Generalized ADMM with Optimal Indefinite Proximal
Term for Linearly Constrained Convex Optimization
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Abstract. We consider the generalized alternating direction method of multipliers (ADMM)
for linearly constrained convex optimization. Many problems derived from practical appli-
cations have showed that usually one of the subproblems in the generalized ADMM is hard
to solve, thus a special proximal term is added. In the literature, the proximal term can be
indefinite which plays a vital role in accelerating numerical performance. In this paper, we
are devoted to deriving the optimal lower bound of the proximal parameter and result in the
generalized ADMM with optimal indefinite proximal term. The global convergence and the
O(1/t) convergence rate measured by the iteration complexity of the proposed method are
proved. Moreover, some preliminary numerical experiments on LASSO and total variation-
based denoising problems are presented to demonstrate the efficiency of the proposed method
and the advantage of the optimal lower bound.

Keywords. Alternating direction method of multipliers, generalized, convex programming, conver-
gence rate, indefinite proximal term, optimal range.

1 Introduction

In this paper, we consider the following linearly constrained convex optimization problem
min{6;(x) +62(y) | Avr+ By =b, x € X,y € Y}, (1.1)

where A € R™*™ B e RM*"2 p e R™, X C ™ and Y C k™ are closed convex sets, 01 : ™" — R
and 6y : "2 — R are convex (not necessarily smooth) functions. The model with separable
structure captures a variety of applications in signal processing, computer vision and statistical
learning, see e.g., [2, [3, 14, BT, B4, 35, B7] and references therein for more details. Throughout this
paper, the solution set of is assumed to be nonempty and the matrix B is full column rank.
The augmented Lagrangian function of is defined as

Ls(r,9,0) = 02(2) + Oa(y) — AT (Az + By — b) + 5 || Az + By — b|P,

where A € R™ is the Lagrangian multiplier and 5 > 0 is a penalty parameter.

It is well known that alternating direction method of multipliers (ADMM) is an efficient approach
for solving the problem (1.1)), which originally proposed in [I3, 16]. The iterative scheme of the
classical ADMM can be read as

¢! = arg min{ﬁg(:p,yk, M) |z e XY, (1.22)
yk‘H = arg min{ﬁg(xk+1,y, )\k) ly € V}, (1.2b)
AL = Nk B(AZhHL 4 Byktl ). (1.2¢)
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This method treats the functions #; and 6- individually and makes the subproblems easier to solve
than the original one . Recently, due to its high efficiency, the ADMM has been applied in a
broad spectrum of areas such as signal processing [5l 6] [7], image restoration and denoising [12, 33],
and sparse signal recovery [I1]. We refer to [Il, 9} (15 [I7] for some reviews on ADMM.

In order to further accelerate the numerical performance of the original ADMM , a general-
ized ADMM which applied an acceleration scheme in y-subproblem was proposed in [8] and
extensively studied in [8 [10, 27]. The scheme of the generalized ADMM is

P = argmin{fh (z) — 2TATN + §qu + By* — |’ |2 € X}, (1.32)
y* ! = argmin{6y(y) — y'BIAF + gH[ A" — (1= a)(By* = b)] + By —b|*ly € V},  (1.3b)
MFL =\ — B{ladz* ! — (1 - a)(By* —b)] + By* ' — b}, (1.3¢)

where the parameter o € (0,2) is a relaxation factor. Apparently, the generalized ADMM
reduces to the original ADMM when o = 1. The generalized ADMM inherits the whole
advantages of the original ADMM and usually performs better in numerical experiments with some
values a € (1,2), see e.g., [8,[10]. Indeed, the scheme is equivalent to

( 2" = argmin{6; (z) — 2T ATNF + gHAZE + By —b|* |z € &}, (1.4a)
AbTS = Ak — pB(AzM 4 ByF — b), (1.4b)
Y1 = argmin{a(y) — yT BTAF + gHAwk“ + By —b|*|ly € ¥}, (1.4c)
AL \RE B(AZF T 4 Byk+1 _p), (1.4d)

where r = a — 1.

However, the efficiency of the generalized ADMM largely relies on the solving difficulty
of the subproblems and . Usually, when applying the generalized ADMM for solving
some concrete applications such as low-rank optimization problem [36] and the models considered
in [38], one of the subproblems is relatively easy to solve and the other one is difficult because the
corresponding coefficient matrix is somewhat complicated. Therefore, we assume that the subproblem
is easy to solve throughout this paper. While for another subproblem , instead of solving
itself, a proximal term |y — y*||%, is added, thus a new scheme is produced as follows

T = argminqbi(z) — + < ||Ax + by” — T e , .0a
ko in{0 TAT Nk g Az + ByF —b|)? X 1.5
ART2 = AF — rB(AzMt 4+ By — b), (1.5b)

. 1 B 1
y* ! = argmin{6s(y) — y" BTN *2 4 §|!Aﬂf’“H + By —b|* + Slly = y*IIbly € Y}, (1.5¢)

[ AFH = Aotz B(Az*+1 + Byt —p), (1.5d)
where D is a positive definite matrix. If we choose a special form of D, i.e.,

D =pl —BBT"B with p> B||B'B|, (1.6)
the subproblem is the linearized version of . The solution of can be obtained via

y* = argmin{fa(y) + Sy — (0" +a)Ply € V), (L.7)
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where

1
@ = ;BT (A’”% — B(Azk 4 Byk — b)> . (1.8)

We name with special D defined in proximal generalized ADMM (PG-ADMM for short).
Compared with , the problem is usually easier to solve if the proximal mapping of 6,
such as the soft-thresholding operator for /j-norm minimization [35], is easy to evaluate. The PG-
ADMM is similar to the method proposed in [10] while they added the proximal term to the
z-subproblem.

