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Abstract

The lexicographic order can be used to force a collection of decision vectors to be all different,
i.e., to take on different values in some coordinates. We consider the set of fixed-size matrices
with bounded integer entries and rows in lexicographic order. We present a dynamic program to
optimize a linear function over this set, from which we obtain a compact extended formulation
for its convex hull.

1 Introduction

Consider a combinatorial problem whose variables include n-dimensional integer vectors x1, ..., X, €
Z'; that aim to represent m different options or solutions that must be taken into account simulta-
neously in the optimization process. That is the case, for instance, of uncertain problems having
robustness or reliability requirements, where x1, ..., x,, represent m different contingency plans de-
fined by n decision variables each. The all-different system x; # x; for i # j dictates that no two dis-
tinct decision vectors take on the same values, that is, the rows of the m x n matrix x = [x1,..., xm]T
are different. We write x! for the variable given by row i and column ¢.

When n = 1 and each x; € Z, takes values on {0,...,u}, a complete linear description of the
convex hull of vectors (xy, ..., xm)' € Z! satisfying the all-different system is presented in [14].
In [11] and [3], these results are extended to multiple all-different systems acting on overlapping
subsets of variables, under the condition that a so-called inclusion property holds.

When n > 1 and each x; € Z' takes values on {0,1}", we obtain the all-different polytope in-
troduced in [8] and further studied in [9]. It can be seen as a binarization of the previous case for
u = 2" — 1, where now each row of the m x n binary matrix x corresponds to a binary expansion
with n = log(u + 1) bits. Although no complete linear description or compact extended formulation
is known for this polytope, linear optimization over it can be carried out in polynomial time [1].

A different way to enforce distinct binary vectors is to have them ordered with respect to the bi-
nary expansion they represent by including the constraints Y} ; 2/~ 1xf +1 < Yy} ; Zt_lx]t. fori < j.
This is equivalent to requiring that x; is lexicographically smaller than x;, denoted x; < x;, meaning
that there exists t € {1,...,n} such that xf’ = x]}" forall h < t and xf < x]f. Such lexicographic



constraints define the full orbitope O, , introduced in [7]. Compact extended formulations having
O(m3n) variables and inequalities can be obtained via dynamic programming [10] and the frame-
work of branched polyhedral systems [6]. Moreover, for binary problems having a symmetry group
acting on the coordinates of the decision vector, [5] studies the convex hull of solutions that are lexi-
cographically maximal in their orbits, termed symretopes, and related polytopes, obtaining polyno-
mial linear descriptions and extended formulations for specific cases.

The lexicographic order also applies to nonbinary vectors. Given vectors o, € Z”, [4] and [2]
characterize the convex hull of bounded integer vectors y satisfying &« < y < B, where < extends
< by allowing equality. The complete linear description has O(n) constraints, parametrized by
maximal and minimal elements with respect to « and .

In this work, we consider the case where the vectors x, .. ., x,, are given by general integer variables
and are differentiated by the lexicographic order. For a positive integer u, let Ly, , be the set of
m X n matrices with entries in {0,...,u} and rows in increasing lexicographic order. Our main
contributions are a dynamic program with polynomial complexity to optimize a linear function over
Ly, , and an extended formulation for its convex hull, denoted conv (L}, , ), of polynomial size. More
precisely, for u > m — 1, the complexity of our dynamic program and the size of our formulation are
O (m®n), matching those of the case u = 1, while for 1 < u < m — 1, they are O(umdn).

Remark 1. In principle, we could binarize each variable of x € Ly, , with k := [log(u + 1)] bits and
write x as a linear transformation of a binary matrix z € L}, via x! = Yk, pa-iz{t=Dkta, Ifu+1is

m,kn i
a power of 2, then this linear mapping is a one-to-one correspondence between LY, and L} . and since
conv(L!

mgn) = Oumjn, the results in [10] and [6] for the full orbitope yield an extended formulation for

conv(LY ) of size O(km>n). For u > m — 1, this extended formulation is larger than ours by a factor of
k = log(u + 1). Moreover, if u + 1 is not a power of 2, then k > log(u + 1) and some elements of L
do not project onto an element of L, . For instance, if z, € {0,1}*" is an all-ones row, then it will project

onto x,, € Z" having each component equal to 28 — 1 > u. Therefore, the extended formulations for the full
orbitope will not work in this case.

