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Abstract

In this work, we give a tight estimate of the rate of convergence for the Halpern-Iteration
for approximating a fixed point of a nonexpansive mapping in a Hilbert space. Specifically,
using semidefinite programming and duality we prove that the norm of the residuals is upper
bounded by the distance of the initial iterate to the closest fixed point divided by the number
of iterations plus one.

Key words: Halpern-Iteration, fixed point methods, first order methods, semidefinite pro-
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1 Introduction

Let H be a Hilbert space equipped with a symmetric inner product (.,.) : H x H — R. Let
T : H — H be a nonexpansive mapping and consider for fixed x¢g € H the Halpern-Iteration
(named after Benjamin Halpern, who introduced it in [3])

Tyt := MeZo + (1 — Ap)T () (1)

with A\g := k—_lﬂ for approximating a fixed point of 7. Let ||z|| :=+/(x, z) denote the induced
norm and Fiz(T) := {z € H : v = T(x)} the set of fixed points of T It is well known
that, if the set Fiz(T) is nonempty, then the sequence {z}ren, will converge to x,. €
Fiz(T) minimizing the distance to zo; see [9] Theorem 2, and [I0] for generalizations of
this remarkable property. As a consequence the norm of the residuals z; — T'(xy) tends to
zero, ie. limg_ o ||z — T(xg)|| = 0. Our goal here is to quantify their rate of convergence.
A first result of this type was generated via proof mining in [4] in normed spaces. Here,
we improve the result for the setting of Hilbert spaces. Our proof technique is not based
on proof mining, but on semidefinite programming, and is strongly motivated by the recent
work of Taylor et al.[8] on worst case performance of first order minimization methods. Our
methodology and focus here are, however, slightly different. We present two new proofs
below. The first one is short and uses a parameter choice derived from [§]. The second proof



based on semidefinite programming is self-contained and adapts the framework of [8] to fixed
point problems. The second approach can also be applied to other choices of parameters g
and to other fixed point methods, for example the Krasnoselski-Mann (KM) iteration, which
has recently gained new attention due to [I]. The rates for the KM iteration are however in
general not obvious.

2 Main Result

Theorem 2.1. Let g € H be arbitrary but fixed. If T has fixed points, i.e. Fiz(T) # 0,
then the iterates defined in (1) satisfy

[0 — 2]

1
3 llze — Tzl < ]

Vk € Ny Vz, € Fix(T) (2)

Remark 2.1. A generalization of the Halpern iteration, the sequential averaging method
(SAM), was analyzed in the recent paper [7], where for the first time a rate of convergence
of order O(1/(k + 1)) could be established for SAM. The rate of convergence in is even
slightly faster than the one established for the more general framework in [7] (by a factor of
4). More importantly, however, as shown by Example below, the estimate is actually
tight, in the sense that for every k& € Ny there exists a Hilbert space H and a non-expansive
operator 1" with some fixed point x, such that the inequality is not strict.

Estimate refers to the popular step length A\g := 1/(k + 2). The restriction to this
choice is motivated by problem below in the proof based on semidefinite programming;
in numerical tests for small for dimensions k these coefficients provided a better worst-case
complexity than any other choice of coefficients.

Next, an elementary direct proof of Theorem is given.
Direct proof based on a weighted sum:
The iteration (1)) with A\ = 1/(k + 2) implies for 1 < j < k:

1 ] j+1 1
Tj = 77%0 + jJ?T(xj_l) or T(xj_l) =T — j%o0- (3)
By nonexpansiveness the following inequalities hold:

| T (1) — 24||® < lzg — 24||*  for x4 € Fia(T) (4)

and
IT(25) = T(xj-1)|1? < llaj — -1 ]|? for j=1,... k. (5)

Below we reformulate the following weighted sum of :
0> 355G+ 1) (IT(x5) = T(@j-)|* = |z — 25-1]]?) - (6)
Using the second relation in the first terms in the summation @ are
3G+ DIT(25) = T
= 3G+ Dl = Tlay) + S — o)

= GG+ Dl — T(@)|? + 20 + 1w — T(x), 75 — wo) + 5= |lj — wol|?, (7)



and using the first relation in it follows for the second terms in @

—5(G + Dllzj — aj-1)?
—j(G + Dl (wo — T(zj-1)) + Twj—1) — j-1?

