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Abstract

The primal-dual hybrid gradient (PDHG) algorithm proposed by Esser, Zhang, and Chan,
and by Pock, Cremers, Bischof, and Chambolle is known to include as a special case the Douglas-
Rachford splitting algorithm for minimizing the sum of two convex functions. We show that,
conversely, the PDHG algorithm can be viewed as a special case of the Douglas-Rachford split-
ting algorithm.

1 Introduction

The primal-dual first order algorithm discussed in [PCBC09, EZC10, CP11a] applies to convex
optimization problems in the form

minimize f(x) + g(Ax), (1)

where f : Rn → R and g : Rm → R are closed convex functions with nonempty domains, and A is
an m× n matrix. It uses the iteration

x̄k = proxτf (xk−1 − τAT zk−1) (2a)

z̄k = proxσg∗(z
k−1 + σA(2x̄k − xk−1)) (2b)

xk = xk−1 + ρk(x̄
k − xk−1) (2c)

zk = zk−1 + ρk(z̄
k − zk−1). (2d)

The function g∗ in (2b) is the conjugate of g, and proxτf and proxσg∗ are the proximal operators
of τf and σg∗ (see §2). The parameters σ and τ are positive constants that satisfy στ‖A‖2 ≤ 1,
where ‖A‖ is the 2-norm (spectral norm) of A, and ρk is a relaxation parameter in (0, 2) that can
change in each iteration if it is bounded away from 0 and 2, i.e., ρk ∈ [ε, 2− ε] for some ε > 0. With
these parameter values, the iterates xk, zk converge to a solution of the optimality conditions

0 ∈
[

0 AT

−A 0

] [
x
z

]
+

[
∂f(x)
∂g∗(z)

]
, (3)
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if a solution exists [Con13, Theorem 3.3.]. Following the terminology in the survey paper [CP16a,
page 212], we use the name primal-dual hybrid gradient (PDHG) algorithm for the algorithm (2).

An older method is Lions and Mercier’s Douglas-Rachford splitting (DRS) method for minimiz-
ing the sum of two closed convex functions f(x) + g(x), by solving the optimality condition

0 ∈ ∂f(x) + ∂g(x),

see [LM79,EB92,CP07] [BC11, §2.7]. The DRS method with relaxation uses the iteration

x̄k = proxtf (yk−1) (4a)

yk = yk−1 + ρk(proxtg(2x̄
k − yk−1)− x̄k), (4b)

where t is a positive parameter and ρk ∈ (0, 2). Chambolle and Pock [CP11a, §4.2] and Condat
[Con13, p.467] observe that this is a special case of the PDHG algorithm. Although they discuss
the connection only for ρk = 1, it is easily seen to hold in general. We take A = I, τ = t, σ = 1/t
in algorithm (2):

x̄k = proxtf (xk−1 − tzk−1)

z̄k = proxt−1g∗(z
k−1 +

1

t
(2x̄k − xk−1))

xk = (1− ρk)xk−1 + ρkx̄
k

zk = (1− ρk)zk−1 + ρkz̄
k.

Next we replace zk by a new variable yk = xk − tzk:

x̄k = proxtf (yk−1) (5a)

z̄k = proxt−1g∗(
1

t
(2x̄k − yk−1)) (5b)

xk = (1− ρk)xk−1 + ρkx̄
k (5c)

yk = xk − (1− ρk)(xk−1 − yk−1)− ρktz̄k. (5d)

Substituting the expressions for z̄k and xk from lines (5b) and (5c) in (5d) gives

x̄k = proxtf (yk−1)

yk = yk−1 + ρk(x̄
k − yk−1 − tproxt−1g∗(

1

t
(2x̄k − yk−1))).

If we now use the Moreau identity tproxt−1g∗(u/t) = u−proxtg(u), we obtain the DRS iteration (4).
Hence, the DRS algorithm is the PDHG algorithm with A = I and σ = 1/τ . The purpose of this
note is to point out that, in turn, the PDHG algorithm can be derived from the DRS algorithm. As
we will see in §4, the PDHG algorithm coincides with the DRS algorithm applied to a reformulation
of (1).

The paper is organized as follows. We start with a short review of monotone operators and the
DRS algorithm (Sections 2 and 3). Section 4 contains the main result of the paper, the derivation
of the PDHG algorithm from the DRS algorithm. In the remainder of the paper we discuss some
variations and extensions of the results in Section 4.
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2 Background material

2.1 Monotone operators

A set valued operator on Rn assigns to every x ∈ Rn a (possibly empty) subset of Rn. The image
of x under the operator F is denoted F (x). If F (x) is a singleton we usually write F (x) = y instead
of F (x) = {y}. If F is linear, F (x) = Ax, we do not distinguish between the operator F and the
matrix A. In particular, the symbol I is used both for the identity matrix and for the identity
operator F (x) = x. The graph of an operator F is the set

gr(F ) = {(x, y) ∈ Rn × Rn | y ∈ F (x)}.

The operator F is monotone if

(y − ŷ)T (x− x̂) ≥ 0 ∀(x, y), (x̂, ŷ) ∈ gr(F ). (6)

A monotone operator is maximal monotone if its graph is not contained in the graph of another
monotone operator.

The inverse operator F−1(x) = {y | x ∈ F (y)} of a maximal monotone operator F is maximal
monotone. We also define left and right scalar multiplications as

(λF )(x) = {λy | y ∈ F (x)}, (Fµ)(x) = {y | y ∈ F (µx)}.

Since (λF )µ = λ(Fµ) we can write this operator as λFµ. If F is maximal monotone and λµ > 0,
then λFµ is maximal monotone. The inverse operation and the scalar multiplications are linear
operations on the graphs:

gr(F−1) =

[
0 I
I 0

]
gr(F ), gr(λFµ) =

[
µ−1I 0

0 λI

]
gr(F ).

