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A chance constrained optimization problem involves constraints with random data which can be violated
with probability bounded from above by a prespecified small risk parameter. Such constraints are used to
model reliability requirements in a variety of application areas such as finance, energy, service and manu-
facturing. Except under very special conditions, chance constrained problems are extremely difficult. There
has been a great deal of elegant work on developing tractable approximations of chance constraints. Unfortu-
nately none of these approaches come with a constant factor approximation guarantee. We show that such a
guarantee is impossible by proving an inapproximability result. On the other hand, for a large class of chance
constrained covering problems, we propose a bicriteria approximation scheme. Our scheme finds a solution
whose violation probability may be larger than, but is within a constant factor of, the specified risk parameter
and whose objective value is within a constant factor of the true optimal value. Key to our developments is
the construction of a tractable convex relaxation of a chance constrained problem and an appropriate scaling
of a solution to this relaxation. We extend our approximation results to the setting when the underlying dis-
tribution of the constraint data is not known. That is, we consider distributionally robust chance constrained
covering problems with convex moment and Wasserstein ambiguity sets, and provide bicriteria approxima-

tion results.
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1. Introduction

A chance constrained optimization problem involves uncertain constraints (specified by stochas-
tic data) which can be violated with at most a prescribed probability level. A typical formulation
is:

U*:rrgn{cTw:xeS,P{é:wgﬁX(é)}ge}, (1)

where o € R" is a decision vector subject to a set of deterministic constraints S C R", é is a random
data vector or matrix with support = and probability distribution P, and X (€) denotes a system
of stochastic constraints whose data is specified by the random vector €. Problem (1) seeks a
solution x € S that minimizes the cost ¢”  and is allowed to violate the uncertain constraints X'(£)
with probability at most €, where € € (0,1) is a prespecified risk level. Often the distributional
information of £ might not be fully known, making it difficult to commit to a single P. In this case,
to hedge against distributional uncertainty, an alternative to (1) is a distributionally robust chance
constrained problem of the form

v*:min{cTaz:weS, supP{é:a:géX(é)}ge}, (2)

PeP

where the ambiguity set P denotes the set of all possible probability distributions subject to certain
prespecified information.

The feasible regions of chance constrained optimization problems of the form (1) and (2) are
typically nonconvex, making these problems extremely difficult. There are several special settings
where the feasible regions of (1) and (2) are convex. For example, Kataoka (1963) showed that if
set S is convex, support E=R?, ¢ <1/2, X (é ) is defined by one uncertain linear inequality, and
¢ has a symmetric and non-degenerate log-concave distribution, then the feasible region of (1) is
convex; Calafiore and El Ghaoui (2006), El Ghaoui et al. (2003) proved that if set S is convex, X (é )
is defined by one uncertain linear inequality, and P consists of all probability distributions with
given first and second moments, then the feasible region of (2) is convex. Due to intractability of
chance constrained optimization problems, there has been a great deal of elegant work on devel-
oping tractable approximations of these problems. Unfortunately none of these approaches come
with a constant factor approximation guarantee. We show that such a guarantee is impossible by
proving an inapproximability result. On the other hand, for a large class of chance constrained
problems involving uncertain covering constraints, we propose an approximation method with a
provable performance guarantee. A covering constraint system has the property that any feasi-
ble solution to the system scaled by a factor A > 1 remains feasible. Our proposed approximation
method for chance constrained covering problems comes with a bicriteria performance guarantee.

That is, the method finds a solution whose violation probability may be larger than, but is within
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a constant factor of, the specified risk parameter € and whose objective value is within a constant
factor of the true optimal value. Key to our developments is the construction of a tractable convex
relaxation of a chance constrained optimization problem and an appropriate scaling of a solution
to this relaxation. We extend our approximation results to distributionally robust chance con-
strained covering problems with convex moment and Wasserstein ambiguity sets, and provide
analogous bicriteria approximation results.

The remainder of the paper is organized as follows. Section 2 details the problem setting
and the underlying assumptions, reviews related literature, and summarizes our contributions.
Section 3 exposes unbounded suboptimality of two well-known approximations of chance
constraints, and provides a formal inapproximability result. Section 4 develops the bicriteria
approximation results. Section 5 extends the complexity and approximation results to distribu-
tionally robust chance constrained covering problems. Section 6 presents a numerical illustration

of the proposed approximation algorithms. Finally, Section 7 concludes the paper.

Notation: The following notation is used throughout the paper. We use bold-letters (e.g., «, A) to
denote vectors or matrices, and use corresponding non-bold letters to denote their components.
We let e be the all-ones vector, and let e; be the ith standard basis vector. Given an integer n, we let
n]:={1,2,...,n},and use R} :={x c R": 2; > 0,Vj € [n|} and R} | :={x € R":2; > 0,Vj € [n]}.
Given a real number ¢, we let (¢), := max{¢,0}, [t] be its round-up and [¢| be its round-down.
Given a finite set I, we let |I| denote its cardinality. We let £ denote a random vector or matrix
with support = and denote one of its realizations by £. Given a probability distribution P on =, we
use P{A} to denote P{£ : condition .A(€) holds} when A(£) is a condition on £, and also to denote
P{¢: £ € A} when A C Z is P-measurable. For matrix matrix A, we let A;, denote the vector of
ith row of A and A.,; denote the vector of jth column of A. Given a set C, we let int(C) denote its

interior. Additional notation will be introduced as needed.
2. Problem Setting, Related Literature and Contributions

2.1. Chance Constrained Covering Problems
A covering linear program (cf.,Vazirani 2001, Buchbinder and Naor 2009, Gupta and Nagarajan
2014) is of the form:

;Ielﬁ {CT:B Ax > b} ,

where c € R, A € RT*" and b € R". Note that without loss of generality, we can assume that
b € RT, otherwise, if b; = 0, then the ith constraint A/ ,x > b; = 0isredundant. Therefore, since b €

R™, , we can scale the right-hand sides of the covering constraints Az > b to be the all-one vector
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e by redefining A,, := A;,/b; for all i € [m]. Hence, a covering linear program can be equivalently
formulated as

;Iellgi {ch Ax > e} )

Qiu et al. (2014) studied chance constrained linear covering problems of the form :

v*:m%{r%{ch:IP’{é:émZe}Zl—e}, 3)

wE+

where £ is an m x n-dimensional nonnegative random matrix with support = C RT*". Let us

define a function a(x, £) = Min;e ] ¢ 2. Thus, (3) can be reformulated as
v*:min{ch:meS,]P’{é:a(ac,é)<1}§e}. 4)

Note that we have included the set of deterministic constraints S in the above formulation. In (3),
S =R". For the remainder of the paper we will consider this formulation (4) and refer to it as a
Chance constrained Covering Problem (CCP). The distributionally robust counterpart
v*—mmin{cTa::weS, ;gg[?’{é:a(cc,é)<l}§e}, (5)
will be referred to as a Distributionally Robust Chance constrained Covering Problem (DRCCP).
Although we have motivated CCP and DRCCP from linear covering constraints, our results
are applicable to slightly more general settings. Note that in the above formulations, v* must be
nonnegative, function a : § x Z — R is concave and positively homogeneous over the set S and

when S =R, it is nonempty, closed, convex and satisfies the so-called “scaling” property, i.e.,

for any « € S and scalar n > 1, we must have nx € S. Therefore, we generalize the above CCP

(4) and DRCCP (5) to a more general deterministic set S and function a(x, 3 ) under the following

assumptions.

(@) The deterministic constraint system S is nonempty, closed, convex, contained in a closed con-
vex cone and is up-monotone. That is, ) # S C C, where C'is a closed pointed convex cone
and for each « € S and scalar > 1, it holds that nx € S. Note that the set S itself need not be a
cone, for example, it can be a deterministic covering system (i.e., S = {x € R" : Ax > e} with
nonnegative matrix A € R7"").

(b) The objective cost vector ¢ € int(C*), where C* is the dual cone of C' and int(-) denotes the
interior.

(c) For each &€ € =, a(+,£) is concave and positively homogeneous over S. That is, na(z, &) + (1 —
na(y,&) <a(nx+(1—n)y,€) forallxz,y € Sand n € [0,1]; and a(nx, ) =na(x,§) forallx € S
and n > 0.
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(d) The set of solutions is nonempty.

Note that Assumptions (a) and (c) together guarantee that any feasible solution to the problem
(4) or (5) scaled by a factor > 1 remains feasible. These two assumptions are necessary to prove
the approximation guarantees for the Relax-and-Scale scheme in Section 4 (i.e., Theorem 5). Note
that the results in Theorem 5 might still hold if the convexity of set S in Assumption (a) is relaxed,
i.e., set S can be nonconvex instead of convex. However, by relaxing this condition, the relaxation
schemes in Section 4 might not be tractable. Thus, for simplicity, we stick to Assumption (a). In
Assumption (c), the concavity of a(-,£) is not necessary for the analysis of the Relax-and-Scale
scheme in Section 4 but it is a sufficient condition for the relaxation sets proposed in Section 4.2 to
be convex (i.e., Theorem 4), thus is necessary for the tractability of convex relaxations. Assump-
tions (b) and (d) together guarantee the existence of the optimal solution and nonnegativity of
the optimal value v*, which are necessary for the analysis of the Relax-and-Scale scheme in Sec-
tion 4 (i.e., Theorem 5). Assumption (b) essentially tells that v* is nonnegative, thus is bounded
from below. If this assumption were relaxed, the chance constrained problems (1) and (2) might

be unbounded, which leads to trivial cases.

2.2. Related Literature

There is a vast literature on general chance constrained optimization. Here we focus on the chance

constrained covering problems and general distributionally robust chance constrained problems.

Applications of CCP: Various applications or their special cases of CCP of the form (4) have been
studied in the literature. Next, we cite a few examples.

e Qiu et al. (2014) studied a chance constrained portfolio optimization problem of the form of

: T . T — ~T > > _
zlreliré{cwea: LP{a'x>r}>1—¢},

where the constant r >0, c € R ,a € R} w.p.1. The problem seeks a minimum cost portfolio
under a (normalized) budget constraint whose uncertain return is guaranteed to exceed the
threshold r with probability at least 1 — e. In the absence of the budget constraint, this chance
constrained portfolio optimization problem is a special case of CCP (4).
e Beraldi and Ruszczyniski (2002) studied the following probabilistic lot-sizing problem
1;1711/11 Zte[T](ktyt + (et + Hy)zy)
st P{ e 2 e b VT €T} 21— ¢
xy < Myyy, x> 0,y, € {0,1},Vt € [T7,

where é a denote nonnegative random demand vector and k, ¢, H are nonnegative cost vec-
tors. Here the problem is to decide a minimum cost production schedule, such that the cumu-
lative production exceeds the uncertain cumulative demand with sufficiently high probabil-

ity. The overall cost involves fixed and variable production costs and holding costs. The fact
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that the set-up variables y are binary violates Assumption (a). However, in case of zero fixed
costs (i.e., k = 0), one will always choose y = e; hence, under this condition, the lot-sizing
problem is a special case of CCP (4).

o Talluri et al. (2006) considered a supply chain design problem under uncertainty of the form

min_ {9 P {ffnT,)\ < ym} < e,¥n € [N],0my > X A, Vm € [M]}

n
A€R+,

where Y is a random output matrix, X is a deterministic input matrix, and deterministic
vectors x,,y, denote the inputs and outputs of the unit under investigation, respectively.
Here the problem is to minimizes the value of a relative efficiency score 6 such that (1) the
probability that observed outputs exceed the outputs y, should be within a risk threshold,
and (2) the total used inputs must not be more than fx,. In the setting where the matrices
Y, X and vectors x,,y, are nonnegative, this problem is a special case of CCP (4).

e Dentcheva et al. (2000) studied a traffic assignment problem in telecommunication of the
form

wrrelﬁ% iez[n]xT;:IP’ iGZ[MQ(i)xi >D > l—exelZl ;,

where D € R7*™ denotes a random demand matrix, and Q) € R7*™ is a nonnegative trans-
mission assignment matrix for each i € [n|. Here the problem is to minimize the total time
slots such that total transmission assignments from senders to receivers satisfy the demand
with very high probability. The fact that variables x are integer violates Assumption (a).
However, the continuous relaxation of this traffic assignment problem is a special case of

CCP (4).

