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Abstract

In this paper we extend a lemma due to Yuan from several aspects. A
new proof of Yuan’s lemma is given. A rank-one decomposition of positive
semidefinite matrix is further developed. With the extended rank-one de-
composition results, we generalize the Yuan’s lemma to general quadratic
function systems, interval quadratic function systems and quadratic matrix
function systems. Based on them, we offer several new proofs of S-lemma
on quadratic functions systems, and establish a new S-lemma on quadratic
matrix inequality functions systems and provide a simple proof of the strong
duality of a class of quadratic matrix programming.

keywords: Yuan’s lemma, S-lemma, matrix rank-one decomposition, Ma-
trix quadratic programming, strong duality.

1.Introduction
The S-lemma is an alternative proposition on two quadratic functions systems
and it plays an important role in Control theory, nonconvex quadratic opti-
mization, numerical range, error estimations, and so on. Yakubovich[9] first
presented an S-lemma on quadratic inequality system. There has been sev-
eral different proofs on the fundamental S-lemma. For example, in [2], three
distinct proofs are given for the S-lemma on quadratic inequality systems,
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one among them is based on a lemma due to Yuan and is called ”elementary
proof ”. The Yuan’s lemma is on homogeneous quadratic function systems
[12][2]. In this paper, we develop this lemma from several aspects, then of-
fer several new proofs of several distinct S-lemmas based on the extended
Yuan’s lemma. In detail, we make the following contributions in the current
paper: 1. provide a simple proof of Yuan’s lemma and meanwhile relax the
conditions in Yuan’s lemma; 2. extend a matrix rank-one decomposition due
to Zhang et al [11][3][10], and put forward an extended Yuan’s lemma for
general quadratic inequality systems, from which we deduce the S-lemma on
quadratic inequality systems[2]; 3. prove the S-lemma of interval quadratic
inequality system, the proof is simpler than that in [7]; 4. use the S-lemma
in Item 3, deduce an S-lemma to the quadratic functions systems with equal-
ity constraint; 5. develop a fundamental result about symmetric matrix to
board area, then present an S-lemma on quadratic matrix inequality func-
tions systems. As an application of the new S-lemma, we offer a new proof
of strong duality of a class of quadratic matrix programming.
This paper is organized as follows: In Section 2, we extend Yuan’s lemma
to general quadratic inequality system; In Section 3, we give a new proof
of the S-lemma on interval quadratic system; In Section 4, we propose a
weak S-lemma with equality constraint; In Section 5, we offer an S-lemma
on quadratic matrix functions systems, and as an application of it, we give a
simpler proof of strong duality of a class of quadratic matrix programming.
We conclude this paper with some remarks in Section 6.

2.Yuan’s lemma and its generalization to general quadratic
system

To begin with, we recall two basic results.
Lemma 2.1 [Appendix B, [4]]: Let A,B ∈ Sn,X � 0. Then there exists
an x ∈ Rn such that

A ◦X = xTAx B ◦X = xTBx

Lemma 2.2([2] generalized Farkas Lemma): Let f(x), gi(x), i = 1, · · · ,m
be the convex functions in Rn. And there exists an x̄ ∈ Rn such that
gi(x̄) < 0, i = 1, · · · ,m. C ∈ Rn is a convex set. Then the system

f(x) < 0 gi(x) ≤ 0 i = 1, · · · ,m

2



is not solvable if and only if there exist λi ≥ 0, i = 1, · · · ,m such that

f(x) +
m∑
i=1

λigi(x) ≥ 0 ∀x ∈ C

Remark: It is easy to know that if we replace Rn by symmetric matrix space
Sn, the statement is also valid.

In [12], author stated the following lemma.
Lemma 2.3(Yuan’s lemma): Let A,B ∈ Sn,E,F are two closed sets in
Rn such that E ∪ F = Rn and

xTAx ≥ 0 x ∈ E; xTBx ≥ 0 x ∈ F
Then there exists a λ ∈ [0, 1] such that λA+ (1− λ)B � 0.

The original proof of this lemma is complex a little bit ([12][2]). In the
following, we provide an easy-understanding proof of the above lemma and
meanwhile relax the condition on two sets in the lemma.
Lemma 2.4: Let A,B ∈ Sn,E,F are two sets in Rn such that E ∪ F = Rn

and

xTAx ≥ 0 x ∈ E; xTBx ≥ 0 x ∈ F
Then there exists a λ ∈ [0, 1] such that λA+ (1− λ)B � 0.

