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Abstract

We propose and analyze two mathematical programming models for a production, inventory, dis-
tribution and routing problem considering real and relevant features from the furniture industry,
such as production sequence-dependent setup times, heterogeneous fleet of vehicles, routes ex-
tending over one or more periods of the production planning horizon, multiple time windows and
customers’ deadlines, among others. These features are rarely jointly considered in the related liter-
ature, but commonly found in real-world applications. The models properly represent the problem
in this industrial sector and can be used as a tool to support production and distribution planning
in small companies. A large set of random and realistic instances is used to contrast the perfor-
mance of the models in terms of both solution quality and computational effort. It is shown how
much integrating production and distribution decisions in a single framework helps to reduce the
total cost of the system, in comparison with a sequential approach that follows a common practice
in this industry. This cost reduction comes at a higher computational effort, though.

Keywords: Production and distribution planning; production, inventory, distribution and routing
problem; production routing problem; mixed integer programming; furniture industry.
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1 Introduction

In typical supply chains, consisting of sequential activities of production, storage and dis-
tribution, each individual process is often planned and optimized using decisions made in
preceding activities (Adulyasak et al. 2015b). In the case of production and distribution
planning, for example, a common procedure is first to determine the lot sizes and the inven-
tory levels over the planning horizon, and then use these decisions as input to decide how
products should be delivered to customers. Since the distribution decisions are limited by
the preceding production decisions, some benefits of a more global and integrated planning
are lost. However, as pointed out by Diaz-Madronero et al. (2015) and Chen (2004), compa-
nies should use their resources in a efficient manner in order to increase customers’ service
level and reduce lead times and inventory levels. In this sense, considering production and
distribution activities in an integrated manner leads to increased efficiency and cost savings.

In this paper we integrate production and distribution planning activities in the industrial
context of furniture companies trough mathematical optimization models, which might be
used in other industries with minor modifications. Typically, production planning activities
comprises decisions about lot sizing and scheduling, i.e., determine what to produce, how
much to produce, when to produce, and how much to keep in stock, aiming to minimize
the production, setup and inventory costs incurred in the production process (Karimi et al.
2003; Pochet and Wolsey 2006; Jans and Degraeve 2008). Distribution planning activities
are concerned with making decisions about vehicle routing and scheduling, which requires
to determine the optimal set of routes to be performed by a fleet of vehicles to serve a given
set of customers at minimum cost (Toth and Vigo 2002).

In the literature, the problem integrating the aforementioned decisions is known as pro-
duction routing problem (PRP) (Adulyasak et al. 2015b), production, inventory, distribution
routing problem (PIDRP) (Lei et al. 2006), and integrated production-distribution problem
(IPDP) (Armentano et al. 2011), and aims to jointly minimize the production, inventory,
setup and routing costs at the system. In this paper, we prefer to term ‘production, in-
ventory, distribution routing problem (PIDRP)’, as it clearly highlights the main decisions
involved in the problem.

The seminal paper for the PIDRP is due to Chandra and Fisher (1994), who studied the
economic value of integrating and coordinating production and distribution decisions. After
this work, a number of papers have proposed mathematical models and solution approaches
for some variants of the problem. The most commonly studied variant considers a single plant
producing a single product and owning a homogeneous fleet of vehicles. Solution methods for
this problem include branch-and-cut (Adulyasak et al. 2014a), Benders-based branch-and-
cut (Adulyasak et al. 2015a), branch-and-price-based heuristics (Bard and Nananukul 2009a,
2010), mathematical programming-based heuristics (Bertazzi 2005; Archetti et al. 2011; Absi
et al. 2014), greedy randomized adaptive search procedure (GRASP) (Boudia et al. 2007),
genetic algorithm with population management (GAPM) (Boudia and Prins 2009), reactive
tabu search (RTS) (Bard and Nananukul 2009b) and adaptive large neighborhood search
(ALNS) (Adulyasak et al. 2014b).

The multi-product case is a natural extension that have been studied less intensively.
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Once again, researchers have centered their efforts in developing effective solution strategies,
such as decomposition heuristics (Chandra and Fisher 1994), Lagrangian heuristics (Fumero
and Vercellis 1999), MIP-based heuristics (Brahimi and Aouam 2016) and tabu search-
based algorithms (Shiguemoto and Armentano 2010; Armentano et al. 2011). The work of
Amorim et al. (2013) is the only one in this category that includes parallel production lines
and sequencing decisions in the production and distribution planning of perishable goods.

Lei et al. (2006) approach a problem with multiple plants that produce a single product
and own a heterogeneous fleet of vehicles. To the best of our knowledge, this is the only
paper considering such characteristics in the mathematical model. To solve the problem,
the authors developed a two-stage decomposition heuristic that outperformed the CPLEX
solver.

In the context of small furniture companies, Miranda et al. (2016) recently formulated a
mixed integer program (MIP) and proposed relax-and-fix (RF) heuristics to solve a PIDRP.
The authors considered a small furniture scenario whereby the manufacturer has one pro-
duction line and only one vehicle that performs multiple trips over the planning horizon.
It is important to notice the differences between this paper and the work of Miranda et al.
(2016). First, the company considered in Miranda et al. (2016) involves a lot-sizing problem
with no setup times. In this paper, we consider a production process scenario in which setup
times are an important issue to take into account in the production planning, as they are
highly sequence-dependent and not negligible, i.e., here we are concerned not only about a
lot sizing problem, but with a lot sizing and scheduling problem. Second, Miranda et al.
(2016) considered only one vehicle for making deliveries, while in the present paper we are
assuming a small heterogeneous fleet of vehicles. It means that in this research we are con-
cerned not only about the vehicle routes, but also with the proper allocation of customers
to vehicles.

Tables 1 and 2 illustrate the main problem characteristics studied on the literature and
compares with the problem studied in the present paper.

