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Abstract

In a recent paper, Basu, Hildebrand, and Molinaro established that the set of continuous
minimal functions for the 1-dimensional Gomory-Johnson infinite group relaxation possesses a
dense subset of extreme functions. The n-dimensional version of this result was left as an open
question. In the present paper, we settle this query in the affirmative: for any integer n > 1,
every continuous minimal function can be arbitrarily well approximated by an extreme function
in the n-dimensional Gomory-Johnson model.

1 Introduction

Gomory and Johnson discovered that the study of cutting plane theory for integer programming
could greatly benefit from the analysis of the class of minimal functions. They published their
results in a series of groundbreaking papers (c.f. [9,10]), written in the early 1970’s. Interest in
minimal functions then resurfaced in the early 2000’s, with intense activity in the past 7-8 years;
see the surveys [2,4, 5] and the references therein. We define such functions as follows.

Definition 1. Let n be a natural number and b € R™\ Z". We say that 7 : R™ — R is ¢ minimal
function if the following three conditions are satisfied:

(C1) ©(z) =0 for all z € Z", and ™ > 0,
(C2) w satisfies the symmetry property, i.e., for all x € R", w(z) + (b —x) =1, and
(C3) = is subadditive, i.e., m(z +y) < w(x) + 7(y) for all z,y € R".

It is not hard to see that a minimal function 7 is periodic with respect to Z", i.e., m(x+2) =
m(x) for all z € R,z € Z" (see, for example, [2,4,5]).

Minimal functions are closely linked with integer programming. Consider the feasible region of
a pure integer program written in the simplex tableaux form

k
[ ezixzh [o+b=3 0},
i=1

where b,pM) ... p¥) € R". We observe that for any feasible (z,y) and any minimal function
m:R™ — R, we have

k
7 (p®) yi > 7r( Zp@yi) = (z+b) =m(b) =1,
=1 =1

where the first inequality follows from the subadditivity of 7 (condition (C3) above), the second
equality follows from the periodicity of 7, and the last equality follows from conditions (C1) and



(C2). Thus, the inequality Zle W(p(i)) y; > 1 is a wvalid inequality for the feasible region of our
integer program. Note that the simplex tableaux solution (x,y) = (—b,0) does not satisfy this
inequality. Therefore, adding such inequalities to the initial linear programming relaxation yields
a tighter system. This observation illustrates the importance of minimal functions in the integer
programming literature.

Observe that the family of minimal functions is a convex set in the (infinite dimensional) space
of functions on R™; convex combinations of any two minimal functions satisfy conditions (C1)-(C3).
In fact, under the natural topology of pointwise convergence, the family of minimal functions forms
a compact convex set. This motivates the study of the extreme points of the set of minimal func-
tions, i.e., minimal functions 7 that are not the convex combination of two other distinct minimal
functions. Such functions are naturally called extreme functions. A significant part of the recent
effort in understanding minimal functions has been spent on characterizing and understanding the
properties of these extreme functions.

We will restrict our attention to continuous minimal functions in this paper. It was recently
shown in [3] that (i) it is sufficient to consider only continuous minimal functions in regards to the
application of integer programming with rational data and (ii) that focusing on continuous minimal
functions is not very restrictive, in a precise mathematical sense. Note that the set of continuous
minimal functions is also a convex subset of the set of minimal functions.

In [7], Basu, Hildebrand, and Molinaro observed a curious property for the convex set of contin-
uous minimal functions 7 : R — R, i.e., with n = 1. Moreover, they demonstrated that the extreme
points of this convex set are dense in this set (under the topology of pointwise convergence). In
fact, they established a slightly stronger result: for any continuous minimal function 7 : R — R
and € > 0, there exists a continuous extreme function 7* : R — R such that |r(z) — 7*(x)| < € for
all z € R, i.e., 7" is shown to be extreme in the set of all minimal functions, not only in the set
of continuous minimal functions. This observation is clearly an infinite-dimensional phenomenon;
compact convex sets in finite dimensions do not possess dense subsets of extreme points. The
question as to whether the “density” result of [7] continues to hold for general integers n > 2 was
unresolved. In fact, for a related family of functions — the so-called cut generating functions for
the continuous model — an analogous result was established to be true only for n = 1,2, and false
for n > 3. This created even more mystery for the Gomory-Johnson model, with n > 2, that we
consider in the present paper.

This paper resolves the above “density” question and shows that for all n > 1,
continuous extreme functions form a dense subset of the set of continuous minimal
functions. While the proof strategy in this paper borrows ideas from the 1-dimensional proof
in [7], there are significant technical barriers that must be surmounted in order to obtain the
general n-dimensional result. For example, the fact that any continuous minimal function can
be arbitrarily well-approximated by a piecewise linear minimal function can be derived easily via
interpolation for n = 1, and is the first step towards the 1-dimensional proof in [7]. The absence
of such a result for n > 2 is a major obstacle in extending the density result to higher dimensions.
We show that this piecewise linear approximation does indeed hold for general n > 2, by a series
of careful and delicate constructions (c.f. Corollary 1). In our opinion, this result alone is likely to
be a very useful tool for subsequent research in the area. Similar non-trivial departures from the
techniques of [7] are required to obtain our main result.

This paper is organized as follows. In Section 2, we formally state the main result of this paper
and give an overview of the proof. Additionally, we lay out the notation and definitions used in the
rest of the paper in this section. In Sections 3, 4, and 5 we construct several approximations of a
given continuous, minimal 7 : R™ — R, the last one of which is an extreme function of the set of
minimal functions. Finally, in Section 6, we assemble the complete proof of the main result.



2 Main Result and Overview of Proof

The main result of this paper is formally given by the following Theorem.

Theorem 1. Let n > 1 be any natural number and b € Q" \Z"™. Let 7w : R™ — R be any continuous,
minimal function, and let € > 0 be given. Then there exists an extreme function 7' : R™ — R such
that |7 — 7’| < €.

Note that by the periodicity of the set of minimal functions, we may assume that b € ([0,1)" N
Q™) \ {0} without loss of generality, as we will do in the rest of this paper.

The remainder of this work is devoted to proving Theorem 1. Inspired by [7], the steps utilized
to build 7’ are outlined below. Moreover, the following list of steps describes the development of a
sequence of functions (i.e., T, Teomp, T fill—in, and Tsym) that each approximate 7 and have certain
desirable properties. The last function in this sequence gy, is the desired extreme function 7':

(i) We first approximate the continuous, minimal function 7 by a piecewise linear function T,
which has a number of useful attributes, e.g., Lipschitz continuity (c.f. Propsition 1), but is
not necessarily subadditive.

(ii) We next construct a piecewise linear minimal function m.omp, by perturbing 7 to regain
subadditivity. Furthermore, taking a suitable perturbation of 7 will ensure that

€
Teomb () + Teomb(Y) — Teomp(x + y) > 1 > 0 for “most” z,y € R" (1)

(c.f. (iii) of Proposition 2). This will allow us to make slight modifications to 7eomp in the
subsequent constructions, while maintaining subadditivity.

(iii) Just as a symmetric 2-slope fill-in procedure is used in [7], we use a symmetric (n + 1)-slope
fill-in procedure to produce the extreme function 7ey,. We first apply the (asymmetric)
(n + 1)-slope fill-in procedure of (23) to meomp in order to obtain 7 siy—i, (c.f. (25)) and then
symmetrize i via (29) to obtain mgym,. We will see that mgy, is a piecewise linear
(n+ 1)-slope (c.f. Definition 4), genuinely n-dimensional (c.f. Definition 5), minimal function
(c.f. Proposition 3). Hence, we may apply [6, Theorem 1.7] to establish that 7’ = 7wy, is
extreme. We will also see that |7 —7'||oc < € (c.f. Section 6). The subadditivity of 7’ = msym
roughly follows from (1).

Notation and terminology. For n € N, [n] denotes the set {1,...,n}, and e, ... e ¢ R"
denote the 1-st through n-th basic unit vectors. Let 1 € R™ denote the vector of all ones. We also
define the set of permutations

Yp:={o=1(i1,...,iy)| 0 is a permutation of (1,...,n)}.

Additionally, v; denotes the i-th component of the vector v. For a set A C R, let conv(A), cone(A),
int(A), and relint(A) denote the convex hull, the positive hull, the interior, and the relative interior
of the set A, respectively. Let Bg" (z) denote the closed ball centered at z € R™ with radius § > 0,
with respect to the oo-norm. For a function f : R”™ — R and x,d € R", let f'(x;d) denote the
directional derivative of f at x in the direction d and V f(x) denote the gradient of f at x, whenever
these objects exist. Finally, for any 7 : R” — R, we define A7 : R™ x R™ — R such that

An(z,y) :=m(z) +7(y) — m(x + ).



