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Abstract. We propose a sigmoidal approximation (SigVaR) for the value-at-risk (VaR) and we4
use this approximation to tackle nonlinear programming problems (NLPs) with chance constraints.5
We prove that the approximation is conservative and that the level of conservatism can be made6
arbitrarily small for limiting parameter values. The SigVar approximation brings computational7
benefits over exact mixed-integer and difference of convex functions reformulations because its sample8
average approximation can be cast as a standard NLP. Unfortunately, as with any sigmoidal function,9
SigVaR becomes numerically unstable in the limit of its parameter values. To ameliorate this issue, we10
propose a scheme that solves a sequence of approximations of increasing quality. We also establish11
conditions under which SigVaR is less conservative than the well-known conditional value at risk12
(CVaR) and Bernstein approximations and we use this result to initialize the proposed scheme. We13
conduct small- and large-scale numerical studies to demonstrate the benefits and limitations of the14
proposed approximation.15
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1. Problem Definition and Setting. We study the chance-constrained non-18

linear program (CC-P):19

min
x∈X

ϕ(x)(1.1a)20

s.t. P (f(x,Ξ) ≤ 0) ≥ 1− α.(1.1b)2122

Here, x ∈ Rn are decision variables and the objective function ϕ : Rn→R is twice23

continuously differentiable and potentially nonconvex. The set X := {x |g(x) ≥ 0} is24

assumed to be compact and non-empty and is comprised of twice differentiable and25

potentially nonconvex constraints g : Rn → Rm. We consider the probability space26

(Ω,F ,P) and we assume that Ω is a measurable space equipped with σ-algebra F27

of subsets of Ω, and that Ξ̄ is a linear space of F-measurable functions Ξ : Ω → Rd28

(random variables). The probability measure function is given by P : F → [0, 1] and29

we use ξ ∈ Rd to denote realizations of Ξ. The scalar constraint function f : Rn×Ξ̄→R30

is also assumed to be twice continuously differentiable and potentially nonconvex.31

We define the scalar random variable Z := f(x,Ξ) with realizations z ∈ R. When32

appropriate, we use the notation Z(x) to highlight the dependence of the random33

variable Z on the decision x. We make the blanket assumption that Ξ and Z(x)34

(for all x ∈ X ) are continuous random variables. We highlight special considerations35

for discrete random variables when appropriate. We use P(Z ∈ D) to denote the36

probability of the event Z ∈ D and recall that P(Z ∈ D) =
∫
D
pZ(z)dz where D ⊆ R37

and P(Z ∈ (−∞, t]) =
∫ t
−∞ pZ(z)dz = FZ(t) for t ∈ R. Here, pZ : R → [0,∞) and38

FZ : R→ [0, 1] are the density and cumulative density functions of Z, respectively.39

The CC (1.1b) requires that the event {f(x,Ξ) ∈ (−∞, 0]} occurs with probability40

of at least 1 − α, where α ∈ (0, 1]. Since P (Z ≤ 0) = FZ(0), the CC can also be41

written as Ff(x,Ξ)(0) ≥ 1 − α or 1 − Ff(x,Ξ)(0) ≤ α. We recall that the (1 − α)-42

quantile of Z is QZ(1 − α) = VaR1−α(Z) := arg mint∈R{FZ(t) ≥ 1 − α} (where43
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2 YANKAI CAO AND VICTOR M. ZAVALA

VaR is known as the value-at-risk). Consequently, the CC can also be written as44

VaR1−α(f(x,Ξ)) ≤ 0. Another important observation is that E[1D(Z)] = P(Z ∈ D)45

holds, where 1D : R → {0, 1} denotes the indicator function of set D (i.e., 1D(Z) =46

1 if Z ∈ D and 1D(Z) = 0 if Z /∈ D). Consequently, (1.1b) can be written as47

E[1(−∞,0](f(x,Ξ))] ≥ 1− α or, equivalently, as E[1(0,∞)(f(x,Ξ))] ≤ α. We define the48

feasible set of CC-P as X (α) := X ∩P(α), where P(α) := {x |P (f(x,Ξ) ≤ 0) ≥ 1−α}49

and we assume X (α) to be compact and non-empty for all α ∈ (0, 1]. We denote an50

optimal solution and objective value of (1.1) as x∗(α) and ϕ∗(α), respectively. We51

focus our attention on NLPs with a single CCs but the concepts discussed can also52

be applied to multiple single CCs of the form P (fi(x,Ξ) ≤ 0) ≥ 1− αi, i = 1, ..., r.53

A distinguishing and challenging feature of CC-P is that it cannot be solved54

exactly (except for certain simplified settings). Settings that admit exact solutions55

include those in which the quantile Qf(x,Ξ)(1 − α) can be expressed in algebraic56

form (e.g., the constraint function f(·, ·) is linear in both arguments and the random57

data vector is Gaussian [2]) or cases in which the cumulative density Ff(x,Ξ)(·) and58

its derivatives can be computed explicitly [16]. Exact reformulations with integer59

variables, originally proposed in [12], use an indicator function representation of the60

CC. Unfortunately, in the context of CC-P, the integer reformulation would lead to61

large-scale and nonconvex mixed-integer nonlinear programs (MINLPs). Conservative62

and computationally more tractable approximations of CC-P can be used to avoid63

the need for solving MINLPs. A conservative approximation can be obtained by64

using the so-called scenario-based approach [14, 4]. In this approach, we solve a65

stochastic NLP that enforces f(x,Ξ) ≤ 0 with probability one (almost surely). Such66

an approach leads to structured NLPs, which can in turn be solved using parallel67

interior-point solvers [10]. A drawback of the scenario approach is that it can be68

overly conservative and does not offer direct control on the probability level of CC.69

Alternative conservative approximations include the conditional value-at-risk (CVaR)70

approximation and the Bernstein approximation, which use convex approximations of71

the indicator function [13]. The authors in [8] propose a difference of convex functions72

(DC) approximation for the indicator function and they show that the approximation73

can be made equivalent to CC-P. This approach, however, requires of specialized74

solution algorithms that are not guaranteed to work in a general nonconvex NLP75

setting.76

In this work, we propose an approximation for CC (1.1) that uses a tailored77

sigmoidal function to outer-approximate the indicator function. We use this sigmoidal78

function to construct a risk measure, that we call SigVaR, and show that this is a79

conservative approximation of the value at risk (VaR). We prove that the SigVaR80

approximation is always conservative and that it can be made equivalent to CC-P81

for limiting parameter values. We also show that the approximation can be made82

less conservative than the CVaR and Bernstein approximations and we establish a83

connection with the DC approximation. A benefit of the SigVaR approximation is84

that it can be handled by using standard NLP solvers, thus offering parallel solution85

capabilities. As with most sigmoidal functions, however, a drawback of SigVaR is86

that numerical stability is encountered as the approximation approaches the indicator87

function. To ameliorate this issue, we propose a scheme that solves a sequence of88

approximations of increasing quality. Small and large case studies are used to illustrate89

the concepts and demonstrate performance.90

The paper is organized as follows. Section 2 introduces basic nomenclature and91

reviews CVaR, Bernstein, and DC approximations. Section 3 introduces the SigVaR92

approximation and establishes properties. Section 4 outlines a numerical scheme to93
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solve a sequence of SIgVaR approximations. Section 5 provides numerical studies.94