Notice that the PIDRP literature is scarce and most researches have studied the single
product and homogeneous fleet problem. In the present paper, we propose non trivial mixed
integer programming models for a typical scenario of small furniture companies, in which
the manufacturer has one production line and a small fleet of heterogeneous vehicles to make
deliveries. We model a number of real and common features in practice, such as producing
and stocking multiple parts (instead of final products), sequence-dependent setup times,
routes extending over one or more periods, multiple time windows, customers’ deadlines,
among others. Integrated problems with these characteristics are not usually addressed in
the PIDRP literature, but commonly found in some industries, such as furniture, food, carrier
services, electronic devices, among others. Results show that one of the models is capable
of solving instances with up to twenty customers, whose size is considered as realistic in the
context of small furniture companies. Finally, we analyze an alternative scenario in which all
the vehicles have the same capacity, as opposite to the original situation where vehicles may
have different ones. Results suggest that routing costs may increase considerably, affecting
the total cost of the system. Still, further experimentation is required in order to validate
this conclusion.
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Our study is motivated by the practice of Brazilian small furniture companies, in which
the manufacturer is responsible for both producing and delivering the final products. We
develop and apply mixed integer models that properly represent the common practice in
those industries and that can be used to support the planning of production and distribu-
tion operations in small companies. Therefore, the contributions of this paper are twofold:
(i) studying a challenging PIDRP in small furniture companies, considering the most relevant
features on those industries; and (ii) proposing mathematical optimization models to repre-
sent and solve, through commercial solvers as CPLEX or Gurobi, moderate sized instances
in an integrated manner.

The rest of this paper is organized as follows: Section 2 describes the production and
distribution process in furniture companies, based on the practice of a typical Brazilian
manufacturer, and presents the problem statement. Section 3 describes two mathematical
models for the problem under study. Section 4 reports the computational results, and finally
Section 5 give some concluding remarks and future research directions.

2 The furniture production and distribution process

In this section we describe the production and distribution process in furniture companies
based on information provided by a Brazilian company. This company is a typical manu-
facturer of steel furniture, so that its production and distribution processes represent the
common practice in this industry.

2.1 Furniture production process

Typical furniture companies use hardwood lumber, hardwood plywood, medium density
fiberboard (MFD), particleboard, steel and other materials to produce a number of final
products. Common production stages for furniture manufacturing are cutting, machining,
painting and packing. However, some specific operations in each stage may change slightly
depending on the specific raw material used in the process (i.e., wood, MDF, steel, etc.).
These differences in the process do not affect our description as we have no interest on
specific details of the process, but in a more global view for planning purposes.

The process starts at the cutting stage, wherein steel plates and coils are cut in smaller
parts depending on the size of final products. At this stage it is common to have different
cutting machines. Some machines are able to cut several parts without adjustments, while
others require setup times to change and adjust the necessary tools to perform the operation.

At the machining stage, a group of operations, such as folding, drilling and welding,
gives the final shape to parts, which then are joined into sub-assemblies required for final
products. At the painting stage, parts and sub-assemblies are coated using powder paint.
The process starts by cleaning parts and sub-assemblies in order to remove oils and greases
on the surface. Afterward, parts and sub-assemblies pass through a phosphating process
that increases corrosion resistance properties and prepares the surfaces to be painted.

Once prepared, parts and sub-assemblies go into the painting line, where they are coated
with powder paint. Afterwards, parts and sub-assemblies are heated at temperatures ranging
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between 150 °C—200 °C in order to melt the powder. In general, color changeover operations
are complex and time-consuming, since the painting line has to be cleaned to avoid con-
tamination of parts and sub-assemblies. Since cleaning time depends on the color sequence,
setup times are highly sequence-dependent.

After the painting stage, parts and sub-assemblies are packaged and stored. At this stage,
parts that do not require painting, such as handles, locks and screws, are also packaged to
guarantee that all parts needed to assemble the final product are included. Note that only
parts and sub-assemblies are stocked and not final products. This practice is common in
furniture companies, since the same part or sub-assembly can be used to make up different
final products.

In this paper, we focus on the painting line planning, since this stage is considered the
production bottleneck. Furthermore, planning of the remaining stages can be made based
on the production plan of the painting stage.

2.2 Furniture distribution process

The furniture distribution process starts by picking packages containing parts and sub-
assemblies that together make up a final product. Customer orders may include different
products, each one comprising several parts and sub-assemblies that should be collected from
stock. Afterward, packages are loaded into the vehicles and delivered to customers, which
are usually retail stores. The final assembly of the products is made at the retail store,
or by the final customer (a kind of production postponement strategy). In this process,
the vehicle routing is considered the main decision, since picking and loading plans can be
obtained based on the delivery plan.

In furniture companies is possible to find particularities that make vehicle routing a more
difficult task to be performed effectively. For example, vehicles have different capacities, so
that the fleet is heterogeneous. Therefore, besides the order in which customers should be
visited, it is also necessary to define which vehicles should be used and how to allocate
customers to vehicles. Routes are long in duration and can extend over several days, which
means that vehicles may leave the depot in one period (i.e., one day) and return in a different
one (i.e., another day). Each vehicle may perform multiple trips over the planning horizon
in order to meet the customers demand. Hence, when a vehicle returns to the depot it can
either remain idle or be reloaded in order to perform a new route. Notice that the last
two characteristics are not commonly approached in the related literature, where is often
supposed that routes are short enough to be performed within a single period and that each
vehicle performs at most one trip per day.

Other important characteristic is that customers have multiple time windows, but they
must be visited only once over the planning horizon. Moreover, deadlines can be agreed
with customers and deliveries should take place before this deadline. In consequence, each
customer can be visited at any period, provided that it is visited only once and its deadline is
met. This situation is common in long-haul transportation, where distances traveled during
a journey can be considerably long and locations are scattered over a wide region, so that
routes can extend over several days (Bodin et al. 2003). A recent paper approaching a vehicle
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Fig. 1: Decision involved in the PIDRP considered in this paper.

routing problem involving long travel distances and multiple time windows is presented by
Rancourt et al. (2013).

As described in Sections 2.1 and 2.2, we consider painting and delivering stages as produc-
tion and distribution bottlenecks, respectively. Thus, we study a PIDRP in which lot-sizing,
scheduling, routing decisions are considered in an integrated manner with the goal of find-
ing production and delivery plans that achieve a compromise between setup, inventory and
routing costs. Figure 1 depicts the decisions we are considering in the problem studied in
this paper.