Consequently, 7 is subadditive if and only if A7w > 0 everywhere. This fact will be used many times
throughout this paper, without further comment.

Our goal is to construct an extreme function 7’ that is piecewise linear. Therefore, we begin
with a short review of piecewise linear functions. In order to discuss piecewise linear functions, we
first introduce the notion of a polyhedral complex.

Definition 2. [16, Definition 5.1/ A polyhedral complex C is a finite collection of cells (i.e.,
polyhedra) in R™ (including the empty polyhedron) such that

(i) if P € C, then each face of P is also in C, and
(ii) for any P,Q € C, PN Q is a face of both P and Q.

A cell P € C is maximal if there does not exist any @) € C properly containing P. Additionally, a
complex C is pure if all maximal cells in C have the same dimension, and complete if Upce P = R™.
Finally, we say that a polyhedral complex C is a triangulation if each P € C is a simplex.

For fixed § > 0, we define Us to be the group generated by the vectors de(?), ... fe(™) (under
the usual addition operation). Then let T3 denote the triangulation containing the elements and all
faces of the elements (including the empty face) in the set

{conv({u,u—kdge(ij),...,u+5jz:e(ij)}) ‘ u € Us, (i1,...,1ip) € En}.

Note that 7j is the well-known polyhedral complex called the Cozeter-Freudenthal-Kuhn triangu-
lation (c.f. [1, pp. 136]).

Definition 3. Let C be a pure, complete polyhedral complex in R™. Consider a function 8 : R™ — R,
where, for each P € C, there exists a vector a®’ € R™ and a constant 6p satisfying 0(z) = (a®,x)+6p
forallx € P. Then 0 is called a piecewise linear function, more specifically, a piecewise linear
function with cell complex C.

Observe that Definition 3 implies that any piecewise linear function is automatically continuous.

3 Piecewise Linear Approximations

The main goal of this section is to establish Proposition 1, in which we show the existence of 7,
a piecewise linear approximation of a given continuous minimal 7, that holds several favorable
properties. We will see that Proposition 1 proceeds immediately from Lemmas 1 and 2.

Lemma 1. Suppose that b € ([0,1)"NQ™)\ {0} and 7 : R™ — R is a continuous, minimal function.
Then for each € > 0, there exists mpy : R™ — R and 61 > 0 such that b € Us, and the following
items hold: (i) mpy is piecewise linear with cell complex Ts,; (1) |7 — Tpwilloo < €; (9ii) (Tpwi + 3€)
is subadditive; (iv) Ty satisfies conditions (C1) and (C2) in Definition 1; (v) Tpy is periodic with
respect to Z; and (vi) Ty ts Lipschitz continuous.

Proof. Since m is continuous on [—1,1]", a compact set, 7 must also be uniformly continuous
on [—1,1]". Therefore, for € > 0, there exists J; > 0 such that ||z — y|loc < 01 implies that
|m(x) — 7(y)| < € for all z,y € [—1,1]", and consequently, for all z,y € R™ due to the periodicity
of m. Without loss of generality, we can select d; such that §; = p~! for some p € N and b € Us,.
Then for any maximal T' € 75, with vertices u® o u™t) | we have

[u® — 2|0 < &1, so |m(u?) —7(x)| < eforall z € T and i € [n+1]. (2)



We make the following observations.

(i) In view of [12, pp. 15], we let 7y, be the unique piecewise linear function with cell complex
Ts, such that 7, (u) = 7(u) for each u € Us,. Hence, (i) is satisfied.

(ii) Let € R™ so that € T for some maximal 7" € 75,. Then x can be written as a convex
combination of the vertices v, ... w1 ¢ Us, of T, ie., x = Z?:Jrll \u®, where each \; > 0
and Y2711 \; = 1. Observe via (2) that (ii) holds, as

n+1 n+1 n+1

Im(x) — Tyt ()] = ‘w(l«) - Z)\mpwl(u(i))‘ - ‘w(a;) -3 hm(u® ‘ Z)\ I (x )] < e.
=1 i=1
(iii) Note that by (ii) and the subadditivity of m,

A(?prl + 36)(337 y) = ﬂpwl(x) + prl(y) - prl(ﬁ] + y) + 3e > A?T(.’B, y) > 0. (3)

(iv) The function 7y, satisfies (C1) since Z" C Us,, by choice of §1, and the fact that the
linear interpolant of a nonnegative function is nonnegative. To see that 7, satisfies (C2), note
that if z € T' € T5, has vertices u o ut) thenb—zeb—T € Ts,, where the simplex b — T’
has vertices b — u®, ... b — u™tD as b € Us,. Therefore, by the piecewise linear structure of
Tpwl, We have that there exist A;’s, i € [n 4 1], such that each A; > 0 and Z?:ll A; = 1, so that
T = Z?;Lll Ajul®),

n+1 n+1
b—x:b—Z)\iu Z)\ —u(Z and
=1
n+1 n+1 n+1

Tt () + Tpui (b Z At (WD) + 3 it (b — u®) Z Ai(m(u®) + (b — u?)) =
=1

Hence, 7, satisfies condition (C2).

(v) The periodicity of 7, follows from the periodicity of 7 and the piecewise linear structure
of Ty with cell complex s, .

(vi) Note that [0, 1] consists of the union of only finitely many maximal 7" € T, for fixed 6; > 0,
where 7, is affine on each such T'. Hence, the gradient (when it exists) of 7y, on such T' € 75, can
only be equal to one of only finitely many different vectors, which we list as a®. ... a™N), Thus,
Tpwi is Lipschitz continuous on [0, 1], with Lipschitz constant L := max}_, |[a?||; with respect to
the co-norm via [15, Proposition 2.2.7]. The Lipschitz continuity of 7, on R™ follows from (v). O

We now construct magjyst, by flattening the piecewise linear function 7, (c.f. Lemma 1) in a tiny
oo-norm neighborhood of each point in (b+Z")UZ™. In particular, in each co-norm neighborhood
of z € Z", we will have m,qjust = 0, and in each co-norm neighborhood of b+ z € b+ Z", we will
have magjust = 1. For € >0, b € ([0,1)" N Q") \ {0}, and some continuous, minimal 7 : R™ — R, let
Tpwl be a function that satisfies the conclusions of Lemma 1 for some suitable 6; > 0 and Lipschitz
constant L (with respect to the co-norm). Suppose that 2 € R satisfies

1 1)
52<min{4Ln,26L} and 522;1 for some ¢ € N, (4)
so that Z" C Us, C Us, and b € Us, C Us,. Furthermore assume that do > 0 is small enough so
that

B35, (>W)yn B, (b— 2P) = 0 for all 21,2 ¢ 7", (5)



Define mggjyst : R™ — R, a piecewise linear function with cell complex 7s,, where, for each u € Us,,

0 if u e ng(z) for some z € Z",
Tadjust(U) = {1 if u e B2(b— z) for some z € Z", (6)

Tpwi(u) otherwise,

and the values of m,gjust on R” \ Us, are defined via linear interpolation. We note that Tadjust 18
well-defined via (5). The next lemma describes several desirable properties of mggjust-

Lemma 2. Let b € ([0,1)"NQ")\ {0}, € > 0, and fix a continuous, minimal function m : R™ — R.
For suitable 61 > 0 (c.f. Lemma 1), let mpy : R™ — R be any function with Lipschitz constant
L (with respect to the co-norm) that satisfies the conclusions of Lemma 1. Consider the function
Tadjust given by (6) for some appropriately chosen 62 > 0 (c.f. (4), (5)). The following items hold:
(1) Tadjust satisfies conditions (C1) and (C2); (ii) Tagjust is Lipschitz continuous with Lipschitz
constant 4Ln (with respect to the oo-norm); (i) ||Tpwi — Tadjustlloo < € (1) (Tadjust + 6€) is
subadditive; and (v) Tagjust s periodic with respect to Z".

Proof. (i) It is not hard to see that m,gj,s satisfies (C1), as magjust(u) > 0 for all u € Us,, the linear
interpolant of any nonnegative function is nonnegative, and ﬂadjust(z) =0 for all z € Z™. To see
that magjus satisfies (C2), note that mugjust(w) + Tagjust(b — u) = 1 for all u € Us,, as 7y, satisfies
(C2), and then apply an argument similar to that used in the proof of (iv) in Lemma 1.

