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Abstract

The residential load scheduling problem is concerned with �nding an optimal

schedule for the operation of residential loads so as to minimize the total cost of

energy while aiming to respect a prescribed limit on the power level of the residence.

We propose a mixed integer linear programming formulation of this problem that

accounts for the consumption of appliances, generation from a photovoltaic system,

and the availability of energy storage. A distinctive feature of our model is the

use of operational patterns that capture the individual operational characteristics of

each load, giving the model the capability to accommodate a wide range of possible

operating patterns for the �exible loads. The proposed formulation optimizes the

choice of operational pattern for each load over a given planning horizon. In this

way, it generates a schedule that is optimal for a given planning horizon, unlike

many alternatives based on controllers. The formulation can be incorporated into a

variety of demand response systems, in particular because it can account for di�erent
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aspects of the cost of energy, such as the cost of power capacity violations, to re�ect

the needs or requirements of the grid. Our computational results show that the

proposed formulation is able to achieve electricity costs savings and to reduce peaks

in the power consumption, by shifting the demand and by e�ciently using a battery.

Keywords: Residential load scheduling, Demand response, Energy storage,

optimization

1. Introduction

Electric power systems in many countries are experiencing major changes in their

operations. One of the fundamental developments is the increasing need for the power

grid to obtain su�cient �exibility from the demand side to be able to balance supply

and demand. This is due to a combination of various factors, including the general

trend for systems to operate more frequently near their maximum power production

levels, the integration of greater quantities of distributed generation whose output is

mostly intermittent, and the increasing penetration of electric vehicles. The collec-

tion of means available to procure �exibility from the demand side of the balance is

commonly referred to as demand response (DR).

While it is challenging to harness, as we discuss below, the potential for build-

ings to provide DR is signi�cant. Worldwide, the power consumption of buildings

accounts for an estimated 40% of global energy consumption [19]. In the United

States, a 2012 survey by the US Federal Energy Regulatory Commission (FERC)

reports a total potential for peak reduction of over 66 GW [4]. Residential and com-

mercial buildings represent around 70% of the total energy demand and the potential

of peak DR was estimated in 2015 at 8.7 GW in the United States [3]. In Canada,

space heating is responsible for more than 60% of the total residential energy con-

sumption. On the other hand, the province of Ontario is a summer-peaking system

with a high penetration of air-conditioning systems [2, 1].

The main goal of residential DR programs is to motivate customers to adapt

their power consumption habits via price incentives [7]. For instance, DR can be

related to shifting electric heating away from electricity price peaks, charging (resp.
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discharging) an energy storage device (e.g., battery, electric vehicle) at times of lower

(resp. higher) prices, or delaying the use of a dishwasher.

Although DR is frequently cast in terms of reducing the peaks in demand, more

generally the objective is to reduce the �uctuation of net demand, which is equal

to the total electric demand in the system minus the contribution of intermittent

generation. For this reason we make use of the concept of (power) capacity limit: this

is a prespeci�ed target for the maximum amount of electric power that the building

uses at any given time. By committing in advance to such a target towards the power

grid operating entity, the building contributes to a decrease in the �uctuations of

demand. We do not address here the matter of selecting a suitable capacity limit for

a given building, but we refer the reader to the recent papers [10, 11] that provide

an in-depth study of this question.

Assuming that the capacity limit is set to a level of power that requires the

building to make adjustements to the timing and the level of its power demands, it is

necessary to manage the operation of the power-consuming devices in the building in

order to respect the power capacity limit. Any practical home energy management

system must work within the parameters provided by the user, such as ensuring an

adequate comfort level for the temperature, and the availability of an electric vehicle

when needed. On the other hand, it is possible to take advantage of the characteristics

of the individual loads, such as the possibility to adjust their operating power level

and/or to postpone them, or the ability to pause (and later resume) a load that

is currently operating [13]. Load scheduling becomes even more important with

the integration of energy storage units into buildings; by its very nature, storage

can be scheduled to store and release energy in the right quantities and at the right

times to help respect the power capacity limit. The management and optimization of

residential energy consumption becomes much more complex when all these elements

are considered, and it can thus bene�t from the use of optimization techniques. We

refer the reader to [6] for more details on the applications of optimization to this

area.

In this paper we propose a mixed integer linear programming (MILP) formulation

of the residential load scheduling problem. The proposed formulation optimizes the
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choice of operational pattern for each load over a given planning horizon (assumed

to be 24 hours, without loss of generality), and can be used as part of the system

architecture for demand side load management presented in [9] or any similar system.

A distinctive feature of our model is the capability to accommodate a wide range of

possible operating patterns for the �exible loads, thanks to the use of operational

patterns. Moreover, we can in principle incorporate di�erent cost functions (e.g.,

surcharge for power capacity violations) to re�ect the needs or requirements of the

grid.