Proof: Without loss of generality, we assume that B is not positive semidef-
inite. Then the system

A ◦X < 0, B ◦X < 0, X � 0 (1)

is not solvable. If the system (1) is solvable, then from Lemma 2.1, there
exists an x ∈ Rn such that

xTAx = A ◦X < 0, xTBx = B ◦X < 0 (2)

Because of E∪F = Rn, we must have x ∈ E or x ∈ F . From the assumption
conditions, we can get xTAx ≥ 0 or xTBx ≥ 0, which contradicts (2). So
system (1) is not solvable. Hence for any ε > 0, system

A ◦X < 0, B ◦X + ε ≤ 0, X � 0
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is not solvable. From Lemma 2.2, there is a λε ≥ 0 such that

A ◦X + λε(B ◦X + ε) ≥ 0 ∀X � 0

which is

1

1 + λε
A ◦X +

λε
1 + λε

(B ◦X + ε) ≥ 0 ∀X � 0 (3)

One may assume that 1
1+λε
→ λ(ε→ 0+), then λ ∈ [0, 1]. In (3), let ε→ 0+,

then

λA ◦X + (1− λ)B ◦X ≥ 0, ∀X � 0

which yields λA+ (1− λ)B � 0.

We may get a revised version of above lemma as following. The proof is
omitted since it may be done similar to previous proof.
Lemma 2.5: Let A,B ∈ Sn,E,F are two sets in Rn such that E ∪ F = Rn

and

xTAx ≥ 0 x ∈ E; xTBx > 0 x ∈ F

Then there exists a λ ≥ 0 such that A+ λB � 0.

In the next, we generalize the Yuan’s lemma to nonhomogeneous quadratic
function system.

Theorem 2.1: Let A1, A2 ∈ Sn,b1, b2 ∈ Rn,E1, E2 ⊆ Rn and E1 ∪ E2 = Rn.
If

xTA1x+ 2bT1 x+ c1 ≥ 0, x ∈ E1

xTA2x+ 2bT2 x+ c2 ≥ 0, x ∈ E2

(4)

then there exists a λ ∈ [0, 1] such that

λ(A1◦X+2bT1 x+c1)+(1−λ)(A2◦X+2bT2 x+c2) ≥ 0,∀x ∈ Rn, X−xxT � 0.

For proving this theorem, some preparations are needed. First we recall a
result of matrix rank-one decomposition as following.
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Lemma 2.6[11]: Let A ∈ Sn, X � 0, r(X) = r, then there exists a de-
composition of X: X =

∑r
i=1 pip

T
i , where{pi} are linear independent such

that

pTi Api =
A ◦X
r

i = 1, · · · , r

specially, if A ◦X ≤ (<)0, then

pTi Api ≤ (<)0 i = 1, · · · , r

Based on this lemma, one may get the following results.
Theorem 2.2: Let[

A1 b1

bT1 c1

]
◦ Z < 0, Z ∈ Sn+1

+ , Zn+1,n+1 = 1

then there exists a decomposition of Z:
Z =

∑r
i=1 p

ipi
T
, r = r(Z) ≥ 2, pin+1 6= 0 such that

pi
T
[
A1 b1

bT1 c1

]
pi < 0, i = 1, · · · , r

Proof: Using induction to show. If r = 2, from Lemma 2.6, there exist η1, η2

such that Z = η1η1T + η2η2T and

ηi
T
[
A b
bT c

]
ηi < 0, i = 1, 2

Obviously (η1
n+1)2 + (η2

n+1)2 = 1. If η1
n+1η

2
n+1 6= 0. The statement is valid.

If not, assume that η1
n+1 = 0, then (η2

n+1)2 = 1, denote y1 = η2 +uη1, because

η2T
[
A b
bT c

]
η2 < 0

Denote y2 = η1 − uη2, due to the continuity of the functions, then when
|u| > 0 is sufficiently small, there will be

y1T
[
A b
bT c

]
y1 < 0, y2T

[
A b
bT c

]
y2 < 0
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Furthermore,

y1y1T + y2y2T

=η2η2T + u(η2η1T + η1η2T ) + u2η1η1T

+ η1η1T − u(η1η2T + η2η1T ) + u2η2η2T

=(1 + u2)(η1η1T + η2η2T )

=(1 + u2)Z

so Z = (y1y1T + y2y2T )/(1 + u2). Denote zi = yi/
√

1 + u2, i = 1, 2, then

Z = z1z1T + z2z2T and

zi
T
[
A b
bT c

]
zi < 0, i = 1, 2

From the definition of zi, we know zin+1 6= 0, i = 1, 2.
Assume that when r(Z) = m < k, the statement is valid. Then we have

Z =
∑m

i=1 η
iηi

T
.