(ii) We next show that magjys: is Lipschitz continuous. Fix u € Us, and (i1, ...,in) € Xy, sO

= (i) 3 (i5)
T: Conv({u,u+526 v, ,u+52;eﬂ}>

is an arbitrary maximal cell of 7Ts,. Since m,qjust is affine on T, there exists ar € R" and ér € R
such that Wadjust(x) = (ar,x) + o7 for all z € T. In particular, ar is the unique vector satisfying

k k

Tadjust (u + d2 Ze(ij)> — Tadjust(U) = <aT, 92 Z 6(i1)> for all k€ [n].

j=1 j=1

Defining u®) := u + &, Z?:l (i) for each k € [n], we may rewrite the above display as

1 e(lil) 71—acljiwt('u(l)) - Wadjust(u)
11 e\*? Tadjust (U(Q)) - 7'['(zdjusf(u)
o, .. } ar = .
11 ... 1 e(in) Wadjust(u(”)) — Tadjust (W)
Hence,
1 Wadjust(uili) — Tadjust (U)
-1 1 adjus 2)) — adjus
ap =051 | el) | el2) || elin) Tadjua (1 ) modsust (1) ;

-1 1 7Tadjust(u(n)) - 7"'acljust(u)

which implies
— n y
lary < 2085 max [ Tadust (1) = Tadjust(w)]. (7)

6



Now, if u, u(?) ¢ B32(2) U B2 (b — 2) for all z € Z", then

[ Madjust(u?) = Tagjust ()] = [Mput () = Tput ()] < L2, (8)

by (vi) of Lemma 1. Otherwise, at least one of u, u() belongs to ng(z) or ng(b — z) for some
zeZ".

Suppose that at least one of u or u() € Bf;’;(z) so that Tgjyst(u) = 0 or Wadjust(u(i)) =0. In
this case, we must have u,u(® € ngz (z) as u and u® are vertices of the same simplex T’ € Ts,-
This leads to

|7Tadjust(u(i)) - 7I-adjust(u” < max 7I'adjust(w) < max prl(w) < 2L0o, (9)
weUs,NB33 (2) wels,NB3S, (2)

by (5), (6), and conclusions (iv) and (vi) of Lemma 1.

Alternatively, suppose that at least one of u or u(d € Bg;’(b — z) so that magjust(u) = 1 or
wadjust(u(i)) = 1. In this case, we must have u,u(? B§§2(b — 2) as, again, u and u() are vertices
of the same simplex T' € T5,. We then obtain

[ Madjust(u?) = Tagjust(w)] < max |1 =7y (w)] (10)

weUs, OB%Q (b—2)

= max |Tpwi (b — 2) — Tpwi(w)| < 2L5s,

weUs, OB§§2 (b—2)

via (5), (6), and conclusions (iv) and (vi) of Lemma 1.
Combining equations (7)-(10), we have that |lar|i < 4Ln for all T € Ts,. Hence mygjust is
Lipschitz, with Lipschitz constant 4Ln, with respect to the co-norm (c.f. [15, Proposition 2.2.7]).
(ili) If = ¢ U,ezn B, (2) and @ ¢ |, czn B35, (b — 2), then z € T for some maximal T € 7s,
whose vertices u!), ..., u"*V) satisfy [|u®) — z]|oc > 62 and [[uD) — b+ z[|oe > b5 for all i € [n+ 1]
and z € Z". Hence,

7I-adjwst(fu’(i)) - ﬂ—pwl(u(i)) =0

for all such u, so that |Tadjust(€) — Tpwi(x)| = 0, as (Tagjust — Tpwi) is affine on T'.
Consider then z € B§§2 (2) for some z € Z". By the Lipschitz continuity of m,,, the fact that
0 < Tadjust < Tpwi ON €ach Bg}; (z) (via equation (6)), and (4), we have that

|Tpuwi () — Tadjust ()| < Tpwi(x) < 2L02 < €.

A similar argument demonstrates that |7y () — Tadjust ()| < € for all z € |,z B3, (b—2). Thus,
|Tpuwi () — Tagjust(x)| < € for all z € R™, and (iii) is satisfied.

(iv) Conclusion (iv) follows from conclusion (iii), conclusion (iii) of Lemma 1, and an argument
similar to that used in equation (3).

(v) The periodicity of m,gjust follows from (6), the piecewise linear structure of mggjust, and the
periodicity of ;. This completes the proof. O

We conclude this section by combining Lemmas 1 and 2 in the following proposition.

Proposition 1. Suppose that b € ([0,1)" N Q") \ {0} and 7 : R™ — R is a continuous, minimal
function. Then for each € > 0, there exists ™ : R™ — R and 5§>0 sufficiently small such that each of
the following statements are satisfied: (i) 7 is a piecewise linear function with cell complex Ts; (ii)
T is Lipschitz continuous; (iii) |7 —T|leo < 155 (i) (T +§) is subadditive; (v) T satisfies conditions



(C1) and (C2); (vi) T is periodic with respect to Z"; (vii) w(x) = 0 for all x € J,czn Bé?o(z); (viii)
m(x) =1 for all x € U,czn Bgo(b —2); (iz) Bgo(z(l)) N Bgo(b — 2™ =0 for all 2V, 22 € 7",

Proof. Fix € > 0. For g5 > 0, there exists §; > 0 (with b € Us,, Z" C Us,) and piecewise linear
Tpwl © R" — R with cell complex 75, that satisfies the conclusions of Lemma 1, with € replaced
by z5. Choose d sufficiently small to fulfill (4) and (5), with L denoting the Lipschitz constant of
Tpwl With respect to the co-norm and e replaced by z5. Consider mqgjust : R" — R given by (6).
Applying Lemma 2 and the triangle inequality yields that T = m,qjus: satisfies conclusions (i)-(vi)
with 0 = d; furthermore, 7 satisfies (vii) and (viii) by (6). (ix) follows from (5). O

4 A Subadditivity Inducing Perturbation

The main result of this section is Proposition 2, which establishes several properties of a piecewise
linear minimal function m.ymp; the function 7., approximates the continuous minimal function 7
and enjoys an additional strict subadditivity attribute.

For this purpose, we consider 7 : R™ — R, any piecewise linear approximation of 7 that meets the
conclusions of Proposition 1 for suitable 6 > 0. We then perturb 7 in order to form o (c.£. (20)),
another approximation of w. The perturbation is carried out in a way such that not only is Tcomp
subadditive, but Ameomp(x,y) > 0 for “most” pairs (z,y) € R™ x R™. Subsequent modifications
of Teomp may decrease the value of Amemp(2,y) for certain (z,y). To maintain subadditivity, it is
therefore advantageous for A ,mp(z,y) to be strictly positive whenever possible.

The perturbation is also performed such that the gradient (when it exists) of m.mp near each
point z € Z" takes only one of (n + 1) possible different values in R™. This feature of mepmp will
prove critical when we perform the (n + 1)-slope fill-in procedure (c.f. (23)) and establish related
results in Section 5.

An important gauge function. In what follows, we will perturb 7 in the direction of s,
(c.f. (15)). One important ingredient in the construction of ms, is the gauge function v, (c.f. (13))
of a carefully constructed simplex. This gauge function will also be employed in the (n + 1)-slope
fill-in procedure of Section 5.

Let b € ([0,1)" N Q™) \ {0}. Fix 3 > 0 and define the vectors

v((;? = 03(b—1+ne®) eR" for ie[n] and v((;ZH) :=03(b—1) e R", (11)

as well as the simplex .
Mg,z = 2+ conv({uy) }ih). (12)

Note that (#)vgﬂ) + Z?:l(l_bi)v((gi) =0, each b; < 1 since b € [0,1)", and ), b; > 0 since

n 3

b # 0. Thus, we have that z € int(As, ,), and the Minkowski gauge function 75, : R" — R given by

150(2) == Inf {¢] 2/t € Asqo} (13)
is well-defined. Finally, for i € [n], define géi) = — (83(1 — b)) e and g((;:H) = (03> 7y bj) 1.
The following lemma gives us an alternative formulation of ~s,.

Lemma 3. Fiz b e ([0,1)" N Q") \ {0} and 03 > 0. The gauge function s, given by (13) can be
written as

n+1 i
Vi () = thax (g5, ). (14)



Furthermore, 7s, s sublinear, i.e., ~ys, is subadditive and ~s,(tx) = tys,(x) for allt € Ry, x € R".