A key tool in our development is the polyhedral characterization of discrete dynamic programming
of [12]. Suppose we have an acyclic directed hypergraph with vertices and hyperarcs representing
states and decisions of a dynamic program, given by finite sets S and H, respectively. Here, each
hyperarc in H is of the form (A,s), where the tail A C S is a subset of states that are combined to
reach the head state s € S. Boundary states have inbound hyperarcs with A = @. Let us write
the flow conservation constraints on the hypergraph as Ay = ey, y > 0, where ¢ is a unit vector
indexing the final global state of the dynamic program. Then, as [12] shows, the system Ay =
eg, y > 0is total dual integral, meaning that for any integer vector d such that the primal problem
min{d'y : Ay = ey, y > 0} has finite optimal value, the dual problem max{7 : A"7 < d} has
an integer optimal solution, with 71y the dual variable corresponding to the inflow constraint of the
final state. In particular, this implies that the primal polyhedron is integral, as its right-hand side
vector is integer [13, Chapter 22]. Moreover, if there exists a finite reference set I such thateachs € S
can be tagged with I[s] C I satisfying certain conditions of consistency and disjointness, then the
primal polyhedron has binary vertices only [12], which represent the decisions made throughout the
dynamic program. More precisely, it is required that I[6] C I[s] for all (A,s) € Hand § € A, and
that I[6] N I[¢'] = @ for all (A,s) € H and distinct 6,8’ € A.



2 Properties of vertices

In this section we present some properties of the vertices of conv (L}, ,) that will be useful in our
development.

We say that a nondecreasing integer vector w has a split (resp. jump) if w has two consecutive entries
whose values differ by exactly 1 (resp. by at least 2.)

Note that if w € {0,...,u}™ is the first column of a matrix in L}, , (and thus it is a nondecreasing
vector) and has a split or jump, say w;_; < w; for some 1 < I < m, then the first | — 1 rows are
lexicographically smaller than the m — [ + 1 remaining rows.

Example 1. For m =7, n = 3, and u = 3, consider the matrix x € L§’3 given by

012 1
0|12 3
110 3
x=|1]3 1
113 2
3|1 3
312 0

The first column of x has a split and a jump, and divides the matrix into three submatrices having their first
column with constant values. Therefore, the rows within each submatrix, even without considering their first
entry, must be in lexicographic order as well.

Forl1<i<j<mand1 <t <mn,let(ij,t)denote the block of indices given by rows from i to j and
columns from t to n. Let xf]- denote the submatrix of x given by block (i, j, ) as depicted in Figure

1 t n

Figure 1: Block (i, j, t) defining x}..

Proposition 2. Let x € Ly, , be a vertex of conv(Ly, ) and let w be its first column. Then w; = 0 or
Wy, = u, and w has at most one jump.

Proof. 1f 0 < w; and w,, < u, then we can increase and decrease all the entries of w by 1 and obtain
two distinct matrices in Ly, , whose average is precisely x. Therefore w; = 0 or wy,, = u. If w has
two jumps, say w; 1 +1 < w; and w; < wj;1 — 1 with i < j, then we can increase and decrease the
entries of w with indices in {i,...,j} by 1 and obtain two distinct matrices in L}, ,, whose average is
again x. Therefore w has at most one jump. O



The above conditions are necessary but not sufficient to have a vertex of conv(L}, ,) as the following
example shows.

Example 2. Form =n =u = 2, let
_[oo ~Joo __[oo0
12| YT lo 2| P2 2"

These three matrices belong to L%,Z/ and although the first column of x satisfies the conditions of Proposition
X = %y + %z holds.

Still, these conditions are enough to derive a dynamic program to optimize a linear function over
Ly, - First, we prove the following result depicted in Figure 2} The cases below are exhaustive but
not mutually exclusive.

Proposition 3. Let x € L, , be a vertex of conv(Ly, ) and let w be its first column. Then either (i) w is
constant with all entries equal to 0, (ii) w is constant with all entries equal to u, (iii) w; = 0, wy, > 0, and w
does not have jumps, (iv) wy < u, Wy, = u, and w does not have jumps, or (v) w1 = 0, wy, = u, and w has
at most one jump.