2. Related Work

There has been a signi�cant increase in research studies on improving DR systems,

see the surveys [5, 18]. These studies have been reviewed and categorized according

to several criteria, including: the DR program control mechanism (centralized or

distributed); the incentives o�ered to the customer to reduce power consumption;

and the DR optimization techniques used. An extensive comparative analysis of the

methods proposed in the literature for modelling di�erent aspects of residential en-

ergy management is presented in [7], where the authors also discuss the challenges

concerning di�erent modelling approaches, and examine the computational consid-

erations associated with home energy management systems

Load scheduling for DR has been formulated as an optimization problem and

solved via mathematical optimization or meta-heuristic methods. The mathematical

optimization approaches used include linear programming (LP), quadratic program-

ming (QP), mixed integer linear programming (MILP), and mixed integer non-linear

programming (MINLP). Recent studies using these approaches can also be cate-

gorized depending on the planning horizons considered, these being in some cases

multiple or rolling horizons [12, 8, 17] or in other cases a single horizon [16, 15, 20, 21].

A two-stage optimization model for load scheduling in a building energy man-

agement problem is introduced in [12]. The �rst stage solves a medium-term MILP

problem, de�ned over a time horizon of one day. The results of the �rst stage

model are used to solve a short-term MILP problem that determines the optimal en-

ergy management for the next hour. Similarly, [8] propose a two-horizon algorithm
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to obtain load schedules with a reasonable energy cost, while limiting the compu-

tational time. By dividing the objectives into a low-resolution component and a

high-resolution component, the algorithm is able to reduce the impact of forecast

errors on the schedule, as well as the computational burden. A residential energy

management problem including uncertainty in real-time prices, weather conditions,

and occupant behaviour is solved in [17]. The authors propose an online stochas-

tic optimization algorithm using a rolling horizon approach with the time horizon

divided into time periods of possibly di�erent durations. Using a 16-hour horizon

with the �rst two time periods of 15 minutes, then 30-minute periods for the rest of

the horizon, the authors report important monetary and comfort cost savings, when

compared to control-based approaches that can over-react.

The contributions most closely related to the approach presented in this paper are

listed in Table 1 where we indicate for each reference if the model considers energy

storage (Storage), task preemptions (Preemptions), and a surcharge for the excess in

power consumption (Surcharge). The last column (Time Period) presents the length

of the time periods.

Reference Storage Preemptions Surcharge Time Period

[15] Yes Yes No 10 min

[16] Yes Yes No 60 min

[20] Yes No No 60 min

[14] Yes (in EVs) No No 60 min

[21] Yes No Yes 60 min

Table 1: Characterization of related works.

We brie�y summarize these contributions. The �rst two papers both consider

storage and preemptions, but not the possibility of exceeding the power limit, and

they di�er in the length of the time periods used. Speci�cally, [15] proposes a MILP

that incorporates the appliances' operation priorities in an energy management sys-

tem with the objective of scheduling the household demand for the next day so as

to achieve the minimum cost. The alternative load scheduling algorithm proposed
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in [16] controls the operation time and energy consumption level of each appliance

so as to maximize the net utility of the residence, while satisfying its budget limit.

This approach is formulated as a MINLP and solved via Benders decomposition.

The paper [20] introduces a MILP that also seeks to minimize the electricity

costs (under a time-varying electricity price). While it does not allow preemptions,

it includes di�erent energy consumption patterns of home appliances, a photovoltaic

system, and storage. The paper [14] also uses a MILP formulation but with the

objective of minimizing the electricity generated from conventional sources in the

context of a microgrid of residential buildings, and also considering energy consump-

tion patterns of home appliances, photovoltaic generation, and storage in the forms

of EVs in the homes.

Finally, the authors of [21] present a MILP that minimizes the peak hourly load

to achieve a balanced daily load schedule. The proposed model schedules the optimal

power, as well as the optimal operation time for appliances classi�ed into two groups:

power-shiftable and time-shiftable. The latter, also known as deferrable loads with

deadlines, are tasks that require consuming a given total amount of energy to �nish,

but their operation can be scheduled very �exibly before the given deadline.

The approach that we propose in this paper takes into account all of energy

storage, power consumption excess surcharge, and fully �exible preemptions. This

last feature is in contrast with most of the literature where task preemptions, if

considered, apply only to appliances such as battery chargers or vacuum cleaners,

or only in situations where the minimum time a task must be running before being

preempted is not controlled.

Moreover, most of the literature uses time periods of 60 minutes, reducing the

�exibility that the energy management system can provide. We report computational

results using time periods of 15 minutes which is more detailed than most of the

literature, including the approaches in Table 1. The ability to use shorter time

periods in the scheduling can be particularly useful for the provision of DR because

it supports a more targeted response by the home energy system to the requests of

the grid or a third party such as an aggregator or virtual power plant.

This paper is structured as follows. In section 3, we present the mathematical
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formulation of our proposed load scheduler. In Section 4, we report and discuss

the computational results of our preliminary implementation. Finally, Section 5

concludes the paper and outlines possible future research directions.