Proof. Consider the polar of the closed convex set As, o, given by

A3 o ={z €R"|(z,v) <1forallve Ago}

(c.f. [14, Ch. 14]). Note that = € Ag_ , if and only if (a:,vé?) <1forallie [n+1],ie, (r,v) <1
for all extreme points v of As, g. Thus,

; " (b —Da; ;< o;tforalie
rENs < (o) <lforallicnt1] < {Eg—l(] )l‘ﬁ”fl— 3 foralli€n]
> i—1(bj — L)aj < 5.

Hence, Aj, , is a compact, convex set, and the vertices of A§, ,, which can be found when exactly

n of the (n + 1) of the inequalities in the above display are equalities, are g((;;), e gggﬂ).

Now, since As, o is a closed, convex set containing the origin, by [14, Theorem 14.5], we have
that the gauge function ~s, is equal to the support function of Agg,(]’ ie.,
ntl o, (i) )

753(x) = Ssup <g,$) = max <953 y L)y
9EA3, i=1

as the supremum in the above display will be obtained at one of the vertices of Agg,o-
The sublinearity of s, follows immediately from [11, Theorem 5.7]. O

4.1 The Perturbation Direction 7y,

We now construct a minimal function 75, using the gauge function 7s,. We will perturb 7
(c.f. Proposition 1) in the direction of 7, in order to obtain meemp in the next subsection.

Fix b € ([0,1)"N Q") \ {0}. Choose d3 > 0 such that d3 = p~! < % for some p € N, Ags, oy N
(b= Ags, ) =0 for all 20, 23 € Z" and b € Us,. Define 75, : R — R such that

1/2 - 5y (x — 2) if x € As, , for some z € Z",
Ts (1) =91 —1/2-75,(b—x—2) ifx €b—As,, for some z € Z", (15)
% otherwise,

which is well-defined given the choice of d3. The following lemma gives us the minimality of 7s,, as
well as some positive lower bounds on A, (z,y) for different sets of (z,y) € R” x R™. This result
will lead to lower bounds on Aoy (z,y) is the next subsection.

Lemma 4. Let b € ([0,1)"NQ")\ {0} and 65 > 0 such that 3 = p~' < & for somep € N, b € Us,,
and Ays, 1y N (b - AQ&S’Z(Q)) =0 for all 21,22 € Z". Then the function T5, defined in (15) is
piecewise linear and minimal. Furthermore,

(Z) A7T§3($,y) > %a Zf:E?ZJ ¢ A53,27 z+y ¢ b— A53,Z fOT’ all z € Zn;

(ii) Amsy(x,y) > me — 2O, if z € As, .y for some XD ez buty ¢ As,., v +y ¢
b—As, . forall z € Z";

(111) Arms,(x,y) > mﬂb —x—y— 20|, ifr+y €b- As, .y for some 2D e 7", but

x,y & Ns, » for all z € Z".



Proof. For any z € Z", note that 1/2 - y5,(z — 2z) < 3 if and only if € Ags, . via (12) and (13).
Likewise, 1/2 - y5,(b — z — z) < § if and only if 2 € b — A, .. Hence, we may write

5 (X) = greuzr% {min <1/2, 1/2 - ~55(x — z))} —i—géz% [max (0,1/2 —1/2-v5,(b—x — z))} (16)

Therefore 75, is piecewise linear, as s, is given by the sum of the minimum of some piecewise linear
functions and the maximum of some other piecewise linear functions; because 75, is a piecewise
linear gauge function, this minimum and this maximum may both be taken over only finitely many
piecewise linear functions on every compact set.

Next, we shall establish that s, satisfies (C1) and (C2). For each z € Z", we have that
5y (2) = 375,(0) = 0. Further, by (16) and the nonnegativity of ~s,, we have that ms, > 0, so that
75, satisfies condition (C1). To see that (C2) is satisfied, note that if ¢ As, .,b — As, . for all
z € Z", then ms,(z) + ms, (b — ) = 3 + & = 1. Otherwise,

Tog (@) + Mg (b—2) =1/2 s, (x — 2) + 1 = 1/2 - y5,(x — 2) =1 if ze s,
and  7s, () + s, (b—2)=1—-1/2-v5,(b—x—2)+1/2 - v5,(b—x—2) =1 if z€b— A, ..

Thus, 7s, satisfies condition (C2).
Let z,y € R™ and consider the following three statements:

(a) = € As, , for some z € Z",
(b) y € As, . for some z € Z", and
(c) x+y€b—As, . for some z € Z™.

By evaluating each of the following cases, we will demonstrate that items (i) - (iii) of our result
hold and that s, satisfies (C3).

Case 1: Suppose that all of statements (a), (b), and (c) are false, or equivalently that =,y ¢
Agy o v+ y ¢ b— Ay, for all = € Z". Then item (i) must hold, as ms,(z),75,(y) > 3 and
7oy (@ +y) < 3

Case 2: Suppose that all of statements (a), (b), and (c) are true. Then there exist (1), 2(2), 2(3) ¢
Z" such that z € As, .0y, ¥y € Ay, ., T+ Yy € (b — A53’Z(3)). But this implies that z +y €
Aogs, (z0) 42020y 80 that Ags )29y N (b— A2537Z(3)) # (), a contradiction of the choice of ds.

Case 3: Suppose that exactly one of (a) or (b) is true, and (c) is false; without loss of generality,
take (a) to be true and (b) to be false. Equivalently, we have x € A;, .1 for some 2D e zZ" but
y ¢ Ns, ., x+y¢b—As,, forall ze Z". Thus, m,(y) > % > 754 (x + y). Furthermore,

Ass0 C B&);_H)ag(o)’ (17)
since
n+1 ) n+1
rels, o = r= Z /\iv((;? with each \; > 0 and Z =1
i=1 =1

o0

— [rllo = H znjxiag(b — 14 ne®) + Ay (b— 1)”
=1

oo

n+1 n
<63 ) Aillb— 1o + mng S Ael)
i=1 i=1
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Hence,

Ams, (z,y) > ms, (@) = 1/2 - s, (x — 21)) = 1/2 - inf {t >0 ‘ t™ e — W) e AM}

. ~ _ 1
This demonstrates that item (ii) holds.
Before continuing, observe that by (17),
Ay C BE’;’H)&?’ (z2) forall zeZ", (18)

which we will use later on.

Case 4: Suppose that (a) and (b) are false, but (c) is true, i.e., x +y € b — Ay, ) for some
W € Z", but z,y ¢ As, . for all z € Z". Then ms, (), 75, (y) > 1, and by an argument similar to
that in Case 3,

Amsy(2,y) > 1= (1-1/2-95 (b—z—y—21)) = 1/2-95 (b—z—y—21) > WHb—x—y—z(”Hw-
This verifies item (iii).

Case 5: Suppose that (a) and (b) are true, but (c) is false. Then there exist 21, 2(2) ¢ 7»
such that € Ay, .0y and y € Ay, 2. In view of the subadditivity of s, (c.f. Lemma 3), the fact
that © +y ¢ b— As, . for all z € Z" (so that 1/2 - 5,(b —x —y — z) > 1/2 for all z € R" and
% > 7T53($ =+ y)),

Moy () + 755 (y) = 1/2 955 (@ = 21) 4 1/2 795, (y = 2#)) 2 1/2- 5 (@ +y = 2 = 20)) > 75 (2 + ).

Hence, Ams, (z,y) > 0.

Case 6: Suppose that exactly one of (a) or (b) is true, and (c) is true. Without loss of
generality, take (a) to be true and (b) to be false, so that x € As, .oy and x+y € b— Ay, o for
some 2 2(2) € Z". Since, y ¢ As, . for all z € Z", we have that 1/2 < 1/2- 75, (y — z) for all such
z. Thus, by (16), s, (y) > 1 —1/2 - y5,(b — y — 22 — 2()). Therefore,

AN (z,y) = o3 (z) + o3 (y) — o3 (z+y)
>1/2 45,z — 2D 41 -1/2-45,(b—y — 22 — 2(1)) — (1-1/2-95,(b—z—y— 2(2)))
=1/2 s,z —2M)+1/2 y5,(0— 2 —y — 2) = 1/2 45, (b—y — 23 — 2(1)) > 0,

where the last inequality follows from the subadditivity of s, (c.f. Lemma 3).
Combining Cases 1-6 demonstrate that s, satisfies (C3), and is thus minimal. This completes
the proof. O

4.2 Reintroducing Subadditivity

By taking a convex combination of 7 (c.f. Proposition 1) and 7s, (for d3 sufficiently small), we now
construct meomp, @ piecewise linear, minimal approximation of the continuous, minimal function
m. We shall see that not only mmp is subadditive, but also that Amepmp(z,y) > 0 for “most”
(z,y) € R" x R™.