Solution approaches for CCP: CCP is known to be strongly NP-hard (Qiu et al. 2014). Exact solu-
tion methods rely on mixed integer programming (Dentcheva et al. 2000, Luedtke et al. 2010, Qiu
et al. 2014) or global optimization (Cheon et al. 2006). A variety of approximation approaches for
general chance constrained optimization as well as for the CCP have been developed. Calafiore
et al. (2006), Nemirovski and Shapiro (2006) and related works developed convex restrictions of
the feasible region of a chance constrained set, optimizing over which provides a feasible solu-
tion. As shown in Section 3, these approximations do not have any bounded approximation
guarantees. To the best of our knowledge, all existing approximation algorithms with provable
guarantees have been proposed for chance constrained combinatorial optimization problems. For
example, Goyal and Ravi (2008) proposed constant factor approximation algorithms for certain

classes of chance constrained combinatorial covering problems. Subsequently, Goyal and Ravi
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(2010) developed a fully polynomial time approximation scheme for a chance constrained knap-
sack problem where the item sizes are drawn from independent normal distributions. Swamy
(2011) studied a two-stage chance constrained set covering problem and proposed a polynomial

time approximation algorithm by rounding linear program relaxation solutions.

General distributionally robust chance constrained problems: Recently, distributionally robust
chance constrained optimization has attracted much attention (e.g., Calafiore and El Ghaoui 2006,
Chen et al. 2010, Zymler et al. 2013, Hanasusanto et al. 2017, Jiang and Guan 2016, Xie and
Ahmed 2018b, Yang and Xu 2016). In case of a single linear uncertain inequality constraint and
an ambiguity set P defined by moment constraints, such problems are typically computationally
tractable. This has been observed by El Ghaoui et al. (2003) and Calafiore and El Ghaoui (2006)
for the Chebyshev ambiguity set (i.e., known first and second moments), by Hanasusanto et al.
(2015) for conic moment constraints, and by Xie and Ahmed (2018b) for arbitrary convex moment
constraints. However, for multiple uncertain constraints, tractability results are rare. As far as
the authors are aware of, the only known results are by Hanasusanto et al. (2017) for the mean
and dispersion ambiguity set, by Xie and Ahmed (2018b) for an ambiguity set with one moment
inequality, by Xie and Ahmed (2018a) for two uncertain linear constraints and the Chebyshev
ambiguity set, and by Xie et al. (2017) for separable uncertain constraints and ambiguity sets.
In general, a distributionally robust chance constrained problem with multiple uncertain con-
straints and a moment ambiguity set is an NP-hard problem (c.f., Hanasusanto et al. 2017, Xie
et al. 2017). When the ambiguity set P is specified by all distributions within a certain distance to
a specified nominal distribution, there are even fewer tractability results. The only known results
are when the probability distance metric is ¢-divergence. In this case, a distributionally robust
chance constraint is equivalent to a regular chance constraint under the nominal distribution with
an adjusted risk parameter (Hu and Hong 2012, Jiang and Guan 2016, Shapiro 2017). Thus any
tractability conditions for regular chance constraints carry over. All of the above mentioned results
are for general distributionally robust chance constraints, and their specialization to the covering

setting, i.e. DRCCP, has not been studied.

2.3. Contributions

We make several contributions to the complexity analysis and approximations of CCP and
DRCCP. Our proposed approximations come with bicriteria approximation guarantees. Given a
violation ratio o > 1 and an approximation ratio v > 1, a (o,)-bicriteria approximation algorithm
for CCP returns a solution Z € S, such that P{€ : Z ¢ X(£)} < oe and ¢'Z < y*, i.e., the solu-

tion violates the uncertain constraints with probability at most oe and has an objective value at



Weijun Xie, Shabbir Ahmed: Bicriteria approximation of chance constrained covering problems

most 7 times the optimal value. Note that o,y may be dependent on the risk parameter ¢ and the
underlying probability distribution P. Following is a summary of our contributions.

1. We show that two well-known approximation approaches for CCP can have arbitrarily bad
approximation ratios when no violation of the chance constraint is allowed.

2. We prove that, unless P=N P, it is impossible to obtain a polynomial time algorithm with
a constant factor approximation for CCP if no violation of the chance constraint is allowed.
This motivates the need for bicriteria approximations.

3. We propose and analyze a bicriteria approximation scheme for CCP that relies on solving a
specific convex relaxation of the problem and appropriately scaling its solution. The viola-
tion and approximation ratios (o,7) of the scheme depends on the parameters of the convex
relaxation solved.

4. We show that the performance guarantee of proposed algorithm can be improved by exploit-
ing any structural independence among different uncertain constraints.

5. We extend the complexity results in the literature by showing that even in the covering
setting, a distributionally robust chance constrained covering problem, i.e. DRCCP, with a
convex moment or a Wasserstein ambiguity set is NP-hard.

6. We extend the bicriteria approximation analysis to DRCCP. In particular, we show that for a
convex moment or a Wasserstein ambiguity set, given a violation ratio of o > 1, the approach

provides a solution within a factor of v = -%; of the optimal value.

3. Inapproximability

In this section, we first show that two well-known approximation approaches can have arbitrarily
bad approximation ratios for CCP, and then provide a formal single criterion inapproximabil-
ity result. This inapproximability result motivates our subsequent development of a bicriteria

approximation algorithm.

3.1. CVaR Approximation

A well-known convex approximation of a chance constraint is to replace the nonconvex chance
constraint by a convex constraint defined by the conditional value at risk or CVaR (see
Nemirovski and Shapiro 2006 for details). For CCP as defined in (4), the resulting formulation of

its CVaR approximation is

pCVaR _ o {ch cx €S, il%f {—65+E [(1 — a(:c,é) —I—B) ] } < 0} . 6)

® +
Problem (6) is a convex optimization problem and provides a feasible solution to CCD, thus
vCVaR > ¢* The following result shows that the approximation quality from this approach can be

arbitrarily bad.
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Theorem 1 Given a parameter x> 1, consider the following instance of CCP:
(P.): v::m;g{x:}?{fzgx< 1}§6},

where € has a finite distribution with N equiprobable realizations {£'},cn| such that €N is an integer,
& =1forié€[eN]and & =k for i € [N]\ [eN]. Let vEV2R denote the optimal value of the CVaR

approximation (6) of (P,). Then

) USVaR
lim
K—00 ’U;'{‘

= OQ.

Proof: See e-companion EC.1.1. O

3.2. Scenario Approximation

The scenario approximation (SA) approach, proposed by Calafiore et al. (2006), uses N i.i.d. sam-
ples {£'},¢x) from the distribution P and considers an optimization problem where the constraint
corresponding to each sampled scenario is enforced. For CCP as defined in (4), its scenario approx-
imation problem is

v =min{c'z: xS, a(x,&)>1, Vic [N]}. (7)

Calafiore et al. (2006) showed that when the sample size N satisfies

N> Plog <1> —|—2—nlog <2> +2nl,
€ é € €

then, with probability at least (1 — ) where 6 € (0, 1) is a given confidence level, an optimal solu-
tion (if it exists) to the approximate problem (7) is a feasible solution to CCP, thus, P {v°4 > v*} >
1 — 6. The following result shows that the approximation quality from the SA approach can be
arbitrarily bad by showing that (7) can be infeasible with high probability.

Theorem 2 Consider the following instance of CCP:
(P): v*zr;1§g{x:l?’{§:£x<1}§e},

where € is a Bernoulli random variable with probability (1 — €). Let vi* denote the optimal value of the
scenario approximation problem (7) corresponding to (P) for a given confidence parameter § € (0,1) and

sample size N5 = {f log (1) + 2log (2) + 2-‘ . Then

€

ey
IP’{ g —00}21—(5262.

fl)*

Proof: See e-companion EC.1.2. O
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3.3. Single-criterion Inapproximability

The previous two subsections demonstrated that two common approximation schemes for CCP
can have arbitrarily bad approximation factors. Here we show that such approximation difficulty
is a feature of this problem class rather than the specific approaches. In particular, we show that,
unless P = NP, it is impossible to obtain a polynomial time algorithm for CCP with a constant
factor single criteria approximation in terms of the approximation ratio or the violation ratio. This
result motivates the need for our subsequent bicriteria approximation algorithms that relax both

optimality and feasibility.

Theorem 3 Suppose we have a polynomial time algorithm that returns a (o,~y)-approximate solution to
any CCP of the form (4) with a discrete distribution with N equiprobable realizations. Then, unless P=N P,
the following holds:
(i) if v =1, then we must have o = 1/e — f(N)(1 — €) /e for some function f such that f(N)— 0 as
N — o0

(ii) if o =1, then we must have -y = g(IN') for some function g such that g(N) — oo as N — oc.

Proof: See e-companion EC.1.3. O

Remark: The proof of part (i) in Theorem 3 may also follow from Goyal and Ravi (2008) who show
that the x-edge dense graph problem (Alon et al. 2011) can be polynomially reduced to CCP of
the form (4) with binary decision variables . However the approach of Goyal and Ravi (2008)
does not directly work for establishing the inapproximability result in terms of both ¢ and v in
the presence of continuous variables.

4. Bicriteria Approximation of CCP

In this section we present an approximation scheme for CCP by first solving a convex relaxation
and then appropriately scaling an optimal solution of this relaxation. We provide a bicriteria
approximation analysis of this scheme. Finally, we show that the analysis can be improved by

exploiting independence structure in the underlying distribution.

4.1. A Relax-and-Scale Scheme

For notational convenience, given « € [0, 1], we will use X, to denote the following set:
Xa::{:cES:P{é:a(m,é)<1}§a}. (8)
With this notation, CCP of the form (4) can be written as

min{c'z: z € X}
x
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Next, we will introduce a generic Relax-and-Scale algorithm (i.e., Algorithm 1) to construct an
approximate solution to CCP, which comes with a bicriteria performance guarantee. The algo-
rithm solves a convex relaxation of CCP defined by the set X, and then scales its solution by a
scalar u € [1,7] where v > 1 is a specified approximation ratio parameter, to ensure that uz € X,.,
where o > 1 is a specified violation ratio parameter. That is, the scaled solution should satisfy the
chance constraint at risk level of oe. Here, we are assuming that checking if a given solution is in

X, is easy; otherwise, we can set u =y and skip lines 4-7 of Algorithm 1.

Algorithm 1 : Relax-and-Scale (o, 7, X)

1: input: parameters o > 1, v > 1, and a convex relaxation X of X,

2: initialize: set { =1,u = and let § > 0 be a stopping tolerance

3: solve the convex relaxation: ming{c'z: x € X } and let  be an optimal solution
4: whileu—1[1>¢d do

5: T (l+u)/2

6: if ree X, setu<7,elseset! <1

7: end while

8: output: T = u.

Next, we establish the choice of the convex relaxation X and parameters o, 7, such that Relax-

and-Scale (o, 7, X ) returns a (o, 7)-bicriteria approximate solution to CCP.

4.2. Convex Relaxations of CCP

We consider the convex relaxation scheme for chance constaints proposed by Ahmed (2014). Let
® be a class of univariate “generating” functions ¢ : R — R satisfying

(@) ¢(s)€[0,1] forall se R,;

(b) ¢(s) is nondecreasing and strictly increasing in [0, 1]; and

(c) ¢(s)isconcavein s.

Two typical generating functions are the Markovian generator ¢(s) = min{l, s} and the Bernstein
generator ¢(s) =1 — e~ " for some 7 > 0.

For any generating function ¢ € ®, consider the following set

xg'={wes: Elp(a(@ )= 1-o(1)}, ©)
and the optimization problem:

vf = mmin {c'x: ze Xf} : (10)
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The following result establishes that (10) is a valid convex relaxation of CCP. The result follows

from Markov inequality and standard convex analysis.

Theorem 4 (Ahmed 2014) For any ¢ € ¢, X, C X;el. Furthermore X;el is a convex set, and so (10) is a

convex relaxation of CCP.

