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Abstract

In this paper we extend a lemma due to Yuan from several aspects. A
new proof of Yuan’s lemma is given. A rank-one decomposition of positive
semidefinite matrix is further developed. With the extended rank-one de-
composition results, we generalize the Yuan’s lemma to general quadratic
function systems, interval quadratic function systems and quadratic matrix
function systems. Based on them, we offer several new proofs of S-lemma
on quadratic functions systems, and establish a new S-lemma on quadratic
matrix inequality functions systems and provide a simple proof of the strong
duality of a class of quadratic matrix programming.

keywords: Yuan’s lemma, S-lemma, matrix rank-one decomposition, Ma-
trix quadratic programming, strong duality.

1.Introduction

The S-lemma is an alternative proposition on two quadratic functions systems
and it plays an important role in Control theory, nonconvex quadratic opti-
mization, numerical range, error estimations, and so on. Yakubovich|[9] first
presented an S-lemma on quadratic inequality system. There has been sev-
eral different proofs on the fundamental S-lemma. For example, in [2], three
distinct proofs are given for the S-lemma on quadratic inequality systems,
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one among them is based on a lemma due to Yuan and is called ”elementary
proof 7. The Yuan’s lemma is on homogeneous quadratic function systems
[12][2]. In this paper, we develop this lemma from several aspects, then of-
fer several new proofs of several distinct S-lemmas based on the extended
Yuan’s lemma. In detail, we make the following contributions in the current
paper: 1. provide a simple proof of Yuan’s lemma and meanwhile relax the
conditions in Yuan’s lemma; 2. extend a matrix rank-one decomposition due
to Zhang et al [11][3][10], and put forward an extended Yuan’s lemma for
general quadratic inequality systems, from which we deduce the S-lemma on
quadratic inequality systems|2]; 3. prove the S-lemma of interval quadratic
inequality system, the proof is simpler than that in [7]; 4. use the S-lemma
in Item 3, deduce an S-lemma to the quadratic functions systems with equal-
ity constraint; 5. develop a fundamental result about symmetric matrix to
board area, then present an S-lemma on quadratic matrix inequality func-
tions systems. As an application of the new S-lemma, we offer a new proof
of strong duality of a class of quadratic matrix programming.

This paper is organized as follows: In Section 2, we extend Yuan’s lemma
to general quadratic inequality system; In Section 3, we give a new proof
of the S-lemma on interval quadratic system; In Section 4, we propose a
weak S-lemma with equality constraint; In Section 5, we offer an S-lemma
on quadratic matrix functions systems, and as an application of it, we give a
simpler proof of strong duality of a class of quadratic matrix programming.
We conclude this paper with some remarks in Section 6.

2.Yuan’s lemma and its generalization to general quadratic
system

To begin with, we recall two basic results.
Lemma 2.1 [Appendix B, [4]]: Let A, B € S, X > 0. Then there exists
an x € R" such that

Ao X = 2T Ax Bo X = 2" Bx

Lemma 2.2([2] generalized Farkas Lemma): Let f(z), g;(z),i=1,--- m
be the convex functions in R". And there exists an T € R" such that
g:(x) <0,i=1,--- ;m. C € R" is a convex set. Then the system



is not solvable if and only if there exist A; > 0,2 =1,--- ,m such that
f(z)+ Z)\igi(x) >0 Vzredl
i=1

Remark: It is easy to know that if we replace R™ by symmetric matrix space
S™, the statement is also valid.

In [12], author stated the following lemma.
Lemma 2.3(Yuan’s lemma): Let A, B € S™ E, F are two closed sets in
R™ such that EU F = R™ and

T Ax >0 =z € E; t'Br>0 z€F
Then there exists a A € [0, 1] such that AA+ (1 — \)B = 0.

The original proof of this lemma is complex a little bit ([12][2]). In the
following, we provide an easy-understanding proof of the above lemma and
meanwhile relax the condition on two sets in the lemma.