From this, one easily verifies that (λFµ)−1 = µ−1F−1λ−1.
Maximal monotone operators are important in convex optimization because the subdifferential

∂f of a closed convex function is maximal monotone. Its inverse is the subdifferential of the
conjugate f∗(y) = supx (yTx− f(x)) of f :

(∂f)−1 = ∂f∗.

2.2 Resolvents, reflected resolvents, and proximal operators

The operator JF = (I+F )−1 is known as the resolvent of F . The value JF (x) of the resolvent at x
is the set of all vectors y that satisfy

x− y ∈ F (y). (7)

A fundamental result states that an operator is maximal monotone if and only if its resolvent is
single-valued and has full domain, i.e., the equation (7) has a unique solution for every x [EB92,
Theorem 2]. The operator RF = 2JF − I is called the reflected resolvent of F . The graphs of the
resolvent and the reflected resolvent are related to the graph of F by simple linear mappings:

gr(F ) =

[
0 I
I −I

]
gr(JF ) =

1

2

[
I I
I −I

]
gr(RF ). (8)
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The resolvent of the subdifferential of a closed convex function f is called the proximal operator
of f , and denoted proxf = J∂f . The defining equation (7) is the optimality condition of the
optimization problem in

proxf (x) = argmin
y

(f(y) +
1

2
‖y − x‖2), (9)

where ‖ · ‖ is the Euclidean norm.
The following calculus rules can be verified from the definition (see also [BC11, Chapter 23]

and, for proximal operators, [CP11b, Table 10.1]). We assume F is maximal monotone and f is
closed and convex, and that λ > 0.

1. Right scalar multiplication. The resolvent and reflected resolvent of Fλ are given by

JFλ(x) = λ−1JλF (λx), RFλ(x) = λ−1RλF (λx). (10)

The proximal operator of the function g(x) = f(λx) is

proxg(x) =
1

λ
proxλ2f (λx). (11)

2. Inverse. The resolvents of F and its inverse satisfy the identities

JF (x) + JF−1(x) = x, RF (x) +RF−1(x) = 0 (12)

for all x. Using (λF )−1 = F−1λ−1 and the previous property, we also have

JλF (x) + λJλ−1F−1(x/λ) = x, RλF (x) + λRλ−1F−1(x/λ) = 0. (13)

Applied to a subdifferential F = ∂f , the first identity in (13) is known as the Moreau identity:

proxλf (x) + λproxλ−1f∗(x/λ) = x.

3. Composition with linear mapping. Assume A is an n × m matrix with AAT = I and F
is a maximal monotone operator on Rm. Then the operator G(x) = ATF (Ax) is maximal
monotone, and the resolvents of G and G−1 are given by

JG(x) = (I −ATA)x+ATJF (Ax), JG−1(x) = ATJF−1(Ax). (14)

Combining (14) with the scaling rule (10), we find formulas for the resolvents of the operator
G(x) = ATF (Ax) and its inverse, if AAT = µI and µ > 0:

JG(x) =
1

µ

(
(µI −ATA)x+ATJµF (Ax)

)
, JG−1(x) =

1

µ
ATJ(µF )−1(Ax), (15)

and

RG(x) = −RG−1(x) =
1

µ

(
(µI −ATA)x+ATRµF (Ax)

)
.
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µ-strong monotonicity β-Lipschitz continuity 1/β-cocoercivity

M =

[
−2µ 1

1 0

]
M =

[
β2 0
0 −1

]
M =

[
0 β
β −2

]

Table 1: Each of the three properties is equivalent to a quadratic inequality (18) for the matrix M
shown in the table. The parameters must satisfy µ > 0, β > 0.

It is useful to note that (10) and the identities for JG in (14) and (15) hold for general (possibly
non-monotone) operators F . For (10) this is obvious from the definitions of the resolvent and
scalar-operator multiplication. Since it will be important in §5, we prove the first equality in (14)
for a general operator F . Suppose y ∈ JG(x), i.e.,

x− y ∈ ATF (Ay). (16)

Every vector y can be decomposed as y = ŷ + AT v, where Aŷ = 0. If we make this substitution
in (16) and use AAT = I, we get

x−AT v − ŷ ∈ ATF (v). (17)

Multiplying with A on both sides shows that v satisfies Ax−v ∈ F (v). By definition of the resolvent
this means that v ∈ JF (Ax). Multiplying both sides of (17) with I −ATA shows ŷ = (I −ATA)x.
Putting the two components together we find that

y = (I −ATA)x+AT v ∈ (I −ATA)x+ATJF (Ax).

We conclude that JG(x) ⊆ (I − ATA)x + ATJF (Ax). Conversely, suppose v ∈ JF (Ax), i.e.,
Ax− v ∈ F (v). Define y = (I −ATA)x+AT v. Then Ay = v and

x− y = AT (Ax− v) ∈ ATF (v) = ATF (Ay).

This shows that y ∈ JG(x), so (I −ATA)x+ATJF (Ax) ⊆ JG(x).
The identities (12) and (13), on the other hand, are not valid for general operators. Their proofs

depend on maximal monotonicity of F and, in particular, the fact that the resolvents JF (x) and
JF−1(x) are singletons for every x.

2.3 Strong monotonicity and cocoercivity

The definition of monotonicity (6) can be written as[
x− x̂
y − ŷ

]T [
0 I
I 0

] [
x− x̂
y − ŷ

]
≥ 0 ∀(x, y), (x̂, ŷ) ∈ gr(F ).

Several other important properties of operators can be expressed as differential quadratic forms on
the graph. This is summarized in Table 1. Each of the three properties in the table is defined as[

x− x̂
y − ŷ

]T [
M11I M12I
M21I M22I

] [
x− x̂
y − ŷ

]
≥ 0 ∀(x, y), (x̂, ŷ) ∈ gr(F ) (18)
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where M is the 2× 2-matrix given in the table. Strong convexity with parameter µ is equivalent to
monotonicity of the operator F − µI. If an operator F is (1/β)-cocoercive, then it is β-Lipschitz
continuous, as is easily seen, for example, from the matrix inequality[

β2 0
0 −1

]
�
[

0 β
β −2

]
.