Remark: Note that for an arbitrary convex set S, the result of Theorem 4 still hold, i.e., in Assump-
tion (a) of Section 2, the scaling property of the set S is not required for Theorem 4; however,
Assumption (a) is necessary for the bicriteria approximation result to hold (i.e., Theorem 5) in the
next section. Even though (10) is a convex optimization problem, it may not be tractable. Ahmed
(2014) presents several generator functions ¢ and their associated conditions on the probability

distribution that make the problem tractable. We discuss these in Section 4.4.

4.3. Bicriteria Analysis

In this section, we show that by choosing convex relaxations of the form (10) along with appropri-
ate values of o and +, the Relax-and-Scale scheme correctly returns a (o, y)-bicriteria approximate

solution to CCP. Before the main result, we state a simple lemma that we will make use of.

Lemma 1 Let Z be a solution satisfying E[¢(a(x, €))] > a for some a € [0,1]. Given r € (0,1), let
Ei={§CcE: ¢a(x,€)) > 1 -7}

Then P{€: €€ E,} > atrl,

Proof: We have
a<E[¢p(a(@.6))] <P{E:£€E )+ (1-P{E:€€E (1 -7)

where the second inequality is because ¢(a(Z,£)) <1 for all £ € = and ¢(a(Z,€)) <1 —r for all
=\ E,. The result then follows. O

Now we are ready to present our main approximation results. The main proof idea is that for a
given generating function ¢ € ® and an optimal solution Z of the convex relaxation (10), we first
specify a violation ratio ¢ and an approximation ratio v, then show that yZ is a (o,~)-bicriteria

approximate solution to CCP.

Theorem 5 Given a generating function ¢ € ®, choose

e violation ratio: o € (£ — (£ —1)¢(1),1),

€ €

e approximation ratio: y= ¢~ (1 — L 4+ (L — 1)¢(1))] ' and

o€ o

o relaxation: X — Xf.
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Then Relax-and-Scale (o, ", X) returns a (0,)-bicriteria approximate solution to CCP.

Proof: Note that by Assumptions (c) and (d), there exists a feasible solution & # 0 to CCP (4), which
is also feasible to the convex relaxation (10). Thus, let us define a set C := {ac €eC:c'z< cTic},

then (10) is equivalent to
v;fl:nr;in{ch: mEX;flﬂC_}. *)

According to Assumption (b), we know that ¢ € int(C*), i.e., that ¢'x > 0 for all z € C \ {0}.
Thus, set C must be bounded; otherwise, suppose that there exists a sequence {Z"},>; C C such
that lim, ., [|Z7|| = oo but ¢"Z" < ¢'& for all 7 > 1. Now consider the normalized sequence
{x"/||x"|| }+>1, which is bounded, thus by Bolzano-Weierstrass Theorem, there exists a conver-
gent subsequence {z /||Z"||};>1 such that {r;};>; € {1,2,...} and lim,_,. " /|| 2" || = &. Clearly,
zeCxz#0and 0<c'z™/|z"|| <c'x/||x"|| — 0 when | — co. Thus, we must have ¢ =0, a
contradiction that ¢ € int(C*). Thus, (*) is a convex minimization problem over a compact set, by
Weierstrass Theorem, there exists an optimal solution to (¥), i.e., there exists an optimal solution
to the convex relaxation (10), denoted as z.

Hence, 7 satisfies E[¢(a(Z,£))] > (1 —€)¢(1). Letr = L — (L — 1)¢(1). Note that r € (0,1). From
Lemma 1 we then have P{£: £ € E,} > % =1 — oe by the definition of 7.

Now, letz =vyx =[¢p* (1 — 7“)]71 x. We first show that & € X,,.. Consider any EE =,, then

< a@ ) =o' (1-1)

e (-] "a(@ &) >1
& ya(z,€) > 1

© a(v2,€)>1

& a(@,€6)>1

where the first equivalence is because (1 —r) € (0,1) and ¢ is strictly increasing in (0, 1), and the

second-to-last equivalence is due to the positive homogeneity of a (i.e., Assumption (c)). Thus
P{€:a(Z,€) > 1} >P{€:£€E,} > 10,

orx € X,..
The output = u& of Algorithm 1 for any u € [1,7], is guaranteed to be contained in the set X,
i.e., ¢ € X,.. Moreover,
YWz =ve'Z>uc'z=c"z,
where the first inequality is due to vfl < v* and the second one is because of Y > u and ¢z > 0.

Thus  is a (o, y)-bicriteria approximate solution. a
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Remark: Note that Theorem 5 does not depend on the underlying distribution. This suggests that
the bicriteria analysis can be extended to when the distribution PP is not fully specified, i.e. the
distributionally robust setting. We do this in Section 5. Also note that in Theorem 5, the violation

and approximation ratios depend on the chosen relaxation scheme (10).

4.4. Special Cases

From Theorem 5, we note that the appropriate choice of the violation and approximation ratios
depend on the risk level and the relaxation used. Furthermore the tractability of the Relax-and-
Scale scheme depends on the tractability of solving the associated relaxation. In this section, we
mention two settings with tractable relaxations and their associated violation and approximation

ratios.

Markovian Relaxation As shown by Ahmed (2014), the tightest generating function in the
class ® is the Markovian generator ¢(s) = min{s, 1}. The corresponding convex relaxation (10) is
called the Markovian relaxation. In this case, the following corollary to Theorem 5 is immediate

by noting that ¢(1) = 1.

Corollary 1 Given a Markovian generating function ¢(s)=min{s, 1}, choose
e violation ratio: o € (1,1), and
o relaxation: X =X

Then Relax-and-Scale (o, =, X) returns a (0, %5 )-bicriteria approximate solution to CCP.

Remark: In this case, by relaxing the risk level of the chance constraint by a factor of 2, i.e. 0 =2,
we can get a factor 2 approximately optimal solution.

In general, e.g. when € is high dimensional and has a continuous distribution P, the Markovian
relaxation can be intractable since it involves computing and optimizing over the expectation of
a nonsmooth function. However, suppose that £ has a finite support = = {£!, ..., £V} where each
realization & for i € [N]:={1,..., N} has an associated probability mass p; € R, then the convex
relaxation (10) with the Markovian generator reduces to the deterministic convex optimization

problem:
vf:min c'xz:xcS, a(x, &) >2,Vie[N], ZpiziZI—e, ze [0, 1]V 5. (11)
i€[N]

Note that for the chance constrained linear covering problems (3), i.e. when a(x,£") is the mini-

mum of a set of linear functions of x, problem (11) is a tractable linear program.
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Bernstein Relaxation Another generating function studied by Ahmed (2014) is the Bernstein
generator ¢(s) =1 — e~ for some 7 > 0. The corresponding convex relaxation (10) is called the

Bernstein relaxation. In this case we have the following bicriteria guarantee.

Corollary 2 Given a Bernstein generating function ¢(s) =1—e~"* for some T > 0, choose

e violation ratio: o € (1+ =5, 1),

ee™ 7 e

e approximation ratio: v =7 [log(c) —log (1 + £=5) ] ' and

eeT

o relaxation: X = X;fl.

Then Relax-and-Scale (o, ", X) returns a (0,)-bicriteria approximate solution to CCP.

Remark: Note that the best parameter 7 can be chosen by optimizing the approximation ratio,

ie., 7" € argmin, {7‘ [log(o) —log (1+ =£)] irs log(1/e—1) —log(o — 1)} For instance, when
€ = 0.05, the violation ratio ¢ = 3, then the optimal 7* ~ 4.32 and the best approximation ratio
is v ~ 4.95. See Figure 1 for an illustration of different optimized (o, ) pairs corresponding to

e =0.05.

Bernstein Relaxation: v vs o with € =0.05
T T T T T

3
T

Approximation ratio y

. . . . . . .
2 3 4 5 6 7 8 9 10
Violation ratio o

Figure 1  Illustration of optimized approximation and violation ratios for Bernstein relaxation with € = 0.05.

Next we mention a setting in which the Bernstein relaxation is a tractable convex optimization
problem. Consider instances of CCP where the left-hand-side of the uncertain constraint a(x, §) >
1 is of the form a(x,§) = >,y 9(§;)h;(x) with g; : R — R, being arbitrary and %; : R" — R,
being concave and positively homogeneous in z. Furthermore the random vector € has indepen-
dently distributed components &, ...,£&,, with support = := [] jela) =i+ In this case the Bernstein
relaxation (c.f., Ahmed 2014) is:

v;elzmwin c'r:xcls, ZAj(—Thj(w))glog (e+(1—e)e )y, (12)

J€ld]
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where A;(t) = logE[e%)), i.e. the log moment generating functions of the random variable
g;(§;), for each j € [d]. The problem (12) is a convex optimization problem and is tractable
whenever the log moment generating function A;(t) is efficiently computable for all ¢ € R (c.f,,

Nemirovski and Shapiro 2006).

4.5. Exploiting Independence

In this section we consider CCP where the uncertainties associated with each uncertain inequal-
ities are independent, i.e. left-hand-side of the uncertain constraint a(z,£) > 1 is of the form
a(x,€) = mingep, {a(x, él)}, where the random vectors {él}le[m] are independent. We will show
that this independence structure allows us to improve the violation ratio for a given approxima-
tion ratio over that in Theorem 5.

First of all, in this independent uncertainty setting, CCP (4) can be reformulated as:
v =min{c'x: xS, HIP’{él:al(m,él)Zl}Zl—e . (13)
le[m]

For each [ € [m], we introduce a new variable w; such that 0 <1 —w; <P {él cay(x, fl) > 1}, then

the above formulation is equivalent to

v =min c'x (14a)
st. J[A-w)>1-¢ (14b)
le[m]
P{él:al(m,él)21} >1—w, Viem], (14c)
x € S,w, €[0,1],VI € [m)], (14d)

where (14b) can be reformulated as convex constraints by taking log(-) on both sides or using
second order cone constraints (c.f., Example 11 of Section 2.3.5 in Ben-Tal and Nemirovski 2001).
Now we apply the convex relaxation scheme of Section 4.2 to the chance constraints (14c) for

each [ € [m], and obtain the following relaxation to (14):
Ufb“d:g{gl{cTa:: (14b), (x,w;) € XL, VI € [m]}, (15)
where for each [ € [m], X| is defined as
X} = {(w,wl) Lz e S,w e[0,1], Elg(a(z,€))] > (1— wl)(b(l)} . (16)

The next theorem states that the violation ratio indeed can be improved by exploiting the inde-

pendence structure.
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Theorem 6 Given a generating function ¢ € ®, choose
e violation ratio: o € (1 — (£ —1)¢(1), 1),

e approximation ratio: y= ¢~ (1 — L 4+ (L — 1)¢(1))] ! and
o relaxation: X = the feasible region of (15).
Then there exists a o < o, such that Relax-and-Scale (8,7,)? ) returns a (o,~)-bicriteria approximate

solution to CCP of the form (13).

Proof: See e-companion EC.1.4. O
The following example illustrates Theorem 6 by showing that exploiting independence can lead

to better approximation guarantees.

Example1 Let Se R, Z=R%,m=2,e€(0,0.5), al(x,gl) = élx, ag(x,gl) = 52.%', §~1, 52 are indepen-

dent standard uniform random variables. In this setting, CCP (4) can be formulated as
v* ' =min{x:z > O,P{(él,gg) :gla: > 1,5296 > 1} >1—¢} :min{x: (1—-1/z)*>1- e} .