Lemma 2.4: Let A, B € S™,E, F are two sets in R" such that EU F = R"
and

tTAr >0 z € E; 2'Bx >0 xz€F
Then there exists a A € [0, 1] such that AA + (1 — \)B = 0.
Proof: Without loss of generality, we assume that B is not positive semidef-
inite. Then the system

AoX <0, BoX<0, X*0 (1)

is not solvable. If the system (1) is solvable, then from Lemma 2.1, there
exists an z € R" such that

2T Ar = Ao X <0, 2"Br=BoX <0 (2)

Because of FUF = R", we must have x € E or x € F'. From the assumption
conditions, we can get 7 Az > 0 or 27 Bx > 0, which contradicts (2). So
system (1) is not solvable. Hence for any € > 0, system

AoX <0, BoX+e<0, X>0
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is not solvable. From Lemma 2.2, there is a A > 0 such that

Ao X +A(BoX+¢)>0 VX >0

which is

A
Ao X * (BoX > X =
A +1+A€( oX+e)>0 VX =0 (3)

One may assume that ﬁ — Ae — 01), then A € [0,1]. In (3), let e — 0T,
then
AMoX +(1-ANBoX >0, VX =0
which yields AA + (1 — A\)B = 0.
We may get a revised version of above lemma as following. The proof is
omitted since it may be done similar to previous proof.
Lemma 2.5: Let A, B € S™,E, F are two sets in R" such that EU F = R"
and
2TAr >0 z€eE; t'Bx>0 xz€F
Then there exists a A > 0 such that A + AB > 0.

In the next, we generalize the Yuan’s lemma to nonhomogeneous quadratic
function system.

Theorem 2.1: Let Ay, Ay € S".b1,bo € R"F, 5 C R" and E; U Ey = R".
If

xl Ay + Qbfx +c¢ >0, r ek,
T Ag + 2b§x 4+ co >0, x € FEy

(4)
then there exists a A € [0, 1] such that

MA o X 20T +cp)+(1=N) (A0 X +2b2x+cy) > 0,Vr € R", X —xz” > 0.

For proving this theorem, some preparations are needed. First we recall a
result of matrix rank-one decomposition as following.



Lemma 2.6[11]: Let A € 5", X = 0,r(X) = r, then there exists a de-
composition of X: X = >0 pipl, where{p;} are linear independent such
that

specially, if Ao X < (<)0, then

plrAp; < ()0 i=1,---,r

Based on this lemma, one may get the following results.
Theorem 2.2: Let

|:A1 b1

T

then there exists a decomposition of Z:
Z=7%" Pt = r(Z) > 2,pl .1 # 0 such that

il [Al by
p

T

} 0Z <0, ZeS™, Zyina=1

}ﬁ<a i=1,--,r

Proof: Using induction to show. If » = 2, from Lemma 2.6, there exist n', n?
such that Z = n'n'" + 2" and
BT 0177 <0, 1=1,2

Obviously (nh.1)? + (n24)* = 1. If n}yn2., # 0. The statement is valid.
If not, assume that 7, ; = 0, then (n2,,)* = 1, denote y' = n*+un', because

7| A b
n’ b~cf<0

Denote y? = n' — un?, due to the continuity of the functions, then when
lu| > 0 is sufficiently small, there will be

A b A b
fTbﬂJ¢<Q ﬁTbﬂJf<0



Furthermore,

vyt +
=P +u(n + '
0t —uln'n® + 0Py
=(1+u?)(m'n"" +nPn?)
=(1+u*)Z

2T )+U2771771

DR

so Z = (y'y*" + y%2") /(1 + u?). Denote z' = yi/v/1+u2,i = 1,2, then
Z =227 4 22227 and

z [bT C}z <0, 21=1,2
From the definition of z*, we know 2%, # 0,4 =1,2.
Assume that when r(Z) = m < k, the statement is valid. Then we have

m g T
Z:Z@':17777

n |:bT C:|n<07 77n+17£07 ZZl?"'am

For the case of r(Z) =m+ 1 < k. From Lemma 2.5, there exist a set of
linear independent 1’ such that Z = Zm+1 ini" . and

T A b
T e
Obviously, if 75, # 0,i = 1,---,m + 1, the statement is valid. Other-
wise, at least there exists an ¢ such that n’ , = 0. Assume that 7, , =
0,72,; # 0. Analogy with the proof of r = 2 case, there exist 2!, z2* such

that 21217 + 22227 = nlan + n2772T and

n'<0, i=1,---,m+1

ziT{bf; Ijz’zo, 2£0, i=1,2

So Z = 21z 422 2T+Z;n§1 i 77 . Repeat this procedure at most m times,
we arrive at that proposition is true.