The converse is not true in general, but does hold in the important case when F is the subdifferential
of a closed convex function with full domain. In that case, (1/β)-cocoercivity and β-Lipschitz
continuity are both equivalent to the property that βI − F is monotone.

The resolvent of a monotone operator is 1-cocoercive (or firmly nonexpansive), and its reflected
resolvent is 1-Lipschitz continuous, i.e., nonexpansive. These facts follow from (8) and[

0 1
1 −1

]T [
0 1
1 0

] [
0 1
1 −1

]
=

[
0 1
1 −2

]
,

respectively,

1

2

[
1 1
1 −1

]T [
0 1
1 0

] [
1 1
1 −1

]
=

[
1 0
0 −1

]
.

3 Douglas-Rachford splitting algorithm

The DRS algorithm proposed by Lions and Mercier [LM79] is an algorithm for finding zeros of a
sum of two maximal monotone operators, i.e., solving

0 ∈ F (x) +G(x). (19)

It can be used to minimize the sum of two closed convex functions f and g by taking F = ∂f and
G = ∂g. The basic version of the method is the averaged fixed-point iteration

yk =
1

2
yk−1 +

1

2
RtG(RtF (yk−1)) (20)

where t is a positive constant. The right-hand side can be evaluated in three steps:

xk = JtF (yk−1) (21a)

wk = JtG(2xk − yk−1) (21b)

yk = yk−1 + wk − xk. (21c)

It can be shown that y is a fixed point (y = RtG(RtF (y))) if and only if x = JtF (y) satisfies (19). In
the following sections we discuss two extensions that have been proposed to speed up the method.

3.1 Relaxation

The relaxed DRS algorithm uses the iteration yk = Tk(y
k−1) with

Tk(y) = (1− αk)y + αkRtG(RtF (y)). (22)
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The algorithm parameter t is a positive constant and αk ∈ (0, 1). The iteration reduces to (20) if
αk = 1/2. The right-hand side of (22) can be calculated in three steps:

xk = JtF (yk−1) (23a)

wk = JtG(2xk − yk−1) (23b)

yk = yk−1 + ρk(w
k − xk) (23c)

where ρk = 2αk. Substituting JtF = proxtf and JtG = proxtg gives the version of the algorithm
presented in (4). Using the relation between JtG and J(tG)−1 we can write the algorithm equivalently
as

xk = JtF (yk−1) (24a)

zk = J(tG)−1(2xk − yk−1) (24b)

yk = (1− ρk)yk−1 + ρk(x
k − zk). (24c)

Fundamental references on the convergence of the DRS algorithm include [LM79,EB92,Com04,
CP07, BC11, CY15]. The weakest conditions for convergence are maximal monotonicity of the
operators F and G, and existence of a solution. Convergence follows from the fact that RtG ◦RtF
is the composition of two nonexpansive operators, and therefore nonexpansive itself.

Convergence results that allow for errors in the evaluation of the resolvents are given in [EB92,
Theorem 7], [Com04, Corollary 5.2]. If we add error terms dk and ek in (23) and write the inexact
algorithm as

xk = JtF (yk−1) + dk (25a)

wk = JtG(2xk − yk−1) + ek (25b)

yk = yk−1 + ρk(w
k − xk), (25c)

then [Com04, Corollary 5.2] implies the following. Suppose the inclusion problem 0 ∈ F (x) +G(x)
has a solution. If t is a positive constant, ρk ∈ (0, 2) for all k, and∑

k≥0
ρk(‖dk‖+ ‖ek‖) <∞,

∑
k≥0

ρk(2− ρk) =∞,

then the sequences wk, xk, yk converge, and the limit of xk is a solution of (19).
Under additional assumptions, linear rates of convergence obtain; see [LM79,DY17,GB17,Gis17]

and the overview of the extensive recent literature on this subject in [Gis17]. We mention the
following result from [Gis17]. Suppose F is µ-strongly monotone and G is (1/β)-cocoercive. Then
the operator Tk defined in (22) is ηk-Lipschitz continuous with

ηk = |1− 2αk + αkκ|+ αkκ, κ =
βt+ 1/(µt)

1 + βt+ 1/(µt)
.

This is a contraction (ηk < 1) if αk ∈ (0, 1). The contraction factor ηk is minimized by taking
t = 1/

√
βµ and

αk =
1

2− κ
=

2 +
√
µ/β

2(1 +
√
µ/β)

,
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and its minimum value is

η =
1

1 +
√
µ/β

.

If Tk is η-Lipschitz continuous with η < 1, then the convergence of yk is R-linear, i.e., ‖yk − y?‖ ≤
ηk‖y0 − y?‖. Since JtF is nonexpansive, xk = JtF (yk) converges at the same rate.

3.2 Acceleration

Suppose F is µ-strongly monotone. The following extension of the DRS algorithm (21) is Algo-
rithm 2 in [DY15] applied to the monotone inclusion problem (19):

xk = JtkF (yk−1) (26a)

wk = Jtk+1G((1 + θk)x
k − θkyk−1) (26b)

yk = θky
k−1 + wk − θkxk. (26c)

The parameters θk and tk are defined recursively as

tk+1 = θktk, θk =
1√

1 + 2µtk
, k = 1, 2, . . . ,

starting at some positive t1. If we define zk = (1/tk+1)(x
k − yk) and use the identity (13), we can

write the algorithm as

xk = JtkF (xk−1 − tkzk−1) (27a)

zk = Jt−1
k+1G

−1(zk−1 +
1

tk+1
(xk + θk(x

k − xk−1))). (27b)

Davis and Yin [DY15, Theorem 1.2] show that if x? is the solution of 0 ∈ F (x) + G(x) (the
solution is necessarily unique, because F is assumed to be strongly monotone), then

‖xk − x?‖2 = O(
1

k2
).

