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Abstract

This paper concerns with the group zero-norm regularized least squares estimator
which, in terms of the variational characterization of the zero-norm, can be obtained
from a mathematical program with equilibrium constraints (MPEC). By developing
the global exact penalty for the MPEC, this estimator is shown to arise from an
exact penalization problem that not only has a favorable bilinear structure but also
implies a recipe to deliver equivalent DC estimators such as the SCAD and MCP
estimators. We propose a multi-stage convex relaxation approach (GEP-MSCRA)
for computing this estimator, and under a restricted strong convexity assumption on
the design matrix, establish its theoretical guarantees which include the decreasing
of the error bounds for the iterates to the true coefficient vector and the coincidence
of the iterates after finite steps with the oracle estimator. Finally, we implement the
GEP-MSCRA with the subproblems solved by a semismooth Newton augmented
Lagrangian method (ALM) and compare its performance with that of SLEP and
MALSAR, the solvers for the weighted ¢5 ;-norm regularized estimator, on synthetic
group sparse regression problems and real multi-task learning problems. Numerical
comparison indicates that the GEP-MSCRA has significant advantage in reducing
error and achieving better sparsity than the SLEP and the MALSAR do.
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1 Introduction

Many regression and learning problems aim at finding important explanatory factors in
predicting the response variable, where each explanatory factor may be represented by
a group of derived input variables (see, e.g., |9, 35, 14, 20, 25, 36, 12, 22|). The most
common example is the multifactor analysis-of-variance problem, in which each factor
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may have several levels and can be expressed through a group of dummy variables. Let
J1, T2, - .., Jm be a collection of index sets to represent the group structure of explanatory
factors, where J; N J; = 0 for all i # j € {1,...,m} and U~ Ji = {1,2,...,p}. This

class of regression problems can be stated via the following observation model
b=>1"1A,7, te, (1)

where Z € R is the true (unknown) coefficient vector, A, (i =1,...,m) is an n x ||
design matrix corresponding to the ith factor, and £ € R" is the noise vector. Clearly,
when J; = {i} for i =1,2,...,m, (1) reduces to the common linear regression model.

Sparse estimation, using penalization or regularization technique to perform variable
selection and estimation simultaneously, has become a mainstream approach especially
for high-dimensional data [6]. In the past decade, some popular penalized estimators were
proposed one after another, including the ¢;-type estimators such as the Lasso [31] and
the Dantzig |7], and the nonconvex penalized estimators such as the SCAD [10] and the
MCP [39]. For the model (1), one may embrace the ¢2 j-norm regularized estimator due
to the simplicity of computation (see, e.g., [3, 35]), but this estimator inherits the bias of
the Lasso. The major reason for this dilemma is the significant difference between the ;-
norm and the zero-norm (or cardinality function). To enhance the quality of the I;-type
selector, some researchers focused on the estimator induced by nonconvex surrogates for
the zero-norm regularized problem, such as the bridge [13], the SCAD [10] and the MCP
[39]. In particular, some algorithms were also developed for computing these nonconvex
penalized estimators [10, 41, 19, 4, 5]; for example, the local quadratic approximation
(LQA) algorithm [10] and the local linear approximation approximation (LLA) algorithm
[41]. Recently, Fan, Xue and Zou [11] also provided a unified theory to show explicitly
how to obtain the oracle solution via the LLA algorithm for the class of folded concave
penalized estimators, which covers the SCAD and MCP as special cases.

T
Let A=A, A, ---A, ]€R"Pand G(x):= (||acj1 [ L | PP )" for z € RP.
In this work, we are interested in the following group zero-norm regularized estimator

~ . v 72
ze arg%ergm{anA:c b|| + ||Q(JU)H0} ; (2)

where v > 0 is the regularization parameter, || - ||o denotes the zero-norm of a vector, and
Q:={z € RP: ||z||cc < R} for some R > 0. Here, the simple constraint = € 2 is imposed
to (2) in order to guarantee that the group zero-norm estimator = is well-defined. In
fact, similar simple constraints are also used for the ¢;-regularized models (see [1]). The
estimator Z may be unacceptable for many statisticians since, compared with the convex
?5 1-regularized estimator and the nonconvex SCAD and MCP penalized estimators, it
seems that 7 is unapproachable due to the combinatorial property of the zero-norm. The
main motivation for us to study such an estimator comes from the following facts:

e Good group sparsity and unbiasedness of Z. By the definition of ||-||o, clearly,
Z can automatically set small estimated coeffcients to be zero, which reduces well
the model complexity. In addition, by following the analysis in [10, Section 2|, Z is
nearly unbiased when A is orthonormal and the true coefficients are not too small.



e The estimator 7 is the restriction of the SCAD and MCP over the ball 2.
The SCAD and MCP estimators were well studied in the past ten years, but there
are few works to discuss their relation with the zero-norm regularized estimator
except that they are effective nonconvex surrogates of the latter. In Section 2, we
shall show that the SCAD and MCP functions arise from the global exact penalty
for the equivalent MPEC (mathematical program with equilibrium constraints) of
(2), and so Z is the restriction of the SCAD and MCP estimators over the ball .

e Approachability of the estimator Z. As will be shown in Section 3, with the
global exact penalty for the MPEC of (2) which is actually a primal-dual equivalent
model of (2), there is a large space to design efficient algorithms for computing .

Specifically, by means of the variational characterization of the zero-norm, the group
zero-norm regularized problem (2) can be rewritten as an MPEC. We show that the
penalty problem, yielded by moving the equilibrium constraint into the objective, is a
global exact penalty for the MPEC in the sense that it has the same global optimal
solution set as the MPEC does. Consequently, one may approach the estimator Z by
solving a global exact penalization problem. This result is significant since, on one hand,
the global exact penalty is an Lipschitz continuous optimization problem whose objective
function possesses a structure favorable to the design of effective algorithms; and on the
other hand, it provides a recipe to deliver equivalent DC (difference of convex functions)
penalized functions whose global minimizers provide an estimator with three desirable
properties stated in [10]; for example, the popular SCAD and MCP penalized estimators.

By the biconvex structure of the global exact penalty, we solve it in an alternating way
and develop a multi-stage convex relaxation approach called GEP-MSCRA for computing
Z (see Section 3). The GEP-MSCRA consists of solving a sequence of weighted £ ;-norm
regularized subproblems. In this sense, it is similar to the LLA algorithm [41] for the
nonconcave penalized likelihood model. However, it is worth emphasizing that the start-
up of the LLA algorithm depends implicitly on an initial estimator z°, while the start-up
of the GEP-MSCRA depends explicitly on a dual variable w®. In addition, the involving
subproblems may be different since the subproblems of the LLA are obtained from the
primal angle, and those of the GEP-MSCRA are yielded from the primal-dual angle. For
the proposed GEP-MSCRA, under a restricted strong convex (RSC) assumption on A,
we verify in Section 4 that the error bounds of the iterates to the true T is decreasing as
the number of iterates increases, and if the smallest nonzero group element of T is not too
small, the iterates after finite steps will coincide with the oracle solution, and hence the
support of ¥ is exactly identified. Since the RSC assumption holds with high probability
by [23], the GEP-MSCRA has the theoretical guarantees in a statistical sense.

We implement the GEP-MSCRA by solving the weighted ¢5 1-norm regularized sub-
problems with a semismooth Newton ALM. The semismooth Newton ALM is a dual
method that can solve the weighted ¢ 1-norm regularized problems more efficiently than
the existing first-order methods by exploiting the second-order information of the objec-
tive function in an economic way. As illustrated in [15, Section 3.3|, the dual structure



of the weighted ¢ 1-norm regularized problems implies a nonsingular generalized Hes-
sian matrix, which is well suitable for the semismooth Newton method. We compare
the performance of the GEP-MSCRA with that of the SLEP and the MALSAR in [16],
the solvers to the unconstrained weighted /2 1-norm regularized least squares problems
on synthetic group sparse regression problems and real multi-task learning problems, re-
spectively. Numerical comparisons demonstrates that the GEP-MSCRA has a remarkable
advantage in reducing error and achieving the exact group sparsity although it requires
a little more time than the SLEP and the MALSAR do; for example, for the synthetic
group sparse regression problems, the GEP-MSCRA reduces the relative recovery error
of the SLEP at least 60% for the design matrix of Gaussian or sub-Gaussian type (see
the first four subfigures in Figure 3), and for the real (School data) multi-task learning,
the GEP-MSCRA can reduce the prediction error of the MALSAR at least 20% when
there are more than 50% examples are used as training samples (see Figure 8).

To close this section, we introduce some necessary notations. We denote || A|| by the
spectral norm and [|Al|2,.c by the maximum column norm of A, respectively. Let e and
I denote the vector of all ones and the identity matrix, respectively, whose dimensions
are known from the context. For a convex function g: R — (—o0, +0o0], g* denotes the
conjugate of g; for a given closed set S C R™, dg(-) means the indicator function over
the set S, i.e., dg(z) =0 if x € S and otherwise dg(z) = +o00; and for a given index set
FC{1,...,m}, write F* = {1,...,m}\F and Jr := J;cp Ji, and denote by Ir(-) the
characteristic function of F, i.e., [p(i) = 1 if ¢ € F and otherwise Ir(i) = 0.

2 A new perspective on the estimator =

We shall examine the estimator z from an equivalent MPEC of (2) and a global exact
penalty of this MPEC, and conclude that Z can be obtained by solving an exact penalty
problem which is constructed by moving the complementarity (or equilibrium) constraint
into the objective of the MPEC. For convenience, we write f(z):= 5| Az—b||? and denote
by Ly the Lipschitz constant of f relative to the set 2. One will see that the results of
this section are also applicable to a general continuous loss function.

Let ® denote the family of closed proper convex functions ¢: R — (—o0, +00] satis-
fying [0, 1] C int(dom¢), ¢(1) = 1 and ¢(t7) = 0 where ¢} is the unique minimizer of ¢
over [0,1]. Let {4 be the minimum element in [t}, 1) such that = € 04(t4), where d¢

¢
is the subdifferential mapping of ¢. The existence of such t, is guaranteed by Lemma 4.

