skl > (%HLip + 20mas + ’Q3) / ||gk+1||1/2-
Proof. Let k € A. Tt follows that

lgr+1ll < llgr+1 — (g + (Hi + AeD)se)|| + llgx + (Hy + M) sk
< gr+1 — (g + Hise)|| + Mellsell + llgx + (Hy + M) skl (15)

By Taylor’s theorem and Assumption [3:4] the first term on the right-hand side of this inequality satisfies

1
/ (H(x + 78) — Hi)spdr
0

lgr+1 — (9 + Hisi)|| < ‘
1
< / | H (2, + 7si) — Helldr - ||
0
1
S/ Tdr - Hpip|sil|®> = §Hripll skl
0

Combining this with and observing Step , and Lemma it follows that

Ak
(A
< sHripllskll® + 20maclsell® + #sllsell?,

gkl < $Hupipllskl” + 2 skl + sl sk]?

which, after rearrangement, completes the proof. O
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We are now prepared to prove a worst-case upper bound on the total number of accepted steps that may
occur for iterations in which the norm of the gradient of the objective is above a positive threshold.

Lemma 3.12. For any e € R, ,, the total number of elements in the index set
Ke:={keN_:k>1, (k—-1) €A, |gr| > €}

s at most

KT}( o )3/2) 6_3/2J = Na(€e) 2 0. (16)

%HLip + 2Jmam + K3

Proof. The proof follows in a similar manner as that of Lemma 3.20 in [II]. By Lemma [3.11] it follows that,
for all k € K, one finds

fre1 = fe = nllse—1 |
> W(%HLip + 20maz + 53)73/2”.%“3/2
> n(%Hsz + 20ma$ + 53)_3/253/2~
In addition, it follows from Theoremthat |Kc| < co. Hence, the reduction in f obtained up to the largest
index in K., call it k., satisfies
ke
Jo—fr. = Z(fk—l —fr) = z (foe1 — fr) = |Keln(3 Hpip + 20mas + 13) /2632,

k=1 ke,

Rearranging this inequality to yield an upper bound for [K¢| and using the fact that fo — finr > fo — ff_,
one obtains the desired result. O

In order to prove a result similar to Lemma for the total number of iterations with |gi| > €, we
require an upper bound on the total number of trial steps that may be rejected between accepted steps. To
this end, let us define, for a given k£ € AU {0}, the iteration number and corresponding set

ka(k) :=min{k € A: k> k}
and Z(k):={keN, 1 k <k < ka(k)},
i.e, we let k4 (k) be the smallest of all iteration numbers in A that is strictly larger than k, and we let Z(k)
be the set of iteration numbers between k and k4 (k).

We now show that the number of rejected steps between the first iteration and the first accepted step,
or between consecutive accepted steps, is bounded above.

Lemma 3.13. For any k € AU {0}, it follows that

T <1+ { ”)J — Np >0,

1 1 <
(0]
log(1) *\ @

Proof. The proof follows in a similar manner as for Lemma 3.24 in [II]. First, the result holds trivially
it |Z(k)| = 0. Thus, we may assume that |Z(k)|] > 1. Since (k4 1) € R by construction, it follows from
Steps and Step [5[ that Az ,/lls; o/l > @, which, due to the lower bound on A1 /||sg+1]| in Step

and Step bl leads to o
ka(k)—k—
)‘kA(I}) ZQ(’YI) A ?

Combining this with Step [5] and Lemma [3.10] shows that

I8 0 iy Il

ka(k)—k—2
Omaz = UISA(]%) > )‘kA(]%)/HSkA(l%)H > Q('Yl) 4 .

12



After rearrangement, it now follows that

7 7 1 Omax
kalk)—k—2< lo .
Ak) ~ log(m) g( a )

The desired result follows from this inequality since |Z(k)| = ka(k) — k — 1. O
We are now prepared to prove our main complexity result of this subsection.

Theorem 3.5. Under Assumptions 3.1 and for a scalar € € R, the total number of
elements in the index set {k € N : ||gx|| > €} 1s at most

N(e) := 14 NgrNale), (17)

where N 4(€) and Ng are defined in Lemmas and respectively. Consequently, for any€ € R, it
follows that N(e) = O(e=3/2) for all e € (0,7].

Proof. Without loss of generality, we may assume that at least one iteration is performed. Lemma [3.12
guarantees that the total number of elements in the index set {k € A: k > 1, ||gx|| > €} is at most N 4(e),
where, immediately prior to each of the corresponding accepted steps, Lemma guarantees that at most
Ny, trial steps are rejected. Accounting for the first iteration, the desired result follows. O

3.3 Second-Order Global Convergence and Complexity

Our goal in this subsection is to prove results showing that, in some sense, the algorithm converges to
second-order stationarity and does so with a worst-case iteration complexity on par with the methods in [7]
and [II]. In particular, our results show that if the algorithm computes each search direction to satisfy a
curvature condition over a subspace, then second-order stationarity is reached in a manner that depends on
the subspaces.

In this subsection, we make the following additional assumption about the subproblem solver.

Assumption 3.6. For all k € N, let L, CR"™ denote a subspace with an orthonormal basis formed from
the columns of a matrix Ry. The step sy satisfies

E(Ry HiRy) > —Fal|si| (18)
for some k4 € R, , where §(R{HkRk) indicates the smallest eigenvalue of R{HkRk.

This assumption is reasonable, e.g., in cases when sj is computed by solving problem [2| with the component
s restricted to a subspace of R". We refer the reader to Theorem for a proof of this fact, which also
reveals that this assumption is congruous with Assumption [2.1]

Under this assumption, we have the following second-order convergence result.

Theorem 3.7. Suppose Assumptions and[3-6 hold. It follows that

lim inf T > 0.
plminf E(Ry, HyB) 2 0

Proof. The result follows from since {sg}rea — 0 (see Lemma . O

As a consequence of Theorem [3.7] if the sequence { Ry }rea tends toward full-dimensionality as k — oo,
then any limit point z, of {x}} must have H(x,) > 0.