For the PG-ADMM and the linearized ADMM in [29] 30, [36], the positive definiteness of
the proximal matrix D plays a central role in ensuring the convergence. However, these methods
with small values of p in or with indefinite proximal term [28] are preferred in practical im-
plementation. Along this line, He et al. [21], 22] proposed the indefinite proximal linearized ADMM
(IP-LADMM) which was devoted to shrinking the value of p while still guaranteed the convergence.
The method can be read as

2" = argmin{Ls(z, y*, \¥) | = € &}, (1.9a)
. 1
y" = argmin{La(a" Ty, A + Slly — oD, [y € (1.9p)
AL — 2R g4k 4 Byt —p). (1.9¢)
where
Do=7pl —BBTB, 075<7<1 and p>g|B"B|. (1.10)

It is easy to see that the matrix Dy defined in is not necessarily positive definite. They also
gave a simple counterexample to illustrate that 0.75 is the optimal lower bound of 7.

For the PG-ADMM ([L.5)), Gao and Ma [14] also relaxed the requirement the positive definiteness
of D in and proposed the positive-indefinite proximal symmetric ADMM (PID-SADMM)

P41 = argmin{0y (z) — 2T ATAF + §||Ax + By* — bl |z € X}, (1.11a)
)\k-‘r% — )\k _ TB(A{L‘]H_I + Byk _ b)’ (1.11b)

, 1 B 1
Yl = argmin{6y(y) — yT BT A2 + §HAﬁUk+1 + By — b||* + 5”2! - Z/kH%)O’ yey}, (Lllc)

[ AR — AR B(AZFT 4 Byk+1 _p), (1.11d)
where

(1.12)

2_r+4
Do =r7pl — BBTB, with p> B|BTB| and TE[T T )

r2 —2r+5’

Note that the proximal matrix Dy in is not necessarily positive definite. When r = 0, the
PID-SADMM reduces to the frame of the IP-LADMM and 7 € [0.8,1) while the range of 7 is
(0.75,1) in . So there is a gap between the optimal lower bound and TTQZ:QTTTS.

Motivated by the very recent work [22], in this paper, we further relax the requirement of the
proximal matrix Dy and focus on finding the optimal lower bound of 7 in . The main contribu-
tions of this paper are presented as follows. We propose an indefinite proximal generalized ADMM

(IPG-ADMM) and prove the global convergence and a worst O(1/t) convergence rate of the proposed
1)
the proposed method is not necessarily convergent when 7 € (0,

method by specifying a better domain 7 € ( . Besides, we present an example to show that

3+r

1~ ), which means that the optimal



lower bound of the parameter 7 in should be %. We also apply the proposed method to
solve the LASSO and total variation denoising problems to illustrate its feasibility and efficiency.
The rest of this paper is organized as follows. In Section [2 we summarize some preliminaries
that are useful for further analysis. Then, we propose an indefinite proximal generalized ADMM and
prove some lemmas for the main convergence analysis in Section |3 The global convergence and the
O(1/t) convergence rate are conducted when 7 € (21£,1) in Section 4] In Section |5, we give a simple
linear programming example to show the optimality of the parameter 7. Moreover, some numerical
experiments are presented to show the efficiency of the IPG-ADMM in Section [f] Finally, we draw
some conclusions in Section [7l

2 Preliminaries

In this section, we provide some preliminaries which are useful in later analysis.

2.1 Basic properties and definitions

In this paper, we use || || to represent the Euclidean norm. If D is a n x n symmetric positive definite
matrix and y is a vector in ", we use the notation [|y||%, to denote y* Dy. Also, we slightly abuse
the notation H?JH2D0 := yI' Doy when Dy is not positive definite. With a little abuse of notation, the
columnwise adhesion of column vectors z, y, and A, i.e., (z7,y", \T)T, is often denoted by (z,y, \)
whenever it will not incur any confusion.

We give a simple but useful lemma in the following.

Lemma 2.1. For the vectors a,b,c,d in R"™ and a symmetric positive definite matrix H € R™**" we
have the identity

1 1
(a=b)"H(c—d) =5 (lla—dllfr = la—cll) + 5 (le = b7 = lld = bl7) -
2.2 Variational Inequality Characterization of (1.1))
The Lagrangian function of the problem is

which is defined on X x Y x ™. In (2.1)), (x,y) and A are primal and dual variables, respectively. We
call ((:U*, y*), )\*) € X x Y x R™ a saddle point of L(x,y, \) if the following inequalities are satisfied:

,C,\@Rm (:E*a y*a )\) < £($*7 y*y )\*) < [’wGX,yGy(:Ea Y, )‘*)7
which is equivalent to the following variational inequality system:

¥ € X, O1(x) —01(z*) + (z — )T (=ATA) >0, Vze i,
yr eV, Oa(y) = O2(y) + (y—y") (-BTX) 20, Vye, (2.2)
A* e R™ (A —)T (Ax + By*—b) >0, VXeR™

This can be written in a compact form:

VI(Q,F,0)  w* eQ, 0u)—0u)+ (w—w) Fw)>0, YweQ, (2.3a)



where

T —AT)
w=1| vy |, u:<m>, F(w) = —BT) ,
A 4 Az + By —b (2.3b)
O(u) = 01(x) + 02(y), and Q=X x)YxR™

Throughout this paper, we use Q* to denote the solution set of VI({2, F,0), and Q* is nonempty
under the previous assumption.

3 Indefinite proximal generalized ADMM

In the PID-SADMM ([1.11)), the parameter 7 should be larger than rf_‘{;:é so that the convergence

can be guaranteed. However, a large value of 7 in (1.11c) usually leads to slow convergence in
practical computation. In this paper, we will reduce the lower bound of 7 to 3%"’. Specifically, The

indefinite proximal generalized ADMM (IPG-ADMM) can be read as follows

2" = argmin{6 (v) — 27 ATAF + gHAx + By" —b|* |z € X}, (3.1a)
Mot — \k rB(Az* + By* —b), (3.1b)

. 1 p 1
y*t = argmin{f2(y) — y B'A"2 + §\|Aﬂck+1 + By —b|* + Slly = v b, y € Y}, (3.1c)

ARHL kS B(AZFT 4 Byk+l —p), (3.1d)

where

3
Do =1pl —BBTB, p>p|B'B| and 7¢ (ZT 1) : (3.2)

It is easy to verify that Dg in (3.1c)) is not necessarily positive definite, which is the reason why we
call (3.1) indefinite proximal generalized ADMM. From the definition of D in (1.6)), it also holds that

Dy=7D—(1—7)3BTB, (3.3)

Note that the IPG-ADMM (3.1)) reduces to the IP-LADMM (1.9) when r = 0.