Now we show that with an arbitrary ¢ € ®, the problem (2) can be rewritten as an
MPEC. Fix an arbitrary z € R™ and ¢ € ®. By the definition of ®, one may check that

Izllo = min {327 ¢(w): ||zl — (w,]2]) =0, 0<w < e} (3)
This variational characterization of || - ||p means that the problem (2) is equivalent to

min {yf(:v)+z¢(wi): 0<w<e, (e—w,G(z)) :O} (4)

rEQWER™ ;
=1



in the following sense: if 2* is globally optimal to (2), then (z*, max(sign([|G(z*)|]), t;e))
is a global optimal solution of (4); and conversely, if (z*, w*) is a global optimal solution
of (4), then z* is globally optimal to (2) with ||G(z*)|lo = > % ¢(w]). This means that
the difficulty to compute the estimator  comes from the following equilibrium condition

e—w>0,G(x)>0 and (e—w,G(z)) =0. (5)

Also, it is the equilibrium constraint to bring the bothersome nonconvexity of (2). Since
the constraint set of (4) involves the equilibrium constraint (5), we call it an MPEC.

It is well known that the MPEC is a class of very difficult problems in optimization.
In the past two decades, there was active research on its theory and algorithms especially
for the one over the polyhedral cone, and the interested readers may refer to [18, 34]. We
notice that most of existing algorithms are generic and inappropriate for solving (4). To
handle the tough equilibrium constraint, we here consider its penalized version

win, {ur(0) + 3 o) + ple—w, 600} ©

z€Q,we(0,¢e] 1

where p > 0 is the penalty factor. The following theorem states that (6) is a global exact
penalty for (4) in the sense that it has the same global optimal solution set as (4) does.

(1-£2)¢/_(1) e e
ﬁT, we have S; = S*,

where S} is the global optimal solution set of (6) associated to p, and S* is that of (4).

Theorem 2.1 Let ¢ € ®. Then, for every p > p = viy

The proof of Theorem 2.1 is included in Appendix B. From the proof, we see that the
constraint z € Q in (2) is also necessary to establish the exact penalty for the MPEC. By
Theorem 2.1 and the equivalence between (4) and (2), the estimator  can be computed
by solving a single penalty problem (6) associated to p > p. Since [0,1] C int(domg),
the function ) ;" | ¢(w;) is Lipschitzian relative to [0, e] by [28, Theorem 10.4], and so is
the objective function of (6) relative to its feasible set £ x [0, e]. Thus, compared with
the discontinuous nonconvex problem (2), the problem (6) is at least an Lipschitz-type
one, for which the Clarke generalized differential [8] can be used for its analysis.

Interestingly, the equivalence between (2) and (6) also implies a mechanism to yield
equivalent DC surrogates for the group zero-norm ||G(z)||o, and the popular SCAD func-
tion [10] and MCP function [39] are one of the products. Next we demonstrate this fact.
For each ¢ € @, let ¢: R — (—o00, +00] be the associated closed proper convex function:

Mﬂ:{dﬂiHEMH, 7)

+o0o otherwise.

By using the function v, the problem (6) can be rewritten in the following compact form

min {yf(ac) + pllzll21 + Z [¢(wi) - PwinJi H] }
i=1

z€QWER™
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Together with the definition of conjugate functions and the above discussion, we have

5 argmin{ )+ [pllellas = Y- 0" (ol )] | for 9> 0
=1

S

This means that the following function provides an equivalent DC surrogate for (|G (z)||o:

Oz) =~ 0o, ) with 6(s) =5 — " (s). (9)

14

In particular, when ¢ is chosen as the one in Example 2.1, it becomes the SCAD function.
Indeed, from the expression of ¥* in Example 2.1 below, it follows that

T if 7] <1,
—7r242a7— :
p(6(r/p(1)) = { =221 i1 || <,
atl if |7] > a

which, by setting s := 7/ for some constant A > 0, implies that

SA if [s| < A,
A2p(1)0(s/Ap(1)) = % if A< |s| < a,

(a+1)A2/2 if |s| > al.

Thus, when J; = {i}, by taking v = ﬁ(l) and p = ﬁ(l),
to the SCAD function in [10]. Similarly, when ¢ is chosen as the one in Example 2.2, by
taking v = 13- and p = §, the function © in (9) becomes the MCP function in [39].

the function © in (9) reduces

Now we give four examples for ¢ € ®. In the sequel we shall call ¢1-¢,4 as the function
in Example 2.1-2.4, respectively, and ¥1-104 as the corresponding ¢ defined by (7).
Example 2.1 Take ¢(t) := % with p(t) = a%ltz +t fort € R, where a > 1 is a

€
constant. Clearly, ¢ € ® with t; =0 andty = % After a simple computation,

0 if|s]<i)
WV (s) = (p(1)]s]=1)* f <‘S‘<

2(a— 1)4,0_%_11)
sl = 55 il > Zok

( )’

Example 2.2 Let ¢(t) := % with p(t) := ‘Z—ztz t +at + (o )
constant and ()1 = max(0,-). Clearly, ¢ € ¢ with tj) = a2) and t, = max(21, 1.

a 2
An elementary calculation yields that ¢* takes the following form

——* where a > 0 s a

a—2 2 . a—az
( 4)+ if |s| < (1)/2>
* _ a2_ a 2 a—22 . a—a
V) = (T o) - G o < sl < G
sl — 1 1ol > .



Example 2.3 Take ¢(t) :=t fort € R. Clearly, ¢ € & with ty, =0 and ty =0. Also,
s ) s—=1 ifs>1,
‘Z’(S)_{ 0 ifs<L
In this case, the function © in (9) is exactly the capped ly-surrogate of ||G(z)llo in [12].
Example 2.4 Let ¢(t) := %wzthtp() —t—q%ql(l—t+e)ﬁ+e+q%ql(0<q<1)

fort € (—oo0,1 + €], where € € (0,0.1) is a small constant. It is not hard to check that
pED witht, =c andty =1+ ¢ — (—r5) 9. Also, ¥*(s) = hleMs) it

T—et+(1) (1)
+qT e —e—q%ql ift>eq+1—1,
h(t) := ( + )t — (t+1)q+l if(1+6)q%1—1<t§eq%1—1,
-1 q K L
L2146t —e—T= jft<(14+e€at —1.

To close this section, we take a look at the local optimality relation of (6) and (2).

Theorem 2.2 If (z,w) with (e—w,G(Z)) = 0 is a local optimal solution of (6) associated
to p > 0, then (T, w) is locally optimal to (4) and so is T to (2). If T is locally optimal to
(2), then (T, w) with w = max(sign(||G(T)||), t3e) is locally optimal to (6) for any p > 0.

Proof: Since (Z,w) is a local optimal solution of (6) associated to p > 0, there exists
d’ > 0 such that for all (z,w) € Q x [0, e] with ||(z,w) — (Z,0)|| < ¢,

vf(@) + 25 o) + ple —w,G(7)) < vf(x) + 3520 d(wi) + ple — w,G(2)).

Fix an arbitrary (z,w) € F with ||(z,w) — (Z,w)|| < §’'/2 where F denotes the feasible
set of (4). Then, from the last inequality, it immediately follows that

vi(@) + 255 (@) = vf(@) + 2% (W) + ple — W, G(7))
S vf(@) + 355 o(wi) + ple —w,G(x)) = vf(z) + 372, d(wi).
This shows that (Z,w) is a locally optimal solution of the problem (4).

We next argue that Z is locally optimal to (2). Since (Z,w) is a locally optimal
solution of (4), there exists 6 > 0 such that for all (z,w) € F with ||(z,w) — (Z,w)]|| < 4,

vf(@) + 205 o(wi) < vf(z) + 3005 o(wi). (10)

Let § := min(ﬁ, g,g) where ¢ is the minimal nonzero component of G(7). Fix an

arbitrary z € QN {z € RP: ||z —Z|| < d}. We shall establish the following inequality

vf(@) +1G9@) o < vf(z) + [|G(2)llo, (11)

and consequently T is a local optimal solution to (2). If [|G(x)]l0 > ||G(Z)|o + 1,

1G@)llo = 1IG@)llo 21> vLsd > villz == > vf(T) —vf(z).

7



This implies that inequality (11) holds. If ||G(x)|lo < [|G(Z)||0, by using ||z —Z|| < §, we
have supp(G(z)) = supp(G(Z)), which implies that (e —w,G(x)) = 0. Thus, (z,w) € F
and ||(z,w)—(Z,w)|| < 4d. From (10), we obtain v f(Z)+> i~ ¢(w;) < vf(x)+> v, ¢(w;)
or vf(z) < vf(z). Along with supp(G(x)) = supp(G(7)), the inequality (11) follows.

Since T is locally optimal to the problem (2), there exists § > 0 such that for all x €
with [[z —Z| < 4, it holds that vf(Z) + [|G(Z)[lo < vf(z) + [|G(2)]lo- Fix an arbitrary
(x,w) € Q x [0,e] with ||(z,w) — (Z,w)|| < 0. Then, for any p > 0,

vf(@) + 25 0W) + ple —w,G(x)) = vf (@) + 19(@)]lo < vf(x) +[1G()llo

< vf(z) + 3 d(wi)
<vf(@)+ 2 iLi¢(wi) + ple —w,G(2)).
where the second inequality is due to (3). Thus, (Z,w) is locally optimal to (6). 0

3 GEP-MSCRA for computing the estimator *

From the last section, to compute the estimator T, one only needs to solve the penalty
problem (6) associated to p > p with ¢ € ®, where the threshold p > 0 is easily estimated
once v > 0 is given since Ly = maxzeq = [|AT(Az—b)| < %HAHQ—I—%HATbH. For a given
p > P, although the problem (6) is nonconvex due to the coupled term 3 i ; ws||z, |, its
special structure makes it much easier to cope with than do the problem (2). Specifically,
when the variable w is fixed, the problem (6) reduces to a convex minimization in x; and
when the variable x is fixed, it reduces to a convex minimization in w which, as will be
shown below, has a closed-form solution. Motivated by this, we propose a multi-stage
convex relaxation approach for computing = by solving (6) in an alternating way.

Algorithm 3.1 (GEP-MSCRA for computing )
(S.0) Choose p€®, v>0 and an initial w°€[0,%ze]. Set \0=v~1 and k := 1.
(S.1) Compute the following minimization problem

1 m
z¥ € argmin {||Aa: b2+ Ny (1= wf Y|, ||}. (12)
€N 2n i—1 ¢

If k =1, by the information of x' select a suitable p > p and set \F = pv=1.

(S.2) Seek an optimal solution wf (i =1,2,...,m) to the minimization problem
wk € argmin { o(uw;) — puwilla} |1} (13)
wie[():l] !