= —sqlleo = T(aj-0)lI* = 2o — T(xj-1), T(xj-1) — 2j-1)
—JjG+ DT (xj-1) — xj_1H2. (8)

Observe (using again the second relation in (3])) that the first term in (8))

. — - -
= srllzo = T(2;-)|? = — 5 15 20 — 5 a1? = =55 wo — a5 9)

cancels the third term in . Summing up the second terms in for j =1,...,k we shift
the summation index,

e
—

k
= 2j(wo = T(wj—1), T(wj-1) — wj1) = Y 2(j + D{aj = T(x;),x0 — T(xy)),
j=1

<.
Il
]

so that summing up the second terms in @ and in for j =1,...,k results in

k—1
Q(k + 1)<37k - T(l‘k), Tk — l‘()> +2 Z(] + 1)<£Uj - T(l‘j), T4 — T(xj)> + 2”$0 - T(l‘o)”Z. (10)
j=1

Shifting again the index in the summation of the third terms in

k k—1
= G+ Dz = T )P ==Y G+ DG + 2l — T()|?
j=1 Jj=0

and summing up the first terms in (7)) and the third terms in for j =1,...,k gives

k—1
k(k+ Dl = T@@)|® =2 (G + Dllay — T(a)|* = 2]lzo — T(wo)[|? (11)
j=1

where the sum in the middle cancels the sum in the middle of and the terms 2||zo — T'(0)]|?
cancel as well. The only remaining terms are the first terms in and .

Thus, inserting @, , and in @ leads to
0> k(k+1)||lzp — T(xp)||* + 2(k + 1) {xp — T(zk), 25 — 20). (12)
Applying the Cauchy-Schwarz inequality to the second term in leads to
1 1
§H$k = T(zp)| < EH»’% — x|

which may be interesting in its own right. To prove the theorem, is divided by k£ + 1
and then is added:

0 > kllay — T(xp)l® + 2z — Tlxn), xp — zo) + |T(21) — z:|)* — [ — 4 ?
= Elzp — T(@p)l? — 25 llwo — 2 + PZ1llwo — 2 — B (2 — T(a)) |2 (13)



To see the last equation, the last two terms in can be combined, and then a straightfor-
ward but tedious multiplication of the terms a := z — T'(xg), b 1=z — z9, ¢ := T (k) — T4,
a—+c=2xp— x, and a + ¢ — b = xy — x4 reveals the identity.

Omitting the last term in one obtains

2
ok = T@I? < () lleo — @l

which proves the theorem when taking square roots on both sides. O
The above proof is somewhat unintuitive as the choice of the weights with which the
inequalities and are added in @ and is far from obvious. In fact we owe the
suggestion of these weights to an extremely helpful anonymous referee, who extracted it
from a more complex construction in [8] which was also the basis for the initial proof of
this paper based on semidefinite programming. We state this proof next since it offers a
generalizable approach for analyzing fixed point iterations; it can be modified to the KM
iteration, for example in the recent thesis [5] — though this modification is quite technical.
The proof based on semidefinite programming also led to Example [3.1] below showing that
the rate of convergence is tight.
Proof based on semidefinite programming: Let z, € Fiz(T). The Halpern-Iteration
was stated in the form to comply with existing literature. For our proof however, it is
more convenient to consider the shifted sequence Z1 := x¢ and 7 := xp_; Vk € Ny :=
{1,2,3,...} and to show a shifted statement

21 — 2]

5 1Zk — T(Z)| < Vk € N (14)

Let us define g(z) := 1(x — T(z)). It is well known that g is firmly nonexpansive. For sake

of completeness the argument is repeated here:

lg(z) — g(m)|I* — ( (z) — g(y),z —y)

)
—|lg(x) — g(y) — " = Lo -yl
—1||T(2) - <y>u —sz—yH <0Va,ye H.

Nonexpansiveness and the Cauchy—Schwarz inequality also imply ||g(x) — g(y)|| < |l — ¥l
Vz,y € H. For k =1 the statement (14]) follows immediately since g(z.) = 0 and therefore

3l = T(@)l = llg@)ll = llg(@) - <f*>u < gl
For fixed k > 2 we first consider the differences z; — z; for j € {2,..,k}

Tj—T1=xj—1 —T1
= )\j_g.%'o + (1 — )\j_Q)T<$j_2) — T

= jz0+ (1= DT (xj-2) — &1

=G - Do+ (1 - 5)T(x-1)