Our next goal is to prove a worst-case iteration complexity result for achieving second-order stationarity
in a sense similar to that in Theorem Toward this end, we first prove the following lemma, which is
similar to Lemma,
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Lemma 3.14. For any e € R, ., the total number of elements in the index set
Keg={keN, :k>1, (k—1)€ A, {RIHyRy) < —¢}

Kfo_f;nf) 6—3J = Nagle) > 0. (19)

Ny

Proof. Under Assumption it follows that, for all k € K. ¢, one finds

18 at most

_(RT 3
W) > g3

Jeot— fi = nllsial® =7 (
R4

It follows from this inequality, the fact that f is monotonically decreasing over the sequence of iterates, and
Assumption [3.1] that

fo—fne = D (fre1 = fr) = [Keelnrg ®e®.

kE’CEyg

Rearranging this inequality to yield an upper bound for |KC¢ ¢| gives the result. O

We close with the following second-order complexity result.

Theorem 3.8. Under Assumptions and for any pair of scalars (e1,e2) € R, xR,

the number of elements in the index set
{keN, :|lgrll > e Vv &(R{ HiRy) < —€2}

is at most
N(e1,€e2) := 14+ Nrmax{N(e1), Nage(e2)}, (20)

where N4(+), Ng, and Na¢(-) are defined in Lemmas|3.19, |3.18, and|3.14}, respectively. Consequently, for
any pair of scalars (€1,€) € R, xR, , it follows that

N(e1, €2) = O(max{e;*?,€53}) for all (e1,e2) € (0,€1] x (0,).

Proof. The proof follows in a similar manner as that of Theorem [3.5 by additionally incorporating the bound
proved in Lemma |3.14 O

4 Algorithm Instances

Algorithm [1] is a broad framework containing, amongst other algorithms, ARC and TRACE. Indeed, the
proposed framework and its supporting analyses cover a wide range of algorithms as long as the pairs in the
sequence {(sg, \g)} satisfy Assumption

In this section, we show that ARC and TRACE are special cases of our proposed framework in that the
steps these algorithms accept would also be acceptable for our framework, and that the procedures followed
by these methods after a step is rejected are consistent with our framework. We then introduce an instance
of our frameowork that is new to the literature. (If desired for the guarantees in one could also mind
whether the elements in the sequence {(sx, A\x)} satisfy Assumption However, for brevity in this section,
let us suppose that one is interested only in Assumption )

14



4.1 ARC as a Special Case

The ARC method, which was inspired by the work in [19] and [21], was first proposed and analyzed in [6] [7].
In these papers, various sets of step computation conditions are considered involving exact and inexact
subproblem solutions yielding different types of convergence and worst-case complexity guarantees. For our
purposes here, we consider the more recent variant of ARC stated and analyzed as “ARp” with p = 2 in
[]. (For ease of comparison, we consider this algorithm when their regularization parameter update—see
Step 4 in their algorithm—uses 17; = 75. Our algorithm is easily extended to employ a two-tier acceptance
condition, involving two thresholds 7; and 72, as is used in [4] and [6] [7].)

Suppose that a trial step sy is computed by this version of ARC. In particular, let us make the reasonable
assumption that the subproblem for which s; is an approximate solution is defined by some regularization
value oy, € [0y, 0] (With o) > oy since ARC ensures that oy > o € R, for all & € N) and that this
subproblem is minimized over a subspace Ly, such that g; € Ly (see Appendix. As is shown using a similar
argument as in the proof of our Theorem b)7 one can show under these conditions that (sg, i) with
A = oy ||sk|| satisfies (4a)). In addition, considering the algorithm statement in [4], but using our notation,
one is required to have

g sk + st Hysi + Aelskl|? <0 and ||gx + (Hg + M\ I)sk|| < 0]|sk|® for some 6 € R, .

It is easily seen that (sg, Ax) satisfying these conditions also satisfies f for any (k1, K2, k3) such that
K1 > %Hmw and k3 > 6. Overall, we have shown that a trial step s; computed by this version of ARC
satisfies Assumption 2.1} meaning that it satisfies the condition in Step [5]in Algorithm[I] If this trial step is
accepted by ARC, then this means that fr — f(zr + sk) > 11 (fx — qx(sg)). Along with [4, Lemma 2.1], this
implies that fx — f(xg + sk) > %77Uk||s;€|\37 meaning that p, > %mamm. Hence, this trial step would also be
accepted in Algorithm |1| under the assumption that 7 € (0, %mamm].

Finally, if a trial step is rejected in this version of ARC, then o1 is set to a positive multiple of oj. This
is consistent with the procedure after a step rejection in Algorithm[I} where it is clear that, with appropriate
parameter choices, one would find o341 € [0}, 1,074]-

4.2 TRACE as a Special Case

TRACE is proposed and analyzed in [IT]. Our goal in this subsection is to show that, with certain parameter
settings, a trial step that is computed and accepted by TRACE could also be one that is computed and
accepted by Algorithm [I} and that the procedures for rejecting a step in TRACE are consistent with those
in Algorithm |1} Amongst other procedures, TRACE involves dynamic updates for two sequences, {d;} and
{Ax}. The elements of {d;} are the trust region radii while {Ax} is a monotonically nondecreasing sequence
of upper bounds for the trust region radii; consequently, ||si| < 0 < Ay with Ak > Ay for all £ € N.
For simplicity in our discussion here, let us assume that ||sx|| < Ay for all k¥ € N. This is a fair assumption
since, as shown in [IT, Lemma 3.11], the manner in which {A} is set ensures that ||s;|| = Ay only a finite
number of times in any run.

In TRACE, during iteration k € N, a trust region radius 6, € R, is given and a trial step s; and
regularization value A\, are computed satisfying the standard trust region subproblem optimality conditions

gk + (Hk + )\;J)sk =0, Hp+ I >0, and /\k(ék — HSkH) =0, where ()\k,(Sk — ||Sk||) > 0.

By the first of these conditions, the pair (s, Ag) clearly satisfies f. In addition, one can use standard
trust region theory, in particular related to Cauchy decrease (see [I0] or [23]), to show that the pair also
satisfies (4a). Overall, assuming that the pair (o}, o)) is set such that \y/||si| € [0}, 0}], it follows that
Assumption [2:T]is satisfied, meaning that TRACE offers the condition in Step[5]in Algorithm[I] If the trial step
sk is subsequently accepted by TRACE, then it would also be accepted by Algorithm [I| since both algorithms
use the same step acceptance condition.