Consider the Markovian relaxation ¢(s) = min{s, 1}. If we do not exploit the independence struc-

ture, then the Markovian relaxation of the above optimization problem is
v(‘fl = min {x x> 0,E [min {élx,§2a;, 1}} >1- e} ,

while by considering the independence of random variables ¢;,,, we can obtain the following

relaxation
vipd :min{m 2 >0,E [min{éx,l}] >1—w,le2],(1-w)(l-w) =1 —6}-

By solving the above three optimization problems, we have v* = z* =

1+V1—€ ,rel _ ,.rel __
€ ’U¢ =T -

1 1-4/3¢ : : — . . . . . . .
Ty A V26/, vird = gind = =< Given an approximation ratio 7 > 1, if we do not exploit the inde-

pendence structure, then the violation ratiois 1 — ge = (1 — 1/(y2™))?, i.e.,

2e ’
€ 6[1_7(14—«/1—4/36)] '

On the other hand, using the independence among different constraints, the violation ratio is
1-0e=(1-1/(y2™))? ie,
11 [ . 2 r
O=——- I — .
Y14+ +vV1—¢€)

Clearly, we have o < 0. O

Finally, we remark that we can further improve the violation ratio in Theorem 6 if for each
separated relaxed set X, we choose a different but a tighter generating function than the one

used in the original convex relaxation set X ;.
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5. Bicriteria Approximation of DRCCP

In this section, we will extend our bicriteria approximation results to distributionally robust
chance constrained covering problems (DRCCP) of the form

U*:mwin{cT:c:aceS, supP{é:a(m,£)<1}§e}. (5)

PeP
In addition to Assumptions (a)-(d) in Section 2, hereon we will further assume that
(e) the left-hand-side of the uncertain covering constraints a(x,§) = min;c,{a:(x, &)} are such
that, for each [ € [m], a;(, §) is convex in £ for any given « € S.

Note that DRCCP includes an optimization problem over measures and, as shown later in this

section, this additional assumption is necessary for the tractability of the associated relaxations.
In general, DRCCP (5) is NP-hard. For example, if the ambiguity set P contains a single discrete

distribution, then (5) reduces to a regular CCP, which is known to be NP-hard. However, the

computational complexity of DRCCP for specific ambiguity sets requires further analysis. In the

following we will consider two classes of commonly used ambiguity sets, show that the DRCCP

is NP-hard in these settings as well, and provide tractable bicriteria approximation algorithms.
In the remainder of this section we revise the definition of X, introduced in (8) to

X, = {a}GS: supP{f:a(m,£)<1}§a}, (17)

PEP
for any a > 0. Note that X, is the feasible region of (5). We propose to apply the Relax-and-Scale
Algorithm 1 to DRCCP (5). Similar to Section 4.2 we consider the following convex relaxation

based on a generating function ¢ € ®:

v(fl = min {cTa: cxE X;f;} , (18)
where
Xz, = {ees: miElolate. &)= 1-96)}. (19

Note that the left-hand-side of the inequality defining (19) is concave in «, hence (18) is a convex
optimization problem.

Recall that the bicriteria analysis in Section 4.3 is independent of the underlying distribution,
thus we can easily adapt to the distributionally robust setting. The proof of the following result is

completely analogous to the proof of Theorem 5, hence is omitted.

Theorem 7 Given a generating function ¢ € ®, choose

e violation ratio: o € (£ — (£ —1)¢(1),1),

€ €
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e approximation ratio: y = [¢~* (1 — L 4+ (L — 1)¢(1))] ! and
o relaxation: X = X5, as defined in (19).

Then Relax-and-Scale (a,~, X) returns a (o, ~)-bicriteria approximate solution to DRCCP.

Note that the tractability of Relax-and-Scale Algorithm 1 depends on the tractability of solving
the convex relaxation (18). Next, we consider two specific classes of ambiguity sets in DRCCP (5)

and discuss corresponding complexities and tractable approximations.

5.1. Moment Ambiguity Set

Following Xie and Ahmed (2018b), we consider the following ambiguity set specified by partial

moment information

P = {PeP(E): Beln(€) =gt €T, Exlvn()) 2 gt € T, | (20)

where P, () denotes the set of all probability measures on = with a sigma algebra F, ¢,(§) is a
real valued continuous function on (Z, F) for each t € 7; U 75. We further assume that
(i) ZEis a closed convex set, and for each ¢ € Ty, 1;(£) is a linear function, and for each t € 75,
1,(&) is a concave function.

(i) (Slater’s condition, c.f., Theorem 5.99 in Bonnans and Shapiro 2000) suppose that int(P) #
0, i.e., for any sufficiently small perturbation of {g, };c7,u7,, there exists a feasible probability
measure such that the constraints in P hold.

The following result provides a deterministic characterization of the DRCCP set X, in (17) with
P = PM. This characterization can be used to further reduce the computational approximation
ratio in the Relax-and-Scale scheme, i.e., we can search for the best approximation ratio with lines

4-7 of Algorithm 1.

Theorem 8 [Theorem 1 in Xie and Ahmed (2018b)]
For any a € (0,1), the DRCCP set X, defined in (17) with P =P is equivalent to

A > gm=1-o, (21a)

teT1UT2
X,=zeS: A\ +¥,(n,0)<1, (21b)
A1+, (n,mx) <0, Viel(x), (21c)
n, > 0,Yt € To,m > 0,VI € [m)], ) (21d)

where I(x) :={l € [m]: I € E,a,(x,&) <1} and Vy(-) and {V,,(-) }icm) are defined as

Uy(n,x) :==sup ( Z 1/&(5)7%) , (22a)

£€E \teTiuTs
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v, (n.2) :=sup< S w©m —m(w,o) , (22b)

£€E \teThuTs
foreach [ € [m).
We next establish the complexity of DRCCP under the moment ambiguity set by a reduction to

the well-known set covering problem.

Theorem 9 DRCCP (5) with P = P™ is NP-hard.

Proof: See e-companion EC.1.5. O

Theorem 9 shows that DRCCP (5) with P = P is difficult. Thus, we will explore its convex
relaxations and study approximation algorithms. The next result provides a deterministic convex
reformulation of the relaxation X, when the ambiguity set is moment based and the generating

function ¢ is Markovian.

Theorem 10 If P =P and ¢(s) =min{s, 1}, then X}, is equivalent to

A+ Z g >1—e, (23a)
teTIUT2
Xpl,=qxeS: A +¥y(n,0)<1, (23b)
A+ T, (n,@) <0, Ve [m], (23¢)
n: >0,Vt € Ts, (23d)

where V() and {¥,, (-) }icjm) are defined in (22).

Proof: If P =P and the generation function ¢(s) = min{s, 1}, then the set X33, in (19) is equiva-
lent to
X5l = {m €S: inf Ep[min{l,a(z,€)}]> (1 - e)} . (24)
’ PePM
Using Lemma 1 in Xie and Ahmed (2018b), the inner infimum in (24) is equivalent to

inf Ep[min{l,a(x,&)}] = max \ + > g

pepM
€ tETLUTs

st A+ 3 wlen <min {1 pinfa(e. )} vees

teT1UTs
u 2 07Vt € 7—2

By replacing max operator with existence of A, 7, the set Xj5!, becomes

A D gm=1—¢ (25a)
tE'TlLJTQ
rel __ .
I T N 13/ min{l, min{axm,&)}} VEEE, (25b)
teTIUTs telml
>0,V € Ts. (25¢)
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Next in (25b), we note that the left-hand side should be no larger than any of 1,{a;(x,§) }icim),

thus, (25) is equivalent to

A+ Z gme > 1—¢, (26a)
te€TIUT2
A D pu(€m<1,VEEE, (26b)
X;,% ={xecs: tETLUTS
)‘+ Z ¢t(£)nt§al($7£)av£eEal€ [m]a (26C)
teTIUTo
m >0,V € Ts. (26d)
Finally due to the definition of function ¥ (-) and {¥,, (-) };cm], we arrive at (23). O

Note that set X}, in (23) is convex but optimization over it might not be tractable. Thus, the
following result summarizes the conditions of tractability of convex relaxation (18) and approxi-
mation guarantees for DRCCP with moment ambiguity set. The result follows from Theorem 3.1

in Grotschel et al. (1981), and Theorems 7 and 10.

Corollary 3 Suppose that
o P=PM
e the Markovian generating function ¢(s) =min{s, 1} is chosen,
e the violation ratio is o € (1, 1),
o the relaxation set is X = X35, and
o separation over set S and the constraints (23b) and (23c) can be done in time that is polynomial in
n,m, i.e. forany (\,m,x) such that x is not contained in set S, or (A, n, ) violates (23b) or (23c), one
can find a hyperplane in polynomial time which separates x from set S, or (\,m,x) from constraints
(23b) and (23¢).
Then

(1) the convex relaxation (18) is tractable; and

(ii) Relax-and-Scale (o, ", X) returns a (0, =% )-bicriteria approximate solution to DRCCP.

The following example illustrates an application of Theorem 10.

Example 2 We consider the distributionally robust counterpart of chance constrained linear cov-

ering problem (3) as below:

v* = min {cTa:: inf P{é:éazZe}Zl—e}. (27a)

n y
:l:E]R+ PGPA[

In the above problem, there are n items and m covering constraints. For each item j € [n], ¢;

represents its cost, and let &; denote its random resource to cover /th constraint. Let z; define the
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quantity of jth item being used. Suppose that we do not know the true probability distribution,
but know the mean of each resource and the upper bound of their total deviation from the mean,

thus P is defined as

P = {PePo (D) :Eelé) = . EelI€ — s < g} (27b)

where Z =R, p € R7’}™ and || - || r denotes Frobenius norm.

In this example, the Markovian relaxation set X", is equivalent to
X;;ld) = {ac eRY: [;ggE [min {1, lrél[gl]{ﬁl—:a:}}] >1-— 6} , (27¢)

where A;, denotes the vector of /th row of matrix A. By Theorem 10, the Markovian relaxation

set X!, can be formulated as the following second order cone program (SOCP)

At (M) —gne > 11—,

A (p,m+B) <1,

71 + Ballr < 12,

X;)e}(é: meRi:)‘+<lf"7nl+Bl2>S/J/l—.rx7VZ€[m]7

S 1)re + (B5)rall3 + 110+ (B — I3 < 12,1 € [,
TE[m],7#l

m ER™ ™ ny eRy, By e R BL e R™*™ VI € [m],
+ 2 &Ry

(27d)

W

where for any two matrices A, B € R™", their inner product is defined as (A, B) := trace(AB").

Clearly, the Markovian relaxation of the DRCCP (27a), i.e., min, x5, c 'z, is tractable. &

5.2. Wasserstein Ambiguity Set

One disadvantage of a moment-based ambiguity set is that it might be unrealistic to estimate
many moments required to describe the ambiguity set. Furthermore, even if all moment informa-
tion for a “true” distribution is included, the corresponding ambiguity set is not guaranteed to
recover the true distribution (c.f., Durrett 1996). Recently, data driven distributionally robust opti-
mization problems with Wasserstein metric have been investigated (e.g., Esfahani and Kuhn 2015,
Zhao and Guan 2018, and Gao and Kleywegt 2016). In this framework the ambiguity set considers
all distributions within a Wasserstein ball of specified radius around an empirical distribution.
It is known that as the sample size of the empirical distribution goes to infinity, the Wasserstein

ambiguity set recovers the true generating distribution. The Wasserstein ambiguity set is

PV ={PePy(Z): W, (P,Ps) <6}, (28)
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where Wasserstein distance is defined as

. B . Qis ajoint distribution of & and &,
Wy (1, P) =inf {/EXE 16 = &1, Q(dEs, d&2) with marginals P; and IP,, respectively |’

and P; denotes a discrete empirical distribution of f on the finite support Z = {(;};c(y) C = with
point mass function {p; };c(n}, and ¢ > 1.

The following result provides a deterministic characterization of DRCCP set X,, in (17) with
P =P". This characterization will be used in the subsequent developments and also to further
reduce the computational approximation ratio in the Relax-and-Scale scheme, i.e., we can search

for the best approximation ratio with steps 4-7 in Algorithm 1.

Theorem 11 For any « € (0,1), the DRCCP set X, in (17) with P =PW is equivalent to

A+ pmi<a, (292)

1€[N]
Ko=) T €5 kg A€ = Gl + maan(@, )] > 147, Vi € V], L€ I(a) (290)
A>0,1; >0, >0,Yi € [N],VI € [m] (29¢)

where I(x):={l€[m]: 3 € E,a;(x, &) < 1}.