= (5 - D1+ (1= (@1 — 29(z-1))
=(1- %)(jjfl — 1) —2(1 - *) (Zj-1)
= 5z — 1) — 2509(351)



which inductively leads to
j—1
Tj— 1= —2 Z %g(i‘l).
=1

Let us shorten the notation slightly and define g; := ¢(Z;), R := ||Z1 — z«|| > 0, the vector
b= ({(gi,T1 — 7)), the matrices A := ((gi,gﬁ)ﬁj:l and

1 1 1

0o 5o

00 % z
Li=-2]|: 1 g [ erE

000 0 %2

000 0 O

Let b7 denote the transpose of b. Note that

(‘}22 (i) e R+ X (k+1)

is a Gramian matrix formed from Z; — x4, 91,..,9x € H and is therefore symmetric and
positive semidefinite. We proceed by expressing the inequalities from firm nonexpansiveness
in terms of the Gram-Matrix. Since L often is of much lower dimension than H, this is
sometimes referred to as 'Kernel-Trick’. Keeping in mind that we can rewrite the differences
Tj— 11 = —2 Z{:—ll %gl for j € {1,..,k}, we arrive at
AL = ({gi, 75 — jl>)i‘€,j:1'
Let e € R* denote the vector of all ones. Then
; T = = A\k
diag(AL)e’ — AL = ({(gi, T; — $j>)i7j:1,
where diag(.) denotes the diagonal of its matrix argument, holds true. Hence

diag(AL)e" + e diag(AL)" — AL — L™ A = ((g; — g, % — T;))§

and
be" + AL = ((g;, 7, — $*>>§,j:17
diag(A)eT +e diag(A)T —2A4 = (||lg; — ngz)f’j:l.

The firm nonexpansiveness inequalities ||g; — ng2 < (gi — gj,%; — ;) are equivalent to the
component-wise inequality

diag(A)eT + e diag(A)T — 2A < diag(AL)e” + e diag(AL)T — AL — LTA.  (15)

Note that only ]“27_]“ of these componentwise inequalities are non redundant. From
gx := g(x,) = 0 we obtain another k inequalities, i.e. ||g;]|* < (gi, T; — 2, which translate
to

diag(A) < b+ diag(AL). (16)



Defining U := I — L , relations and can be shortened slightly to
diag(AU)eT + e diag(AU)T < AU +UTA
and
diag(AU) <'b.

Let e € R¥ denote the k-th unit vector, S" := {X € R™*" | X = X7} denote the space of
symmetric matrices and S? := {X € S" |27 Xz > 0 V2 € R"} the convex cone of positive
semidefinite matrices. Consider the chain of inequalities

T
~ N2 . Yo U k+1 2 g
z = maximize (Y5 e ST, < R*, diag(YoU) <
Hg( k)H yoER,yleRk,YQESk( Q)kk | <y1 Y2> + Yo = 9(Y2 )_ u

| diag(YoU)eT + e diag(UTYs)" < YoU + UTY,
| Yo :R27y1 :b7}/2 :A

T
< maximize (Y2)kr | (??jo yl) € S’_f”l, yo < R?, diag(Y2U) <y
1

T yo€R,y1 Rk Yo=Y €Sk Yo .
| diag(YoU)eT + e diag(UTYs)T < YoU + UTY, (a7)
—Ldiag(X)T 0 0
< e . 2 5 2 g _ k+1
= geRfﬁég}cﬁgim R¢ | <—§diag(X) UF(X) + F(X)UT> <0 eke{> 5
(18)
for

F(X) := Diag(Xe) + 1 Diag(diag(X)) — X, (19)

where Diag(.) denotes the square diagonal matrix with its vector argument on the diagonal.
The first equality follows from construction, the first inequality from relaxing, and the
second inequality from weak conic duality as detailed in Section [5| We conclude the proof
by showing feasibility of f = k% > 0 and

0 1-2 0 0
1-2 0 2-3 0
c_ 11 0 2.3 . ; kxk
o . (k—2)(k—1) 0
0 ... 0 (k=-2Fk-1 0 (k—1)k
0 ... 0 0 (k—1)k 2%

for the last optimization problem . First note that X = X7 is symmetric and nonneg-
ative. A short computation reveals, that the equality

UF(X) 4 F(X)UT = 2¢pel



holds true: Define the diagonal matrix D := 1 Diag([L,...,k]T) € R**k together with the
strict upper triangular matrix

