RELAXING KINK QUALIFICATIONS AND PROVING
CONVERGENCE RATES IN PIECEWISE SMOOTH OPTIMIZATION

ANDREAS GRIEWANK! AND ANDREA WALTHER?

Abstract. In the paper [9] we derived first order (KKT) and second order (SSC) optimality con-
ditions for functions defined by evaluation programs involving smooth elementals and absolute values.
In that analysis, a key assumption on the local piecewise linearization was the Linear Independence
Kink Qualification (LIKQ), a generalization of the Linear Independence Constraint Qualification
(LICQ) known from smooth nonlinear optimization. We show here first that under LIKQ and SSC
with strict complementarity, the natural algorithm of successive piecewise linear optimization with a
proximal term (SPLOP) achieves a linear rate of convergence. A version of SPLOP called LiPsMin
has already been implemented and tested in [10, 4]. Secondly, we observe that, even without any
kink qualifications, local optimality of the nonlinear objective always requires local optimality of its
piecewise linearization, and strict minimality of the latter is in fact equivalent to sharp minimality
of the former. Moreover, we show that SPLOP will converge quadratically to such sharp minimizers,
where the function exhibits linear growth. These results are independent of the particular function
representation, and allow in particular duplications of switching variables and other intermediates.
Furthermore, we derive for nonsharp minimizers necessary and sufficient optimality conditions with-
out any kink qualification. Finally, we present numerical results to illustrate the obtained convergence
results.
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1. Introduction and Motivation. We view this paper as part of an ongoing
effort to make the concepts and results of the extensive literature on nonsmooth analy-
sis accessible and implementable for computational practitioners. Like in algorithmic,
or automatic, differentiation [8], the key assumption facilitating this process is that
the problem functions of interest are given by evaluation programs whose individual
instructions can be easily analyzed and approximated.

Piecewise Linearization. In contrast to the classical smooth case, where all
individual instructions are assumed to be differentiable near the evaluation points of
interest, we allow now also piecewise linear elemental functions like abs, min, and
max as part of the mix. By this means, we arrive at a subclass of piecewise smooth
functions [16] that can still be analyzed by slight extensions of algorithmic differen-
tiation tools. However, the resulting extended program does not produce gradients,
Jacobians, Hessians, or Taylor coefficients, but represent a procedure for evaluating
Ap(x; Azx), an (incremental) piecewise linearization of ¢ developed at  and evaluated
at Axz. The construction of this approximation is given in [6], where we also show
that

(1) oz + Az) — p(z) = Ap(a; Az) + O(|Az|?) .

In contrast to directional differentiation, the order term in this generalized Taylor
expansion is uniform, i.e., does not depend on the direction Az/||Az||. Since the
discrepancy p(z + Azx) — ¢(x) — Ap(x; Az) is of second order it possesses at Az =0
a derivative that vanishes. However, for fixed x the discrepancy function is generally
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not differentiable with respect to Ax in a neighborhood of the origin, in other words
we do not have strong Bouligand differentiability as defined in [16].

It is not surprising that quite a few local properties of ¢(x) near some z are
inherited by Ag(z; Az) near the origin Az = 0. Conversely, some properties of ¢(z)
can be deduced from those of its linearization Ap(z; Az) at the origin, provided
certain additional assumptions are satisfied. As we will see some of these assumptions
are kink qualifications that exclude degeneracies of first derivative matrices, and others
are curvature conditions that require second derivative matrices to be definite on
certain subspaces. Of course the whole point of the exercise is to characterize these
extra assumptions and the properties of Ap(x; Ax) itself constructively by linear
algebra tests on the so-called abs-normal form, where Ag(x; Ax) is represented by
several real matrices and vectors, which can be analyzed by various linear algebra
procedures.

Optimality conditions. In [9] it was shown how for a scalar-valued function
(z) this information can be used to characterize local minimality (MIN) in terms of
generalized Karush-Kuhn-Tucker (KKT) and Positive Curvature Conditions (POSC,
see Theorem 4.3). This optimality analysis was based on a generalization of the Lin-
ear Independence Constraint Qualification (LICQ) called Linear Independence Kink
Qualification (LIKQ), which is generic [7], i.e., always satisfiable by arbitrary small
perturbations of a given abs-normal form. Of course, some of these perturbations may
alter inherent structural properties of a given problem, which is why we wish to avoid
any constraint qualification or relax LIK(Q somewhat, just like LICQ in the smooth,
constrained case. There, a popular relaxation is the Mangasarin Formovitz Constraint
Qualification (MFCQ), which naturally generalizes to the Mangasarin Fromovitz Kink
Qualification (MFKQ) in our nonsmooth setting. The corresponding, more general
optimality conditions are developed to obtain the implications

MIN FOM
f——
(POSC)

where the upper implication is fairly obvious and has been proven formally in [4,
Lemma 1]. In other words we note that without any additional geometric assump-
tions (like constraint or kink qualifications) the (piecewise) linearized problem must
have a local minimizer, where the underlying function has one. It is interesting to
note that the implication MIN = FOM does not always hold for smooth Nonlinear
Optimization Problems (NLOPs) and their linearizations, namely the corresponding
Linear Optimization Problems (LOPs) or Quadratic Optimization Problems (QOPs).
This is illustrated by the following example taken from [11, Chap. 9]:

Ezample 1.1. Consider the smooth optimization problem
¢:R? =R, o(z) = x1 + z2, such that x5 >0, 2o < %x‘;’ .

Then, z, = 0 € R? is a minimizer of the original nonlinear problem but not of the
corresponding linearization at x, given by

o(r) =11 + 22 such that x5 >0, 22 <0,

yielding R x {0} as feasible set. Therefore, the linearized problem is unbounded
and has no local minima. This is possible because not even the Abadie constraint
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qualification [1] is satisfied so that the tangent cone of the nonlinear problem at its
minimizer does not coincide with the tangent cone of linearization at that point.

One might wonder what happens if we convert the constrained smooth problem
to an unconstrained nonsmooth one by adding the penalty terms

(1+ p?)[max(0, —z5) + max(0, 25 — 1a?)]

with some large p to the original objective. The particular form of the penalty pa-
rameter was chosen to simplify the expressions in the following lemma.

LEMMA 1.2. The composite objective
©p(x) = 21 + 22 + (1 + p°) [max(0, —x2) + max(0, z2 — 1a3})]

attains its global minimum at
X, = (7%,7#) with  @,(x,) = 73% ,
where the piecewise linearization is given by
A@p(xp;A$)2A$1+Ax2+(1+p2) {min((),foQ) + #+max(07A$2+%)] ’

which has an isolated minimizer at Ax = (Azq, Azxy)=(0,0).
Proof. Clearly the optimal value of x; must be negative and fixing any such x;
we get a convex piecewise linear function in zs. Its value for large zo is close to

71 + 22 + (1 + p?)|72| so its minimum must be obtained at one of the kinks xo = 0

and zo = %x:{’ Given z1 < 0 the directional derivatives of ¢, with respect to z2 ~ 0

are 1 for 5 < 0 and 2 + p? for x5 > 0. Hence the first kink cannot be the minimizer
and we must have xo = %m‘;’ Substituting this into the objective we get

¢p(@) = o1+ ga} — (L+p")zaf =21 — 3p’ai .

Now minimizing with respect to x1 we get the asserted minimizer and the correspond-
ing minimal value. The incremental piecewise linearization is obtained by replacing
nonlinear smooth elementals by their tangent and all piecewise smooth elementals by
their piecewise linearization as specified in [6]. |

The example shows that due to the lack of a constraint qualification the penalty
function is not exact and has a minimizer that converges to the minimizer of the
original NLOP as p tends to infinity.

A brief look at sharp minima. Another immediate consequence of the second
order contact described by Eq. (1) is that ¢ has a sharp minimum at x, in that

o(x) —p(zs) > cllz —z.] for somec>0andall z~ x,
if and only if this is true for its piecewise linearization, i.e.,
Ap(ze;x —x4) > cl|lt —xi] for some c > 0and all =~ z,
which is in turn equivalent to Az = 0 being an isolated minimizer of Ap(z,; Az), i.e.,

Ap(zy;Az) > 0 for all small Az #0.
3



In our context all strict minimizers are isolated so that the properties of strictness
and isolation are for us one and the same.