Final remarks are provided in section 6.95

2. Review on CC Approximations. We review approaches to deal with CC-P96

(1.1b) in order to introduce some basic concepts.97

2.1. CVaR Approximation. Because P(Z > 0) = E[1(0,∞)(Z)], the CC can98

be expressed as P(f(x,Ξ) > 0) ≤ α, and we can use the equivalent formulation:99

E[1(0,∞)(f(x,Ξ))] ≥ α.(2.2)100101

A computationally practical approach to approximate the CC is to find a conserva-102

tive approximation. This is done by finding an approximating function ψ : R → R103

satisfying ψ(z) ≥ 1[0,∞)(z) ≥ 1(0,∞)(z) for any z ∈ R. For such a function we have104

that ψ(t−1z) ≥ 1[0,∞)(t
−1z) = 1(0,∞)(z) for any parameter t > 0. Consequently,105

E[ψ(t−1Z)] ≥ P(Z > 0).(2.3)106107

We can thus conclude that the satisfaction of the constraint:108

E[ψ(t−1Z)] ≤ α,(2.4)109110

implies that P(Z > 0) ≤ α is satisfied (and so does P (f(x,Ξ) ≤ 0) ≥ 1−α). Because111

(2.4) is valid for all t > 0 we also have, if ψ(·) is convex, that:112

inf
t>0
{tE[ψ(t−1Z)]− t α} ≤ 0(2.5)113

114

implies P(Z > 0) ≤ α. The quality of the conservative approximation depends on115

the choice of the approximating function ψ(·). The choice ψ(z) := [1 + z]+ with116

[z]+ := max{z, 0} leads to the approximation:117

inf
t>0
{E [[Z + t]+]− tα} ≤ 0.(2.6)118

119

It can be shown that inft>0 can be replaced with inft to obtain:120

inf
t∈R

{
α−1E [[Z + t]+]− t

}
≤ 0.(2.7)121

122

By redefining t← −t and recalling that CVaR1−α(Z) := inft∈R
{
t+ α−1E [[Z − t]+]

}
,123

we can see that (2.7) can be used to derive a conservative approximation of CC-P124

(1.1) of the form:125

min
x∈X

ϕ(x)(2.8a)126

s.t. CVaR1−α(f(x,Ξ)) ≤ 0.(2.8b)127128

We denote an optimal objective value and solution of this problem (which we call129

CVaR-P) as ϕc(α) and xc(α), respectively. We define the feasible set of CVaR-P Xc(α)130

and note, because CVaR provides a conservative approximation, that Xc(α) ⊆ X (α).131

Consequently, any feasible solution xc(α) of CVaR-P is feasible for CC-P (1.1). This132

also implies that ϕc(α) ≥ ϕ(α) for all α ∈ (0, 1].133

We define Zc(α) := f(xc(α),Ξ) and recall that [15]:134

VaR1−α(Zc(α)) = arg min
t

{
t+ α−1E [[Zc(t)− t]+]

}
,(2.9)135

136
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4 YANKAI CAO AND VICTOR M. ZAVALA

and thus VaR1−α(Zc(α)) ≤ CVaR1−α(Zc(α)). This observation also highlights that137

CVaR provides a conservative approximation for the CC.138

Crucial to our results is the constant:139

(2.10) γα := −tc(α)−1.140

with tc(α) ∈ arg mint{t + α−1E[Zc(t) − t]+}. From (2.5) with ψ(z) = [1 + z]+, we141

have that (2.8b) implies E[[γαZc(α) + 1]+] ≤ α. We now show that we can always142

find a tc(α) < 0 (equivalently γα > 0) at any xc(α). Since (2.8b) is satisfied at143

xc(α), we have that either CVaR1−α(Zc(α)) < 0, which implies VaR1−α(Zc(α)) < 0144

it follows that γα > 0 with tc(α) = VaR1−α(Zc(α)). If CVaR1−α(Zc(α)) = 0 we145

can have VaR1−α(Zc(α)) < 0 (for which we have already established that γα > 0146

exists) or VaR1−α(Zc(α)) = 0. In the later case we have E [[Zc(α)]+] = 0 and thus147

argmint{t+ α−1E[[Zc(α)− t]+]} = R and thus one can pick any tc(α) < 0 such that148

γα > 0.149

A key advantage of the CVaR approximation is that it can be cast as a standard150

NLP. Moreover, if f(x, ξ) is convex in x for given ξ, CVaR is also convex in x. One can151

also prove that the function ψ(z) = [1 + z]+ is the tightest convex approximation of152

1[0,∞)(z). Despite these benefits, the CVaR approximation can be quite conservative.153

Moreover, the CVaR approximation does not offer a mechanism to enforce convergence154

to a solution of CC-P.155

2.2. Bernstein Approximation. If we use the function ψ(z) = ez, (2.4) takes156

the form E[et
−1Z ] ≤ α. For t > 0 this is equivalent to,157

t log(E[et
−1Z ]) ≤ t log(α).(2.11)158159

Because this relationship is valid for all t > 0, we can also conclude that:160

inf
t>0
{t log(E[et

−1Z ])− t log(α)} ≤ 0(2.12)161
162

which is called Bernstein approximation. From the definition of entropic value-at-risk163

(EVaR) [1]:164

EVaR1−α(Z) := inf
t>0

{
t−1log

(
α−1E[etZ ]

)}
,(2.13)165

166

and it is thus easy to see that we can use (2.12) is equivalent to:167

EVaR1−α(Z) ≤ 0.(2.14)168169

This conservative approximation can be handled using standard NLP techniques.170

Moreover, if f(x,Ξ) is convex in x for given ξ, EVaR is also convex in x. Unfortunately,171

one can prove that EVaR is even more conservative than CVaR. This follows from172

VaR1−α(Z) ≤ CVaR1−α(Z) ≤ EVaR1−α(Z) [1].173

2.3. DC Approximation. In [8] it is shown that the indicator function can be174

approximated by using a difference of convex functions. The DC approximation of175