Proof. If w is constant, since w; = 0 or w,, = u by Proposition [2} then all entries of w are equal to
0 or u, which gives us cases (i) and (ii). Now suppose w has a jump, say w;_1 +1 < w;. If 0 < wy
(resp. wy, < u), then we can increase and decrease the entries of w with indices in {1,...,] — 1}
(resp. {/,...,m}) by 1 and obtain two distinct matrices in L}, ,, whose average is equal to x. Together
with Proposition this gives us case (v). Cases (iii) and (iv) are the remaining possibilities in view

of Proposition 2} O
1 2 n
1 2 n 1 2 n 0 1
0 1 1 ,
: X1(1-1)
N | <v-1 1—-1
(i) : x%m (i) | : x%m (0) SoF1 I
0 m u m : Xp
u m
1 2 n 1 2 n
0 1 <u-1 1
2 2
1(1-1) X1(1-1)
a0 -1 ; u—1 [—1
(iii) i ] (iv) - /
X 5 X
>1 m u m

Figure 2: The five possibilities for a vertex x = x1 of conv( Ly, )



3 Thecaseu>m—1

We begin by stating the main result of this section.

Theorem 4. The system — below is an extended formulation for conv (LY, ) with O(m®n) variables
and constraints:

For1<i<mandl <t<mn:

=) (w;zlj + ”quz]) — Y ozt ) ugy @
h<l<i<j n<i<i<j h<i<j
e For1<i<j<m:
fi=0=gj ()

For1<i<j<mand1l <t <n:

t t t t t _
fi+ Y whi— Y, Wi —pi— ) Tigj+1n = 0 3)
i<I<j 1<h<i j<h<m
t t t t o
Qi+ Yz X Zgen 9~ X =0 (4)
i<I<j j<h<m 1<h<i

For1<i<j<mandl <t <n:

t t t t—1 t—1 t—1 t—1
pitat Y= fi s Wig+1)n — Y.z =0 ®)

i<I<j j<h<m 1<h<i

For1<i<j<m:

1 1 1 )0 if (i,7) # (1,m)
Pij + 4ij +i<lz<jrilj = {1 i (i,]) = (1,m) (6)
f,w,8,z,p,9,1r>0. 7)

Remark 5. Note that (2)-(7) does not depend on u, which only appears in the projection (I).

In order to prove Theorem [4} we first present a dynamic program to optimize a linear function over

Ly, ,, from which we derive an extended formulation for conv (L}, ) following the approach of [12].

Given a linear objective function ¢ = [cf

f] € R™", consider the problem of computing y :=
min{c-x: x €Ll }. Let cf]- denote the submatrix of ¢ given by block (i,],t) and let 'yf]- be the

optimal value over block (i, 7], t), i.e., 'yfj := min {clt.j . xf]. : xfj € L]?’_i+1,n_t+1}. Note that p = 71, .

Also, let ucf]- (resp. ﬁfj) be the optimal value over block (i,j,t) under the conditions that the first
column of the solution begins with 0 (resp. ends with #) and does not have jumps.

Let w be the first column of an optimal solution in L}, , defining . By Proposition 3, we have the
following cases. If w is constant, we can assume that all its entries are either equal to 0 or u, and
the problem reduces to computing 'y%m (cases (i) and (ii).) If w has splits but no jumps, then either

p = a, or u = Bl (cases (iii) and (iv).) Finally, if w has a jump, then the problem reduces to

5



Figure 3: The five possibilities for y = 74, given by a vertex x = x},, of conv (L%, ).

m 1
1 ucj 1
Vo (i) T (v)
m ucl, m
1 m
1
(iil)| g, (iv)|  Bin
m

I—1

computing the optimal position of the jump, i.e., minimizing oc% -1t Bl overl <[ < m(case (v).)