Proof: See e-companion EC.1.6. O
Note that in (29), there are O(Nm) variables and constraints. Thus, checking the feasibility of
set X, (i.e., steps 4-7 in Algorithm 1) might be difficult if the sample size N is very large. In this
case, we might want to skip steps 4-7 in Algorithm 1.
We next establish the complexity of DRCCP under the Wasserstein ambiguity set by a reduction

to the regular chance constrained linear covering problem (Qiu et al. 2014).

Theorem 12 DRCCP (5) with P = P" is NP-hard.

Proof: See e-companion EC.1.7. O

Theorem 12 suggests DRCCP (5) with P = P" is hard. Thus, in the remainder of this section, we
will focus on deriving its convex relaxation. The next result provides a deterministic convex refor-
mulation of the relaxation X", for the Wasserstein ambiguity set and the Markovian generating

function.

Theorem 13 If P =P" and ¢(s) = min{s, 1}, then X}, is equivalent to

SN+ Y pmi <, (30a)
rel . el
XP’¢: mES'ni+é2£[/\HE—Cin—|—al(:B,€)]Zl,ViE[N],ZG[m], (30b)

A>0,7; >0,Vie[N]. (30c)
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Proof: If P =P" and the generation function ¢(s) = min{s, 1}, then the set Xj5\, in (19) is equiva-
lent to
X5, = {wES: sup Ep[l —min{1,a(x,£&)}] §e}. (31)
PePW
By Theorem 1 in Gao and Kleywegt (2016) and a(x,£) = min;cj,{a;(x, £)}, the optimization prob-
lem suppcpw Ep[l — min{1,a(z,£)}] is equivalent to

i = Y ping (M€~ G, — 1 - min{Lnin (e 1)

A>0
i€[N]
By replacing min with existence of some A > 0, the set X35!, becomes
X = dmes 0 2 piid A=l - minflmin (@ ]| <c| 62

A>0. (32b)

Next introduce new variable 7; and let n; > — infee= [A|€ — &l — [1 — min{1, minep {ai(x, €)}}]]
for each i € [N]. Then the set X', becomes

A0+ Z pini < €, (33a)
i€[N]
AT R it [Aus = Gilly +min{1, minfa(2, )} > 1,vie [N], [ (35P)
A0 (339
By breaking down the “min” operators in (33b), we arrive at (30). O

The following result summarizes conditions of tractability of the convex relaxation (18) and
approximation guarantees for DRCCP with Wasserstein ambiguity set. The result follows from

Theorem 3.1 in Grotschel et al. (1981) and Theorem 7 and Theorem 13 in this paper.

Corollary 4 Suppose that
o« P=PYV,

the Markovian generating function ¢(s) = min{s, 1} is chosen,

the violation ratio is o € (1,1),

relaxation set is X = X', and

separation over the set S and constraints (30b) can be done in time that is polynomial in n,m, N, i.e.
forany (X, m,x) such that x is not contained in set S, or (\,n, x) that violates constraints (30b), one
can find a hyperplane in polynomial time which separates (X, m,x) from set S or constraints (30b).
Then

(i) the convex relaxation (18) is tractable; and
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(ii) Relax-and-Scale (o, ", X) returns a (0, =%=)-bicriteria approximate solution to DRCCP.

o—1

Recently Xie (2018) and Chen et al. (2018) proposed the following worst-case CVaR approxi-
mation of DRCCP set X, with P =P".

Corollary 5 (Xie 2018, Chen et al. 2018) The DRCCP set X,, with P =P"Y can be inner approximated

by the following convex set

A6+ > pimi < ap, (34a)

XCVaR_ S i€[N]
© TS e i NIE - Gl (. £)) > 1+ 8,¥i € [N], L€ [1], (34b)
A>0,m,>0,Yi € [N]. (34c)

Note that the above worst-case CVaR approach provides an inner approximation of the
DRCCP and this approximation is tight under some conditions (Xie 2018, Chen et al. 2018). Thus
it can lead to good-quality feasible solutions, while our proposed approach uses an outer approx-
imation (a relaxation) and scales its solution to obtain a feasible solution. Next, we illustrate that
the quality of solutions obtained by these two approaches is incomparable. In particular, Exam-
ples EC.1 and EC.2 in e-companion show that the approximation quality of the worst-case CVaR
approximation can be arbitrarily bad while the theoretical approximation ratio of the proposed
Relax-and-Scale scheme can be equal to 1, and vice versa. We also provide a numerical compari-

son of these approaches in Section 6.

6. Numerical lllustration

In this section, we provide numerical illustrations of the proposed Relax-and-Scale approximation
algorithm. We consider a Chance Constrained Portfolio Optimization (CC-PO) problem studied
in Pagnoncelli et al. (2009) and Qiu et al. (2014), which is to minimize the investment cost in a
portfolio of n assets while guaranteeing a specified return level. CC-PO has been studied exten-
sively in literature and has been reported to be very difficult to solve to the optimality even for
small-scale instances (Qiu et al. 2014). To model CC-PO as CCP or DRCCP, we let £ ¢ R’ repre-
sent the (normalized) random return vector and z; denote investment on asset j € [n]. Then, its
corresponding CCP formulation is

v*:min{cTa::mz(),]P’{é:mez1}21—6}, (35)

T

and its DRCCP analog is

x

* . T,... . .1 o
v —mm{c :c.mZO,P{%fJIP’{E.E :ch}Zl e}. (36)
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In (35) and (36), the objective is to minimize the total investment cost, while the chance constraint
is to guarantee that with probability at least (1 — €), the total return is at least 1. In the following
two subsections, we use this example to illustrate the approximation ratios for CCP with discrete
support and DRCCP under Wasserstein ambiguity set. All computations were executed on a lap-
top with a 2.67 GHz processor and 4GB RAM, with CPLEX 12.5.1 with default settings as the

solver. The running time of Relax-and-Scale Algorithm 1 is within 60 seconds for all the instances.

6.1. CCP with Discrete Support
Here we assume that f has N equiprobable realizations denoted by {£'};c(n. Then the CCP (35)

can be formulated as the following mixed integer program

v*zrgizn{ch;m>0, E&;ijzi,Vie[N], zEZ}, (37)
j=1

where 7 := {z e{0, 1}V 3 e > (1— e)N}. We generated the data in the similar way as Qiu

et al. (2014), where n =50, N = 100, {{; } ;[ are i.i.d. uniform random variables in the range from

0.8 to 1.2 and the risk parameter € € {0.05,0.10}.

The computational results are shown in Figure 2. For any violation ratio o € [1,1/¢), we let v,
denote the objective value of a solution from the Relax-and-Scale scheme (Algorithm 1) using
the Markovian relaxation. Recall that in this case, the relaxation corresponds to the linear pro-
gramming relaxation of the mixed integer program (37). Let v*! denote the optimal value of the
relaxation. In Figure 2, the blue starred curve denotes the theoretical approximation ratio v = -%

o—1

proposed in Corollary 1, and red squared curve denoted as RS (i.e., short for Relax-and-Scale)

approximation ratio 2% is an upper bound on 2 since we could not solve the mixed integer
program (37) to optimality within a 12-hour time limit.

We observe that as the violation ratio ¢ tends to 1, the theoretical approximation ratio (starred
curve) tends to infinity. However, the RS approximation ratio is only off by a factor of at most 1.3
from the true optimal for both ¢ = 0.05 and 0.1. When ¢ increases, the theoretical approximation
ratio (starred curve) decreases dramatically. Typically, if we choose o = 2, then the theoretical
approximation ratio (starred curve) is around 2 but the RS ratio (squared curve) is around 1.2.
However, when o > 2, the RS approximation ratio does not improve too much. Thus, for these

instances, we suggest to choose o € (1, 2].

6.2. DRCCP under Wasserstein Ambiguity Set

Here we consider the DRCCP (36) with Wasserstein ambiguity set defined with respect to an

empirical distribution. Using Theorem 11, this problem can be formulated as

v*=min c'z,
weRﬁ
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Figure 2 Illustration of approximation ratios for CCP with discrete support.
1€[N]
i\ T .
ni+(¢") (mx—p;) > 1+m,Vie [N], (38)

where in (28), we let ¢ = 2. Note that (38) is a nonconvex optimization problem due to the bilinear
terms {a;x}ic;n), however, we can use this formulation in the feasibility check steps 4-7 in the

Relax-and-Scale scheme (Algorithm 1). Using Theorem 12, the Markovian relaxation of (38) is
formulated as

v"'=min c'z,
mGRﬁ

s.t. dA+ Z Din; < €,

1€[N]

ni+ (¢ (- p;) >1,Vi € [N],
|z — pill2 <A, Vi€ [N],

(39)

A;zO,niEiO,pielRi,ViE[PJL

which is a second order cone program (SOCP). From Corollary 5, the worst-case CVaR approxi-

mation is formulated as

veVRR — min ¢’z
mERi
st GA+ > pimi<ep,

i€[N]

n;i+ (¢ (@ —p;) =1+ B,Vie [N], (40)
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|l — pilla <A, Vi€ [N],

A>0,m;>0,p; €R?,Vie[N].

In the numerical study, we let n = 50 and the risk parameter € € {0.20,0.25}. It turns out that if we

choose a smaller risk parameter (e.g., € = 0.05,0.10), the CVaR approximation (40) is infeasible.
Thus, for the sake of comparison, we select a relatively larger risk parameter. The empirical distri-
bution Pz was constructed by N =100 i.i.d. samples from the random vector £ (e, pi= ~ for all
i), where {¢; }jem are iid. uniform random variables in the range from 0.8 to 1.2. We computed
the radius of Wasserstein ball via simulation as follows: we ran 100 simulations, and for each sim-
ulation, we generated 100 i.i.d. samples from the random vector £, and computed its Wasserstein
distance with the empirical distribution. Finally, we set § to be 90th, 95th and 99th percentiles of
the simulated Wasserstein distances, i.e., § € {1.3811,1.3837,1.3855}.

The computational results are shown in Table 1 and Figure 3. For any violation ratio o € [1,1/¢),
we let v, denote the objective value of the solution from the Relax-and-Scale scheme (Algorithm 1)
using the Markovian relaxation (39), and let vSV2R denote the optimal value of the worst-case
CVaR approximation (40) with the risk parameter oe. In Table 1 and Figure 3, since it is difficult

Vg

1, while

to obtain v*, the RS (i.e., short for Relax-and-Scale) approximation ratio is computed by
CVaR
the worst-case CVaR. approximation ratio is computed by “=—. Moreover, in Figure 3, we let

the blue starred curve denote the theoretical approximation ratio y = ~%5 from Corollary 4, let the

Vo
prel s

red squared curve denote as RS approximation ratio

and let the black curve with triangular
markers denote the worst-case CVaR approximation ratio %

We observe that when the violation ratio o tends to 1, the theoretical approximation ratio tends
to infinity, however, the RS approximation ratio or the worst-case CVaR approximation ratio is
around 25 when the risk parameter € = 0.20, and is around 5 when the risk parameter ¢ = 0.25.
When o increases, the theoretical approximation ratio, RS approximation ratio and the worst-
case CVaR approximation ratio decrease dramatically. Typically, if we choose o = 2, then the
theoretical approximation ratio is 2 but the RS approximation ratio is around 1.1-1.3, which is
much smaller than the one with o = 1, while the worst-case CVaR approximation ratio is around
1.7-1.9. Indeed, we see that when o grows, the RS approximation ratio is consistently smaller than
the worst-case CVaR approximation ratio. This demonstrates the effectiveness of the proposed
Relax-and-Scale scheme. When o > 2, the RS approximation ratio can be even smaller than 1,
which might be because the relaxed set X,. is too large compared to the original feasible region
X.. Thus, for these instances of DRCCP, it is reasonable to choose o € (1,2] where the chance
constraint is relaxed a little bit and in practice, the proposed objective value is quite close to the

true optimal one. We also notice that when ¢ becomes larger (i.e., with higher risks), both the
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RS approximation ratio and the worst-case CVaR approximation ratio tend to be smaller. On
the other hand, when ¢ grows (i.e., distance between empirical probability distribution and true
one increases), both the RS approximation ratio and the worst-case CVaR approximation ratio

increase as well, and are closer to the theoretical approximation ratio.