It should also be noted here that at any given z and sufficiently small Az the
piecewise linearization Ap(z; Az) is homogeneous and coincides with the so-called
Bouligand derivative ¢'(2; Az) of piecewise smooth functions [16]. For larger Az the
piecewise linearization A(Z; Ax) is in general nonhomogeneous. Indicating Sharpness
by a leading S and isolation by an leading I, we obtain the equivalences

SMIN <+ ©SFOM <= IFOM

In Proposition 4.1 we will give a necessary and sufficient condition for sharp mini-
mality, whose falsification is polynomial under LIKQ but may require a combinatorial
effort otherwise. In the case of first order minimality (FOM) we have a gap between
necessary and sufficient conditions, whose falsification is again simple under LIKQ
but potentially combinatorial otherwise.

Successive piecewise linear optimization. In view of Eq. (1) a natural al-
gorithmic strategy, to be called SPLOP for Successive Piecewise Linear Optimization
with a proximal term, is to successively update

(2) Tp1 = xp, + argmin {Ap(zy; Az) + §[|Az]*}
Az

Here the penalty factor g of the quadratic term is an estimated bound on the discrep-
ancy between ¢ and its piecewise linearization. This method was originally proposed
in [6] and shown to generate a sequence of iterates {zy }reny C R™ whose cluster points
are FOM. If the inner problem of minimizing the regularized piecewise linear model
is not solved exactly, but we accept increments Ax that are simply Clarke stationary
for A, then the cluster points are guaranteed to be also Clarke stationary as shown
in [4]. These results apply without any kink qualification and contain no information
with regards to the speed of convergence, except that the step lengths are square
summable.

Assuming again that x4 is computed as a global minimizer of the regularized
piecewise linear model we obtain for any other point z, € R™

(3)  Ap(wr;Trgr — ok) — Ap(wrize — 2) < L(llan — 2l = Jzner — zall?) -

This leads immediately to our first rate of convergence result.

ProPOSITION 1.3. If z, is a sharp minimizer in a level set where the right hand
side of Eq. (1) is bounded by %||Ax||* then the SPLOP method as described above with
q >y converges quadratically to x, from all zy in some ball B,(x.).

Proof. Starting with the sharpness we derive from Eq. (3)

cllerir — 2.l] < @(@rg1) — 0(2) = @(@h11) — @(@r) — (P(z4) — o(21))
< Ap(ap; Tr1 — k) — Ap(Tr; T4 — k)
+ L(lwpgr — el + |l — 2]?)

< G angr — apl® + G ax —w]* < gller — 2] 0

This gratifying result depends critically on the uniform approximation property (1),
which is not guaranteed by the positively homogeneous Bouligand derivative ¢’ (z; Az).
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The question of how fast SPLOP converges in the nonsharp case is a little harder
to answer. Since the location of a nonsharp minimizer depends critically on curva-
tures, and our method makes no effort to approximate them, we can expect linear
convergence at best. Even that is an achievement since subgradient, proximal, and
bundle methods generally only obtain a convergence rate close to 1/vk or 1/k [17].
However, for structured problems and in the strictly convex case a linear rate has been
established for some of these methods, e.g., in [3]. We will do the same under the
assumption of SSC with strict complementarity under LIKQ. While these combined
assumptions are quite strong, they do not require ¢ itself to be convex, even locally.
Essentially, they ensure that eventually all active kinks causing the nonsmoothness at
the minimizers are identified so that SPLOP reduces locally to sequential quadratic
optimization (SQOP) with equality constraints. Here the Hessian of the Lagrangian
is approximated by the multiple of the identity q¢I.

Paper organization. The paper is organized as follows. In Section 2 we discuss
the representation of piecewise smooth functions in abs-normal form. Furthermore,
we give six different example functions that will be used to illustrate the concepts
and results. We introduce two kink qualifications, LIKQ and the weaker MFKQ.
In Section 3 we study convergence orders for SPLOP under LIKQ. In Section 4 we
generalize the optimality conditions of [9] to the more general situations, where no
kink qualifications hold. Section 5 contains numerical experiments and the paper
concludes with a summary and outlook in Section 6.

2. Objectives in Abs-normal Form. We consider the class of objective func-
tions that are defined as compositions of smooth elemental functions and the absolute
value function abs(z) = |z|. Hence they may also include max(z,y), min(z,y), and
the positive part function max(0, x), which can be easily cast in terms of an absolute
value. The inclusion of the Euclidean norm as elementary function would lead to
objectives that are still Lipschitz continuous and lexicographically differentiable [13]
but no longer piecewise smooth.

By successively numbering all arguments of absolute value evaluations as switch-
ing variables z; for i = 1 ... s, we obtain a piecewise smooth representation of y = ()
in abs-normal form

4) 2 = Fla, ),
(5) y = (a2,

where for D C R™ open, F': D x RS — R® and f: D x R% — R with D x R$ C R"**.
Here, z; can only influence z; if j < ¢ so that when interpreting F' as a function of |z|,
its Jacobian with respect to |z| is strictly lower triangular.

Hence, we state the calculation of all switching variables as equality constraints
and handle the vector of the absolute values of the switching variables as extra argu-
ment of the then smooth target function f. Sometimes, we write

p(x) = flz,]2(z)])

to denote the objective directly in terms of the argument vector x only. In this paper,
we are mostly interested in the case where the nonlinear elementals are all once or
twice continuously differentiable. The resulting function class was first considered in
[5] and is specified as follows:

DEFINITION 2.1. For any d € N and D C R", the set of functions ¢ : D = R

defined by an abs-normal form (4)-(5) with f,F € C%(D x R#) is denoted by C, (D).
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Recall that C?(€) is the set of functions that possess continuous d-th derivatives
in the open set ) that can be continuously extended to the boundary 9Q = Q\Q.
In the usual case where F' and f are themselves compositions of smooth elemental
functions ¢; these are assumed to be C' d (’Zi)z) functions on their respective domains D;
reachable from z € D. Note that a mathematical map ¢ € C% (D) may have many
different abs-normal decompositions.

Throughout the paper the symbol |z| € R$ is sometimes viewed as a (nonnegative)
variable vector in its own right. Since F and f are smooth in the respective arguments,
the derivative L = F,| = 0F(x,|z|) /0|z| is well defined on D x Rs. Furthermore,
it is strictly lower triangular so that one obtains the components of z = z(x) one by
one as piecewise smooth Lipschitz continuous functions of z. Accordingly, the other
partial derivatives of F(x,|z|) and f(x,|z|) defined on D x R$ will be denoted by

if(x, |z]) € RY.

6) Z= 3F(ac, |z]) e R**™, a = gf(x, |z]) e R™, b= a7

or ox

When ¢ itself is piecewise linear, y = ¢(z) can be written in the abs-normal form
(1) y=yo+a' (x—x0)+b"(|z| = |20]) with 2= 20+ Z(z—x0)+ L(|z| — |20]) ,

where zg = z(x¢) and yo = z(zp). In some cases we can simplify matters by assuming
that zp = 0, which means that all kinks are active at the reference point zg.

The combinatorial aspect of the evaluation can be expressed in terms of the
signature vector o(x) = sgn(z(z)) and the corresponding diagonal matrix X (z) =
diag(o(z)). Throughout the paper, we will write z = z(z), 0 = o(x), and ¥ = X(z)
for brevity if the dependence on the argument z is clear. However, we will also consider
frequently the situation where o varies over all possibilities {—1,0,1}*. As observed
already in [10] for the nonlinear case, the limiting gradients of ¢ in the vicinity of x
are given by

(8) gl =a +V'BI-LY) ' Z=a"+b"(Z-L0)"'Z,

where the last equality only holds if o € {—1,1}° so that ¥ is nonsingular and thus
its own inverse. The signature vectors define the domains

(9) S, ={x e R" |sgn(z(z)) = o}
as a decomposition of the argument space, where one has
(10) o(x) = pq(x) for all x € S,

and @, is one of finitely many differentiable selection functions in the sense of Scholtes
[16]. At a given point z, the nonsmoothness of the target function ¢ is caused by the
so-called active switching variables z;(z) = 0 for 1 < i < s. We collect them in the
active switch set

a=a(z)={1<i<s|oi(x) =0} ofsize |a(z)|=s-o(z)|,
with |o| = ||o||1 and |a| defined correspondingly. Later on, we will distinguish two
different scenarios for the activity pattern a:
DEFINITION 2.2 (Localization). Let ¢ : R® — R be a C%_ function. If all
switching variables vanish for a given point x, i.e.,
z=2z(x)=0 and oa(z)={1,...,s},
6



we say that the switching and also the function ¢ is localized at . Otherwise, the
switching and also the function itself is nonlocalized.