ηi
T
[
A b
bT c

]
ηi < 0, ηin+1 6= 0, i = 1, · · · ,m

For the case of r(Z) = m + 1 ≤ k. From Lemma 2.5, there exist a set of

linear independent ηi such that Z =
∑m+1

i=1 ηiηi
T

, and

ηi
T
[
A b
bT c

]
ηi < 0, i = 1, · · · ,m+ 1

Obviously, if ηin+1 6= 0, i = 1, · · · ,m + 1, the statement is valid. Other-
wise, at least there exists an i such that ηin+1 = 0. Assume that η1

n+1 =
0, η2

n+1 6= 0. Analogy with the proof of r = 2 case, there exist z1, z2 such

that z1z1T + z2z2T = η1η1T + η2η2T and

zi
T
[
A b
bT c

]
zi < 0, zin+1 6= 0, i = 1, 2

So Z = z1z1T +z2z2T +
∑m+1

i=3 η1η1T . Repeat this procedure at most m times,
we arrive at that proposition is true.
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Theorem 2.3: Assume the Slater condition holds for a single inequality
system

xTAx+ 2bTx+ c ≤ 0

then

conv{
[
x
1

] [
x
1

]T
|
[
x
1

]T [
A b
bT c

] [
x
1

]
< 0, x ∈ Rn}

={Z ∈ Sn+1
+ |

[
A b
bT c

]
◦ Z < 0, Zn+1,n+1 = 1} , Co

conv{
[
x
1

] [
x
1

]T
|
[
x
1

]T [
A b
bT c

] [
x
1

]
≤ 0, x ∈ Rn}

={Z ∈ Sn+1
+ |

[
A b
bT c

]
◦ Z ≤ 0, Zn+1,n+1 = 1} , C

Proof: To begin with, we establish the first relationship. Obviously, both
sets are nonempty and the left set is contained in the right one. So we only
need to prove the converse. For a given Z ∈ Co, assume that r(Z) = k, from

Theorem 2.2, there exist ηi such that Z =
∑k

i=1 η
iηi

T

ηi
T
[
A b
bT c

]
ηi < 0, ηin+1 6= 0, i = 1, · · · , k

Denote zi = ηi/ηin+1, then zin+1 = 1, i = 1, · · · , k

zi
T
[
A b
bT c

]
zi < 0

and Z =
∑k

i=1(ηin+1)2zizi
T

. From zn+1,n+1 = 1, we know
∑k

i=1(ηin+1)2 = 1, so

Z ∈ conv{
[
x
1

] [
x
1

]T
|
[
x
1

]T [
A b
bT c

] [
x
1

]
< 0, x ∈ Rn}

Next we prove the latter inclusion relation. Also we just need to prove the
right set is contained in the left one. Suppose that Z̄ ∈ C, then there exists
a sequence {Zj}, Zj ∈ Co such that Zj → Z̄(j →∞). Because

Zj ∈ conv{
[
x
1

] [
x
1

]T
|
[
x
1

]T [
A b
bT c

] [
x
1

]
< 0, x ∈ Rn}
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Let j →∞, then

Z̄ ∈ conv{
[
x
1

] [
x
1

]T
|
[
x
1

]T [
A b
bT c

] [
x
1

]
≤ 0, x ∈ Rn}

Now we are in the place of proving the Theorem 2.1.
Proof of Theorem 2.1: Without loss of generality, assume that there exists a
Z � 0, Zn+1,n+1 = 1 such that[

A2 b2

bT2 c2

]
◦ Z < 0

Clearly (4) may be equally written as[
x
1

]T [
A1 b1

bT1 c1

] [
x
1

]
≥ 0, x ∈ E1[

x
1

]T [
A2 b2

bT2 c2

] [
x
1

]
≥ 0, x ∈ E2

(5)

From (5), we can know the following system[
A1 b1

bT1 c1

]
◦ Z < 0[

A2 b2

bT2 c2

]
◦ Z < 0

Z � 0, Zn+1,n+1 = 1

(6)

is not solvable. If not, assume that (6) have a solution Z, then from Theorem
2.2 there exist a decomposition of Z, such that Z =