(S.3) Set k< k—+1, and then go to Step (S.1).




Remark 3.1 (a) By the definition of ¥, clearly, w¥ is an optimal solution to (13) if
and only if wF € 8¢*(p||x’} ). Since ¥* is a convex function in R, the subdifferential

oY (pHxﬁ ) is easily characterized by [28]; for example, for the function ¢y, it holds that

0ui (ol ) = {min ) } -

Thus, the main computation work in each iterate of the GEP-MSCRA is to solve (12).

(b) When k > 2, since w¥ E@zﬁ*(p”xj ) fori=1,...,m, we have 1 —wk € 39(pka I
for all i, which means that the Subprol;lem (12) for k: > 2 has a similar form to the one
yielded by applying the linear approzimation technique in [{1] to 2nHA£U — b)) + 2O (x).

Together with part (a), the GEP-MSCRA s analogous to the LLA algorithm in [{1] for
nonconver penalized LS problems except the start-up and the weights. We see that the
initial subproblem of the GEP-MSCRA depends explicitly on the dual variable w®, while
the initial subproblem of the LLA algorithm depends implicitly on an initial estimator x°.

This means that the start-up of the GEP-MSCRA is more easily controlled.

(c) By following the first part of proofs for Theorem 2.2, when an iterate x* satisfies
(e — wh=1,G(2*)) = 0, 2% is a local optimal solution of (2), and then (z*, W) with
wk = max(sign(Hg(mk)H),tZe) is locally optimal to (6) for any p > 0 by Theorem 2.2 .

4 Statistical guarantees

For convenience, throughout this section, we denote by S the group support of the true
T, ie., S:={i: T, # 0}, and write 7 = [S|. With S and an integer [ > 0, we define

C@Jy_{uﬂ@ﬂSDSwMMﬂglwmﬂmtZNVJ_l EZHM@

1€5¢ zES

Recall that the matrix A is said to satisfy the RSC of constant £ > 0 in a set C if
1
—|[|Az|® > &|z|®> VvazecC.
2n

In this section, under an RSC assumption on A over C(S, 1.57), we shall establish an error
bound for the iterate z* to Z and verify that the error sequence is strictly decreasing as k
increases, and if in addition the nonzero group vectors of T are not too small, the iterate
zF of the GEP-MSCRA after finite steps satisfies supp(z*) = supp(Z). Throughout the
analysis, we assume that the components of the noise vector ¢ are independent (not
necessarily identically distributed) sub-Gaussians, i.e., the following assumption holds.

Assumption 1 Assume thate; (i = 1,...,m) are independent (but not necessarily iden-
tically distributed) sub-Gaussians, i.e., there exists o >0 such that for all i and teR

Elexp(te;)] < exp(c?t?/2).

The proofs of the main results of this section are all included in Appendix C.



4.1 Theoretical performance bounds

First of all, we characterize the error bound for every iterate z* to the true vector Z.

Theorem 4.1 Let€ := %ATE. Suppose that A has the RSC of constant k over C(S, 1.57),

VA(4-214)(1-13) 11, V(3T |G o (B—tg)mr
and — e SV S GeEe U i, S P S\ amay e

vU2) AEE i k= 1
Ii(3ft¢.)

o U2) TR i k=2,3,... .
K(3—t¢)

IN

(14)

l=* ~z|

Remark 4.1 (a) When k = 1, the subproblem (12) reduces to the {3 1-reqularized least
squares problem, and the bound in (14) has the same order as the one in [23, Corollary 4]

except that the coefficient 2 there is improved to be \/r‘z(%_jw. From the choice interval
of v, the worst bound of ' is vlﬂff and that of z* for k > 2 is 2 Ofr.
@ ts

(b) The restriction on v and p implies that \¥=1 > %. Such a restriction on

N1 s also required in the analysis of the Uy 1 -regularized LS estimator [23, 17]. The
choice interval of v depends on the RSC property of A in C(S,1.57) and the noise level.
Clearly, for those problems in which A has a better RSC property over C(S,1.57) o

the noise ||G(€)|loo is smaller, there is a larger choice interval for the parameter v. In

addition, those ¢ with larger t; and smaller ty can deliver a larger choice interval of v.

B=ta)19(E) |l (1-t5)¢” (1) (B=t)lIG (@)oo
(c) I S > vl gArans
interval ofp n Theorem 4.1 is included in [p,+00). In this case, each subproblem (12)
is a convex approximation of the exact penalty problem (6) in a low dimensional space.

or equivalently Ly < the choice

Theorem 4.1 provides an error bound for every iterate of the GEP-MSCRA, but it
is unclear whether the error bound for the current iterate 2* is better than that of the
previous iterate 71, i.e., the error bound sequence is decreasing or not. We resolve this
problem by boundlng (1— wk N2 fori € S with I (i) where A == {i : |7, A < 2¢"_(1)/p}-
The following theorem states this main result, and its proof involves the index sets

FO:—§ and FF .= { ‘ka [l | i

1
>———5 fork=1,2,.... 15
B (1—t;§)p} (15)

Theorem 4.2 Suppose that A has the RSC of constant k over the set C(S,1.57). If the
parameter v and p are chosen in the same way as in Theorem 4.1, then for each k € N,

VIIGENs V3
k(v3—1) k(vV3—1)v

EQM@+Q%YWW—M- (16)

l* — ) <
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The error bound in (16) consists of three terms: the first term is the statistical error
induced by the noise, the second one is the identification error related to the choice of
p and v, and the third one is the computation error. As will be shown in Subsection
4.2, the identification error will become zero if the parameters p and v are appropriately
chosen. Thus, inequality (16) implies that as k increases the error bound sequence is
decreasing, and it will decrease to the statistical error ||[G(€)]g| if the parameters p and
v are appropriately chosen, and otherwise it will decrease to the sum of the statistical
error and the identification error. From (16), we also see that a smaller error bound of
x! is beneficial to reduce the error bounds of z* for k > 2. In practice, since ||G(8)/|c is
unknown, one may replace ||G(8)||oo With [|G(Ax! — b)||o to estimate the choice interval
of p. This means that the error bound of x! is important to the choice of p.

From [27] or [23, Page 549|, we know that for a design matrix Z € R™*P from the -
Gaussian ensemble (i.e., Z is formed by independently sampling each row Z! ~ N(0,)),
there exists a constant £ > 0 (depending on the positive definite matrix X) such that
Z has the RSC over C(S,I) with probability greater than 1—cj exp(—con) as long as
n>c) ..g|Ji|logp, where c,c1 and ¢z are absolutely positive constants. Together with
Theorem 4.2 and Lemma 1 in Appendix A, we immediately get the following result.

Corollary 4.1 Suppose Assumption 1 holds and %ﬁ;’i—@) <v< ! i? , where
_ o 2p 3 t¢ (3—ty)rv
K =2,/2log - 1T lloollAll2,00 for some n € (0,1). If ~ <p< VA2, (1)

then as long as n > O(Y .5 |Ji|logp), for each k € N the followz'ng inequality
ko — \/g — 1% . 1 \k-1 1 —
"7 < ————— (KVF+ = glIa(i)) + (—= -

lo* -3l < —=2 ( oV Siesla@) + () e =7

holds with probability at least 1 — 1.

4.2 Group selection consistency

In this part, we shall show that in finite steps the GEP-MSCRA can deliver an output !
satisfying supp(G(z!)) = supp(G(Z)) if the nonzero group vectors of Z is not too small.
To this end, we need to assume that the following least squares solution belongs to {2:

S € arg min {HA:L’ —b|?: supp(G(x)) C JS} . (17)

rERP

LS

For the solution x>, one may establish the following £,.-norm error bound result.

Lemma 4.1 Suppose that A has the RSC of constant k over the set C(S,1.57). Then,
1G(2"° = Z) oo < IGED[|oo with &1 := (AT Az) AT e. (18)
Proof: When the matrix A satisfies the RSC over the set C(S,1) for some [ > 7, we have

Tmin(Ag)/Vn > V28 (19)
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and hence Az has full column rank and £' is well defined. Here omin(Az) is the smallest
singular value of the matrix Az_. Indeed, for any x € R” with supp(G(z)) C S, we have
snllAz|® = gl Az, P > 3 omin(Aze) 2, |I* = 55 0min(Agg)?||l2[|*, which along with
x € C(S,1) implies that x < %[O‘mjn(Ajg)}Q, i.e., the inequality (19) holds. Now by the
optimality of 25 to the problem (17), we have Agg(Aa:Ls —b) =0. For j € T,

o — 7| = |ej (AL Az) ' AT (A TsTry — A ngﬁs)l
= |ej (A7, Az) T AT (AT — b+ b — Ad"®)| (20)
= |ej (A7, Azs) 1AL e|.

Along with :E}“S =0and 7; = 0 for j ¢ Jg, we immediately obtain (18). O

Now we are ready to state the group selection consistency of the GEP-MSCRA.

Theorem 4.3 Suppose that the matriz A has the RSC of constant  over the set C(S, 1.57)

and w Sv< QHgtfts)H with 5 := %AT(AQULS— b). If p is chosen such that
2¢’—<1> 20 max([|G(e"%)|oo 26| G (€N | o) ™
maX(miniGEHfJi ) -1, ) <p< (1 2)(1L13V5)” then for each k € N
1 2
¥ — 28| < Mm’
max(1, 1—t*)(1+3v5
i < LI 14E) o
6vk

Also, 2% =218 and SUPp(g(ka)) =S fork>k:= [ Dot 1+1.

In(6vk)—In[(max(1,p)p(1— t*)(1+3\[))]

Remark 4.2 (a) Theorem J.3 shows that if the parameters v and p are appropriately
chosen, then the iterate x® with k > k coincides with the oracle solution ™5 and its
group support coincides with S. Similar to Remark 4.1(b), for those problems in which A
has a better RSC property in C(S,1.57) and the noise ||G(e"%) |« is smaller, the choice

interval of v is larger. [f the smallest nonzero group vector of T is suitable large, say

(D7) . )
5 1%, ]l = 1/max(Hg(sLs)Hoo,QiHQ(?f)||oo)’ then the choice of p depends only on the noise.
It is not hard to observe that those ¢ with smaller ty and larger t;) lead to a larger choice
interval of v and p and a smaller k. Together with Remark 4.1(b), the GEP-MSCRA
with such ¢ s better in terms of the error bound and the group consistency.