3. Load Scheduling Model

In this section, we present the approach to address the residential load scheduling

problem. First, we categorize the tasks according to their attributes and present the

procedure to generate load patterns for each task type. Second, we present the

proposed mathematical model to �nd the optimal load schedule.

3.1. Task Types and Pattern Generation

We assume that all time periods have the same length and that ∆t represents the

length of the time periods.

For each task j, let Sj be the set of possible operational patterns (schedules)

over the planning horizon. These patterns depend on the attributes of each task and

on the individual user preferences. This leads to the following categorization of the

tasks into three types:

• Type A tasks are thermal or regular loads that correspond to devices ensuring

that speci�c temperatures are maintained. Examples of such devices are heaters,

air conditioners, refrigerators, and water heaters. Because their power consump-

tion can be adjusted (within given limits), and in some cases interrupted for a

limited time, their operation can be managed.

The choice of the operational patterns for these loads must account for factors

such as user preferences, and the interaction between the external and internal

temperatures of the building. We assume that these patterns are computed in

advance using available knowledge about the loads, such as would be collected by

the forecaster module of the architecture in [9].

• Type B tasks are activity-based loads, also called burst loads in [9]. These tasks

arise from devices whose operation has a �xed duration and power consumption,
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and each task must start and �nish within a given time window. Examples of type

B tasks are dishwashers, washing machines, and dryers.

Each of these tasks j has an associated operation time window [lj, uj] and a number

of subtasks ζj, where each subtask st ∈ ζj corresponds to a di�erent phase of the

operation of device j. For instance, the operation of a washing machine consists

of three phases, each with a di�erent duration and power consumption:

� During the �rst phase, water is pumped into the drum and a sequence of

drum rotations is performed.

� In the second phase, fresh water is pumped into the drum and the rinsing

process is carried out.

Therefore, each st ∈ ζj is associated with a �xed duration (number of time periods)

and a (possibly varying) power consumption per time period. It follows that

the associated number of possible preemptions is ρj = ζj − 1. We assume that

each preemption has an associated minimum and a maximum duration (in time

periods).

The operational patterns for this type of tasks are generated with the following

procedure. First, we create all possible sequences of preemptions for each task

j ∈ JB. These sequences are built with a recursion tree, including the number

of preemptions with their minimum and maximum duration. An example of such

a tree is presented in Figure A.10. Second, we include each subtask st ∈ ζj in

each sequence of preemptions to generate a set of potential operational patterns,

denoted as S̃j. Third, for each time period t in time window [lj, uj], we verify

if s ∈ S̃j can be entirely contained in [t, uj]. If so, we add pattern s, with start

time t, to the set of feasible operational patterns Sj. Otherwise s starting at t is

rejected. An example of this procedure is presented in AppendixA.

• Type C tasks are highly �exible loads that allow di�erent power usage at each

time period so long as a prede�ned amount of energy is allocated to them during

the planning horizon. Garage heaters, pools, and plug-in electric vehicles are

examples of such tasks.
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These tasks have the same characteristics as type B tasks, except that the power

consumption at each time period is not speci�ed but instead can vary between a

lower limit Pmin
jt and an upper limit Pmax

jt . In addition, the total energy consump-

tion θj has to be completed during the operation of the task.

The generation of all possible operational patterns is done in the same way as for

tasks of type B.

Figure 1 shows an example of di�erent operational patterns for tasks type A, B,

and C. In this example, the planning horizon is twelve hours divided into 1-hour

time periods. The �rst three rows contain the patterns for the operation of a space

heater (SH). The following rows, labeled as DW, contain all possible schedules for

a dishwasher that should operate between 10:00 and 12:00. The operation of this

appliance consists of two subtasks, therefore there is one preemption. The length

and power consumption of the �rst subtask is one hour and 1.8 kW, respectively.

The length and power consumption of the second subtask is one hour and 1 kW,

respectively. The maximum length of the preemption is one hour. The last row

shows the only feasible pattern for a garage heater (GH), representing a task of type

C. This garage heater can be turned on between 16:00 and 20:00. A total amount

of energy of 8 kWh must be consumed within this time window and the values for

the minimum and maximum power consumption at each time period are 0 kW and

3 kW, respectively.
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Time periods

10:00 11:00 12:00 13:00 14:00 15:00 16:00 17:00 18:00 19:00 20:00 21:00

L
oa
d
p
at
te
rn
s

SH

SH

SH

DW

DW

DW

GH

- - - - - 1.8 1.8 1.8 1.8 1.8 1.8 -

- - - - - - - 2.0 2.0 2.0 2.0 -

- - - - - - - - 2.5 2.5 2.0 2.0

1.8 1.0 - - - - - - - - - -

- 1.8 1.0 - - - - - - - - -

1.8 - 1.0 - - - - - - - - -

- - - - - - (0,3) (0,3) (0,3) (0,3) (0,3) -

SH = Space heater, DW = Dishwasher, GH = Garage heater

Figure 1: Load patterns for three tasks.