∑r
i=1 pip

T
i ,

pin+1 6= 0, i = 1, · · · , r and

pi
T
[
A1 b1

bT1 c1

]
pi < 0, i = 1, · · · , r

Meanwhile, [
A2 b2

bT2 c2

]
◦ Z =

r∑
i=1

pi
T
[
A2 b2

bT2 c2

]
pi < 0
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which means that there is a pi, says p1, such that

p1T
[
A2 b2

bT2 c2

]
p1 < 0

Denote

p1

p1
n+1

=

[
p̄
1

]
then [

p̄
1

]T [
A1 b1

bT1 c1

] [
p̄
1

]
< 0,

[
p̄
1

]T [
A2 b2

bT2 c2

] [
p̄
1

]
< 0

It contradicts (5). So (6) is not solvable. Then for any ε > 0[
A1 b1

bT1 c1

]
◦ Z < 0[

A2 b2

bT2 c2

]
◦ Z + ε ≤ 0

Z � 0, Zn+1,n+1 = 1

is not solvable. Denote Q = {Z ∈ Sn+1
+ , Zn+1,n+1 = 1}, obviously Q is a

convex set. From Lemma 2.2 and the proof of Lemma 2.4, there exists a
λ ∈ [0, 1] such that

λ

[
A1 b1

bT1 c1

]
◦ Z + (1− λ)

[
A2 b2

bT2 c2

]
◦ Z ≥ 0. ∀Z ∈ Q

Denote

Z =

[
X x
xT 1

]
from Schur complement, we have Z ∈ Q⇔ X − xxT � 0, then

λ(A1◦X+2bT1 x+c1)+(1−λ)(A2◦X+2bT2 x+c2) ≥ 0,∀x ∈ Rn, X−xxT � 0.

Remark: when bi = 0, ci = 0, i = 1, 2, Theorem 2.1 reduces to Yuan’s
lemma.
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Similar to Lemma 2.5, we can get a revised version of Theorem 2.1 as
following.

Theorem 2.4: Let A1, A2 ∈ Sn,b1, b2 ∈ Rn,E1, E2 ⊆ Rn and E1 ∪ E2 = Rn.
If

xTA1x+ 2bT1 x+ c1 ≥ 0, x ∈ E1

xTA2x+ 2bT2 x+ c2 > 0, x ∈ E2

(7)

then there exists a λ ≥ 0 such that

(A1 ◦X + 2bT1 x+ c1) + λ(A2 ◦X + 2bT2 x+ c2) ≥ 0,∀x ∈ Rn, X − xxT � 0.

In [2], authors proved the fundamental S-lemma on homogeneous quadratic
inequality system using Yuan’s lemma and called the proof ”an elementary
proof ”. They did not provide the proof of S-lemma of general quadratic
inequality system, though they pointed out that it can be showed with anal-
ogous way of proof for homogeneous situation. In the following, we provide
a simple proof of the fundamental S-lemma based on Theorem 2.1.

Theorem 2.5 (fundamental S-lemma): If f(x) < 0, g(x) ≤ 0 is not
solvable, then there exists a λ ≥ 0 such that

f(x) + λg(x) ≥ 0, ∀x ∈ Rn

where f(x), g(x) are quadratic functions and there exists an x̄ ∈ Rn such
that g(x̄) < 0.

Proof: Denote E = {x : g(x) < 0}, F = Rn \ E, then from the assump-
tion conditions one has that the system

f(x) < 0, g(x) < 0

is unsolvable. This means {
f(x) ≥ 0, x ∈ E
g(x) ≥ 0, x ∈ F

From Theorem 2.1, there exists a δ ∈ [0, 1] such that

δ(A1◦X+2bT1 x+c1)+(1−δ)(A2◦X+2bT2 x+c2) ≥ 0,∀x ∈ Rn, X−xxT � 0.
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Let X = xxT , then we have

δf(x) + (1− δ)g(x) ≥ 0, ∀x

If δ = 0, then g(x) ≥ 0,∀x, a contradiction! So δ 6= 0, then

f(x) + λg(x) ≥ 0, ∀x ∈ Rn

where λ ≥ 0.