Note that for each fixed o € {—1,0,1}* and corresponding ¥ = diag(c) the system
z = F(x,3z)

is C4D x ]IE) and has by the implicit function theorem a locally unique solution
2% = 2% (x) with the well defined Jacobian

O'_a o _ —1 sXn
(11) Va7 = oo2 = (I-LE) ' Z e R,

where Z and L are evaluated at (z,27(z)).

Kink Qualifications. As illustrated later, the sets S, do not necessarily ful-
fill the Abadie constraint qualification. Therefore, we will now examine under what
conditions the sets S, as defined in Eq. (9) satisfy the other classical constraint qual-
ifications LICQ or MFCQ in some neighborhood of a given point & with signature
& = o(z). By continuity of z(z) it follows immediately that all nonvanishing compo-
nents ¢; # 0 force the components o; of o at points in the neighborhood to have the
same sign. In other words, for some ball B, about & with radius p > 0 the intersection
B,N S, can only be nonempty if

ocra in that Uj&jz&?- for j=1,...,s.

This partial ordering of the signature vectors was already used in [10]. Like in the
piecewise linear case we can find that the closure S, of any S, is contained in the
extended closure

(12) Sy={zeR"|o=o(x)} D S,.
Since < is a partial ordering we have the monotonicity property
0=X6 = 5,CSs.

For the examination of optimality we can from now on consider only maximal S,
which are characterized by ¢ being a definite signature vector, i.e., 0 # o; for all
i = 1,...,s. This is sufficient since for any indefinite &, one has according to the
monotonicity property that S; c S, forac being definite. We will abbreviate the
definiteness of the signature vector o by 0 € ¢ and note that then ¥ = 7! is an
involutory matrix. It follows that we have near & the local decomposition property

B = U (S“JOBP).
0go=6

As observed in [9, Sec. 3.2], the point z, is a local minimizer of ¢(x) if and only if it
is a local minimizer of each one of the branch problems

(13)  min f(z,z) st. XzZ=F(z,z) and z>0 for 0&o > o(z.) =0,

where Z = Xz irrespectively whether x, is localized or not. For the nonlocalized case,

ie., if |a(x.)| # s, exploiting again the continuity one obtains that the components

of the vector 2 = (0izi)iga(z.) = (|2il)iga(z.) € Rl will keep their positive sign
7



in some neighborhood B, > z,. Later on, we will use # = (2)ica(s.) € Rl or
Z = (|zil)ica(z.) for the remaining switching variables depending on the context.
Now, we could partition F' and the arguments of all functions accordingly to obtain
in the nonlocalized case the representation of the branch problems that is given by

(14) min f(z,2,2) st. Bz=F(x,%2%), 2=F(x,%2), 2>0,

where ¥ € {—1,1}l*®)I. Given the smooth vector function 27 as defined above for
definite o, we can describe the feasible set S, based on inequality constraints, i.e.,

Sy={zeR"|0;27(x) >0 fori=1...s}.
This yields the third formulation of the branch problems given by
(15) min f,(z) = f(x,227(z)) st. ze€S, with 0¢o > o, .

For the derivation of the optimality conditions in the following sections, we will employ
all three representation depending on the context. As can be seen from the last
representation of the branch problem, where only inequalities depending on x are
used to describe the feasible set, the branch problems have no special structure that
could be exploited.

It is natural to look at constraint qualifications for these branch problems. First,
we will show that the Abadie constraint qualification does not hold in general:

Example 2.3. Based on Exam. 1.1, we define the following piecewise smooth op-
timization problem

p:R2= R, (@) = |wo| +|5a] — a2
with the minimizer 2, = 0 € R2. The abs-normal form is given by
Z1 = X2, Z2 = %xi’ — g, and f(@,|2]) = [z1] + |22] -

Then, one has

Z:[O2 1}, L=0cR*? a=(00), b=(11),
7 —1

and the piecewise linearization of ¢(.) at x, = 0 is given by
Ap:R* =R, Ap(0,Az) = |Azs| + |Axy| ,

where we keep the two absolute value evaluations separate to illustrate that they stem
from the two absolute value evaluations in the nonlinear target function. Using the
formulation (15) of the branch problem, the linearized cone, i.e., the set of first order
feasible directions, at z, for the signature vector o = (1, 1) T is given by

Folz) ={d€R?|d; €R, dy =0} .
For the tangent cone of this branch problem at x,, we obtain
Ty(z.) = {d€R?|dy >0,dy =0} ,

such that F,(z.) # To(x«) and the Abadie constraint qualification does not hold.
8



Generally, we now examine when the constraint qualification LICQ and MFCQ do
hold for the branch problems. For any definite o the constraints that are active at x
have the same indices i € & = a(Z), but the corresponding constraints o; 27 (x) > 0
are not the same since o varies. According to Eq. (11), the Jacobian of all constraints
is given by

(16) YWz = X(I-LY)'Z = (X -L)"'Z e R¥*",

where we have used again the invertibility of ¥ = X~! due to the definiteness of o.
We proved in the companion paper [19], that the Jacobian of the active constraints
only has a very similar structure:

LEMMA 2.4 (Jacobian of active constraints). Consider for a definite signature
vector o € {—1,1}° the branch problem (15). For & € R™, the Jacobian of the
constraints that are active at & is given by

(17) Jy = (V2 )ica =S(I - LY)1Z = (X — L)"1Z e Rla»

with matrices Z € RI®>" 3 ¢ diag{—1,1}/% diagonal, and L € RI**I¢ strictly
lower triangular.

In the proof of this lemma, we derived the reduces matrices constructively as follows.
Since o = &, one has

S=%3+T with XI=0
for a diagonal matrix I" with diag(T") € {—1,0,1}*. Defining
L=I-1LY)"'L, Z=(I-L%)"'Z,
and P = [T, the required matrices are given by

7 = (PZ)icancjon € RIFXT 5 = (PT)icsjea € {—1, 1114181 and

(18) . oo s
L = (PLP)ica jes € RI&XIE

Also the following result that is based on the observation |det(X — L)| = 1 was proven

already in [19]:

COROLLARY 2.5 (Uniformity of rank and null space). For a given &, the active
Jacobian J, has for all o = & the same rank r < min(|&|,n) and the same null
space as Z, which is spanned by some orthogonal matriz U € R™("=7) such that
ZU = 0 € RI&x0=) Al Jacobians J, have full rank r = |&| < n if and only if
the |&| x n matriz Z has full rank |&| < n. Hence, at & either all branch problems
satisfy LICQ or none of them. If in the second case the columns of Z are linearly
independent such that r = n < |&| then the null space of J, contains only the null
vector 0 € R™ for all o = o.

Due to this uniformity the constraint property LICQ is easy to check in polynomial
time. In contrast, the Mangasarin Fromovitz Constraint Qualification [12] for some
o = ¢ requires that

(19) Jov=(E-L)'Zv>0

has some solution v € R™. There is also the possibility that J,v > 0 has only
the trivial solution v = 0, in which case the branch problem is trivial and can be

9
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max(|x,[,x5) m|n(|x1|,x§)

1

X, 2 2 X

1

(a) ¢(z) as defined in Eq. (20) (b) ¢(z) as defined in Eq. (21) for e =0

FIGURE 1. Example Functions from Egs. (20) and (21)

excluded from further consideration. The latter possibility is not of much interest in
the smooth case, but here it is quite likely to arise for certain signatures o. For a
detailed discussion on the derivation of MFKQ, see the companion paper [19].