2.3 Problem statement

The PIDRP considered in this work consists of one production line that produces a set C of
items, a € C, required to meet the demand of a set P of final products, p € P. To assembly
one unit of product p it is necessary to produce 7,, units of item a. We assume that 7,, = 0
if ¢ ¢ F,, where F, C C represents the subset of items required for assembling product p.
Switching from item a to item b requires ¢, time units to prepare the line in order to avoid
contamination of items. The line capacity in time units is K;, t € T, and the time required
to produce one unit of item a is p,. Back-orders are not allowed, the unit inventory holding
cost of item a is h,, and the initial and minimum inventory of item a are denoted by I, and
I™inrespectively.

Let G = (N, A) define a complete directed graph, where N'={0,1,...,n+ 1} is the set
of nodes and A = {(i,7) : 4,5 € N,i # j} is the set of arcs. The depot is denoted by both
0 and n + 1 and C = N'\{0,n + 1} denotes the set of customers. The travel time (cost) for
going from node i to node j is denoted by 7;; (ci;), i,j € N. For each customer 4, i € C,
let d,; be the demand of product p at customer ¢ and [0, Sit] denote the time window of
customer ¢ in period t. These time windows represent the time intervals in which a delivery
is allowed. In furniture companies is common the time windows to be the regular business
hours, so 6; and d; represent the beginning and end of a customer regular working day.
When a vehicle arrives to the node before d;;, then it has to wait until d;; to start the service.
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Similarly, when a vehicle arrives after d;;, then it has to wait until 0;141 to start the service.
Each customer ¢ must be visited only once over the planning horizon (i.e., split deliveries
are not allowed) and before a preset deadline A;.

Deliveries are performed by a set V of heterogeneous vehicles. The capacity, in weight
units, of vehicle v € V is 0, and each unit of product p on board of vehicle v consumes ¢,
units of capacity. Each vehicle v can perform several routes r = 1,..., R over the planning
horizon, and each route must departure from node 0 and arrive to node n + 1. R denotes
an upper bound on the number of routes performed over the planning horizon (for example,
R = n). Before starting a new route, vehicles must be reloaded at the depot. We assume
that the loading time is proportional to the service time of the customers served by the
route, and so it is variable. The loading/unloading rate is denoted by A\. We do not impose
a limit in the length of the route, so that a route can depart from node 0 in period t € T
and return to node n + 1 at period ¢ € T : ¢ > t. It means that routes can extend over
several periods in the planning horizon.

Let My; and M;; denote two sufficiently large numbers, defined as:

MOJ:gO\TIJF)‘ZZ%dpMLTOJa jec.
ieC pEP
Mz‘j:AHr)\Z%dpﬂrm, i€C,je{C,n+1}.

peEP

The problem consists in determining how much to produce each item, the sequence in
which the items should be produced, how much to keep in stock each item, the vehicle routes
and the timing in which each customer should be served over a finite multi-period planning
horizon. The objective is to minimize the sum of setup, inventory and routing costs. Note
that we do not consider inventory holding costs at customers’ sites, since we do not assume
that the manufacturer manages the customers’ inventory.

This scenario is very common in the practice of small Brazilian manufacturers, which
usually have a single painting line and a small number of (different) vehicles to perform
deliveries.

3 Mathematical formulations

In this section we present two mathematical models to represent the main scenario studied in
this paper. These models, named LSMVRP-F1 and LSMVRP-F2, respectively, are different
from each other by the way in which routes are assigned to vehicles, and both of them use
a hybrid time framework.

The lot sizing and scheduling part uses a discrete time structure that divides the planning
horizon on one day periods. In each period we allow the production of several items. In order
to get a production sequence, we implement a polynomial sub-tours elimination constraints
proposed by Miller et al. (1960) and extensively used in the recent literature. The vehicle
routing part relies on a continuous time structure that allow us to determine the time in which
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each route starts and finishes, as well as the time in which customers are served. Then, the
lot-scheduling part and the vehicle routing part are coupled through the inventory balance
constraints, which take into account the production and delivery quantities of each item in
each period.

In general, model LSMVRP-F1 has more constraints and binary variables than model
LSMVRP-F2 and, consequently, solving it might be more difficult than solving LSMVRP-F2.
Moreover, model LSMVRP-F2 provides solutions with lower total cost and slightly better
lower bounds than those obtained by model LSMVRP-F1. More details on the performance
of the models will be given in Section 4.

Consider the following common variables for the two models:

Lot-Scheduling Variables

Zq : Production quantity of item a in period ¢;

I, : Inventory of item a at the end of period t;

Yar : Equal to 1 if the line is set up for item a at the beginning of period ¢, 0 otherwise;
Zat - Equal to 1 if there is a changeover from item a to item b in period ¢, 0 otherwise;

e - Auxiliary variable for sequencing item a in period ¢;

3.1 Lot-scheduling multi-vehicle routing problem (LSMVRP-F1)

In the first model the relationship between routes and vehicles is established using a single
set of binary variables, w;j,,. The routing variables used in the LSMVRP-F1 model are the
following;:

Routing Variables

wijvr © Equal to 1 if arc (4, j) is traveled by route r of vehicle v, 0 otherwise;

Qport + Quantity of product p shipped on route r of vehicle v in period ¢;

Oivrt - Equal to 1 if node i is visited by route r of vehicle v in period ¢, 0 otherwise;
Wivr - Starting time at which node i is serviced by route r of vehicle v;

The LSMVRP-F1 model is formulated as follows:
The objective function (1) minimizes the sequence-dependent setups, inventory and rout-

ing costs.
R n n+l
min E E hajat+ E E E CabZabt + E E Cij Wijvr- (]-)
acC teT acC beC teT veY r=1 =0 j=1

Inequalities (2) are the inventory balance constraints of items a in period ¢. Constraints
(3) ensure that the quantity of item a shipped in period ¢ (ie., > ., PO > pep NapQpurt)
is not greater than the inventory at the end of period ¢ — 1.

R
[atfl + Lot = Z Z Znaprvrt + [ata ac C7t S 7- (2>

veY r=1 peP
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R
Iatfl Z Z Z Z naprvrty a € C,t c T <3>

veVY r=1 peP

Constraints (4) impose a minimum inventory level at the end of each period and (5) represent
the production capacity constraints.

