
BASBL: BRANCH-AND-SANDWICH BILEVEL SOLVER. I.1

THEORETICAL ADVANCES AND ALGORITHMIC2

IMPROVEMENTS∗3
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Abstract. In this paper, we consider the global solution of bilevel programs involving nonconvex5
functions. We present algorithmic improvements and extensions to the recently proposed determinis-6
tic Branch-and-Sandwich algorithm (Kleniati and Adjiman, J. Glob. Opt. 60, 425–458, 2014), based7
on the theoretical results and heuristics. Choices in the way each step of the Branch-and-Sandwich8
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proposed modifications are examined in an illustrative example.11
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1. Introduction. Bilevel programming problems (BPP) have a long history in15

operations research [6, 13] and occur in diverse applications, such as chemical and16

civil engineering, economics, transportation; see e.g. [3, 8, 10] and references therein.17

From the mathematical point of view, bilevel problems are hierarchical mathematical18

programming problems where an outer (upper-level) problem is constrained by an19

embedded inner (lower-level) problem:20

(BPP)

min
x,y

F (x,y)

s.t. G(x,y) ≤ 0, H(x,y) = 0,
x ∈ X, y ∈ arg min

y∈Y
{f(x,y) s.t. g(x,y) ≤ 0, h(x,y) = 0} ,

21

where the n-dimensional vector x ∈ X ⊂ Rn denotes the outer (leader) variables22

and the m-dimensional vector y ∈ Y ⊂ Rm denotes the inner (follower) variables.23

Functions F, f : Rn × Rm → R denote the outer/inner objective functions, G :24

Rn × Rm → Rp and g : Rn × Rm → Rr are the vector-valued outer/inner inequality25

constraint functions and H : Rn×Rm → Rq and h : Rn×Rm → Rs are vector-valued26

outer/inner equality constraint functions. In this work, all nonconvex bilevel problems27

that fall within the class (BPP) are considered without any convexity assumptions on28

the functions in the problem. Notice that whenever strict convexity does not hold for29

the inner (sub)problem parameterized by upper level variable x ∈ X, given by:30

(ISP(x)) w(x) = min
y∈Y
{f(x,y) s.t. g(x,y) ≤ 0, h(x,y) = 0} ,31

one must decide whether to adopt an optimistic or pessimistic formulation [8]. Here32

the optimistic (co-operative) formulation is assumed, where if for a given x̄ the inner33

subproblem has multiple globally optimal solutions in Y to which the follower is34
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2 R. PAULAVIČIUS AND C. S. ADJIMAN

indifferent, the leader can choose among them, to achieve the best outer objective35

value. Hence the outer minimization in (BPP) is over the whole set of variables.36

Special cases of bilevel programming have been studied extensively, and many37

algorithms have been proposed, see, e.g., [3, 7, 8, 9, 10, 28, 35] for reviews. How-38

ever, the general nonconvex form is very challenging and only recently were the first39

methods to tackle this class of problems proposed. The deterministic approach of40

Mitsos et al. [23] and the approximation method of Tsoukalas et al. [33] apply to very41

general nonlinear bilevel problems, restricted solely by the absence of inner equality42

constraints. The Branch-and-Sandwich (B&S) algorithm introduced in [16, 17] makes43

it possible to solve general nonconvex bilevel problems that include inner equality44

constraints provided that a constraint qualification holds for the inner problem.45

The theoretical advances and the B&S algorithm presented in [16] were demon-46

strated practically in [17] by applying the algorithm to a library of test problems [22],47

using a combination of software and manual application. The impact of some al-48

gorithmic options on performance was briefly investigated in [25]. Recent efforts to49

develop a fully automated implementation of the algorithm have led to further in-50

sights and developments that can lead to a significant reduction the computational51

effort required to solve nonconvex bilevel problems. These findings, together with52

a revision of the B&S algorithm and an illustration of the impact of the proposed53

changes on an example problem, are presented in this paper, Part I of a two-part54

contribution. It is assumed that the reader has some familiarity with bilevel pro-55

gramming and deterministic global optimization. Thus, not all concepts are defined56

but appropriate references are provided wherever relevant for readers who are new to57

the field. In the companion paper, Part II [24], an implementation of the algorithm,58

the BASBL solver, is introduced and extensive computational studies are undertaken.59

Most aspects of the proposed approach are applicable to the case of mixed integer60

nonlinear bilevel problems and can therefore be incorporated in the MINLP version61

of B&S [18], although the specifics of this are beyond the scope of this paper.62

The remainder of this paper is organized as follows. In section 2 the Branch-63

and-Sandwich search tree management strategy is extended to include heuristics for64

branching and node selection. In section 3 the bounding schemes of B&S are revised,65

and improvements are presented. In section 4 the revised and the original B&S66

approaches are summarized. In section 5 an illustrative example is used to investigate67

the impact of the proposed changes. Finally, section 6 gives conclusions.68

2. Branch-and-Sandwich search tree management. The B&S algorithm is69

a deterministic global optimization algorithm based on the idea of spatial branch-and-70

bound [15]. It offers a guarantee of convergence to an ε-optimal solution [17] in finite71

time [16, 17]. As in all branch-and-bound algorithms, upper and lower bounds on the72

solution are obtained at each node. Given the bilevel nature of the problem, such73

bounds are derived for both the outer and inner problems. In addition, a central and74

unusual concept in the algorithm is that branching takes place on both the outer x75

variables and the inner y variables. While the partitioning of both variable spaces is76

crucial for convergence and may have computational benefits [17], it poses a challenge77

in making sure only bilevel feasible solutions [21] are identified. This is because, in78

order to draw conclusions on the suboptimality of a specific subset of X, the whole79

of Y must be considered to ensure that the global solution of the inner problem is80

taken into account. This implies that multiple nodes must be examined when deriving81

bounds for a specific node. This challenge is addressed by careful management of the82

branch-and-bound tree. In this section, Branch-and-Sandwich search tree is presented,83
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and alternative strategies for branching and the management of nodes are introduced.84

2.1. Basic definitions and notation. We start with concepts and definitions85

required for the Branch-and-Sandwich tree description.86

Definition 2.1 (Node). A node k (equivalently an (n + m)-rectangle) in the87

Branch-and-Sandwich tree is uniquely defined by a set of bounds, representing a sub-88

domain of X × Y :89

(2.1) k =
{

v = (x,y)T ∈ X(k) × Y (k) ⊆ X × Y ⊂ R(n+m) | v(k,L) ≤ v ≤ v(k,U)
}
,90

where superscripts (k,L) and (k,U) indicate the lower and upper variable bounds for91

node k, respectively.92

Definition 2.2 (Node properties). Each node k in the Branch-and-Sandwich tree93

has a unique number, denoted by superscript (k). The root node (the whole X × Y94

domain) has (k) = 1. A node k has the following attributes (properties):95

• f (k) : A valid lower bound on the global solution of the inner problem restricted96

to node k;97

• f̄ (k) : A valid upper bound on the global solution of the inner problem restricted98

to node k;99

• F (k) : A valid lower bound on the global solution of the bilevel problem over100

node k;101

• x̄(k) : Outer variable vector corresponding to F (k);102

• s(k) : State of node k: active, inner-active or inactive (cf. subsection 2.4).103

To provide some context to the concepts presented in the following sections, a brief104

statement of the main steps of the Branch-and-Sandwich algorithm [16, 17] is given105

in Algorithm 2.1.106

Algorithm 2.1 Branch-and-Sandwich
1: Initialize

2: Compute inner and outer bounds at the root node. Apply fathoming-rules.
3: while list of active nodes is not empty do . subsection 2.2.1

4: Select node(s) for branching. . subsection 2.3

5: Branch selected node(s). Update lists. . subsections 2.2.1 and 2.2.2

6: for each new node do
7: Compute inner lower bound. Apply full-fathoming. . subsections 2.4 and 3.1

8: Compute inner upper bound. . subsection 3.2

9: Update best inner upper bound. Apply full-fathoming.. subsections 2.4 and 3.3

10: Compute outer lower bound. Apply outer-fathoming. . subsections 2.4 and 3.4

11: Compute inner subproblems. . subsection 3.5

12: Compute outer upper bound. Apply outer-fathoming.. subsections 2.4 and 3.5

13: end for
14: end while
15: if problem is feasible then
16: return the best found solution and the objective(s) value(s).
17: else
18: return problem is infeasible.
19: end if
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2.2. Branching scheme. In this section, it is assumed that bounds are avail-107

able. Strategies to derive bounds are discussed in section 3. As mentioned, the108

branching scheme for bilevel problems differs from that for single level problems. The109

sequential decision making inherent in bilevel problems implies that the entire host110

set Y must be considered to bound the solution of the inner level problem. To en-111

sure this, the algorithm proposed by Mitsos et al. [23] allows branching on the outer112

variables, but not on the inner variables. The branching scheme introduced in the113

original B&S algorithm [16], on the other hand, allows branching on both variable114

sets without any distinction between x and y variables.115

2.2.1. List management. The replacement of the parent node k by new child116

nodes in the Branch-and-Sandwich search tree is managed by using appropriate lists117

of nodes with special properties, in addition to the classical list of open (unfath-118

omed/active) nodes L used in standard branch-and-bound algorithms [15]. In partic-119

ular, the list LIn is the list of outer-fathomed (or inner-active) nodes, i.e., nodes that120

are known not to contain the bilevel solution but that may contain bilevel feasible121

points; these nodes should be explored further with respect to the inner problem only.122

Lists L and LIn are disjoint, i.e.,: L ∩ LIn = ∅ and their union L ∪ LIn contains all123

the active nodes. In addition to lists L and LIn, we use auxiliary (independent) lists124