3.1 A prediction-correction interpretation

In this subsection, we show that the scheme can be reformulated to a prediction-correction
framework by introducing some auxiliary variables, which plays a vital role in the convergence anal-
ysis for .

The variable = plays an intermediate role in the sense that z* is not involved in the iteration in
(3.1)). Therefore, as [1], we still call x an intermediate variable and (y, \) essential variables because
they are essentially needed in the iteration. To distinguish their roles, accompanied with the notation
in , we additionally define the notations

UI(%\), V=YxR" and V*={(y" )] (" y"\)€Q*}. (3.4)



Moreover, for the iterate (z¥*1, y#+1 A\**+1) generated by the indefinite proximal generalized ADMM
(3.1), we define an auxiliary vector Wk = (&F, g%, \F) as

i’k _ $k+1, gk — yk+17 (35&)

and
M= \F — (A + ByF —b). (3.5b)

In the following, we show some properties for the auxiliary vector @w* defined in (3.5)).

Lemma 3.1. For given v* = (y*, \¥), let w**! be generated by IPG-ADMM (3.1) and w* be defined
by (3.5). Then, we have

e Q, O(u) — (") + (w — )T F@@F) > (v — ) TQMF — %), Yw e Q, (3.6a)
where
Tpl —rBT
Q= _, ;Im . (3.6b)

Proof. Using the notation defined in , we can rewrite \*3 in as
A2 = AR —p(AF = 3F) = 3R 4 (r — D)(WF — M), (3.7)
The optimality condition of the z-subproblem of is
e X, 01(x) — 01 (aF ) + (x — 2FTHT{—ATN 4+ BAT (Az* L + ByF — )} >0, Ve X.

It follows from the definition of @" in that

e, 61(z) -0+ (z - MT(-ATIN) >0, Yz e x. (3.8a)
Substituting the relation into the y-subproblem , we have

gt = argmin{0(y) — (\* + (r — (AF = \)) " By + gHAfk + By —b|* + %Hy — 4" b v €V}

Consequently, by using (3.2)), we obtain

— BT\ + (r = 1)(NF = \F)) +

>0,V .
BBT(Az* + Bj* —b) + (rpI — BB B)(j* - yk>} =0Ty

J* eV, O2(y) —02(5") + (y— ") {

Now, we treat the {-} term in the last inequality. Using S(AZ* + ByF —b) = —(A\F — \¥) (see (B.5D)),

we obtain

BT (M (r = 1)V = A) + BBT (AT + B —b) + (70T - BBV B) (" — ")
= —BT(OF 4 (= ) = 00) + BBTB(F" )
+8B" (A + By —b) + (rpl = BB"B)(7" ~ ")
— _pT)k_ (r — 1)BT(5\k _ )\k) + Tp(y]k . yk) . BT(S\k B )\k)
= —B"N +7p(f* —¢*) —rBT (N = \).



As a result, with the notations w* and @* in (3.5)), the optimality condition of the y-subproblem

(3.1c) can be written as
7€, ba(y) — 02(i") + (y =) { =B N +7p(5* —y*) =BT =AM} >0, vye V. (3.8b)

According to the definition of @* in (3.5), we have

(AZ* + Bg* —b) — B@* — y¥) + (W — AF) =0,

and it can be written as

;(X’“ -1 >0, vaeR™ (3.8¢)
Combining (3.84)), (3.8b) and (3.8d), and using the notations in (2.3), we obtain the assertion (3.6))
immediately. This completes the proof.

Using the auxiliary variable \¥ = \¥ — (A2* ! + By —b) in (3-5D)), the right-hand side of
only involves the essential valuables v, which makes us able to merely focus on the essential variables
for establishing convergence for the scheme .

Neewm (A= ML (A7 + BgF — b) — B(g" — y") +

Lemma 3.2. For given v* = (y*, \¥), let w**! be generated by IPG-ADMM (3.1) and w* be defined
by (3.5). Then, we have
0Pt = oF — M0k — oF), (3.9a)

where

M= ( _éB . +01)Im ) (3.9D)

Proof. It follows from ({3.1]) that

)\k-i-l _ )\k-i-f ( BB(yk ) /3( k+1 + Byk - b))
— )\k _ ( )\k ( yk ~Ic) + (/\k: _ 5\1@))
= N — (= BBG* —7") + < + (A = 2)).

k+1

Together with y = ¢*, we bulid the following useful relationship

(e )= ()= (i oon ) (225 )

The proof is completed. O

Therefore, based on the previous two lemmas, the scheme can be interpreted as a prediction-
correction reformulation which consists of the prediction step and the correction step . We
thus also frequently call @w* and w**! the predictor and corrector respectively in our proof. However,
the prediction-correction reformulation only serves for the convergence analysis and it is unnecessary
to divide two stages in practical implementation for the IPG-ADMM .



3.2 Basic properties

Let us define a matrix as

r

r T T
ol ———p3B'B — B
H = rrd rd . (3.10)
— B —]
r+1 (r+1)8™"

For the matrices @ and M defined in (3.6b) and (3.9b]) respectively, it holds that Q@ = HM. In the
following, we show that the matrix H is positive definite under some mild assumptions.

Lemma 3.3. The matriz H defined in is positive definite if

3+7r
4

and the matriz B in 18 full column rank.

T > with e (—1,1) (3.11)

3
Proof. For any 7 > % with r € (—1,1), we have 7 > r. Then with the definition of H in (3.10)),
we know that

r

r
I-——3B"B - BT
e r+ 16 r+1
"= " B L
r+1 (r+1)B ™
2
r8BTB - BT - BT " _gptp " _pT
r+1 r+1 _| r+1 r+1
: —B Lh | Ty
r+1 (r+1)8 ™ T+l r+18 ™
L [ VBBT 0 g - VBB 0
/8 —rl I B
Since the matrix B in (1.1)) is full column rank and
r2
—r 1
is positive semi-definite, the positive definiteness of H follows immediately. O

In the following, we will handle the right-hand side of (3.6al) and it makes us better understand
the convergence proof for the scheme (3.1)).