Table1  Computational results for DRCCP with Wasserstein ambiguity set.

Violation Ratio o [ 1.00 1.04 1.09 114 119 125 132 139 147 156 167 179 192 208 227 250 278 313 3.57
Theoretical Ratioy = o /(o — 1) Inf 2499 1250 833 625 500 417 357 312 278 250 227 208 192 179 167 156 147 1.39
§—1.3811 €= 0.20 | 2447 1310 878 652 514 420 353 3.02 262 229 202 178 157 138 120 1.03 086 0.68 049

RS - €e=0.25 | 4.89 4.24 373 331 29 266 240 217 196 177 160 143 127 111 09 079 062 042 020
AbDrox §—1.3837 €= 0.20 | 2539 1336 889 658 517 422 354 303 263 230 202 178 157 138 120 103 086 0.68 049
]p{)pfo ) - €=0.25 | 492 4.26 374 332 29 266 240 217 196 177 160 143 127 111 09 079 062 042 020
atio §—1.3855 €= 0.20 | 26.09 1355 897 6.62 519 424 355 304 263 230 202 178 157 138 120 103 086 0.68 049
- €e=0.25 | 494 4.28 375 333 297 267 241 217 197 178 1.60 143 127 112 096 0.79 0.62 042 020

§—1.3811 €= 0.20 | 2407 1317 897 676 541 450 385 336 298 268 243 223 205 190 178 166 156 147 1.39

Worst-case - €e=0.25 | 4.84 4.26 381 344 314 288 267 248 232 217 205 193 183 174 166 158 151 144 138
CVaR §—1.3837 €= 0.20 | 2498 1344 9.09 682 545 452 387 337 299 269 244 223 206 191 178 166 156 147 139
Approx. - €=0.25 | 487 428 382 345 315 289 267 248 232 218 205 194 183 174 166 158 151 144 138
Ratio §—1.3855 €= 0.20 | 25.66 1363 9.17 6.87 547 454 388 338 3.00 269 244 223 206 191 178 166 156 147 139
e €=0.25 | 4.89 4.30 383 346 315 290 268 249 232 218 205 194 184 174 166 158 151 144 138

7. Conclusion

We show that while chance constrained and distributionally robust chance constrained optimiza-
tion problems are in general inapproximable, their covering analogs admit bicriteria approxima-
tion guarantees. That is, by relaxing the chance constraint by a constant factor it is possible to
obtain a solution which is within a constant factor of the optimal objective value. In particular
we show that, for several important cases, a simple scheme that solves a tractable convex relax-
ation of the problem and then scales its solution, produces a solution that violates the chance
constraint by at most a chosen factor o > 1 and is guaranteed to be within a factor - of the opti-
mal value. It should be noted that if ¢ = 1, i.e. no violation of the chance constraint is allowed, the
proposed approximation scheme can lead to an arbitrarily bad approximation ratio as predicted
by the inapproximability result and the performance analysis. For future research, we would like
to investigate if more sophisticated relaxations (e.g., the nonanticipative relaxation proposed in
Ahmed et al. 2017) can be used to improve the approximation analysis. More generally, it would
be valuable to extend the analysis to chance constraints beyond the covering systems considered

here.
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EC.1. Proofs
EC.1.1. Proof of Theorem 1

Theorem 1 Given a parameter x > 1, consider the following instance of CCP:
(Py): v::mgg{:U:P{é:éx<l} Se},

where € has a finite distribution with N equiprobable realizations {£'},cn| such that eN is an integer,
& =1 fori€[eN]and & = k for i € [N]\ [eN]. Let vEVaR denote the optimal value of the CVaR

approximation (6) of (P,,). Then

CVaR
K

v

lim
K—00 v

= OQ.
*
K

Proof: Here the CVaR approximation (6) of (P,) is

USVaR:min{m:iIﬁlf [_65+e(1—3:+/3)++(1—e)(1—m:+5)+] §0}7

x>0

€

where the optimal 3 in the constraint is nonnegative and upper bounded by 1 + +~(z — 1), +

(kx —1)4. Thus, we can replace the infimum by existence of 53, i.e.,

vV =min{z: —ef+e(l—az+6), +(1—¢)(1—rx+p), <0,3>0}. (EC.1)

>0

We note that in (EC.1), 8 =0,z =1 is a feasible solution, thus vV} < 1. On the other hand, since
l—z4+pB<(1—z+p), and (1—¢)(1—krz+p), >0, hence,

—eB+e(l—r+B)<—ef+e(l—a2+8), +(1-e)(1—rx+5), <0

which implies that z > 1 in (EC.1), i.e., vSVaR = 1.
On the other hand, by introducing binary variable z; for each i € [N], the problem (P,) can be

reformulated as
vi=min{z:z>z,i€[eN]|, kx> 2,i€ [N]\[eN], z€ ZNB" },

where B = {0,1} and Z := {z €0,V 3 cin % > N—eN}. Clearly, the optimal value of the

problem (P,) is v = +. Thus, vCV*® /v’ = k — 0o when k — oco. O

EC.1.2. Proof of Theorem 2

Theorem 2 Consider the following instance of CCP:

(P): v*:glzigl{xzp{g:éx<l}§e},
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where € is a Bernoulli random variable with probability (1 — €). Let v* denote the optimal value of the
scenario approximation problem (7) corresponding to (P) for a given confidence parameter § € (0,1) and

sample size N5 = {f log (3) + 2log (2) + 2} . Then

€

VSA
P{ézoo} >1— 6%,
/L)*

Proof: Clearly, in this example, the optimal value of (P) is v* = 1. On the other hand, the SA

problem (7) is equivalent to
vyt =min{z: &z >1,Vie [Ny]}.

Note that for each i € [N;], &' € {0,1} and the above minimization problem is infeasible if one of

{€'}iew,) is equal to 0. The probability that none of {£'};¢(x, is equal to 0 is upper bounded by

(1 - E)Na < (1 . 6)%10g(%)+%10g(%)+2 < 6262.
Thus, with probability at least 1 — §%¢2, we can get v54 = oo; i.e. v§4 /v* = oo. .

EC.1.3. Proof of Theorem 3

Theorem 3 Suppose we have a polynomial time algorithm that returns a (o,~y)-approximate solution to
any CCP of the form (4) with a discrete distribution with N equiprobable realizations. Then, unless P=N P,
the following holds:
(i) if v =1, then we must have o = 1/e — f(N)(1 — €) /e for some function f such that f(N)— 0 as
N — o0;

(ii) if o = 1, then we must have -y = g(IN') for some function g such that g(N) — oo as N — oc.

Proof:
(i) Consider the NP-complete problem x- dense graph which asks

(k nodes- dense graph): Given a graph G(V, E) with nodes V' with |V | =n and edges £
with |E| = N, does it contain a dense subgraph with x nodes with number of edges at
least N(1—¢)?

This problem can be formulated as CCP (4) to minimize the number of selected nodes. In

particular, we let [n] = V,[N] = E, adj(i) denote the pair of nodes u,v related to an edge

i € E such that i = (u,v) € E and binary variables z; = 1,2; = 1 denote node j and edge 7

are chosen respectively, and 0, otherwise. With the notation above, the problem of x nodes-

dense graph can be formulated as below:

v* = min Z z; (EC.2a)

J€[n]
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s.t. x; > 2;,Vi € [N],Vj € adj(i), (EC.2b)

Z z; > N — €N, (EC.2¢)
1E[N]

xeRY, 2z €{0,1},Vie [N], (EC.2d)

where constraints (EC.2b) enforce that z; will equal to 1 only if both nodes of edge ¢ are
chosen, 0, otherwise. Note that (EC.2) is a special case of CCP (4) by letting S = R" and
P {f a(x, €) < 1} == > ey L(minjeqqi){z;} < 1), where I(*) is an indicator function.
Now suppose we obtain an approximate solution, i.e. a subgraph with number of nodes
v* =k and number of edges N — ceN. By Theorem 1.2 in Alon et al. (2011), unless P=N P,
there cannot be a polynomial time approximation algorithm for x nodes- dense graph with

a constant factor, i.e. it must hold that

N —oeN
NN f(N),

for some function f(-) such thatlimy_,., f(N)=0.Thus,c =1/e— f(N)(1—¢)/eand f(N) —
oo as N — oo.
Now consider another variant of - dense graph which asks

(N(1 —€) edges- dense graph) Given a graph with nodes V' with |V| =n and edges E

with |E| = N, does it contain a dense subgraph with number of edges at least N (1 —¢)

and number of nodes at most x?
This problem can be also formulated as (EC.2). Now suppose we get an approximate solu-
tion, i.e. a subgraph with number of nodes v* <« and number of edges at least N —e/N. We
would like to show that v cannot be a constant. We will prove it by contradiction, i.e., from
now on, we assume that v > 2 is a positive integer constant.

Next, we prove the following claim.
Claim: If there exists a v (y > 2 is a positive integer constant) approximation algorithm of
N (1 —¢€) edges- dense graph, then there exists an ﬁ approximation algorithm of x nodes-
dense graph.
Proof: Since by assumption, we know that there exists a polynomial-time algorithm that finds
a subgraph G’ of G(V, E) with vk nodes and N (1 — €) edges, thus it is sufficient to prove that
we can find a subgraph G of G’ with x nodes and at least v € Z, edges in a polynomial
time, where v > N (1 —¢€)/(2.5v?). We prove this statement by construction.

First, we partition the graph G’ into arbitrary v subgraphs {G, },c[,;, where each group has
x nodes. Next, we discuss the number of edges within each subgraph and across different

subgraphs.
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Case 1. If there exists a subgraph with at least v > N (1 —¢€)/(2.59?) edges, then we are done.
Case 2. Suppose none of the subgraphs have no less than N (1 — €)/(2.57?) edges. Note that

there are (}) = w pairs of subgraphs, therefore, by the pigeonhole principle,
there must exist a pair of subgraphs such that the number of edges between these

two subgraphs are at least

N(1—¢€)—yN(1—¢€)/(2.572) _aN(1—-0 ( 1—2_157> _2N(1-¢

y(y=1)

Suppose these two subgraphs are G;,G; with 4, j € [y] but i # j.
Next, we are going to find a subgraph of G; U G; with x nodes and at least v >
N(1—¢€)/(2.5v%). To do so, we need to discuss whether « is an even integer or not.
(i) If  is an even integer, then we divide §; and G; into two separate subgraphs
with £/2 nodes, i.e., G;1,G;» and G;1, G- in Figure EC.1, respectively. Thus, the
number of edges between G, and §; is equal to the total number of the edges of
the following four unions of two subgraphs, G;1 UG;1, Gi1 UGj2, Gia U G;1,Gio U
Gj2, where the number of nodes of each union is equal to x. Again, by the
pigeonhole principle, there must exist a union of two subgraph with number

of edges at least
2N(1—¢) S N(1—¢)

442 T 2.572
(ii) If x is an odd integer, then we divide G, and G; into three separate subgraphs,

ie., Gi1,s:,Gip and Gj1, s;,G;» in Figure EC.2, respectively, where there are |[x/2|
nodes in G;1,Gi2,Gj1,G;2 and only 1 nodes in s;, s;. Let ¢; be a subgraph with a
single node from G;,. Thus, the number of edges between G, and G, is bounded
by the total number of the edges of the following five unions of subgraphs,
G UG Usj, GiiUGpUsi, Gio UG Usy, Gio UG Usj and (Gio \ ;) UGj U
s; U sj, where the number of nodes of each union is equal to x. Again, by the
pigeonhole principle, there must exist a union of graph with number of edges

at least
2N(1—¢) B N(1—¢)

52 2.542

Note that the time complexity of the above procedure is O(7>N (1 —¢)). Hence, we can find
a subgraph G” with  nodes and at least N(1 — €)/(2.57?) edges in polynomial time. Thus,

1
2.5+2

approximation algorithm of x nodes- dense graph. o

By Theorem 1.2 in Alon et al. (2011), there is no polynomial approximation algorithm for
x nodes- dense graph with constant factor. Therefore, by Claim, there is no polynomial time
approximation algorithm of N (1 — ¢) edges- dense graph either, a contradiction that + is

constant. Thus, we must have v = g(/N) with some function g(-) such that limy_, ., g(N) = co.