(b) By Lemma 2, we have ||G(e™)||oo < K w.p. at least 1 —n for n € (0,1). We neat
show that k||G(EM)||ee < K w.p. no less than 1 —n for n € (0,1). Indeed, by Lemma 3,

kKn K\/kn
Umin(AJ§)||A”2,OO \[HAH200

In addition, smce for any e; € RP with j = 1,2,...,p, we have e; € C(S,1.57) which,
together with || Ae;||> = 5=||A;]1%(lej||?, implies that /k < ﬁ\\AHgm. Substituting

min

RIGEN s <
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this relation into the last inequality yields that k||G(EN)|eo < K. Thus, ||G(e™5)||o and
k||G(EN)||oo have the upper bound of the same order in a high probability.

Using Lemma 2-3, Remark 4.2(b) and Theorem 4.3, we obtain the following result.

1-t% 3 -t
Corollary 4.2 Suppose that Assumption 1 holds and w < v < 12%. If
20 (1) 4K 4
max(miniegnfji“, 17%1;) <p< W{W, then as long as n > O}, .5 |Ji|logp),

we have 2% = 25 and supp(G(z*)) = S for k >k w.p. at least 1 — 21 for n € (0,1).

Corollary 4.1 and 4.2 provide the theoretical guarantees in statistical sense. We need
to point out, when a similar column normalization condition is imposed to the design
matrix A, one may follow the analysis in |23] to improve the probability bound results.

5 Numerical experiments for the GEP-MSCRA

The GEP-MSCRA consists in solving a sequence of weighted ¢ 1-norm regularized prob-
lems. The key to its implementation is to develop an effective solver to (12) or equivalently

. 1 2 m
— + > w; + D Ar—z = —u= } 22
x,uempl,rzle n{2\|z|| i 1(.WH:L‘jZ_H 0a(u) r—z=bx—u=0,, (22)

where w; = nA(1 —w¥) for i = 1,..., m are nonnegative weights. There are some solvers
developed for the unconstrained counterpart of (12); for example, the LARS-type algo-
rithm in [33], the R-package gglasso developed by Yang and Zou [32] with the groupwise-
majorization-descent algorithm, the Matlab package SLEP developed by Liu and Ye [16]
with the accelerated proximal gradient method [24], and the semismooth Newton ALM
developed by Li, Sun and Toh [15]. The first three solvers are solving (12) with = RP,
while the last one is solving its dual problem. These solvers can not be applied directly
to the problem (22) since it involves an additional nonsmooth term dq(u).

5.1 Implementation of the GEP-MSCRA

Motivated by the good performance of the semismooth Newton ALM (see [15, 29]), we
shall develop it for solving the dual of (22) which takes the following form

1
EeR}}}%EGRP {QH§H2 + 0,8 + R|nll1 +0a(¢) s ATe¢+n—(= 0} ; (23)

where A = Ay x Ag x --- x Ay, with Ay := {z € RVl | ||2]| < w;} fori=1,2,...,m. For
a given o > 0, the augmented Lagrangian function of problem (23) is defined as

1
Lo (1,6 G 2):= S €17+ (b:€) +Rllnll + 8a(Q) + (@, AT¢+n — ) + 24T+ — ¢

The iteration steps of the augmented Lagrangian method for (23) is described as follows.
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Algorithm 1 An inexact ALM for the dual problem (23)

Initialization: Choose g > 0 and a starting point (7%, &%, ¢%, 29). Set j = 0.
while the stopping conditions are not satisfied do

1. Solve the following nonsmooth convex minimization problem inexactly

ERET g o6 Gsl) @4

2. Update the multiplier by the formula 77! = 27 + o;(ATEIT! 4 it — (1),
3. Update 041 T 00 < 00. Set j < j + 1, and then go to Step 1.

end while

Observe that the augmented Lagrangian subproblem (24) is a two-block nonsmooth
convex program. We use the accelerated block coordinate descent (ABCD) method to
seek (p/ 1 &7+ (3+1) in (24). The iterations of the ABCD method are described below.

Algorithm 2 An ABCD for solving the Lagrangian subproblem (24)

Initialization: Choose the initial point (£,¢1) = (&7, ¢7) and let t; = 1. Set k := 1.
while the stopping conditions are not satisfied do

1. Compute the following minimization problems

0™ = argmin Ly, (1, €, ¢*; 2%), (25a)
neRp
(&"7,¢M7) = argmin L, (n™7,€,¢;a7). (25b)
£eR™ ,CeRP
2
2. Set tpy1 = w and B = i’;:, and then compute

576+1 — é—k,] + /Bk(gk,] o é-kfl,j) and Zk+1 — Ck,j + Bk‘(CkJ o Ck*l,j)‘

3. Let k< k+ 1, and go to Step 1.

end while

Let proxy, ,: R — R? denote the proximal mapping of ¢;-norm of parameter v, i.e.,

. 1
pros, ,(=) = min {32’ = 2|2+ 7’|l }.

From the definition of the augmented Lagrangian function, the solution n*7 has the form

"7 = proxy, po (¢F — AT — 27 foy).
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Let @ ;(&) := mincere Lo, (n*3,€,¢;27) for € € R™. Tt is not difficult to verify that

fk’j = arsg min (I)k,j(é) and Ck’j =11\ (ATka‘Fnk’j"‘ xj/o-])
eR™

After an elementary calculation, one may obtain the expression of ®;, ; as follows

o - i 1 .
@p3(6) = 2|1 (A% 4"+ ) = (AT + )| 4 SR+ 0,) + RIS

j gj

By the strong convexity of ®y ;, £k = arg mingcgn P ; (€) iff €% satisfies the system

V;(§) =b+ &+ A [(ATEM’”JF::) — 11, (A%m’“%i)] =0. (26)

The system (26) is strongly semismooth (see [21, 26, 30] for the related discussion), and
we apply the semismooth Newton method for solving it. Write y:= AT¢ +nFJ + % By
[8, Proposition 2.3.3 & Theorem 2.6.6], the Clarke Jacobian OV ®y, ; of @y, ; satisfies

O(V i) (€) C 0P j(€) := I + o AT — D5 () A" (27)

where 52<I>k,j is the generalized Hessian of @y ; at £. Since the exact characterization of
OV®y, ; is difficult to obtain, we replace dV®Py, ; with 9Py, ; in the solution of (26). Let

W € 0llx(y). By [8, Theorem 2.6.6], W =W, x.--x W, ~with W, € Oll,(y, ) where

n iy, | < i
aHAi (yjl) = COHV(I7 I— wilzyjz y}i) lf Hy‘],b H = Wi, (28)

1 1 T :
{“i(inyginf_ Ty TP |3?/Ji?/az-)} if lyz, | > wi

|
1, T S _ 1, T
where conv (I A — w7 Y7,y ‘77;) means the convex combination of I and I 7YYz, From

(27) and (28), each element I + o; A(I-W)AT in 52(1)’@]'(5) is positive definite, which by
[26] implies that the following semismooth Newton method has a fast convergence rate.

During the implementation of the semismooth Newton ALM for (23), we terminated
the algorithm once max{efginf,sémf,eéap} < €, where e}ap is the p?imal—dua‘l gap, i.e.,
the sum of the objective values of (22) and (23) a‘F (n?,&7,¢7), and E;inf and £}, . are the
primal and dual infeasibility measure at (1, &7, (?), respectively, defined as follows

_la? =27

, , ki _ cky 4 AT(ck _ ¢k ,
j ol O AT
P 1+ [j8] gj-1

3

Now we return to the choice of parameters in the GEP-MSCRA. Taking into account
the choice of p in the first stage may not be the best, we use a dynamic adjustment

for p during the test. Specifically, we choose p! = m and increase it by the rule
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Algorithm 3 A semismooth Newton-CG (SNCG) algorithm for (26)

Initialization: Choose € (0,1),7 € (0,1),5 € (0,1), 1 €(0, 3) and £° €R™. Set I = 0.
while the stopping conditions are not satisfied do

1. Choose a matrix V! € 521’“(5’). Solve the following linear system
Vid = -V, (&)
with the conjugate gradient (CG) algorithm to find d' such that

[V + Vi (€] < min(@, [P (€)]1)

2. Set ay = 0™, where my is the first nonnegative integer m for which
Oy 5 (6 +0™d") < g (€)) + pd™ (VO ;(¢1), d').

3. Set &t = ¢l 4 yd' and [ + [ + 1, and then go to Step 1.

end while

pF = min(20*1,10%/||G(2¥)||o0 ) for & > 2. The choice of v is specified in the experiments.
By Remark 3.1(c), we terminate the GEP-MSCRA at the iterate z* whenever it satisfies

|f(2*) — f@*)]

< k _ |kl <1
max(1, f(zF)) = €loss, 127 [la,0 — 177 lay0] <

<e — wkil,g(azk» < €gap O

where |zla0 = D% I Iz, |>10-6}(2) means the approximate group zero-norm of z.
[

During the testing, we choose €gap = 1076 and €0 = 1072, and solve the subproblem
(12) by Algorithm 1 with the tolerance ¢/ = max(1075,0.8¢/71) and €® = 0.1€s. All
numerical results of this section are obtained from a laptop running on 64-bit Windows
Operating System with an Intel(R) Core(TM) i7-7700 CPU 2.8GHz and 16 GB memory.

5.2 Numerical experiments for group sparse regressions

We shall evaluate the performance of the GEP-MSCRA in the group sparse regression
setting by using the simulated data. We generate the simulation data with the sample
size n, the dimension of variables p, the number of groups m, and the dimension of each
group d = [p/m]. The matrix A is generated randomly by one of the following ways:

(I) A =randn(n,p);
(I) A = sign(rand([n,p]) — 0.5); ind = find(A = 0); A(ind) = ones(size(ind));
(ITI) A= hadamard(n); picks = randperm(n); picks =sort(picks(1:n)); A= A(picks,:).
We select 7 groups randomly from m groups, say {my1, ..., ms}, as the support of T, and

generate the entries of T, for i € {my,...,mz} in one of the following seven ways:
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(i) 7, = arandn(|J[,1) for i € {m1,...,mz} witha =2 or 10%;
(i) z, = arand(|J[,1) — 0.5 for i € {m1,...,mz} with o =2 or 10%;

(iii) 7, = asign(randn(|J;|,1)) for i € {mq,...,mz} with a =1 or 10;

Ti
(iv) Z, = —%e fori € {ma,...,mz)p} and 7, = %e for i € {m41)/2,- .., Mr}

Then, we set b = A(T + ﬁlﬁ) + 192”§—” where € = randn(p, 1), ¢ = randn(p, 1) and ¥,
and 19 are the nonnegative constants representing the scale of the noise vectors € and €.
Since the true T is known for these synthetic problems, we take R = 1000||Z||oc for the
set 2. We find from experiments that Algorithm 1 is not sensitive to the value of R.