0 1 1
Pi= | erik (20)
S
0
and the bidiagonal matrix
0 1
B= |1 c sk
1
1 0

The matrices U, X and F(X) can now be expressed as
. 2 R
U=I1+2DPD™', X=DBD+ %ekeg and F(X)=2D?—epel —DBD.  (21)

Combining the equalities , Deyj, = e, and D™ ley, = ey, yields

UF(X)=2D? — epe} — DBD +4DPD — 2DPeyel —2DPBD

22
=D(2I — exe} — B+ 4P — 2Pegel —2PB)D (22)

and using we compute

UF(X) 4 F(X)UT - 2epel
=D(41 — 2ere} — 2B + 4P — 2Peyel — 2PB + 4PT — 2¢pel PT — 2BPT — 2¢4el)D
=D(4I + 4P + 4PT —depel — 2 Pey el — 2, el PT —2B —2PB — 2BPT)D

e — o g
—4ee E—EL

T_T
e €l

=D(4ee” —2¢el — 2epe’ —2B —2PB —2BPT)D

=—4eeT

=0,

which implies UF(X) + F(X)UT = 2exel as we claimed above. Consequently

¢ f%diag(X)T (0 0 _ L —%e{ -
—1diag(X) UF(X)+ F(X)UT 0 epef ) \—zex exef )~

is positive semidefinite and as a result, é and X is feasible for (18). Hence

—

|z =
T k2
which yields the desired result after taking the square root. O

lg(zx)|* < R



Remark 2.2. The matrix X in the above proof carrying the weights j(j + 1) used in
(6) were obtained by solving with YALMIP [2] in combination with the SDP solver
Sedumi [6] for small values of k. In order to provide a theoretical proof that the points é
and X above are not only feasible but actually optimal for and to prove tightness of
the derived bound, we refer to Example below, which was derived from a, numerically
obtained, low-rank optimal solution of . More precisely, after numerically determining
the optimal value of a linear equation was added to (|18) requiring that (Y3)gx equals
this value, and then the trace of Y59 was minimized with the intention to find the optimal
solution with minimum rank. This optimal solution was then used to derive Example
below proving the tightness of . In fact for any optimal solution of the SDP relaxation
, there exists at least one Lipschitz continuous operator T}, : R — R? for appropriately
chosen d with some fixed point x, such that the inequality in is tight: This follows from
appropriately labeling the columns of the symmetric square root of such an optimal solution
and a Lipschitz extension argument.

3 Tightness and choice of step lengths

Example 3.1. We consider the following one-dimensional real example with fixed point
z, = 0 and starting point o # 0. Let k € N be given. A nonexpansive mapping proving
tightness of can then be set up as follows: Let T : R — R be defined via

2R R
v+ Hr<—35
._ : R R
T(z):=¢ —2x if — 2 <<y (23)
2R ¢ R
r—gp gy <e

for some fixed k € N and R := ||xg — x4||2 with zp € R and z, := 0. Note that 7" satisfies
T(x.) = 0 = z, and is 1-Lipschitz continuous, i.e. nonexpansive, because it is piece-wise
linear, continuous and the derivative is bounded in norm by one (|7'| < 1) whenever it
exists. We will now show that applying the Halpern-Iteration results in an equality in (2))
for the k-th iterate, i.e.

H%(xk —T(zp))||2 = W

is satisfied. This means that the bound can not be improved without making further
assumptions, as the operator above would otherwise pose a counterexample. For the first &k
iterates of the Halpern-Iteration (|1|) we can obtain

zj =0 (1— L) for j€0,...k

N——
1

k+1

\Y



inductively: For zp = 0 = x, there is nothing to prove. The case 0 < zp = ||zg — z«|]2 = R
follows by using the definition of 7" and considering for j € {0, ..,k — 1} the iterates

Tjn =g + (1= )T )

R
2R
_ 1 2R
=2t (1- j+2)(‘”i ~ 1)
1
=510 T (1= 72)(z0 (1 = £7) — #3%)

which imply, that

k k —Tx
15k = T(am)ll2 = 15 (@o(1 = gip) = (oL = ghy) = Z)Il2 = gy = 5l
holds true. The case zp < 0 follows from the operators point symmetry, i.e. T(—z) = —T'(z).
This completes the proof of tightness. O

While Example shows that the bound is best possible for the original Halpern
iteration, the rate of convergence could be improved for this example, if the values A\ were
chosen appropriately less than 1/(k + 2).