Lp, p ∈ P corresponding to each X-partition (Definition 2.3).125

Definition 2.3 (X-partition). Let P ⊂ N be a finite index set and Xp denotes a126

subdomain of X. Then an X-partition is denoted as {Xp ⊆ X : p ∈ P} where:127

(2.2) X =
⋃
p∈P
Xp and Xp ∩ Xq = ∂Xp ∩ ∂Xq for all p, q ∈ P, p 6= q,128

and ∂Xp denotes the relative boundary [5] of Xp.129

The independent lists link active nodes appropriately such that the hierarchical struc-130

ture of the bilevel problem is maintained, i.e., a list Lp, corresponding to subdomain131

Xp, consists of a collection of sublists containing nodes with X subdomains in Xp, but132

non-overlapping Y subdomains:133

(2.3) Lp = {Lp
1, . . . ,Lp

sp}.134

A list Lp, p ∈ P , is generated as follows: given the set of nodes in Xp we create the135

minimum number sp of sublists Lp
s , s ∈ {1, . . . , sp}, such that every node in Xp is in136

at least one sublist Lp
s ∈ Lp. This is formally stated in Definition 2.4.137

Definition 2.4 (List (Lp) generation process). In order to generate Lp, p ∈ P138

corresponding to the set Xp, we generate sublist(s) Lp
s, such that139

(2.4) Lp
s = {k ∈ L ∪ LIn : relint(X(k)) ∩ relint(Xp) 6= ∅}, s ∈ {1, . . . sp},140

where relint(·) denotes the relative interior of a set [5] and141

X(k) ∈ Xp ⇔ ∃s ∈ {1, . . . , sp} : X(k) ∈ Lp
s ,(2.5)142

relint(X(i)) ∩ relint(X(j)) 6= ∅ for all i, j ∈ Lp
s , i 6= j, s ∈ {1, . . . , sp},(2.6)143

relint(Y (i)) ∩ relint(Y (j)) = ∅ for all i, j ∈ Lp
s , i 6= j, s ∈ {1, . . . , sp}.(2.7)144145

In particular, every sublist Lp
s , s ∈ {1, . . . , sp} must represent a Y partition.146

Namely, the collection of subdomains {Y (k)}, k ∈ Lp
s , is a partition of Y for each147
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Fig. 2.1. (a) Illustration of the list generation process in X × Y = [0, 1]2 × [0, 1]. All lists and
corresponding sublists are shown in Table 2.1. The use of the same color for the cuboids (Figure 2.1a)
denotes nodes that belong to the same independent list corresponding to different X-partitions: X1 =
[0, 0.5]×[0, 0.5], X2 = [0, 0.5]×[0.5, 1], X3 = [0.5, 1]×[0, 0.5], X4 = [0.5, 1]×[0.5, 1]. (b) 2-d projection
of the y1 ∈ [0, 0.5]. The use of the same pattern for several rectangles in Figures 2.1b and 2.1c
denotes nodes that belong to the same independent list. (c) 2-d projection of the y1 ∈ [0.5, 1.0].

Table 2.1
Independent lists and corresponding sublists appearing in partitioning example shown in Fig-

ure 2.1

X1 = [0, 0.5]2 X2 = [0, 0.5]× [0.5, 1] X3 = [0.5, 1]× [0, 0.5] X4 = [0.5, 1]2

L1 = {L1
1,L1

2} L2 = {L2
1} L3 = {L3

1,L3
2} L4 = {L4

1}
L1

1 = {1, 3} L2
1 = {4, 5} L3

1 = {6, 8} L4
1 = {9, 10}

L1
2 = {2, 3} L3

2 = {7, 8}

s ∈ {1, . . . , sp}. In other words, for all x ∈ Xp the “whole” Y is maintained, that is148

∀x ∈ Xp,∀y ∈ Y, (x,y) ∈ X(k) × Y (k) ⇒ ∃Lp
s ∈ Lp : X(k) × Y (k) ∈ Lp

s . This high-149

lights the significance of independent lists: each such list Lp contains all information150

on subset Xp of X and in particular covers all of Y . Thus an independent list Lp151

contains all the information necessary to examine the suboptimality of a node whose152

domain X (k) is in Xp. In some cases, the partition of Y may be incomplete where153

it has been shown that a subset of Xp × Y cannot contain the global solution of the154

inner problem.155

Example 2.1. The implications of Definition 2.4 are illustrated in Figure 2.1156

and Table 2.1, where for each Xp, p ∈ {1, . . . , 4}, more than one sublist may satisfy157

(2.4)–(2.7) and a given node can appear in more than one sublist. In this situation,158

independent lists L1 and L3 (corresponding to partitions X1 and X3) have two sublists159

each: L1 = {L1
1,L1

2} and L3 = {L3
1,L3

2} and node k = 3 belongs to both sublists in L1160

while node k = 8 belongs to both sublists in L3.161

Remark 2.1. Definition 2.4 is valid for any partition. As we will see in subsec-162

tion 2.2.2, the branching scheme adopted here results in regular partitions [14] such163

as the one presented in Example 2.1.164

2.2.2. Branching variable and branching point selection. The branching165

scheme of B&S is specified by two rules: a branching variable selection rule and a node166
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6 R. PAULAVIČIUS AND C. S. ADJIMAN

selection rule. The choice of branching variable (coordinate axis) influences the struc-167

ture of the tree generated and can significantly affect the computational performance168

of the algorithm. Let the variable vector v = (x,y)T = (v1, . . . , vn, vn+1, . . . , vn+m)T169

be formed first from the n outer variables and then from the m inner variables. In the170

original B&S approach [16], the branching variable is selected by giving the highest171

priority to the variable with the largest range (longest edge). If several edges satisfy172

the longest edge requirement, then the one with the smallest index is selected to be173

subdivided.174

It is easy to notice that, if some variable bounds differ significantly in magnitude,175

branching on the variables with the shortest edge is not performed until the ranges176

for all variables are sufficiently reduced. In the revised version we select the branching177

variable with the largest normalized range as has long been practised in branch-and-178

bound algorithms (e.g., see [1, 27]). Also, when an ambiguous situation arises, i.e.,179

when several variables satisfy the longest (normalized) edge requirement we employ180

two different strategies, where the priority is given either to the variable with the181

lowest variable index (strategy (XY), as this gives priority to outer variables x) or182

the variable with the highest index (strategy (YX)).183

Definition 2.5 (Branching variable selection rules). Consider a node k ∈ (L ∪184

LIn) ∩ Lp. Find the lowest-index (XY)/highest-index (YX) branching variable vbr185

with the largest normalized range (edge):186

(XY) vbr = min

{
arg max

i=1,...,n+m

{(
v

(k,U)
i − v(k,L)

i

)/(
v

(1,U)
i − v(1,L)

i

)}}
;187

188

(YX) vbr = max

{
arg max

i=1,...,n+m

{(
v

(k,U)
i − v(k,L)

i

)/(
v

(1,U)
i − v(1,L)

i

)}}
;189

190

Having identified a branching variable, a standard bisection strategy is adopted to191

select a branching point, although other approaches could be adopted [2].192

Definition 2.6 (Branching point selection rule). For the selected branching vari-193

able vbr, the branching point is found using exact bisection [34].194

A description of the proposed subdivision process, i.e., the selection of the branch-195

ing variable and branching point as well as the list management, is formally stated in196

Definition 2.7.197

Definition 2.7 (Subdivision process). Consider a node k ∈ (L∪LIn)∩Lp. Then198

Step 1 Find the branching variable vbr using Definition 2.5.199

Step 2 Create two new child nodes ki, i = 1, 2 by branching on the variable vbr (Def-200

inition 2.6).201

Step 3 Update nodes in the sublists based on the type of branching variable:202

Step 3.1 If vbr is an inner (y) variable, modify all sublists Lp
s , s ∈ {1, 2, . . . , sp}203

containing k:204

If X(k) ⊆ Lp
s , Lp

s = (Lp
s \ {k}) ∪ {k1, k2}, s ∈ {1, 2, . . . , sp}.205

Step 3.2 If vbr is an outer (x) variable, replace all sublists Lp
s containing k by one206

or two new sublists:207

Step 3.2.1 For s ∈ {1, 2, . . . , sp} and for i = 1, 2, if ∃j ∈ Lp
s \ {k} :208

relint(X(ki)) ∩ relint(X(j)) 6= ∅, create:209

Lp
si = (Lp

s \ {k}) ∪ {ki}.210
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Step 3.2.2 Check an independence condition (IC) [16], i.e., if there exist index211

sets I and J such that:212

(IC)
I ∩ J = ∅, I ∪ J = {1, . . . , sp},

{k1 ∈ Lp
i : i ∈ I} ∩ {k2 ∈ Lp

j : j ∈ J} = ∅,213

replace Lp with two new independent lists Lp1 and Lp2 :214

Lp1 = {Lp
i }, i ∈ I ⊂ {1, . . . , sp},215

Lp2 = {Lp
j}, j ∈ J ⊂ {1, . . . , sp},216

217

where p1 = p and p2 = |P |+ 1.218

An illustration of the proposed subdivision process is presented in Example 2.2.219

Example 2.2. Consider the six partitioning examples of the three-dimensional220

space X×Y = [0, 1]2× [0, 1] presented in Figure 2.2. In these pictures, the grey color221

highlights a node that has been selected for branching. Numbers inside the cuboids222

are the unique node numbers (k). At the first iteration (Figures 2.2a and 2.2d), the223

selected branching variable vbr depends on the branching variable selection rule, as all224

three variables satisfy the normalized longest range requirement (see Definition 2.7,225