5.2.1 Performance of the GEP-MSCRA with different ¢

This part aims to evaluate the performance of the GEP-MSCRA with ¢ € {1, ¢2, ¢3, da}
where @ = 3.7 and a = 3 are used for ¢; and ¢, respectively, and € = 1072 is used for
¢4. With the design matrix A € R™P of type I for (p,m,7) = (2!2,256, 10), we generate
10 test problems randomly as above for every type of T with (¥1,72) = (0.1,0.1), and
apply the GEP-MSCRA for solving the test problems with A = (0.1/n)||ATb||~. Figure
1 plots the average relative prediction error curve and the average computing time curve,
respectively, yielded by the GEP-MSCRA with each ¢ under the sample size n = L%j for
B € {5,6,...,17}. Here, for each sample size, the average relative error and computing
time is the average of the total relative prediction error and computing time of the 70 test

out _ = .
problems. The relative error is defined by relerr := Iz T 7l where °" is the output.

Relative error
o
8
Computing time(s)

10 22
@ B ® B

Figure 1: Performance of the GEP-MSCRA with ¢1-¢4 under different sample size

Figure 1 shows that the relative errors yielded with ¢1-¢4 are comparable, but those
yielded with ¢3 and ¢4 have a little bigger fluctuation. In addition, the GEP-MSCRA
with ¢o and ¢4 requires more computing time than the GEP-MSCRA with ¢1 and ¢3
does. By this, we choose the GEP-MSCRA with ¢; for the subsequent experiments.
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5.2.2 Numerical comparison with the SLEP

The SLEP is a solver to the subproblem (12) without the constraint x € Q but with
positive weights. So, we first compare the performance of Algorithm 1 for solving the
subproblem (12) for k = 1 and w® = 0 with that of the SLEP for solving its counterpart
without the constraint x € {2 under different A\. Unless otherwise stated, all parameters
involved in the SELP are set to be the default one. We generate 10 test problems
randomly as above for every type of  with (¢1,72) = (0.1,0.1) and the design matrix A €
R™P of type I for (p,m,x) = (2'%,256,15) and n = |p/10]. Figure 2 plots the average
relative error and computing time curves of Algorithm 1 and the SLEP for solving the 70
problems with A = (3/n)||A%b||o. We see that the relative error yielded by Algorithm
1 has less variation than the one yielded by the SLEP when A € [0.03/n,0.3/n]||A"b|| s,
which means that it is easier to choose an appropriate A for Algorithm 1. Since the
problem (12) is more difficult than its unconstrained counterpart, Algorithm 1 requires
more time than the SLEP does, but its computing time decreases as A increases, and
when A > (0.2/n)||ATb|| its time is less than three times that of the SLEP.

T : 18 T :
—8— GEP-MSCRA] = B = GEP-MSCRA]
= @ = SLEP =—@— SLEP
160 1
061 1 .
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\ 14r
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=1 = N
% a 08 u
x g ‘s
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© T
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~en
bl
04r L
0. ©- Pru—. B —
©- —c- —e—
. . . . . . oy — . . . . .
0.05 0.1 0.15 0.2 0.25 0.3 035 0.05 0.1 015 0.2 0.25 03 0.35
(@ B () B

Figure 2: Performance of Algorithm 1 and the SLEP under different A\ = (38/n)|| AT

Next we compare the performance of the GEP-MSCRA for computing 7 with that
of the SLEP for computing the ¢ ;-norm regularized LS estimator, i.e., the one defined
by the subproblem (12) with & = 1 and w® = 0 but without the constraint z € Q. To
this end, for each type of A with (p,m,x) = (2!2,256,15), we generate 10 test problems
randomly for every type of T with (1, 92) = (0.1,0.3), and then apply the GEP-MSCRA
and the SLEP, respectively, for solving the corresponding test problems. By Figure 2,
we choose A = (0.1/n)||ATb||s for the GEP-MSCRA and A = (0.13/n)||ATb||s for the
SLEP. Figure 3 plots the average relative error and computing time curves under different
sample size n = L%J for g € {3,4,...,15}. From Figure 3, we see that although the SLEP
is faster than the GEP-MSCRA, for the matrix A of type I and II, the relative error of
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its output is about six or seven times higher than that of the GEP-MSCRA, and for the
matrix A of type III, the relative error of its output is about one and half times higher
than that of the GEP-MSCRA. In addition, Figure 4 shows under each sample size, the
group sparsity of the output yielded by the SLEP is much higher than that of T when the
sample size becomes less, but that of the output yielded by the GEP-MSCRA is close to
that of the true T. This means that the estimator yielded by the GEP-MSCRA is much
better than the one yielded by the SLEP in terms of the relative error and the group
sparsity. Notice that the matrix A of type I and II satisfies the RSC condition in a high
probability. Thus, the numerical performance matches the theoretical analysis well.
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Figure 3: Relative error of the output yielded by the GEP-MSCRA and the SLEP

5.3 Numerical experiments for multi-task learning

In multi-task learning (see [2, 25, 36]), we are given a training set of m tasks {(aF, y¥)}2*,
from the linear models hy(a) = (wjk ya) for k =1,...,m, where w, € Rkl is the weight

vector for the kth task, af € Rkl is the ith training sample for the kth task, yf is the
corresponding output, and ny is the number of training samples for the kth task. Write
ye = [Wh, .. yf T € R and b = [y],...,yp]" € R with n = >oitgmy. Let A, =

[af,....ak " € R™*IJkl denote the data matrix for the kth task. Clearly, the model (1)
T T 1T
w, |

is also applicable to the multi-task learning by replacing Z with w = [w W,

SRR

This part focuses on the comparison of the GEP-MSCRA and the MALSAR' for a

"http://yelab.net/software/MALSRA (versioni.1)/
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Figure 4: Group sparsity of the output yielded by the GEP-MSCRA and the SLEP

real data set (School data) from the Inner London Education Authority?. Among others,
the MALSAR is a solver for the unconstrained ¢3 j-regularized LS model, and since the
true T is unknown for this real problem, we take R = 2000 for the set €. This data set has
been used in previous works on multi-task learning (see [9]). It consists of examination
scores of 15362 students from 139 secondary schools in London during the years 1985,
1986 and 1987. There are 139 tasks, corresponding to predicting student performance in
each school. The input consists of the year of the examination (YR), 4 school-specific
and 3 student-specific attributes, and each sample contains 28 attributes.

We first test the prediction performance of the GEP-MSCRA and the MALSAR with
different A = v~!. We generate the training and test sets by 10 random splits of the
data, so that 75% of the examples from each school (task) belong to the training set and
25% to the test set. The subfigures in the first line of Figure 5 plot the prediction error
and time curves of two solvers with A = (0.0013/n)||ATb||, where the solvers use the
solution associated to the current A as the initial point for solving the problem associated
to the next A, and the subfigures in the second line are plotted by the solutions yielded
by the GEP-MSCRA with the initial z° = 0 and the MALSAR with the default one.

Figure 5 shows that the performance of the GEP-MASCRA does not depend on the
initial point, but that of the MALSAR improves much if the solution corresponding to
the current A is used as the starting point for solving the problem associated to the next
A. The prediction error of the GEP-MASCRA is at least 20% lower than that of the
MALSAR when the latter does not use the solution corresponding to the current A as
the starting point, and is comparable even superior to that of the MALSAR even if it
uses the solution associated to the current A as the starting point. Also, from the left
subfigure in Figure 6, the GEP-MSCRA yields the solution with better group sparsity
than the MALSAR does; and from the right subfigure, the MALSAR does not yield a
group sparse solution without using the solution associated to the current A\ as the next

2 Available at http://www.mlwin.com/intro/datasets.html

20


http://www.mlwin.com/intro/datasets.html

065 T T
) == GEP-MSCRA| =D GEP-MSCRA|
-0 WALSIR —6—VALSIR
5 06, La OF W
= ' 2 hE T
o 1 £ B
oot S 150 N
2 ' 2 | D
5 ' = S -E- . -
ENE 3w B-g--g--+-1
o | 5
) - - - -
Los v L6 -0--0--0-4 84
| = R \o—\ e
ou—. s ‘ s : : o *—o0—¢ e o+ o
4 5 8 10 2 u 4 § 8 10 1 1
@B () B
065—— . \
b - —8— GEP-VSCRA =D GEP-NSCRA
0--0- o -0 VALSIR -~ —6— VALSIR
T R SET Y oF: W
o ~9-.g ] - g--8
o T0--e.. £ .
c 055 0 - ¢ 515, s
] c . a
2 £ B--" " T ~B. -
£ o5 3up Bt DR Rl
14 £
& st o4l
O - — I —
—e—a—a—" =
04/ L L L L L L L L L L L L
4 § 8 10 2 u 4 § 8 1 2 u
@B (b) B

Figure 5: Prediction errors yielded by the GEP-MSCRA and the SLEP under different A

starting point, but the GEP-MSCRA yields the solution with desirable group sparsity.
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Figure 6: Group sparsity yielded by the GEP-MSCRA and the SLEP under different A

Next we test the prediction performance of the GEP-MSCRA and the MALSAR with
different numbers of training samples. We generate the training and test sets by 10 ran-
dom splits of the data so that 1005% of the examples from each school (task) belong to the
training set and 100(1—3)% to the test set. The subfigures in the first line of Figure 7 plots
the prediction error curves and the computing time curves with A = (0.005/1)|| AT/,
and the subfigures in the second line are plotted with A = (0.013/n)||A"b||s. We see that
the prediction error of the GEP-MSCRA is decreasing as the number of training samples
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increases, but that of the MALSAR does not improve even increases as the number of
training samples increases. Moreover, the prediction error of the GEP-MSCRA is at least
lower than 20% that of the MALSAR when 50% of the examples are used as the training
set, and the prediction error of the former is lower than 5% that of the latter when only
35% of the examples are used as the training set. From Figure 8, we see that under each
kind of training samples, the GEP-MSCRA yields the group sparsity less than 5, but the
MALSAR does not yield group sparsity under the two A.
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Figure 7: Prediction errors of the GEP-MSCRA and the SLEP under different train samples
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6 Conclusions

In this paper we showed that the group zero-norm regularized least squares estimator can
be obtained from an exact penalization problem by using the equivalent MPEC of (2) and
developing the global exact penalty for the MPEC, and found that the popular SCAD and
MCP penalized estimators also arise from the global exact penalty framework. Based on
the structure of the exact penalty problem, we proposed a primal-dual convex relaxation
approach for computing this estimator. For the proposed GEP-MSCRA, we provided its
statistical guarantees and confirmed its efficiency by making comparison with the SLEP
and the MALSAR on synthetic group sparse regression problems and real multi-task
learning problems. In our future work, we shall further study the global exact penalty
results for the MPEC from statistical angle, and develop global exact penalty results for
other statistical problems with a certain combinatorial property.