P(f(x,Ξ) > 0) ≤ α has the form:176

inf
t>0

1

t
E [ψ(f(x,Ξ), t)− ψ(f(x,Ξ), 0)] ≤ α(2.15)177

178
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where ψ(z, t) := [z + t]+. This DC approximation is exact in the limit t→ 0 and one179

can approximate the limit by using a small perturbation of the form:180

ε−1E [ψ(f(x,Ξ), ε)− ψ(f(x,Ξ), 0)] ≤ α.(2.16)181182

By using approximation (2.16) instead of (1.1b), we obtain problem DC-P. In [8] it is183

shown that DC-P is equivalent to CC-P for ε→ 0. A practical limitation of DC-P is184

its sample average approximation (SAA) cannot be cast as a standard NLP, due to185

the difference of max functions. Consequently, tailored algorithms are needed [8].186

3. Sigmoidal Approximation. Our work is motivated by the observation that187

the indicator function can be approximated by using a sigmoid function of the form:188

(3.17) ψµ,τs (z) :=
1 + µ

µ+ e−τz
,189

where µ, τ ∈ R+ are parameters. We note that this sigmoid function is a special case190

of the generalized logistic function, which is a standard approximation function for191

the indicator function [6]. The associated approximate CC constraint takes the form:192

E [ψµ,τs (f(x,Ξ))] ≤ α.(3.18)193194

In this work, we consider a tailored variant of the above sigmoid function of the form:195

(3.19) ψµ,τss (z) :=

[
2

1 + µ

µ+ e−τz
− 1

]
+

.196

This gives the approximate CC constraint:197

E [ψµ,τss (f(x,Ξ))] ≤ α.(3.20)198199

The motivation behind the tailored variant is illustrated in Figure 1, where we can200

see that the variant is more accurate than the standard counterpart. This is because201

the max function sets ψµ,τss (z) = 0 for all z ≤ −δ and where δ := 1
τ log(2 + µ).202

z
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

A
(z

)
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Fig. 1. Comparison of standard and tailored sigmoid functions.

We now show that sigmoid functions provide natural conservative approximations203

for chance constraints.204
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6 YANKAI CAO AND VICTOR M. ZAVALA

Theorem 1. The constraints (3.18) and (3.20) are conservative approximations205

of the CC (1.1b) for any µ, τ ∈ R+, α ∈ (0, 1], and x ∈ X .206

Proof. Consider the random variable Z = f(x,Ξ) with instances z ∈ R. Since207

e−τz ≥ 0 holds for z ∈ R and e−τz ≤ 1 holds for z ∈ R+ we have that 1+µ
µ+e−τz ≥ 0208

for any z ∈ R and 1+µ
µ+e−τz ≥ 1 holds for z ∈ R+. We thus have that 2 1+µ

µ+e−τz − 1 ≥ 1209

holds for z ∈ R+. Therefore, 1+µ
µ+e−τz ≥ 1[0,∞)(z) and ψµ,τss (z) ≥ 1[0,∞)(z) for any210

z ∈ R+. Consequently, E[ 1+µ
µ+e−τZ

] ≥ E[1[0,∞)(Z)] ≥ P(Z > 0) and E [ψµ,τss (Z)] ≥211

E[1[0,∞)(Z)] ≥ P(Z > 0). The result follows.212

We use the tailored sigmoid function to define the Sigmoidal Value-at-Risk (SigVaR):213

SigVaRµ,τ
1−α(Z) := inf

t∈R
{E [ψµ,τss (Z − t)] ≤ α}214

= inf
t∈R

{
E

[[
2

1 + µ

µ+ e−τ(Z−t) − 1

]
+

]
≤ α

}
.(3.21)215

216

and we use this to formulate the problem:217

min
x∈X

ϕ(x)(3.22a)218

s.t. SigVaRµ,τ
1−α(f(x,Ξ)) ≤ 0.(3.22b)219220

We define an optimal objective and solution of (3.22) as ϕµ,τss (α) and xµ,τss (α). We221

also define the feasible set of (3.22) as X µ,τss (α). From Theorem 1, it is clear that222

X µ,τss (α) ⊆ X (α) for all µ, τ ∈ R+. This implies that ϕµ,τss (α) ≥ ϕ(α) for all α ∈ (0, 1]223

and µ, τ ∈ R+.224

The definition of SigVaR is motivated by the observation that VaR1−α(Z) =225

arg mint∈R{P(Z−t > 0) ≤ α} can also be expressed in terms of the indicator function:226

VaR1−α(Z) = arg min
t∈R

{E
[
1(0,∞)(Z − t)

]
≤ α}.(3.23)227

228

Because we have established that the sigmoid function ψµ,τss (·) is a conservative ap-229

proximation of 1(0,∞)(·), we have that SigVaRµ,τ
1−α(Z) ≥ VaR1−α(Z). Consequently,230

SigVaR can be interpreted as an approximate quantile and (3.22) is an conservative231

VaR representation of CC-P. As in the case of the VaR representation of CC-P, prob-232

lem (3.22) is not particularly attractive for computation. However, this problem also233

has the following equivalent representation (we call this SigVaR-P):234

min
x∈X

ϕ(x)(3.24a)235

s.t. E [ψµ,τss (f(x,Ξ))] ≤ α.(3.24b)236237

In Section 4 we will show that the SAA approximation of SigVaR-P can be cast238

as a standard NLP. To show that (3.24) and (3.22) are equivalent, we make the239

following observations. If E [ψµ,τss (Z)] ≤ α is satisfied then it implies that t = 0240

satisfies E [ψµ,τss (Z − t)] ≤ α, and since SigVaRµ,τ
1−α(Z) is the smallest t satisfying241

E [ψµ,τss (Z − t)] ≤ α, then SigVaRµ,τ
1−α(Z) ≤ 0. On the other hand, if SigVaRµ,τ

1−α(Z) ≤242

0 is satisfied, according to the definition, t = SigVaRµ,τ
1−α(Z) satisfies E [ψµ,τss (Z − t)] ≤243

α. Since E [ψµ,τss (Z − t)] is a decreasing function of t, then t = 0 also satisfies244

E [ψµ,τss (Z − t)] ≤ α and thus E [ψµ,τss (Z)] ≤ α.245
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3.1. Relationship with CC-P. We now proceed to show that SigVaR-P be-246

comes an exact approximation of DC-P in the limit of its parameter values. For the247

random variable Z(x) = f(x,Ξ) with x ∈ X , we define the SigVaR-CC approximation248

error is defined as:249

εµ,τ (x) := E [ψµ,τss (Z(x))]− P(Z(x) > 0).(3.25)250251

From Theorem 1 we have that εµ,τ (x) ≥ 0 for all µ, τ ∈ R+ because SigVaR is a252

conservative approximation of CC for all x ∈ X .253

We proceed to establish a bound for the SigVaR-CC approximation error. We254

note that, since Z(x) is a continuous random variable, its density is measurable255