Step 1). Therefore, when the (XY) strategy is used, i.e., when priority is given to the226

variable with the lowest index, the selected branching variable is vbr = x1 (as noted227

Figure 2.2a); however when the (YX) strategy is used, the selected branching variable228

is vbr = y1 (see Figure 2.2d). After branching (bisection) on the selected variable229

(see Definition 2.7, Step 2) in each case, we obtain two completely different partitions230

illustrated in Figures 2.2b and 2.2e, respectively. After bisection on variable x1, there231

are two independent lists with one sublist each: L1 = L1
1 = {2} and L2 = L2

1 = {3},232

but there is only one independent list after bisection on variable y1: L1 = L1
1 = {2, 3}.233

If we assume that node 2 is selected at the next iteration, the same variable, x2,234

is chosen using both branching variable selection rules. However, after branching we235

obtain two completely different Branch-and-Sandwich trees. In the (XY) case, which is236

shown in Figure 2.2c, we have three independent lists: L1 = L1
1 = {4}, L2 = L2

1 = {3}237

and L3 = L3
1 = {5}, while in the (YX) case, we continue to have one independent list238

but now with two sublists: L1 = {L1
1,L1

2} where L1
1 = {3, 4},L1

2 = {3, 5}. Thus, the239

(XY) branching variable strategy speeds up the refinement of the X partition and240

produces a higher number of independent lists, which can be examined completely241

independently, while the (YX) strategy results in a smaller number of independent242

lists and faster refinement of the Y space. While performance of the two approaches243

may be problem-dependent in a serial implementation, strategy (XY) thus appears244

to be better suited to a parallel implementation.245

2.3. Node selection rules. The selection of nodes for branching influences246

the structure of the branch-and-bound tree and can have a significant impact on247

the number of iterations needed for the convergence [19, 26]. However, well-known248

heuristics for node selection from single-level global optimization cannot be applied249

directly to the bilevel case, as they consider only the “outer” level information. To250

select the “most promising” nodes in L ∪ LIn based on the information from both251

levels, B&S first identifies the most promising independent list (X-partition) taking252

into account outer-level information. When a list is found, B&S continues to look for253

the best candidate only among nodes belonging to this list and selects an appropriate254

node by taking into account inner-level information. In the revised version presented255
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Fig. 2.2. An illustration of the partitions in Example 2.2 is shown on the left-hand side.
Cuboids in Figures 2.2a to 2.2c depict the (XY) strategy for three consecutive nodes. Cuboids in
Figures 2.2d to 2.2f depict the (YX) strategy for three consecutive nodes. The selected branching
variable is shown in bold (red). The independent lists and the sublists appearing in each partitioning
are shown in the tables on the right-hand side.

here, we employ four variants of the node selection operation. In the same vein as in256

the original selection procedure, B&S selects one node from the list of active nodes L257

at each iteration and one from the list of inner-active nodes LIn, if non-empty. The258

node selection procedure is described in Definition 2.8. For each of the two steps in259

the node selection procedure, two options are given and the four variants are obtained260

by taking all combinations of these options.261

Definition 2.8 (Extended node selection rules).262

Step 1 Selecting an independent list. There are two options for this step:263

Option (Fl): Find the independent list Lp, p ∈ P , containing the node k ∈264

Lp ∩ L with the lowest lower bound (F (k)) and, if several nodes with the265

smallest lower bound exist, the smallest level (l(k)):266

(Fl) k = arg min
i

{
l(i) : i = arg min

j∈L

{
F (j)

}}
;267

Option (lF ): Find Lp with a node k with the smallest level (l(k)) and, if268

several nodes with the smallest level exists, with the lowest lower bound (F (k)):269

(lF ) k = arg min
i

{
F (i) : i = arg min

j∈L

{
l(j)
}}

;270

Step 2 Selecting nodes for branching. Again, there are two options here:271

Option (lf): Select a node k ∈ L ∩ Lp and a node kIn ∈ LIn ∩ Lp, if non272

empty, with the smallest levels (l(k) and l(kIn) respectively) and, if several273

nodes with the smallest level exist, the lowest inner lower bounds (f (k) and274

f (kIn) respectively):275

(lf)

k = arg min
i
{f (i) : i = arg min

j∈L∩Lp

{l(j)}}

kIn = arg min
i
{f (i) : i = arg min

j∈LIn∩Lp

{l(j)}};
276
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Option (lf̄): Select nodes k and kIn with the smallest levels (l(k)) and, if sev-277

eral nodes with the lowest level exist, the smallest relaxed inner upper bounds278

(f̄ (k)):279

k = arg min
i
{f̄ (i) : i = arg min

j∈L∩Lp

{l(j)}}

kIn = arg min
i
{f̄ (i) : i = arg min

j∈LIn∩Lp

{l(j)}}.
(lf̄)280

281

The original B&S algorithm node selection procedure described in [16] is very similar282

to the (Fl)-(lf) heuristic described here. It implies that preference is given in Step283

1 to the independent list containing the node(s) with the best (lowest) outer lower284

bounding value and in Step 2, to the nodes with the smallest level, i.e, covering the285

largest subdomain of X × Y . When several nodes in the selected list are at the same286

smallest level in the Branch-and-Sandwich tree, the node corresponding to the lowest287

inner lower bound f is chosen (the best candidate from the perspective of the inner288

problem). In our proposed approach, we resolve the ambiguity that arises in Step289

1, when there are nodes with the same smallest outer lower bound value in different290

independent lists. In this case, B&S selects the list containing the larger node, i.e.,291

the one with the smallest l value.292

The (lf̄) heuristic is an alternative strategy to (lf) where in Step 2, if there are293

several nodes at the same level of the tree in the selected independent list, the node294

with the lowest inner upper bound value is chosen. In this way, we choose the best295

candidate in the selected list from the perspective of the outer problem, as tighter296

inner upper bound values lead to larger values of the outer lower bound and are thus297

likely to result in faster outer-fathoming (see subsection 2.4).298

In the remaining two node selection variants, the independent list corresponding299

to (lF ) is selected, i.e., we focus on the list containing the largest node (that is, the300

smallest level l).301

The four variants are illustrated in Example 2.3.302

Example 2.3. (Illustration of Definition 2.8) Consider the partitioning of a two-303

dimensional space X × Y = [−1, 1] × [−1, 1], shown in Figure 2.3a with the cor-304

responding tree shown in Figure 2.3b. All leaf nodes belong to the active list, i.e.,305

L = {3, 4, 5} and LIn = ∅. There are two independent lists corresponding to each306

member set Xp of the X partition with one sublist each: for X1, L1 = L1
1 = {4, 5} and307

for X2, L2 = L2
1 = {3}. In Step 1, using the (lF ) heuristic, B&S selects independent308

list L2 as it contains node 3, the only active node at level 1. As node 3 is the sole309

candidate in L2, B&S selects this node in Step 2. However, when the (Fl) selection310

heuristic is used in Step 1, B&S selects list L1 as it contains node 4 which has the311

smallest lower bound value F (4) = 0.00. But in Step 2, the two heuristics based on312

inner-level information return different candidates, as l(4) = l(5) = 2 but f (4) < f (5)313

and f̄ (4) > f̄ (5). As a result, variant (Fl)-(lf) leads to the selection of node 4 and314

(Fl)-(lf̄) to that of node 5.315

2.4. Node fathoming rules. Based on the bounding values computed at a node316

k, we may decide to fathom the current node. Two types of fathoming operations take317

place in the B&S algorithm. If a node has been shown not to contain a global solution318

of the inner problem, it is removed from all lists (“fully-fathomed”). When a node319

has been shown not to contain a global solution of the bilevel problem, but it may320

nevertheless contain global solutions of the inner problem over the whole Y , we need321

to continue exploring it further via branching. In such a case, it is “outer-fathomed”322
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Fig. 2.3. Illustration of the nodes selected for branching when using different node selection
heuristics. See text for further description.

rather than fully fathomed. As a result, a node in the Branch-and-Sandwich tree may323

have three different states (s):324

• active or open leaf nodes which B&S continues to explore for both the outer325

and inner problems, because they may contain a global solution of the bilevel326

problem;327

• inner-active (outer-fathomed): those leaf nodes which B&S continues to ex-328

plore on the inner problem only, because they have been shown not to contain329

a global solution of the bilevel problem but may contain a global solution for330

the inner problem.331

• inactive (fully-fathomed) all other nodes. These nodes are deleted from all332

lists and no further exploration of these nodes is performed.333

Definition 2.9 (Fathoming rules). Given node k ∈ (L ∪ LIn) ∩ Lp, if one of the334

following hold:335

1. f (k) =∞,336

2. f (k) > fUB,p or f (k) > fUB,k,337

3. f̄ (k) =∞.338

then delete k from L (or LIn) and Lp.339

Remark 2.2. Note that we fully fathom an inner-active node if the inner upper340

bounding problem is infeasible, i.e., f̄ (k) = ∞. Infeasibility of this problem occurs341

when the domain of interest (node k) does not contain feasible bilevel points; thus it342

is safe to remove this node from consideration.343

Definition 2.10 (Outer-fathoming rules). Given outer objective tolerance εF ,344

outer-fathom node k if:345

1. F (k) =∞,346

2. F (k) ≥ FUB − εF ,347

then move k from L to LIn.348

2.5. List deletion rules. A node k that has not yet been fully fathomed belongs349

either to L or to LIn. It must also belong to an independent list Lp for some p ∈ P ,350
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i.e., k ∈ (L ∪ LIn) ∩ Lp. However, if a certain sublist contains only outer-fathomed351

nodes, i.e., it no longer contains nodes in L which are active from the perspective of352

the overall problem, then it can be deleted. All the nodes that belong only to the353

deleted sublist and to no other sublist can be fully-fathomed too.354

Definition 2.11 (List deletion rules). Consider a sublist Lp
i ∈ Lp, i ∈ {1, . . . , sp}.355