O
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Figure EC.1  Illustration of Proof of Theorem 3: (a) x is odd.

. S . SJ
f;
Gy Gy
G G

Figure EC.2  Illustration of Proof of Theorem 3: (b) « is even

EC.1.4. Proof of Theorem 6

Theorem 6 Given a generating function ¢ € ®, choose
e violation ratio: o € (£ — (£ —1)¢(1),1),
-1
=t (G —2)e()]  and

g€ o€ o

e approximation ratio: y = [¢~* (1 —
o relaxation: X = the feasible region of (15).
Then there exists a o < o, such that Relax-and-Scale (’a\,%)? ) returns a (o,~)-bicriteria approximate

solution to CCP of the form (13).

Proof: Let (Z,w) be an optimal solution of (15) (note that the existence of an optimal solution to
(15) directly follows from Theorem 5, thus is omitted here). From (14b), we have w, € [0, €| for

each [ € [m]. Given a proposed violation ratio o € (£ — (£ —1)¢(1), 1), for simplicity, let us define
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r==2L[1-(1-¢€)¢(1)] € (0,1), then approximation ratio can be rewritten as y = [¢~* (1 — I

Also let us denote a set = :={&, € 5, : ¢(a;(x, &) > 1 —r} for each [ € [m)].

Now let us define the new violation ratio o = ¢! [1 —ILicim % . We would like to
show that (1) Relax-and-Scale (7,7, X) returns a (&, y)-bicriteria approximate solution to CCP of
the form (13); and (2) & < . Therefore, correspondingly, we will separate the proof into two steps.
(1) First, since Z satisfies E[¢(a,(Z,£,))] > (1 — @,)¢(1), thus from Lemma 1, we have
(1= @)o(1) +7—1

T

P{¢ & c=}> (EC.3)

Now let & =@ := [¢~! (1 —r)] ' Z. We need to show that & € X.. Clearly, for each &, € ZL,
a(z, &) =yau(z,&) > 1,

where the inequality follows from the definition of Z! and positive homogeneity and mono-
tonicity of function ¢,(-,-). Hence,
P{é:a@ & <1}=1- [] P{&:a(@.&)>1}
le[m]
<1l- H P{&:& €2}

le[m]
(1—w)p(l)+r—1
<l- =
< lg[} . Ge,

where the first inequality is due to P {fl ca(E,€) > 1} >P{€, : £ € EL} and the second inequal-
ity is because of (EC.3). Thus, € X5..

(2) It remains to show that & is no larger than o = (re) ~*[1 — (1 — €)¢(1)], i.e., the following claim.
Claim: ce <r~'[1 —(1—¢€)p(1)].

Proof: By the definition of o, it is sufficient to show that the optimal value of

rrgn H <(1—wl)¢(1)+r—l>: H (1—w)>1—€,we|0,€™ (EC4)

T
le[m]

le[m]
is no smaller than 1 —r~*[1 — (1 — €)¢(1)]. First of all, we take the log of the objective function
and constraint and let y, = log (1 — w;) for each [, i.e. w; =1 —e¥t. Thus, it is equivalent to prove

that the following optimization problem

myin Z log <eryl¢(1) - % + 1) : Z y; > log(1—€),y € [log(1l —e€),0]™ (EC.5)

1€[m] le[m]
has objective value no smaller than log((1 —€)¢(1)/r +1 —1/r). Note that (EC.5) is a concave

minimization over polyhedral set, hence the optimal value is achieved by one of its extreme

points. Given an extreme point ¥, there are two cases:



Weijun Xie, Shabbir Ahmed: Bicriteria approximation of chance constrained covering problems -
ec

(i) if > cp) U > log(1 — €), then we must have y; = 0 for each | € [m], which yields that the
objective of (EC.5) is equal to log(¢(1)/r +1 — 1/r), and is thus greater than log((1 —
IB(1)/r+1-1/r);

(ii) if Zle[m] Y, = log(1 — ¢), then there exists an [, such that y; = log(1 —¢), if [ =1, and 0,
otherwise. In this case, the objective of (EC.5) is equal to log((1 —€)p(1)/r+1—1/r).

In both cases, 7 is no larger than (re)'[1 — (1 —€)¢p(1)]. o
This completes the proof of Theorem 6. O

EC.1.5. Proof of Theorem 9
Theorem 9 DRCCP (5) with P =P is NP-hard.

Proof:

Let us first consider the NP-complete problem - set covering which asks

(Set covering problem) Given a set of [m], a family of subsets S = {ey,...,e,} with |S|=n,
e; C [m] for each j € [m] and a positive integer K € {1,...,n}, does there exist a collection
of subsets with size at most K in S whose union covers set [m], i.e., [m] C U c[ke;?

Let us define a;; =1 if set e; contains elements [, 0, otherwise, decision variable z; =1 if set ¢,

is chosen, 0, otherwise. Then decision version of set covering problem can be formulated as

v¥ = mwin 0, (EC.6a)
st. Y x4 <K, (EC.6b)
J€ln]
> ayz; > 1,V e [m), (EC.6¢)
JE[n]
xe{0,1}", (EC.6d)

where there exists a covering with size at most K if and only if v** = 0.

Consider the following DRCCP with moment ambiguity set P = PM:

Vepn = min, (T +95) (EC.7a)
j€ln]
1
s.t. >y, (EC.7b)
n—K j€[n]
Lj + Y; > I,V] € [n]7 (EC7C)
inf ]P’{é:fja:j +y > 16y e, > 1,V € ["]} >1—¢, (EC.7d)
pePM

(EC.6),
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where € € (0,0.5], 2 =R?" and the moment ambiguity set is defined as follows:
e e 2
PM = {IE” € Py (RY") : Ep[€] = 2e, Ep[|€ — 2¢|] < nee} : (EC.7¢)

Now we make the following claims.

Claim 1: Given an M C [2n] and PM defined in (EC.7e), we have

inf P{£:£j21,VjeM}:1—Me.

PePM n

Proof: Let
¢ = inf P{é:g} 21,VjeM}.

PePM
Since the support of random variable ¢; is R, for each j € [2n], thus equivalently, we can have
"= £ 6> 1, ¢ >0, :
¢ = inf P{€:§>1,vje M.§=0,5€n]\ M}

We observe that the uncertain constraints in the above worst-case probability are separable in
random variables {éj }je2n), and the moment ambiguity set P in (EC.7e) is also separable, i.e.,

Dy = {B, e Pu(Ro) s 6] 2.l - 20 < 2

for each j € [2n]. Therefore, by the proof of Theorem 3 in Xie et al. (2017), ¢* can be equivalently

computed as

=3 ianj{gjzszl}Jr ingpj{éjzéjzo}dnﬂ

P;e
. J J
2n
JE[2n]\M

Above, we notice that P; {éj 6> ()} =1 for all P, € D; and j € [2n] \ M, thus
> jcpnpm infr;en; P; {éj 6> 0} = 2n — |M|. Thus, we have

g = (ijglf)jﬁl’j {&:&Zl}—]/\/lHl) : (EC.8)

jEM n
Let us define
4 =,k B {Ej 1§ 2 1}

for each j € M. It remains to show that ¢; =1 — <. By the proof of Theorem 1 in Xie and Ahmed
(2018b), the above worst-case probability is equivalent to

2€
;=ma A—2n——3,
9 Aﬁiv( g nﬁ
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st A—ng; - Blg; — 2 I > 1), V¢, €R,
£ >0.
Breaking down the indicator functions, we have
“=max A—2 —§ﬁ (EC.9)
=N T -

st A—ng —Bl§ —2[<LVE ER,,
)‘_ngj_ﬁ|€]_2‘ §O7vfj €R+7€j <17
B >0.

By optimizing over &;, (EC.9) is reduced to

. 2e

= A== 05
s.t. A+ max(—2n,—-25) <1,

A+ max (=28, —8 —n) <0,

£>0,8+n=>0.

By breaking down the max operator and introducing a new variable ¢, adding a constraint ¢ <

A—2n— %B into the above optimization problem, we can further reformulate it as

P
st t<A—2n— 8,
n

A=2n<1,
A=25<0,
A=B-=n<0,
$=>0,8+n=0.

Using Fourier-Motzkin elimination method to project out variables \,7, we can see that

P
st t<1—-8
n
p
t<28- =8,
n

f=0,
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where the optimal value ¢j =t* =1 — £ with §* = % Therefore, from (EC.8), we have

. . B |M|e
q—(qu !M|+1> =1 _—
+

JjeEM

Now we are ready to show our key result.
Claim 2: v*¢ =0 if and only if VX pn =1
Proof:
=) From (EC.7), by aggregating inequalities (EC.7¢), it is easy to see that v %,,, > n if feasible.
Now suppose that v*¢ = 0, then let * be its optimal solution. Now let y* = e — x*. Clearly,

(z*,y*) satisfies (EC.6¢),(EC.7c) and (EC.7b). And (EC.7d) is reduced to
H;gl@{g:gjy,we/w} >1—c

where M = {i: z; =1} U {n + i : 2 = 0}. Since |[M| = n, thus by Claim 1, we have
infpepp{éz £,>1,Y) eM} —1—e
Thus, (x*,y*) is feasible to (EC.7) with objective value equal to n. Therefore, VX pn =1
<) if v, =n, thenlet (x*,y*) be its optimal solution. Since 3 (2} +y;) =nand y; + 2} > 1
for each j € [n]. Thus, y* = e — x*. Clearly, «* satisfies (EC.6b), (EC.6c).
Now we see that * € {0,1}". Note that (EC.7d) is reduced to
inf]P’{é:éjZI,VjeM} >1—c

PeP

where M = {j : 2} >0} U{n +j: 2} < 1}. Suppose that there exists j, that ; € (0,1), then
|IM|>n+1, by Claim 1, we have

. : g . M| n+1
%ggp{ﬁ.ﬁjZLVJEM}— —T€§1—76<1—6,
contradiction the feasibility of (z*,y*).
Thus, x* is feasible to (EC.6), thus v*¢ = 0.
o
Hence, the set covering problem can be reduced as a special case of DRCCP. This completes the

proof. O
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EC.1.6. Proof of Theorem 11
Theorem 11 Forany « € (0,1), the DRCCP set X, in (17) with P =PW is equivalent to
A5+ > pimi < a, (29a)
€[N
AP ot g Mg~ Gl + e (@.€)) 2 1t Vi [N] L I (@) (2%)
A>0,1m;,>0,m; >0,Yi € [N],VI € [m] (29¢)

where I(x):={l€[m]|: 3 € E,a;(x,&) < 1}.

Proof: Using Theorem 1 in Gao and Kleywegt (2016) and a(x, §) = minc,,, {a:(x, &)}, the optimiza-

tion problem suppcpw P {é ca(x,€) < 1} is equivalent to

min Aj — > b inf [AI€ — Gill, —I(ai(@,€) < 1,30 € [m])].
i€[N]
By replacing min with existence of some A > 0, the set X, reduces to
A= > piinf M€= Gilly —T(a(,8) <1,3 € [m])] < a, (EC.10a)
fem

X,=RxT€eS: i€[N]
A>0. (EC.10b)

Next introduce a new variable 7; and let n; > —infeez [A|€ — (g — I (ai(x, &) < 1,31 € [m])] for
each i € [N]. Thus, the set X, becomes

A+ Z pini < «, (EC.11a)

Y — 3. JEIN]
TTYTET mer inf M€ - Gl T, €) < 1,30 € [m])] > 0.V € [N], (EC.11E)
A 0. (EC.11¢)

Note that I(a;(x,£) < 1,3l € [m]) =1 if there exists | € [m] such that a;(z,§) < 1, otherwise, 0.