and bounded (i.e., pZ(x) : R → [0,∞)). We thus have that a constant L(x) :=256

supz∈R{pZ(x)(z)} ∈ (0,∞) exists and satisfies P(−δ ≤ Z(x) ≤ 0) =
∫ 0

−δ pZ(x)(z)dz ≤257 ∫ 0

−δ L(x)dz = L(x)δ for all x ∈ X .258

Lemma 3.1. The SigVaR-CC error is bounded as εµ,τ (x) ≤ log(2+µ)L(x)
τ + 2

µ for259

all x ∈ X .260

Proof. We can establish the following sequence of implications:261

εµ,τ (x) =

∫ ∞
−∞

ψµ,τss (z)pZ(z)dz −
∫ ∞

0

pZ(z)dz262

=

∫ 0

−∞
ψµ,τss (z)pZ(z)dz +

∫ ∞
0

ψµ,τss (z)pZ(z)dz −
∫ ∞

0

pZ(z)dz263

=

∫ 0

−∞
ψµ,τss (z)pZ(z)dz +

∫ ∞
0

(
2

1 + µ

µ+ e−τZ
− 1

)
pZ(z)dz −

∫ ∞
0

pZ(z)dz264

=

∫ 0

−∞
ψµ,τss (z)pZ(z)dz +

∫ ∞
0

(
2

1 + µ

µ+ e−τZ
− 2

)
pZ(z)dz265

=

∫ 0

− 1
τ log(2+µ)

ψµ,τss (z)pZ(z)dz +

∫ ∞
0

(
2 + 2µ

µ+ e−τZ
− 2

)
pZ(z)dz266

≤
∫ 0

− 1
τ log(2+µ)

pZ(z)dz +

∫ ∞
0

2

µ
pZ(z)dz267

= P
(
−1

τ
log(2 + µ) ≤ Z < 0

)
+

2

µ
P(Z > 0)268

≤ 1

τ
log(2 + µ)L(x) +

2

µ
.269

270

Here, the last inequality follows from P(Z > 0) ≤ 1.271

Theorem 2. Let τ(µ) := (1 + µ)θ with θ > 0. Then SigVaR-P is equivalent to272

CC-P as limµ→∞.273

Proof. From Lemma 3.1 we can establish the bound εµ,τ ≤ τ(µ)−1log(2 + µ)L+274

2µ−1 with L := supx∈X L(x). The result follows. �275

This result implies that limµ→∞ X µ,τ(µ)
ss (α) = X (α) and limµ→∞ ϕ

µ,τ(µ)
ss (α) =276

ϕ(α). The following result shows that we can construct a sequence of SigVaR approx-277

imations of increasing quality by progressively increasing µ.278

Theorem 3. Let τ(µ) := (1 + µ)θ with θ > 0. We have that X µ
+,τ(µ+)

ss (α) ⊃279

X µ,τ(µ)
ss (α) and ϕ

µ+,τ(µ+)
ss (α) ≤ ϕµ,τ(µ)

ss (α) for µ+ > µ > 0 and for all α ∈ (0, 1].280
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8 YANKAI CAO AND VICTOR M. ZAVALA

Proof. We show that ψµ,τss (z) < ψµ
+,τ
ss (z) for any z ∈ R \ {0} (for z = 0, we281

have ψµ,τss (z) = 1 for any µ). To proceed, it suffices to show that the kernel function282
1+µ

µ+e−τ(µ)z
is a strictly decreasing function of µ for all z ∈ R \ {0}. We establish this283

by showing that the derivative of of the kernel function is negative:284

d

dµ

(
1 + µ

µ+ e−τ(µ)z

)
=
µ+ e−τ(µ)z − (1 + µ)(1− θze−τ(µ)z)

(µ+ e−τ(µ)z)2
285

=
−1 + (1 + (1 + µ)θz)e−τ(µ)z

(µ+ e−τ(µ)z)2
286

=
−1 + (1 + τ(µ)z)e−τ(µ)z

(µ+ e−τ(µ)z)2
287

< 0.288289

The last step follows from 1 + τ(µ)z < eτ(µ)z, for any z ∈ R \ {0} (from Taylor’s290

theorem and from the convexity of the exponential function).291

Remark: When Z(x) is a discrete random variable, we can establish the error292

bound of Lemma 3.1 if Z(x) has finite outcomes and we have that P(Z(x) = 0) = 0. In293

particular, if Z(x) has m finite possible outcomes z1 < z2 < · · · < zm′ < 0 < zm′+1 <294

· · · < zm and define the corresponding probabilities as pi, i = 1, ...,m. A bounding295

constant L(x) can be found in this case by noticing that P(−δ ≤ Z(x) ≤ 0) =
∑m′

i=1 pi296

if −δ ≤ z1, P(−δ ≤ Z(x) ≤ 0) =
∑m′

i=k pi, if zk−1 < −δ ≤ zk, and P(−δ ≤ Z(x) ≤297

0) = 0 if zm′ < −δ. We thus have that L(x) := maxk∈{1,...,m′}

{∑m′

i=k pi/zk

}
satisfies298

P(−δ ≤ Z(x) ≤ 0) ≤ L(x)δ. By using this property we can establish that:299

εµ,τ (x) =

m∑
i=1

ψµ,τss (zi)pi −
m∑

i=m′+1

pi300

=

m′−1∑
i=1

ψµ,τss (zi)pi +

m∑
i=m′

ψµ,τss (zi)pi −
m∑

i=m′

pi301

=

m′−1∑
i=1

ψµ,τss (zi)pi +

m∑
i=m′

(
2

1 + µ

µ+ e−τzi
− 1

)
pi −

m∑
i=m′

pi302

=

m′−1∑
i=1

ψµ,τss (zi)pi +

m∑
i=m′

(
2

1 + µ

µ+ e−τzi
− 2

)
pi303

=
∑

− 1
τ log(2+µ)≤zi<0

(
2

1 + µ

µ+ e−τzi
− 1

)
pi +

m∑
i=m′+1

(
2

1 + µ

µ+ e−τzi
− 2

)
pi304

≤
∑

− 1
τ log(2+µ)≤zi<0

pi +

m∑
i=m′+1

2

µ
pi305

= P
(
−1

τ
log(2 + µ) ≤ Z < 0

)
+

2

µ
P(Z > 0)306

≤ log(2 + µ)L(x)

τ
+

2

µ
.307

308

Consequently, the results of Theorem 3 hold. This result is of relevance because we are309

often interested in solving discrete approximations of SigVar-P (e.g., by using SAA).310
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3.2. Relationship with CVaR-P. We now proceed to show that the parame-311

ters of SigVaR-P can be selected in such a way that it provides an approximation of312