1. If Lp
i ∩ L = ∅ and Lp

i ∩ Lp
j = ∅ for all i 6= j ∈ {1, . . . , sp}, then fully-fathom356

all nodes k ∈ Lp
i , i.e., delete them from LIn and Lp. Also delete sublist Lp

i ,357

i.e., set Lp = Lp \ {Lp
i } and decrease sp by 1.358

2. If Lp
i ∩ L = ∅ and Lp

i ∩ Lp
j 6= ∅ for some i 6= j ∈ {1, . . . , sp} then delete359

(fully-fathom) all the nodes from LIn and Lp belonging only to sublist Lp
i .360

Then delete sublist Lp = Lp \ {Lp
i } and decrease sp by 1.361

3. If sp = 0, delete “independent” list Lp and decrease |P | by 1.362

Remark 2.3. Note that in Step 2 of the list deletion rules (Definition 2.11), when363

sublist Lp
i contains only outer-fathomed nodes, we delete all the nodes belonging to this364

sublist only from LIn and from Lp before deletion of Lp
i takes place.365

Remark 2.4. If the node k ∈ Lp is the sole candidate and was outer-fathomed366

based on Definition 2.10, it can also be full-fathomed.367

Remark 2.4 suggests that it could be beneficial to investigate branching heuristics in368

which branching first takes place on the outer variables (x), with the aim to locate the369

most promising regions from the perspective of the outer problem as fast as possible.370

If during this exploration outer-fathomed regions are detected, they can also be fully-371

fathomed. Once the most promising subsets of X have been identified, one could then372

start branching on the inner variables (y), keeping the number of sublists small and373

improving the best inner upper bound, which helps to fully-fathom regions that are374

bilevel-infeasible, i.e., that do not contain a global solution of the inner problem.375

3. Revised bounding schemes. In this section, we present extensions and376

improvements to the original B&S bounding scheme. The B&S algorithm makes use377

of an equivalent single-level (BPP) formulation [11]:378

(slBPP)

min
x,y

F (x,y)

s.t. G(x,y) ≤ 0, H(x,y) = 0

g(x,y) ≤ 0, h(x,y) = 0

f(x,y) ≤ w(x)

x ∈ X,y ∈ Y,

379

where for a fixed x̄ ∈ X the optimal value function w(x̄) of the inner problem is380

defined in (ISP(x)). The bounding scheme of the B&S algorithm is partly based on381

the observation [23] that a modification of (slBPP) and particularly of the constraint382

f(x,y) ≤ w(x) to include an upper bound on the optimal value function w(x) yields383

a relaxation of (a lower bound on) the overall problem (slBPP) and consequently, a384

relaxation of the original (BPP). Similarly, a lower bound on w(x) gives a restriction385

of (an upper bound on) the overall problem (slBPP). Given this, the outer bounding386

scheme is based on finding valid lower and upper bounds on the inner optimal value387

w(x) for the domain of interest. In this way, we can derive the smallest and the388

largest possible inner objective values corresponding to the feasible bilevel points for389

the domain of interest.390
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3.1. Inner lower bounding scheme. For an active or inner-active node k ∈391

(L ∪ LIn), the inner lower bounding problem (ILB(k)) over the current subdomain392

X(k) × Y (k) is:393

(ILB(k)) f (k),L = min
x∈X(k),y∈Y (k)

{f(x,y) s.t. g(x,y) ≤ 0, h(x,y) = 0},394

where the minimum over all values of the outer (x) and the inner (y) variables vectors395

is taken. Note that fixing the outer variables and minimizing with respect to the396

inner variables only would yield an invalid inner lower bound [16]. This situation is397

illustrated in Example 3.1.398

Example 3.1 (mb 1 1 08 instance from [22]).399

min
x,y

x+ y

s.t. y ∈ arg min
y

xy2

2
− y3

3

x ∈ [−1, 1], y ∈ [−1, 1]

400

Fixing x̄ = 0.5 and solving (ILB(k)) over the whole of Y , i.e., y ∈ [−1, 1] (over401

the green line in Figure 3.4) yields −0.08. However, the exact inner lower bound is402

f (1),L = −0.83, proving that −0.08 is invalid.

−1
−0.5

0
0.5

1

−1
−0.5

0
0.5

1
0.5

−0.83

−0.5

0

0.5

2

3

x̄

xy

f
(x
,y

)

f(x,y) bilevel feasible points suboptimal KKT

Fig. 3.4. Graphical illustration of the inner problem from the bilevel mb 1 1 08 instance [22]
together with its minima (thick (blue) lines) and suboptimal KKT points (dashed (red) lines). The
graphical illustration shows that a valid inner lower bound (ILB(k)) cannot be found by simply fixing
x̄, e.g., x̄ = 0.5 (thick (green) curve on the surface), and then solving (ILB(k)) over the whole of Y .

403

A computationally less expensive relaxed inner lower bound can be obtained by gen-404

erating a valid lower bound on the solution of (ILB(k)), either by calling a global405

optimization NLP solver for a limited number of iterations (or with a loose optimality406

tolerance) or by solving the following convexification of (ILB(k)) [16]:407

(RILB(k)) f̆ (k),L = min
x∈X(k),y∈Y (k)

{f̆(x,y) s.t. ğ(x,y) ≤ 0, h̆(x,y) = 0},408
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where f̆ , ğ and h̆ represent convex underestimators (e.g.,[2, 31]) of functions f, g and409

h on X(k) × Y (k).410

Remark 3.1. The lower bound f introduced in Definition 2.2 and used in the411

node selection strategies and fathoming rules can be obtained by solving (ILB(k))412

(f = f (k),L) or (RILB(k)) (f = f̆ (k),L).413

3.2. Inner upper bounding scheme. For a node k ∈ (L ∪ LIn) a valid inner414

upper bound (IUB(k)) is obtained by accounting for all values of the outer variables415

x and taking the worst-case scenario with respect to those:416

(IUB(k)) f (k),U = max
x∈X(k)

min
y∈Y (k)

{f(x,y) s.t. g(x,y) ≤ 0, h(x,y) = 0}.417

Before providing a practical way of obtaining an upper bound on this challenging prob-418

lem, we formulate and prove a useful property of the inner upper bounding scheme.419

420

Theorem 3.12. The inner upper bounding scheme (IUB(k)) is not improving421

when branching on an inner (y) variable takes place, i.e.,422

(3.8) f (k),U ≤ min{f (k1),U, f (k2),U}423

where Y (k) = Y (k1) ∪ Y (k2) and X(k) = X(k1) = X(k2). Equivalently in a more424

comprehensive form:425

426

(3.9) max
x∈X(k)

min
y∈Y (k)

{f(x,y) s.t. g(x,y) ≤ 0,h(x,y) = 0}427

≤ min
j∈{k1,k2}

{
max

x∈X(k)
min

y∈Y (j)
{f(x,y) s.t. g(x,y) ≤ 0,h(x,y) = 0}

}
.428

429

430

Proof. After branching at a node k on an inner variable (y) we obtain two new431

child nodes X(k) × Y (k1) and X(k) × Y (k2) such that Y (k) = Y (k1) ∪ Y (k2). Then, for432

each fixed x̄ ∈ X(k) we have433
434

(3.10) min
y∈Y (k)

{f(x̄,y) s.t. g(x̄,y) ≤ 0, h(x̄,y) = 0}435

≤ min
y∈Y (j)

{f(x̄,y) s.t. g(x̄,y) ≤ 0, h(x̄,y) = 0} , ∀j ∈ {k1, k2}.436
437

Next, from Eq. (3.10) it follows that over all x ∈ X(k) we have438

439

(3.11) max
x∈X(k)

min
y∈Y (k)

{f(x,y) s.t. g(x,y) ≤ 0, h(x,y) = 0}440

≤ max
x∈X(k)

min
y∈Y (j)

{f(x,y) s.t. g(x,y) ≤ 0, h(x,y) = 0} , ∀j ∈ {k1, k2}.441
442

Finally, from Eq. (3.11) it follows that443

444

(3.12) max
x∈X(k)

min
y∈Y (k)

{f(x,y) s.t. g(x,y) ≤ 0,h(x,y) = 0}445

≤ min
j∈{k1,k2}

{
max

x∈X(k)
min

y∈Y (j)
{f(x,y) s.t. g(x,y) ≤ 0,h(x,y) = 0}

}
,446

447

and this concludes the proof.448
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Remark 3.2. A graphical illustration of Equation (3.10) can be seen in Fig-449

ure 3.4, where the bisection takes place at point y = 0. After branching, the newly ob-450

tained child nodes are: X(2)×Y (2) = [−1, 1]× [−1, 0] and X(3)×Y (3) = [−1, 1]× [0, 1].451

Selecting a fixed value here of x̄ = 0.5 we find that over node 3, Eq. (3.10) holds as452

an equality (both sides are equal to −0.08), whereas it is a strict inequality in node 2453

(−0.08 < 0.02).454

Corollary 3.13. After branching at node k on a y-variable and creating two455

child nodes k1 and k2, solving (IUB(k)) for the child nodes is unnecessary.456

From Definition 2.7, Step 2.1 we know, that branching on a y variable modifies all457

sublists Lp
s , s ∈ {1, 2, . . . , sp}, containing node k such that:458

Lp
s = (Lp

s \ {k}) ∪ {k1, k2},459

i.e., we do not create new sublists. Then, we can use Theorem 3.12 to set460

f (k1),U = f (k2),U = f (k),U.461

Thus problem (IUB(k)) only needs to be solved at the root node and following branch-462

ing on an x variable. This is a useful property because solving problem (IUB(k)) is as463

hard as solving the original bilevel problem [12]. When it becomes necessary to solve464

(IUB(k)), in order to overcome the difficulty of such a nonconvex max-min problem,465

we employ a cheaper bounding scheme proposed in the original approach [16, 17],466

based on a semi-infinite reformulation and KKT relaxation [29, 30]:467

(RIUB(k))

f̄ (k) = max
x0,x,y,µ

x0

s.t. x0 − f(x,y) ≤ 0
g(x,y) ≤ 0, h(x,y) = 0

∇yf(x,y) + µT∇yg̃(x,y) + λT∇yh(x,y) = 0
µT g̃(x,y) = 0
0 ≤ µ ≤ µU

(x,y) ∈ X(k) × Y (k),

468

where g̃ is the concatenation of the inner inequalities g and the bound constraints469

yL ≤ y ≤ yU, i.e.:470

g̃j(x,y) =


g̃j(x,y) j = 1, . . . , r

yL
j−r − yj−r j = r + 1, . . . , r +m

yj−r−m − yU
j−r−m j = r +m+ 1, . . . , r + 2m.