Lemma 3.4. For given v* = (y¥, \F), let wk*! be generated by IPG-ADMM (3.1) and w* be defined
by (3.5)). Then, we have

O(u) — O(aF) + (w — *)T F(w)
1 1
> = (llo = o = o = 0" ) + S0t - E, vw e @, (3.13)
2 2
where H is defined in (3.10) and
G=Q" +Q-M"HM. (3.14)



Proof. First, it follows from the definition of F' in that
(w— )T F (i) = (w — ©) F(w). (3.15)
Substituting it into and using the relation Q = HM, we get
* e, Ou) - 0@") + (w— ") F(w) > (v— )T H@P =", v e Q. (3.16)

Applying the Lemma to the right-hand side in (3.16)) with

a=v, b=1u" c¢=o and d = vFt!

we obtain
(0= HF ) = 2 (o= o3 — o — o413+ 5 (% = 041 — b — ¥ (317)
Substituting into the right-hand side of , we obtain
O(u) — 0(a*) + (w — )T F(w)
> 2 (o= oM — o= M) 5 (I = 80— oA~ 2M), vwe . (318)

For the last term of the right-hand side of (3.18)), we have
[ e o

l® = aF 1% — [[(* = a%) — (" = "I

lo® =% IF — (0" =) = M(* — ")

20k — THM (W — %) — (% — *)TMTHM (v* — oF)

(0 — o) T(QT + Q — MTHM) (" — o).

= @)
[ENER

a))

Substituting this equation into (3.18]) and using the definition of G in (3.14]), the assertion of this
theorem is proved. O

Theorem 3.5. For given v* = (y*,\F), let w** be generated by IPG-ADMM (3.1) and @* be
defined by (3.5)). Then, we have

[ e e [ (Ul % (3.19)

Proof. By setting w = w* € Q* in (3.13)) and using ([2.3al), we get

JoF = ot — o — ot > (ot — % + 2[8() — 6(u*) + (@ — w)TF(w")]
> [|v* — 7*|[3-
The assertion (3.19)) follows immediately. O

Now we investigate the matrix G defined in (3.14)). Since HM = Q and MTHM = MTQ, we
have

I —BBT mpI —rBT mpl + BB —(r+1)BT
MTHM = 1 = 1



Using (3.6b)) and the above equation, we have
G = QT+Q) —M"HM

27pl —(r+1)BT ol + BBTB  —(r +1)BT
= 2 — 1
—(r+1)B —In —(r+1)B =(r+1I,
B B
Dy 0
= 1—r . (3.20)
0 I,
B

Since the matrix Dy is indefinite, G is not necessarily positive definite.

When G in is positive definite, together with the positive definiteness of H, it is relatively
easy to prove the global convergence and O(1/t) convergence rate as that in [19, 20, 26]. Since G
is not necessarily positive definite, we need further to analyze the properties of |w* — @w¥||%. In the
following, motivated by the techniques in [21], 22}, 23, 24} 5], we obtain a lower bound of ||w* — u?kH%v
which are useful for proving the convergence and the convergence rate of IPG-ADMM .

Lemma 3.6. For given v* = (y*, \¥), let w**! be generated by IPG-ADMM (3.1)) and w* be defined
by (3.5)). Then, we have

(Q}k o ,Dk)TG(vk o ﬁk)
= 7ly* = "D + (7 = )BIBEF — " THIP + (1 —r)Bl| AT + Byt — b2
+2(1 — r)B(Az* L + Byt — p)T B(y* — &), (3.21)

Proof. According to (3.20)), v = (y, \) and §* = y**1, we have
~ - 1—7r ~
(0* =TGP ") = 7lly* — "B - (1= n)BIB" — " IP + Tll)\k =P (3:22)
Notice that(see (3.5b))
)\k - S\k _ B(Axk—l-l + Byk _ b) _ 5{(Al‘k+1 + Byk—H _ b) + B(yk _ yk—l-l)}'

Thus, we have

INF = N2 = BRI(ALH T + ByFT —b) + B(yF — M|
= B Aa™tt 4 ByF Tt — b))% + 287 (AaM T + Byt — )T B(yF — )
+A2B(y" . (3.23)
Substituting (3.23)) into the right-hand side of (3.22)), we obtain (3.21)) immediately. |

For the right-hand side of (3.21)), there are some quadratic terms involving two consecutive
iteration points and it is easy to manipulate them in the convergence proof. Now, we handle the
crossing term in the right-hand side of (3.21)).

Lemma 3.7. For given v* = (y*, \¥), let w**! be generated by IPG-ADMM (3.1) and w* be defined
by (3.5)). Then, we have

T 1—7
> ( ko k+12 kfl_k2>_'_ (B k. k+1y(2
Z 5a s v v b=l vlio) + 5 UBW =yl
_ 20l —7)+7r
B - y) - 2L ey (3.21)
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Proof. From the optimality condition of the y-subproblem (3.1c|), for all y € ), it holds that
Yyt € Y and

_BT)\k-i-%_i_ BT A k+l+B k+1_b
B k+1)T< BB (Ax y N so. (3.25)

02(y) — O2(y" ™) + (y —y
+ Do(yk+1 o yk)

Analogously, for the previous iteration, for any y € Y and y* € ), it holds that

1

7 + BBT (AzF + ByF — b)) -

Doy — A (3.26)

T y\k—
92(y)—92(y’“)+(y—y'“)T< B

Setting y = ¢* and y = y**! in (3.25)) and (3.26)), respectively, and then adding them, we get

1 1
k_ k+1)T (BT()\k_Q — )\k+2) _ ﬁBT(A:Ek + Byk _ b) +BBT(A:Ek+1 +Byk+1 _ b)

(v =y + Do(yF+! — y%) — Do(yF — yF 1) ) > 0. (3.27)

Note that in the k-th iteration (see (3.1D))), we have
ARz = 2k rB(Az* + Byf —b), (3.28)
and in the previous iteration (see (3.1d)),
A = \F=3 — B(Axk + Byk — b). (3.29)

It follows from (3.28) and (3.29) that
A=z Ak = pB(A2RT + Byf — b) + B(Az + ByF —b)
= rB(Az" + ByF —b) + rBB(yF — y") + B(A2F + ByF —b).  (3.30)
Substituting (3.30)) into (3.27)), with a simple manipulation, we have

T k+1 k41 T & il
(yk_yk+1):r<(1+7“)53 (A= + By** —b) + BB B(y _y+)> .