CC-P that is at least as good as that of CVaR-P.313

Proposition 3.2. Assume a fixed α ∈ (0, 1] and that µ, τα ∈ R+ satisfy µ ≥ µ̄314

(where µ̄ ∈ R+ is the positive root of µ̄− log(2 + µ̄) = 1), τα := µ+1
2 γα, and γα315

defined in (2.10). We have that Xc(α) ⊆ X µ,τss (α) and ϕµ,ταss (α) ≤ ϕc(α).316

Proof. For simplicity, we omit dependence on α for xc(α), γα, and τα (we simply317

write xc, γ, τ). We proceed by proving that any solution xc of CVaR-P is a feasible318

solution for SigVaR-P provided that µ, τ satisfy the conditions of the theorem. Since319

xc ∈ X , this would imply that we can always find µ, τ such that Xc(α) ⊆ X µ,ταss (α)320

and ϕµ,τss (α) ≤ ϕc(α). We define the random variable Zc = f(xc,Ξ) with realizations321

zc ∈ R; the constraint (2.8b) evaluated at xc, γ can be written as E[[γZc + 1]+] ≤ α.322

It suffices to show that [γzc + 1]+ ≥ [2 1+µ
µ+e−τzc − 1]+ holds for any zc ∈ R. If zc < −δ323

we have that 2 1+µ
µ+e−τzc − 1 < 0 and, consequently, [γzc + 1]+ ≥ [2 1+µ

µ+e−τzc − 1]+. For324

zc ≥ −δ we have that,325

γzc + 1 ≥1− γ

τ
log(2 + µ)326

≥1− 2 log(2 + µ)

µ+ 1
327

>0.(3.26)328329

This inequality follows because 2 log(2+µ)
µ+1 is a monotonically decreasing function for330

µ ∈ R+. We also observe that, for 2 1+µ
µ+e−τzc − 1 ≥ 0,331

[γzc + 1]+ −
[
2

1 + µ

µ+ e−τzc
− 1

]
+

= [γzc + 1]−
[
2

1 + µ

µ+ e−τzc
− 1

]
332

=
(γzc + 2)(µ+ e−τzc)− 2− 2µ

µ+ e−τzc
.(3.27)333

334

We now define h(zc) := (γzc + 2)(µ + e−τzc) − 2 − 2µ and proceed to show that335

h(zc) ≥ 0 holds for 0 ≥ zc ≥ −δ. This is established from the following sequence of336

implications:337

h(zc) =(γzc + 2)(µ+ e−τzc)− 2− 2µ(3.28a)338

=(γzc + 2)

(
µ+

∞∑
n=0

(−τzc)n

n!

)
− 2− 2µ(3.28b)339

≥(γzc + 2)

(
µ+ 1− τzc +

(τzc)
2

2

)
− 2− 2µ(3.28c)340

=γzc

(
µ+ 1− 2c

a
− τzc +

τ2zc
a

+
τ2z2

c

2

)
(3.28d)341

=γτz2
c

(
µ+ 1

2
− 1 +

τzc
2

)
(3.28e)342

≥γτz2
c

(
µ− 1− log(2 + µ)

2

)
(3.28f)343

≥0.(3.28g)344345
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10 YANKAI CAO AND VICTOR M. ZAVALA

Equation (3.28f) follows because µ − 1 − log(2 + µ) is a monotonically increasing346

function for µ ≥ 0. Equation (3.28g) follows for µ ≥ µ̄. For zc ≥ 0 we have,347

h′(zc) = γµ+ (γ − τγzc − 2τ)e−τzc348

= γµ+ 2(γ − τ)e−τzc − γ
(
τzc + 1

eτzc

)
349

≥ γµ+ 2(γ − τ)− γ350

= 0.(3.29)351352

This follows because γ − τ < 0, 0 < e−τzc ≤ 1, and τzc+1
eτzc ≤ 1. Since h(0) = 0 we353

have that h(zc) ≥ 0 for zc ≥ 0. We thus have that SigVaRµ,τ
1−α(f(xc(α),Ξ)) ≤ 0 holds354

for µ, τ satisfying the conditions of the theorem.355

As discussed in Section 4, Proposition 3.2 is of practical relevance because it indi-356

cates that we can use the solution of CVaR-P (which is a computationally attractive357

formulation) to find an initial guess for SigVar-P. We also note that Proposition 3.2358

implies that SigVaR provides an approximation that is at least as good as that of359

EVaR.360

3.3. Relationship with DC-P. The following results compare the solutions of361

SigVaR-P and DC-P. To establish these results, we define the SigVaR-DC error:362

dµ,τ := E[ψµ,τss (Z)]− ε−1E
[
[Z + ε]+ − [Z]+

]
.(3.30)363364

In addition, we define dµ,τ (z) := ψµ,τss (z)− ε−1
[
[z + ε]+ − [z]+

]
for all z ∈ R. Conse-365

quently, dµ,τ = E[dµ,τ(Z)].366

367

We now establish an upper bound for the SigVar-DC error.368

Proposition 3.3. Assume that τ ∈ R+ satisfies τ ≤ 1
2ε
−1. We have that dµ,τ ≥369

0 for any µ ∈ R+.370

Proof. We proceed by proving that dµ,τ (z) ≥ 0 holds for any z ∈ R. If z < −ε we371

have that ε−1
[
[z + ε]+ − [z]+

]
= 0 and, consequently, dµ,τ ≥ 0. For z ≥ −ε we have372

that,373

2
1 + µ

µ+ e−τz
− 1 ≥2

1 + µ

µ+ eτε
− 1 ≥ 0.(3.31)374

375

We also observe that, for −ε ≤ z ≤ 0,376

dµ,τ =

[
2

1 + µ

µ+ e−τz
− 1

]
−
[
ε−1z + 1

]
=
−ĥ(z)

µ+ e−τz
.(3.32)377

378

We proceed to show that ĥ(z) := (ε−1z+2)(µ+e−τz)−2−2µ ≤ 0 holds for −ε ≤ z ≤ 0.379

This is established from the following sequence of implications:380

ĥ′(z) = ε−1µ+
(
ε−1 − ε−1τz − 2τ

)
e−τz381

≥ ε−1µ+
(
ε−1 − 2τ

)
e−τz382

≥ ε−1µ.(3.33)383384

Since ĥ(0) = 0, we have that ĥ(z) ≤ 0 for−ε ≤ z ≤ 0. For z ≥ 0 we have, dµ,τ =385 [
2 1+µ
µ+e−τz − 1

]
− 1 ≥ 0.386
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This result shows that as ε→ 0, the range of feasible τ that make SigVaR-P more387

conservative increases. We now establish a lower bound for the SigVar-DC error.388

Proposition 3.4. Assume µ, τ ∈ R+ satisfy µ ≥ µ̄ where µ̄ is the positive root389

of µ̄− log(2 + µ̄) = 1 and τ ≥ 1
2ε
−1(µ+ 1). We have that dµ,τ ≤ 2

µ .390

Proof. We proceed by proving that dµ,τ ≤ 2
µ holds for any z ∈ R if µ, τ satisfy the391

conditions of the theorem. If z < −δ we have that 2 1+µ
µ+e−τz −1 < 0 and, consequently,392

dµ,τ ≤ 0. For z ≥ −δ we have that,393

ε−1z + 1 ≥1− 1

ετ
log(2 + µ)394

≥1− 2 log(2 + µ)

µ+ 1
395

≥0.(3.34)396397

Equation (3.34) follows because 2 log(2+µ)
µ+1 is a monotonically decreasing function for398

µ ≥ 0. We also observe that, for −δ ≤ z ≤ 0,399

dµ,τ =

[
2

1 + µ

µ+ e−τz
− 1

]
−
[
ε−1z + 1

]
400

=
−ĥ(z)

µ+ e−τz
.(3.35)401

402

We define ĥ(z) := (ε−1z+2)(µ+e−τz)−2−2µ and proceed to show that ĥ(z) ≥ 0403

holds for −δ ≤ z ≤ 0. This is established from the following sequence of implications:404

405

ĥ(z) =
(
ε−1z + 2

)
(µ+ e−τz)− 2− 2µ(3.36a)406

=
(
ε−1z + 2

)(
µ+

∞∑
n=0

(−τz)n

n!