471

Remark 3.3. Note that in this formulation, the host set y ∈ Y for the KKT472

conditions should not be restricted to Y (k) because this may generate spurious KKT473

points at the boundary of Y (k) [23].474

The use of the KKT necessary conditions requires the satisfaction of a constraint475

qualification for the inner problem for all values of x and the specification of upper476

bounds µU for the Lagrange multipliers. The importance of choosing bounds for the477

multipliers was discussed in [23].478

It is easy to notice that the useful property of the (IUB(k)) bounding scheme does479

not hold for the (RIUB(k)) case because after branching on a y variable, we exclude480

part of suboptimal KKT points. This situation can easily be observed in Figure 3.4.481
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The relaxed inner upper bound over the root node (k = 1) gives f̄ (1) = 0.17 at482

the suboptimal KKT point (1, 1); solution over node 2 yields f̄ (2) = 0.0 (the former483

suboptimal KKT point (1, 1) does not belong to this node) and solution over node 3484

gives f̄ (3) = 0.17; thus, f̄ (1) > min{f̄ (2), f̄ (3)}.485

We note, however, that f̄ (1) remains a valid upper bound on the solution of the486

inner problem at both child nodes and can therefore be inherited by the child nodes.487

Heuristics can be used to trade-off the cost of solving (RIUB(k)) against the benefit488

of tighter inner upper bounds.489

Finally, both inner bounding subproblems (ILB(k)) and (RIUB(k)) are nonconvex490

and must be solved globally, e.g., with [1, 20, 32].491

3.3. Valid inner upper bound over Y . Having computed the relaxed inner492

upper bound (RIUB(k)) for a specific node k, we need to ensure we have an upper493

bound that is valid for the inner problem on the entire Y domain. When Y (k) ⊂ Y ,494

this entails considering other nodes in addition to node (k). We first discuss the495

generation of a valid bound based on the subdomain Xp corresponding to node k, and496

then present a tighter bounding strategy.497

3.3.1. Best inner upper bound for list Lp. We define the best inner upper498

bound fUB,p over each independent list Lp. Within each sublist of Lp an entire Y499

partition is present for a given subdomain of Xp. Therefore the minimum value of500

the inner upper bound within a sublist expresses the lowest inner upper bound with501

respect to Y . Furthermore, different sublists contain overlapping X. Taking this into502

consideration, we obtain the following definition of the best inner upper bound over503

Lp.504

Definition 3.14 (Best inner upper bound for a list Lp). The best inner upper505

bound (fUB,p) for the list Lp is the lowest value of the inner upper bound over the y506

variables but the largest over the x variables:507

(BIUB(p)) fUB,p = max

{
min
j∈Lp

1

{
f̄ (j)

}
, . . . , min

j∈Lp
sp

{
f̄ (j)

}}
.508

Remark 3.4. fUB,p is a valid inner upper bound for all nodes belonging to list Lp509

(corresponding to the X-partition, Xp). It is used to check whether a full-fathoming510

of some nodes is possible (see subsection 2.4).511

Corollary 3.15. If after branching at a node k on an x-variable the indepen-512

dence condition (IC) is not satisfied, then fUB,p cannot improve.513

Proof. Before branching the best inner upper bound (fUB,p
0 ) for a list Lp is514

(3.13) fUB,p
0 = max

{
min
j∈Lp

1

{
f̄ (j)

}
, . . . , min

j∈Lp
sp

{
f̄ (j)

}}
.515

After bisecting on an x-variable, two child nodes k1 and k2 are created such that516

X(k) = X(k1) ∪ X(k2), Y (k) = Y (k1) = Y (k2). From Definition 2.7, Step 3.2, we517

know that after branching at a node k on an outer variable, we replace all sublists518

Lp
s : s = 1, . . . , sp : k ∈ Lp

s containing node k by one or two new sublists Lp
si =519

(Lp
s \ {k}) ∪ {ki}, i ∈ {1, 2}. If the independence condition (IC) is not satisfied, no520

new independent list Lp is created. Moreover, from (RIUB(k)) it follows, that521

(3.14) max{f̄ (k1), f̄ (k2)} = f̄ (k).522
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Thus, three cases are possible:523

(3.15)

{
f̄ (k1) = f̄ (k)

f̄ (k2) < f̄ (k)
(3.16)

{
f̄ (k1) < f̄ (k)

f̄ (k2) = f̄ (k)
(3.17)

{
f̄ (k1) = f̄ (k)

f̄ (k2) = f̄ (k)
524

There is no possible improvement to fUB,p when Eq. (3.17) holds; without loss of525

generality, consider the case when Eq. (3.15) holds, noting that equivalent arguments526

can be made when Eq. (3.16) is satisfied. From Eqs. (3.14) and (3.15) it follows that527

min
j∈Lp

si
:k1∈Lp

si

{
f̄ (j)

}
= min

j∈Lp
s :k∈Lp

s

{
f̄ (j)

}
,(3.18)528

min
j∈Lp

si
:k2∈Lp

si

{
f̄ (j)

}
≤ min

j∈Lp
s :k∈Lp

s

{
f̄ (j)

}
,(3.19)529

530

and531

(3.20) fUB,p
new = max

{
min
j∈Lp

1

{
f̄ (j)

}
, . . . , min

j∈Lp
sp

{
f̄ (j)

}}
.532

Note, that in Eq. (3.20) all sublists minj∈Lp
s :k∈Lp

si

{
f̄ (j)

}
containing node k were533

replaced by new sublists minj∈Lp
si

:k1∈Lp
si

{
f̄ (j)

}
and minj∈Lp

si
:k2∈Lp

si

{
f̄ (j)

}
containing534

child nodes k1 and k2. Therefore, from Eqs. (3.18)–(3.20) it follows that fUB,p
new =535

fUB,p
0 .536

This situation is illustrated in Example 3.2.537

Example 3.2. Assume, that the current Branch-and-Sandwich tree consists of538

one independent list containing one sublist: L1 = {L1
1} = {2, 3} with the inner upper539

bound values shown in Figure 3.5a. Thus, from (BIUB(p))540

fUB,p=1 = max{min{0.5, 1.0}} = max{0.5} = 0.5.541

Next, assume that node k = 2 is selected and bisection on variable x takes place.
We have one independent list containing two sublists: L1 = {L1

1,L1
2} with the nodes

L1
1 = {3, 4},L1

2 = {3, 5} (see Figure 3.5b). While a better (lower) inner upper bound
is achieved for the node 4 (f (4) = 0.0), this does not improve the best inner upper
bound using (BIUB(p)):

fUB,p=1 = max{min{0.5, 0.0},min{0.5, 1.0}} = max{0.0, 0.5} = 0.5.

Finally, assume that node k = 3 is selected and bisected again on variable x. We542

obtain two new child nodes, k1 = 6 and k2 = 7. This time, the independence condition543

(IC) is satisfied, i.e., two independent lists containing one sublist each are created:544

L1 = L1
1 = {4, 6} and L2 = L2

1 = {5, 7} (see Figure 3.5c). As a result a tighter best545

inner upper bound over list L1 is obtained:546

fUB,p=1 = max{min{0.0, 0.5}} = 0.0,547

fUB,p=2 = max{min{1.0, 0.5}} = 0.5.548549
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Fig. 3.5. Illustration of a case where branching on a variable x takes place twice. While a better
inner upper bound (f (4) = 0.0) is obtained in Figure 3.5b, the best inner upper bound (BIUB(p))
improves only when the independence condition (IC) is satisfied (Figure 3.5c).