3. New proof of S-lemma on interval quadratic system

In this section, we discuss the S-lemma on interval quadratic system. In
[7], with the S-lemma on equality system presented in [13], Wang and Xia
gave a new proof of the strong duality of quadratic programming with inter-
val constraints. Though their proof is easier than that in [8], the S-lemma
involved itself is rather complex. Next we first extend the Yuan’s lemma to
the two sides quadratic system, then offer a new proof of S-lemma on in-
terval quadratic system. We discuss the homogeneous and nonhomogeneous
situations separately, since we use different approaches for them.

Theorem 3.1: Let A,B ∈ Sn, l < u,E, F ⊆ Rn, E ∪ F = Rn

xTAx ≥ 0, x ∈ E
xTBx > u or xTBx < l, x ∈ F

Assume that there exists an X̄ � 0 such that l < B ◦ X < u, then there
exists a λ ≥ 0 such that

A ◦X + λmax{B ◦X − u, l −B ◦X} ≥ 0, ∀X � 0

Proof: The assumed condition means the system

A ◦X < 0, max{B ◦X − u, l −B ◦X} ≤ 0, X � 0 (8)

is not solvable. If not, from Lemma 2.1, there exists an x ∈ Rn such that

xTAx = A ◦X < 0, xTBx = B ◦X

so max{B ◦X − u, l−B ◦X} ≤ 0. Because E ∪F = Rn, if x ∈ E, from the
condition of theorem, xTAx ≥ 0, conflict! If x ∈ F , we can get xTBx > u or
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xTBx < l. So max{B ◦X − u, l −B ◦X} > 0, conflict!
Since system (8) has no solution and max{B ◦X−u, l−B ◦X} is the convex
function in Sn+, from Lemma 2.2 we know that there exists a λ ≥ 0 such that

A ◦X + λmax{B ◦X − u, l −B ◦X} ≥ 0, ∀X � 0.

This completes the proof.

The general interval quadratic function system means:[
x
1

]T [
A1 b1

bT1 c1

] [
x
1

]
< 0, l ≤

[
x
1

]T [
A2 b2

bT2 0

] [
x
1

]
≤ u

−∞ < l < u < +∞
(9)

Theorem 3.2: Let E,F ⊆ Rn,E ∪ F = Rn.

f(x) = xTA1x+ 2bT1 x+ c1 =

[
x
1

]T [
A1 b1

bT1 c1

] [
x
1

]
g(x) = xTA2x+ 2bT2 x+ c2 =

[
x
1

]T [
A2 b2

bT2 c2

] [
x
1

]
l < u

if

f(x) ≥ 0 x ∈ E; max{g(x)− u, l − g(x)} > 0 x ∈ F

and Slater condition is satisfied. Then there exists a λ ≥ 0 such that[
A1 b1

bT1 c1

]
◦ Z + λmax{

[
A2 b2

bT2 c2

]
◦ Z − u, l −

[
A2 b2

bT2 c2

]
◦ Z} ≥ 0 ∀Z ∈ Q

Proof: From the assumption conditions, the system[
A1 b1

bT1 c1

]
◦ Z < 0

max{
[
A2 b2

bT2 c2

]
◦ Z − u, l −

[
A2 b2

bT2 c2

]
◦ Z} ≤ 0

Z � 0, Zn+1,n+1 = 1

(10)
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has no solution. If not, this will lead to a contradiction. Consider the fol-
lowing interval quadratic programming:

min f(x)

s.t l ≤ g(x) ≤ u
(11)

Because the Slater condition holds, from [14] we know that the strong duality
holds for (11). Since (10) is feasible, that implies that the optimal value of
(11) is negative. So there exists an x such that f(x) < 0, max{g(x)−u, l−
g(x)} ≤ 0. This contradicts the assumptions. So (10) is unsolvable. Since
the Slater condition is satisfied. Denote Q = {Z ∈ Sn+1

+ , Zn+1,n+1 = 1}, then
from Lemma 2.2, there exists a λ ≥ 0 such that[
A1 b1

bT1 c1

]
◦ Z + λmax{

[
A2 b2

bT2 c2

]
◦ Z − u, l −

[
A2 b2

bT2 c2

]
◦ Z} ≥ 0 ∀Z ∈ Q

In the following, we provide a new proof of the S-lemma on the interval
quadratic function system based on the previous theorem.
Theorem 3.3: Assume that there exists an x0 such that l < g(x0) < u.
Then system (9) is unsolvable if and only if there is λ ≥ 0 such that

f(x) + λmax{g(x)− u, l − g(x)} ≥ 0, ∀x ∈ Rn

Proof: In Theorem 3.2, take E = {x ∈ Rn : max{g(x) − u, l − g(x)} ≤ 0}
and F = Rn \ E. Then one has

f(x) ≥ 0 x ∈ E; max{g(x)− u, l − g(x)} > 0 x ∈ F

So from previous theorem we have that there is λ ≥ 0 such that[
A1 b1

bT1 c1

]
◦ Z + λmax{

[
A2 b2

bT2 c2

]
◦ Z − u, l −

[
A2 b2

bT2 c2

]
◦ Z} ≥ 0 ∀Z ∈ Q

For any x ∈ Rn, taking Z =

[
xxT x
xT 1

]
, then required conclusion follows.