+ Do(y* — y¥) — Do(y* — ")
Thus,
(yk _ yk+1)TBT(AQ§'k+1 4 Byk+1 _ b)

> m(yk N yk—‘rl)TDO[(yk B yk—H) B (yk—l N yk)] B - —7;_ - HB(yk o ka)HQ. (3‘31)

Besides, note that Dy = 7D — (1 — 7)3BT B, and using the Cauchy-Schwarz inequality, we get

" — T Do[(y" — ") — (1 = yF)]
= "=y (+D -1 -7)BB"B) [(y* — ") — (1 — ")

T _ T
> rlly* =y D = (= n)BIBG" =y I = Sl = oD - Sl -
1—7 1—71 _
= BIBW* =y )I* = —=BIBW T = yh)I?
T _ 3(1—1) 1—7 _
= (I =g S — R =M IB) - S BIBWE - IR - BB - )2

11



Substituting the above inequality into (3.31]), we obtain the assertion (3.24)) immediately. This
completes the proof. O

Applying the Cauchy-Schwarz inequality, we can easily derive another evaluation for the crossing
term in the right-hand side of (3.21)) in the following lemma, whose proof is similar to that in [22]
Lemma 4.4].

Lemma 3.8. For given v* = (y* )\k) let w*t1 be generated by IPG-ADMM (3.1]) and @* be defined
by (3.5). Then, for a constant p > 4 and any 0 € (0, 4“u1), we have

(yk’ o yk‘+l)TBT(Axk+1 + Byk+l _ b)

(M + > 1B(y" =y 7 = (1= 8)[| A" + By*+t — ). (3.32)

Based on the previous lemmas, we obtain a lower bound of the term (v¥ — o¥)TG vk — o)
summarized in the following.

Lemma 3.9. For given v* = (y¥, \F), let wk*! be generated by IPG-ADMM ( and W be defined

by (3.5). Then, for 6y = W, we have
(Uk _ 17k)TG(’Uk _ Q~}k)
L—r (7T bk k12 L7 ko ktly)2
> Z _ - _
R e Gl e e L]
1—r (7, 1_ _
i (- e W =R

+rlly* =y D + (L= r)aBIBY* — g™ P + | A + Byt —p)?). (3.33)

Proof Since 7 € (37,1) and r € (—1,1), we can take pu = % in Lemma It follows that
o> 4 and

) 4T — 7 — A — 1
50:(3 r)4r —r 3)e 0. m .
20—r)(5+r) 4
Then, adding the two inequalities (3.24)) and (3.32]) with § = &y, we get

Q(yk _ yk+l)TBT(A$k+l + Byk-i-l _ b)

T k k— k
eyl AR A 1hl A

2(1 +
1- E+1y)12 k=1 ky(2
s B =g DI = 1B =)
2(1 +r  200+1
( ( : +1 + = )\\B(yk—y“l)uz—<1—5o>|rAa:’f+1+Byk+l—bu?.

Substituting the above inequality into (3.21]), with some manipulations, we have
(Uk _ ’Dk)TG(Uk _ ,Dk)

(1l —7r _
ez T2 ok ey e

2(1+7)
yF =" =B = yM))?)

> 7yt —y —*1B)

(I—=7)(1-r)
———23(||B
+ S s
+ (1= r)0B(B(y" — " HI? + [[Az"* + By — b)),
It follows that the assertion (3.33|) holds immediately. This completes the proof. O

ly

12



4 Convergence analysis

In this section, we analyze the global convergence and convergence rate for IPG-ADMM (3.1)).

4.1 Global convergence

The following corollaries are obtained directly from Lemma [3.4] Lemma [3.9) and Theorem

Corollary 4.1. For given v* = (y*,\F), let w**! be generated by IPG-ADMM (3.1) and @" be
defined by (3.5)). Then, for §y = %, we have

O(u) — 0(i") + (w — )T F(w)

1 k l—r (7 1—7
> 1 k12 Tk o k+1)2 B(yk — k112
> 5 |l = o B 1 (G -+ LB - )

1 k2 L—r (7T, k|2 1—7 k—1 k(2
_Z _ r _ B _
5 [0 = o4+ o (G = + S5 sBGA T - )
T 1—7r (50
+olly" =y D + (2)6 (IIB(yk — "7 + (| Az 4 Byt - b||2) SR

Corollary 4.2. For given v* = (y*,\F), let w**1 be generated by IPG-ADMM (3.1)) and @" be
defined by (3.5)). Then, for 6o = %, we have

. 1—r /(T 1—171
o7 =l + 1 (Bt = o 1 + S5 BB - IR

1—r (71 1—7
k * k— k k— k
< ot =l e (G = o+ A6 - )

= |7t = g + (1= 1008 (1BF — g™ I + 42" + By - )2)] . (4.2)
Now we present the convergence result in the following theorem.

Theorem 4.3. For given v* = (y*,\F), let w** be generated by IPG-ADMM (3.1) and @* be
defined by ([3.5). Then the sequence {v*} converges to v™° € V*.