3.2. Mathematical Model

We now present the mixed integer programming model that calculates an optimal

schedule for the operation of loads. The data required for the model is given in Table

2.
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Sets

T Set of time periods in the planning horizon;

B Set of batteries;

J Set of tasks (loads);

JA Set of tasks of type A;

JB Set of tasks of type B;

JC Set of tasks of type C;

Parameters

∆t Length of the time periods (h);

Et Electricity cost at time period t ($/kWh);

M Excess power cost ($);

Ct Contracted amount of power at time period t (kW);

Γb Energy capacity of battery b (kWh);

Ebt Total energy available in battery b at time period t (kWh);

κb Initial energy in battery b (kWh);

ηb Auto discharge rate of battery b (%);

φb Maximum number of cycles for battery b ;

cbt, dbt Charging and discharging e�ciencies of battery b at time period t (%);

pcbt, p
d
bt Charging and discharging power of battery b at time period t (kW);

δsjt Equals 1 if task j is covered at time period t by schedule s, 0 otherwise;

P s
jt Power consumption of task j ∈ JA ∪ JB at time period t for schedule s

(kW);

F s
j Operation cost of task j ∈ JA ∪ JB for schedule s (F s

j =
∑
t∈T

∆tP
s
jtEt)

($);

Pmin
jt , Pmax

jt Lower and upper limits for the power consumption of task j ∈ JC at time

period t (kW);

θj Total energy consumption of task j ∈ JC (kWh).

Table 2: Load scheduling problem notation.
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The formulation of the load scheduling model, denoted as LS, is as follows:

f(LS) = min
∑

j ∈ JA∪JB

∑
s∈Sj

F s
j x

s
j +

∑
j ∈ JC

∑
t∈T

∆tEtpjt +
∑
b∈B

∑
t∈T

Etqbt +M
∑
t∈T

yt (1)

s.t.
∑

j ∈ JA∪JB

∑
s∈Sj

P s
jtx

s
j +

∑
j ∈ JC

pjt +
∑
b∈B

qbt
∆t
≤ Ct + yt, ∀ t ∈ T, (2)

∑
s∈Sj

xsj = 1, ∀ j ∈ J, (3)

∑
t∈T

∆tpjt = θj , ∀ j ∈ JC , (4)

Pmin
jt

∑
s∈Sj

δsjtx
s
j ≤ pjt ≤ Pmax

jt

∑
s∈Sj

δsjtx
s
j , ∀ j ∈ JC , t ∈ T, (5)

∆tdbtp
d
bt(zbt − 1) ≤ qbt ≤ ∆tcbtp

c
btzbt, ∀ b ∈ B, t ∈ T, (6)

zbt+1 − zbt ≤ wbt, ∀ b ∈ B, t ∈ T |t < |T |, (7)∑
t∈T

wbt ≤ φb, ∀ b ∈ B, (8)

Ebt+1 = ηbEbt + qbt, ∀ b ∈ B, t ∈ T |t < |T |, (9)

0 ≤ Ebt ≤ Γb, ∀ b ∈ B, t = {2, ..., |T | − 1}, (10)

Ebt = κb, ∀ b ∈ B, t = {1, |T |}, (11)

xsj ∈ {0, 1}, ∀ j ∈ J, s ∈ Sj , (12)

pjt ≥ 0, ∀ j ∈ JC , t ∈ T, (13)

yt ≥ 0, ∀ t ∈ T, (14)

zbt ∈ {0, 1}, wbt ≥ 0, ∀ b ∈ B, t ∈ T. (15)

We next explain the structure of the model. Instead of strictly following the order

of the equations above, we structure our explanation around the various components

of the model, concluding with the description of how the objective function collects

the impact of all the components.

We begin with the tasks of type A or B. For these tasks, the scheduling decisions

are represented by the binary variables xsj such that xsj = 1 if scheduling pattern

s ∈ Sj is chosen for task j ∈ J . The constraints (3) guarantee that precisely one
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pattern is selected per task.

For tasks of type C, there are no pre-de�ned schedules, and therefore the power

consumption of task j ∈ JC at time period t ∈ T is represented by the continuous

variables pjt. Constraints (4) require that the total energy consumption of task j

be met during the planning horizon. The variables are pjt linked to the scheduling

decisions by constraints (5) that ensure pjt is between the prescribed lower limit Pmin
jt

and upper limit Pmax
jt , according to the values of xsj . In particular for a given task j,

if xsj = 0 for all s ∈ Sj then (5) sets pjt = 0.

There are three sets of variables associated with the operation of the battery.

The �rst set of variables qbt represent the amount of energy injected into/extracted

from battery b at time period t. Speci�cally, for each time period t ∈ T , if qbt > 0

then battery b is charging, if qbt < 0 then battery b is discharging, and if qbt = 0

then battery b is inactive. The energy conservation for battery b ∈ B is accordingly

enforced by constraints (9) that update the energy stored in the battery at time

period t+ 1 taking into account the value of qbt. In addition, constraints (10) require

that the energy in the battery remain non-negative and no greater than the energy

capacity of the battery, and constraints (11) ensure that the energy level of the

battery at the end of the planning horizon matches the level at the start.