4. S-lemma with equality constraint

Consider the following quadratic system with equality

(P2) f(x) = xTAx+ 2aTx+ c1 < 0

g(x) = xTBx+ 2bTx+ c2 = 0
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In this section we present a weak S-lemma on this system as following.
Theorem 4.1(S-lemma with equality): Let f, g : Rn → R be quadratic
functions and we assume that g(x) = 0 is solvable. Then the following two
statements are equivalent:
(i) The system

f(x) < 0, g(x) = 0

has no solution.
(ii) There exist a λ ∈ [0, 1] and a multiplier δ(not constant) such that

λf(x) + δg(x) ≥ 0 ∀x ∈ Rn

Proof: Obviously, (P2) is not solvable means that

(P3) f(x) ≥ 0

g(x) = 0

is solvable. Then for any ε > 0, the system

(P3)ε f(x) ≥ 0

− ε ≤ g(x) ≤ ε

is solvable. Then from S-lemma with two sides restriction in the previous
section, there exists a λε ≥ 0 such that

f(x) + λεmax{g(x)− ε,−ε− g(x)} ≥ 0 ∀x ∈ Rn

then

1

1 + λε
f(x) +

λε
1 + λε

max{g(x)− ε,−ε− g(x)} ≥ 0 ∀x ∈ Rn

Assume that 1
1+λε
→ λ ∈ [0, 1](ε→ 0+). In the above inequality, let ε→ 0+,

then we have

λf(x) + (1− λ)max{g(x),−g(x)} ≥ 0 ∀x ∈ Rn

Denote

δ =

{
1− λ, g(x) ≥ 0

λ− 1, g(x) < 0
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then the above equation is equal to

λf(x) + δg(x) ≥ 0 ∀x ∈ Rn

Remark: In [2], S-lemma with equality is stated. Our result needs weaker
assumption than that in [2] and provides an interesting proof way. Of course
our conclusion is weaker than that in [2]. In our weak S-lemma, the coefficient
of g(x) is dependent of x. So our S-lemma with equality may be regarded as
special version in quadratic form of S-lemma in [5].

5. S-lemma on quadratic matrix functions system

This section will propose an S-lemma on quadratic inequality matrix func-
tions system. Based on this S-lemma, we give a new proof of strong duality
of a class of quadratic matrix programming. First we extend Lemma 2.1 to
wider range. In this section, without loss of generality we assume n > 2.

Lemma 5.1: Let Ai ∈ Sn, i = 1, · · · ,m, 1 < m < n. For any X ∈ Sn+,
there exists an x ∈ Rn×(m−1) such that

Ai ◦X = tr(xTAix), i = 1, · · · ,m
Proof: For any X ∈ Sn+, denote

v =

A1 ◦X
...

Am ◦X


if v = 0, denote x = 0, then rank(x) = 0 ≤ (m− 1).
if v 6= 0, assume vm 6= 0, denote D , Am

vm
, then

Ai ◦X = vi, i = 1, · · · ,m− 1

D ◦X = 1

then we have

(Am−1 − vm−1D) ◦X = 0

According to Lemma 2.6, there is a rank-one decomposition of X, X =∑r
j=1 xjx

T
j with r = rank(X) such that
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(Am−1 − vm−1D) ◦ xjxTj = 0, j = 1, · · · , r
Define an (m− 1)× r matrix B = (b)ij with entries given by

bij = (Ai − viD) ◦ xjxTj , i = 1, · · · ,m− 2, j = 1, · · · , r
bm−1,j = D ◦ xjxTj , j = 1, · · · , r

and consider the following equation

Bt = em−1, t > 0 (12)

where em−1 is the (m− 1) dimensional unit vector whose last component is
1 and 0 elsewhere. By the construction of the matrix B we have Be = em−1

with e being the vector of all ones. Then there must exist some t̂ ≥ 0 satis-
fying (12) such that the number of its components does not exceed m− 1.