Proof. For an arbitrary fixed v* € V*, it follows from the (4.2]) and (3.11]) that

1—
2

l—r /(71 T
k * k— k k— k
o = B+ 1 (G = o+ L5 AB 6 - )

1—r /(T 1—7
< 1 %2 1,0 112 - BIB 0, 1y)2 Vi > 1
< o= s (G0 -+ S TAIBG - g I?) ez

and thus the sequence {v*} is bounded. It follows from (3.9) that {#*} is also bounded. Now, we
rewrite (4.2)) as

Tyt = B + (1= )08 (IBy* — g2 + A 4 By — b))

l—r (7, 1_ 1—7 _
< |1k (G -+ ST ss )]

" 1—r (T 1—71
L e e e A ] FRCE)

13



Summarizing the inequality (4.3)) over k = 1,2,3,..., we obtain

o0

> (7hy* = g5 + (1= 1)8BUIB" — v )12 + At 4 By — b))
k=1

< ot =t 2 (T M3+ LT AIBGO — g ) -

- 14+7r\2 2

Because D is positive definite, r € (—1,1) and 0y > 0, it follows from the above inequality that

lim |y* — "2 =0, lim |B@" —y*™?=0 and lim |4z 4 Byt — b2 =0.
k—o0 k—o0 k—o0

Applying the above relations to (3.1b)) and (3.1d)), we obtain

Jim [AF — ARHL)2 Jim |rB(AzF Tt 4+ ByF — b) + B(Az*! + Byrtt —b)|2
—00 —00
= lim [[(r+1)B(Az" + By —b) +rBB(y" -y )|?
—00
= 0.
Thus, we have
lim [[o* — "% = 0. (4.4)
k—o0

For an arbitrarily fixed v* € V* and Vk > 1, it follows that

1—
2

1—r (71 T

k * k * k— k k= k
R+ =l < R = o+ r<2||y LM b+ BB 1—y>H2>
1—r

1+7r

IA

T 1—7
ot = o4 1 (5107 = o+ S5 1B6P 0P

and thus the sequence {v*} is bounded. Because M is non-singular, according to (3.9), {o*} is also
bounded. Let v™® be a cluster point of {#*}. Then {#*} has a subsequence {#*i} converging to v>°.
Let 2% be the vector accompanied with (y°°,A\>°) € V. Recalling the matrix B is assumed to be full
column rank, it follows from that

w™® € Q, O(u) —0u™) + (w—w)TF(w™>) >0, Yw e Q,

which means w™ is a solution point of (2.3]) and its essential part v>° € V*. Since v>° € V*, it follows

from (4.5)) that

1—r (T IL—7
k K k— k k— k
e L e e A R [ VST

Notice that v is also the limit point of {v*i}. Together with (4.4), it is impossible that the sequence
{v*} has more than one cluster point. Thus {v*} converges to v> and the theorem is proved. O

4.2 Convergence rate

According to ([2.3)), if we find a @ which satisfies

weQ, Ou)—0w)+ (w—w)TFw) >0, YweQ,

14



then @ is a solution of (2.3]). By using (3.15)), the solution @ can be also stated as
weQ, Ou)—0@a)+ w-—w)TFw) >0 VYweq.

We use the latter equality to measure the approximation of (2.3]), which means that for given ¢ > 0,
W € ) is an e-approximate solution of VI(Q, F' 0) if

weQ, O(u)—0(a)+ (w—0)"F(w)>—e VYwe Dy,
where
Dy = {w € O Jlw— ] < 1}.
We will show that for given € > 0, after ¢ iterations, it can offer a w € €2, such that

w e N and sup {0(2) — 0(u) + (@ — w) " F(w)} <e (4.5)
weD(

@)
Corollary [4.1] is the base for the convergence rate proof.

Theorem 4.4. For given v* = (y*,\F), let w**1 be generated by IPG-ADMM (3.1) and @* be
defined by (3.5)). Then for any integer t, we have

(i) — O(u) + (W — w)T F(w)

1—r /(T 1—7
< - 12 Ti.0 192 Bl — o112 Q n
< 5 e (G- v+ 25T am6 - hR) | veen aoy

where
1
b= >t (4.6b)
k=1
Proof. First, it follows from (4.1)) that

0(u) — 0(@") + (w — )T F(w)

1 1—r ) 1—7
> _ _ +12 - B k) k+1y(2
> 2@w v 1+ (uy Ih+ =58l BG* =y
1 1- T k=1 k|2 1—7 k—1 k(2
— — — — ——B||B — )
5 [Hv v T r <2Hy y'lIp + —5—BlIB(y Yl

Subsequently, we have
0(a") — 0(u) + (0" — w)" F(w)

1 k412 L—r (7
v |l =0+ o (50 -

|

(v* - y’““)HQ)]

1 k2 LT (T kg2 k=1 ky)2
< 2 jw- Tyt — - . 4.
S L R e G 0 o) (4.7
Summing the inequality (4.7)) over k =1,2,...,¢, we obtain
t t T
Z O(u") —th(u (Z - tw) F(w)
k=1 k=1
1 12, L— e , 1—7 0 1412
< = T BB — .
< 2[ T (B0 - v+ S5 a6R - )
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and consequently

1

1—7r
L [Hv ST

1+7r

53760 — 0u) + (f — )T F(w)
k=1
<

(3= + S5 aim0e ) @

It follows from the definition of @y in (4.6b|) that

Since #(u) is convex, it follows that
t
_ 1 .
(i) < - > ok
Substituting it into (4.8)), the assertion (4.6al) follows directly. |

For a given compact D) C €2, let

1—r (71 1—71
a=su o= o'+ 10 (G150 o+ 58186 - IR |

where v° = (y°,A\?) and v! are the initial point and the first computed iterate, respectively. Then,
after ¢ iterations of the indefinite proximal generalized ADMM (3.1)), the point w; € € defined in
(4.6b) satisfies

weQ and sup {0(@) —O(u) + (0 —w) F(w)} < i,
wGD(w) 2t

which means w; is an approximate solution of VI(Q, F,#) with the accuracy O(1/t)(recall (4.5))).
That is, the convergence rate O(1/t) of the IPG-ADMM (3.1)) is established in an ergodic sense.

5 Optimality of 7

In Section {4, we have showed that the IPG-ADMM (3.1)) is convergent when 7 € (31"’, 1). In this
section, we show that the IPG-ADMM (3.1)) is not necessarily convergent for any 7 € (0, %) by a

simple linear programming. Thus, 3%{7" is the optimal lower bound with r € (—1,1) for the proximal

parameter 7 of the IPG-ADMM (3.1)).
Let us consider the following extremely simple linear programming in [22]:

min{O'x+0'y‘O-x+y:0,xE{0},y68?}, (5.1)

which is a special case of the model (1.1)). Without loss of generality, we set § = 1 and hence the
augmented Lagrangian function of (5.1)) is

1
Ly(z,y,\) = -y + 5?/2.
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The scheme of the IPG-ADMM (3.1)) for (5.1)) is

2"t = argmin{L; (z, y*, A\¥)|z € {0}}, (5.2a)

)\k—i-% — )\k _ ,,nyk’ (52b)
. 11 1

y* = argmin{—y " NE 4 Sy + Sl — oyt v € R, (5.2¢)

ARFL — RS L (5.2d)

Since 8 =1 and BT B =1, it follows from (3.2) and (3.3]) that
Dyp=7mp—1 and D=p—1 with p>1.