Given € > 0 and a continuous, minimal 7 : R — R for b € ([0,1)" N Q") \ {0}, let ™ be any
function that satisfies the conclusions of Proposition 1 for suitable 5 > 0. Let L denote the Lipschitz
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constant of T with respect to the oo-norm (c.f. (ii) of Proposition 1). Then choose d3 > 0 such that

PR min{ _ De ) Hoe

) 5 for some p € N and b € Us,. 19
12L(n+ 1) 2(n+1)" 12(n+ 1) } p 5. (19)

Define the function meomp : R™ — R via

5 D€
Teomb ‘= (1 — E)ﬂ + Emg?). (20)
In the following proposition, we demonstrate that 7., is minimal. We also derive lower bounds
on Amteomp(x,y), for certain (z,y) € R™ x R™.

Proposition 2. Fiz b € ([0,1)"NQ™)\{0}, € > 0, and a continuous, minimal function 7 : R™ — R.
Let 7 : R™ — R be any function that satisfies the conclusions of Proposition 1 for 5> 0, and
choose d3 > 0 satz’sfyz’ng (19). Let Teomp be the piecewise linear function given by (20). Then, (i)
1T — Teomblloo < 6 s (1) Teomp 15 minimal, (iit) if ©,y ¢ N, ., x+y ¢ b— As, . for all z € Z™, then
ATeomp(z,y) > §, and (iv) 12'755( x) > Teomp(x) for all x € R™.

Proof. (i) To see that (i) holds, note that by Proposition 1 and Lemma 4, both 7 and 75, satisfy
(C1) and (C2). Hence, 0 < 7,75, <1, and

~ D€ He
||7T 7Tcomb||oo = 7”77 7753”00 < —.

(ii) and (iii) To see that meemp satisfies conditions (C1) and (C2), note that m.mp is a convex
combination of 7 and s,, both of which satisfy these conditions by Proposition 1 and Lemma 4
respectively. Therefore, 7.y satisfies conditions (C1) and (C2) as well.

Let ,y € R™ and consider the following statements (just as in the proof of Lemma 4):

(a) = € As, . for some z € Z",
(b) y € As, . for some z € Z", and
(c) x+ye€b—As,, for some z € Z".

In order to establish (ii) and (iii), we therefore consider each of the following five cases. Note that
(a), (b), and (c) cannot all be true (c.f. Case 2 from the proof of Lemma 4). Also observe that for
each z € Z", we have

Asy» € BE,(2) € BX(2) (21)

via (18) and the choice of d3 < 57 ‘11) n (19).
Case 1: Suppose that all of statements (a), (b), and (c) are false so that x,y ¢ As, ., z +y ¢
b— A, - for all z € Z". Hence, by (20), (i) of Lemma 4, and (iv) of Proposition 1,

5€ e
Ao (,) = % s, (2,9) + (1= % ) A (,y) 2 75 -

E €
12 6 4

This demonstrates that (iii) holds.
Case 2: Suppose that exactly one of (a) or (b) is true, and (c) is false. Without loss of
generality, take (a) to be true and (b) to be false, so that z € A, .a) C Bgo(z(l)) (via (21)) for

12



some z1) € Z". Therefore,

o€ DE\ | ~
Amcoms(@,y) = % Ay (a.y) + (1= ) AR(a,y)
5€

> i 1o~ e~ 17@) + 7 (y) ~ Fa + )
o€ N B

= m”ﬂf — z(l)Hoo _ |7r(y) _ 7.‘_(%, o Z(l) + y)‘
D€ ~

~12(n+1)8 |z — 2V — Lz — 21|00 >0,

where the first equality follows from (20), the first inequality follows from (ii) of Lemma 4, the

second equality follows from (vii) and (vi) of Proposition 1, the second inequality follows from the

Lipschitz continuity of 7, and last inequality follows from the choice of d3 < 12Z?:H—1) in (19).
Case 3: Suppose that (a) and (b) are false, but (c) is true, so that z +y € b — Ay, .a) C

Bgoo(b — 2z (via (21)) for some z(1) € Z". Then,

5e DEN , -
A7"'comb(xa y) = 7A7T53 (a;, y) + (1 - €>A7T(x,y)

6

He B N N

> iy 10— v 2l = [7@) + 7 () — 7+ )
He B N ~

= m”b—iﬂ—y—z(l)”oo_ |1—7T(b_1')+77(y> —W($+y)|
He _ N

N m”b_“’_y—z(l)ﬂoo — 7y + W) = 7(b— )]
5e

= ml!b—w—y—z“)llw —Llb—2—y -2V >0,
where the first equality follows from (20), the first inequality follows from (iii) of Lemma 4, the
second and third equalities follow from (v), (vi), and (viii) of Proposition 1, and the last two
inequalities follow from the Lipschitz continuity of 7 and the choice of 3.

Case 4: Suppose that (a) and (b) are true, but (c) is false. Then there exist 21, 2(2) ¢ 77
such that z € Ay, .1y C B:SB;’Q(Z(U) and y € Ay, .2 C B;B;’Q(Z(?)) (c.f. (21)). Hence, we must have

that v +y € Bgo(z(l) + 22)). Therefore, by (vii) of Proposition 1, we have A7 (z,y) = 0. Since 7s,
is subadditive via Lemma 4, we obtain A7.pmp(z,y) > 0 from (20).

Case 5: Suppose that exactly one of (a) or (b) is true, and (c) is true. Without loss of generality,
take (a) to be true and (b) to be false, so that x € Ay, o) C 36972(2(1)) and z +y €b—As, 2 C
B’E?z(b — 2®) for some 21, 2(2) € Z" (c.f. (21)). We must then have that y € Bgo(b — 2 — (),
and thus A7(x,y) = 0 via (vii) and (viii) of Proposition 1. It follows that A7mepmp(z,y) > 0 by the
subadditivity of ms, (c.f. Lemma 4 and (20)).

The above five cases and the preceding discussion demonstrate that (ii) holds.

(iv) To see that (iv) holds, first note that

1/2-v55(b—a—2)>1/2 forall z€Z" and z € BEO(O), (22)
as otherwise, we have by (13) and (21) that

bz —z €N C BX(0) = x€BX(b—2) = BX(0)NBX(b—z) #1,
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a contradiction of (ix) in Proposition 1. Now, for all z € BgO(O),

oe oe
7Tcomb(x) = 677'53 (33) < E’m:&(m)?
where the equality follows from (20) and the fact that 7(z) = 0 by (vii) of Proposition 1; the
inequality follows from (16), in which the second term is zero by (22).

Next, observe that (ﬁ . A5370> - Bgo(()) by (18). Therefore, for all = ¢ B?(O), we have
%x ¢ As, 0 and

556 5e

T < ——— < —~s.
7Tcomb(l‘) = 4= 12(53(TL—|- 1) > 12’755(1')7

via the fact that 0 < meomp < 1 (as Teomp is minimal) and the choice of 03 < #gfﬂ) (c.f. (19)).

Hence, statement (iv) holds as well.

Piecewise linear minimal functions are dense in the set of continuous minimal functions.
In [7, Lemma 1], the authors demonstrate that when n = 1, for any € > 0, a continuous, minimal
function 7 : R™ — R can be approximated by a piecewise linear, minimal function 7 : R® — R
such that |7 —7||oc < €. In the proof of this result, 7 is the interpolant of 7 whose knots are given
by %Z for some appropriately chosen ¢ € N sufficiently large. The subadditivity of 7 follows from
the subadditivity of = and the structure of the underlying polyhedral complex of A7. However,
when n > 1, this particular argument fails, as the underlying polyhedral complex of A7 is much
more difficult to describe. Hence, new techniques, such as those found in this paper, are required
to establish the existence of such a 7. The following corollary generalizes [7, Lemma 1] to arbitrary
n € N. The proof follows directly from Propositions 1 and 2.

Corollary 1. Fiz b € ([0,1)"NQ") \ {0} and let 7 : R™ — R be a continuous, minimal function.
Then for each € > O there exists a piecewise linear, minimal function T : R™ — R such that
|7 —7T||oo < €.