The costs of these cases are shown in Figure

Assuming u > m — 1, consider the following system on «, 3, y:

e Forl <i<m:

e Forl <i<j<m:

e Forl1<i<j<mand1l <t <n:

e Forl<i<j<mand1l<t<m:

]

,Bﬁj = min {

&} = min

)

j
ch+y

ﬁZ = min

1

i<I<j

t+1
ij

t . t t
i = mun {“z‘j/ :Bij/

, min
i<I<j

{/5?(11) -

t+1

{0+%j

, : 0 t+1

]

min
i<I<j

i(1-1)

{“5(1—1) + ﬁfj} } :

b))

h

-1 j
{ﬁ;l_n —zcwzcmﬁl}}
h=i h=lI

(8a)
(8b)

(10a)

(10b)

(11)



Equation picks an index [ to place a 1 (increase by 1), shifting the cost over (1, ], n) by Z;z:l o
with respect to - Similarly, equation 1%} picks an index I — 1 to place a u — 1 (decrease by 1),
shifting the cost over (i,/ —1,n) by — Zh;li ¢, with respect to [3?(171). The condition u > m —1
ensures that values do not overlap while applying these two operations. The same idea applies to
the inner minimization in (10a) and , which correspond to cases (iii) and (iv) of Proposition
and are depicted in Figure al and B, .

1 2 n 1 2 n
0 1 0 1
) ) )
Ya-1) Z : 7%(1—1)
(iii) x},, =9 1= a0 -1
1 [ i
xlzm [Xl]m + ZIT:I C}l
>1 m m
1 2 n 1 2 n
<u—1 1 1
1 -1 1
x%(lfl) Biu—1) = Ln=1
. u—1 -1 I-1
(iv) x%m = y I = ﬁ%m < ucl1 [
u m LlC,ln m

Figure 4: Computing a}, and B}, .

Proposition 6. The system — is consistent with the definitions of aj;, Bi; and yj; for 1 <i <j<'m
and1 <t <n.

Proof. Let 0 and 1 denote vectors of 0’s and 1’s of appropriate size, respectively.

* For1 <i < m, x]; consists of a single variable. If £} is an optimal solution defining &, then the
only option is £} = 0, while for g%, the only option is £} = u. Then and follow.

e For1<i<j<m, x;} consists of a single column of height at least 2.
Let £; be an optimal solution defining «7;. Since £}; must begin with 0 but cannot be constant,
there exists i < I < j such that 32?(1_1) = 0 and %}; = 1. Since 32;1] — 1 begins with 0 and does not

have jumps, it must be an optimal solution defining tx?j, for otherwise &} would not be optimal

o o . _ j . . _

for ajj. This implies c?j . x?j = c’fj . (x?] -1+1) = tx?j + 35, ¢, Since C?(l—l) . x;?(l_l) =0,
follows.

Similarly, let 321’; be an optimal solution defining [BZ Since 3?1’; must end with u but cannot be
constant, there exists i < I < j such that J?I”] = ul and ’?1(1171)(171) = u — 1. Since 3??(171) + 1 ends
with # and does not have jumps, it must be an optimal solution defining ,B;?( -1y for otherwise



%j; would not be optimal for f. This implies cjj; ;) - £;_;) = ¢j;_q) - (32;1(171) +1-1) =

n SN
B; (1-1) h lch Since cl] X = u):h:l ch,follows.

e Forl<i<j<mandl <t <n, xf]- is a matrix with two columns at least. We reason as
before.

Let xt be an optimal solution defining zx . Then, either its first column is equal to 0, or it has

a f1rst split at some i < | < j. In the former case, ']“

'yf]H and thus uc =0+ 'y““l. In the latter, £¢ i1-1)
subproblems. The first one, since the first column of xf(l_l) is equal to 0, has optimal value 0 +

'y?;l“l - The second one, since the first column of JEt- begins with 1 and does not have jumps, has

must be an optimal solution defining

and J?f]. define optimal solutions to two

optimal value vcl + Z ¢} Therefore, either zx =0+ ’y”l or zx =0+ ’yt(Jrl R IXZ] + Zh ;ch
forsomei <[ <. This gives us ((10a).
Similarly, let x be an optimal solution defining ,B Then, either its first column is equal to

ul, or it has a last split at some i < | < ] In the former case, ﬁfjﬂ

must be an optimal
solution defining ’yt“ and thus g, = uzh Lcp + ’yt“. In the latter, ft( Dy and £;; define
optimal solutions to two subproblems. The first one, since the first column of £! i(1-1) ends with
u — 1 and does not have jumps, has optimal value [v”’f Zh lch The second one, since
the first column of £}, j is equal to u1, has optimal Value u Zh jch+ 'yt“. Therefore, either