If Z has full row rank, and thus represents a surjective mapping from R" onto
RI4l then the criterion given by Eq. (19) is always satisfied. Other than that we do

not know of any simple condition on Z and possibly L that would guarantee that all
J, and thus the corresponding S, satisfy MFCQ. Therefore, we introduced in [19]:

DEFINITION 2.6 (LIKQ and MFKQ). For ¢ € CL (D) according to Defini-
tion 2.1 consider the reduced quantities Z and L as defined in Lemma 2./ at a point
&. Then we say that LIKQ is satisfied if Z € RI*1X™ has full rank |&|. More generally,
we say that MFKQ holds if for all o = & the vector inequality J,v > 0 is solvable
for some v € R™ unless the problem is trivial in that J,v > 0 has only the solution
v=0¢eR".

Similar to the situation in smooth optimization, it follows easily that LIKQ implies
MFKQ. Furthermore, it can be shown that if |¢| < n then LIKQ holds for almost all
[Z, L] [7]. While LIKQ just requires a rank determination for Z, we have so far not
found a way to avoid the combinatorial effort of testing the weaker condition MFKQ
for each branch problem defined by ¢ > ¢. Indeed, we conjecture that MFKQ can
not be tested in polynomial time. However, so far we needed MFKQ just for the
analysis of regularity, see the companion paper [19], and it may be needed for second
order necessary conditions as well. In contrast, first order necessary and second order
sufficiency conditions can be derived without any kink qualification as stated below
in Sec. 4.

Example Problems. To illustrate the optimality conditions and convergence
rates derived in this paper, we consider six examples with varying properties:

Example 2.7. First, we consider the following convex function
(20) p: R? — R, o(z1,2) = max (|a:1|,:cg) ,

see the left hand side of Fig. 1 for an illustration. Obviously, z. = (0,0) is the only
minimizer but it is not sharp. Using the reformulation

max(|z1],23) = 3 (o] + 23 + [Jos| - 23])
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one obtains for ¢(.) as defined in Eq. (20) the abs-normal form
n=a, w=lal-ay, flz]) = 5 (lal + 23+ [2))

yielding

1 0 0 0
Z_[O 2x2:|’ L—[l 0}’ a=(0 z3), b=(0.50.5).

Hence, at x, = 0 the matrix Z is rank deficient and thus LIKQ does not hold. For
the Jacobian of the active constraints, one obtains from Eq. (17) that

J_010*110_01010_010
7 -1 g9 0 0 o 0109 02 0 0 - g109 0| -
Considering the signature vector ¢ = (1 —1)7, the range R _1) = {Jov|v € R?} =

{(v1,—v1)" | v1 € R} intersects the positive orthant only at the origin but for all
(v1,v2) T € R? with v; = 0 and vy € R. Hence, MFCQ is violated for the subdomain

3(1’,1) ={r e R* |z, >0and 23 > |11} .

Therefore, MFKQ does not hold. The piecewise linearization at z, = 0 is given by
Ap(x., Az) = |Azq| having a first order optimal point at Az = 0 that is not isolated.

Ezxample 2.8. Second, we consider the following nonconvex function
(21) ¢:R* =R, @(21,22) = min (|21 + £|z2|, 25 + £|z1])

for € € R, see the right hand side of Fig. 1 for an illustration. As can be seen, for
e = 0, the point z, = 0 is no strict minimizer. For ¢ > 0, ¢(.) the point z, = 0 is
an isolated minimizer but not a sharp one. If ¢ < 0 then x, = 0 is only a stationary
point. Using the reformulation
min(|z1 | + €|za|,23 + elz1]) =
3 (lza] + (| + |za]) + 23 — [|21] + e(lzo] — |21]) — 23])
one obtains for ¢(.) as defined in Eq. (21) the abs-normal form

z1=x1, 22=2x2, 2z3=|z1|+e(lze]—|nl)— x%,

fl@,l2]) = 5 (Iz1] + (21| + |22]) + 23 — |23])

yielding
1 0 0 0 0

z=lo 1|, z=|0 00, a=@u), b=(0+9) b 1)
0 —2xo l1—¢ ¢ 0

It follows that at z, = 0 the matrix Z has full column but not row rank so that LIKQ
does not hold. For the Jacobian of the active constraints, one obtains

1

o 0 O] "1 0 o1 0o o0]ft o
Jy = 0 oy 0 0 1 = 0 lop) 0 0 1
_5 -1 - g3 0 72!]52 (6 — 1)0’10’3 0903 O3 0 721’2
[ (o} 0
= 0 g9
_(6 - 1)0’1(73 (60'2 — 21’2)0’3
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Hence, for ¢ = 1 the Jacobian J, at ., = 0 does not have full column rank such that
nontrival null vectors exist, i.e., MFK(Q does not hold. For ¢ > 1 and =, = 0, consider
o= (11 —1)". Then, J,v > 0 implies

vy > 0, vy > 0, 1)1<18:’Ug,

yielding contradictory conditions for the signs of v; and vs. For e < 1, the requirement
Jyv > 0 yields for the signature vector o = (—1 —1 1) contradictory conditions for
the signs of v; and v in that we should have

v1 <0, vy < 0, v > —lie’Ug .

The linearization of Eq. (21) at 2, = 0 is given by
Ap(0,Az) = 3 [|Azi| + e(|Azy| + |Aza|) — ||Az1| + (| Aza| — [Amy])] ],

which has for all € € R a first order minimal point at Az = 0 that is for € > 0 not
isolated.

Ezample 2.9 (Chained CB3 I [2]). The scalable chained CB3 I function is given
by

n—1
(22) ¢:R" R, p(z) = Z max{z} + 271, (2 = 2:)° + (2 — wi41)?, 2670 Y
i—1

and hence a piecewise smooth convex function. Here, one has s = 2(n — 1) and all
switching variables are active at the solution z, = (1...1)T € R™. Therefore, once
more, LIKQ can not be fulfilled for n > 2. Moreover, it is easy to see that x, is a
sharp minimizer so that we can expect quadratic convergence of SPLOP.

Ezample 2.10 (Maxq [2]). The scalable Maxq function is defined as
(23) ¢ :R" R, p(z) = max x?

1<i<n
and therefore also a piecewise smooth convex function. One has s < n depending on
the specific formulation of the function evaluation. One possibility is to compare 2
with the maximum of all previous square values. Alternatively, one could compare
neighbors z? and z? 1 and then compute the function value using a binary tree. Either
way one would obtain at the optimal point z. = 0 € R” that Z = 0, i.e., the kink
qualifications LIKQ and MFKQ are not fulfilled. The minimizer z, is isolated but

not sharp.

Ezample 2.11 (Chained Crescent I [2]). The scalable chained Crescent I function
defined as

(24) ¢:R" =R, ¢(r) =max{pi(z),p2(z)}

n—1 n—1

p1(x) = Z(xf+($i+1*1)2+x¢+1*1), pa(x) = Z(—xf—(wi+1fl)2+zi+1+1) ,

=1 i=1

is a piecewise smooth but nonconvex function with the isolated but not sharp mini-
mizer x, = (1...1)T € R™. Here, one has s = 1,

Z=(04...4), L=0€R, a=(01...1), b=05,

and the only switching variable is active at z.. As can be seen, LIKQ and MFKQ
hold.

12



Ezample 2.12 (LASSO problem). In statistics and machine learning, the so-
called Least Absolute Shrinkage and Selection Operator (LASSO) introduced in [18] is
a regression approach to perform both variable selection and regularization to enhance
the prediction accuracy and interpretability of the statistical model it produces. In
its Lagrangian form, for given data w € R™ and A € R™*™ the LASSO objective
function is defined as
(25) :R" =R, p(x) =5 llw— Az|3 + Bllz|

“m

with the penalty factor 8 > 0. As a possible generalization, one may consider
e:R" =R, o) =g(x)+ Bzl

where ¢ : R” — R is a sufficiently smooth function. For the abs-normal form at z,
one obtains for the Lagrangian form

z =1, Z =1, b=(1...1)eR", and a:%ATAi.
For the generalization, a = g, (x) is the only thing that changes. Obviously, for both

formulations Z in the localized case or Z in the nonlocalized case must have full rank
such that LIKQ holds.