Proof. For € > 0 there exists 7 : R™ — R such that 7 satisfies the conclusions of Proposition 1,
including |7 — 7|00 < 13- Furthermore, by Proposition 2, there exists a piecewise linear, minimal
Teomb : R™ — R such that [|T—7Teomp|loo < %. Taking T = Teomp and applying the triangle inequality
completes the proof. ]

5 Symmetric (n + 1)-Slope Fill-in

Our goal is to produce a piecewise linear, minimal function 7’ that (i) approximates a given continu-
ous, minimal function 7, and (ii) is an extreme function of the set of minimal functions. By [6, The-
orem 1.7], any (n + 1)-slope (c.f. Definition 4), genuinely n-dimensional (c.f. Definition 5), minimal
function is an extreme function. Therefore, in this section, we manipulate the piecewise linear, min-
imal (and in fact genuinely n-dimensional) 7¢ymp from Section 4 to obtain a (n+ 1)-slope, genuinely
n-dimensional, minimal function 7/ (that is therefore extreme).

We begin by applying a (n + 1)-slope fill-in procedure (c.f. (23)) to Teomp, in order to obtain a
(n+1)-slope function 7 ;. Although the (n+1)-slope fill-in procedure preserves the subadditivity
of Teomp, as well as property (C1), it does not preserve the symmetry property, (C2). To reintroduce
property (C2), a symmetrization technique is carefully applied in (29), producing msy,y,. We shall
see that gy, is in fact a genuinely n-dimensional, (n+1)-slope, minimal function, which accurately
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approximates m. Thus, 7’ = gy, is the desired extreme function. The results of this section will
allow us to complete the proof of Theorem 1 in Section 6.

5.1 A (n+ 1)-Slope Fill-in Procedure

In this subsection, we apply the (n + 1)-slope fill-in procedure to 7eomp in order to obtain the
(n+ 1)-slope subadditive function 7 f;;;—y, which satisfies (C1). The following definition introduces
the formal concept of a k-slope function for any k£ € N.

Definition 4. Suppose that 6 : R® — R is a piecewise linear function. If all the gradient vectors
a® (c.f. Definition 3) of 0 take values in a set of size k, then we say that 6 is a k-slope function.

In [9,10,13], Gomory and Johnson describe a 2-slope fill-in procedure that extends a subadditive
function ¢ : U — R, for some subgroup U of R, to a subadditive function 0;;_;, : R — R defined
on all of R. This procedure is also used in [7] to produce a 2-slope function and prove Theorem 1
in the special case when n = 1. We now extend this method to a (n + 1)-slope fill-in procedure for
functions 0 : R" — R, for arbitrary n € N.

Let v : R™ — R be a sublinear, (n + 1)-slope function. Additionally, let U = %Z” for some
g € Nand 6 : R" — R be a subadditive function. Then the (n + 1)-slope fill-in of the function 6
with respect to U and vy is 0i—;n : R™ — R, which is defined such that

inll,m(l‘) = IJIEIIUl{Q(U) + "}/(Jf — u)} (23)

The following lemma discusses several properties of the (n + 1)-slope fill-in function.

Lemma 5. [Johnson (Section 7 in [13])] Let U = %Z" for some ¢ € N and 6 : R" — R be a
subadditive function. Suppose that v : R™ — R is a sublinear, (n + 1)-slope function with 6 < ~.
Then the (n 4+ 1)-slope fill-in Qi of 0 with respect to U and v is subadditive. Furthermore,
Ofit—in > 0 and Ori—inlu = 0lu. Finally, 0¢iy—, is a (n + 1)-slope function.

Proof. Since 6 is subadditive and -y is sublinear, we first have that for some wuy,us € U,
Oriti—in(x) + Opin—in(y) = 0(u1) +v(x —u1) + 0(uz2) + v(y — u2)

> 0(uy +u2) +y(z+y— (u1 +ug))
> Opii—in(x +y),

s0 0 t;1—in is subadditive. Also, note that for all u € U,
0 iti—in(u) < 60(u) +v(0) = 0(u),
and for all z € R™,

Ofin-in(x) = min(6(u) +y(z - v)) = min(0(u) + 0z — u)) = 6(z),

where the last inequality follows from subadditivity of §. Thus, 6tiy—in > 0 and Ofy—in|v = 0|u.
By construction, 6tij—in is a (n + 1)-slope function. d

Fix e > 0, b € ([0,1)"n Q") \ {0}, a continuous, minimal function 7, and suitable d3 > 0
satisfying (19). Define L, := 2¢ max ! Hgg?\h (c.f. (14)). Choose d4 > 0 such that

<2IMY + E) for some ¢qe€N, (24)



where L denotes the Lipschitz constant of some 7 satisfying the conclusions of Proposition 1. Note
that we then have b € Us, C Us,. Consider the (n + 1)-slope fill-in 7piy—ipn : R™ = R of meoms
(c.f. (20)) with respect to Us, and 257,

. Se
T fill—in(T) = Juin {ﬂcomb( ) + 12753( U)}. (25)

We conclude this subsection with the following lemma, in which we collect a number of facts on
T fili—in to be used in the proof of subsequent results.

Lemma 6. Fize >0, be ([0,1)"NQ")\ {0}, and a continuous, minimal function w. Let T be any
function that meets the conclusions of Proposition 1 and choose suitable 63,04 > 0 satisfying (19)
and (24). Construct Teomp via (20). Then the function 7 tiy—ipn defined in (25) (i) is a (n+1)-slope,
subadditive function that satisfies (C1) and 7rii—in > Teomp, (1) satisfies || Teomp — Triti—inlloo < 35,
and (iii) satisfies 7 fig—in(T) = Teomp(x) = %753 (x —2) if v € As, » for some z € Z".

Proof. (i) Observe that meomp is subadditive as memp is minimal (c.f. (ii) of Proposition 2), %753 is
a sublinear, (n + 1)-slope function (c.f. (13) and Lemma 3), Us, = iZ” for some pg € N (c.f. (19)
and (24)), and 2575, () > Teomp() for all 2 € R™ (c.f. (iv) of Proposition 2). By Lemma 5, 7 fiy—in
is a (n + 1)-slope, subadditive function such that 7r_in > Teoms. To see that mp_y, satisfies
(C1), note that mp—in(2) = 0 for each z € Z™ C Us, and 0 < Teomp < Tfiti—in, both by Lemma 5.
(ii) By (ii) of Proposition 1, (14), (20), and [15, Proposition 2.2.7], mcoms is Lipschitz continuous,
with Lipschitz constant (L. + L), with respect to the oo-norm. Similarly, by (14), (25), and [15
Proposition 2.2.7], 7ij—i, is Lipschitz continuous with Lipschitz constant L., with respect to the
oo-norm. Therefore, for z € R"”, we may choose u € Us, such that by Lemma 5 and (24),

T eomb(T) — T fiti—in ()]
< ‘Wcomb( ) 7"'comb(u)’ + ’Fcomb(u) - 7I'fillfin(u)’ + ’ﬂ'fillfin(u> - 7Tfillfin(x)‘

( )||$_u||oo+L7||u_33'||oo < (2L7+L>54 36

(ili) By Lemma 5, we have that Teoms(2) < Trig—in(z) for all z € R™. Suppose that z € As, .
for some z € Z". In view of (18), (19), and (vii) of Proposition 1, 7(x) = 0. Observe that

He 5¢ 1
7Tfillfin(x) < 7rcomb( ) 12753( ) =0+ 6 2763 (37 - Z)
He He
(1 - E)W(x) + 5T (2) = Teomp (),

where the first inequality follows from (25), the first equality follows from the fact that momp is
minimal by (ii) of Proposition 2 (implying that m.em(2) = 0), the second equality follows from the
fact that 7(x) = 0 and (15), and the last equality follows from (20). Thus, 7 tiji—in(2) = Teomp(x) =
75 (2) = s (@ — 2). O

5.2 Symmetrization

Although 7 ¢iy—in : R™ — R is subadditive, satisfies (C1), and is a (n+1)-slope function, the (n+1)-
slope fill-in procedure used to form 7 ;s in (25) likely does not preserve the symmetry property
(C2) held by meomp. We must therefore make use of additional constructions to symmetrize 7 ¢ij—in,
just as the authors do in [7], in the special case when n = 1. Moreover, in [7], the authors choose
a set B C R such that, roughly, B and b — B form a partition of R; to reintroduce symmetry, they
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form meym : R — R such that meym (z) = 7ri—in(z) for all © € B and meym (z) =1 — 7pig—in(b — x)
for all x € b — B. Because of the relatively simple nature of the underlying polyhedral complex
of mgi—in when n = 1, it is not hard to find B such that the function sy, inherits the piecewise
linearity and continuity of mp;;—;,. However, the more complicated geometry of the underlying
polyhedral complex of 7t;;;—;, when n > 1 makes the selection of such a set B much more difficult.
Additionally, even once B is selected, the construction of 7y, is more elaborate when n > 1.