= uyl lch#—’y’”rl or Bi; = Big_1y — Yol puyd lch—l—'y“rl for some i < I < j. This

gives us

eForl <i<j<mandl <t < n,let Jﬁfj be an optimal solution defining 'yf].. If its first
column does not have jumps, then 'yf]. = ocfj or 'yf]. = f] Otherwise, ’yfj = “5(171) + ,Bf] for some
i < < j. Note that if ‘th‘(lfl) is given by 325(171 , then 3?%71 <[ —2,and if ,Bf] is given by 3?;]., then
£ > u — (m —1) > I — 1. Finally, we obtain

O

In linear programming form, from Proposition[6}, we obtain that y is equal to the maximum value of
vi,, over («, B,7) such that

e Forl <i<m:

w; <0 (fif) (12a)
Bl <uc! (g (12b)
e For1<i<j<m:
j
af <afi+) oy i<l<j (wl) (13a)
h=I
-1 j
B < Bl —dchtu) cy i<I<j (z) (13b)
h=i h=lI



e Forl<i<j<mand1l <t <n:

,yfjJrl ( zt])
t
a; < / . . (14a)
ij 75(—;_11) + (xf]- +:;lcf1 i<l<j (wfl].)
j
,thjJrl +u Z C;l (gf])
B < = (14b)
Biu—1y — 2 Chtu) cy+ ’Ylt;rl i<l<j (z)
h=i h=1
e Forl<i<j<mand1l<t<m:
[ )
Vi < ij (43;) (15)

“5(171) + /35]‘ i<I<j (rflj)

In view of (12a)-(15), we can define a hypergraph representing our dynamic program. The set S of
states is identified with the set of variables in the vector (a, 8,7). For each inequality in (12a)-(15),
we include in H an hyperarc of the form (A, s), with s the variable on the left-hand side and A the
set of variables on the right-hand side. Now we are ready to prove Theorem 4|

of Theorem[d Defining 7 := («, B,7y) and 719 := 71,,, the problem max{~1,, : — ([15)} can be
written as max{m : A'm < d} for appropriate constraint matrix A and right-hand side vector d.
If we consider this linear program as the dual of another linear program, then the corresponding
primal problem is min{d "y : Ay = ey, y > 0}, with ¢y the canonical vector with a 1 at the position
given by 7. More precisely, the primal problem is to minimize

j j -1 j
y [g;uzcz+ y (wzjzczﬂ;,j (—D;ﬁw&@))] 16
1<t<n h=i i<l§j h=I h=i h=I

1<i<j<m

overy := (f,w, g,z p,q, ) satisfying -, where for 1 <i < j < m, we have introduced additional
variables fl’; and g?j, both fixed to 0, to simplify the formulation. Grouping terms in with respect
to cf , we obtain that xf is given by , which maps y onto x.

Finally, to ensure that (2)-(7) has binary vertices only, and thus the polyhedral characterization of the
dynamic program is correct, we need a reference set as in [12]. In our case, it suffices to take I as the

complete block of indices, thatis, I = (1,m,1), and tag states wfj, f]-, ’yfj with block (i, ,t). O

4 Thecasel<u<m-—1

The main result of this section is the following.