When r ≤ (m− 1), we have X = PP T , P ∈ Rr×m, statement is valid.
When r = m,B ∈ R(m−1)×m, By = 0 have non-zero solution. Let ȳ is a
solution with positive component and assumed that ȳ1 = max{ȳi}. Then we
have e− ȳ

ȳ1
≥ 0. Denote t̂ = e− ȳ

ȳ1
, then t̂ ≥ 0, t̂1 = 0 and the number of its

components of t̂ does not exceed m− 1.Be = em−1, so Bt̂ = em−1. Denote

X̂ =
m∑
j=1

t̂jxjx
T
j =

m∑
j=2

t̂jxjx
T
j

then X̂ ∈ Sn+, r(X̂) ≤ (m− 1), and

v = (A1 ◦ X̂, · · · , Am ◦ X̂)

then there exists a P ∈ Rn×(m−1) such that X̂ = PP T . We have

(A1 ◦ X̂, · · · , Am ◦ X̂) = (tr(P TA1P ), · · · , tr(P TAmP ))

When r > m, by induction, assume thatX = X̄+yyT where X̄ ∈ Sn+, rank(X̄) =
r(X)− 1. For X̄, there exists a P̄ ∈ Rn×(m−1) such that

Ai ◦ X̄ = tr(P̄ TAiP̄ ) i = 1, · · · ,m
so

Ai ◦X = Ai ◦ (P̄ P̄ T + yyT ) i = 1, · · · ,m
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and rank(P̄ P̄ T + yyT ) ≤ m. From the case of r ≤ m, there exists a
P ∈ Rn×(m−1) such that

Ai ◦X = tr(P TAiP ) i = 1, · · · ,m.

This completes the proof.

The following lemma gives the version of Yuan’s lemma on homogeneous
quadratic matrix function system.
Lemma 5.2: Let Ai ∈ Sn, i = 1, · · · ,m, 1 < m ≤ n,Ei ⊆ Rn×(m−1), i =
1, · · · ,m and ∪mi=1Ei = Rn×(m−1). If

tr(xTAix) ≥ 0, x ∈ Ei, i = 1, · · · ,m

then there exist λi ≥ 0, i = 1, · · · ,m ,
∑m

i=1 λi = 1 such that

m∑
i=1

λiAi � 0

Proof: From the conditions we know the system

Ai ◦X < 0 X � 0, i = 1, · · · ,m (13)

is unsolvable. If (13) have the solution X∗, from Lemma 5.1, there exists an
x∗ ∈ Rn×(m−1) such that

Tr(x∗TAix
∗) = Ai ◦X∗, i = 1, · · · ,m

Conflict. Analogy with proof of Lemma 2.4, there exist λi ≥ 0, i = 1, · · · ,m,∑m
i=1 λi = 1 such that

m∑
i=1

λiAi � 0.

Like Lemma 2.5 or Theorem 2.4, in this lemma, if one inequality is strict,
then the corresponding coefficient in conclusion is positive.

Based on Lemma 5.1, we present an S-lemma on quadratic inequality
matrix function system as following.
Theorem 5.1: Assume 1 ≤ r ≤ n − 1. Let x ∈ Rn×r, f(x) = tr(xTAx) +
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2tr(aTx) + c, gi(x) = tr(xTBix) + 2tr(bTi x) + ci, i = 1, · · · , r. And there ex-
ists an x̄ ∈ Rn×r such that gi(x̄) < 0, i = 1, · · · , r, where A,Bi ∈ Sn, a, bi ∈
Rn×r, i = 1, · · · , r. If

f(x) < 0, gi(x) ≤ 0 i = 1, · · · , r

is not solvable, then there exist λi ≥ 0, i = 1, · · · , r such that[
A a
aT c

r
I

]
◦ Z +

r∑
i=1

λi

[
Bi bi
bTi

ci
r
I

]
◦ Z ≥ 0 ∀Z ∈ Q

where
Q = {Z ∈ S+

n+r : Zr
n+1 = Ir}

where Zr
n+1 denotes the lower-right r × r sub-matrix of Z .