As can be seen, for these examples either LIKQ and MFKQ hold or both kink qualifi-
cations are not fulfilled. In the companion paper [19], we analyzed an example where
LIKQ does not hold but MFKQ.

3. Linear Convergence Order under LIKQ. As in [9] we first consider the
localized situation where all z; vanish at the potential minimizer z., so that we have
simply Z = Z and L = L. Assuming throughout this section that LIKQ holds at
T4, first order optimality requires that there exists for a given localized point z., a
Lagrange multiplier vector A\, € R?® such that

a'(24,0) + A\ Z(2,,0) =0 Tangential Stationarity (TS)
F(z.,0)=0 Full kink activity and
(26) b (24,0)+ N L(x,,0) > |\ |7 Normal Growth (NG)

The equalities represent n + s equations in the unknowns (x., A.) whose Jacobian is
given by the saddle point matrix

H Z7 (n+s)x(n+s)
(27) {Z 0 ] €eR

with

H = H(z:,A) = f(24,0)00 + (A F(2,,0)) € R™".
Obviously the Hessian H is also the second derivative of the Lagrangian
(28) L(x,0,\) = f(x,0) + AT F(z,0)

with respect to . The saddle point Jacobian is nonsingular provided we have SSC in
that UT HU > 0 where U = U as in Cor. 2.5. If we also have strong normal growth
in that Eq. (26) holds as a strict inequality then it follows immediately that z, is a
strict minimizer.
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Isolation. From the nonsingularity of the saddle point matrix (27) it follows im-
mediately that ¢ can have no other tangentially stationary point that is fully localized
in its neighborhood. Now the question is whether there can be other minimizers or
even just tangentially stationary points x & z, with an active set a(x) C {1,...,s}.
We can reorder the components z; such that the ones with ¢ € o = a(z) come
first and the ones with i € «(x) come last. So we rewrite the problem in terms of
Z = (|zi|)ica and 2 = (04(2)2i)iga(s). Correspondingly we reorder the components of
F into F = (F})icq and F = (0;(2)F})iza. Notice that after this symmetric reorder-
ing the Jacobian of (FT FT)T wr.t. (27 27)7 is no longer strictly lower triangular
but its two diagonal blocks Fs and Fg still are. Since Z = F, has full row rank at
T4, LIKQ must hold in some neighborhood of x,. In the nonlocalized case, tangential
stationarity at the point x requires according to Proposition 4 of [9] for the argument
w = (x,0, 2) that there exists a unique multiplier vector (AT S\T) such that

g [ B @) o
(Folw) fw)) = ~(ATAT) | g (1ol e metie

This implies for 0 = o(x) the |o| equations
(29) 0=fs(w)+ AT Fs(w) + AT Fs(w) — AT .

We will now see that if SSC with strict complementarity, i.e., strict normal growth,
hold at z., then the conditions (29) cannot be fulfilled with nontrivial 2 and F,ie.,
with a(z) # a.. Reordering and partitioning the normal growth condition that holds
strictly at =, we get at the argument w, = (x4, 0,0)

o [ @) E@)] ot s s
w(w.) fr(w)) + (AL A | 2 . > Al T AT
(fa(ws) fa(ws)) + (A AL) Folw.) Bo(w.y| =5 + (A A])
with e, = (1,...,1)7 € R® and for some ¢ > 0. Here, no identity matrix occurs
in the lower right block, since z, is localized which implies the equality constraint

0 = F(w,). Extracting the |o| components that belong to the indices i € a(z), the
|o| inequalities

(30) Al T+ e < f(w) + A Fo(wy) + A P (w.)

with )5 = (1 ... 1)T € Rll must hold. Because of the assumed continuous differen-
tiability all first derivatives of F' and f evaluated at (x, Z(z), 2(x)) are small pertur-
bations of their values at (x.,0,0). We abbreviate this discrepancies as O(||x — z.||).
Since Z = F,(w) has by LIKQ full row rank the multiplier vector (AT S\T), provided
it exists at all, is also a small perturbation of its value at (\], ;\*T) Hence we may
subtract Eq. (29) from Eq. (30) and obtain after transposition

0 < ceo) < Al 4 eeio) < O(llz —z) + A <[] + Oz — 2.])

which is obviously a contradiction for z close enough to z.. Hence there can be
no other point satisfying KKT or even just tangential stationarity in some level set
N ={z e R"|f(z) < f(x.) +}. Now we formulate this for the general case, where
x, itself is not necessarily localized.

PROPOSITION 3.1. Suppose . satisfies SSC under LIKQ for the C%,_ function
o(x). Then in some neighborhood of x. there can be no other point satisfying tangen-

tial stationarity, let alone Clarke stationarity or first order minimality (FOM).
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Proof. Regarding the last assertion, note that by Lemma 3 in [9] under LIKQ,
Clarke stationarity requires tangential stationarity, and of course it is implied by
FOM. In the lead-up to this proposition we have already proven the assertion for
the fully active, i.e., localized, case where a(x.) = {1,...,s}. For the nonlocalized
situation, let us first consider the case where at a prospective tangential stationary
point z the active index set «(x) is the same as at x, i.e., a(x) = a(x,) = a,. Using
again the same partition as above, for w, = (4,0, 2,) tangential stationarity means
that the set of equations

0 = (falws) fr(ws)) + (AL A])

8 >E(
5
5y
5

0 = F(w,) e Rl°l, 2= F(w,) € R

is satisfied. Here, the identity in the lower right block of the matrix occurs since
T4 is not localized. Since x is assumed to be another stationary point, there must
exist a multiplier vector (AT AT) such that the same set of equations is fulfilled when
evaluated at the point w = («,0, 2). Thus we have in total n+|o|+|a|+|o| = n+s+|o]
equations in the variables z, 2, X, A since 2 =0 by definition. This is a square system
which has isolated solutions if its Jacobian has full rank. The Jacobian is given by

VieL(w.) V2 L(w.) Fp(w)"  Fp(w.)?
Vi,L(w.) VLL(w.) Fl(w.) Fl(w,)-1I
F,(w,) F:(w,) 0 0
0

Ey(wy)  Fs(wy)—1 0

e R(Hloltlaltlo)x(ntlof+lal+]a])

where £ denotes the Lagrangian as introduced in Eq. (28). LIKQ and SSC at x.
require exactly that this symmetric matrix has full rank so that there can be no other
tangentially stationary point x =~ x, with the same activity in a neighborhood of z..

Since in some neighborhood of z, all z;(x) with ¢ & «. keep their sign, the only
possibility for a change of activity is that a(x) C as. As in the localized case we will
exclude this by considering the strict normal growth condition assumed to hold at x,.
Without loss of generality we can assume that the last indices i = |a| + 1,. .., |
represent the indices ¢ € o, that do not belong to a(x). Abbreviating z; = o;(x)z; and
F; = 04(x)F; for i = |a| +1,...,|a,| we get at z as tangential stationarity condition
the n + |o(x)| equations

[ Bl Fi(w)
(31) 0= (fo(w) fz(w) fo(w)) + (AT AT AT) | Fo(w) Fr(w)—1

Fx(w) 5(w Fg(’w) -1

In other words, we have partitioned the switching variables that are inactive at x into
those, namely 2z that are active only at z, and the remainder that are inactive at x
and z,, which we still denote as Z. Of course we did the same for the function vector
F. As before we notice that strict normal growth at x, requires that with the same
partitioning the |a.| inequalities

F; 5
(32) (AT M)+ eep g < (felws) fo(we) + (A AL A | Fe(ws)  Fa(w.)
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hold, where z; = o;(x)z; for ¢ = 1,...,|a| denote the switching variables that are
active at z, and x. Subtracting the middle block of Eq. (31) from the second block
of Eq. (32), we get as in the localized case with 5 = || — ||

Al +ees < A+0(lle — ),

which yields as above a contradiction for x sufficiently close to x.. ]

Now we can address the question at what rate SPLOP converges to minimizers sat-
isfying the above isolation theorem.