Now suppose that a trial step is not accepted in TRACE. This can occur in two circumstances. It can
occur if pi, > n while Ay, > og||sk||, in which case the trust region radius is expanded and a new subproblem
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is solved. By the proof of [I1, Lemma 3.7], the solution of this new subproblem yields (in iteration k + 1
in TRACE) the relationship that Agy1/||Sg+1|| < ok+1 = ok. Hence, under the same assumption as above
that the pair (o}, o) is set such that Ag/||sk|| € [0}, o], this shows that the procedure in TRACE involving
an expansion of the trust region radius and the computation of the subsequent trial step yields a trial step
that would be offered in a single iteration in Algorithm [Il The other circumstance in which a trial step is
rejected in TRACE is when pg < 7, in which case the trust region radius is contracted. In this case, one can
see that the outcome of the CONTRACT subroutine in TRACE is consistent with Steps of Algorithm
in the sense that the solution of the subsequent subproblem in TRACE will have Agi1/||sk+1]| € [o,T] (if
Ax < a|skll) or Ak+1/]|Sk+1| within a range defined by positive multiples of A /||sk||; see Lemmas 3.17 and
3.23 in [11].

4.3 A Hybrid Algorithm

The primary distinguishing feature of our algorithm instance is the manner in which we compute the pair
(Sk, Ar) in Step [p| of Algorithm |1l Our newly proposed hybrid algorithm considers two cases.

Case 1: o > 0. In this case, we find a pair (s, A\x) by solving problem over a sequence of increasingly
higher dimensional Krylov subspaces as described in [6] until and are satisfied. The reason we
know that and will eventually be satisfied can be seen as follows. Solving problem over
a Krylov subspace is equivalent to solving problem with an appropriate choice of Ry as a basis
for that Krylov subspace, then setting s, = Rjvg. Then, it follows from Theorem [B.2{7) that solving
(B.3) is equivalent to solving , which in turn is equivalent to solving in the sense that if
(Vi Ak, By, Bis Br) is a first-order primal-dual solution of problem , then (sg, Ak, By, i, Br) with
sk = Ry is a solution of problem . Finally, we need only note from Theorem that solutions
to problem (B.1)) satisfy (4a)) for all Krylov subspaces L (recall that gy is contained in all Krylov
subspaces), for all Krylov subspaces, if the Krylov subspace Ly, includes enough of the space
(in the worst case, £ = R™), and for all Krylov subspaces.

Case 2: o, = 0. In this case, we begin by applying the linear CG method in an attempt to solve the linear
system Hys = —gj, which iteratively solves

min - gy(s) (21)
over a sequence of expanding Krylov subspaces. One of two outcomes is possible. First, the CG
algorithm may ultimately identify a vector s such that (sg, Ax) with Ay = 0 satisfies and (18]).
Second, the CG algorithm may never identify a vector sj such that (sg, A\x) with Ay =0 satisﬁe
and . Indeed, this might occur if CG encounters a direction of negative curvature—in which case
we terminate CG immediately—or if CG solves accurately or reaches an iteration limit, and yet
at least one condition in ([))/(I8) is not satisfied. In such a case, we choose to reset o} € (0,0}], then
solve problem over a sequence of expanding Krylov subspaces as described in Case 1. In this
manner, we are guaranteed to identify a pair (sg, Ax) satisfying and as required.

5 Implementation and Numerical Results

We implemented two algorithms in MATLAB, one following the strategy in and, for comparison purposes,
one following the ARC algorithm in [7] with ideas from [4]. We refer to our implementation of the former
as iR_Newton, for inexact Regularized Newton, and to our implementation of the latter as 1ARC, for inexact
ARC. In this section, we describe our approach for computing the pairs {(sg, Ax)} in iR_Newton and iARC,
as well as other implementation details, and discuss the results of numerical experiments on a standard set
of nonlinear optimization test problems.

16



5.1 Implementation Details

Let us begin by noting that the implemented algorithms terminate in iteration k € N if

lgklloe < 107 max{[lgollc, 1}-

We chose not to employ a termination test based on a second-order stationarity condition. Correspondingly,
neither of the algorithms check a second-order condition when computing a trial step; e.g., in iR _Newton,
we are satisfied with a step satisfying and do not check . In addition, for practical purposes, we set
an maximum iteration limit of 10°, a time limit of four hours, and a minimum step norm limit of 10~2°.
For reference, the input parameter values we used are given in Table [I} We chose these values as ones that
worked well on our test set for both implemented algorithms.

Table 1: Input parameters for iARC and iR_Newton

m 1.0e-16 Yo 2.0e-01 K1 1.0e+00 o 1.0e-10
72 1.0e-01 "1 1.0e+01 Ko 1.0e+00 T 1.0e+20
Yo 2.0e+02 K3 1.0e+00

For both implemented algorithms, we employ a sequence {0y} that is updated dynamically. In iARC, this
sequence is handled as described in [7], namely,

if fe=t(@utsn)

max{a, 700k} fr—ck(sk;0K) =12

. - e
Ok+41 <= § Ok if % € [m,n2)

if Je—f(zu+tsk)

Y10k Fr—ci(skion)

<m

The value oy, is used in defining ck(+; o%) (recall ) that is minimized approximately to compute the trial
step sy, for all K € N . In particular, the implementation iteratively constructs Krylov subspaces of increasing
dimension using the Lanczos process, where for each subspace we employ the RQS function from the GALAHAD
software library (see [17] and [I8]) to minimize c(+; o)) over the subspace. If the subspace is full-dimensional
or the resulting step sy satisfies

lgr + (Hy + onllskllD)skll < rsllsel?, (22)

then it is used as the trial step. Otherwise, the process continues with a larger subspace. We remark that
condition is more restrictive than our condition , but we use it since it is one that has been proposed
for cubic regularization methods; e.g., see (2.13) in [4].

One could employ more sophisticated techniques for setting the elements of the sequence {oj} in iARC
that attempt to reduce the number of rejected steps; e.g., see [16]. Such improvements might aid iR_Newton
as well. However, for simplicity and to avoid the need for additional parameter tuning, we did not include
such enhancements in our implemented algorithms.