4 PDHG from DRS

We now consider the problem of finding a solution x of the inclusion problem

0 ∈ F (x) +ATG(Ax), (28)

where F is a maximal monotone operator on Rn, G is a maximal monotone operator on Rm, and
A is an m × n matrix. For F = ∂f , G = ∂g, this is the optimality condition for the optimization
problem (1).

To derive the PDHG algorithm from the DRS algorithm, we reformulate (28) as follows. Choose
a positive γ that satisfies γ‖A‖ ≤ 1 and any matrix C ∈ Rm×p, with p ≥ m− rank(A), such that
the matrix

B =
[
A C

]
(29)
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satisfies BBT = γ−2I (for example, the m ×m matrix C = (γ−2I − AAT )1/2). Problem (28) is
equivalent to

0 ∈ F̃ (u) + G̃(u) (30)

where F̃ and G̃ are the maximal monotone operators on Rn × Rp defined as

F̃ (u1, u2) =

{
F (u1)× Rp u2 = 0
∅ otherwise,

G̃(u) = BTG(Bu). (31)

From these definitions, it is clear that u = (u1, u2) solves (30) if and only if u2 = 0 and x = u1
solves (28). For an optimization problem (1) the reformulation amounts to solving

minimize f(u1) + δ{0}(u2) + g(Au1 + Cu2),

where δ{0} is the indicator function of {0}, and interpreting this as minimizing f̃(u) + g̃(u) where

f̃(u) = f(u1) + δ{0}(u2), g̃(u) = g(Bu).

At first this simple reformulation seems pointless, as it is unrealistic to assume that a suitable
matrix C is known. However we will see that, after simplifications, the matrix C is not needed to
apply the algorithm.

We note that if F is µ-strongly monotone, then F̃ is µ-strongly monotone. If G is (1/β)-
cocoercive, then G̃ is (γ2/β)-cocoercive, and if G is β-Lipschitz continuous, then G̃ is (β/γ2)-
Lipschitz continuous.

To apply the DRS algorithm to (30) we need expressions for the resolvents of the two operators
or their inverses. The resolvent of τF̃ is straightforward:

JτF̃ (u1, u2) = (JτF (u1), 0). (32)

The resolvent of τG̃ follows from (15):

JτG̃(u) = u+ γ2BT (Jσ−1G(Bu)−Bu) (33)

where σ = γ2/τ . Expressions for the resolvents of (τG̃)−1 and τ−1G̃−1 follow from (15) and (10):

J(τG̃)−1(u) = τBTJσG−1(σBu), Jτ−1G̃−1(u) = BTJσG−1(γ2Bu). (34)

4.1 Relaxed DRS algorithm

The relaxed DRS iteration (24) applied to (30) involves the three steps

ūk = JτF̃ (yk−1)

w̄k = J(τG̃)−1(2ūk − yk−1)

yk = (1− ρk)yk−1 + ρk(ū
k − w̄k).

The variables are vectors in Rn × Rp, which we will partition as ūk = (ūk1, ū
k
2), w̄k = (w̄k1 , w̄

k
2),

yk = (yk1 , y
k
2 ). Substituting the expressions for the resolvents (32) and (34) gives

ūk = (JτF (yk−11 ), 0)

w̄k = τBTJσG−1(σB(2ūk − yk−1))
yk = (1− ρk)yk−1 + ρk(ū

k − w̄k),
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with σ = γ2/τ . Next we add two new variables uk = (1 − ρk)uk−1 + ρkū
k and wk = uk − yk, and

obtain

ūk = (JτF (yk−11 ), 0) (36a)

w̄k = τBTJσG−1(σB(2ūk − yk−1)) (36b)

uk = (1− ρk)uk−1 + ρkū
k (36c)

yk = (1− ρk)yk−1 + ρk(ū
k − w̄k) (36d)

wk = uk − yk. (36e)

The variable yk can now be eliminated. If we subtract equation (36d) from equation (36c), we see
that the w-update in equation (36e) can be written as

wk = (1− ρk)(uk−1 − yk−1) + ρkw̄
k = (1− ρk)wk−1 + ρkw̄

k.

Substituting yk−1 = uk−1−wk−1 in the first and second steps of the algorithm and removing (36d)
then gives

ūk = (JτF (uk−11 − wk−11 ), 0) (37a)

w̄k = τBTJσG−1(σBwk−1 + σB(2ūk − uk−1)) (37b)

uk = (1− ρk)uk−1 + ρkū
k (37c)

wk = (1− ρk)wk−1 + ρkw̄
k. (37d)

The expression on the first line shows that ūk2 = 0 for all k. If we start with u02 = 0, then line 3
shows that also uk2 = 0 for all k. The expression on the second line shows that w̄k is in the range
of BT for all k, i.e., w̄k = τBT z̄k for some z̄k. If we choose w0 in the range of BT , then the
last line shows that wk is also in the range of BT for all k, i.e., wk = τBT zk for some zk. Since
BBT = γ−2I, the vectors z̄k and zk are uniquely defined and equal to z̄k = (γ2/τ)Bw̄k = σBw̄k

and zk = (γ2/τ)Bwk = σBwk. If we make these substitutions and write xk = uk1, x̄k = ūk1, then
the iteration simplifies to

x̄k = JτF (xk−1 − τAT zk−1) (38a)

z̄k = JσG−1(zk−1 + σA(2x̄k − xk−1)) (38b)

xk = (1− ρk)xk−1 + ρkx̄
k (38c)

zk = (1− ρk)zk−1 + ρkz̄
k. (38d)