Theorem 2.3: Assume the Slater condition holds for a single inequality
system
e" Az + 2072 4+ ¢ <0

com[] M | M 1] <oeem

then

:{ZES_7T_+1| pr i:| OZ<0,Zn+1,n+1:1}éCO
T T
x| |x x A bl |x n
w3} [ 1) ] =oe e
={Z e S| Lﬁ ZC)} 0Z <0, Zps1n1 =1} £ C

Proof: To begin with, we establish the first relationship. Obviously, both
sets are nonempty and the left set is contained in the right one. So we only
need to prove the converse. For a given Z € C°, assume that r(Z) = k, from
Theorem 2.2, there exist 1’ such that Z = Zle niniT

U |:bT C]n <O 70, i=1- 0k

Denote 2" =n'/n} 4, then 2/ ., =1,i=1,--- |k
P A0 21 <0
b ¢

and Z = S (i, )22 2" From 241,11 = 1, we know 25 (n7,,)% = 1, so

zeant [ 1T [ ][] <00 e

Next we prove the latter inclusion relation. Also we just need to prove the
right set is contained in the left one. Suppose that Z € C, then there exists
a sequence {Z’}, Z9 € C° such that Z7 — Z(j — oo). Because

zeeont[] [ 1[1] [ 1] <orem



Let 7 — o0, then
T T
= | |x x A bl |z n
zeont ][] 4 ][] <o e

Now we are in the place of proving the Theorem 2.1.
Proof of Theorem 2.1: Without loss of generality, assume that there exists a
Z =0, Zy4+1 041 = 1 such that

|:A2 bg

T

:|OZ<0

Clearly (4) may be equally written as
T
T Al b1 X
o o))z een

T
T A2 b2 X
HECESIHELIEE
From (5), we can know the following system

|:A1 bl
b{ (&1
Ay by (6)
{bg 02} o/ <0

Z = 07 Zn+1,n+1 =1

:|OZ<0

is not solvable. If not, assume that (6) have a solution Z, then from Theorem
2.2 there exist a decomposition of Z, such that Z = >\ pip?f,
phyr #0,i=1,--+ rand

T Al b1 i .
P {b{ e p" <0, 1=1, ,T

Meanwhile,

[AQ bQ}oZ: - y

T



which means that there is a p*, says p!, such that

1T Ay by 1
p |:bg C2:|p <0

Denote

N
prlerl 1

RS IHEC AR R

It contradicts (5). So (6) is not solvable. Then for any ¢ > 0

then

Al bl
Z <0
i
AQ 62
[bQT CJ oZ+e<0

Z = 07 Zn+1,n+1 =1
is not solvable. Denote @ = {Z € SQH,ZHMH = 1}, obviously Q is a

convex set. From Lemma 2.2 and the proof of Lemma 2.4, there exists a
A € [0, 1] such that

A[Al bl]oZ+(1—>\){A2 2l 0z>0. vzeq

b{ C1 bg CQ_

Denote
X zl
=5

from Schur complement, we have Z € Q < X — za” = 0, then

AMAjo X +2bf z+c)+(1=A) (A0 X +2b) x+c) > 0,Yz € R", X —aa” = 0.

Remark: when b; = 0,¢; = 0,7 = 1,2, Theorem 2.1 reduces to Yuan’s
lemma.



Similar to Lemma 2.5, we can get a revised version of Theorem 2.1 as
following.