Thus the recursion (5.2) can be specified

aF =, (5.3a)
Nt — \k ry®, (5.3b)
ke y* 4 (rp — DA —yF) =0, (5.3¢)
PR Y Taany (5.3d)

For any k > 0, we have 2 = 0. Thus, we only need to study the essential sequence v = (y*, \F).

For any given 7 € (0, 31”’), there exists p > 1 such that 7p < %. We set o = 7p and the recursion

(5.3)) can be written as

—1- 1
gl = & Dk ok (5.4a)

e o

(1 — —1
yert 2 T =0) o=y (5.4b)
@ o
Its compact form is
1 a—1-—r 1
E+1 _ k ; =

VT = P(a)v®  with P(a)—a< r+D(1—a) a—1 ) (5.5)

Let fi(a) and fa(a) be the two eigenvalues of matrix P(«). Then, we have

(20 —2—71)++/(r+2)2 —da(r +1) (2a —2—71) —/(r+2)2 —da(r +1)

fila) = o and fo(a) = o .
It is easy to estimate that fg(%) = —1 and
1 (r+2)2 —2a(r +1) 3+
") = — (2 0, V 0 .

fa(e) 2a2< +T+(7’+2)2—4a(7’+1) >0, Vae (0, )

Thus, we have
200—-2—1) — 2)2 -4 1
fola) = (20 ) \/;;Jr ) a(r+1) < -1, Vae(0, BIT).

That is to say, for any « € (0, 217), the matrix P(«) (5.5) has the eigenvalue which is less than —1.
Hence, the recursion (5.3)) is not necessarily convergent for any € (0, 2%).
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6 Numerical results

In this section, we verify the theoretical assertions analyzed in previous sections by some numerical
experiments. We apply the proposed method to solve the least absolute shrinkage and selection
operator (LASSO) and the total variation (TV) denoising problems. We shall verify the following
assertions.

(1) The proposed IPG-ADMM (3.1]) converges quickly for a wide range of applications. The theo-
retical significance of the underdetermined relaxation parameter r is thus verified.

(2) For the proposed IPG-ADMM (3.1)), the convergence speed is relative to the parameter 7.

(3) The proposed IPG-ADMM (33.1)) is faster than the PID-SADMM in [14] and PG-ADMM (|1.5))
when we fix a value of .

We should point out that our proposed method may be not the best method for solving these models.
We use merely these models to illustrate the efficiency and stability for the proposed method. All
codes were written by MATLAB R2013a and all the numerical experiments were conducted on a
personal computer with a 3.6GHz i7 processor and a 4GB memory.

6.1 LASSO
The LASSO model proposed in [35] can be characterized as

) 1
wmin { ol + 515y~ o [y € %"} (6.1)
where b € R" is the response vector, B € R"*™
m is the number of features, ¢ > 0 is a regularization parameter and ||y||1 := >, |yi|. The LASSO
model provides a sparse estimation of y when there are more features than data points (i.e., m > n).
Now, by introducing an auxiliary variable z € R", the model (6.1]) can be reformulated as

is the design matrix, n is the number of data points,

1
mm{gxﬁ+gmm|x—By+b=mxe%myemm}, (6.2)

which is a special case of (1.1)). Thus PG-ADMM, PID-SADMM and IPG-ADMM can be applied to
solve (6.2). In order to obtain the solution of y-subproblem, we use the soft-thresholding operator
defined as

(Sk(a))i =1 —k/|ai])+-a;, i=1,...,m,
where £ > 0 and a € R™(see [1]).

Now we specify the setting for the LASSO model to be tested. We first choose B;; ~ N (0,1)
and then normalize the columns. We generate a random sparse vector in R with the density 0.02
as y, the noise vector € ~ A'(0,10731) and the vector b = By + ¢, the regularization parameter is set
as 0 = 0.1|| BTb||o. Here, we use the residuals of y-subproblem and A-subproblem to construct the
stopping criteria which is described as follows:

_ < e 1 < _
tol := max {HTp(yk — ") =BT\ = XYoo, | = BGW® — 5F) + B()\k - )\’“)||OO} <1073 (6.3)

Now we specify the choices of parameters to implement these algorithms. First, we choose
B =1and p = B||BTB|| + 0.01 for the tested algorithms. Moreover, the initial points are y° =

18



Number of iterations with different r Convergence time with different r

2201 3r
—%— PG-ADMM —%— PG-ADMM
20019 PID-SADMM PID-SADMM
—&— IPG-ADMM 9 —&— IPG-ADMM
180 251
1%
S 160f
T 2f
& 140+ @
N Q
g 120+ E
g 15r
3 100 -
8ot 1k
60
0 ‘ ‘ ‘ ‘ 05 ‘ ‘ ‘ ‘
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
r r
(a) r’s effect on the number of iterations. (b) r’s effect on the execution.
Figure 1: Sensitivity test on the factor r when g = 1.
0,,x1 and A\’ = 0,,x;. In order to investigate the stability and efficiency of our algorithm, we
test 8 groups of problems with different n and m. For each group, we set r = 0.3 and r = —0.3

respectively and test 10 times. Since small values of 7 are preferred in practical computation,
we set T = 34j + 0.01 in the IPG-ADMM and 7 = :22:% in the PID-SADMM. In Table
we report the average performances including the number of iterations (Iter.) and the CPU time
(CPU(s)). We also test the sensitivity of r of three methods for the LASSO model (6.1). We
first fix n = 400, m = 1200, 8 = 1 and choose different values of r in the interval [—0.95,0.95]. More
specifically, we choose r = {—0.95,0.90,0.85, ...,0.85,0.90,0.95}. Then, We set the maximal number
of iteration is 200. The computing time and number of iterations required by the three methods are

reported for each choice of r and then we plot them in Figure [T}

Table 1: Numerical results for LASSO.