The parameters τ and σ satisfy στ‖A‖2 = γ2‖A‖2 ≤ 1. Note that a combination of two facts allows
us to go from (37) to (38) and express the equations in terms of the first block A of B. In the
product B(2ūk − uk−1) the matrix C is not needed because the second components of ūk and uk−1

are zero. The product Bwk−1 simplifies because wk−1 is in the range of BT and BBT = γ−2I.
For F = ∂f and G = ∂g, algorithm (38) is the PDHG algorithm (2). For general monotone

operators it is the extension of the PDHG algorithm discussed in [Vũ13,BCHH15].
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4.2 Accelerated DRS algorithm

If F is µ-strongly monotone, the accelerated DRS algorithm (27) can be applied to (30):

uk = JτkF̃ (uk−1 − τkwk−1)

wk = Jτ−1
k+1G̃

−1(wk−1 +
1

τk+1
(uk + θk(u

k − uk−1)))

with θk = 1/
√

1 + 2µτk and τk+1 = θkτk for k = 1, 2, . . .. The variables uk and wk are in Rn×p
and will be partitioned as uk = (uk1, u

k
2), wk = (wk1 , w

k
2). After substituting the expressions for the

resolvents (32) and (34) we obtain

uk = (JτkF (uk−11 − τkwk−11 ), 0)

wk = BTJσkG−1(γ2Bwk−1 + σkB(uk + θk(u
k − uk−1)))

where σk = γ2/τk+1. From the first line, it is clear that uk2 = 0 at all iterations. From the second
line, wk is in the range of BT , so it can be written as wk = BT zk where zk = γ2Bwk. If we start at
initial points that satisfy u02 = 0 and w0 = BT z0, and define xk = uk1, the algorithm simplifies to

xk = JτkF (xk−1 − τkAT zk−1) (39a)

zk = JσkG−1(zk−1 + σkA(xk + θk(x
k − xk−1))). (39b)

This is the accelerated PDHG algorithm [PC11, Algorithm 2] applied to a monotone inclusion
problem.

4.3 Convergence results

The reduction of PDHG to the DRS algorithm allows us to apply convergence results for DRS to
PDHG. From the results in [Com04] discussed in §3 we obtain a convergence result for an inexact
version of the relaxed PDHG algorithm (38),

x̄k = JτF (xk−1 − τAT zk−1) + dk (40a)

z̄k = JσG−1(zk−1 + σA(2x̄k − xk−1)) + ek (40b)

xk = (1− ρk)xk−1 + ρkx̄
k (40c)

zk = (1− ρk)zk−1 + ρkz̄
k. (40d)

Suppose F and G are maximal monotone operators and (28) is solvable. If the conditions

τσ‖A‖2 ≤ 1,
∞∑
k=0

ρk(‖dk‖+ ‖ek‖) <∞,
∞∑
k=0

ρk(2− ρk) <∞

are satisfied, then (xk, zk) and (x̄k, z̄k) converge to a limit (x, z) that satisfies

0 ∈
[

0 AT

−A 0

] [
x
z

]
+

[
F (x)
G−1(z)

]
.

Applied to the PDHG algorithm (2) for solving (1), this gives Theorem 3.3 in [Con13]. The
result from [Con13] was itself a significant improvement over the convergence results in earlier
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papers on PDHG, which mention convergence for τσ‖A‖2 < 1 and ρk = 1; see [EZC10, Theorem
2.4], [PCBC09, Theorem 2], [CP11a, Theorem 1].

If F is strongly monotone and G is cocoercive, then the linear convergence result from [GB17]
mentioned in §3.1 applies to the reformulated problem (30). If F is µ-strongly monotone and G is
(1/β)-cocoercive, then F̃ is µ-strongly monotone and G̃ is (γ2/β)-cocoercive. Therefore taking

ρk =
2 + γ

√
µ/β

1 + γ
√
µ/β

, τ =
γ√
βµ

, σ =
γ2

τ
= γ

√
βµ,

in the relaxed PDHG algorithm (38) gives a linear convergence rate with factor

η =
1

1 + γ
√
µ/β

. (41)

This can be compared with the convergence result for Algorithm 3 in [CP11a], a version of the
accelerated algorithm (39) with parameters

θk =
1

1 + 2γ
√
µ/β

, τk =
γ√
βµ

, σk = γ
√
βµ

(in our notation). In [CP11a, Theorem 3], the accelerated PDHG algorithm is shown to converge
R-linearly with rate

η =

(
1

1 + 2γ
√
µ/β

)1/2

.

This is comparable in its dependence on
√
µ/β and higher than the rate (41), which holds for the

relaxed non-accelerated algorithm.
Finally, if F is µ-strongly monotone, and no properties other than maximal monotonicity are

assumed for G, then it follows from the result in [DY15] mentioned in §3.2 that the accelerated
PDHG algorithm (39) converges with ‖xk−x?‖2 = O(1/k2). This agrees with the result in [CP11a,
Theorem 2].

4.4 Related work

The connections of the PDHG algorithm with the proximal point algorithm, the DRS method,
and the alternating direction method of multipliers (ADMM) have been the subject of several
recent papers. He and Yuan [HY12] showed that algorithm (2) can be interpreted as a variant of
the proximal point algorithm for finding a zero of a monotone operator [Roc76b] applied to the
optimality condition (3). In the standard proximal point algorithm, the iterates xk+1 and zk+1 are
defined as the solution x, z of

0 ∈
[

0 AT

−A 0

] [
x
z

]
+

[
∂f(x)
∂g∗(z)

]
+

1

τ

[
x− xk
z − zk

]
.

In He and Yuan’s modified algorithm, the last term on the right-hand side is replaced with[
(1/τ)I −AT
−A (1/σ)I

] [
x− xk
z − zk

]
, (42)
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where τσ‖A‖22 < 1. This inequality ensures that the block matrix in (42) is positive definite, and
the standard convergence theory of the proximal point algorithm applies. Shefi and Teboulle [ST14,
§3.3] use a similar idea to interpret PDHG as an instance of a general class of algorithms derived
from the proximal point method of multipliers [Roc76a].