Theorem 2.4: Let Ay, Ay € S",b1,bo € R",F1,Ey C R" and E; U By = R".
If
2T Ajr + 2b1T:c 4+c >0, r ek,
o' Ay + 2057 + ¢y > 0, z € By
then there exists a A > 0 such that

(7)

(Ajo X +2b{ x4+ c1) + AMAyo X + 202w+ ¢3) > 0,Vz € R*, X — 2z” = 0.

In [2], authors proved the fundamental S-lemma on homogeneous quadratic
inequality system using Yuan’s lemma and called the proof "an elementary
proof 7. They did not provide the proof of S-lemma of general quadratic
inequality system, though they pointed out that it can be showed with anal-
ogous way of proof for homogeneous situation. In the following, we provide
a simple proof of the fundamental S-lemma based on Theorem 2.1.

Theorem 2.5 (fundamental S-lemma): If f(z) < 0,g(x) < 0 is not
solvable, then there exists a A > 0 such that

f(z) 4+ Ag(x) >0, Vr e R"

where f(z),g(x) are quadratic functions and there exists an £ € R" such
that ¢(z) < 0.

Proof: Denote F = {z : g(z) < 0}, F = R™\ E, then from the assump-
tion conditions one has that the system

f(z) <0, g(x) <0

is unsolvable. This means

fx)>0, z€FE
>0, z€F

From Theorem 2.1, there exists a § € [0, 1] such that
§(Ajo X +2b] x+c1)+(1—0)(Ago X +2bjx+c3) > 0,Vo € R*, X —zx” = 0.
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Let X = zz”, then we have

5F(2) + (1= 6)g(x) >0, Va
If § =0, then g(z) > 0, Vz, a contradiction! So § # 0, then

flz)+ Ag(z) >0, VreR"
where A > 0.

3. New proof of S-lemma on interval quadratic system

In this section, we discuss the S-lemma on interval quadratic system. In
[7], with the S-lemma on equality system presented in [13], Wang and Xia
gave a new proof of the strong duality of quadratic programming with inter-
val constraints. Though their proof is easier than that in [8], the S-lemma
involved itself is rather complex. Next we first extend the Yuan’s lemma to
the two sides quadratic system, then offer a new proof of S-lemma on in-
terval quadratic system. We discuss the homogeneous and nonhomogeneous
situations separately, since we use different approaches for them.

Theorem 3.1: Let A, Be S"I<u,EF,FCR""EUF =R"

xTsz(), rzekl
t'Br>u or z'Bzx<l, reF

Assume that there exists an X > 0 such that [ < B o X < u, then there
exists a A > 0 such that

Ao X+ dmar{BoX —u,l —Bo X} >0, VX >0

Proof: The assumed condition means the system

AoX <0, mar{BoX —u,l—BoX} <0, X x>0 (8)

is not solvable. If not, from Lemma 2.1, there exists an x € R" such that

2T Ar = Ao X <0, 2t’Br=BoX

somar{BoX —u,l — Bo X} <0. Because EUF = R", if x € E, from the
condition of theorem, 27 Az > 0, conflict! If z € F, we can get 7 Bx > u or
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2P Bx < 1. So maz{Bo X —u,l — Bo X} > 0, conflict!
Since system (8) has no solution and maz{Bo X —u,l— Bo X} is the convex
function in S, from Lemma 2.2 we know that there exists a A > 0 such that

Ao X + A dmax{BoX —u,l — Bo X} >0, VX = 0.
This completes the proof.

The general interval quadratic function system means:

T T
x| [Ay b| |z x| [Ay by |z
A TR F N i
—oco <l <u<+o0

Theorem 3.2: Let £, FFC R" FU F = R".