r=0.3 r=-0.3

PG-ADMM PID-SADMM | IPG-ADMM PG-ADMM PID-SADMM | IPG-ADMM
Iter. CPU(s) | Iter. CPU(s) | Iter. CPU(s) || Iter. CPU(s) | Iter. CPU(s) | Iter. CPU(s)
200 500 65.5 0.04 55.1 0.03 53.9 0.03 66.5 0.04 51.3 0.03 45.0 0.03
300 800 68.0 0.35 57.2 0.29 55.7 0.28 69.0 0.35 53.3 0.27 46.6 0.24
300 1000 || 91.1 0.66 76.9 0.55 75.0 0.54 92.0 0.66 71.0 0.51 62.0 0.46
500 1500 || 80.1 1.79 67.3 1.49 65.9 1.46 81.3 1.80 62.8 1.39 55.0 1.22
500 2000 || 108.0 3.34 90.7 2.82 88.6 2.77 108.3 3.38 83.6 2.60 73.1 2.27
800 2500 || 85.8 5.40 72.1 4.56 70.5 4.43 87.0 5.47 67.0 4.21 58.7 3.73
1000 3000 || 79.0 7.42 66.3 6.22 64.8 6.17 80.2 7.54 61.9 5.84 54.1 5.12
1500 5000 || 92.8 22.22 | 779 18.61 76.2  18.24 93.9 22.51 72.3 1737 | 63.4  15.22

According to the results presented in Table [I} we see that IPG-ADMM can solve the problems
efficiently. Moreover, the IPG-ADMM is stable and faster than the other methods for slightly larger
scale problems in the experiment. From Figure [}, it is obvious to see that the factor r functions well

for a wide range of values. In particular, based on our experiments, some aggressive values (e.g.,
[—0.6,—0.4]) are preferred for the LASSO model.
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6.2 Total variation denoising model

In this subsection, we test the IPG-ADMM on the total variation (TV) denoising problem in [I, [32]:

. 1
win {3y~ 83+ 0Dyl [y € " (6.4

where D : R — R™ is the finite-difference operator in the vertical direction. By introducing a new
variable z, we can reformulate (6.4) as

. 1
min {77”30”1 + §||y — b”% |z — Dy=0,z € R",y € %n} , (6.5)

which is also a special case of . Then the PG-ADMM, PID-SADMM and IPG-ADMM can be
applied to .
Now we specify the setting for the TV model to be tested. For a given dimension n X n,
We generate the data randomly as follows [I]
forj=1:3
idx = randsample(n, 1);
k = randsample(1 : 10, 1);
y(ceil(idx/2) : idx) = k x y(ceil(idx/2) : idx);
end
b =y + randn(n, 1);
e = ones(n,1);
D = spdiags([e —e],0: 1,n,n);
The regularization parameter is set as n = 5. Here, we still use the stopping criteria . Now
we specify the choices of parameters to implement these algorithms. First, we choose § = 5 and
p = B|DTDJ|| + 0.01 for the tested algorithms. Moreover, the initial points are y° = 0,x1 and
A0 = 0,,41. In order to investigate the stability and efficiency of our algorithm, we test 8 groups of

problems with different n. For each group, we set r = 0.3 and r = —0.3 respectively and test 10
times. We also set 7 = 3% -+ 0.01 in the IPG-ADMM and 7 = TZQ:QTrt:Ls in the PID-SADMM.

In Table [2| we report the average performances including the number of iterations (Iter.) and
the CPU time (CPU(s)). We also test the sensitivity of r of three methods for the TV denoising
model . We first fix n = 2000, 8 = 5 and choose different values of r in the interval [—0.95, 0.95]
as that in last subsection. Then, we set the maximal number of iteration is 1000. The computing
time and number of iterations required by the three methods are reported for each choice of r and
then we plot them in Figure

Table 2 shows that the IPG-ADMM is more efficient than the PG-ADMM and PID-SADMM for
the TV denoising model . Moreover, the speed of algorithms are revelent to the dimension of
the variables. From Figure [2, the IPG-ADMM is stable in our test, and faster than the PG-ADMM
and PID-SADMM for slightly larger problems.

7 Conclusions

In this paper, we proposed a new indefinite proximal generalized ADMM, which combined the lin-
earized generalized ADMM with the indefinite proximal term. We analyzed the convergence and the
worst-case O(1/t) convergence rate of the proposed method by specifying a better lower bound for
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Table 2: Numerical results for TV denoising model.

r=0.3 r=-0.3
PG-ADMM PID-SADMM IPG-ADMM PG-ADMM PID-SADMM IPG-ADMM
" Iter. CPU(s) | Iter. CPU(s) | Iter. CPU(s) || Iter. CPU(s) | Iter. CPU(s) | Iter. CPU(s)

500 278.0 0.03 260.7 0.03 258.7 0.03 401.5 0.05 356.6 0.04 339.9 0.04
1000 || 325.9 0.06 297.4 0.05 294.6 0.05 464.8 0.08 422.0 0.08 402.3 0.07
2000 || 414.9 0.12 380.8 0.11 376.7 0.11 585.3 0.17 533.2 0.16 497.9 0.15
3000 || 449.5 0.20 423.9 0.19 418.9 0.19 683.8 0.31 602.7 0.27 573.6 0.26
5000 || 488.7 0.33 456.0 0.30 452.3 0.30 730.0 0.48 662.7 0.44 621.7 0.41
6000 || 488.1 0.38 456.0 0.35 452.1 0.35 720.7 0.56 642.0 0.50 612.7 0.47
8000 || 598.3 0.59 558.2 0.54 553.9 0.54 869.5 0.85 4.7 0.75 729.9 0.72
10000 || 609.6 0.72 561.9 0.66 556.7 0.66 877.0 1.03 791.0 0.93 748.7 0.88
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(a) 7’s effect on the number of iterations.

the proximal parameter. Moreover, by showing a special example of linear programming, we illus-
trated that the proximal parameter of the proposed method is optimal. We also gave some primal

time(s)

Convergence time with different r
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Figure 2: Sensitivity test on the factor r when g = 5.

numerical experiments to demonstrate the efficiency and the advantage of the proposed method.
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