As for iR_Newton, for consistency between the two implementations, we do not explicitly compute the
sequence {A,}, but rather employ {o}|sx|} in its place. For example, whenever an acceptable step is
computed with o}, = 0, then, as described in Case 2 in we effectively use Ay, = 0. On the other hand,
when o > 0, we employ the same iterative approach as used for iARC to compute the trial step s; as an
approximate minimizer of ¢ (+; o)), where in place of A; in we employ oy ||sg||. Then, in either case, in
the remainder of iteration k € N, , specifically for setting o}, and o} ;, we use o}[|s| in place of Ay in
Steps [11] and We also define an auxiliary sequence {0} using the update

max {o,v00r} if pr >m and o >0
Ok41 < Ok if O'II; =0

min {v,0%,0} if pr <m and o > 0.
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This update is similar to the one employed for iARC with the added assurance that {ox} C [o,7]. The
elements of this sequence are used in two circumstances. First, if, as described in Case 2 in CG fails
to produce a trial step s satisfying (with Ay = 0), then we reset o} < o}, and revert to the same scheme
as above to compute the trial step when o}, > 0. Second, if a step is rejected and o}, < ¢ (equivalently,
Ar < al|skll2 as in Step in Algorithm , then we set o, < opy1. Lastly, we note that if CG ever
performs n iterations and the resulting solution (due to numerical error) does not satisfy and no negative
curvature is detected, then the resulting approximate solution s is used as the trial step.

5.2 Results on the CUTEst Test Set

We employed our implemented algorithms, iARC and iR_Newton, to solve unconstrained problems in the
CUTEst test set; see [I5]. Among 171 unconstrained problems in the set, one (FLETCBV2) was removed since
the algorithms terminated at the initial point, five (ARGLINC, DECONVU, FLETCHBV, INDEFM, and POWER) were
removed due to a function evaluation error or our memory limitation of 8GB, and nine (EIGENBLS, EIGENCLS,
FMINSURF, NONMSQRT, SBRYBND, SCURLY10, SCURLY20, SCURLY30, and SSCOSINE) were removed since neither
algorithm terminated within our time limit. In addition, four were removed since neither of the algorithms
terminated successfully: for HIELOW, iARC reached our maximum iteration limit; for CURLY20 and SCOSINE,
iARC reached the time limit; for INDEF, iARC terminated due to a subproblem solver error; and for all of these
four problems, iR _Newton terminated due to our minimum step norm limit. The remaining set consisted of
152 test problems with number of variables ranging from 2 to 100,000. For additional details on the problems
used and their sizes, see Appendix [C}

To compare the performance of the implemented algorithms, we generated performance profiles for the
number of iterations and number of Hessian-vector products required before termination. These are shown
in Figure [I] A performance profile graph of an algorithm at point « shows the fraction of the test set for
which the algorithm is able to solve within a factor of 2% of the best algorithm for the given measure; see
[12]. When generating the profiles, we did not include three of the test problems—CURLY10, CURLY30, and
MODBEALE—on which iARC was unsuccessful while iR_Newton was successful. (In particular, 1ARC reached
the time limit for all problems.) We feel that this gives a fairer comparison with respect to the problems on
which both algorithms were successful.

As seen in Figure |1} the algorithms performed relatively comparably when it came to the number of
iterations required, though clearly iR _Newton had an edge in terms of requiring fewer iterations on various
problems. The difference in terms of numbers of Hessian-vector products required was more drastic, and
indeed we point to this as the main measure of improved performance for iR_Newton versus iARC. One
reason for this discrepancy is that iR_Newton required fewer iterations on some problems. However, more
significantly, the difference was due in part to iR_Newton’s ability to employ and accept inexact Newton
steps (with A, = 0) on many iterations. This is due to the fact that, in CG, one is able to compute
the Hessian-vector product Hysy, needed to check the termination conditions for the computation of sg,
by taking a linear combination of Hessian-vector products already computed in CG; i.e., if {py;} are the
search directions computed in CG such that s, = Y. o ipk.i, then CG involves computing Hypy ; for each
i and can compute Hysp = Zi oy i(Hipr.i). By contrast, one is unable to retrieve this product via a linear
combination when the step is computed from the minimization of a cubic function, as is needed in iARC and
in iR_Newton whenever o} > 0. Overall, we claim that the primary strength of iR_Newton as compared to
iARC is its ability to employ inexact Newton steps.

For further details of our numerical results, see Appendix[C] In these results, we also indicate the number
of tridiagonal factorizations required; at least one is needed involving a tridiagonal matrix of size m x m
every time an algorithm solves a cubic subproblem over an m-dimensional subspace.

6 Conclusion

We have proposed a general framework for solving smooth nonconvex optimization problems and proceeded
to prove worst-case iteration complexity bounds for it. In fact, for a certain class of second-order methods em-
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Figure 1: Performance profiles for iARC and iR_Newton.

ployed to minimize a certain class of nonconvex functions, our first-order complexity result for our method is
known to be optimal; see [§]. Our framework is flexible enough to cover a wide range of popular algorithms,
an achievement made possible by the use of generic conditions that each trial step is required to satisfy.
The use of such conditions allows for the calculation of inexact Newton steps, for example by performing
minimization over expanding Krylov subspaces. Although we have presented a particular instance of our
framework motivated by subproblem , additional instances can easily be derived by applying other opti-
mization strategies for solving . Numerical experiments with an instance of our algorithm showed that it
can lead to improved performance on a broad test set as compared to an implementation of a straightforward
cubic regularization approach.
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A Subproblem Solution Properties

In this appendix, we explore properties of any first-order stationary solution of problem Py(oy, o)) defined
as . Let us define a Lagrangian function for as

L(s,\,B" B, BY) = fr+ghs+5s (Hy+\)s
— S = (@)l + 5O = (@0)?[1s1%) = B,
where (8", 8") € R, x R are the dual variables associated with the left-hand and right-hand constraints
on A, respectively, and 8% € R, is the dual variable associated with the nonnegativity constraint on A.

The tuple (s, Ak, BE, By, By) is a first-order primal-dual stationary solution of Py (o}, o)) if it satisfies the
following conditions:

gr + (Hy + M) sy + Bi(08)2s, — BY(0F) 251, = 0, (A.1a)
sllskll® = Ak (Br = B7) — B =0, (A.1b)

0.<B; L (A% — (a0 Is&l1*) > 0, (A.lc)

0< By L (A% — (08)?[lsel”) <0, and (A.1d)

0<BY LA >0. (A.le)

We make the following assumption throughout this appendix.
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Assumption A.1. The vector gi is nonzero.
Under this assumption, the following lemma is a simple consequence of .
Lemma A.1. Any solution of has sy, # 0.
We now establish conditions that must hold depending on the value of o, € R,..
Lemma A.2. The following hold true for any solution of .
(i) If o >0, then A\, > 0, By =0, B; > 0, and Ay = of||sk]|.
(i1) If o =0, then A\x, = 0.