Iy >1I""  acCteT. (4)

Z Palat + Z Z SabRabt S Kh te T (5>

acC acC beC

Constraints (6) guarantee that there is production of item a in period ¢ only if the line is set
up for item a at the beginning of period ¢, or if there is a changeover from some item b to
item a in period t. Note that these constraints also give an upper bound on the production

quantity of item a in period t, M, = min (L%J » D ice 2 pep Naplpi |-

Tt < My (yat + Z Zbat), acC,teT. (6)

beC

b#a
Constraints (7) establish that the line is set up for exactly one item a at the beginning of
each period ¢, even if the period is idle (i.e., there is no production on it).

Su=1  teT. (7)

acC

Equalities (8) are flow constraints and establish that if the line is set up for item a at the
beginning of period ¢, then we have either a changeover from item a to some different item
b or the line is still set up for item a at the beginning of period ¢ + 1. Similarly, if there
is a changeover from some item b to item a in period ¢, then we have either a changeover
from item a to some different item b or the line setup is the same at the beginning of period
t+ 1. They relate the line initial setup variables, y,:, with changeover variables, z,, in each
period of the planning horizon.

Yat + Z Zbat = Ya,t4+1 + Z Zabts ac Cat cT. (8)
beC beC
b#a b#a

Constraints (9) determine a coherent production sequence in each period. For a fixed pe-
riod t, whenever a changeover from item b to item a takes place (2 = 1), the expression
IC| (1 — zpat) is equal to zero, and thus m, > my + 1 must hold, implying that item a is
produced after item b.

Watzﬂbt+1_|c|<]-_zbat)7 aGC,bEC,tET (9)

The depot is represented by nodes 0 and n + 1, so that a route starts leaving node 0 and
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finishes returning to node n + 1, as stated by constraints (10)—(11), respectively. We assume
that a route traveling directly from node 0 to node n + 1 is an empty route.

Z Wojur = 1, veV,r=1,...,R. (10)
je{Cn+1}
Z wi(n—f—l)vr:l; veV,r=1,...,R. (1]_)
i€{0,C}

Flow conservation of routing decisions is guaranteed by the set of constraints (12), while
constraints (13) establish that each customer must be visited exactly once over the planning
horizon (i.e., split deliveries are not allowed).

E Wijor = § Wjiprs ieCveV,r=1,...,R. (12)
je{Cn+1} je{0,C}
J#i Gi

YYD wywe=1, jeC (13)

ic{0,C} vev r=1

i#]
Constraints (14) ensure that the total number of non-empty routes does not exceed the
maximum allowed number, R.

S>3 wgpe <R, (14)

veY r=1 jEC_

The set of constraints (15) establish precedences between routes in order to reduce symmetry
on the solution space. These constraints indicate that route r 4+ 1 of vehicle v can be used
if route r of the same vehicle is used. Some routes may be empty, so these constraints force
those routes to be the last ones.

Zwi(nﬂ)w Z Zwow(r+1), v E V,’F = 1, ey R—1. (15)

ieC ieC

Constraints (16) set the quantity of product p shipped on route r in period ¢ (Qpyr¢) to zero
if route r does not start in period ¢ (@o,r+ = 0). Constraints (17) determine the quantity of
product p shipped on route r. Since any non-empty route must satisfy », .+ ¢oue = 1, and
taking into account constraints (16), it follows that just one variable Q)+ in the left-side
summation of (17) is positive.

0,
Qport gminﬂﬂ ,de}gbom, peEPveV,r=1,....RteT. (16)
p

ieC

Zvart:dei< Z wijw), pGP,’UEV,T:L...,R. (17)

teT ieC je{Cn+1}
J#i
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Constraints (18) guarantee that vehicle v on route r must visit customer 7 in just one period
t only if customer i belongs to route r of vehicle v, while constraints (19)—(20) ensure that
each non-empty route starts and finishes in just one period (not necessarily the same),
respectively. Note that wog,11),» = 1 implies that route r of vehicle v was not used, so
Govrt = Pny1yore = 0 for all t € T.

Z(Z)ivrt = Z wij’U?"7 i 6571) S V,TI 17---7R' (18>
teT je{Cn+1}
JFi
Z¢0vrt =1 — Wo(n+1)vrs v e erz 17"'aR' (19>
teT
Z ¢0vrt = Z ¢(n+1)m‘t7 v e V? r= 17 B R. (20)
teT teT

Inequalities (21) model time windows. If node 7 is not visited by route r of vehicle v (i.e.,
ZteT Givrt = 0), then g, = 0. Conversely, if node i is visited by route r of vehicle v, then
Givye = 1 for some t € T and the time window is 6 < fior < Oit.

Z 0it Pivrt < Hivr < Zgit(bivrta ieN,veV,r=1,...,R. (21)

teT teT

Constraints (22)-(23) impose lower bounds on the time at which node j is serviced by route
r of vehicle v. Let j be the first customer on route r of vehicle v, then (22) establishes that
the time when customer j starts being served is at least the start time of the route plus the
loading time plus the travel time between the depot and the customer location. Similarly,
for the remaining nodes, 5 € {C,n + 1}, (23) ensures that the time when the route starts
serving customer j’ is at least the time when the previous customer i is served plus the
service time at ¢ plus the travel time between ¢ and j'.

Hjor EMOUT+)‘<Z@pZQPUTt) +TOj_Mj(1_w0jm“)7 jEC_,U EV,T: 17"-7R'

peP teT
(22)
i€eC,je{C,n+1}
'Ur> T A dz z_Mz]-_ jur )y ’ ’ .’ .
Hier = Hivr + <Z¢pp>+7—j ( w]) veV,r=1,...,R:i#j.
peEP
(23)

Constraints (24) guarantee that each customer i is visited before its deadline. Constraints
(25) states that route r 4+ 1 of vehicle v can start only after vehicle v finishes the previous
route, r. Notice that these constraints are active only if route r+ 1 of vehicle v is non-empty.

[T AY Z Wijvr, ieCveV,r=1,...,R. (24)

je{Cmn+1}
J#i
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Hov(r+1) = H(nt1)yvr — 5(n+1)|T| 1 - Z Wojv(r+1) | > r=1,...,R—1LveV. (25)
jec

Constraints (26) avoid that the vehicle capacity is exceeded.