To aid us with the selection of the set B and the construction of gy, when n > 1, we as-
semble two additional functions: 74y, : R™ — R, a minimal, (n + 1)-slope function with gradients
539(%?,...,639((;;“) (c.f. (26)), and ngus : R™ — R (c.f. (28)), which is obtained via scaling and
translating mqqz..

Recall the gauge function 75, given by (13) for d3 > 0 and construct mgy, : R" — R via

Tauz(T) = 03 - ereuzr% Vos (. — 2). (26)

The next lemma yields several useful properties of 74y, to be used in the proof of Lemma 8.

Lemma 7. Fiz 63 > 0, b € ([0,1)" N Q") \ {0}, and suppose that 2 < n € N. Then the function
Tauz : R" — R defined in (26) is a minimal function. Furthermore, Tays: i a (n+ 1)-slope function
with gradients (53g((;;), e (53g((§:+1).

Proof. Consider the (convex) simplex K := conv({0,ne(V), ..., ne™}). Define Ajg = K +b— 1,
so that v1 := 03 - 75, is the gauge function for Ay . By [8, Theorem 12|, the function mgy,(z) =
min,ezn y1(z — 2) is a (n + 1)-slope, extreme (and therefore minimal) function with gradients
539(%), ceey 539§Z+1); alternate proofs of this fact were obtained in the subsequent literature by
different authors; see the survey [2]. O

We next use gy, to construct the function 74y, which will be utilized in the symmetrization
of T fill—in (C.f. (29))
For e >0, b€ ([0,1)" N Q") \ {0}, and d3 > 0, choose T € N such that
-1 653 n
T §5— and 7b=0b+4 2z forsome ze€Z". (27)
€
To see that such a 7 exists, let s denote some common multiple of the denominators of the compo-
nents of b (in whatever form the components are written in, whether in lowest terms or not). Then
let 7 = 14+ ms for some m € N such that % < %. We then have 76 = b+ msb = b + z, where
z :=msb € Z™ by choice of s. Define 74y, : R — R such that

1 He He

=0 9¢ —2)). 9
Naua (¥) 1= 5 + 24547 12537”“"’”(7(6 7)) (28)

In the next lemma, we gather several properties of the function 74-

Lemma 8. Fize > 0,be ([0,1)"NQ")\ {0}, d5 > 0, and choose suitable T € N (c.f. (27)). The
function Ngyy : R™ — R given by (28) is a (n+1)-slope function with gradients %91(531,)’ cel %ggﬂ).
Furthermore, the function gy, satisfies the symmetry property (C2). Finally, Nauz () € [%, %} for

all z € R™.

Proof. Note that by virtue of Lemma 7, (28), and the chain rule, 74, is an (n + 1)-slope function
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5¢ (1) 5¢ (n+1)

with gradients 75g;,",..., 7595, - To see that 1y, satisfies property (C2), note that by (27),
D€ D€ D€
naux(x) + nau:c(b - 35) =1+ % - %WGUI(T(b - l‘)) - %T‘-aUI(Tm)
De De De
=1+ Tauz(b+ 2 — T2) — Tauz(TZ) = 1,

12657 12037 12657

as Tauy 18 minimal, and therefore is periodic with respect to Z™ and satisfies (C2). Finally, note
for all z € R", we have that ms.(z) € [0,1], as Taue is minimal, and hence satisfies (C1) and
(C2). Combining this with the choice of 7 € N that satisfies 1 < % (c.f. (27)), we have that
Nauz () € [%, 3] for all z € R™. This completes the proof. O

We may now use the function 74y, from (28) to symmetrize 7s_;n. Recall the minimal
(c.f. Proposition 2) function e defined in (20). Define 7y, : R®™ — R such that for each
r € R,

min(ﬂ-fill—in (.T), Nauz (x)) if 7Tcomb(x) < Nauz (-’E)
71'sym(x) =1 min(ﬂ'fill—in(b - l‘), nauz(b - $)) if ﬂcomb(l') > naux(x) (29)
TNaux (.%') if Wcomb(x) = Nauz (l’)

We will demonstrate that 7y, is an extreme function in Proposition 3. However, we first make
the following definition.

Definition 5. [6] A function 6 : R — R is genuinely n-dimensional if there does not exist a
function ¢ : R"™! — R and a linear map A : R™ — R"! such that § = po A.

We are now ready to show that mgy,, is extreme.

Proposition 3. Fize € (0, 3], b € ([0,1)"NQ")\{0}, and a continuous, minimal function m : R™ —
R. Let 7 be any function that meets the conclusions of Proposition 1 and choose suitable 03,64 > 0
(c.f. (19) and (24)). Construct Teomp via (20) and 7 ¢iy—in via (25). Choose T € N to satisfy (27).
Consider the function ey, : R™ — R given by (29). We then have that || fiji—in — Tsym|loo < €/18.
Furthermore, Tgym is (i) a piecewise linear (n+ 1)-slope function, (ii) minimal, and (iii) genuinely
n-dimensional. Hence, Tgym is an extreme function of the set of minimal functions by [6, Theorem
1.7].

Proof. We first show that ||7ti—in — Teymlloo < €/18. If Teomp(€) < Naua (), then by (29), either
Toym (%) = Titi—in (), OF Teym(x) = Nauz(x). Therefore, by Lemma 6,
€
1T sym (%) = T pii—in(2)] < Tpiti—in (%) = Nawa (T) < Tpigi—in(T) = Teomp(z) < 36"
If Teomp() > Nauz (), then Teomp(b — ) < Nguz (b — x), as both Tepmp and gy, satisfy (C2)
(c.f. Proposition 2 and Lemma 8). Therefore,

|7rsym(x) - Wfill—in(x)‘ < ’ﬂ—sym(x) - 7"—comb(x” + ‘ﬂ—comb(x) - Wfill—in(x”

. €
<1 — min(7 figg—in (b — ), Nauz (b — ) — 1 4+ Teomp(b — )| + 36
€ €
< ’Wcomb(b - 1:) - 7Tfill—in(b - l‘)‘ + % < Ea
where the first inequality follows from the triangle inequality, and the second inequality follows

from (29) and the symmetry of 7Teomp (to obtain the first term), as well as (ii) of Lemma 6 (to
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obtain the second term); the next inequality then follows from the fact that both mepms(b — x) <
Tritl—in(b — ) (by (i) of Lemma (6)) and meoms(b — ) < 7auz(b — 2); the last inequality is a
consequence of (ii) of Lemma 6.

Finally, if Teomp () = Nauz (), then by (29) and (ii) of Lemma 6,

€
|Tsym (%) — Trit—in(T)| = |Teomp(®) — Trin—in(2)| < .

36
Thus, H7rfill—in - 7Tsym||oo < ﬁ
Next, we establish (i), (ii), and (iii).
(i) Let Py, Pa, P3, P4, and P5 denote any five polyhedral complices compatible with the piecewise
2 3 Teomp, and ngue respectively, where p) : R — R, p?) : R" — R,
and p® : R" — R are given by

linear functions p(l), p(

p(l) (.Z‘) = min(ﬂ'fillfin<w)7 77au:v(£))7
p? () =1 —min(7fi—in(b — ), Nauz (b — x)), and
p(3) (‘73) = min(ﬂ'comb(x)v naux(a:))-

These complices must exist via [15, Proposition 2.2.3]. Then define the polyhedral complex

={ Ne 51}
i=1

which is a common refinement of Py, ..., Ps, and therefore compatible with each of p*), p(2, p(3)
Teomb, and 7gyz. Now, let P € P; we shall show that gy, is affine on P. Suppose that there
exist z, 2’ € P such that meomp(r) < Naue () and Teomp(2') > Naue(2'). By the intermediate value
theorem, there must exist ¢ € (0,1) such that T := tx + (1 — t)2’ and Teomp(T) = Nauz(T). Since
Nauz and p(3) are affine on P, we must have

I3

Nauz (T) = tNaua(T) + (1 — 1) naux(xl) > tp(g) () +(1—1) p(3) (x') = p(g) (T) = Naua(T),

a contradiction. Hence, either 7oomp(x) < gy () for all x € P or Teomp(x) > Nauz () for all x € P.