3.3.2. Best inner upper bound for a set of sublists. Note that, if a certain550

node k ∈ Lp does not belong to all sublists Lp
s ∈ Lp : s ∈ {1, . . . , sp} then a best551

inner upper bound that is valid for node k can be obtained by taking into account552

only those sublists that contain k:553

Definition 3.16 (Best inner upper bound for a node k).554

(BIUB(k)) fUB,k = max

{
min
j∈Lp

s

{
f̄ (j)

}
, s = 1, . . . , sp : k ∈ Lp

s

}
.555

This revised bound can be shown to be at least as tight as the best inner upper bound556

(BIUB(p)).557

Theorem 3.17. The best inner upper bound (fUB,k) for the set of sublists in Lp558

that contain node k is at least as tight as the best inner upper bound (fUB,p) for the559

list Lp containing node k, i.e.,560

(3.21) fUB,k ≤ fUB,p.561

562

Proof. The set of sublists to which a certain node k belongs is a subset of all563

sublist corresponding to the independent list Lp = {Lp
1, . . . ,Lp

sp} containing node k:564

(3.22) {Lp
s : s = 1, . . . , sp : k ∈ Lp

s} ⊆ Lp.565

From Eq. (3.22) it follows that the set of minimal inner upper bound values for each566

of sublists containing node k is also a subset of the set containing minimal values for567

all sublists corresponding to the current independent list:568

(3.23)

{
min
j∈Lp

s

{
f̄ (j)

}
, s = 1, . . . , sp : k ∈ Lp

s

}
⊆
{

min
j∈Lp

s

{
f̄ (j)

}
, s = 1, . . . , sp

}
.569

Thus, from Equations (3.22) and (3.23) it follows that570

max

{
min
j∈Lp

s

{
f̄ (j)

}
, s = 1, . . . , sp : k ∈ Lp

s

}
≤ max

{
min
j∈Lp

s

{
f̄ (j)

}
, s = 1, . . . , sp

}
,571

and this concludes the proof.572
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Example 3.3. This approach is illustrated in Figure 3.6 to show the advantage573

of deriving a best inner upper bound based on only those sublists that contain node k.574

In the case shown in Figure 3.6, there is one independent list containing two sublists:575

L1 = {L1
1,L1

2} with L1
1 = {3, 4} and L1

2 = {3, 5}. Using the original (BIUB(p))576

approach, the best inner upper bound, for list Lp is577

fUB,p=1 = max{min{0.5, 0.0},min{0.5, 1.0}} = max{0.0, 0.5} = 0.5,578

and this is valid for all nodes. Using the alternative approach (BIUB(k)), the best579

inner upper bound for nodes 3 and 5 is the same as fUB,p=1: fUB,3 = fUB,5 =580

min{0.5, 1.0} = 0.5, but for node k = 4, a lower (tighter) value is obtained: fUB,4 =581

min{0.5, 0.0} = 0.0.582
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L1

x

y

Fig. 3.6. Illustration of a case in which the best inner upper bound for node k based on a set of
sublists (BIUB(k)) yields a tighter bound compared to the original approach in which the best inner
upper bound (BIUB(p)) is derived based on Lp.

3.4. Lower bounding scheme. The best inner upper bound serves as a con-583

stant bound cut in the outer lower bounding problem (LB(k)). For k ∈ L ∩ Lp the584

lower bounding problem is:585

(LB(k))

F (k) = min
x,y,µ

F (x,y)

s.t. G(x,y) ≤ 0, H(x,y) = 0
g(x,y) ≤ 0, h(x,y) = 0
f(x,y) ≤ fUB,k

∇yf(x,y) + µT∇yg̃(x,y) + λT∇yh(x,y) = 0
µT g̃(x,y) = 0
0 ≤ µ ≤ µU

(x,y) ∈ X(k) × Y (k),

586

where g̃ is defined as in (RIUB(k)) and the newly introduced fUB,k, derived from the587

solution of (BIUB(k)), is used to bound the inner objective function for node k.588

Remark 3.5. Note that in the third constraint of (LB(k)), i.e., in the inequality589

f(x,y) ≤ fUB,k the best inner upper bound based on a set of sublists fUB,k can be590

replaced with the best inner upper bound for Lp, fUB,p.591
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3.5. Upper bounding scheme. To define the outer upper bounding scheme, we592

start from the description of the original upper bounding scheme, discussing observed593

drawbacks and suggesting possible ways to overcome them.594

3.5.1. Upper bounding scheme based on the original approach. Given595

k ∈ L∩Lp and (x̄(k), ȳ(k)), the solution of the lower bounding problem (LB(k)), x̄ is596

set equal to x̄(k), and a node k′ ∈ (L ∪ LIn) ∩ Lp is sought such that:597

(MinRISP(x̄, k′)) k′ = arg min
i

{
F (i) : i = arg min

j∈Lp
s ,s=1,...,sp:x̄∈Lp

s

{
w(j)(x̄)

}}
.598

with w(j)(x̄) given by:599

(RISP(x̄, j)) w(j)(x̄) = min
y∈Y (j)

{f̆(x̄,y) s.t. ğ(x̄,y) ≤ 0, h̆(x̄,y) = 0}.600

Remark 3.6. To find the solution of (MinRISP(x̄, k′)) it suffices to solve sub-601

problem (RISP(x̄, j)) for each node in each sublist containing node k, i.e., over all602

j ∈ Lp
s , s ∈ {1, . . . , sp} such that x̄ ∈ X(j).603

Remark 3.7. When the solution of (RISP(x̄, j)) over all j yields several nodes604

with the same lowest value we give a preference to the node with the lowest outer lower605

bound (F (k)): This approach is consistent with the requirement in optimistic bilevel606

programming that the leader consider the best candidate among indifferent solutions607

for the follower. Also, under this assumption, the algorithmic behavior is not affected608

by which global minimum is obtained during the solution of the inner problem.609

For a given x̄, problem (RISP(x̄, j)) may be infeasible over some or even over all610

nodes from a list Lp. In the latter case, no solution to the bilevel problem exists and611

no upper bound can be obtained for the point x̄. If a feasible and active node k′ exists612

and εf is the inner objective tolerance, the following outer upper bounding problem613

is solved for x = x̄:614

(UB(x̄, k′))

F̄ (k′)(x̄) = min
y∈Y (k′)

F (x̄,y),

s.t. G(x̄,y) ≤ 0, H(x̄,y) = 0
g(x̄,y) ≤ 0, h(x̄,y) = 0

f(x̄,y) ≤ w(k′)(x̄) + εf .

615

If problem (UB(x̄, k′)) is infeasible, then no solution exists for x̄; otherwise, an upper616

bound is obtained in the sense of an εf -feasible point [23]. Alternatively, the point617

(x̄(k′), ȳ(k′)) corresponding to the solution k′ of (MinRISP(x̄, k′)) can be used to618

obtain a valid upper bound without solving (UB(x̄, k′)) at all. Similarly, a valid619

upper bound can be found through any feasible point of problem (UB(x̄, k′)), e.g., a620

point obtained from a local solution.621

Remark 3.8. When node k′ is inner-active, i.e., it has been outer-fathomed, we622

already know that the global solution of the bilevel problem cannot lie in this subdomain623

X(k′) × Y (k′) and we can skip the solution of (UB(x̄, k′)).624

Remark 3.9. While we would like to avoid repeating unnecessary calculations,625

the solution of (RISP(x̄, j)) can only be avoided if another (RISP(i, x̄′)) has already626

been solved with x̄′ = x̄ and Y (i) = Y (j). These conditions are restrictive.627
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Example 3.4. For the case shown in Figures 3.7a and 3.7b, we have one list628

containing one sublist at the root node: L1 = {L1
1} = {1}. Solving lower bounding629

problem (LB(k)) at the root node gives solution point (x̄(1), ȳ(1)) = (−1.0,−1.0). Next,630

we set x̄ = x̄(1) = −1.0 and obtain w(1)(−1.0) = −1.50, taking into consideration631

the whole of Y (over the green line in Figure 3.7b). The value found is used in632

(UB(x̄, k′)).633

Next, after branching on variable y, the case shown in Figures 3.7c and 3.7d is634

obtained, i.e., there is one list containing one sublist: L1 = {L1
1} = {2, 3}. After635

solving both outer lower bounding problems (LB(k)) the resulting solution points are:636

(x̄(2), ȳ(2)) = (−1.0,−1.0) and (x̄(3), ȳ(3)) = (−1.0, 0.0). Next, we set x̄ = x̄(2) = −1.0.637

Despite the fact that x̄ = x̄(2) = −1.0 is the same point as in the previous it-638

eration it must explored again in the new (RISP(x̄, j)) subproblem as different do-639

mains of Y are considered. Different values are obtained: w(2)(−1.0) = −0.23 and640

w(3)(−1.0) = −0.83 and two (UB(x̄, k′)) subproblems must then be solved. Finally,641

since x̄ = x̄(3) = −1.0, note that we have already computed w(2)(−1.0) and w(3)(−1.0);642

hence, no further computation is necessary.
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(c) outer problem(s) after the first iteration
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(d) inner problem(s) after the first iteration

Fig. 3.7. Graphical illustration of the outer and inner problems together with found solution
points from (LB(k)) problems (blue dots) and Y subdomains over which (RISP(x̄, j)) is solved (green
and red lines).