In these papers the PDHG algorithm is interpreted as a modified proximal point method applied
to problem (3), or a modified proximal method of multipliers applied to problem (1). This is
different from the approach in the previous section, in which the algorithm is interpreted as the
standard DRS algorithm applied to a reformulation of the original problem.

5 Primal form and application to non-convex problems

The starting point in §4 was the DRS algorithm in the ‘primal-dual’ forms (24) and (27), i.e.,
written in terms of the resolvents of F and G−1. If instead we start from the original form of
the DRS algorithm (23) or (26), we obtain a ‘primal’ version of the PDHG algorithm expressed in
terms of the resolvents of F and G.

We work out the details for the accelerated DRS method (26), applied to (30):

uk = JτkF̃ (yk−1)

yk = Jτk+1G̃
((1 + θk)u

k − θkyk−1) + θk(y
k−1 − uk).

The formulas simplify if we introduce a variable wk = uk − yk and remove yk:

uk = JτkF̃ (uk−1 − wk−1)

wk = uk + θk(u
k − uk−1) + θkw

k−1 − Jτk+1G̃
(uk + θk(u

k − uk−1) + θkw
k−1).

Substituting the expressions for the resolvents (32) and (33) then gives

uk = JτkF (uk−11 − wk−11 , 0)

wk = γ2BT
(
B(uk + θk(u

k − uk−1) + θkw
k−1)− Jσ−1

k G(B(uk + θk(u
k − uk−1) + θkw

k−1))
)

where σk = γ2/τk+1. We now apply the same argument as in the previous section. We assume
u02 = 0 and w0 is in the range of BT . Then uk2 = 0 and wk can be written as wk = τk+1B

T zk with
zk = (γ2/τk+1)Bw

k = σkBw
k. After this change of variables, and with xk = uk1, the algorithm

reduces to

xk = JτkF (xk−1 − τkAT zk−1) (43a)

zk = zk−1 + σkA(xk + θk(x
k − xk−1))− σkJσ−1

k G(
1

σk
zk−1 +A(xk + θk(x

k − xk−1))). (43b)

This algorithm was studied in [MSMC15a, MSMC15b] for optimization problems of the form (1),
in which g is allowed to be semiconvex (i.e., has the property that g(x) + (λ/2)‖x‖2 is convex
for sufficiently large λ). In this context it is important to note that the steps in the derivation
of algorithm 43 do not assume monotonicity of the operators F and G, since the expressions (32)
and (33) hold in general. In particular, the expression for JτG̃ was obtained from the first identity
in (15), which, as we have seen, holds for general operators.
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If G is maximal monotone, the primal variant (43) of the PDHG algorithm also follows immedi-
ately from the PDHG algorithm (39) and the identity (12). However in applications to nonconvex
optimization, the identity (12), i.e., the Moreau identity, does not hold. The direct derivation given
above does not rely on the Moreau identity.

6 Three-operator extension of PDHG

Several extensions of the PDHG algorithm that minimize a sum of three functions f(x) + g(Ax) +
h(x), where h is differentiable, have recently been proposed [Con13,Vũ13,CP16b,Yan16]. A three-
operator extension of the DRS algorithm was introduced by Davis and Yin in [DY15, Algorithm 1].
In this section, we use the technique of Section 4 to derive Yan’s three-operator PDHG extension
from the Davis-Yin algorithm.

Let F,G, and H be maximal monotone operators on Rn and assume that H is 1/β-cocoercive.
The Davis-Yin algorithm is a three-operator extension of DRS that solves the monotone inclusion
problem

0 ∈ F (x) +G(x) +H(x)

via the iteration

xk = JtF (yk−1)

wk = JtG(2xk − yk−1 − tH(xk))

yk = yk−1 + ρk(w
k − xk).

Using the relation between JtG and J(tG)−1 , and taking ρk = 1 for all k, we can write the algorithm
as

xk = JtF (yk−1)

vk = J(tG)−1(2xk − yk−1 − tH(xk))

yk = xk − vk − tH(xk).

Eliminating yk, we obtain the iteration

xk = JtF (xk−1 − vk−1 − tH(xk−1)) (44a)

vk = J(tG)−1(2xk − xk−1 + vk−1 + tH(xk−1)− tH(xk)). (44b)

We will use the Davis-Yin algorithm to solve the monotone inclusion problem

0 ∈ F (x) +ATG(Ax) +H(x), (45)

where F and H are maximal monotone operators on Rn, G is a maximal monotone operator on
Rm, A is a real m× n matrix, and H is 1/β-cocoercive. Problem (45) is equivalent to the problem

0 ∈ F̃ (u) +BT G̃(Bu) + H̃(u), (46)

where F̃ and G̃ are defined in equation (31), B is defined in equation (29), and H̃ is defined by

H̃(u1, u2) = H(u1)× {0}.
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The Davis-Yin iteration (44) applied to problem (46) is

uk = JτF̃ (uk−1 − vk−1 − τH̃(uk−1))

vk = J(τG̃)−1(2uk − uk−1 + vk−1 + τH̃(uk−1)− τH̃(uk)).

The variables are vectors in Rn × Rp, which we will partition as uk = (uk1, u
k
2), vk = (vk1 , v

k
2 ).