Linear Convergence. Under the assumption of Prop. 3.1 we know that x, is a
strict local minimizer of second order in that

o(x) — p(x.) > ||z —z.||* for somec>0and all ==z, .

Hence, there is a compact level set N = {& € R"|f(z) < f(z.) + ¢} containing no
other first order minimal points. Moreover, we will assume that within A" Eq. (1) holds
with a constant coefficient /2 and that the regularization parameter ¢ introduced in
Eq. (2) is bigger than v so that for z;, € N

(pi1) — (k) < Ap(z; Ths1 — i) + 3 @ps1 — 2]
< gy — a2 <0 = apn €N

That is, the iterates generated by SPLOP stay in the neighborhood of z, and it was
shown in [4] that all cluster points of the sequence must be at the very least Clarke
stationary. By Prop. 3.1 there is no such point other than z, in the neighborhood of
N, which implies convergence, i.e., x — x. So now the challenge is to show that
the rate of convergence is linear. We know that the piecewise linear model problems
Ap(xzy; Ax) are similar to the one at the minimizers given by Ap(z.; Az) in that the
discrepancies between the model data are of order O(||x — z.||).

Let us assume once more that all kinks are active at z, and consider the general,
nonlocalized case later. Often the piecewise linear local models themselves will be
unbounded and thus not have a minimizer but the regularized ones do. Their optimal
points x4 if also fully active, i.e., localized, must satisfy the FOM conditions

ar + q(@ps1 — 2) + Z) Aeg1 =0
(33) F(ak, |2(xk)]) + Ze(Thsr —2x) =0
by +AiLe > [Aega] "

Since we know already from the fact of convergence that z; — x., xx+1 — 2, and thus
Tp+1 — Xk are small, the argument used to prove the isolation of z, can also be used
to show that xp11 must be given in this way as it cannot have lesser activity than ..
In other words the active kinks are properly identified by SPLOP in some vicinity of
a fully active minimizer.

We can view the two block equations as a fixed point iteration and observe that
by the above Prop. 3.1 the only fixed point of this iteration is the minimizer z, with
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the corresponding multiplier A,. Solving for (zg41, Ak+1) we get

[$k+1:| _[al Z;] - { qTy — ag }

Akt1 Zr 0 Zgwk — F
(34) _ -%(I - Z]jZk) le 4Ty — ag
@z —azz) |z - B

-l‘k — l([ — Z,jZk)ak — Z;Fk:|
| —(Z) Tan +a(ZuZ) ' Fy |7
where Z," = Z,] (Z,Z] )" is the generalized inverse of Zj. To establish the contrac-

tivity we have to consider the eigenvalues of the Jacobian of the right hand side as
follows:

LEMMA 3.2. In the localized case where H = H as defined above and with U = U
an orthogonal null space matriz of Z = Z, the nonzero eigenvalues of the Jacobian
(0xg41, ONg1)/ (Oxg, ONg) evaluated at . are those of the matrixz difference

[I- U H.U,/q) e R"=9x(=s)

Proof. Since A does not enter into the very right hand side of Eq. (34) at all we
only have to consider the first block

ox
Je=2m =1 - 2 (Y0 - 2 da| - 5 (4R

6wk

Dropping the index k and evaluating the right hand side at the fixed point x, where
F=0and a=—ZT\, we obtain

Jo=I=Z"Z)I = Lfua) — 2 [Z(ZF2)] ZT A .

q

To get the derivative in the last term for fixed A\, we calculate using the chain rule
(2(ZT2)] 2"\ = [2(ZTZZT)| N\ = ZTZ[2Z7] N
=[2Z"\\—-ZTZ[Z2ZT |\ =[I-Z Z] F A\ .
Substitution now yields the final expression
Jo= =25 2T = Yfur + N Foa)) = (I— 2°2)(1 - 11)

with H the Hessian of the Lagrangian as defined above. The eigenvectors of J, with
nonzero eigenvalues all belong to the range of the orthogonal projection UUT =
(I — Z*Z) and are thus the eigenvectors of

I - LUTHU e RI=3)x(n=s)
q )

which completes the proof. 0

Hence, we see immediately that the fixed point iteration has a spectral radius less
than 1 and is thus contractive provided SSC is satisfied and ¢ sufficiently large. To
formulate this result for the general, nonlocalized case let us recall the definition of
Z in Lemma 2.4, its null space matrix U € R™*(™~lel) in Cor. 2.5 and from [9] the
reduced Hessian

(35) H = [I 2T] fTT + ()‘T?)rr fmé + (ATF)T{l |:I:| (S RXn ,

x Zg
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PROPOSITION 3.3. Suppose x.. satisfies SSC under LIKQ for ¢(.) € Cg,,. Assume
that ¢ > max (v, |U,] H,U.||) holds for the regularization parameter q. Then SPLOP

yields local and linear convergence with the R-factor
17— U HU > 1 = (w(U 7.U.)) 7"
where k denotes the condition number with respect to the spectral norm.

It should be noted that generally we can expect that the constant + is much larger
than ||[UT HU|| since it is a bound on all curvatures including the ones occurring in
the Hessian and its projection.

Proof. To prove the general result we show that the iterates generated for the
nonlocalized optimization problem are identical to the ones generated for the corre-
sponding reduced optimization problem. Generally xx11 solves the problem

min Ap(a; @ — ax) + Lllo — 2.2,

which is equivalent to the constrained problem

minay, (¢ — %) + by 2| + &z — 2]
st. z=F,+ Z/C(.Q? — .’L’k> + Lk\z| .

This problem is obtained by simply linearizing f and F. Since we know that the
matrices and vectors defining these problems are O(||z — x.||) perturbations of their
values at the KKT and SSC point x, we know that the solution of the model problem
has the same kink activity. Thus after partitioning accordingly we get as optimality
conditions for x and z(z) the set of equations

ar + q(x — xy) BT FT A n+lo|
— X Tz oz A R
0 [ b }“L{F; ET 1) A € ’
0 = F4 Fy(x—ap) + F:(2— 2),

0= F+Ep(x—ap)+ (F: —1)(2 - %),

where all quantities are evaluated at the current iterate (g, z1). Now we can use the
nonsingularity of the unitary lower triangular matrix I — F; to eliminate both 2 — zj,
and A to obtain

0 = [ap + EJ(I— EN) o] +qlw —ap) + [ E] + BT (1 - ET) BT A,
0= [F+F2(J—F5)—1ﬁ} n {Fw +F5(1—F2)—1Fw] (@ — an) .

Thus we see that the step from xj to x4 is exactly the same as one would obtain on
the reduced problem where & = a+F, (I—F] )b, ZT = FJ +FJ(I—FJ)"'F] and
g=F+F: (I- F ZT )_1ﬁ‘. Hence we conclude that locally under the given assumptions
the SPLOP iteration for the original problem and the reduced, localized problem are
indeed identical. This completes the proof as it is well known [15] that continuously
differentiable fixed point iterations converge locally with an R-Factor no larger than
the spectral radius of its Jacobian at a given fixed point. O
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From the examples introduced in the previous section, LIKQ only holds for the
Chained Crescent I example and the LASSO problem. For the Chained Crescent I
problem, see Exam. 2.11, one obtains from the tangential stationarity that A = 0.25.
Furthermore the blocks fiu, fozs fows ftty Frzy Foz, Fr, are all zero at z, = 0 € R".
Only F,, is a diagonal matrix with positive entries on the diagonal. Hence, SSC
holds at the minimizer.

Next, we will examine the LASSO problem in more detail to derive conditions
for SSC to hold. For the LASSO problem, the optimizer x, is nonlocalized since
otherwise one would obtain the trivial solution z, = 0. Therefore, we have to consider
for o, = a(z,) the reduced matrix Z and a basis U of its null space given by

> Ty, || xn T AV nx|o.|
- 1E Q4 - 1) 1E )
(37) Z = (¢ Jica. €R and U = (e)iga, €R

K2

where e; denotes the ith unit vector in R™. Based on this observation one obtains the
following result:

LEMMA 3.4. For the LASSO problem, at the optimal point x, the kink qualifica-
tion LIKQ) is always satisfied. The property SSC holds for the Lagrangian form of the
LASSO problem if one has for the data w € R™ and A € R™*"™ that m > n and A
has full column rank. For the generalized problem SSC is fulfilled if U gup(x.)U is
positive definite.