If Teomp() < Nauz(x) for all x € P, then gy, (x) = p)(x) for all € P (c.f. (29)); this holds
even if Teomp(T) = Naux(T), 88 Teomp () = Nauz(x) implies that Tgym () = Naua () = Teomp(x) <
Tri—in(z) (c.f. Lemma 6), so that Teym(z) = Nauz(r) = pM(x). Otherwise, Teomp() > Nouz(z)
for all # € P, and it can be shown similarly that m,(z) = p®(z) for all z € P. In either
case, Teym () is affine on P, since p( ) and p? are both compatible with P. Furthermore, since
VoW (z), VpP (z), Vigus () € {12955 N 129((5?“)}, whenever the gradients exist, mgym, is a piece-
wise linear (n + 1)-slope function.

(ii) To demonstrate that gy, is minimal, we first show that this function satisfies (C1). We
have via Proposition 2, Lemma 6, and Lemma 8 that 0 = meomp(2) = Trin—in(2) < i < Nauz(z) for
all z € Z". Hence, for all such z € Z", we have 74y, (2) = 0, by (29). Additionally,

(1) When 7eomp () < Naue (), we have gy, (2) = min(7 fi—in (), Nauz(x)) > 0, by (29), Lemma 6,
and Lemma 8.

(2) Suppose Teomp(x) > Nauz(x). We claim that x ¢ As, , for any z € Z". If, to the contrary,
x € As, . for some z € Z", then we arrive at the contradiction momp(z) < 7 56 <3 L < ngua (),
where the three inequalities follow from (iii) in Lemma 6, the fact that e § 5 and Lemma 8
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respectively. Hence, our claim holds and

Wsym(x) =1- min(wfillfm(b - x)v nau;t(b - :L')) >1- 7Tfillfina) - 37)
€

€
> l—wcomb(b—x)—% :ﬂ'comb(l')_%
5¢ 5e € D€ €
1_7) o€ > - — >0,
( 6 )@+ gma(r) 5 2 5~ 36 2

where the first equality follows from (29), the second inequality is a consequence of (ii) of
Lemma 6, the second equality uses the symmetry of m.mp established in Proposition 2, the
third equality follows from (20), and the second to last inequality follows from the fact that
# > 0 (c.f. Proposition 1) and the fact that s, (z) > § by (15) as x ¢ Ag, ..

(3) When 7eomp(x) = Naua(x), we have mgym () = Nauz(x) > 0, again by (29) and Lemma 8.

Hence, 7gym satisfies (C1).
We next show that gy, satisfies (C2). If Teomp(2) < Ngue (), then

1- 71'comb(b - $> <1l- naux(b - 55) <~ 7I'comb(b - x) > naux(b - 33)7

by Proposition 2 and Lemma 8. Hence, by (29),

ﬂ'sym(x) + ﬂ'sym(b - J}) = min(ﬂfillfin(x)a naux(x» +1- min(ﬁfillfin(x% nauz(x)) =1

A similar argument demonstrates that mgym () 4+ Tsym (b —2) = 1 when Teomp(z) > Naur (). Finally,
if Teomp () = Nauz (), then by (29) and Lemma 8,

Toym () + Toym (b — ) = Nauaz (x) + Nauz (b — x) = 1.

Thus 7gym satisfies (C2).
We finally show that sy, is subadditive. Consider the following cases:
Case 1: Suppose that z,y ¢ As, ., © +y ¢ b— As, . for all z € Z". Note that by Lemma 6,

€

||7Tsym ﬂcomb”OO < ||7rsym T fill— ’L’nHOO + ||7Tf7,ll n 7TcombHoo > 18 + % Ea

as we have already established that ||7sym — Trii—inllcc < 75 in the first part of this proof. Hence,
by (iii) of Proposition 2,

A7"'sym (1'3 y) = Tlsym (:L‘) + Tsym (y) — Tlsym (:L‘ + y)

> 7Tcomb(gj) + 7"'comb(y) Wcomb(x + y) -3 ﬁ > 0.

Case 2: Suppose that x or y belongs to As, . for some z € Z". Without loss of generality
take € As, .. Then by Lemma 6, We have that 7pi—in(r) = Teomp(x). Furthermore, we have
already shown that mepmp(z) < 25 < 1 < naus(z) (see part (2) under the proof of (ii), above). Thus,
Toym (T) = Teomp(x) by (29). Now since Tgym is a (continuous) piecewise linear function by (i), the
gradient of gy, exists almost everywhere. Additionally, we estabhshed above in the proof of (i)

that when this gradient exists, it will belong to the set {12963 . %gggﬂ)}. Thus, we may write

1
Fsym(y) - 7"'sym(w + y) = 71'sym(y) - Wsym(.%' —z+ y) = _/0 <V7T5ym(y + t((L’ — Z)), T — Z) dt
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n+l D€, (;) D€ _
=z = I?:alx E<g53 T —z) = _5753 (= 2) = =Teomb(T),

where the last equality follows from (iii) in Lemma 6. We therefore deduce that
A7"'sym(:L'a y) = 7"-sgﬂn(l;) + 7Tsym(y) - 7Tsym(ll; + y) > 7"-comb(l‘) - 7Tcomb(x) > 0.

Case 3: Suppose that z +y € b — As, , for some z € Z". We have

Aﬂ'sym(x7 y) = Tsym (1’) + Tsym (y) — Tsym (1‘ + y)
=1— Tgym(b— ) + Toym(y) + Tsym(b—z —y) — 1
= 71'sym(b —xr—y)+ 7Tsym(y) - 7Tsym(b - ),

where we have used the symmetry of 7eym, i.e., Tgym satisfies (C2), as established above. Since
b—x —y € As, ., an argument similar to that of Case 2 shows us that

7"-comb(b - T — y) + 7Tsym(y) - Wsym«b — T — y) + y)

ﬂ'Sym(b — T — y) + 7Tsym(y) - Wsym(b — SU) =
> Wcomb(b — X — y) — Wcomb(b —x — y) > 0.

Hence, 7y, is subadditive, and thus minimal.

(iii) It remains to show that 7y, is a genuinely n-dimensional function. Suppose that 7y, is
not a genuinely n-dimensional function, so that there exists a function ¢ : R"~! — R and a matrix
A € RDX" guch that ey (z) = p(Az) for all z € R™. Because A € R(™™DX" there must exist
nonzero w € R™ such that Aw = 0. Furthermore, since 0 € int(As, o), there exists ¢ > 0 such that
cw € As, 0. Now, we observe that

5¢ 1
7"-fill—zh’b(cw) = 7Tcomb(cw) < E < Z < naux(cw)a
where the equality follows from (iii) in Lemma 6 and the inequalities follow from a previous argument
(see part (2) under the proof of (ii), above). Thus, by (29)

D€
7"-sym(cw) = 7"-fill—in(cw) = Wcomb(cw) = 75783 (Cw> > 0,

12
where the last equality follows from (iii) in Lemma 6. However, we also can see that 7mgym (cw) =
o(Acw) = p(0) = msym(0) = 0, a contradiction. Hence, 7y, must be a genuinely n-dimensional
function.
We conclude that by [6, Theorem 1.7], Teym is an extreme function of the set of minimal
functions. O

6 Proof of Theorem 1

We now give a proof of the main result of this paper, Theorem 1, by applying the results from the
previous sections.

Fix b € Q" \ Z", and let € > 0 be given. Let 7 : R” — R be any continuous, minimal function.
Without loss of generality, we may take b € ([0,1)" N Q") \ {0}, and € € (0, 1]; if € > 3, we may
replace € with %, establish the result with this replacement, and see that the result will still then
hold for the original €. Finally, assume that n > 1; if n = 1, it has already been established that
this result holds by [7, Theorem 2].

There exists 7 : R™ — R satisfying the conclusions of Proposition 1 for some suitable §>0
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(c.f. (4), (5), and the proof of Proposition 1), in particular, |7 — 7|« < 55. Choose an appropriate
93 > 0 (c.f. (19)), and form mepmp : R™ — R via (20). We have that 7., satisfies the conclusions of
Proposition 2, including ||T — eomp|loo < 3. Next choose 4 > 0 that satisfies (24), and construct
Ttitl—in : R™ — R via (25). By Lemma 6, we have ||Tcomb — Triti—inllooc < 3. Furthermore, if we
assemble Ty, : R” — R as in (29), we have by Proposition 3 that ||7riy—in — Teymlleo < 15 and
that msym, is an extreme function of the set of minimal functions. Now,

||7T - 71'symHoo < Hﬂ' - %/Hoo + H% - 7Tcomb||oo + H7Tcomb - 7I'fill—inHoo + HTrfill—in - 7Tsym||oo
< € n 5 + € n € <
36 6 36 18 O

We complete the proof by setting 7/ = mgym.
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