Substituting the expressions for the resolvents (32) and (34) gives

uk = (JτF (uk−11 − vk−11 − τH(uk−11 )), 0)

vk = τBTJσG−1(σB(2uk − uk−1 + vk−1 + τH̃(uk−1)− τH̃(uk)))

with σ = γ2/τ . The expression on the first line shows that uk2 = 0 for all k ≥ 1. If we start with
u02 = 0, then uk2 = 0 for all k. The expression on the second line shows that vk is in the range
of BT for all k ≥ 1. If we choose v0 in the range of BT , then vk is in the range of BT for all k,
i.e., vk = τBT zk for some zk. Since BBT = γ−2I, the vectors zk are uniquely defined and equal
to zk = (γ2/τ)Bvk = σBvk. If we make these substitutions and write xk = uk1, then the iteration
simplifies to

xk = JτF (xk−1 − τAT zk−1 − τH(xk−1)) (48a)

zk = JσG−1(zk−1 + σA(2xk − xk−1 + τH(xk−1)− τH(xk))). (48b)

The parameters τ and σ satisfy στ‖A‖2 = γ2‖A‖2 ≤ 1. In the case where F = ∂f , G = ∂g, and
H = ∇h, for some closed convex functions f and g and a differentiable convex function h, this is
the PD3O algorithm introduced in [Yan16, Equations 3(a) - 3(c)].

The convergence results in [DY15] can now be applied directly to the PD3O algorithm. For
example, it follows from Theorem 1.1 in [DY15] that if problem (45) has a solution and the step
size restrictions τ < 2/β and στ‖A‖2 ≤ 1 are satisfied then xk converges to a solution of (45) as
k →∞. Note that the convergence results in [Yan16] require στ‖A‖2 < 1.

7 Separable structure

The parameters σ and τ in the PDHG algorithm must satisfy στ‖A‖2 ≤ 1. When the problem has
separable structure, it is possible to formulate an extension of the algorithm that uses more than
two parameters. This can speed up the algorithm and make it easier to find suitable parameter
values [PC11]. The extended algorithm can be derived by applying the standard PDHG algorithm
after scaling the rows and columns of A and adjusting the expressions for the resolvents or proximal
operators accordingly. It can also be derived directly from DRS as follows.

We consider a convex optimization problem with block-separable structure

minimize

n∑
j=1

fj(xj) +

m∑
i=1

gi(

n∑
j=1

Aijxj).

The functions fj : Rqj → R and gi : Rpi → R are closed and convex with nonempty domains, and
Aij is a matrix of size pi × qj . To apply the DRS algorithm, we rewrite the problem as

minimize f̃(u) + g̃(Bu) (49)
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where f̃ and g̃ are defined as

f̃(u1, . . . , un, un+1) =

n∑
j=1

fj(ηjuj) + δ{0}(un+1), g̃(v1, . . . , vm) =

m∑
i=1

gi(γ
−1
i vi),

and B is an m× (n+ 1) block matrix

B =


B11 · · · B1n B1,n+1

B21 · · · B2n B2,n+1
...

...
...

Bm1 · · · Bmn Bm,n+1

 =


γ1η1A11 γ1η2A12 · · · γ1ηnA1n C1

γ2η1A21 γ2η2A22 · · · γ2ηnA2n C2
...

...
...

...
γmη1Am1 γmη2Am2 · · · γmηnAmn Cm

 .
The positive coefficients γi, ηj and the matrices Ci are chosen so that BBT = I. The matrices
Ci will appear in the derivation of the algorithm but are ultimately not needed to execute it. It
is sufficient to know that they exist, i.e., that the first n block columns of B form a matrix with
norm less than or equal to one.

The DRS algorithm with relaxation (24) for problem (49) is

ūk = proxtf̃ (yk−1)

w̄k = BTprox(tg̃)∗(B(2ūk − yk−1))

yk = (1− ρk)yk−1 + ρk(ū
k − w̄k).

Here we applied the property that if h(u) = g̃(Bu) and BBT = I, then prox(th)∗ = BTprox(tg̃)∗(Bu)

(see (14)). Next we add two variables uk and wk as follows:

ūk = proxtf̃ (yk−1)

w̄k = BTprox(tg̃)∗(B(2ūk − yk−1))

uk = (1− ρk)uk−1 + ρkū
k

yk = (1− ρk)yk−1 + ρk(ū
k − w̄k)

wk = uk − yk.

Eliminating yk now results in

ūk = proxtf̃ (uk−1 − wk−1)

w̄k = BTprox(tg̃)∗(B(wk−1 + 2ūk − uk−1))

uk = (1− ρk)uk−1 + ρkū
k

wk = (1− ρk)wk−1 + ρkw̄
k.

The proximal operators of f̃ and g̃∗ follow from the scaling property (11), the Moreau identity, and
the separable structure of f̃ and g̃:

proxtf̃ (u1, . . . , un, un+1) =
(
η−11 proxτ1f1(η1u1), . . . , η

−1
n proxτnfn(ηnun), 0

)
prox(tg̃)∗(v1, . . . , vm) =

(
γ1
σ1

proxσ1g∗1 (
σ1
γ1
v1), . . . ,

γm
σm

proxσmg∗m(
σm
γm

vm)

)

16



where we define τj = tη2j and σi = γ2i /t. Substituting these formulas in the algorithm gives

ūkj = η−1j proxτjfj (ηj(u
k−1
j − wk−1j )), j = 1, . . . , n

ūkn+1 = 0

w̄kj =
m∑
i=1

γi
σi
BT
ij proxσig∗i

(
σi
γi

n+1∑
l=1

Bil(w
k−1
l + 2ūkl − uk−1l )

)
, j = 1, . . . , n+ 1

uk = (1− ρk)uk−1 + ρkū
k

wk = (1− ρk)wk−1 + ρkw̄
k.

From these equations it is clear that if we start at an initial u0 with last component u0n+1 = 0, then
ukn+1 = ūkn+1 = 0 for all k. Furthermore, the third and last equation show that if w0 is in the range
of BT , then wk and w̄k are in the range of BT for all k, i.e., they can be expressed as

wkj =

m∑
i=1

(t/γi)B
T
ijz

k
i , w̄kj =

m∑
i=1

(t/γi)B
T
ij z̄

k
i , j = 1, . . . , n+ 1.