Proof. Tt follows directly from Eq. (37) that LIKQ is always fulfilled for the
LASSO problem. Therefore, we only have to show the conditions for SSC. Combining
the formulation (15) and the Lagrangian form (25) one obtains

min L (w — Az) " (w — Az) + B(Z+ 2) s.it.

m
27 = (Ti)icar, 2= (0i%i)ico., 220.
It follows that the derivative f,, is the only nonzero block of the second derivative of
the Lagrangian function, since this is the only nonlinear term. Hence, one has

U'HU -0 &  2UTATAU -0,

which is the case if m > n and A has full column rank. For the generalized LASSO
problem only the objective function changes into

min g(x) + B(z2+ 2) .
Once more, the only nonlinear term is g(z) yielding
UTHU =U" g0 (2.)U = 0,
and therefore the assertion. |

It follows from the last lemma that we can expect linear convergence of SPLOP for
the LASSO problem as soon as m > n and A has full column rank for the Lagrangian
form or U g, (2.)U is positive definite in the generalized form.

4. Optimality Conditions without Kink Qualification. As demonstrated
by the Examples 2.7 — 2.10, LIKQ and even MFKQ may not always be a natural con-
dition to impose. We already observed in the introduction that a necessary condition
for local optimality of ¢ at x, is First Order Minimality (FOM), i.e., local minimal-
ity of Ap(z.; Az) at Az = 0. Moreover, sharp minimality of the former (SMIN)
is equivalent to strict minimality of the latter (SFOM). We now formulate equiva-
lent conditions for FOM and thus necessary conditions for MIN as well as sufficient
conditions for (SFOM) and thus sufficient conditions for (IMIN).
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THEOREM 4.1 (Characterization of (Strict) First Order Minimality (FOM)).
Let () be itself piecewise linear and given in the abs-normal form (7). Assume that
the potential minimum x. is shifted to the origin and localized in that all s kinks are
active. Then, ¢(.) has a local minimum at x, = 0 if and only if there exists for each
definite signature vector o € {—1,1}* a vector of Lagrange multipliers 0 < u, € R*®
such that

(38) a' +(b—po) (E-L)'Z=0.

Moreover, we must have a € range(Z ") such that a' = \"Z for A € A and A C R®
an affine space of multipliers. If furthermore

(39) AT <b" + AL for some X, €A,
then Eq. (38) is automatically satisfied by
(40) pe =bT =N (X —-L)  forall oc{-1,1}°.

Finally, the minimizer x, = 0 can only be sharp if Z has full column rank n and it
must be sharp if in addition Eq. (39) holds as a strict inequality.

Proof. First we show the forward implication. By Farkas’ Lemma [14, Lemma
12.4] we have for each o either a feasible descent direction d € R™ such that g/ d < 0
and J,d > 0 or a Lagrange multiplier vector 0 < p, € R® such that g/ = p! J,. Due
to the assumed minimality of x, = 0 the latter alternative must apply and we get
with (8) and (17)

0=9, ~Hodo=0a' +0 (E~L)'Z—p, (X~ L)"'Z,

which is equivalent to the assertion. The converse implication is equally simple since
the nonexistence of a suitable u, for at least one definite o guarantees the existence
of a descent direction on that branch problem so that x, = 0 cannot be a local
minimizer. Moreover we see immediately that for any o one has a' = —\!Z when
setting \] = (b — p1o) T (X — L)~! which implies the second assertion. Notice that
the case where the feasible polyhedron S, consists only of the origin {0} itself is
automatically taken care of by Farkas’ Lemma.
The nonnegativity or even strict positivity of all yu, follows immediately from

(41) o =0T =A(S—L) > b —|\|T+A]L

and the assumptions on \,. Finally, if Z had a null vector d # 0 that direction
d would be a feasible direction for all branch problems and we would have gl d =
pr Jyd = (X —L)"'Zd = 0 so that z, = 0 could not be a strict minimizer. Otherwise
v = J,d must have for any feasible direction d at least one positive component so
that g/ d = plv > 0 due to the strict positivity of u,. Hence x, must be a strict
minimizer under the given assumptions on Z and \,. 0

Note that under LICQ we have a singleton A = {\.} and Eq. (39) represents
exactly the normal growth condition originally derived in [9]. Without the assumption
of LIKQ, the set A will be an affine subspace of dimension one or more and Eq. (40)
for p, may only apply with a different A = A\, € A for each o. The higher the
dimension the more difficult this check might become, and we conjecture it to be
NP co-complete, which was shown for the test of First Order Convexity, a necessary
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condition for subdifferential regularity, in [19]. It is much easier to check whether a
suitable A, for the sufficient condition Eq. (38) exists, namely one has to solve the
LOP problem

mine;rv st. —v< A <wv, 0= VADW +a, v< b+ LT\, — geg
in the variables v € R® and A\, € R? for given € > 0. If for some € > 0 the feasible set
is nonempty we have established strict minimality. We note that without LIKQ there
remains a gap between computable necessary and sufficient conditions, which could
be closed by further, more detailed analysis.
In the nonlocalized scenario, one obtains as generalization of [9, Prop. 4] the
following result:

COROLLARY 4.2 (Characterization of (Strict) FOM in the nonlocalized case).
Let ¢(x) be itself piecewise linear and given in the abs-normal form (7). Assume that
Zx 18 nonlocalized with the signature o, = o(x4) such that with o, = «(x,) one has
|ai| < s. Then, ¢(.) has a local minimizer at x, = 0 if and only if there exist for each
definite signature vector o = o, Lagrange multiplier vectors A, € RI%=!, Ao € Rl
and py € Rl 1y >0, such that
Faz F,%

F;—%
F, F-1 :

(42) (s £ = =07 A0 | | g G| Y =20,

where all derivatives are evaluated at (x.,0,2(x,0)). Moreover, we must have for

a = (fs fz) that

& € range ([Iiz Fsz IT) e, @l =AT [?z FZFj [}
for AT = (AT AT) € A and A C R being an affine space of multipliers. If furthermore
there exists an element A\, € A such that
(43) A< fo+ ATE + A Es
then Eq. (42) is automatically satisfied by

py = fs+ A (F: =)+ N E: forall oe {11},
Finally, the minimizer x, = 0 can only be sharp if the matriz
7 =F, + Fs(I — F3)7'E, e Rlelxn

has full column rank n and it must be sharp if in addition Eq. (43) holds as a strict
inequality.

Proof. To derive these result we use the formulation (14) of the branch problems
and follow the lines of the previous theorem. Hence, applying Farkas’ Lemma for the
branch problem defined by o > o, the point . = 0 is a minimizer if and only if there
exist Lagrange multiplier vectors A\, € Rl*<l, X\, € Rl+| and ji, € Rl*=! i, >0, such
that
(44) fot MEAMNE, =0, f+ME+MF:-1)=0, and
(45)  fo+ A (Fe=S)+ N EF=pl >0.
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Combining the two equations in Eq. (44) gives

Fx Fé :|

et =-00AD [ 5

and therefore the first assertion. Collecting for all definite o > 0. the corresponding
Lagrange vectors A\ = (A] A\]) in one affine set A yields the second assertion. Here,
we assume as above, that the entries of z are sorted correspondingly. Furthermore, if
there exists an element A, = (A] A]) € A such that

|5‘I| <fz Jr}\IFz + XIFZ )
then one can define
/JI =f:+ }I(Fz - 2) + S\*TFZ > fz+ XIFE - |5\I\ + XIFE >0

to obtain for each definite o - o, the required nonnegative Lagrange multiplier vector
for the inequalities. Finally, if Z had a null vector d # 0 then it follows by the Schur
complement argument that there exists a nontrivial null vector d of the Jacobian of
all equality and inequality constraints given by
F:  F.-X
Fg I FE c Rsx(n+s) ,
O Ila‘

I, =

o z?j)z:q(

which would be also a feasible direction forAall branch problems. Now Farkas’ Lemma
would yield (f, f: fz)d = (A\] AT pl)J,d = 0 so that z, = 0 could not be a
strict minimizer. Otherwise v = J,d must have for any feasible direction d at least
one positive component so that (f, f: fz)d = (\] S\*T pg)v > 0 due to the strict
positivity of u, that follows from Eq. (43). Hence, z,. must be a strict minimizer
under the given assumptions on Z and the Lagrange multiplier vector \,. ]

The natural progression from the first order necessary conditions above, which in the
sharp case can already be sufficient, is to consider second order necessary conditions.
However, so far we have not been able to develop them in a reasonably concise form,
and it is not clear whether the assumption of MFKQ is really helpful in this context.
Hence we restrict ourselves for the time being to second order sufficiency conditions,
which like in the smooth case do not require any kink or constraint qualifications.