Proof. Consider part (i). For the sake of deriving a contradiction, suppose o; > 0 and A\ = 0. These,
along with Lemma imply that 0 = A? < (0})?||sk[|?, which contradicts (A.Id). Hence, Ay > 0, as
claimed. Then, it follows from that 8) =0, as claimed. Next, observe that from (A.1b]), Lemma
By =0, A, >0, and (B, By) > 0, it follows that S > 0, as claimed. This, along with A.lc: , implies that
A2 = (0%)?|sk|/?. This implies that Ay, = £(0})| sk, which combined with Ay € RT means that A, = o ||sk]|,
as claimed.

Now consider part (i¢). For the sake of deriving a contradiction, suppose that o, = 0 and Ay > 0. Then,
it follows from that B) = 0. Moreover, combining o}, = 0 and A, > 0, it follows from that
By = 0. It now follows from gy =0, g} =0, and that

lskll® = =By <0, (A.2)
where the inequality follows from Ax > 0 and 3;] > 0. This contradicts Lemma O

Our main result is the following. In part (i) with o > 0, we show that solving (2)) is equivalent to solving
what may be referred to as an ARC subproblem [6]. In part (i¢) with o) = 0, we show that it is equivalent
to minimizing a quadratic, if a minimizer exists.

Theorem A.2. The following hold true.

(i) Suppose o > 0. Then, has a solution (sg, \x), which can be obtained as

s € arg snel]%éll (fr +gls+ 3T Hys + 2oy ||s]?), (A.3)

then setting A\, = oyl|sk] > 0.

(it) If o =0, then a solution of problem exists if and only if Hy, = 0 and g} u = 0 for all u € Null(Hy,).
In such cases, computing a solution (sx, \r) of problem 18 equivalent to computing a solution s, of
problem and setting A\, = 0.

Proof. Consider part (¢). Since oj > 0, it follows from Lemma that problem is equivalent to

- T 1.7
LT (Hy, + A\
oo Je+gis+ 55 (He + M)s a4

st opllsll = A,

where, by Lemma it follows that the solution has A; > 0, as desired. Substituting the constraint
of into the objective of 7 one finds that solving it is equivalent to solving for sg, then
setting Ay, = o}||sk||, as claimed. Since o}, > 0, a minimizer of problem exists because it involves the
minimization of a coercive function.

Now consider part (i¢). Since o, = 0, it follows from Lemma that Ay = 0, meaning that problem
is equivalent to . This problem has a solution if and only if the objective is bounded below, which is the
case if and only if Hy = 0 and g{ u = 0 for all u € Null(Hj,). O
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B Subproblem Solution Properties Over Subspaces

In this appendix, we explore properties of any first-order stationary solution (when one exists) of problem
Pi(0}, o) defined as when the search space for s is restricted to a subspace of R™. Specifically, for some
m-~dimensional subspace £ C R™, consider the problem

i +grs+ 3T (Hp + M\
S Je+grs+ g5 (Hi )s )

st (o) [Isl1* < A% < (a%)?s1*.
Given an orthogonal basis Ry for Ly, a solution of (B.1]) can be obtained from that of

. T 1 T
R 5(R Hi,+ AR
o St ol R+ (Ria)” (H + A Ri .

st (a%)?[[v]2 < A% < (a))?|0)%.

Specifically, if (vg, A, Bg, By, By) is a first-order primal-dual solution of problem , then the tuple
(Sk, Aks BE, Bi, BY) with s, = Ryvy, is such a solution of problem (B.1)).

In Appendix we proved properties of a solution (if one exists) of a problem of the form . Let
us now translate the results of that appendix to the present setting, for which we require the following
assumption on the reduced gradient Rggk.

Assumption B.1. The vector R{gk 18 monzero.

Lemma B.1. Any solution of has v # 0.

Lemma B.2. The following hold for any first-order primal-dual solution of .
(i) If o >0, then A\, >0, By =0, By, > 0, and Ay, = o ||vk]|-
(it) If o =0, then A\, = 0.

Theorem B.2. The following hold true.
(i) Suppose o > 0. Then, has a solution (vi, Ar), which can be obtained as

v € argvrélﬂig}n (fx + gf Rev + 30" R HLRyv + Log|jv]?), (B.3)

then setting A\, = oy||ug| > 0.

(ii) If ok = 0, then a solution of (B.2) ewists if and only if RF HyRy, = 0 and g} Ryu = 0 for all
u € Null(RI HiRy). In such cases, computing a solution (vy,\) of problem (B.2) is equivalent to
computing a solution vy of

min - fi, + gi Ryv + 30" RY Hy Ryv (B.4)

and setting A\, = 0.
Considering problem (B.3]), we obtain the following result from [6, Lemma 3.2].

Lemma B.3. Ifoy; >0, then v, from (B.3) satisfies

9k Ry + vl R HyRyvy, + 2o Jvg|® = 0 (B.5a)
vg R Hi Ryor + 2oy ||ugl|* >0 (B.5b)
RUHRy, + 3o}||ve|I = 0. (B.5¢)

We now show that, under certain reasonable assumptions, solutions of the primal-dual reduced-space
subproblem (B.1]) satisfy the conditions required by Assumptions and
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Theorem B.3. The following hold true.
(a) Any solution of problem satisfies ,
(b) Any solution of problem satisfies provided gy € Ly,.
(c) Any solution of problem satisfies provided L = R™.
(d) Any solution of problem satisfies for any Ky > %supkeN+ {o}}.