643

Finally use of convex relaxations in problem (RISP(x̄, j)) can cause slow convergence,644

described in Remark 3.10.645
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Remark 3.10. The value obtained from the solution of problem (RISP(x̄, j))646

plays a significant role in the (UB(x̄, k′)) procedure, specifically due to the presence of647

the inner objective constraint f(x̄,y) ≤ w(k′)(x̄)+εf . The lower the value of w(k′)(x̄)648

obtained from (RISP(x̄, j)), the more likely it is that the identification of a bilevel fea-649

sible point is delayed. This situation can cause slow outer-fathoming, and thus cause650

the Branch-and-Sandwich tree to expand. This is especially a concern in the early651

stages of the algorithm, when the convex relaxations in (RISP(x̄, j)) can be very loose652

due to the size of the domain. A natural way to overcome this is to replace subproblem653

(RISP(x̄, j)) with the computationally more expensive but tighter approach:654

(ISP(x̄, j)) w(j)(x̄) = min
y∈Y (j)

{f(x̄,y) s.t. g(x̄,y) ≤ 0, h(x̄,y) = 0},655

and656

(MinISP(x̄, k′)) k′ = arg min
i

{
F (i) : i = arg min

j∈Lp
s ,s=1,...,sp:x̄∈Lp

s

{
w(j)(x̄)

}}
.657

Using tighter w(j)(x̄) values, the B&S algorithm is likely to locate bilevel feasible points658

faster. This can help to improve the best known upper bound value (FUB). This can,659

in turn, lead to earlier fathoming of nodes and thus help to keep the Branch-and-660

Sandwich tree smaller and to reduce the total number of subproblems solved.661

3.5.2. An alternative upper bounding scheme. Let us observe that the662

original upper bounding procedure can be computationally demanding, especially663

during the formulation of (MinRISP(x̄, k′)) which requires the solution of (RISP(x̄, j))664

over all nodes j ∈ Lp. Therefore the original upper bounding procedure becomes665

more and more expensive as the size of independent lists increases. Thus motivated666

by [23], we propose an alternative approach to obtain a valid upper bound that avoids667

this overhead. First, we replace (RISP(x̄, j)) with (ISP(x̄, j)), taking into account668

Remark 3.10. Next, we fix x̄ and solve one (ISP(x)) subproblem over the whole of Y ,669

i.e.,670

(ISP(x̄, Y )) w(x̄) = min
y∈Y
{f(x̄,y) s.t. g(x̄,y) ≤ 0, h(x̄,y) = 0}.671

For comparison, in the bounding scheme based on the original approach, we have to672

solve (ISP(x̄, j)) over all nodes in a sublist j ∈ Lp
s , s = 1, . . . , sp : x̄ ∈ Lp

s and select673

the node k′ with the smallest w(j)(x̄) value.674

Next we modify the upper bounding problem by using w(x̄) and solving the675

problem over the whole of Y :676

(UB(x̄, Y ))

F̄ (x̄) = min
y∈Y

F (x̄,y),

s.t. G(x̄,y) ≤ 0, H(x̄,y) = 0
g(x̄,y) ≤ 0, h(x̄,y) = 0
f(x̄,y) ≤ w(x̄) + εf .

677

This alternative approach of solving only one (ISP(x̄, Y )) and one (UB(x̄, Y )) for each678

unique x̄, can have at least three significant benefits.679

Remark 3.11. The alternative bounding scheme significantly reduces the total680

number of optimal value functions (w(x̄)) that must be calculated during the course681

of the algorithm.682
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Remark 3.12. When solving (UB(x̄, Y )) globally over the whole of Y , the be-683

havior of the B&S algorithm is not affected by which global minimum is obtained684

in (ISP(x̄, Y )). While equality holds for the bounds obtained using (ISP(x̄, Y )) and685

(MinISP(x̄, k′)), i.e.,686

(3.24) w(x̄) = w(k′)(x̄),687

the upper bound obtained with (UB(x̄, Y )) is at least as tight as the one obtained688

with (UB(x̄, k′)), i.e.,689

(3.25) F̄ (x̄) ≤ F̄ (k′)(x̄).690

This is due to the fact that for (UB(x̄, Y )) is solved over the whole of Y while691

(UB(x̄, k′)) is solved over a subset of Y .692

Remark 3.13. Following the identification of a value x̄ as the solution of problem693

(LB(k)), it is trivial to determine whether (ISP(x̄, Y )) has been solved at a previous694

iteration. Since every (ISP(x̄, Y )) problem is solved over the whole of Y, it suffices to695

check whether the same value x̄ has been generated previously. For this, we maintain696

the set697

(3.26) X = {x̄i ∈ X : ∀i 6= j ∈ {1, . . . , |X|}, x̄i 6= x̄j},698

corresponding to unique solution points of outer-variables (x̄). This procedure is much699

simpler than identifying duplicate problems in the bounding scheme based on the orig-700

inal approach (see Remark 3.9).701

4. Summary of the revised and the original B&S. In this section, in Ta-702

ble 4.2, we provide a comparative summary of the options available in the two ver-703

sions of the B&S algorithm (Algorithm 2.1): the revised B&S version, presented in704

this paper and the original B&S [16]. The algorithmic options used in section 5 are705

highlighted in bold font. Changes have been made on the basis of theoretical argu-706

ments to Steps 9, 11, 12 and to the node fathoming rules used in Steps 2, 7 and 9.707

Furthermore, additional heuristics have been introduced in Steps 4 and 5.708
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Table 4.2
Comparison of the available options for the mains steps in the revised and original B&S

Algorithmic step (option) Revised B&S Original B&S

Algorithm 2.1, Step 4: Node Selection (Fl)-(lf), (Fl)-(lf̄), (Fl)-(lf)

(lF )-(lf), (lF )-(lf̄)

Algorithm 2.1, Step 5: Branching rule (XY), (YX) (YX)†

Algorithm 2.1, Step 7: ILB scheme f (k),L (ILB(k)), f (k),L (ILB(k)),

f̆ (k),L (RILB(k)) f̆ (k),L (RILB(k))

Algorithm 2.1, Step 8: IUB scheme f (k),U (IUB(k)) f (k),U (IUB(k))

f̄ (k) (RIUB(k)) f̄ (k) (RIUB(k))

Algorithm 2.1, Step 9: BIUB scheme fUB,p (BIUB(p)), fUB,p (BIUB(p))

fUB,k (BIUB(k))

Algorithm 2.1, Step 10: LB scheme F (k) (LB(k)) F (k) (LB(k))

Algorithm 2.1, Step 11: ISP scheme w(j)(x̄) (RISP(x̄, j)) w(j)(x̄) (RISP(x̄, j))

w(j)(x̄) (ISP(x̄, j))
w(x̄) (ISP(x̄, Y ))

Algorithm 2.1, Step 12: UB scheme F̄ (k′)(x̄) (UB(x̄, k′)), F̄ (k′)(x̄) (UB(x̄, k′))
F̄ (x̄) (UB(x̄, Y )),

Node fathoming rule Extended full-fathoming, Full-fathoming,
Outer-fathoming Outer-fathoming

† The branching rule described in [16] does not correspond directly to (XY) or (YX) but
the examples in that publication are based on a rule similar to (YX). So this is used here.

709

710

5. Algorithmic comparison of the revised B&S versus the original B&S.711

In this section the main emphasis is on illustrating the influence of the different712

bounding procedures on the B&S algorithm. The impact of using different branching713

and node selection strategies is investigated in the second part of this manuscript.714

To provide as fair a comparison as possible we use the (YX) branching and (Fl)-(lf)715

node selection strategies, as they are closest to those used in the original paper [16].716

Moreover, we concentrate on the bilevel instance used in Example 3.1 of our current717

work and Example 1 in [17], where the behavior of the B&S algorithm at each step718

was described and explained in detail:719

min
x,y

x+ y

s.t. y ∈ arg min
y

xy2

2
− y3

3

x ∈ [−1, 1], y ∈ [−1, 1].

720

The inner problem satisfies the Adabie constraint qualification [4, 22]. Station-721

arity of the inner objective gives xy − y2 = 0 and therefore y = 1, y = 0 and y = x722

are KKT points of the inner problem. Further, y = 1 is optimal for −1 ≤ x ≤ 2
3 and723

y = 0 is optimal for 2
3 ≤ x ≤ 1. Thus, the problem has a unique optimal solution at724

(x∗, y∗) = (−1, 1) yielding F ∗ = 0 and f∗ = −0.83 (see the visualization of the outer725

and the inner problems in Figures 5.8a and 5.8b). All bound values obtained using726
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the B&S algorithm with the revised and original bounding schemes are summarized727

in Tables 5.4a and 5.4b, respectively.728
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(c) inner problem after the first iteration
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(d) inner problem after the second iteration
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(e) inner problem after the third iteration
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(f) inner problem after the fourth iteration

Fig. 5.8. Graphical illustration of the outer (over the root node (k = 1)) an inner problems
(over all nodes) together with bilevel feasible points (thick (blue) lines) and suboptimal KKT points
(dashed (red) lines). The light-gray nodes denote nodes that are first outer-fathomed, i.e., moved to
the list LIn, while dark-gray nodes denote those that are fully-fathomed due to full-fathoming rules.

From the values obtained at the root node (k = 1), we observe that the (ILB(k))729

bounding scheme gives a tighter inner lower bound value than (RILB(k)), i.e., f (1),L =730

−0.83 > f (1) = −2.50. The same applies for values obtained using the (ISP(x̄, Y ))731

and (RISP(x̄, j)) schemes, i.e., w(−1.0) = −0.83 > w(−1.0) = −1.50. A further732

significant difference is how the uniqueness of the solution points (x̄) obtained from the733
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Table 5.3
Detailed comparison of the B&S algorithm on mb 1 1 08 bilevel problem

k f (k),L f̄ (k) fUB,k F (k) (x̄, ȳ) w(x̄) F̄ (x̄)

1 −0.83 0.17 0.17 −2.0 (−1.0,−1.0) −0.83 0.0

2 −0.17 0.0 0.0 −2.0 (−1.0,−1.0) − −
3 −0.83 0.17 0.0 −1.0 (−1.0, 0.0) − −
4 −0.83 0.0 0.0 −1.0 (−1.0, 0.0) − −
5 −0.33 0.17 0.0 0.0 (0.0, 0.0) −0.33 1.0

6 −0.17 0.0 0.0 −2.0 (−1.0,−1.0) − −
7 0.0 0.0 0.0 0.0 (0.0, 0.0) − −
8 −0.17 0.0 − − − − −
9 −0.83 −0.33 −0.33 0.0 (−1.0, 0.5) − −

#Total 9 9 − 8 − 2 2

(a) Using revised bounding schemes

k f̆ (k),L f̄ (k) fUB,p F (k) (x̄, ȳ) w(j)(x̄) F̄ (k′)(x̄)