Theorem 7. The system — below is an extended formulation for conv (L, ) with O (um>n) variables
and constraints:



e forl<i<mandl <t <mn:

t __ ot ot ot ot

Xp= ), Wptu Y}, zi— )zt ) ugy (17)
h<I<i<j h<lI<i<j h<i<I<j h<i<j
O<v<u 0<v<u 0<v<u 0<v<u

e For1<i<j<mand0<v <u:

i =0=gj (18)
¢ For1<i<j<m,1<t<mand0<v<u:
( .
Y, Wi+ Y Tila ifv =0
1<h<i j<h<m
(v+1)t (v+1)t ot .
Z.v.t — Z hz] + Z ]+1 h 2 wilj lfo <v<u (19)
J 1<h<i i<I<j
pq 2: u%U #i?::u
\ i<l<j
’ .
qq 2: Zﬂ] #%7::0
1<l<]
gp't — Z ]+1 h + Z rhl] Z le] lfO <ovo<u (20)
Y j<h<m i<l<j
(u-1) (u—-1)t
2: ZZ<+1h%_ 2: rM] ﬁi)—-u
j<h<m 1<h<i

e For1<i<j<mandl <t <n:

pirai+ L= ¥ (AT ) L owlin s oA e

i<I<j 0<v<u j<h<m 1<h<i
0<ov<u O<v<u 0<v<u
e For1<i<j<m:
0 if(ij) #(1,m)
pL+ gk + ol = SO (22)
v 142] T i) = (1,m)
O<ov<u
[ ]
f,w,8,z,p,q9,1>0. (23)

Remark 8. Note that the number of variables and constraints in ({18)-(23) grows linearly with u.

The proof of Theorem [ﬂ is along the lines of that of Theorem E} However, if 1 < u < m — 1, then
the dynamic program has to be modified to avoid overlapping. We introduce an index v to track
bounds. Let tx”t (resp. B /) be the optimal value over block (i, j, t) under the conditions that the first

column of the solutlon begins with 0 (resp. ends with u), its entries are less than or equal to v (resp.
greater than or equal to v), and does not have jumps. As before, let ’)/ be the optimal value over

block (i, j, t). Consider the following system on «, 8, :

e Forl <i<m:
"' =0 0<ov<u (24a)

=uc! 0<v<u (24b)



e For1 <i<j<m:

j
o1 — min {04 a@ V" nlo<co< 25
o 11’211?]{ + oy +hZ::lch v<u (25a)
aff' = 400 (25b)
i]”_lr?lg\]{ Z:lch—i—chh} 0<ov<u (25¢)
un o (25d)

e Forl<i<j<mand1l<t<mn:

j
zxf]t—mm{ojt'ytﬂ, lmm {O—F'yt;rl )—l—le(]v Ut—l—hzlcfl}} O<v<u (26a)
— 04+ ,)/t—l—l (26b)

<I<

-1 j
ﬁ’;t—mm{chh—i—'ytH,mm{ UH Zcil—l—chh—i—'yt“}} 0<v<u (26c)

h=i h=i h=I
ut = u Z C + ,.)/t—i-] (26d)
e Forl<i<j<mand1l <t <mn:
b s (v— (o4+1)t
Vij = mm{ ;i , ﬁlj, z<l<r]n(1)2v<u { & —|— :Bl }} . (27)

o . . . 3 g t t t . .
Proposition 9. The system — is consistent with the definitions of ocf]. , f] and Vij forl <i<j<m,
1<t<nand0<v<u.

From Proposition 9] whose proof is omitted for brevity, we can proceed in a similar way as we did
for the case u > m — 1 by considering a dual linear program and its primal problem.

e Forl <i<m:
<0 0<v<u (fI)

i <ucl 0<v<u (g

e For1<i<j<m:

(v=1)n . .
ocfjnglej —i-hZ_:ch i<l<j0<v<u (wfl’;)
v+1 = J
n n on
B < B =Y chtu) cp i<l<j0<v<u (zf})
h=i h=1

11



e Forl<i<j<mand1l <t <n:

t+1
t %f (f5)
afy < O0<ov<u
v ’yf(“ —i—ocl] "y Zch i<I<j (wf) -
1 (0
1] — 71t]+ ( ijt)
j
7 ek (85)
ot 0<v<u
ij = -1 =
Bl Zc,3+uzch+7f“ i<l<j (%)
h=i

1
1] —’)IZ] ‘H‘Zch g1]
e Forl<i<j<mand1l <t <m:

i (Pfj)
i py + ,3(”1” i<I<j,0<v<u (r?l;)

Then Theorem [7] follows from linear programming duality and the approach of [12]], where for 1 <
i <j<mand0 <o < u, we have introduced additional variables f" and g;", both fixed to 0, to
simplify the formulation.
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