Thus, by breaking down the indicator function and using the fact that ¢, € = for each i € [N], we

arrive at
Ad + Z it < (EC.12a)
i€[N]
Xa=q@C5iny inf  A€=Gll) > 1,Vi€ [N],L€ [m] (EC.12)
£€Z,a;(z,€)<1
A> 0,1 > 0,5 € [N]. (EC.12¢)

Finally, let I(x) := {l € [m] : 3 € E, i (x, ) < 1} and by Convex Theorem of Alternatives in Ben-
Tal and Nemirovski (2001), we arrive at (29). g
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EC.1.7. Proof of Theorem 12
Theorem 12 DRCCP (5) with P =P" is NP-hard.

Proof: Let us first consider the NP-hard problem - chance constrained linear covering problem in

Qiu et al. (2014) (with single chance constraint) which asks

(chance constrained linear covering problem) Given a set [N] of covering constraints X" :=
{x e R%} : (@ > 1} with ¢; € Q7 for each i € [N], and a cost parameter ¢ € R" (suppose
|c]|1 = 1), what is the minimum cost if at least N — |eN| covering constraints should be
satisfied?

Under this setting, the chance constrained linear covering problem can be formulated as

v°°*° = min ¢'x, (EC.13a)
T,z,0,m
st. > z>N-—[eN], (EC.13b)
1€[N]
¢l x>z, Vie [N, (EC.13c¢)
z €{0,1},Vi € [N],z € R, (EC.13d)

where v°**¢ denotes the optimal value of above chance constrained linear covering problem. And
without loss of generality, we also assume that ||¢;||; > O for each i € [N] and choose € such that
eNEZ,.

Note that for the DRCCP of linear covering problem, the point mass function of the empirical
distribution PP; is p; =  for each i € [N], and uncertain function is a(x,£) = £ " «.

By relaxing = = R™ and according to Theorem 12, the optimal value of DRCCP of linear covering

problem v*_y, (§) can be upper bounded by

e, PW
v*%w (0) <0°%w(6) = min 'z, (EC.14a)
? ’ xT,z,0,m

st. Y zi>(1—e)N+0Np, (EC.14b)

1E€[N]
2 <m(¢x—1),Vic[N], (EC.14c¢)
millell_x, <n,Vie[N], (EC.14d)
z; <1,Vi € [N], (EC.14e)
zeR}, meRY, n>0. (EC.14f)

We first observe that v°,,;, () is monotonically nondecreasing over positive parameter § since
the feasible region (EC.14) grows as ¢ decreases. And since P" contains the empirical distribution,
then 2%, (6) > v,

Now we make the following claim.

Claim: Suppose that Ne is not an integer, then for any positive number 7 > 0, there exists a 6 > 0
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such that 07% (0) — v*** < 7.
Proof: If chance constrained linear covering problem is infeasible, then we are done. Now suppose

it is feasible and let * be one of its optimal solutions. First define set I := {i € [N]: ¢, x* > 1,Vi €

[N]}. Clearly, we have [I| > N — [eN|.Now let Z ="+ Teand 7; = T”é%”l,i € I and 0, otherwise,
z;=1,i€ I and 0, otherwise, while 7 = max;¢, H.’/B\H%/(THQHQ and § = NejviL;NJ
Clearly, (z, z, &, ) is feasible to (EC.14) and

0 %w (0) < c'T=c'z" +|c|iT=v 4T

o

By the above Claim, we also have for any positive number 7 > 0, there exists a § > 0 such that
ch'pW (5) < CT:/IZ\ = CTCC* + HCH1T — p°esC

By choosing an appropriate §, we can approximate chance constrained linear covering problem
by solving v*%,y, (d) to arbitrary accuracy. Hence, the DRCCP with Wasserstein ambiguity set is
also NP-hard. This completes the proof. O
EC.2. Examples

Example EC.1 Given a parameter s > 3, consider the following instance of DRCCP:
(DRCCP,): wvi= m>151 {w ssuppepwP{€: Ex <1} < e} ,

where P" denotes Wasserstein ambiguity set (28) with ¢ = 2 and in (28), the empirical distribution

Ehas a finite support with NV = 2 realizations {Q}ie[N] such that p, = %,pg =t ¢, =1land {; =-.

K

Suppose that = =R, e = ; + ;5 and § = >, —;. Under this setting, DRCCP, is equivalent to
vﬁ:xfz%l{x::reXe},

where

1 1
—A — 1y <1+ —
li(/‘i—l) +771+(K )7’2— +/{a

X.={zeR,:m+min{\,mz}>1+m,
N2+ kmin {\, mx} > 1+ m,
A, 11,2, T, T 2> 0.
Let V2R, v}e, denote the optimal value of the worst-case CVaR approximation and the optimal

value of Markovian relaxation of DRCCP,,, respectively, i.e.,

CVaR __
i =

. CVaR rel : rel
v min{x:ze X v =minsz:z € X
min { R P
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where 1 1
B | — < (14—
=) +m+ (K )772< +H>B’

XSVaR: x€R+;n1+min{)\,$}Zl+B7

ne+rkmin{\,z} > 144,
/\77717772207

and 1 1
S | — e <1+ —
k(k—1) Fm (=L < +/<;7

We illustrate how to compute the exact values or upper bound of v}, v

X;,e}d) ={zeR,:m +min{\z}>1,
N2+ rmin{\,x} > 1,

Ay, 12 > 0.

CVaR
K YK

, v, as below:
1

e Note that v} < -5 <1, where equality can be achieved with a feasible solution z = —5, X\ =

K—2"

k—l—Llm=1m=0m=0m=(k—1-1)(k-2).

e To obtain v

CVaR

, note that by breaking down the minimum operators, we have

’UsvaR =minz
x>0

s.t. H(Hll))\%—m—f-(n—l)ngg (14—/1) B,
m+A>1+5,
m+x>1+0,
Ne+KrA>14+73,
ne+ KT > 1+ f,

Ay, 12 > 0.

By projecting out auxiliary variable 3, the above model becomes

vSVER = minx
x>0

1 2 1
s.t. 1+§(1+— >A+m—(/€—1)n2,
K K

K K K
1 1 1 1
(1+)(1—/€x)§<— ))\—nl—<n—2—>n2,
K k Kk—1 K

A2 > 0.

Due to 7, > 0 and & > 3, thus, we can further project out 7, as below:

vSVAR — ming

>0
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1 2 1
s.t. 1+§<1+— >>\+m,
K k Kk—1

Next, projecting out variable 7;, we have

CVvaR

v =minx

” >0

st K —1< (267 =25—1) A,
(k=1)(k+1—kx) < (KP—Kr—1) A,
A<(k=1)2kx—K—1),

A>0.

By solving the above 2-dimensional linear program, we can obtain the following optimal

141 . . . 141 _1
value vCVaR = % with an optimal solution z = A = — J:T ) S = 27”( 5 ) 12 =0,8=
Kk(k—1 k(k—1 k(k—1
;4 ——1,and
r(k—1)

e To obtain v}%, first of all, breaking down the minimum operators yields

rel :
v =minx
K¢ >0

s.t. ;.;(;.;1—1))‘+771+(H_1)?72§1+i’
m+A>1
m+x2>1,
N+ KA1,
Mo+ kx> 1,

>‘7T,17U2 20

Next, by projecting out variable 7,, we have

rel :
v =minx
K, >0

1
s.t. )\—l—mgl—i——,
K

k(k—1)

1 1
k- D ) A4m <24+
(K/(K—l) K(K )> +771 <2+ p K,
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S G T S o
— —— K R\R — X
k(k—1) =T ’
m+A>1
m+x>1,

)\,771 Z O

Next, project out variable 1; and we have

vre; =minx
x>0

1 1
s.t. >\<1+f
/{(/1—1

1
H—l)))\§2+—/<;,
/i/ﬁ}—l K

1
— <2+ —— -1
/4,(/<;—1 + K+ k(k— 1)z,

1
—HK—l) >)\<1+—/€,
K

1
>A<1+—m+m(n—1) x,

k(K —1)
— A<=
/4;(/@— 1) +$
1 1
—— k(=1 | A<1+——K+uz,
k(k—1) K
1 1
— A1+ ——k+k(k—1Dx+uz,
k(k—1) K
A>0.
By solving the above 2-dimensional linear program, we can have v}, = % with
. 1 1 . o A_ K,—l—% . K,—l—% _ 2- K(mlfl) e

Thus, in this example, since this DRCCP,, is a univariate optimization, thus lines 4-7 of Algo-
rithm 1 will always find the optimal value v}. Therefore, the “theoretical” approximation ratio v,

of the Relax-and-Scale scheme is bounded by

v* K2P—Kk+1-—

K N(fi 1)

vy T (k—1-1)(k—2)

On the other hand, for the CVaR approximation, its approximation quality is
pCVaRk S k(k—1)(k—2) .

vr T 2KkZ—2k—1

K

Hence, we have
CVaR
K

lim =00, lim 7, =1,
K—00 v} K—00
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i.e., the worst-case CVaR approximation can be arbitrarily bad but the theoretical approximation

ratio of the Relax-and-Scale scheme tends to be close to 1. O

The above example demonstrates that our proposed Relax-and-Scale scheme can be significantly
better than the worst-case CVaR approach. On the other hand, the next example shows that the
worst-case CVaR approximation can be tight, while the Markovian relaxation can be arbitrar-
ily bad, i.e., the Relax-and-Scale scheme might not find a feasible solution to a DRCCP under

Wasserstein ambiguity set when the violation ratio o = 1.

Example EC.2 Given a parameter s > 1, consider the following instance of DRCCP:
(DRCCP,): wvi= m>i51 {1: : supPePW]P’{é fr<1} < 6} ,

where P denotes Wasserstein ambiguity set (28) with ¢ = 2, and in (28), the empirical distribu-
tion ¢ has a finite support with N = 2 realizations {(; };c2) such that p; =e,po =1—¢, {1 =1, =1.
Suppose that ==R, and ¢ = 5-. Under this setting, DRCCP, is equivalent to

v::m;g{x:xGXe},
Tz

where N

i)"“ﬂh#—(l—e)ngg@
1
Xe= xE]RJr:771#-;111111{)\,7&35}214_7r17

N2 + min{\, mex} > 14 7,
)‘7771777277T177T2 Z 0.

Let V2R, v}, denote the optimal value of the worst-case CVaR approximation and the optimal

value of Markovian relaxation of DRCCP,,, respectively, i.e.,

CvaR _ _ : . CVaR rel __ . rel
v, =min {z:z € X }, UH7¢—I§1>1(I)1{x.33€X7,,¢

x>0
where .
ﬂ)\—i—enl +(1—e€)n <ep,
1
XCVaR — )y cR, it Emin{)\,m} >1+6,Vie(r],
ne +min{\,z} > 14 p,Vie [N]\[r],
A77717772 Z 07
and

€
)\ 1—€)n <
5 AT em + (1 =€) <e,

T .
X’]Ir;}¢: reR,: 771+;m1n{)‘>$}217
N2 + min{\,z} > 1,
A1, 12 2 0.
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Following the similar proof of Example EC.1, i.e., projecting out auxiliary variables via Fourier-
Motzkin elimination method (for the page limit, we omit the derivation here), we see that

e v =2k with an optimal solution & = 2k, A = 3255 1 = 2222 1)y =0, =

= 2r—1/
e vCVaR — 2, with an optimal solution z = 2k, A\ =2k, =2k — 2,1, =0, =2k — 1, and

rel _ _2r(l—¢)

2r(1—¢) _ 2k(1—¢) _ 2(k—1)(1—e€)+e
® U"iv‘i’ T 2k(l—€)te

with an optimal solution z = 0t N = ot M = Tonioate TR =

€
2k(l1—e)+e”

Thus, in this example, since lines 4-7 of Algorithm 1 will always find the optimal value v, thus
the theoretical approximation ratio v, of the Relax-and-Scale scheme is

*

v €
Ve = rgl :2n+1 .
Ky} —€

On the other hand, for the CVaR approximation, its approximation quality is

,UCVaR

*
’UH

Thus, we have
CVaR
lim
K—00 ’U;:

=1, lim v, = o0,
K—r00

i.e., the worst-case CVaR approximation is tight but the Relax-and-Scale scheme can be arbitrar-
ily bad. <&
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