Since BBT = I, the variables zki and z̄ki are equal to

zki =
γi
t

n+1∑
j=1

Bijw
k
j , z̄ki =

γi
t

n+1∑
j=1

Bijw̄
k
j , i = 1, . . . ,m.

If we make this change of variables and also define x̄kj = ηj ū
k
j , x

k
j = ηju

k
j , we obtain

x̄kj = proxτjfj (x
k−1
j − τj

m∑
i=1

ATijz
k−1
i ), j = 1, . . . , n

z̄ki = proxσig∗i (zk−1i + σi

n+1∑
l=1

Ail(2x̄
k
l − xk−1l )), j = 1, . . . , n+ 1

xk = (1− ρk)xk−1 + ρkx̄
k

zk = (1− ρk)zk−1 + ρkz̄
k.

Since σiτj = γ2i η
2
j , the condition on the parameters σi and τj is that the matrix

√
σ1τ1A11

√
σ1τ2A12 · · · √

σ1τnA1n√
σ2τ1A21

√
σ2τ2A22 · · · √

σ2τnA2n
...

...
...√

σmτ1Am1
√
σmτ2Am2 · · · √σmτnAmn


has norm less than or equal to one.

When m = 1, the condition on the stepsize parameters is τ1
∑n

j=1 σiA
T
i1Ai1 � I. Condat [Con13,

Algorithm 5.2] uses σi = σ for all i and gives a convergence result for τσ
∑

iA
T
i1Ai1 � I [Con13,

Theorem 5.3]. Other authors use the weaker condition τ
∑l

i=1 σi‖Ai1‖2 ≤ 1 [BCHH15, page 270],
[Vũ13, page 678]. Pock and Chambolle in [PC11] discuss this method for separable functions f and
g, and scalar Aij .
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8 Linearized ADMM

It was observed in [EZC10, Figure 1] that linearized ADMM [PB14,OHG12] is equivalent to PDHG
applied to the dual. (In [EZC10] PDHG applied to the dual is called PDHGMp and linearized
ADMM is called Split Inexact Uzawa.) This equivalence implies that linearized ADMM is also a
special case of the Douglas-Rachford method. In this section we give a short proof of the equivalence
between linearized ADMM and PDHG.

Linearized ADMM minimizes f(x) + g(Ax), where f : Rn → R and g : Rm → R are closed
convex functions and A ∈ Rm×n, via the following iteration:

x̃k = proxτf (x̃k−1 − (τ/λ)AT (Ax̃k−1 − zk−1 + uk−1))

zk = proxλg(Ax̃
k + uk−1)

uk = uk−1 +Ax̃k − zk.

Here τ and λ satisfy 0 < τ ≤ λ/‖A‖2. For k ≥ 0, define xk = x̃k+1, so that

zk = proxλg(Ax
k−1 + uk−1) (50a)

uk = uk−1 +Axk−1 − zk (50b)

xk = proxτf (xk−1 − (τ/λ)AT (Axk−1 − zk + uk)). (50c)

From equations (50b) and (50a), we have

uk = uk−1 +Axk−1 − proxλg(Ax
k−1 + uk−1) = λproxλ−1g∗(

1

λ
(Axk−1 + uk−1)). (51)

Equation (50b) also implies that 2uk − uk−1 = Axk−1− zk + uk. Plugging this into equation (50c),
we find that

xk = proxτf (xk−1 − (τ/λ)AT (2uk − uk−1)). (52)

Let yk = (1/λ)uk for all k ≥ 0 and let σ = 1/λ. Then, from equations (51) and (52), we have

yk = proxσg∗(y
k−1 + σAxk−1)

xk = proxτf (xk−1 − τAT (2yk − yk−1)).

This is the same iteration that one obtains by using PDHG to solve the dual problem

minimize f∗(−AT z) + g∗(z).

9 Conclusion

The main difficulty when applying the Douglas-Rachford splitting method to problem (1) is the
presence of the matrix A, which can make the proximal operator of g(Ax) expensive to compute,
even when g itself has an inexpensive proximal operator. Evaluating the proximal operator g(Ax)
generally requires an iterative optimization algorithm. Several strategies are known to avoid this
problem and implement the DRS method using only proximal operators of f and g, and the solution
of linear equations. The first is to reformulate the problem as

minimize f(x) + g(y)
subject to Ax = y
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and apply the DRS method to h(x, y)+δV (x, y) where h(x, y) = f(x)+g(y) and δV is the indicator
function of the subspace V = {(x, y) | Ax = y}. The proximal operator of δV is the projection on
V , and can be evaluated by solving a linear equation with coefficient AAT + I. This is known as
Spingarn’s method [Spi83,Spi85,EB92].

A second option is to reformulate the problem as

minimize f(u) + g(y)

subject to

[
I
A

]
x =

[
u
y

]
and solve it via the alternating direction method of multipliers (ADMM), which is equivalent to
DRS applied to its dual [Gab83,EB92]. Each iteration of ADMM applied to this problem requires
an evaluation of the proximal operators of f and g, and the solution of a linear equation with
coefficient AAT + I.

A third option is to apply the DRS method for operators to the primal-dual optimality con-
ditions (3). The resolvent of the second term on the right-hand side of (3) requires the proximal
operators of f and g. The resolvent of the linear term can be computed by solving a linear equation
with coefficient t−2I +AAT . This method and other primal-dual applications of the DRS splitting
are discussed in [OV14].

In these three different applications of the DRS method, the cost of solving the set of linear
equations usually determines the overall complexity. The PDHG method has the important advan-
tage that it only requires multiplications with A and its transpose, but not the solution of linear
equations. Although it is often seen as a generalization of the DRS method, the derivation in
this paper shows that it can in fact be interpreted as the DRS method applied to an equivalent
reformulation of the problem. This observation gives new insight in the PDHG algorithm, allows
us to apply existing convergence theory for the DRS method, and greatly simplifies the formulation
and analysis of extensions.
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