We consider the representation given by Eq. (13) of the branch problems. With
e and A, the Lagrange multipliers defined by the first order conditions for each
definite signature vector o we can formulate in the localized case the corresponding
Lagrange functions

Lo(,2 Moo i) = f(2,2) + Ag (F(,2) = B2) — g 2.
The Jacobian of all equality and inequality constraints is given by

[Z L-3%

25X (n+s)

IS JU
w0 i=[r] -
As can be seen, the Jacobian of the inequality constraints always has full rank due to
the identity matrix I,. Furthermore, the null space of J, is given by U = [UT 0]T €
R +9)x(n=7) where U € R™*("~7) represents a basis of the null space of Z as de-
fined in Cor. 2.5 that has rank r. Here, it is important to note that this null space
representation does not depend on o.
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THEOREM 4.3 (Sufficient second order optimality conditions).
Let ¢ : R™ — R be a C%,, function and Ap(z.; Az) be minimal at Az = 0 so that
Theorem 4.1 applies. Assume that x, is localized. If a \i satisfying Eq. (39) exists
then ¢ attains at x, a strict minimum provided we have

_ [fee+ (A F)
| foo + (M F)

for + (A F)
for+ (A F)

rxr rz

UTH*U >0 with H,

zx zZz

for allv € Cy(zy),v # 0, elements of the critical cones
Co(zy) ={v e R | J,v =0, e;jgv =0 for ps,; > 0, e?jgv >0 for po; =0}

with p, defined by Eq. (40) for all definite o. Finally, if Eq. (39) holds strictly then
it is sufficient for optimality that U (f + (A F))zzU = 0 where U spans the null
space of Z as defined in Corollary 2.5

Proof. Assume that v H,v > 0 holds for all 0 # v € Cy(x,) where o varies over
all definite signature vectors. Consider now a fixed definite 0. Then, it follows from
the sufficient second order optimality condition for smooth constrained optimization
that x, is a strict minimizer of the corresponding branch problem [14, Theorem 12.6].
Since this true for all branch problems, x, must be a strict minimizer for the original
nonsmooth problem.

When Eq. (39) holds strictly, one has that strict complementarity holds, in that
to > 0 for all definite 0. Then the critical cones C,(z.) are all equal to the null

space U of the Jacobian J as defined in Eq. (46). Then, the final assertion follows
form the representation of the Hessian H, and of the structure of the null space basis
U=[UT0]". ]

Notice that the requirement that UTH,U = 0is the second order sufficiency condition
we already obtained in [9] under LIKQ, where A, is uniquely defined by tangential
stationarity. Of course this second order condition can also be formulated for the
nonlocalized case by performing the corresponding matrix and vector transformations.

5. Numerical examples. One version called LiPsMin of the SPLOP algorithm
discussed in Sec. 1 is analyzed in [4, 10]. Its C++ based optimization is used to
generate the numerical results presented in this section.

For Exam. 2.7, we used x¢g = (2, 3) as starting point. Figure 2a shows the ratio
of the norm of two successive iterates. Here, we observe linear convergence with a
contraction factor of 0.5 despite the fact that LIKQ does not hold. To minimize the
nonconvex objective function given in Exam. 2.8, we chose z¢p = (2,—2) as initial
value. Figure 2b shows the ratio of the logarithm of the norm of two successive
iterates. Hence, since the ratio reaches the value 2 for the last iterates this indicates
local quadratic convergence. Here, it is interesting to note that the minimizer is not
strict. These two example show that the convergence behavior of SPLOP is even
better than expected from the theoretical results available so far.

The objective function of the Exam. 2.9 does indeed have a sharp minimizer so
we expect from the theory derived in this paper local quadratic convergence. For
n = 10, we chose the initial point zo = (2...2) € R!° as stated in the literature, see
[2]. Figure 2c shows the ratio of the logarithm of the norm of two successive iterates.
Once more, we observe a value around 2 for this ratio at the final iterates indicating
local quadratic convergence such that this example fits nicely to the theory developed
in this paper.
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(c) Convergence history for ¢(z) as defined in
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(b) Convergence history for ¢(z) as defined in
Eq. (21) for e = 0.5
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(d) Convergence history for ¢(x) as defined in
Eq. (23)
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(f) Convergence history for ¢(x) as defined in
Eq. (25)

FIGURE 2. Convergence history for example functions

For the Exam. 2.10 and n = 20, we took the initial point z¢; =4 fori =1,...,10
and xo, = —i for ¢ = 11,...,20 as stated in the literature, see [2]. Figure 2d shows
the ratio of the norm of two successive iterates. Here, we observe once more a linear
rate of convergence despite the fact that that LIKQ does not hold.

The initial point to optimize the nonconvex objective function of Exam. 2.11
was chosen as xg; = 2.0 if 7 is even and z9; = —1.5 if ¢ is odd according to the
problem statement in the literature, see [2]. For this problem, LIKQ and SSC hold
and therefore we can expect linear convergence. As illustrated by Fig. 2e this linear
convergence can be observed with a contraction factor of about 0.75.

Finally we consider as one example of the LASSO problem the prostate cancer
data set already used in [18] for the introduction of this method. Note that the
application of SPLOP to this class of problems corresponds exactly to the proximal
point method due to the problem structure. As shown in Lem. 3.4, we can expect
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linear convergence and Fig. 2f confirms this convergence rate. However, the matrix
ATA which determines this convergence rate has a large condition number, namely
k(ATA) = 63645.49. Hence, the reduction factor is less than but very close to one.

6. Summary and Outlook. In this paper we analyzed for the optimization
of C4,_ objectives, which form a large class of piecewise smooth functions, the algo-
rithm of successive piecewise linear optimization with a proximal term (SPLOP). We
showed that SPLOP converges quadratically to sharp minimizers, where the function
exhibits linear growth. Furthermore, under the Linear Independence Kink Qualifica-
tion (LIKQ) and SSC with strict complementary, i.e. strict normal growth, we proved
that SPLOP achieves a linear rate of convergence. Numerical examples based on a
version of SPLOP called LiPsMin [10, 4] confirm these theoretical results.

Furthermore, without any kink qualifications we derived for the considered func-
tion class necessary and sufficient first order optimality conditions, specifically that
local optimality of the nonlinear objective always requires local optimality of its piece-
wise linearization, and strict minimality of the latter is in fact equivalent to sharp
minimality of the former. In this setting, it was also possible to state sufficient second
order optimality conditions without any kink qualifications. These results are inde-
pendent of the particular function representation, and allow in particular duplications
of switching variables and other intermediates. So far it was not possible to derive
reasonable necessary second order optimality conditions without LIKQ. Therefore,
this will be the subject of further research.

With respect to the algorithmic development the approach to solve the local
model problems must be improved to guarantee that all cluster points satisfy the first
order minimality conditions given in Theo. 4.1. Also our code LiPsMin can solve the
sequence of similar problems more efficiently by using warm starts as well as exploiting
sparsity and other structure. A very promising prospect is the generalization of the
identity matrix defining the proximal term to an approximation of the Hessian of the
Lagrangian in order to achieve superlinear convergence.

Acknowledgement. The authors would like to thank Florian Jarre for discus-
sions on second order optimality conditions.
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