)
− 2− 2µ(3.36b)407

≥
(
ε−1z + 2

)(
µ+ 1− τz +

(τz)2

2

)
− 2− 2µ(3.36c)408

=ε−1z

(
µ+ 1− 2ετ − τz + ετ2z +

τ2z2

2

)
(3.36d)409

≥ε−1τz2

(
µ+ 1

2
− 1 +

τz

2

)
(3.36e)410

≥ε−1τz2

(
µ− 1− log(2 + µ)

2

)
(3.36f)411

≥0.(3.36g)412413

Equation (3.36b) uses a Taylor series expansion of the exponential function and (3.36f)414

follows because µ−1− log(2+µ) is a monotonically increasing function of µ for µ ≥ 0.415

Equation (3.36g) follows for µ ≥ µ̄. For z ≥ 0 we have that dµ,τ =
[
2 1+µ
µ+e−τz − 1

]
−1 ≤416

2
µ . The result follows.417

This result shows that improving the quality of the DC-P approximation (by setting418

ε → 0) corresponds to setting µ, τ → ∞ for SigVaR-P (e.g., by using τ(µ) = θ(µ +419

1) with θ = 1
2ε
−1). The results also indicate that it is possible to overcome the420

computational limitations associated to DC-P.421
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12 YANKAI CAO AND VICTOR M. ZAVALA

4. Computational Implementation. We use SAA to convert SigVar-P into a422

finite-dimensional problem [11]. We generate a set of realizations ξ ∈ Ω from pΞ. The423

SAA approximation is given by:424

min
x∈X ,zξ∈R,φξ∈R+

ϕ(x)(4.37a)425

s.t. zξ = f(x, ξ), ξ ∈ Ω(4.37b)426

φξ ≥ 2
1 + µ

µ+ e−τzξ
− 1, ξ ∈ Ω(4.37c)427

1

|Ω|
∑
ξ∈Ω

φξ ≤ α.(4.37d)428

429

Large values of τ will cause difficulty for the NLP solver due to the high non-430

linearity of the sigmoid function. For example, the first derivative of 2 1+µ

µ+e−τzξ
with431

respect to zξ is O(τ) and thus becomes increasingly steep as τ is increased. More-432

over, the second derivative is O(τ2). Consequently, we propose a scheme to solve a433

sequence of SigVaR approximations of increasing quality and with this achieve more434

robustness. The scheme (called SigVaR-Alg) begins by finding a solution of the SAA435

approximation of the CVaR-P. The SAA approximation of CVaR-P is:436

min
x∈X ,zξ∈R,φξ∈R+,t∈R

ϕ(x)(4.38a)437

s.t. zξ = f(x, ξ), ξ ∈ Ω(4.38b)438

φξ ≥ zξ − t, ξ ∈ Ω(4.38c)439

1

|Ω|
∑
ξ∈Ω

φξ ≤ −tα.(4.38d)440

441

Algorithm SigVaR-Alg

1. Initialize
Given λ > 1, α ∈ (0, 1], and target µ∗ ∈ R+.
Initialize iteration index `← 0.
Solve CVaR problem (4.38) and set γ ← − 1

tc(α) , x∗` ← xc(α), and ϕ∗` ← ϕc(α).

Set µ` ← µ̄, τ` ← µ`+1
2 γ, where µ̄ is positive root of µ̄− log(2 + µ̄) = 1.

Update iteration index `← `+ 1.
2. Solve SigVar-P

Use x∗`−1 as initial guess and solve SigVaR-P (4.37) with µ`, τ`.
Set x∗` ← xµ`,τ`ss (α) and ϕ∗` ← ϕµ`,τ`ss (α).
if µ` ≥ µ∗ then

Go to Step 4.
else

Go to Step 3.
end if

3. Update parameters
Set µ`+1 ← λ · µ` and τ`+1 ← µ`+1+1

2 γ.
Update iteration index `← `+ 1 and return to Step 2.

4. Stop with x∗`

From Proposition 3.2, we have that ϕ∗1 ≤ ϕ∗0 holds and from Theorem 3 we have442
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that ϕ∗`+1 ≤ ϕ∗` holds for all ` ≥ 1 (provided that the NLPs are solved to global443

optimality).444

5. Numerical Studies. We use a couple of small-scale studies to illustrate the445

theoretical properties of SigVaR and a large-scale wind turbine optimization study to446

demonstrate its practical benefits.447

5.1. Analytical Example. Consider the following CC-P:448

min
x∈R

x(5.39a)449

s.t. P(Ξ ≤ x) ≥ 1− α,(5.39b)450451

with Ξ ∼ U(0, 1). The optimal objective value and solution are ϕ(α) = x∗(α) = 1−α452

and we note that P(Ξ ≤ x∗(α)) = 1 − α. This implies 1 − α = F (x∗(α)) =453

Q1−α(Ξ) = x∗(α). We handle the CC (5.39b) using the VaR formulation (??)454

(exact), the CVaR approximation (2.8b), the EVaR approximation (2.14), and the455

SigVaR approximation (3.22b). It can be shown that the optimal solution and objec-456

tive values obtained with these approaches are, respectively, VaR1−α(Ξ) = Q1−α(Ξ),457

CVaR1−α(Ξ), EVaR1−α(Ξ), and SigVaRµ,τ
1−α(Ξ). Moreover, VaR1−α(Ξ) = 1 − α,458

CVaR1−α(Ξ) = 1
2 (2 − α), and EVaR1−α(Ξ) = inf

t>0
{t log(tet

−1 − t) − t logα}. For the459

case of SigVar we have that, for α ≥ 2+2µ
µτ log( 2+µ+µeτ

2+2µ )− 1,460

(5.40) SigVaRµ,τ
1−α(Ξ) = τ−1 log

(
µeτ − µβ
β − 1

)
461

where β = e
(α+1]µτ
2+2µ ; and, otherwise, we have that,462

(5.41)