The second and third set of battery-related variables are the binary variables zbt

and wbt. The meaning of zbt is that it equals 1 if battery b is charging at time period

t (and 0 otherwise), and the meaning of wbt is that it equals 1 if the operation of the

battery changes from discharging or inactive to charging (and 0 otherwise). These

variables are linked to the energy variables qbt by constraints (6) that ensure qbt is

between the minimum and maximum power levels allowed for discharging/charging

battery b ∈ B at time period t ∈ T . Note that these levels depend on the values of

zbt; in particular for time period t, if zbt = 1 then battery b can only charge, and if

zbt = 0 then it can only discharge.

An additional set of variables and constraints enforce a maximum number of

operational cycles for the battery. A battery cycle occurs when the battery charges

and then discharges (or conversely discharges and then charges) during a certain

number of time periods (time block). Note that this time block might include some
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periods where the battery is inactive. It is common to restrict the number of cycles

allowed as a means to limit the degradation of the battery. For this purpose, the

variables wbt track the changes in zbt via constraints (7), and constraint (8) enforces

the desired maximum number of cycles. Note that wbt = 1 is ensured only when the

battery goes from discharge to charge. For the other cases, wbt can take the value 0

or 1, but because we are minimizing the total cost wbt will always equal 0 (for the

model to allow more battery cycles). The remaining constraints (12 - 15) de�nes the

type of each set of variables as required.

The objective function (1) is the sum of four di�erent terms. The �rst two terms

account for the energy consumption cost of the tasks according to the task type. The

�rst term represents the energy consumption cost for tasks of types A and B over

the planning horizon, where the cost of executing task j according to schedule s is

computed in advance as F s
j . The second term represents the energy consumption cost

for tasks of type C, for which there are no pre-determined schedules and therefore

the cost of a task j is directly calculated according to its power consumption during

each time period t.

The third term represents the net cost of the energy consumed by the battery,

where the energy discharged at time period t is valued equally to energy purchased

during that time period, and independently from when it was paid for and stored

into the battery. (Should the user wish to calculate this cost di�erently, it is straight-

forward to adjust our model accordingly.)

The fourth term represents a cost surcharge for exceeding the pre-determined

power capacity Ct during a time period t. Speci�cally, variable yt denotes the amount

of power beyond Ct used at time period t, and if yt is positive, then a surcharge of

M per unit of power is added to the objective function. Assuming that the cost M

is substantial, the minimization will keep the value of yt as close to 0 as possible,

but it will be positive if according to constraint (2), the total power consumption at

time period t is strictly greater than Ct.
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4. Experimental Results

In this section, we present our computational experiments to test the performance

and behaviour of the load scheduling model LS. First, we describe the set of instances

used. Second, we report and discuss the results.

4.1. Instances

The instances were generated over a one-day planning horizon divided into 96 time

periods of 15 min. We considered a battery with a capacity of 6.4 kWh and with

an initial amount of stored energy of 3 kWh. The e�ciency and power capacity for

charging and discharging the battery were set to 100% and to 3.3 kW, respectively.

We set the electricity prices according to a time-of-use pricing scheme with three

levels:

• The �rst level (L1) starts at 19:00 and ends at 7:00 of the next day, and the

electricity cost is Et = $0.087/kWh for time periods t in L1.

• The second level (L2) covers two periods of the day, namely 7:00 to 11:00 and

17:00 to 19:00, and the electricity cost is Et = $0.180/kWh for time periods t

in L2.

• The third level (L3) starts at 11:00 and ends at 17:00, and the electricity cost

is Et = $0.132/kWh for time periods t in L3.

We assume that the contracted amount of power depends on the electricity prices.

Speci�cally we compute it with the formula

Ct = 3.2 + d((0.18− Et)/0.087) ∗ 2e ,∀t ∈ T.

In addition the surcharge cost per extra unit of power above Ct was set to M =

$6.20/kWh.

Table 3 presents a list of the appliances considered for the generation of the

instances. This list includes the appliance's name (Load), its type (Type), a column

that indicates if the task allows preemptions or not (Preem.), the maximum number
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of preemptions allowed (N.Preem.), and the total operation time, in hours, for tasks of

type B or C (Oper.time). A detailed description of the characteristics and operation

requirements of each appliance is given in AppendixB.

Load Type Preem. N.Preem. Oper.time

Water heater A No - -

Space heater A No - -

Fridge A No - -

Dishwasher B Yes 2 1.5

Washing Machine B Yes 1 0.75

Dryer B No 0 1

TV B No 0 2

Oven B No 0 1

Garage heating C Yes 6 -

Table 3: Appliances attributes.