T
flx)=a"Aiw + 202+ ¢, = {x] {Al 511 {x

—_ 8
—_
S
S
ST
o o
NN
—_
el
— 8

g(x) = 2" Agz + 2032 + ¢y = [
l<u
if
f(x) >0 ze€E; maz{g(z) —u,l —g(z)} >0 zeF

and Slater condition is satisfied. Then there exists a A > 0 such that

Ay by Ay by As by
{b{ Cl}oZ—i—)\ma:z:{{sz CJOZ—U,Z—L)ZT CJOZ}ZO VZ eqQ

Proof: From the assumption conditions, the system

Ay by
{bip 01} 0Z <0
max{ {fﬁ IZQ} oZ —u,l— {Zlﬁ bQ} 0Z} <0 (10)
2 2 2 C2

Z = 0; Zn+1,n+1 =1
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has no solution. If not, this will lead to a contradiction. Consider the fol-
lowing interval quadratic programming:

min  f(x) (11)

st 1<g(r)<u
Because the Slater condition holds, from [14] we know that the strong duality
holds for (11). Since (10) is feasible, that implies that the optimal value of
(11) is negative. So there exists an x such that f(x) <0, max{g(z)—u,l—
g(x)} < 0. This contradicts the assumptions. So (10) is unsolvable. Since
the Slater condition is satisfied. Denote QQ = {Z € Sf‘fl, Zpt1nt+1 = 1}, then
from Lemma 2.2, there exists a A > 0 such that

|:A1 bl

T

}oZ—i—)\max{[glﬁ bQ}oZ—u,l—{A2 bQ}oZ}ZO VZ eQ
2

(&) bg (&)

In the following, we provide a new proof of the S-lemma on the interval
quadratic function system based on the previous theorem.

Theorem 3.3: Assume that there exists an zy such that [ < g(zo) < u.
Then system (9) is unsolvable if and only if there is A > 0 such that

f(z) + dmaz{g(z) —u,l —g(x)} >0, Vr € R"

Proof: In Theorem 3.2, take £ = {z € R" : maz{g(z) —u,l — g(z)} < 0}
and F'= R"\ E. Then one has

f(x) >0 ze€kE; max{g(x) —u,l —g(z)} >0 xz€F
So from previous theorem we have that there is A > 0 such that

[Al by

5T C}oZ—I—/\max{[zlﬁ bﬂoZ—u,l—[A2 bQ}oZ}ZO VZ €Q
1 A 2

Co bg Co

xxl oz

For any x € R", taking Z = [ o7 1] , then required conclusion follows.

4. S-lemma with equality constraint

Consider the following quadratic system with equality
(P,) fx)=a"Ar +2a"v +¢, <0
g(x) =2"Br +2b"x + ¢, =0
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In this section we present a weak S-lemma on this system as following.
Theorem 4.1(S-lemma with equality): Let f,g: R" — R be quadratic
functions and we assume that g(z) = 0 is solvable. Then the following two
statements are equivalent:

(i) The system
f(z) <0, g(z) =0

has no solution.
(ii) There exist a A € [0, 1] and a multiplier §(not constant) such that

A(z)+dg(z) >0 Ve R"

Proof: Obviously, (P) is not solvable means that
(1) f(z) =0
g(x) =0
is solvable. Then for any € > 0, the system
(P3)e  flz)=0
—e<g(r)<e
is solvable. Then from S-lemma with two sides restriction in the previous

section, there exists a A\, > 0 such that

f(z) + Acmax{g(z) —¢,—e—g(x)} >0  VreR"

then
! f(z) + ar max{g(z) —e,—e—g(x)} >0  Vz e R"
Assume that H;/\ — A €[0,1](e — 07). In the above inequality, let e — 07,

then we have

Af(z) + (1 — Nmax{g(x),—g(x)} >0 Vr € R"

Denote

Sl A-1, g(z)<0



then the above equation is equal to

A(x)+0g(z) >0  VreR"

Remark: In [2], S-lemma with equality is stated. Our result needs weaker
assumption than that in [2] and provides an interesting proof way. Of course
our conclusion is weaker than that in [2]. In our weak S-lemma, the coefficient
of g(x) is dependent of . So our S-lemma with equality may be regarded as
special version in quadratic form of S-lemma in [5].

5. S-lemma on quadratic matrix functions system

This section will propose an S-lemma on quadratic inequality matrix func-
tions system. Based on this S-lemma, we give a new proof of strong duality
of a class of quadratic matrix programming. First we extend Lemma 2.1 to
wider range. In this section, without loss of generality we assume n > 2.