Z‘Pp (Zvart) Sev, veV,r=1,....R. (26)

pEP teT

Finally, the variables domain is given by (27)—(32).

Tat, Lat, Tar > 0, acC,teT.
ivr = 0, ieN,veV,r=1,....R.
Qport > 0, pePveVr=1,...,RteT.
Yar, 2ot € {0,1},  a€CbelC,teT.
Givrt € {0,1}, ieNveV,r=1... RteT.
wijr €{0,1},  4,jeEN,veV,r=1,...,R.

3.2 Lot-scheduling multi-vehicle routing problem (LSMVRP-F2)

In the second model, LSMVRP-F2, we separate routing and vehicle allocation decisions in
order to reduce the number of binary variables of the problem. Consider the following sets
of routing variables for this model:

Routing Variables

w;;r + Equal to 1 if arc (i, j) is traveled by route r, 0 otherwise;

o - Equal to 1 if route r is performed by vehicle v, 0 otherwise;

Qprt + Quantity of product p shipped on route r in period ¢;

oire - Equal to 1 if node i is visited by route r in period ¢, 0 otherwise;

Wi - Starting time at which node ¢ is serviced by route r;

The objective function (33) minimizes the production setups, inventory and routing costs.

R n n+l
min Z Z haIat + Z Z Z CabZabt + Z Z Z CijWijr- (33>
acC teT acC beC teT r=1 =0 j=1

Constraints (2)—(9) related to lot-sizing and scheduling decisions are the same as the ones
in the LSMVRP-F1 model, except for constraints (2) and (3), which are rewritten using the
new variables @, as (34) and (35), respectively.

R
]at—l + Ty = Z Z naprrt + Iat7 ac Cat eT. (34>

r=1 peP
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R
Iatfl Z Z Zﬁaprm ac C,t € T (35>

r=1 peP

In the vehicle routing part, we need to drop the vehicle index from all variables and con-
straints. Besides that, consider the following changes:

Constraints (16) are replaced by constraints (36). Notice that it was necessary to change
the upper bound on the right hand side of (36) since we have no information about the
vehicle that will perform route r.

0
Qprt < min { \‘maxvev 'UJ szpi} (b()?“ta pe 7),7" = 17 R R7t € T (36>

¥r ieC

Similarly, constraints (25) are replaced by constraints (37), which ensure that route s starts
after route r finishes, r < s, if both of them are performed by the same vehicle v.

Hos = H(nt1)r — O(n+1)[T]| (2 — Oy — asv), veV,r,s=1,....,.R:r <s. (37)

The vehicle capacity constraints (26) must be replaced by the inequalities (38).
Z% (Z Qprt) < Zevam, r=1,...,R. (38)
peEP teT veY

The new set of constraints (39) it necessary to ensure that each non-empty route is performed
by only one vehicle.

> aw=> ¢ou, r=1... R (39)

Finally, the domain of «,., is given by (40).
aq € {0,1}, r=1,...,RveV. (40)

Therefore, model LSMVRP-F2 reads as follows: minimize (33), subject to (34)—(35), (4)-
(9), (36)—(40), and all the following constraints accordingly modified by dropping the vehicle
index v: (10)—(13), (15), (17)—(24), (27)—(32).

4 Computational Experiments

In this section, we first present the computational results of the proposed models LSMVRP-
F1 and LSMVRP-F2 on a set of randomly generated instances described in Section 4.1. All
models were coded in C++ language using Concert Technology and solved on a workstation
with an Intel Xeon 3.07 GHz processor and 96 GB of RAM using the default setting of
CPLEX 12.6.1. A computational time limit of three hours was arbitrarily set for each
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Tab. 3: Parameters used to generate random instances.

Demand of product p at customer i d,; € U[10,100]

Units of item a per unit of product p Nap € U[0, 5]

Width (W,) and length (L,) of item a W, L, € U[5,10]

Coordinates of node i (X;,Y;) € [0,500]

Initial (Minimum) stock of item ¢ Ig=1IM" =0

Unit processing time of item a Pa=1

Unit weight of product p op=1

Production capacity in period t K, = F:aec pa(zﬁ%ﬂ%w dpinap)

Setup time between items a and b sap € U[6,10] if a # b, 0 otherwise
Travel time from nodes 4 to node j Tij = | 2 <\/(XZ — X, + (Y, - Y,)z)l
Capacity of vehicle v 0, = |U[0.25,0.50] - >_ cp > icnr dpi - <pp—‘
Time window of node i € {0,C} in period ¢ [0it, 0i¢] = [480 + 1440 (¢t — 1), 1080 + 1440 (¢ — 1)]
Time window of node n + 1 in period ¢ [Stnt1)ts Onr1ye] = [1440 (¢ — 1), 1440¢]
Loading and unloading rates A=1/50

Due date of customer i € C A = 0y

Maximum number of routes over the planning horizon R =n

Unit inventory holding cost of item a he =0.001-W, - L,

Setup cost of a changeover from item a to item b Cab = 25 - Sgp

Travel cost from node i to node j Cij = [\/(XL — X))+ (Y - 3/;)2—‘

instance. This limit seems to be acceptable for supporting decisions in practical settings of
small furniture companies.

4.1 Instances Generation

We generated a set of random instances based on information provided by a Brazilian furni-
ture company. We notice that the size of the instances is considered realistic in the context
of small furniture companies, which produce a few final products to meet the demand of a
set of customers over a short planning horizon (usually a week or a bit longer).

We follow a similar approach to the ones proposed by Gramani et al. (2009), for a
cutting stock problem in furniture companies, and Armentano et al. (2011), for a multi-
product PIDRP. The number of final products (|P]), items (|C|), customers (n) and vehicles
(|V]) are {3,5}, {3,5}, {10,15,20,30,40,50} and {2,3}, respectively. The planning horizon is
fixed to 8 periods for all the instances. We generate five instances for each combination of
final products, items, customers and vehicles, resulting in a total of 240 instances. Table 3
presents how the remaining parameters were generated.