We de�ne 11 scenarios to evaluate the impact in the total cost by allowing task

preemptions, by including a battery, by changing the number of cycles in the battery,

and by surcharging the excess in power consumption. Table 4 presents the parameters

of each scenario. Surcharge indicates if the excess power cost M is included in the

objective function (1) of problem LS. Preem. indicates if tasks type B are allowed

to have preemptions. Battery indicates if a battery is used, and Cycles denotes the

maximum number of battery cycles during the planning horizon. �No" indicates that

no limit was set on the number of cycles, and therefore variables wbt and constraints

(7) and (8) are removed from the model.
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Scen. Surcharge Preem. Battery Cycles

1 No No No -

2 Yes No No -

3 Yes No Yes No

4 Yes Yes No -

5 Yes Yes Yes No

6 Yes Yes Yes 1

7 Yes Yes Yes 2

8 Yes Yes Yes 4

9 Yes No Yes 1

10 Yes No Yes 2

11 Yes No Yes 4

Table 4: Scenario properties

4.2. Results

Tables 5 and 6 present the computational e�ort and the results for the eleven

scenarios described in Table 4.

For each scenario (Scen.), Table 5 reports the time to solve the load scheduling

model (Time (s.)), the time to generate the operational patterns (Time.P (s.)),

and the total number of patterns generated for type B tasks (N.PatternsB) and for

type C tasks (N.PatternsC ). Table 6 presents the total energy cost (E.Cost ($)),

the excess power surcharge (P.Surch ($)), the total energy consumed by the loads

(Energy (kWh)), the total power peak (T.Peak (kW)) over the planning horizon, and

the time periods at which the power peaks occur (T.Periods Peak).
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Scen. Time (s.) Time.P (s.) N.PatternsB N.PatternsC

1 2.46 3.83 25 11,440

2 4.71 3.83 25 11,440

3 4.47 3.83 25 11,440

4 4.85 4.2 59 11,440

5 6.79 4.2 59 11,440

6 23.85 4.2 59 11,440

7 69.16 4.2 59 11,440

8 5.47 4.2 59 11,440

9 23.69 3.83 25 11,440

10 134.81 3.83 25 11,440

11 4.75 3.83 25 11,440

Table 5: Computational e�ort and number of operational patterns under di�erent scenarios.

Scen. E.Cost ($) P.Surch ($) Energy (kWh) T.Peak (kW) T.Periods Peak

1 9.9 0 91.45 66.5 [9,10,19,20,25-34,69-77,81-84]

2 11.19 233 97.85 37.52 [29,33,34,37-44,69-77,81,86-89]

3 9.41 7.45 91.45 1.2 [74-76]

4 11.19 233 97.85 37.52 [29,33,34,37-44,69-77,81,86-89]

5 9.41 1.74 91.45 0.28 [74-75]

6 11.07 88.55 97.85 14.26 [29,33,34,37-44,74,75,81,86-89]

7 10.32 44.46 95.95 7.16 [74,75,81,86,89]

8 9.42 1.74 91.45 0.28 [74-75]

9 11.12 91.81 97.85 14.78 [29,33,34,37-44,72,75,84-87,96]

10 10.37 47.72 95.91 7.68 [72,75,84-87,96]

11 9.43 7.45 91.45 1.2 [74-76]

Table 6: Costs, energy consumption, and power peak under di�erent scenarios.

The results in Table 5 suggest that the scenario tested a�ects the CPU time to

solve model LS. For instance, this CPU time is shorter when no surcharge for the
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peak in power consumption is considered (Scenario 1). On the contrary, this time is

signi�cantly larger when a power surcharge M > 0 and a battery are included in the

model. Speci�cally, when the number of battery cycles is restricted to two (Scenarios

7 and 10), we can observe that the values for Time (s.) are 28 and 55 times larger

than for Scenario 1.

In Table 5 we also see that the use of preemptions in tasks of type B appears to

not have a signi�cant e�ect in the CPU time (see Scenario 3 versus Scenario 5, and

Scenario 6 versus Scenario 9), as the task that has the largest number of patterns is

the task �Garage heating� of type C.

We observe in Table 6 that the largest values for the four aspects evaluated (total

energy cost, total surcharge cost, total energy consumed by the tasks, and total peak

in power consumption) occur for the scenarios with no battery or with the number of

battery cycles limited to one (Scenarios 2, 4, 6, and 9). Conversely, the energy and

power surcharge costs signi�cantly decrease for scenarios that include preemptions

and allow more battery cycles (Scenarios 3, 5, 8, and 11).

4.2.1. Excess power charge, preemptions, and battery impact

Tables 7 and 8 report the results of comparisons between certain pairs of scenarios.

For each table we present the scenarios compared (Scen.C.), as well as the percentage

decrease (or increase if the value is negative) in the total power peak (Peak.D.), in

the total cost (T.Cost.D.), and in the total energy cost (E.Cost.D.). These values

were computed as

D =
(xj − xi)

xj
× 100,

so thatD corresponds to the percentage decrease when scenario i is compared against

scenario j, and xj, xi denote the values for the total peak (T.Peak (kW)), the total

cost (E.Cost ($) + P.Cost ($)), and the energy cost (E.Cost ($)) for scenarios j and

i, respectively.
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Scen.C. Peak.D. T.Cost.D. E.Cost.D.