Proof: Denote

Hf =

[
A a
aT c

r
I

]
, Hi =

[
Bi bi
bTi

ci
r
I

]
From the assumptions, one has the following system

Hf ◦ Z < 0, Hi ◦ Z ≤ 0, i = 1, ..., r, Z � 0, Zr
n+1 = Ir (14)

has no solution. If not, assume Z∗ is a solution of this system with rank k.
Since Z∗ is positive semidefinite, there is P ∈ R(n+r)×k such that Z∗ = PP T .
Because Zr

n+1 = Ir, then k ≥ r. If k = r, denote

P =

[
P1

P2

]
, P1 ∈ Rn×r, P2 ∈ Rr×r.

Then P2P
T
2 = Ir. It is easy to check that f(P1P

T
2 ) = Hf◦Z∗ < 0, gi(P1P

T
2 ) ≤

0, i = 1, · · · , r. This contradicts the assumptions.
If k > r, use the same steps in the proof of Lemma 5.1, we can find a solution
of system (14) with rank r. From the above argument, this will lead to a
contradiction. So the system has no solution. From Lemma 2.2, the required
conclusion follows.

Beck[1] first studied the following quadratic matrix programming and
proved the strong duality under some conditions. But his proof is quite com-
plex, here we offer a simple easy-understanding proof based on Theorem 5.1.
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Theorem 5.2: Consider the following quadratic matrix programming prob-
lem

(P ) min tr(xTAx) + 2tr(aTx) + c

s.t. tr(xTBix) + 2tr(bTi x) + ci ≤ 0. i = 1, · · · , r

where x ∈ Rn×r and there exists an x̄ such that gi(x̄) < 0, i = 1, · · · , r. then
strong duality of (P ) is satisfied which is V (P ) = V (D).
Proof: It is easy to get the dual problem of (P ) as following.

(D) max γ

s.t.

[
A+

∑r
i=1 λiBi a+

∑r
i=1 λibi

(a+
∑r

i=1 λibi)
T c+

∑r
i=1 λici−γ
r

I

]
� 0

λ ≥ 0

Lagrange function of (D) is

L = −γ −
[
A+

∑r
i=1 λiBi a+

∑r
i=1 λibi

(a+
∑r

i=1 λibi)
T c+

∑r
i=1 λici−γ
r

I

]
◦ Z − λT δ

then

min
λ,γ
{−
[
A a
aT c

r
I

]
◦ Z −

r∑
i=1

λi(

[
Bi bi
bTi

ci
r
I

]
◦ Z + δi) +

γ

r
(
n+r∑
j=n+1

Zj,j − r)}

=


−
[
A a
aT c

r
I

]
◦ Z

[
Bi bi
bTi

ci
r
I

]
◦ Z + δi = 0, i = 1, · · · , r, Z � 0,

n+r∑
j=n+1

Zj,j = r

−∞ else

So the dual problem of (D) is

(RD) max −
[
A a
aT c

r
I

]
◦ Z

s.t.

[
Bi bi
bTi

ci
r
I

]
◦ Z ≤ 0, i = 1, · · · , r

Z � 0,
n+r∑
j=n+1

Zj,j = r
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Supposed that V (P ) is the optimal value of (P), then

f(x)− V (P ) < 0

gi(x) ≤ 0 i = 1, · · · , r
has no solution. Then from Theorem 5.1, there exist λi ≥ 0 such that[

A a
aT c

r
I

]
◦ Z +

r∑
i=1

λi

[
Bi bi
bTi

ci
r
I

]
◦ Z ≥ V (P ) ∀Z ∈ Q

We take the minimum for the left side of above inequality. Then one has
V (RD) ≥ V (P ), where (RD) is the dual problem of (D). Since both
(D) and (RD) are convex optimization problem, so V (D) = V (RD), then
V (D) ≥ V (P ). From the weak duality, we know V (D) ≤ V (P ). So
V (D) = V (P ). This completes the proof.

6. Conclusion

In this paper, by extending a matrix rank-one decomposition, we develop
Yuan’s lemma from several aspects. In particular we extend Yuan’s lemma
to general quadratic function system and quadratic matrix function system,
from which several S-lemmas are proved with the easy-understanding way
or proposed. As an application of S-lemma on inequality quadratic matrix
system, we provide a simple proof of the strong duality of a class of quadratic
matrix programming.
In [6] authors provided a tractable extension of Yuan’s theorem of the alter-
native to the symmetric tensor, and showed that the solution of a polynomial
optimization problem with suitable structure can be found by solving a sin-
gle semi-definite programming problem. We believe that the results of the
current paper can be extended to at least fourth-tensor system and applied
to establish the strong duality of some tensor optimization problems. We
will make the further study on this problem in the separate paper.
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