Lemma 5.1: Let A; € S",i = 1,--- ,m, 1 <m < n. For any X € S%,
there exists an z € R™(m=1 guch that

Ajo X =tr(z"Ax), i=1,---,m
Proof: For any X € S%, denote
Al oX
V= :
A, 0X
if v = 0, denote = 0, then rank(z) =0 < (m — 1).
if v # 0, assume v,, # 0, denote D £ ’3—:, then
AiOX:'UZ', Zzl,,m—l
DoX =1

then we have

(Am,1 — Um,1D> oX =0
According to Lemma 2.6, there is a rank-one decomposition of X, X =

>y agay with 7 = rank(X) such that
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(Amfl_vmle)Oxjx?:()a j:1>"'7r
Define an (m — 1) x r matrix B = (b);; with entries given by
bij = (AZ'—UZ'D)O(L']'$?, Z: 1, ,m—2,j = 1, , T
T
7o
and consider the following equation

b1, =Doxjx j=1,---,r

Bt =ep_1,t>0 (12)

where e, is the (m — 1) dimensional unit vector whose last component is
1 and 0 elsewhere. By the construction of the matrix B we have Be = ¢e,,_;
with e being the vector of all ones. Then there must exist some £ > 0 satis-
fying (12) such that the number of its components does not exceed m — 1.

When r < (m — 1), we have X = PPT, P € R™™, statement is valid.
When r = m, B € R™D*™ By = ( have non-zero solution. Let ¢ is a
solution with positive component and assumed that 4, = maxz{y;}. Then we

have e — g% > (. Denote t = e — y%, then ¢ > O,fl = (0 and the number of its

components of t does not exceed m — 1.Be = e,,_1, so Bt = e,,_;. Denote

then X € S7,7(X) < (m — 1), and

v=(A10X, - ApyoX)
then there exists a P € R™*(m=1 guch that X = PPT. We have

(Ajo X, - Ay oX) = (tr(PTAP),---  tr(PTA,P))

When r > m, by induction, assume that X = X+yy” where X € S7, rank(X) =
7(X) — 1. For X, there exists a P € R™ (™~ such that

Ao X = tr(PTAP)  i=1,---,m

SO
Ajo X = A; o (PPT 4 yy") i=1,---,m
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and rank(PPT + yyT) < m. From the case of r < m, there exists a
P € R™(m=1) guch that

Ajo X =tr(PTAP)  i=1,--- ,m.
This completes the proof.

The following lemma gives the version of Yuan’s lemma on homogeneous
quadratic matrix function system.
Lemma 5.2: Let 4, € S"i=1,--- ,m,1 <m < n,E; C R*m-1 j =
1,---,mand U E; = R*m=1 _If

tr(zTAz) >0, xz€E;, i=1---,m
then there exist A\; > 0,i=1,---,m > ", A\; = 1 such that

Zm: NA; =0
i=1

Proof: From the conditions we know the system

AjoX <0 X»=0, i=1,--,m (13)
is unsolvable. If (13) have the solution X*, from Lemma 5.1, there exists an
r* € R™(m=1 such that

TT(I'*TAix*):AiOX*7 Z:l, ,m

Conflict. Analogy with proof of Lemma 2.4, there exist A; > 0,i =1,--- ,m,
Z:il A; = 1 such that

i=1

Like Lemma 2.5 or Theorem 2.4, in this lemma, if one inequality is strict,
then the corresponding coefficient in conclusion is positive.

Based on Lemma 5.1, we present an S-lemma on quadratic inequality
matrix function system as following.
Theorem 5.1: Assume 1 <r <n— 1. Let z € R, f(z) = tr(2T Ax) +
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2tr(a’z) + ¢, gi(x) = tr(z? Byx) + 2tr(bfx) + ¢;,i = 1,-++ ;7. And there ex-
ists an & € R™ " such that ¢;(z) < 0,i = 1,--- ,r, where A, B; € S",a,b; €
R ¢g=1,--- r. If

is not solvable, then there exist \; > 0,2 =1,--- ,r such that

A a _ B; b
LTEJOZ+§;MM~%JOZZO VZ eQ
where
Q={ZeS,,:Z,,, =1}

where Z) | denotes the lower-right r x r sub-matrix of Z .