Proof. Any first-order primal-dual solution (s, Ak, Bx, B, B ) of problem (B.1)) corresponds to such a solution
(vk, Ak, Bxs Brs By ) of problem (B.2]) where si, = Ryvy. Hence, throughout this proof, for any solution vector
sy for problem (B.1)), we may let s = Ryvir where vy satisfies the properties in Lemmas

First, suppose o} > 0, which by Theorem 1) implies that problem (B.1)) has a solution. Then, it
follows from (B.ba), sy = Ry, and Lemma i) that

0= gf sk + si Hisk + S0klsell® = g sk + sk Hisk + 3 Ak|skll,

which means that
st (gk + (Hi + MeD)si) = =215 ]| (B.6)

Meanwhile, from (B.5b)), s = Rivg, and Lemma i), it follows that
0 < si Hisi + Soillsell® = si Hisi + §Aellsill? = si (Hi + AeD)si + 5 Mlsel|,

which means that
— %/\kHSkHz < %S%(Hk + /\kI)Sk. (B?)

It follows from (B.6), (B.7), Az > 0 (by Lemma i)), and (k1,k2) € R, xR, that
sk (g + (Hy, + MeD)sk) = =g ellsel|* < min{gr|[sel®, 35k (Hi + Ael)sk — 3k sxl*}
< min{Lry sp |2, 1T (Hi + MeD)se + Lalls|2},
which implies (4b]). This establishes that part (a) is true. Now consider part (b). From Theorem 6,

Lemma 2.1], and s, = Ryvy, it follows that

ey < IBEgel 1R g 1 [lIREgxll
— qk(Sk) — 50%||S > mng ——=——,— .
fk? Qk( k) 2 k” k“ = 6\@ 1+||R£H}€Rk|| \/6 O']I;

Since, under assumption, g € Ly so that g, = Ry for some y € R™, it follows that
IRE gell = IR Rey | = llyll = | Ryl = llgll-

Combining this with || R} HyRk|| < ||Hg|l and the previous displayed inequality shows

1L 3 Hng . ||gk|| 1 ||gk||
— Si) — 50L|s > ——min{ ————, — .
fk qk( k) 2 k” k” B 6\/§ 1 ||Hk|| \/6 OIIE

This may now be combined with Theorem [B.2| (specifically Ay = o}||sk| > 0) to obtain

llgel min lgell 1 [llgxllllskll
6v/2 L+ [[Hgll” V6 Ak ’

S — ae(sk) = fo — an(sk) — 2ogllsel® >

which means that (sg,Ax) satisfies (4a)), proving part (b). Now consider part (c). It follows from Theo-
rem [A-2{i) and the optimality conditions for problem (A.3) that

0= g+ Hisi + 3oxskllsk = g + Hisi + 3Xesk = go + (Hi + Me) s + 3 Sk
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This and the fact that k3 > 0 imply that
g + (Hy + AeD)sill = sMellsell < Axllsill + mallsell?,

which completes the proof of part (¢). Finally, consider part (d). From (B.5c), the fact that ||sk| = ||vkll,
and kg > %supkeN+ {o}}, it follows that

E(RE HeRy) > —3og|skll > —rallskll,

as desired to prove part (d).

Now suppose that o = 0. From Theorem [B.2(i7), a solution of problem exists if and only if
RngRk > 0 and gngu =0 for all u € Null(R;C HyRy). If this is not the case, then there is nothing
left to prove; hence, let us assume that these conditions hold. From these conditions, Theorem ii), the
optimality conditions of problem , the fact that Ay = 0, and s = Ry, it follows that

ggsk + s;‘:Hksk =0 and sfHksk > 0.

This shows that (4b) holds, proving part (a) for this case. Next, since vy is given by the solution of
problem , it follows that the reduction in the objective yielded by vy is at least as large as the reduction
obtained by minimizing the objective over the span of —R{gk. Hence, from standard theory on Cauchy
decrease (see [I0] or [23]), one can conclude that

IRE gkl . | RE gl
fr—aqe(sg) > —2C min g ———2—— sk ¢ -
(sk) T+ |RT B skl

2
Thus, using the arguments in the previous paragraph under the assumption that gi € Lj, one is led to
the conclusion that (4a]) holds, which proves part (b) for this case. Next, when £ = R™, the optimality
conditions for problem (B.4) imply that g + Hgsi = 0, which, since Ay = 0, implies that holds, proving
part (c). Finally, since Rj Hy Ry, = 0, it follows that holds, proving part (d). O

C Detailed Numerical Results

Further details of the results of our numerical experiments are shown in Table[2| In the table, #Var indicates
the number of variables, #Iter indicates the number of iterations required (with %Newton indicating the
percentage that were inexact Newton steps with Ay = 0), #Acc indicates the number of accepted steps (again
with %Newton indicating the percentage that were inexact Newton steps), #Hv-prod indicates the number
of Hessian-vector products required, and #T-fact indicates the number of tridiagonal matrix factorizations
required.

Table 2: Numerical results for iARC and iR_Newton.

Prob #Var Alg #Iter (YNewton) #Acc (YNewton) #Hv-prod #T-fact
AKIVA 2 ;Qifl:ewton 2 (%100) 2 (%100) 13 28
ALLINITU ¢ | investon s s 5 asn > 21
ARGLINA 200 ;Qiflzewton :; (%100) ? (%100) f g
ARGLINB 200 ;ﬂ?ewton f (%100) ? (%100) ‘1L g
ARWHEAD 5000 iﬁ?ewton 2 (%100) :11 (%100) 12 g
BARD 8 ;Qigewton 11 (%91) 12 (%90) 22 52
BDQRTIC 5000 ;]gigewton g (%100) g (%100) :;471 3?)
BEALE 2 ;l{\ligewt on 1; (%42) 2 (%62) gg ;l;
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Table 2 -- continued from previous page