A simple example leading to the choice A\, = 1/(k + 2) is the following: Let H be a
Hilbert space with a countable orthonormal Schauder basis {e;}jen and T be the linear
operator defined by T'(ej) = e;41 for j € N. Hence the unique fixed point is 2, = 0. When
choosing xy = e1, then for any choice of step lengths \; € [0,1], the k-th iterate always lies
in the convex hull of eq,...,eg41, and the choice of A\; minimizing the error ||z} — .|| is
precisely the step length \; = 1/(j+2) for all 1 < j < k. This step length leads to a slightly

faster rate of convergence than (2)) for this example, namely ||z, —T'(z)|| < %(;ﬁ |)|. While

this step length does not minimize the residual ||y — T'(z)|| it shows that smaller values
of Aj such as \; := p/(j + 2) for all j with p € [0,1) lead to larger residuals. On the other
hand larger values A; > 1/(j + 2) for all j lead to larger residuals for Example

4 Conclusions

We have derived a new and tight complexity bound for the Halpern-Iteration with coefficients
chosen as A\ = %4-2 The proof based on semidefinite programming can in principle be
adapted for other choices of parameters and fixed point iterations, again leading to tight
complexity bounds. For the KM-Iteration with some constant stepsize ¢t € [%, 1]

Tpt1 = (1 =)z +t T(zp)



a proof can be found in [5] (Theorem 4.9), where

0t ¢ t

0 t t
L:i==2|: : ¢ " e RF**

000 0 ¢t

000 0 0

is used to to define inequalities of the form . However, while in practice the KM-Iteration
with constant stepsize may often perform much better than the Halpern-Iteration, its worst-
case complexity is an order of magnitude worse — and the convergence analysis based on
semidefinite programming is considerably longer.

5 Appendix, a technical duality result

While the duality used in (6) and (7) is the well known weak conic duality the format of
the problems (6) and (7) is quite intricate. Here, the explicit derivation of the dual problem
therefore is derived in detail: Define the Euclidean space E := R x S¥ x S¥t1 and the
closed convex cone K := Ry x (SN RiXk) X S’fl. We denote the trace inner product
A o B := trace(AB) for all symmetric matrices A, B. Then K is self-dual with respect to
the canonical inner product (X, Y)g := 21 y; + X2 Y3 + X3 e Y3, which we define for any

Ea Y1
Xo],|1Yy| €E.
X3 Y3

We proceed by restating problems and in standard form and exploit (weak) conic
duality. In fact, by adding slack variables S € K, we can write (6) equivalently as a conic
optimization problem in dual standard form

maximize {BeY | A*(Y)+S5=C, S ek} (24)
YeSrntl SeR
for
R2
C:=| 0| €E,
0
5_ (0 0 k1
B = (0 ew{) €S (25)

and the linear operator A* : S"*! — E

Yo
A <y0 y1T>) o diag(Y2U)el + e diag(UTY2)T — (YU + UTY3) + Diag(diag(Y2U) — y1)

nw Ya) T B (yo yf)
y1 Yo

10

(26)



The constraint A*(Y)+ S = C, S € K is a direct translation of the constraints in (6) except
for the diagonal entries. Here it is used that the term diag(YaU)el +e diag(UTY2)T — (YoU +
UTY3) has an all zero diagonal, which is why we can "place ” the constraints diag(YoU)—y; <
0 on the diagonal.

Recall that the optimal value of the conic optimization problem (12) in dual standard form
is upper bounded by the optimal value of the conic optimization in primal standard form

mil)l(iI%izeﬂé’,)NQ]E | AX)=B, X ek, X €K} (27)
S

where the linear operators A* : S"™! — E and A : E — S"t! are adjoint, i.e. A is the
unique operator that satisfies

(A*(Y), X)p = Y 0 A(X) (28)

for all Y € S"t1, X € E. The "Ys-part” of the adjoint of the second component of A* can
be obtained from

(diag(Y2U)el + e diag(UTYy)T — (YaU + UTYs) + Diag(diag(YaU))) e Xy
=Y, o (U(Diag(X1e) + %Diag(diag(Xl)) — X1) + (Diag(X1e) + %Diag(diag(Xl)) — Xl)UT)

=F(X1) =F‘(rX 1)

(29)
leading to the full description of A

¢ o
= § —sdiag(X71)

where, as before F(X) = Diag(Xe)+ 3Diag(diag(X)) — X. This shows that we can rewrite
(15) in the claimed form (7) by eliminating the (semidefinite) variable X5. This establishes
the inequality in (6) and (7). O
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