1 −2.50 0.17 0.17 −2.0 (−1.0,−1.0) −1.50 ∞
2 −0.6 0.0 0.0 −2.0 (−1.0,−1.0) −0.24;−0.83 0.0

3 −0.96 0.17 0.0 −1.0 (−1.0, 0.0) − −
4 −0.83 0.0 0.0 −1.0 (−1.0, 0.0) −0.83 0.0

5 −0.49 0.17 0.0 0.0 (0.0, 0.0) − −
6 −0.41 0.0 0.0 −2.0 (−1.0,−1.0) −0.24 0.0

7 −0.20 0.0 0.0 0.0 (0.0, 0.0) − −
8 −0.17 0.0 − − − − −
9 −0.83 −0.33 −0.33 0.0 (−1.0, 0.5) − −
10 −0.20 − − − − − −
11 −0.11 − − − − − −
12 −0.83 − − − − − −
13 −0.58 − − − − − −

#Total 13 9 − 8 − 5 4

(b) Using original bounding schemes

solution (x̄(k), ȳ(k)) of (LB(k)) is identified. Using the revised approach, we maintain734

a set X (defined in Eq. (3.26)) consisting of unique points x̄. In the revised B&S we735

thus add x̄(1) = −1.0 to the set X = {−1.0}. Finally, observe that using the revised736

approach with the exact w(−1.0) = −0.83 value makes it possible to find the first737
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bilevel-feasible solution (x̄(1), ȳ(1)) = (−1.0,−1.0) with FUB = 0.0. When using the738

original B&S and solving the outer upper bounding problem with w(−1.0) = −0.83739

no feasible solution is found at this step.740

Next, at the first iteration, both B&S versions select node k = 1 (based on741

Definition 2.8) and bisect on the selected branching variable y (based on Defini-742

tion 2.5), generating two new nodes (k = 2 and k = 3), as shown in Figure 5.8c.743

After branching, both Branch-and-Sandwich trees consist of one list with one sublist:744

L1 = {L1
1} = {2, 3}. At this iteration, the two inner lower bounding approaches745

generate different lower bounds once more. None of the bounds derived allow the746

fathoming of a subregion. A significant difference in the algorithmic behavior oc-747

curs in setting up the outer upper bounding problems with the solutions of the two748

corresponding outer outer lower bounding problems, (x̄(2), ȳ(2)) = (−1.0,−1.0) and749

(x̄(3), ȳ(3)) = (−1.0, 0.0). Using the revised upper bounding scheme, we can safely750

skip the upper bounding procedure for both nodes, as x̄ = x̄(2) = x̄(3) = −1.0 ∈ X.751

Using the original upper bounding scheme, B&S first solves two (RISP(x̄, j)) prob-752

lems and then one (UB(x̄, k′)) problem, which yields the first bilevel-feasible solution753

F̄ 3(−1.0) = 0.0; this solution was located at the root node using the revised approach.754

At the second iteration, in both versions of B&S node k = 3 is selected and755

bisected on variable x, resulting in two new nodes (k = 4 and k = 5), as shown in756

Figure 5.8d. The two Branch-and-Sandwich trees then consist of one list with two757

sublists: L1 = {L1
1,L1

2} = {{2, 4}, {2, 5}}. The biggest difference in the algorithmic758

behaviors is observed when the solution points from the lower bounding procedure759

are obtained: (x̄(4), ȳ(4)) = (−1.0, 0.0) and (x̄(5), ȳ(5)) = (0.0, 0.0). First, the original760

B&S approach fails to recognize that x̄(4) = −1.0 is the same as x̄(3) = −1.0 and has761

thus already been explored at the previous iteration. This leads to the redundant762

evaluation of w(4)(x̄) = −0.83. A further issue arises with the second solution point763

x̄(5) = 0.0. First, we observe that this is a new solution point from the perspective764

of the outer problem. However, before starting the upper bounding procedure, B&S765

checks the outer-fathoming rule (see Definition 2.10) for node k = 5, leading to it766

being moved from the list of open nodes to LIn. As a result, the upper bounding767

procedure is bypassed completely and this can delay the identification of an improved768

upper bound, therefore slowing down convergence. At this step we already know769

that the bilevel solution does not lie at node k = 5, as it was outer-fathomed, but770

(MinRISP(x̄, k′)) requires the selection of node k′ to be based on all the nodes in771

the list containing x̄(5), i.e., L1
2 = {1, 2}. Therefore, using the original approach one772

should solve w(2)(0.0) and w(5)(0.0). Then, if k′ = 2, evaluate F̄ (2)(0.0); otherwise,773

i.e., if k′ = 5 it is safe to skip F̄ (5)(0.0) as we already know that this node is outer-774

fathomed and cannot contain a better solution.775

Using revised upper bounding scheme, such a situation cannot arise, as the whole776

of Y is considered for each unique solution of the outer upper bounding problem.777

Therefore, we add the new solution point x̄ = 0.0 to the set of unique (LB(k)) so-778

lutions: X = X ∪ {0.0} = {0.0, 1.0} and perform the revised outer upper bounding779

procedure for this solution point.780

At the third iteration, both versions of B&S select node k = 2 and bisect on781

variable x generating two new nodes (k = 4 and k = 5), as shown in Figure 5.8e.782

After this branching, the independence condition (IC) is satisfied and the two Branch-783

and-Sandwich trees therefore consist of two lists with one sublist each: L1 = {L1
1} =784

{4, 6},L2 = {L2
1} = {5, 7}.785

The most obvious difference between the two approaches at this iteration is that786

the original approach performs an unnecessary evaluation of w(6)(−1.0) = −0.24.787
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Observe, that w(6)(−1.0) = w(2)(−1.0), but node k = 2 is no longer in the Branch-788

and-Sandwich tree; therefore the original approach fails to recognize this unnecessary789

evaluation. Using both approaches, we first perform outer-fathoming of node k = 7;790

this is followed by the deletion of list L2 (see Definition 2.11) and the full-fathoming791

of nodes k = 5 and k = 7.792

At the fourth iteration, both versions of B&S select node k = 4 and bisect on793

y = 0.5, generating two new nodes (k = 8 and k = 9) shown in Figure 5.8f. After this794

branching step, the two Branch-and-Sandwich trees consist: L1 = {L1
1} = {6, 8, 9}.795

At this iteration, the best inner upper bound using both schemes, i.e., fUB,p=1 =796

fUB,k = −0.33 for each k ∈ {6, 8, 9}. This leads to the full-fathoming of node k = 8797

(see Definition 2.9), followed by outer-fathoming of node k = 9. Finally, using the798

revised scheme we can fully-fathom node k = 6 as f (6),L = −0.17, delete list L1, and799

terminate the B&S algorithm successfully. However, using the original approach we800

cannot fully-fathom node 6 as f (6) = −0.41 is lower than the current best inner upper801

bound. This leads to additional B&S iteration and the exploration of new nodes,802

k ∈ {10, 11, 12, 13}. A further aspect worthy of note is that the timing of fathoming803

and list deletion tests can help to reduce the number of solved inner lower bounding804

problems (RILB(k)) from 13 to 11. Specifically inner open nodes should only be805

explored after it has been ascertained that the corresponding list Lp contains at least806

one active node. To conclude, the revised approach reduces the total number of solved807

subproblems and provides a clearer framework to avoid unnecessary calculations or808

issues with the management of the solution points obtained from (LB(k)).809

Finally, Figure 5.9 shows a graphical comparison based on the CPU time using810

both bounding schemes. As can be seen, in the original scheme, a larger number of811

inner lower bounding problems is solved, at a smaller unit cost than in the revised812

scheme. The overall time spent of solving inner lower bounding problems is reduced813

in the revised scheme. A similar trend is seen for the solution of the outer upper814

bounding problems which involves the optimal value function (w(x̄) or w(j)(x̄)) and815

the remaining bounding problem (F̄ (x̄) or F̄ (k′)(x̄)). The inner upper bound (f̄ (k))816

and outer lower bound (F (k)) are unaffected by the choice of the scheme.

1 2 3 4 5 6 7 8 9 10111213

f̆(k),L

1 2 3 4 5 6 7 8 9

f̄(k)

1 2 3 4 5 6 7 8

F (k)

1 2 3 4 5

w(j)(x̄)

1 2 3 4

F̄ (k′)(x̄)

CPU Time

1 2 3 4 5 6 7 8 9

f(k),L

1 2 3 4 5 6 7 8 9

f̄(k)

1 2 3 4 5 6 7 8

F (k)

1 2 3

w(x̄)

1

F̄ (x̄)

1

Fig. 5.9. A graphical comparison of solved subproblems and execution time for each class of
subproblems and the total cumulative time using the original bounding schemes (top graph) and the
revised bounding schemes (bottom graph). The width of each box represents the CPU time needed.

817
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6. Conclusions. We have presented algorithmic improvements and extensions818

to the recently proposed bilevel deterministic global optimization algorithm, Branch-819

and-Sandwich based on a combination of theoretical results and heuristic rules. Our820

algorithmic extensions included revised bounding scheme, including an alternative821

way to obtain tighter best inner upper bounds, a simpler and significantly faster outer822

upper bounding scheme as well as alternative choices for branching and node selection.823

A detailed algorithmic comparison has been used to demonstrate the beneficial impact824

of the proposed extensions and modifications on the number of iterations and solution825

performance. In particular, the number of nonconvex subproblems to be solved is826

greatly reduced. The implementation of the revised Branch-and-Sandwich algorithm827

as well as a detailed comparison of the performance of different algorithmic options828

is considered in the second part of this paper [24].829
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