SigVaRµ,τ
1−α(Ξ)= inf

t∈R

{
2 + µ

µτ
log(2 + µ) +

2 + 2µ

µτ
log

(
µeτ(1−t) + 1

2 + 2µ

)
+ t− 1 ≤ α

}
.463

The optimal objective values for all approaches as a function of α are shown in Fig-464

ure 2. For the SigVaR approximation we use µ = 100, τ = (µ+1) = 101. As predicted465

by the properties of SigVaR, we have that VaR1−α(Ξ) ≤ SigVaRµ,τ
1−α(Ξ) for all α.466

We have that Z(x) = Ξ−x ∼ U(−x, 1−x) for x ∈ X. Consequently, the constant467

L = supx∈X L(x) = supz{pZ(x)(z)} = 1 satisfies P(−δ ≤ Z(x) < 0) ≤ Lδ for all468

x ∈ X . From Lemma 3.1, the approximation error of the SigVaR function is bounded469

as εµ,τ ≤ log(2+µ)L
τ + 2

µ = log(102)
101 + 2

100 = 0.066. We note that this is an upper470

bound of the empirical error εµ,τ = 0.052 observed in Figure 2 and computed by471

εµ,τ = SVaRµ,τ
1−α(Ξ)−VaR1−α(Ξ) (vertical distance at each x∗(α) = 1− α).472

From the solution of the CVaR approximation we obtain that tc(α) = −α2 < 0473

and this γα = − 1
tc(α) = 2

α . The conditions of Proposition 3.2 are satisfied for µ =474

100, τ = 101 for all α ≥ 0.07 and thus SigVaRµ,τ
1−α(Ξ) ≤ CVaR1−α(Ξ) ≤ EVaR1−α(Ξ),475

which is verified in Figure 2 (for α < 0.07 the conditions of Proposition 3.2 are not476

satisfied and SigVaR becomes more conservative). The extreme conservatism of CVaR477

and EVaR becomes obvious at large values of α. In particular, at α = 1 we see that478

SigVaRµ,τ
1−α(Ξ) = 0.052 and CVaR1−α(Ξ)=0.5, which illustrates that the quality of479

the approximation can be substantially improved.480

Problem 5.39 can be solved numerically by using SAA (in our experiments we481

use 1000 scenarios). The CC-P in this case can be cast as an MILP, CVaR-P is an482

LP, and SigVaR-P is a standard NLP. The MILPs are solved with the solver SCIP483
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Fig. 2. Optimal objectives obtained with VaR, CVaR, EVaR, and SigVaR for analytical example.

and the LPs and NLPs are solved with IPOPT. Theorem 3 shows that SigVaR
µ,τ(µ)
1−α (Ξ)484

becomes less conservative for increasing µ, which is verified in Figure 3 for α = 0.9485

and α = 0.1. For α = 0.9, the solution of the MILP formulation is 0.09, which is486

close to the analytical solution of 0.1. SigVaR-Alg first finds the solution of CVaR487

approximation, which is 0.547. In iteration 1, we solve with SigVaR approximation488

with µ = 2.5 and τ = 3.8, and find a solution of 0.49. After 9 iterations, we solve489

a SigVaR approximation with µ = 641 and τ = 702 and find a a solution of 0.099.490

The gap between MILP formulation and SigVaR is only 2% of the gap between MILP491

formulation and CVaR. For α = 0.9, the gap is 20% but we also see that the gap is492

more difficult to close.493
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Fig. 3. Performance of SigVar on analytical example with α = 0.9 (left) and α = 0.1 (right).
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5.2. Farmer Problem. We consider modified version of the classical farmer494

problem [3]. In this problem, the farmer needs to decide how much land to allocate495

to grow wheat, corn, and beets while considering the uncertainty on crop yields. The496

farmer has the option to buy/sell crops to satisfy contracts and maximize revenue497

(minimize cost). The formulation is given by:498

min
x,yj(·),wj(·)

E [f(Ξ)](5.42a)499

s.t.
∑
j∈P

xj ≤ x̄(5.42b)500

τj(Ξ)xj + yj(Ξ)− wj(Ξ) ≥ βj , j ∈ P a.s.(5.42c)501

f(Ξ) =
∑
j∈P

(
γxj xj + γyj yj(Ξ)− γwj wj(Ξ)

)
a.s.(5.42d)502

P
(
f(Ξ) ≤ f̄

)
≥ 1− α(5.42e)503

0 ≤ wj(Ξ) ≤ w̄j , 0 ≤ yj(Ξ) ≤ ȳj , j ∈ P a.s.(5.42f)504505

where xj denotes the land allocated to each crop at cost γxj , yj(ξ) represents the crops506

bought at price γyj , wj(ξ) denotes the crops sold at price γwj , P denotes the set of507

crops {wheat,corn,beets}, τj(ξ) is the yield of crops, βj denotes demand contracts and508

x̄, ȳ`, w̄` represents capacities. Constraint (5.42e) requires that the cost f(·) is lower509

than the threshold f̄ with probability of at least 1 − α. We assume that the yield510

of wheat and corn is constant, while the yield of beets follows a normal distribution511

N (20, 5). We generate 1000 scenarios from this distribution and we set 1 − α = 0.9512

and f̄ = $53, 000.513

The performance of SigVaR-Alg is summarized in Table 1. CC-P denotes the514

solution of the MILP formulation. As can be seen, the expected cost of the MILP515

formulation is $-100248. SigVaR-Alg first finds the solution of CVaR approximation.516

The expected cost of CVaR approximation is $-77535 (which is around 23% higher517

than the optimal MILP cost). This is because, although Equation (5.42e) only requires518

the cost to be lower than the threshold with probability equal to larger than 0.9, the519

solution of CVaR formulation satisfies the constraint with probability 0.967. Figure 4520

shows the histogram of the cost obtained with CVaR, SigVaR, and MILP formulations.521

Here, it becomes obvious that CVaR can significantly distort the cost distribution due522

to high conservatism. From the solution of the CVaR approximation we obtain tc(α) =523

−6250 < 0 and γ = 0.00016 > 0. After 5 iterations, SigVaR-Alg solves the SigVaR524

approximation with µ = 40 and τ = 0.00329 and finds a solution with expected cost525

equal to $-93292 (which is is around 7% higher than the optimal MILP cost). The526

gap between the MILP and SigVaR formulations is only 30% of the gap between527

the MILP and CVaR formulations. We also observe that, as the iterations proceed,528

the objective value of SigVaR-P decreases monotonically, P(f(Ξ) ≤ f̄) decreases, and529

VaR1−α(f(Ξ)) increases. We can thus see that the SigVar formulation can significantly530

reduce the conservatism of the CVaR solution. We acknowledge, however, that we531

are unable to close the gap further due to numerical instability of the NLP solver.532

5.3. Wind Turbine Optimization. We now solve a CC-P that seeks to find533

optimal pitch and torque control policies for a wind turbine given uncertainty in wind534

speed conditions. The formulation seeks to maximize expected power and to satisfy a535

CC on the maximum mechanical load experienced by the wind turbine. We represent536
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Table 1
Performance of SigVaR-Alg on farmer problem with α = 0.1.