References

[1] A. A. AGARWAL, S. NEGAHBAN, M. WAINWRIGHT, Fast global convergence of
gradient methods for high-dimensional statistical recovery, The Annals of Statistic-
s, 40(2012): 2452-2482.

[2] A. A. ArRGYRIOU, T. EVGENIOU AND M. PONTIL, Conver multi-task feature learn-
ing, Machine Learning, 73(2008): 243-272.

[3] F. R. BacH, Consistency of the group Lasso and multiple kernel learning, Journal of
Machine Learning Research, 9(2008): 1179-1225.

[4] P. BREHENY AND J. HUANG, Coordinate descent algorithms for nonconvex penal-
ized regression, with applications to biological feature selection, Annals of Applied

Statistics, 5(2011): 232-253.

[5] P. BREHENY AND J. HUANG, Group descent algorithms for nonconvex penalized lin-
ear and logistic regression models with grouped predictors, Statistics and Computing,

25(2015): 173-187.

[6] P. BUHLMANN AND V. D. G. SARA, Statistics for high-dimensional data: methods,
theory and applications, Springer, 2011.

[7] E. J. CANDES AND T. TAO, The Dantzig selector: Statistical estimation when p is
much larger than n, Annals of Statistics, 35(2007): 2313-2351.

[8] F. H. CLARKE, Optimization and Nonsmooth Analysis, New York, 1983.

[9] T. EvGENniou, C. A. MICCHELLI AND M. PONTIL, Learning multiple tasks with
kernel methods, Journal of Machine Learning Research, 6(2005): 615-637.

[10] J. Q. FAN AND R. Z. L1, Variable selection via nonconcave penalized likelihood and
its oracle properties, Journal of American Statistics Association, 96(2001): 1348-1360.

23



[11] J. Q. Fan, L. Z. XUE AND H. Zou, Strong oracle optimality of folded concave
penalized estimation, Annals of Statistics, 42(2014): 819-849.

[12] P. Gong, J. YE AND C. ZHANG, Multi-stage multi-task feature learning, Journal
of Machine Learning Research, 14(2013): 2979-3010.

[13] J. HUANG, J. L. HOROWITZ AND S. MA, Asymptotic properties of bridge estimators
in sparse high-dimensional regression models, Annals of Statistics, 36(2008): 587-613.

[14] J. HUANG AND T. ZHANG, The benefit of group sparsity, The Annals of Statistics,
38(2010): 1978-2004.

[15] X. D. L1, D. F. Sun anxD K. C. ToH, A highly efficient semismooth Newton
augmented Lagrangian method for solving Lasso problems, arXiv:1607.05428v3.

[16] J. Liu, S. J1 AND J. YE, SLEP: Sparse Learning with Efficient Projections, Arizona
State University. URL: http://www.public.asu.edu/jye02/Software/SLEP (2009)

[17] K. Lounict, M. PONTIL, A. B. TSYBAKOV AND S. VAN DE GEER, Oracle inequal-

ities and optimal inference under group sparsity, The Annals of Statistics, 39(2011):
2164-2204.

[18] Z. Q. Luo, J. S. PANG AND D. RALPH, Mathematical Programs with Equilibrium
Constraints, Cambridge University Press, 1996.

[19] R. MAZUMDER, J. H. FRIEDMAN AND T. HASTIE, SparseNet: Coordinate descent
with nonconvexr penalties, Journal of the American Statistical Association, 106 (495):
1125-1138, 2011.

[20] L. MEIER, S. VAN DE GEER, AND P. BUHLMANN, The group Lasso for logistic
regression, Journal of the Royal Statistical Society, series B, 70(2008): 53-71.

[21] R. MIFFLIN, Semismooth and semiconvex functions in constrained optimization,
SIAM Journal on Control and Optimization, 15(1977): 959-972.

[22] S. NaNDY, C. Y. Lim AND T. MAITI, Additive model building for spatial regression,
Journal of the Royal Statistical Society, series B, 79(2017): 779-800.

[23] S. NEGAHBAN, P. RAVIKUMAR, M. WAINWRIGHT AND B. YU, A unified frame-

work for high-dimensional analysis of M-estimators with decomposable regularizers,
Statistical Science, 27(2012): 538-557.

[24] Y. NESTEROV, Gradient methods for minimizing composite objective function, Tech-
nical report, Center for Operations Research and Econometrics (CORE), Catholic
University of Louvain (UCL) (2007).

[25] G. OBozINSKI, B. TASKAR AND M. I. JORDAN, Joint covariate selection for
grouped classification, Statistics and Computing, 20(2010): 231-252.

24



[26] L. Q1 AND J. SUN, A nonsmooth version of Newton’s method, Mathematical Pro-
gramming, 58(1993): 353-367.

[27] G. RaskuTTI, M. J. WAINWRIGHT AND B. YU, Restricted eigenvalue properties
for correlated Gaussian designs, Journal of Machine Learning Research, 11(2010):
2241-2259.

[28] R. T. ROCKAFELLAR, Convex Analysis, Princeton University Press, Princeton, NJ,
1970.

[29] D. F. Sun, L. Q. YanGc aAND K. C. ToH, An efficient inexact ABCD
method for least squares semidefinite programming, STAM Journal on Optimization,
26(2016):1072-1100.

[30] D. F. SuN AND J. SUN, Semismooth matriz-valued functions, Mathematics of Op-
erations Research, 27(2002): 150-169.

[31] R. TIBSHIRANI, Regression shrinkage and selection via the Lasso, Journal of Royal
Statistical Society B, 58(1996): 267-288.

[32] Y. YANG AND H. Zou, A fast unified algorithm for solving group-lasso penalize
learning problems, Statistical Computation, 15(2015): 1129-1141.

[33] C. Y. Yau anDp T. S. Hui, LARS-type algorithm for group lasso, Statistics &
Computing, 4(2017): 1041-1048.

[34] J. J. YE, D. L. ZHu AND Q. J. ZHU, Ezact penalization and necessary optimality
conditions for generalized bilevel programming problems, STAM Journal on Optimiza-
tion, 7(1997): 481-507.

[35] M. YUAN AND Y. LIN, Model selection and estimation in regression with grouped
variables, Journal of The Royal Statistical Society, series B, 68(2006): 49-67.

[36] J. ZHANG, Z. GHAHRAMANI AND Y. YANG, Flexible latent variable models for
multi-task learning, Machine Learning, 73(2008): 221-242.

[37] T. ZHANG, Multi-stage convex relazation for feature selection, Bernoulli, 19(2011):
2277-2293.

[38] T. ZHANG, Analysis of multi-stage convex relazation for sparse reqularization, Jour-
nal of Machine Learning Research, 11(2010): 1081-1107.

[39] C. H. ZHANG, Nearly unbiased variable selection under minimax concave penalty,
Annals of Statistics, 38(2010): 894-942.

[40] C. H. ZHANG AND T. ZHANG, A general theory of concave reqularization for high-
dimensional sparse estimation problems, Statistical Science, 27(2012): 576-593, .

25



[41] H. Zou, The adaptive lasso and its oracle properties, Journal of the American Sta-
tistical Association, 101(2006): 1418-1429.

Appendix A

The following several lemmas provide some upper estimations for the noise vector €.
Among others, Lemma 1 follows directly by using the same arguments as |38, Lemma 5],
and Lemma 2 and 3 follow from the same arguments as those for [37, Lemma 3|.

Lemma 1 Let | J |00 := maxi<i<m{|Ji|}. Then, under Assumption 1, for any given
€ (0,1) the following inequality holds with probability at least 1 — n:

1G(E)lloo < %\/2||J||oolog(2p/77)HAII2,oo-

Lemma 2 Suppose that A Jg has full column rank. Then, under Assumption 1, for any
given n € (0,1) the following inequality holds with probability (w.p.) at least 1 — n:

IG(EN I < V2|17 | log(2p/n).

7
Omin (A7)

Lemma 3 Define ¢5:= 1AT(AacLS b) where xS is the solution defined by (17). Under
Assumption 1, for any given n € (0,1) the following inequality holds w.p. at least 1 —n

0/2[| T ]l log(2p/1)

elS =0 foriecS and ||g(5LS)H<>o <

Ti

| All2,00 for i ¢ S.
Appendix B
Next we shall provide the proof of Theorem 2.1. This requires three technical lemmas.

The first two characterize some important properties of the function family ®.

Lemma 4 Let ¢ € ®. Then, the set (9¢)"'(2+) N [t3,1) is nonempty and compact.
é

Proof: Since [0,1] C int(dom¢), from [28, Theorem 23.4] d¢(t) = [ " (t), ¢\ (2)] is
nonempty and bounded for each ¢ € [0,1]. We first argue that (9¢) (= A )Nty 1) # 0.

Assume that there exists ¢ € (t3,1) such that ¢_(¢) < ¢_(1) (if not we will have
9o(t) = {gb’( )} ={¢_(1)} for all t € (¢;,1), and hence there exists § € (t(’;, 1) such that

@& = 2 , which implies the desired statement). Together with the convexity of ¢ and
¢

[28, Theorem 24.1], we have ¢’ (t) < ¢_(¢) for all ¢ € [t},?]. By [28, Corollary 24.2.1],

1 t 1
o(1) =o(1) —o(ty) = | s_(W)dt= | ¢_(t)dt+ | ¢ (t)dt
D= [ o= [ o |
1
< ¢ (1)(t—ty) +/t oL (t)dt < ¢ (1)(1 —t5).