Prob #Var Alg #Iter (YNewton) #Acc (YNewton) #Hv-prod #T-fact
BIGGS6 6 | investon T a06__ciom) 1667 e
BOX 10000 :illgiflzewt on 431 (%75) g (W67) 13 1‘21
BOX3 3 ;Qi?ewton ; (%100) -7/ (%100) fg 3(2)
BOXPOWER | 20000 ;ﬁ?ewton ? (%100) ?/ (%100) 12 g
BRKMCC 2 i]gigewton : (%100) 3 (%100) i g
BROWNAL 200 ;Qigewton i (%100) f (%100) 615 ?)
BROWNES 2 ;]ﬁigewton 5: (%80) 32 (%80) 1‘113 19;
EROWNDEN 4 ;Sigewton g (%100) 2 (%100) 3(5) 32
BROYDN7D 5000 ;:i\?ewt on gz; (%29) 54712 (%2) ;525 13(5)22
BRYBND 5000 ;:Rﬁewton 13 (%53) 12 (%82) 332 321
CHAINWOO 4000 ;SRﬁewt on 3; (%81) 2573 (%88) 17132 ?gg
CHNROSNEB 50 ;gifl:ewt on gg (%75) 28 (%82) 1111;2 1222
CHNRSNBM 50 ;Sifl:ewton 13? (%58) :g (%59) 1;82 2328
CLIFF 2 ;Qifl:ewton 12 (%100) 12 (%100) fi 13
cosme | 10000 | RN i s T am s 2
CRAGGLVY | 5000 ;ﬁ?ewton :(1) 1100 2(1) (%100) fgg 202
WE |2 | nvewon | 5 e | me | | e
cuRLY10 | 10000 | 1ARC I 318 861 957
iR_Newton 328 (%95) 318 (%97) 271881 19957

CURLY30 10000 ;]gigewton _é; (%83) _;; (%91) 125;3;; ;;(_)
DENSCHNA 2 ;]t\tigewton 2 (%100) g (%100) 1(5) 1(5)
DENSCHNE 2 ;lglj’lgewt on ; (%71) g (%80) fg 22
DENSCHNC 2 ;:lfl\?ewt on 1? (%82) g (%89) 3? 42
DENSCHND 8 ;:R;ewt on 2111 (%86) Zg (%95) Zgg 123
DENSCHNE 8 ;II:R;eWt on izll (%52) 12 (%69) Zf g:
DENSCHNF 2 ;Sifl:ewton 2 (%100) g (%100) 13 lg
DIXMAANA 3000 ;Sifl:ewton Z (%100) 2 (%100) 13 2
pIOMANS | 3000 | R 7 o0 7 oo L 0
prowac | 3000 | N 5 o 5 Citoo s 0
DIXMAAND 3000 ;:isewton g (%100) g (%100) fg 18
DIXMAANE 3000 ;Qisewton zg (%100) 22 (%100) g;? 623
DIXMAANF 3000 ;]gigewton 23 (%100) g; (%100) :411(9) 48;/)
prwaans | so00 | 20 oo 20 oo o i
DIXMAANH 3000 ;Qigewton jlli (%100) 31 (%100) 2‘212 423
DIXMAANT 3000 ;:R;I?ewt on ;Zg (%100) ;22 (%100) 2:?2 346?)
DIXMAANJ 3000 ;:Iflflzewton 22 (%100) gj (%100) ?(253 292
proamnk | s000 | 30 C100) 30 C1100) 124 i
DIXMAANL 3000 1ARC ® 29 160 1
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Table 2 -- continued from previous page

Prob #Var Alg #Iter (YNewton) #Acc (YNewton) #Hv-prod #T-fact
iR_Newton 29 (%100) 29 (%100) 90 0

DIXMAANM 8000 igifl:ewton 2;: (%100) 2;2 (%100) lgigé 11545
DIXMAANN 8000 i]ﬁifl:ewton :3 (%100) 23 (%100) 1322 1353
DIXMAANO 3000 iaifl:ewton gg (%100) gg (%100) 2’2;3 892
prwaare | s000 | N 81 (1100 5 o) 208 s
prxowapq | 10000 | Vo | Gare oo | sare  cuoo | ssoas | oo
DJTL 2 iQRJ‘sewton 3(1)151 (%32) 1:(1)- (%5) 161:)1421 2?2
papRTIc | 5000 | o0 2 oo 2 oo 0 %
DQRTIC 5000 ;ﬁgewton 1? (%100) ﬁ’ (%100) f(l) 13
EDENSCH 2000 ;Qigewton 12 (%100) ig (%100) ‘21;1 2(5)
EG2 1000 ;Sisewton 2 (%100) g (%100) g g
EIGENALS 2550 ;:Iflflzewton 1'7/: (%84) 1:‘01 (%89) 1'512‘71? 2(1)323
ENGVAL1 5000 ;:Rj?ewton g (%100) g (%100) g; 5?;
ENGVAL2 8 ?nglj.lgewton ii (%57) ig (%80) lgg 122
ERRINROS 50 ;Sifl:ewton 12213 (%94) 152 (k97> lggi 112?
ERRINRSM 50 ;Sifl:ewton 1112171 (%98) :13-22 (%99) ?fgi 72;3
EXPFIT 2 ;Qifl:ewton 1? h27) z (%50) 32 22
EXTROSNB 1000 ;:iflzewton 1;2 (%62) 1(1)‘71 (%64) 32;2 fggg
FLETBV3M 5000 ;lgisewt on éfli (%43) 23 (k1) gg gz
FLETCHCR 1000 iQRJ'?ewton 2411:; (%66) 1222 (%69) ggg?g gggz:
FMINSRF2 5625 ;]gigewton g;g (%50) ZZ; (%40) 2222 Ig;g
FREUROTH 5000 ;]gigewton 1; (%39) 1(1) (%60) 12? 1§g
GENHUMPS | 5000 igi&w con 1:22% 2 1%%2 1) 4;;2?21 17;233
GENROSE 500 i:i?ewton ggg (%19) 3451(1) (#4) 5‘1122;} gﬁgéé
GROWTHLS 3 ;:Iflflzewton Z (%100) g (%100) ié 33
GULF 3 ;:Rj?ewton ig (%62) 251) (%62) 13;5 2‘71:
HAIRY 2 ?nglj.lgewton fg (%21) ig (%40) i: 122
HATFLDD 8 ;Sifl:ewton gg (%65) 12 (%78) lgi 1§g
HATFLDE 3 ;Qifl:ewton ;Z (%62) 12 (%83) lég 12:
HATFLDFL 3| invewton | 117 (%84) o61 (%85) 3429 1313
HEARTELS 6 | iRmewton | 100t (*452) 6% 51) “ioa | ssar
HEART8LS 8 ;lgisewton 15132 (%31) g?/ (%23) 141}2; gigg
HELIX 3| invewton 5 G o uw 2 &7
HILBERTA 2 | investon 2 oo 5 oo p 0
mrents | 10| R 3 oaoo 5 oo s 5
HIMMELBE 2 | iRewton 1 e 5 o 2 27
HIMMELBF 4 ;:i?ewton ?g (%71) 22 G77) gii fgg
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Table 2 -- continued from previous page