2 vs 1 43.58% - -0.13%

3 vs 2 96.8% 93.09% 0.16%

4 vs 2 0.00% 0.00% 0.00%

5 vs 3 76.67% 33.9% 0.00%

Table 7: Comparison of results to measure the excess power charge, preemptions, and battery
impact.

Scen.C. Peak.D. T.Cost.D. E.Cost.D.

5 vs 6 98.04% 88.81% 0.15%

5 vs 7 96.09% 79.65% 0.09%

5 vs 8 0.00% 0.11% 0.00%

3 vs 9 91.88% 83.61% 0.15%

3 vs 10 84.38% 70.97% 0.09%

3 vs 11 0.00% 0.08% 0.00%

Table 8: Comparison of results to measure the battery cycles impact.

The results in Table 7 indicate the positive impact, in terms of the power peak

reduction and the total cost decrease, of including a surcharge in power consumption,

a battery, and preemptions for some tasks. In particular, a power peak decrease of

43.58% is observed when Scenario 1 is compared against Scenario 2. This decrease

is obtained by including a surcharge M > 0 in the objective function of the model.

Because some tasks can be shifted, i.e., start at di�erent times, or have a di�erent

power consumption at each time period (e.g., type C tasks), a positive value of M

leads to a more �balanced� power consumption along the planning horizon. This is

shown by the P.Cons line in Figures 2 and 3.

The e�ect of using a battery is observed when Scenario 2 is compared against

Scenario 3. The results from columns Peak.D. and T.Cost.D. suggest that storing

energy when there is a surplus of power capacity and discharging energy when there
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is not enough power capacity, leads to a large decrease in the power peak and the

total energy costs (see Figures 3 and 4).

We did not observe any positive impact in the peak power and total cost reduction

when type B task preemptions are allowed and there is not a battery (Scenario 2

versus Scenario 4). However, when a battery is included (Scenario 5), we observed

a reduction of 76.67% and 33.9% in the peak power consumption and in the total

cost, respectively.

Note that the comparison between Figures 4 and 6 show a change (shift) in the

power consumption (P.Cons) between 11:00 and 19:00.
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Figure 2: Scenario 1.
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Figure 3: Scenario 2.
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Figure 4: Scenario 3.
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Figure 5: Scenario 5.

4.2.2. Impact of the battery cycles

We now consider the impact of the number of cycles allowed in the operation

of the battery. The results in Table 8 indicate a positive impact of an increase in

the number of battery cycles on the total cost, in the energy cost, and in the power

consumption peak. More precisely, when the number of battery cycles changes from

1 or 2 cycles to an unlimited number of cycles, (Scen.C. = 5 vs 6, 5 vs 7, 3 vs 9, and

3 vs 10), the reduction in Peak.D., T.Cost.D., and E.Cost.D. is always positive and

often large, as is the case for Peak.D. and T.Cost.D.
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We did not observe any signi�cant change when the number of battery cycles

changes from 4 to unlimited (Scen.C. = 5 vs 8 and 3 vs 11). For the given prices,

power capacities and load demands, this indicates that 4 cycles are enough to guar-

antee an optimal utilization of the battery. In other words, allowing more than 4

cycles has no impact on the total cost. The behaviour of the state of the battery

(E.Bat), as well as the evolution of the power charged or discharged from the battery

(P.Bat) is presented in Figures 6 - 9.
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Figure 6: Scenario 5.
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Figure 7: Scenario 6.
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Figure 8: Scenario 7.
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Figure 9: Scenario 8.

23



5. Concluding Remarks

In this paper we presented a �exible load scheduling MILP formulation for resi-

dential demand response on smart grids. The computational results show the positive

impact on the reduction of total costs, as well as a decrease of peaks in power con-

sumption, by allowing task preemptions, by using a battery, and by surcharging the

excess of power. Future research avenues include the incorporation of local renewable

energy generation (e.g., solar PV power systems, small wind turbines), the extension

of the model to multiple users (e.g., a building or a residential complex), and the

coordination between the load scheduling model with a real-time demand response

model.

AppendixA. Recursion Tree to Generate Operational Patterns

We present an example on how to generate all possible operational patterns for

a task containing four subtasks denoted as st1, st2, st3, st4, and three preemptions

denoted as p1, p2, p3. In this example, each subtask has a duration of 1 time period.

Preemptions p1, p2, and p3 have a minimum duration of zero time periods (i.e. it

is possible not to have a preemption between subtasks). Preemptions p1 and p3

have a maximum duration of one time period, while preemption p2 have a maximum

duration of two time periods. The time window for operation of the task is equal to

[1, 7].

Figure A.10 presents the recursion tree to generate the sequences of preemptions.