Observe that we defined the width and length for each item a in order to estimate
inventory holding costs as a function of the size of the items. It means that the larger a given
item is, the more expensive is to hold it in stock. The capacity usage for each time period is
defined to be around 60%, following the work of Amorim et al. (2013). For the time windows
generation, we used the common practice in the Brazilian furniture industry: customers may
be visited at any time within regular business hours, vehicles should also leave the depot
within regular working hours, but they may return at any time. Furthermore, since we
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considered a relatively short planning horizon (8 days), we supposed that the customers’ due
dates match the end of the last time windows. The loading/unloading rates were estimated
as 1/50, which means that fifty kilograms are loaded /unloaded per minute. Finally, we set
the upper bound on the number of routes as the number of customer on the problem.

4.2 Computational results of models LSMVRP-F1 and LSMVRP-F2

Tables 4-6 show the results for models LSMVRP-F1 and LSMVRP-F2 for instances with
up to n = 20 customers. For n > 30, the models are not able to return feasible solutions
within the preset computational time limit of 3 hours. Columns labeled n, |P|, |C|, |T| and
|V| show information related to the size of the instances, namely, number of customers, final
products, items, periods and vehicles, respectively. Then, for each formulation we report
the value of the linear relaxation at the root node (‘Root’), the cost of the best feasible
solution found by CPLEX (‘Total Cost’), the optimility gap (‘Gap(%)’), the computing time
in seconds (‘CPU(s)’) and the number of nodes explored in the branch-and-bound tree.

In general, proving optimality is difficult with either of the two formulations, but better
solutions are more likely to be found with model LSMVRP-F2, which also provides slightly
better lower bounds. Both models are capable of finding feasible solutions for instances of
moderate size, with model LSMVRP-F2 providing feasible solutions for most of the instances
with n < 20 customers, and model LSMVRP-F1 limited to solve instances with up ton = 15
customers. In general, model LSMVRP-F1 has more constraints and binary variables than
model LSMVRP-F2 and, consequently, solving LSMVRP-F1 might be more difficult than
solving LSMVRP-F2. Indeed, the lower number of explored nodes in the branch-and-bound
tree of model LSMVRP-F1, in comparison with model LSMVRP-F2, highlights the difficulty
of solving this model.

For instances with n = 10 customers, model LSMVRP-F2 found a better solution than
model LSMVRP-F1 in 28 out of 40 instances, model LSMVRP-F1 provided a better solution
for other 11 instances, while for the remaining one both models found the same solution.
We also note that over the 11 instances whereby model LSMVRP-F1 provided a better
solution, in only one (32th instance) it achieved a lower optimality gap. This is in line with
our claim that lower bounds from model LSMVRP-F2 are slightly better than those from
model LSMVRP-F1. However, computational results suggest that lower bounds from model
LSMVRP-F2 are also weak and, therefore, CPLEX struggled to prove optimality of some
instances. To show that, we solved again all the instances using model LSMVRP-F2 and
setting a much longer CPU time limit of one day per instance. Results showed that CPLEX
only proved optimality of one instance more (6th instance) in comparison with the results of
Table 4. Figure 2 shows the behavior of the lower and upper bounds for this instance. The
optimal solution was found in less than one hour of CPU time, but CPLEX took more than
10 hours to prove its optimality.

For instances with n = 15, model LSMVRP-F1 found feasible solutions for 24 out 40
instances and, from those, only in four instances it provided a better solution than model
LSMVRP-F2. The average optimality gap was 46.75%, which shows that CPLEX was far
from proving any optimal solution after three hours of CPU time. On the other hand, model
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Fig. 2. Comparison of lower bound and upper bound for the 6th instance.

LSMVRP-F2 found feasible solutions for 37 out 40 instances, providing a better solution
than model LSMVRP-F1 in 33 cases. Similarly to LSMVRP-F1, model LSMVRP-F2 could
not prove the optimality of any instance, reporting large optimality gap’s for most of them
(36.22% on average).

Solving instances with more than fifteen customers appears to be very difficult, especially
for model LSMVRP-F1. Table 6 shows that for instances with n = 20 customers, model
LSMVRP-F1 just found feasible solution for three instances and model LSMVRP-F2 only
solved 21 out of 40 instances. The small number of explored nodes for both formulations
suggest that solving the linear relaxation of models LSMVRP-F1 and LSMVRP-F2 becomes
hard when the size of the problem increase and, therefore, CPLEX is not able to explore so
many nodes in the branch-and-bound tree.

4.3 Benefits of integrating production and distribution decisions

In order to show the benefits of integrating production and distribution decisions, we compare
the results of model LSMVRP-F2 with those obtained by a sequential approach based on
the common practice of furniture companies. The routing decisions (routes and timing) are
made first with the objective of minimizing only the routing costs. Then, the amount of final
products carried in each route is used by the production planner to calculate the demand of
each item in each period. Those demands are then used as input to determine a production
plan which minimizes the setups and inventory holding costs over the planning horizon.



4 Computational Experiments 22

Notice that this approach corresponds to solve first a multi-trip vehicle routing problem
with time windows (MTVRPTW) in order to obtain the routes schedules, and then to solve a
multi-item lot-sizing and scheduling problem (LSSP) to determine lot-sizes, setup operations
and inventory levels. Therefore, solving the problem with this two-step procedure may still
be difficult and time-consuming. In fact, our preliminary test showed that solve to optimality
instances with n > 15 customers using this approach is time-consuming, since finding the
optimal solution of the MTVRPTW is very hard.

To overcome this issue, we only solve to optimality instances with n = 10 customers. This
allows a fair comparison between the optimal solution found by the sequential procedure and
the best feasible solution found by the model LSMVRP-F2. It is worth mentioning that by
‘optimal’ solution of the sequential procedure, we mean the solution found when both the
MTVRPTW and LSSP are solved optimally.