` µ τ E[f(Ξ)] VaR1−α(f(Ξ)) P
(
f(x,Ξ) ≤ f̄

)
CVaR-P(` = 0) - - -77535 -59250 0.967

1 2.5 0.00028 -80807 -58378 0.952
2 5.0 0.00048 -83765 -57589 0.937
3 10.0 0.00088 -87360 -56630 0.925
4 20.0 0.00168 -90758 -55724 0.918
5 40.0 0.00329 -93292 -55043 0.911

CC-P - - -100248 -53000 0.9
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Fig. 4. Cost distribution using CVaR-P (left), SigVaR-P (middle) and CC-P (right) formulation.

this problem in the following abstract form:537

max
u∈U

E
[

1

T

∫
T
yP (t,Ξ)dt

]
(5.43a)538

s.t. (yP (Ξ, t), yL(Ξ, t)) =M(u(t), u(t,Ξ), V (Ξ, t)), t ∈ T(5.43b)539

P {ymaxL (Ξ) ≤ ȳL} ≥ 1− α(5.43c)540

ymaxL (Ξ) = max
t∈T

yL(t,Ξ)(5.43d)541

yL(Ξ, t) ≤ ŷL, t ∈ T(5.43e)542543

where t ∈ T := [0, T ], V (Ξ, t) is the wind speed, yP (Ξ, t) is the wind turbine power,544

yL(Ξ, t) is the mechanical load with associated threshold ȳL. For a time horizon of ten545

minutes, we set the control actions for the first 10 seconds to be first stage variables546

u(t) (the implemented control actions) and the rest to be second stage variables u(t,Ξ)547

(the recourse control actions). Equation (5.43b) is an abstract representation of a wind548

turbine model (comprises nonlinear differential and algebraic equations). The model549

details are presented in [5].550

An important practical problem is that power maximization conflicts with the551

mechanical load experienced by the turbine (i.e., the higher the power extracted the552

higher the load). Consequently, it is important to carefully trade-off these metrics553

so as to prevent putting the turbine at extreme mechanical risk. The probabilistic554

constraint (5.43c) enforces that the probability that the peak load ymaxL (Ξ) exceeds555

the threshold ȳL is no more than α. Constraint (5.43e) enforces that the peak load556

never exceeds another (less conservative) threshold ŷL. In our experiments we set557

α = 0.5, ȳL = 60 MNm, and ŷL = 200 MNm.558

To solve this problem, we discretize the dynamic model by using a Radau col-559

location scheme [18]. To accurately capture extreme loads we have found that it is560
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necessary to discretize the model using a resolution of 0.5 seconds over 10 minutes,561

giving rise to 1,200 time steps. For an NLP with 230 scenarios, the total number of562

variables in this problem is 5.5 million. The NLPs arising in this application were563

implemented in PLASMO [9] and solved with the parallel solver PIPS-NLP [7] (which564

exploits the structure of the stochastic program at the linear algebra level) and with565

the off-the-shelf serial solver IPOPT[17] (which treats the problem as a general NLP).566

Because of the size of the problem and because the wind turbine model is nonconvex,567

MINLP formulations of CC-P are computationally intractable.568

Table 2 summarizes the performance of SigVaR-Alg. The serial solver IPOPT takes569

1.3 hours to solve the CVaR-P while the parallel solver PIPS-NLP take only 30 minutes570

using 23 computing cores. The expected power obtained with CVaR-P is 3.548 MW571

and we have found this performance to be too conservative. In particular, although572

the CC (5.43c) only requires maxt∈T yL(t,Ξ) ≤ ȳL to hold with a probability of 0.5,573

the CVaR-P solution satisfies it with probability 0.748. From the solution CVaR-P we574

obtain γα = 0.822. From Table 2 we also see that the SigVaR approximation becomes575

less conservative as we increase µ, τ and that the objective value is progressively576

improved (power is maximized). After three iterations, SigVaR-Alg solves SigVaR-577

P with µ = 10 and τ = 4.52 and achieves an expected power of 3.865 MW (an578

improvement of 8.9% over CVaR-P). The probability of satisfying the maximum load579

threshold is reduced to 0.583. At a price of electricity of 30 $/MWh, these cost savings580

obtained with SigVaR-P translate to around $83,000 per year (for a single 5 MW wind581

turbine). We can thus see that the economic benefits of reducing conservatism can582

be quite significant.583

Table 2
Performance of SigVaR-Alg on wind turbine optimization problem with α = 0.5.

` µ τ E
[
1
T

∫
T yP (t,Ξ)dt

]
VaR1−α(ymaxL (Ξ)) P

{
ymaxL (Ξ) ≤ ȳL

}
(MW ) (MNm) (MNm)

CVaR-P(` = 0) - - 3.548 47.85 0.748
1 2.5 1.44 3.766 49.56 0.726
2 5.0 2.47 3.835 52.12 0.643
3 10.0 4.52 3.865 54.52 0.583

Figure 5 shows the cost distribution for the maximum load obtained with the584

CVaR-P and SigVaR-P. It is clear that CVaR is significantly more conservative and585

pushes the mechanical load towards small values. SigVaR, on the other hand, allows586

for an equal proportion of load violations and with this it can extract more power.587

This is illustrated in Figure 6, where we show that SigVaR achieves a larger proportion588

of scenarios with a large power output.589

6. Concluding Remarks. We have proposed a sigmoidal approximation for590

chance constraints that we call SigVaR. We prove that SigVaR is conservative and591

that the level of conservatism can be made arbitrarily small for limiting values of the592

approximation parameters. We also provide conditions for the parameters guarantee-593

ing that the SigVaR approximation is less conservative than the conditional value at594

risk (CVaR) approximation. The SigVar approximation brings computational benefits595

over mixed-integer and difference of convex functions reformulations because it can596

be formulated as a standard nonlinear program. We also conduct numerical experi-597

ments to demonstrate that it can significantly reduce the conservatism of CVaR. A598

limitation of SigVaR, however, is that numerical instability is encountered for limiting599

parameter values. To ameliorate this issue, we propose an algorithmic scheme that600
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Fig. 5. Histogram of mechanical load using CVaR (left) and SigVaR (right) formulation.
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Fig. 6. Histogram of wind turbine power using CVaR (left) and SigVaR (right) formulation.

solves a sequence of approximations of increasing quality. As part of future work, we601

are interested in studying more closely the behavior of the sigmoidal approximation602

from an algorithmic stand-point. In particular, while the proposed scheme does im-603

prove numerical performance, extreme sensitivity of the sigmoidal function for large604

parameter values remains an issue.605
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