Proof: Denote N
a BZ bz
a=lo A)omel ]

From the assumptions, one has the following system
HyoZ <0, HioZ<0,i=1,..,1, Z=0, Z, =1, (14)

has no solution. If not, assume Z* is a solution of this system with rank k.
Since Z* is positive semidefinite, there is P € R™*t")** such that Z* = PPT.
Because Z;,, = I,, then k > r. If k = r, denote

P:rq,ﬂeﬁm,geRW:
Py

Then PP} = I,. Tt is easy to check that f(P,P}) = HyoZ* < 0, g;(PLP)) <
0, :=1,---,r. This contradicts the assumptions.

If £ > r, use the same steps in the proof of Lemma 5.1, we can find a solution
of system (14) with rank r. From the above argument, this will lead to a
contradiction. So the system has no solution. From Lemma 2.2, the required
conclusion follows.

Beck[1] first studied the following quadratic matrix programming and

proved the strong duality under some conditions. But his proof is quite com-
plex, here we offer a simple easy-understanding proof based on Theorem 5.1.
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Theorem 5.2: Consider the following quadratic matrix programming prob-
lem

(P) min  tr(zT Az) + 2tr(a’x) +c
st. tr(z"Bix)+2tr(bjz) +¢ <0. i=1,--- 7
where © € R"*" and there exists an = such that ¢;(z) < 0,4 =1,--- ,r. then
strong duality of (P) is satisfied which is V(P) = V(D).
Proof: It is easy to get the dual problem of (P) as following.
(D) mazxr vy

t A+ B a+ Y Aibi -
o (CL + Z::l )\zbZ)T C'Fz:z:#] -

A>0

Lagrange function of (D) is

A+ 22:1 NiB;  a+ Zzzl Aibi T
S [m P AR SRR 02T
then
' A a r Bl bz ~ n+r
min{ - [aT g[} °Z = M [b? QJ °Z+0)+ (D Ly =)}
T i=1 r Jj=n+1
n—+r

_|:CA§—‘ ga[:|OZ |:-ij2 iZZ[:|OZ—i_él:()vll:la77,7Zi07 Zv
= r 7 T ]:TL+1

— 00 else

So the dual problem of (D) is

(RD) mar — [;} 9&[] oZ

T

B, b .
s.t. {sz ﬁ[}OZSO, t=1---,r

T
n+r

Z

ZEO jJ‘:T’

)

j=n+1
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Supposed that V(P) is the optimal value of (P), then

flz)=V(P) <0
gi(z) <0 i=1,---,r

has no solution. Then from Theorem 5.1, there exist A\; > 0 such that

[;; Ea[]oZ—f—Z)\i[? ii[}oZZV(P) vZ€Q
r i=1 v

We take the minimum for the left side of above inequality. Then one has
V(RD) > V(P), where (RD) is the dual problem of (D). Since both
(D) and (RD) are convex optimization problem, so V(D) = V(RD), then
V(D) > V(P). From the weak duality, we know V(D) < V(P). So
V(D) = V(P). This completes the proof.

6. Conclusion

In this paper, by extending a matrix rank-one decomposition, we develop
Yuan’s lemma from several aspects. In particular we extend Yuan’s lemma
to general quadratic function system and quadratic matrix function system,
from which several S-lemmas are proved with the easy-understanding way
or proposed. As an application of S-lemma on inequality quadratic matrix
system, we provide a simple proof of the strong duality of a class of quadratic
matrix programming.

In [6] authors provided a tractable extension of Yuan’s theorem of the alter-
native to the symmetric tensor, and showed that the solution of a polynomial
optimization problem with suitable structure can be found by solving a sin-
gle semi-definite programming problem. We believe that the results of the
current paper can be extended to at least fourth-tensor system and applied
to establish the strong duality of some tensor optimization problems. We
will make the further study on this problem in the separate paper.
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