Table 7 compares the total cost and CPU time of the integrated model LSMVRP-F2 and
the sequential strategy described above. All the columns are self-explanatory, except for col-
umn ‘Reduction(%)’, which shows the cost reduction, in percentage, that model LSMVRP-F2
achieved in comparison with the sequential procedure. In general, solving model LSMVRP-
F2 requires more effort than the sequential procedure, at least for those instances, but it also
provides lower cost solutions for most of the instances (5.80% on average). Only in four cases
(those with a negative Reduction(%)) the sequential procedure found better solutions than
those reported by CPLEX after three hours of computing time. However, according to Table
4, the optimality gap for those instances is still large and so CPLEX might still find better
feasible solutions by solving model LSMVRP-F2. In any case, these results strongly suggest
that integrating production and distribution decisions may lead to significant savings in the
system.

Figures 3-4 show how by integrating decisions CPLEX is able to find a better solutions
than the sequential procedure for two different instances (4th and 35th, respectively). In
both cases, considering production and distribution decisions simultaneously allow us to
reduce the production costs (i.e., inventory plus setup costs) without increasing the routing
costs. The sequential procedure fails to achieve those solutions as it is myopic: it does not
consider the impact that routing decisions may have on the production side. The integrated
model, however, is able to achieve a better trade-off between the different components of the
total cost, since it has a holistic view of the problem.

4.4 Results on real-based instances

In this section we solve a small set of instances generated using real data provided by
a small Brazilian furniture company. The data included information such as processing
times, painting line capacity, initial inventory levels, product structure, customers’ demand,
customers’ location, vehicle capacities, etc. All instances have the same size and each one
corresponds to a problem with n = 12 customers, |P| = 5 final products, |C| = 6 items or
sub-assemblies, |V| = 2 vehicles and a planning horizon of |7| = 8 days. We note that these
instances are considered realistic in the context of a small company, which usually produce
a few final products to meet the demand of a small group of customers in a short planning
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Tab. 7: Economic benefits of integrating production and distribution decisions.
Sequential Approach Integrated Approach
Instance n |P| |C] |T] |V| Total Cost CPU(s) Total Cost  CPU(s) Reduction(%)

1 10 3 3 8 2 4,171.88 307.59 4,045.03  10,800.00 3.04
2 10 3 3 8 2 3,963.09 69.04 3,873.99  10,800.00 2.25
3 10 3 3 8 2 3,537.38 404.08 3,573.19  10,800.00 —1.01
4 10 3 3 8 2 3,819.34 28.42 3,803.46  10,507.70 0.42
D 10 3 3 8 2 3,888.43 285.46 3,797.04  10,800.00 2.35
6 10 3 3 8 3 4,232.14 21.08 4,074.22  10,800.00 3.73
7 10 3 3 8 3 3,965.76 163.59 3,817.56  10,800.00 3.7
8 10 3 3 8 3 4,939.41 142.45 4,668.97  10,800.00 5.48
9 10 3 3 8 3 3,952.91 212.87 3,786.86  10,800.00 4.20
10 10 3 3 8 3 4,441.59 151.67 4,237.05  10,800.00 4.61
11 10 3 5 8 2 9,220.70 57.45 5,250.37  10,800.00 —0.57
12 10 3 5 8 2 7,359.16 238.96 6,988.09  10,800.00 5.04
13 10 3 5 8 2 6,968.84 182.10 6,695.40  10,800.00 3.92
14 10 3 ) 8 2 5,781.36 131.74 6,105.33  10,800.00 —5.60
15 10 3 5 8 2 4,260.97 39.89 4,251.06  10,800.00 0.23
16 10 3 5 8 3 7,267.31 520.15 6,744.75  10,800.00 7.19
17 10 3 5 8 3 5,386.77 70.65 5,214.48  10,800.00 3.20
18 10 3 5 8 3 5,629.61 123.54 5,465.00  10,800.00 2.92
19 10 3 5 8 3 7,724.88 46.86 7,493.86  10,800.00 2.99
20 10 3 5 8 3 5,725.96 150.83 5,261.29  10,800.00 8.12
21 10 5 3 8 2 5,793.68 246.07 5,425.21  10,800.00 6.36
22 10 5 3 8 2 4,343.06 147.08 3,972.29  10,800.00 8.54
23 10 5 3 8 2 4,608.93 68.08 4,414.16  10,800.00 4.23
24 10 5 3 8 2 5,139.10 293.95 4,919.61  10,800.00 4.27
25 10 5 3 8 2 4,106.02 134.02 4,064.24  10,800.00 1.02
26 10 5 3 8 3 4,976.28 37.97 4,696.54  10,800.00 5.62
27 10 5 3 8 3 4,469.94 927.21 4,333.78  10,800.00 3.05
28 10 5 3 8 3 6,794.30 444.74 5,641.26  10,800.00 16.97
29 10 5 3 8 3 4,810.93 49.62 4,514.89  10,800.00 6.15
30 10 5 3 8 3 5,683.28 308.62 4,872.25  10,800.00 14.27
31 10 5 b) 8 2 8,128.01 165.82 7,090.63  10,800.00 12.76
32 10 5 ) 8 2 7,483.61  3,079.27 7,669.47  10,800.00 —2.48
33 10 5 ) 8 2 9,602.79 479.81 7,919.50  10,800.00 17.53
34 10 5 5 8 2 7,232.59 90.34 6,058.22  10,800.00 16.24
35 10 5 5 8 2 9,043.95 161.78 7,447.01  10,800.00 17.66
36 10 5 5 8 3 8,043.94 333.46 7,256.83  10,800.00 9.79
37 10 5 b) 8 3 7,677.66 145.37 7,252.94  10,800.00 5.53
38 10 5 ) 8 3 8,072.74 58.59 7,148.21  10,800.00 11.45
39 10 5 ) 8 3 5,861.19 343.00 5,738.86  10,800.00 2.09
40 10 5 5 8 3 7,730.39 77.61 6,091.28  10,800.00 14.74
Mean 9,796.00 273.52 0,404.35  10,792.69 5.80
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Tab. 8: Computational results on a set of real-based instances.