26



In addition, by the convexity of ¢, ¢(1) > ¢(t7) + ¢ (¢7)(1 —t3) = ¢/, (t3)(1 —¢7). Thus,
a = f’% = 1_1% € [¢,(t3), ¢/ (1)). If a = ¢/, (t}), clearly, £}, € (8¢)’1(1_1t;) N[t 1).

So, it suffices to consider the case a € (¢/,(t;), ¢_(1)). Now (0¢)~(a)N[0,1) # 0 (if not,
a € 9¢(t") = [¢_(t'), ¢/, (t')] for t' > 1 or t' < 3, which contradicts a € (¢/,(t}), ¢ (1)))-
Next we show that (0¢) ™! (2= 7 )N[t;, 1) is compact. Fix an arbitrary b € (09)~( 1_1% ).
Since (0¢)~ (1 tl) is compact, we only need to argue that b < 1. This clearly holds by
noting that a = q € 06(b) = [¢_ (D), ¢, (b)] and a € [#/, (), #"(1)). O
Lemma 5 Let ¢ € ®. For any given w > 0, define v*:= H[l(;r}]{(b( )+w(l—t)}. Then,
t
v =1 if we (¢ (1), +00);
* w(l—ty) . .
v ZWlftjp lwa [ﬁ,gﬁ/,(l)],
vt >w(l-ty) ifwe [0, 2)

Proof: When w > ¢’ (1), clearly, v* = ¢(1) since ¢(t) + w(1 — ¢) is nonincreasing in
[0,1]. When w € [0, ﬁ), since ¢'_(t) > ¢/, (t4) > w for any t > #; by Lemma 4, the

optimal solution ¢ of mingep 11{¢(t) +w(1—1)} satisfies t <1t4. By the convexity of ¢,
¢(t) +w(l—1) > ¢(t) +w(l—1) > w(l —1y) Vte0,1].

This shows that v* > w(1 —,) for this case. When w € [2+, ¢ (1)], by Lemma 4
$

. - 1 — — E(;S w(l — t¢)
> t 1—1t } = @t 1-—1¢ )
v —tgféﬂ]{¢()+1—t;( ) ¢(¢)+1—tj§)( ‘f’)—l—t;— (- t)
where the last inequality is due to w < ¢’ (1). The proof is completed. a

For every z € ), with a parameter p > 0 we define a truncated vector z” € 2 by

1
<xp>;,i:{x@ it g > 57

0 othervvlse

Then, the following result holds for the objective value of (2) at z” and that of (6) at x.

(1-t3)¢ (1)
1-t4 ’

vf(@?) +16(=")llo < vf(x) + 3 [ows) + p(1 = wi)llay, ], (29)

Lemma 6 Let ¢ € . Then, for any x € Q andw € [0,¢€], when p > p = vLs

and moreover, ¥ = x and ||G(z)|1—(w, G(x)) = 0 provided that (29) becomes an equality.

27



Proof: Fix arbitrary z € Q, w € [0,e] and p > p. Applying Lemma 5 with w = pl|z, |
for every i € {1,...,m} delivers

$(wi) + p(1 — i)y, | > 1 iti € Iy
$lwi) + p(L— wi)llg | > Gy i€ I (30)
$(w) + (1 = w) g | = pllag | (1) i i € I

where I :={i : p|lz, > 8 ( D}, I = {i:plz | € [ﬁ,gb'_(l)]} and I := (I; U I5)°.

1-t5)¢'_(1
( tl"))fb =) > 2t immediately follows that
—ty 1-ty

From the expression of z* and p > vLs

Y [dlwi)+p(l—wi)lzy, ] = 1G(2") o and Y [$(wi)+p(1—wi)llz, ] = vLsllz,|.

i€l i€loUlg

Together with |f(x)— f(z”)| < Ly|lx—”| by the Lipschitz continuity of f, we have

> [ewi) + p(1 —wi)llzy, I = 11G(")llo
i=1
= > [o(w) +p(1—wi)ag ] = 1G(")o
i€l UlUl3
> Y vz, | = vL]|G(z) - G()llx
1€laUl3
> vl — 2| > vif(z) - f(2)] (31)

By the arbitrariness of z € Q,w € [0, e] and p > p, the first part of conclusions follows.

Next we prove the second part. Since inequality (29) becomes an equality, i.e.,

v f(af) — fa)| = X0, [¢(wi) + p(1 — wi) |z, [[] = 1G(2")]lo (32)
together with inequality (31) it immediately follows that
> [slw) +p—wilzll] = D vigla,l. (33)
1€laUl3 1€IUl3
Suppose on the contradiction that x # x. Then there exists an index k € Iy U I3 such

(1) (
that [z, | # 0. By (30) and p > v EED o) + p(1 = wellay, | > vLyla,

Together with ¢(w;) + p(1 — wi)||z, || = vL¢|z, || for all i € I U I3, we obtain

Y [Blw) +p—wi)lagll] > D vEflayll,

1€laUl3 1€IUI3

which contradicts (33). Substituting x =2z into (32) and using the definition of z* yields

Y [o(wi) +p(1 —wi)llzy, [I] = 1G(")lo.

iel1Ulg
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Notice that ¢(w;) > ¢(1)+¢_ (1)(w;—1) > ¢(1)—pl|z, [[(1—w;) for every i € I1, and hence

Sien, [S(wi)+p(L—w)|lz, (] =[] = [G(z)l|o- Together with ¢(w;)+p(1—w;)l|lz, || =0
for i € I3, the last equality implies that ¢(w;) = 1 fori € Iy and 3 ;7. d(w;) = 0. Clearly,
the latter is equivalent to saying that w; = tj for ¢ € I3. Now from (31) we get

Yt [o(wi) + p(1 = wi)llzy, ] = L]+ 352 p(1 = wi)llzy, | = 1G(2")o-

This means that 37" ) p(1 —w;)||z, || = 0. Thus, we complete the proof. O

The proof of Theorem 2.1: Fix an arbitrary p > p. Let S be the feasible set
of (4), and let S, be that of (6) associated to p. We first prove that S* C S7. Fix an
arbitrary (Z,w) € §*. Then, 7 is globally optimal to (2) and ||G(Z)|jo = >_;~; ¢(w;). Let
(z,w) be an arbitrary point from S,. Assume that 2* be defined as in Lemma 6. Then

vf(x) + 30 [¢(wi) + p(1 —wy)l|lz, ] > vf(@?) +1G(a)llo > v@) + [G(@)llo
+Z (@) + p(1 — )|z, ||],

where the second inequality is due to ¥ € §2. Notice that (z,w) € S, and (z,w) is an
arbitrary point from S,. The last inequality shows that (Z,w) € Sj, and then §* C S7.

We next prove S; C S§*. Fix an arbitrary (Z,w) € S;. Define w” € R™ by

opim{ AL

CE\ gy i ol <6 (1)

Then, we have 3", ¢(@}) = [|G(T)[lo and [|G(@*)|l1 = >, @7 |77, ||, where Z7 is defined
as in Lemma 6 with £ = Z. From the results of Lemma 6, it follows that

vf(@) + 2 [o@@i) + p(1 — i) [T, I] > vf(@") + 1G@@°)lo

=vf(@) + 372 [6@) + p(1 — @) ||z ]

> vf(@) + il [¢@@i) + p(1 — @)z, 1],

where the last inequality is due to (z”,w!) € S,. The last inequality implies that

vf(@) + 332 [0(@:) + p(1 —wi)l|7,, [[] = vf (@) + 1GE")lo-

Using Lemma 6 again, we have T = 7 and [|G(Z)|l1 — >_i, wi||Z, || = 0, which implies
(Z,w) € S. Now let (z,w) be an arbitrary point from S. Then (z, w) € S,, and we have

vi(@)+ 3 o(wi) = vf(@) + 300 [e(wi) + p(1 — wi) |y, ]
vf(@) + 30 [¢(@i) + p(1 = w)) ||z, ]
vf(@) + 3 2,0(wi).

for i=1,2,....,m

A\
R
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Notice that (Z,w) € S. From the last inequality and the arbitrariness of (z,w) in S,
it follows that (7,w) € S*. Thus, by the arbitrariness of (¥,w) in S;, we obtain that
S, C 8*. Together with §* C S, we complete the proof of theorem. O

Appendix C.

To achieve the results of Theorem 4.1 and Theorem 4.2, we need to establish the
following two lemmas where 6% := 2 — % and v* = e — w”* for k > 1. The first one states
a relation between ;¢ gr-1) CH(S’“‘ | and >, gr Hék | where S¥~1 5 S is an index set.

Lemma 7 Fork > 1, if there is an index set S*~* O S such that mmze(sk Lye w L<1y,
3=t)19E)|lo
then with \F=1 > % it holds that 3, gr—1)c ”5~7i | < E ZieskﬂH(Sji .

Proof: By the optimality of z¥ and the feasibility of T to the subproblem (12), we have

m m
S llAT B XSS ek | < Az b A,
i=1 i=1

which, by using 6* = 2% — T, e = b — A% and £ = L+ AT¢, can be rearranged as follows:
, Dy g n

Together with z, =0 for all i € S° and the definition of G(-), we obtain that

o 40 <Z £S5 A XSl (|,

A1 < 6+t (I,
i=1

2k ) = AT bk
i€S ies”®
<(G(E),G(%)) + AP okl [ - At ST Wbtk (34)
icS ie(Sk—1)e
< > IEMISE I+ (T +16E ) D llok |
ieSk—1\§ i€S

+ [IIGE) oo = A1 (1 = t¢)]2i€(sk*1)c

where the last inequality are due to min;e gr-1ye v I>1- ty. Then, it holds that

%

—n\|A6’“\|2 + =T - 19@) ] S Ik

2
ie(Sk—1)e
< > ELNEE I+ T IGE o) D ISE I < AT +IGE o) D 1%
ieSk—1\§ ieS ieSk—1

Together with 5-[|A6*||> > 0 and AF~! > % we get the desired inequality. O

When S*~! in Lemma 7 is also such that the matrix A satisfies the RSC in C(S, [S*~1])
with constant 5 > 0, the result of Lemma 7 can be strengthened as follows.
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Lemma 8 For k > 1, if there is an index set S*~1 DS such that min;e gr—1ye w 1< ty

and A has the RSC over C(S,|S*~1|) with constant v, > 0, then with \¥=1 > %

6% < f(H Nowos ||+ X1/ s (0F712).