Prob #Var Alg #Iter (YNewton) #Acc (YNewton) #Hv-prod #T-fact
HIMMELBG 2| inVewton - 5 asn s %
HIMMELBH 2 | invewton 5 aen s s E g
HUMPS 2 | inVewton o (413) 2 (%410 219 201
mocoors | o9 | G n amw 5 s 218 res
JENSHP 2 i]gigewton : (%100) g (%100) ?6} Qg
oo | o (W TR | ] ™
LOGHAIRY 2 ;:i\?ewton ;g; (%39) ;;g (%49) :Zg ifliﬁ
MANCINO 100 ;:Rﬁewton Z (%100) 2 (%100) 1: g
MARATOSB 2 ;SRﬁewton g (%100) 2 (%100) 47} g
MEXHAT 2 ;Sifl:ewton ﬂ (%100) E (%100) Z; 42
HEYER3 3 | inVewton o e e 3 20
MODBEALE | 20000 | 1ARC a1 s soa aq

iR_Newton 3317 (%99) 3304 (%100) 65293 351
moReBv | 5000 | UL 1 oo 1 oo Laor %
msgrats | o2 | N G % s aras | 19
MSORTLS | 1928 | veeon | 3 ey | st csh | i | e
WE20 | %010 | iieween | o5 e | 43 qan | ees | ew
W08 | 5000 | oweon | 3 cwn | 19 cun | o | sw
NONCWXUZ | 8000 | iouon | 1r006 cuoo) | 1tos cuaoo) | 1ioss | o
NONCWXUN | 8000 | iouon | 2093 cuoo) | soots cuooy | mosts | o
NONDIA 5000 ;:i?ewton 5 (%100) g (%100) ; g
wowoquan | 8000 | N | me  oem | a6 cen ol 5
OSBORNEA | 5 | Gi'ewon | 21 cim | 12 cien e
OSBORNEE | 11 | Gi'ewon | a8 i) | 23 o) 25 | 108
0SCIGRAD | 100000 | Ti'vevon | 15 oy | e s e | e
OSCIPATH | 10| ioueon | sareds  (ise) | 1oasos  (ise) | sarsiss | seanase
PRERIC | 8 | oo | 7a uoo | 7a o | s | o
PUERID | T | oo | 196 cuoo) | 196 cuoo) | sre | o
PILERZC | ® | oo | 76 oo | 7o ooy | w7 | o
PALMERSC 8 ;]gigewton g: (%100) g: (%100) 223 20(1)
PALMERAC & ;]gigewton ;g (%100) ;g (%100) 123 8?)
PALMERSC 6 ;Qigewton 13 (%100) 13 (%100) fg 1?)
PALRSC | ® | oo | 25 ooy | 2w oo | w03 | o
PALMERTC 8 ;:Iflflzewton 22 (%100) 22 (%100) izg 142
PALMERSC 8 ;:Rj?ewton ;g (%100) ;g (%100) :1332 22?)
PARKCH 15 iARC 31 22 478 685
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Table 2 -- continued from previous page

Prob #Var Alg #Iter (YNewton) #Acc (YNewton) #Hv-prod #T-fact
iR_Newton 33 (%61) 23 %h74) 270 209

PENALTY1 1000 ;Sifl:ewton 12 (%100) 13 (%100) fg lg
PENALTY2 200 ;Sifl:ewton 32 (%100) 23 (%100) :f‘éé; 313
PENALTY3 200 ;lefl:ewt on ;g (%60) fg (%h72) 1g§ 121
POWELLSG 5000 ;aiflzewton 1'7/ (%100) i; (%100) Zg 9(1)
quante | so00 | N 1 oo 1 oo i o
ROSENBR 2 ;Qisewton gg (%62) gg (%70) 2‘71 151’?
5308 2 ;lgigewt on 13 (%80) Z (%88) 22 4;
SCHMVETT | 5000 ;Qi&’ewwn Z 1100 2 (%100) 1:; 16?)
SENSORS 100 ;Qigewton é: (%19) ig (%33) 1‘612 222
SINEVAL 2 ;Sisewton gg (%63) 2? (%68) igg 2261;
SINQUAD 5000 ;:ﬁflzewt on 12 (%33) 1é (%44) g; 22
SISSER 2 ;:Rj?ewton 13 (%100) 13 (%100) f; 1(2)
SNAIL 2 ?nglj.lgewton 12173 (%55) 22 (%56) igg ig;
SPARSINE 5000 ilgifl:ewt on 1:: (%88) 132 (%94) 1g322 18?22
searsquR | 10000 | G 18 Caon 18 (1100) % s
SPMSRTLS 4999 i]ﬁ,ifl:ewt on 1; %76) 12 (%87) 23: 761
srosener | 5000 | N 0 o T ase 2 0
ssmwva> | 5000 | G o % as o010 | 11269
STRATEC 10 ilgRJ'?ewt on 247l (%90) 2? (%95) Z?g 102?/
TESTQUD | 5000 | ioon | 163 cuoo) | 165 cuooy | e | o
TOINTGOR 50 i]gigewton 11 (%100) ﬁ (%100) if;l 27(5)
TOINTGSS 5000 ;Qigewton g (%100) g (%100) 13 18
TOINTPSP 50 ;:i?ewton Zf (%49) gg (%40) ?gg 322
TOINTQOR 50 ;:Iflflzewton ; (%100) ; (%100) 12; 102
TQUARTIC 5000 i:ifl:ewton 11 (%100) 11 (%100) 4; 58
TRIDIA 5000 ilglj.l?ewton 13 (%100) i? (%100) f;fg 2638
VARDIM 200 ;Sifl:ewton 12 (%100) 13 (%100) fg 15
VAREIGVL 50 ;Qifl:ewton 2 (%100) 2 (%100) ;f 32
VIBRBEAM 8 | investon 39 *31) 2 (%48 183 T
WATSON 12 ;Qiflzewton 1?1 (%100) ii (%100) 1’;; 213
WooDS 4000 | {3 Newton s e 5 s 404 a4
YFITU 3 ;QRJ'?ewt on 2451 (%65) gg (%64) i;g :;‘313
ZANGWIL2 2 ;Qi?ewton i (%100) :; (%100) 61; ?)
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