Sequential Approach Integrated Approach Variation(%)
Instance Total Cost Inv.+Setup Routing CPU(s) Total Cost Inv.+Setup Routing CPU(s) Inv.+Setup Routing Total Cost
1 5,208.95 460.15 4,748.80 927.30  5,173.30 424.50 4,748.80  10,800.00 —7.75 0.00 —0.68
2 4,604.23 431.23 4,173.00 638.27  4,545.51 372.51 4,173.00 10,800.00 —13.62 0.00 —1.28
3 5,153.49 466.69 4,686.80 706.03  5,061.53 374.73 4,686.80 10,800.00 —19.71 0.00 —1.78
4 5,000.78 478.38 4,522.40 3,483.98  4,993.12 414.72 4,578.40 10,800.00 —13.31 1.24 —0.15
5 4,824.04 434.04 4,390.00 1,503.84  4,793.35 372.65 4,420.70  10,800.00 —14.15 0.70 —0.64
6 4,287.24 414.44 3,872.80 79.07  4,204.33 303.93 3,900.40 10,800.00 —26.66 0.71 —1.93
7 4,765.56 389.76 4,375.80 381.72  4,721.27 345.47 4,375.80  10,800.00 —11.36 0.00 —0.93
8 4,786.59 427.89 4,358.70 435.64  4,733.80 375.10 4,358.70  10,800.00 —12.34 0.00 —1.10
9 4,940.46 376.26 4,564.20 986.42  4,934.66 370.46 4,564.20  10,800.00 —1.54 0.00 —0.12
10 3,988.61 344.41 3,644.20 839.92  3,962.21 318.01 3,644.20  10,800.00 —7.66 0.00 —0.66
Mean 4,756.00 422.33 4,333.67  998.22  4,712.31 367.21 4,345.10 10,800.00  —12.81 0.27 —0.93
horizon.

We solved all the instances with both the integrated model LSMVRP-F2 and the se-
quential procedure described in Section 4.3. Table 8 presents cost details of the solutions
provided by the aforementioned approaches.

In general, the integrated model provides better solutions than the sequential approach,
although in no case it could prove their optimality after three hours of computing time.
Similarly to the results of Section 4.3, the integrated model achieved a better compromise
between all the costs involved on the problem. Indeed, it reduced the production costs (i.e.,
inventory plus setup cost) by 12.81%, on average, with a small increase in the routing costs
(0.27%, on average). The overall cost reduction is 0.93%, on average.

The reason behind such a small cost reduction is that, for this set of real-based instances,
the routing costs represent about 92% of the total cost and, therefore, substantial reductions
in the inventory and setup costs have a negligible impact on the total cost. This is also
the reason why the sequential procedure succeeds to find high quality solutions for these
instances (it first minimizes routing costs and then the inventory and setup costs). We
believe that greater reductions in the overall cost may be achieved in scenarios where both,
production and routing costs, have more or less the same order of magnitude.

4.5 Alternative scenario: homogeneous fleet

We also considered an alternative scenario in which the fleet is composed by homogeneous
vehicles. Our goal is to evaluate how the use of a homogeneous fleet would impact the total
cost, in comparison with the original situation where the vehicles have different capacities.
For our experiments, we only consider random instances 4 and 6, for which the optimal
solutions are known. In order to account for a homogeneous fleet, for each instance we
simply set the vehicles capacity as 0 = > _,0,/|V|. In this way, the overall capacity
remains the same as in the original instances. To solve the instances, we run CPLEX during
a maximum CPU time of one day. Table 9 compares the results of solving instances 4 and
6 with both homogeneous and heterogeneous fleet.

Although neither instance 4 nor 6 were solved optimally after one day of computing
time, the lower bounds provided by CPLEX allow us to draw some conclusions. In both
cases, the value of the lower bound is higher than the corresponding optimal solution when
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Tab. 9: Comparison of results for instances 4 and 6 considering heterogeneous and homoge-
neous fleet, respectively.

Instance 4 Instance 6

Heterogeneous Homogeneous Heterogeneous Homogeneous
Total Cost 3,803.46 4,017.60 4,074.22 4,335.14
Inv. Cost 1,279.46 1,271.60 1,269.22 1,273.14
Setup Cost 525.00 525.00 725.00 725.00
Routing Cost 1,999.00 2,221.00 2,080.00 2,337.00
LB 3,803.46 3,912.09 4,074.22 4,076.32
Gap(%) 0.00 2.63 0.00 5.97
CPU(s) 10,507.70 86,400.00 36,744.30 86,400.00

a heterogeneous fleet is considered. It means that, for these two instances, the optimal
solution with homogeneous fleet will be more expensive than the optimal solution we found
with heterogeneous fleet. Indeed, taking as a reference the current lower and upper bounds
provided by CPLEX, we estimate that using a homogeneous fleet will increase the total cost
between 2.86%-5.63% and 0.05%-6.40% for instances 4 and 6, respectively.

We also note that the main impact on the total cost comes from the increase on the
routing cost, which is 11.70%, on average, for the two instances. These results suggest that,
although the overall vehicle capacity remains the same, changing to a homogeneous fleet of
vehicles may lead to considerable increments on the routing cost and, in consequence, on the
overall cost of the system for these problem instances. Further experimentation is required
to validated these conclusions, though.

5 Concluding remarks and research directions

We proposed and analyzed two mixed integer models, LSMVRP-F1 and LSMVRP-F2, for
a PIDRP considering real features from the furniture industry. The models properly rep-
resent the scenario considered and can support the planning of production and distribution
activities in small furniture companies. Extensive computational experimentation on a set of
random and realistic instances showed that LSMVRP-F2 performs better, as it can usually
provide better solutions. Moreover, it can solve instances with up to twenty customers and
five products, whose size is considered realistic for small companies.

Our computational results also pointed out that integrating production and distribution
decisions can lead to significant savings in the system, when compared with a sequential
procedure that mimics the common practice in the industry. The extent of the savings,
however, depends on the relative weight of each component of the total cost. Exploratory
experiments considering two instances with homogeneous fleet suggested that the value of
the total cost of the optimal solution can be negatively affected by considerable increments
on the routing costs. However, a more thorough experimentation is required in order to draw
more solid conclusions on this subject.
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As a research direction, it is important to develop specific procedures to solve the problem
on hands. Given its complexity, an interesting perspective is to develop solution strategies
that combine mathematical programming techniques and heuristic approaches in order to
achieve a good trade-off between solution quality and computational time. These kind of
strategies, whereby mathematical models are used in a heuristic fashion, may allow us to
solve larger problem instances, which are currently beyond the capabilities of state-of-the-art
commercial solvers.
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