Proof: Using inequality (34) and noting that 6% € C(S,|S*~!|) by Lemma 7, we have

llo*]* < ||A5k||2<ZH€1||H5k I+ A ook | = AR Y ook |
i€S igSk—1
< 8, Mt |+ A o - X -7 S 6t |
i=1 i€S ig Skt
< Yiese1 I8, 85 1+ A1 g v~ HIo) |

< Siesio 8, I 1071 + X/ Eies (0717 (|0

where the third inequality is by AF~1 > % This implies the desired result. O

The proof of Theorem 4.1: For each k € N, deﬁne Sk=1.=Su{i¢ S:wi ™t >1,}.

~ 1-ty B=tx)IG(E)loo k=1~ B=t)IGE)ll
Notice that v < EERIEE] and -, < pr=". We have A > N

for all k € N. If |S¥~!| < 1.57 for some k € N, from Lemma 8 it follows that

o~ 2l < (6@ Nge || + X /s (0F)?)
g;(ug(a\\w\/ﬁm’f—lﬁ) NTU ) g (35)

K(3 —1p)

where the last inequality is due to ||G(€)[|c < ;:—%Akil for all k£ € N. So, it suffices to

argue that [S¥~!| < 1.57 for all k € N. When k = 1, it automatically holds since S = §
by w® < tye. Now assume that |Sk_1| < 1.57 for all k = [ with [ > 1. We shall prove

I-1/4_oF \./TE=
that |S!| < 1.57. Using (35) with k = [, we have ||z! — 7| < %jﬁf)mﬂ. Notice that

i € S'\S implies i ¢ 5 and w!l € (T4, 1]. From w! €9y (oL [) = (0%)" (o]l |),

1
pllal || = oL (w)) = ¢_(w) > ¢, (Fs) > T
' %

where the equality is due to ¢’ (t) = ¢/(¢) for all ¢ € (0,1]. This inequality implies
VISNS| < /Sicons p2(1 = ) llal, 12 < p(1 = t5)l|a! — 7| (36)
A1 —e5)(4— 2t
A U022 5 < Vo
Ii(3 — tqg)
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-1 o (B3—ty)r S -1_ -1 _
where the last inequality is due to pA \f( )1 E) implied by X' "*=v~ " forl =1

and A'=! = pv~! for I > 1. So, |S!| < 1.57. Thus, [S*~!| < 1.57 holds for all k € N. O

In the following, we upper bound (v¥)? for i € S by means of Ia (i) and T« (7).

Lemma 9 For each k > 1, let F* be the index set defined as in (15). Then, it holds that

\/ZZGS )? < \/ZzGS (1) + \/Zie§ Lp (7)

Proof: Notice that v} = 1 wh S If i € F¥ clearly, vF < Tk (i). Otherwise, together
with Remark 3.1(a) and vF =1 —wkF, it follows that

<HA)

k
u <l ||x§i|\s¢g<1>/p}( { [ P L SC

—p(l t*

Hence, for each 4, it holds that 0 < v¥ < TA(é) + Iz (7). The desired result follows by
noting that |la + bH < ||la|| + ||b]| for all vectors a and b. O

The proof of Theorem 4.2: For each k € N, define S¥~ := SU{i ¢ S : wi ™' > 7,}.
Since the conclusion holds for k = 1, it suffices to consider k& 2 2. Now, from (36),

k—1 n
l6@Nse | < 6@ s]| + 16®|.v/15*1\S| < lIGE)]s] + Ag(—%t)m

< [I6@E)5]| + p(1 - t:;,)Ak—I; :iz |5t — 7). (37)

In addition, from Lemma 8 and Lemma 9, it follows that

lo* — 7l <~ (HG@semsll + ¥/ Ty 0 12)

< - (NG@N et + X+ ziegﬂmm—l s Tre(i))

< (MGl 4+ XS Ta () + M T s [t 2l — 1 1) )

~ (NG @il + o1 t;)A’“—lux’“—l—f||+A’“—1 Sieslali).

| /\

where the third inequality is by the definition of F*. Together with (37), we obtain

pA(1 —%)(4 2,)[la*" — 7|

lo* 7l < - (Ilg@sl + AL s 1A ()

— 14
s%(mg(abuw—lm ) +
=2 (llg@sl + T 1al@) + el i
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where the second inequality is using pAF~1 < B—to)n and the last one is using

= VB(4-2te) (1)’
M=t = py=1 for k > 2. The desired result follows by this recursion inequality. O

In order to achieve the result of Theorem 4.3, we also need the following two technical
lemmas where 6% := 2% — 1S for k = 1,2,....

Lemma 10 For k > 1, if there is an index set S*¥~1 DS such that min, e gr- 1)c wh=1 <

7

ty, then with \¥=1 > M it holds that 3 ;e g1 ||5 || <5 t<z> Y gkt ||5J IR

Proof: By the optimality of 2* and the feasibility of ™5 to the subproblem (12),
1 = 1 =
k k— k=1, .k LS k— k—1)|,.LS
o A2k = bJ2 4+ XUy Do laf || < (| At < b7 4+ XY Dol 2l
i=1 i=1
which, by the definition of €5, can be rearranged as follows:
L2 LS Sy o yko1 N, kol LS k
o, 140717 < =(e77,0%) + A oo =R =l 1)
i=1

Together with x;is =0 for all i ¢ S, it immediately follows that

1, .~ “ _ _ _ _
o 2l R N G e S S { el o ol D P S W |
i=1 ieS i¢S
SIS - k=15 - k=157
S e [ 1 e S N I G St
¢S ies igSk—1
S e [ R S 1 [EP A C T S S B
i¢S i€S ig Skt

where the equality is due to ELS = 0 implied by the optimality of 2 to (17). Thus,

%\\AS’“HM[AHG to) = 19ES)lle] > |19

Zisk 1
< > e D DR T S S ) (38)
i€Sk—1\§ ieS ieSk—1
Notice that \¥=1 > M The desired result directly follows from (38). O

to

_If in addition the index set S k=1'in Lemma 10 is such that A satisfies the RSC over
C(S,|S* 1), then the conclusion of Lemma 10 can be strengthened as follows.

Lemma 11 Fork > 1, if there is an index set S¥=1 DS such that min;e gk—1ye w 1<,

and A satisfies the RSC over C(S, |S¥~1|) with constant g, then with \¥=1 > %

10 < = (19 )5+ 37 s 0 )2).

33



Proof: By using the first inequality in (38) and ok e C(]S*~!|) by Lemma 10, we have

- 1 i~ 2
& k LSy |5k k— k=1 sk
WP < AT < 37 ST+ At D w18 |
ieSk—1\§ icS

< [ Sieseys IEBS I 8] + 21/ S E D2 8], (39)
where the last inequality is using [|0%|? = oy Hgﬁ |2. Thus, it follows that
TN < P sesionys b I2 + A1 i (02
S k— k—
= [1G(™ ) sl +X 1/ ez (0772,
which implies the desired result. The proof is then completed. O

The proof of Theorem 4.3: From v < ﬁ and 2 > 2maX(”g(Ele)||‘;°¢’2"”g(ET)H°°)

A=l > M for all k € N. We prove that the inequalities in (21) hold for k = 1.
Since w? < t¢e and S = S, the conditions of Lemma 11 are satisfied for £ = 1. Then,

L) < L (0@l 420 Ts08)?) < L (11051 + ) = L

v RV

l" =

where the equality is due to [G(e™5)]s = 0. Since ||fL'j —Z, | < I1G(EN|loo fori =1,...,m
by (18) and £ > %, it follows that for all 7 € F'!,

LSH 1 o p(l _iﬁb) > 3\/5

(1=t3)p dve T (1+3V5)(1 —td,)

S
> = a7 || > N7, —; |l = 17, — =

4kv

(1-t3)(1+3V5)

where the last inequality is due to p < From the last two inequalities,

(1+3vB)(1 - £5)p
VIFT] < eVl - e
p(1— 1)1+ 3VB) |55 — ]| _ p(1-t3)(1+3V5)
35 - 6vk
Consequently, the conclusion holds for £ = 1. Now assuming that the conclusion holds

for k =1 —1 with [ > 2, we shall prove that the conclusion holds for k = [. To this end,
we first argue that [S'~!| < 1.57. Indeed, if i € S""1\S, we have i ¢ S and wi™t € (T4, 1].

|[FO].

From w! ™! eaw*(p\|x§f1||), we have pHx};lH > ¢ (W) > ¢ (Ty) > Thus
— max (1, p)p(1 — t*)(1 + 35
V15718 < iy < R AP 2RIV i <
max(1, p)p(1 — t2)(1 + 3v/5)
<( Lol (6 o) ) "V < \J(4/6)%2| PO < VO 5T,
VKR

(40)
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where the first inequality is due to S'=1\S C F'~! and [ > 2. This implies |S'~!| < 1.57,
and hence the conditions of Lemma 11 in Appendix C are satisfied. Consequently,

It — 25 <~ (IIGES g |+ X/ (01)2)

< —(||g<e 9siongll + X Tics Lr (1)
< (19 ey/11\5] + N1y /|F-1 0 5))

A 1( \/IF’ 1\S\+\/|Fl 1n3]) < £\ /125F1) < ;/jf\/@

2¢"_(1)

and Lemma 9, the fourth
min

where the second inequality is using 5 =0,p> |
i€S J

one is due to X~ > 2||G(e"%)|s0, and the fifth one is since 3a + b < /1.25(a? + b?) for
all a,b € R. In addition, by using the same argument as those for k = 1, for all i € F"

3 max(Lp)p (1- t*)(1+3f)
we have |laf, — a7l > 50z fropry;. and hence /[FT] < VIFET]

Thus, we complete the proof of the case k = [, and the inequalitles in (21) hold.

Since max(1, p)pr—(1 — ty)(1+ 3v/5) < 4k, we have oLl (éy:)(Hg\[) <

Together with (40),

i < (RAl AN

6vk

win

which implies that |F*| = 0 when k > k. Together with the first inequality in (21), we
k _ LS A 4Ky - - Q
have 2 = x> when k > k. From (18) and p < 7(1_%)(”1%\/5), for alli € S,
p(L—ty) _ (1—ty)
dvi T (1-15)(1+3V5)p

= LS = LS
1z, | = 252l < Iz, — 2521 < IGED oo <

. . . _ 2¢" (1) . . . =
This, together with min, g |7, || > —— = p(lztg), implies that Hx};ﬂ] >0 forallieS.

Thus, supp(G(z™%)) =S, and consequently supp(G(z*)) = S for all k > k. O
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