This tree has as many layers as the number of preemptions allowed in the task plus

one initial layer containing the root node. The number of nodes at each layer of

the tree is computed as the product of the number of nodes in the previous layer

and the value of the di�erence between the maximum and the minimum duration

of the corresponding preemption plus one. In Figure A.10, the number of nodes in

the �rst layer is equal to 1 × (1 − 0 + 1) = 2, the number of nodes in the second

layer is equal to 2 × (3 − 0 + 1) = 6, and the number of nodes in the third layer

is equal to 6 × (1 − 0 + 1) = 12. Each node of the tree is labeled with the id of

the preemption and with its corresponding length (e.g. node (p2, 1) represents the

24



second preemption with a length of 1 time period). Each path in the recursion tree

corresponds to a di�erent sequence of preemptions that might or might not be feasible

depending on the operation time window of the task. For instance, the dashed path

(p1, 1)−(p2, 2)−(p3, 1) is not feasible because when subtasks are included to generate

st1 − p1 − st2 − p2 − p2 − st3 − p3 − st4, its total length (eight time periods) exceeds

the number of time periods allowed in the time window (seven time periods).

⇒Initial layer

(p1, 0) (p1, 1) ⇒First layer

(p2, 0) (p2, 1) (p2, 2) (p2, 0) (p2, 1) (p2, 2) ⇒Second layer

(p3, 0) (p3, 1) (p3, 0) (p3, 1) (p3, 0) (p3, 1) (p3, 0) (p3, 1) (p3, 0) (p3, 1) (p3, 0) (p3, 1) ⇒Third layer

Figure A.10: Recursion tree.

The generation of the set potential operational patterns S̃j is done by including

each subtask, with its corresponding duration, to the sequences of preemptions. For

instance, the pattern st1−st2−p2−st3−p3−st4 is obtained after inserting subtasks

st1, st2, st3 and st4 in the dotted path (p1, 0) − (p2, 1) − (p3, 1). As mentioned in

Section 3.1, for each time period t in time window [1, 7], we verify if each potential

operational pattern can be entirely contained in [t, 7]. If so, we add the pattern,

with start time t, to the set of feasible operational patterns Sj. Otherwise the

potential operational pattern with start time t is rejected. For instance, patterns

with length four (st1− st2− st3− st4) can start at any time period from one to four.

On the contrary, patterns with length seven (st1 − st2 − p2 − p2 − st3 − p3 − st4,

st1 − p1 − st2 − p2 − st3 − p3 − st4 and st1 − p1 − st2 − p2 − p2 − st3 − st4) can only

start in time period one.
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AppendixB. Attributes of Appliances

Tables B.9 and B.10 present the characteristics and operation requirements of the

appliances used in the computational experiments presented in Section 4. Table B.9

shows, for each task of type A, the type of load (Load), the start time of operation

(Start period), the duration in hours (Length Task (h)) and the lower and upper

bounds for the power consumption at each time period (Power C. (kW)).

Load Start period Length Task (h) Power C. (kW)

Water heater Morning

0:00 5 (2.80,4)

1:00 4.75 (2.72,4)

2:00 4.5 (2.64,4)

3:00 4.25 (2.56,4)

4:00 4 (2.48,4)

Water heater Evening 17:00 0.75 (3.12,4)

Space heater Night

0:00 2.5 (1.64,2)

1:00 3.5 (1.48,2)

2:00 4.5 (1.32,2)

3:00 5.5 (1.16,2)

Space heater Morning

6:00 2.5 (1.64,2)

7:00 3.5 (1.48,2)

8:00 4.5 (1.32,2)

9:00 5.5 (1.16,2)

Space heater Evening

16:00 4.5 (1.32,2)

17:00 5 (1.24,2)

18:00 5 (1.24,2)

20:00 4 (1.40,2)

Fridge 0:00 6 (0.18,0.18)

Table B.9: Type A task attributes.

Table B.10 shows, for each task of type B and one task of type C (Garage heating),

the type of load (Load), the number of preemptions (Pre.), the earliest operation time
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(EOT ) and the latest operation time (LOT ). In addition, Table B.10 presents for

each subtask, its length (Length SubT. (h)), its power consumption at each time

period (Power C. (kW)) and the length of the following preemption (Length Pre.

(h)). Observe that, for the Garage heating load (type C task), there is not a �xed

value for the power consumption at each time period (e.g. the power consumption

can take any value from zero to three). Instead there is a value of six for the total

power consumption θ.

Load Pre. EOT LOT SubT. Length SubT. (h) Power C. (kW) Length Pre. (h)

Dishwasher 2

17:00 18:00 1 0.5 1.8 1

17:00 18:00 2 0.5 0.9 1

17:00 18:00 3 0.5 1.8 0

Washing Machine 1
17:00 18:00 1 0.25 2 1

17:00 18:00 2 0.5 0.8 0

Dryer 0 20:00 21:00 1 1 2.5 0

TV 0 19:00 20:00 1 2 0.1 0

Oven 0 17:00 18:00 1 1 2 0

Garage heating 6 00:00 23:00 1 - 7 3 [0 - 3] , θ = 6 4

Table B.10: Type B and type C task attributes.
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