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Introduction

In this paper we consider the problem of finding a zero of the sum of two maximal
monotone operators, i.e., solving:
0 ∈ (A + B)x,

(1)

where A, B : H ⇒ H are two (possibly multivalued) maximal monotone operators from a Hilbert space H into itself [32].
The Douglas-Rachford (DR) method originated from [16] and was initially
proposed to solve the discretization of stationary and non-stationary heat equations where the involved monotone operators are linear (namely, the discretization of second derivatives in different spatial directions, for example A ≈ −∂x2
and B ≈ −∂y2 ). The iteration uses resolvents JA = (I + A)−1 (I is the identity
map) and JB = (I + B)−1 , and reads as
un+1 := JtB (JtA ((I − tB)un ) + tBun ) ,

(2)

where t > 0 is a given stepsize. This iteration scheme also makes sense for
general maximal monotone operators as soon as B is single-valued. It has been
observed in [28] that the iteration can be rewritten for arbitrary maximally
monotone operators by substituting u := JtB y and using the identity
tBJtB y = tB(I + tB)−1 y = y − (I + tB)−1 y = y − JtB y

(3)

y n+1 := y n + JtA (2JtB y n − y n ) − JtB y n .

(4)

to get
Comparing (2) and (4), we see that (4) does not require to evaluate Bu, which
avoids assuming that B is single-valued as in (2). Otherwise, un+1 is not
uniquely defined. Note that the iterations (2) and (4) are equivalent in the
stationary case, but they are not equivalent in the non-stationary case, i.e.,
when the stepsize t varies along the iterations; we will shed more light on this
later in Section 2.2.
From a practical point of view, the performance of a DR scheme mainly
depends on the following two aspects:
• Good stepsize t: It seems to be generally acknowledged that the choice of
the stepsize is crucial for the algorithmic performance of the method but
a general rule to choose the stepsize seems to be missing [2, 17]. So far,
convergence theory of DR methods provides some theoretical guidance to
select the parameter t in a given range in order to guarantee convergence
of the method. Such a choice is often globally fixed for all iterations, and
does not take into account local structures of the underlying operators A
and B. Moreover, the global convergence rate of the DR method is known
to be O(1/n) under only monotonicity assumption [14, 15, 23], where n is
the iteration counter. Several experiments have shown that DR methods
have better practical rate than its theoretical bound [30].
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• Proper metric: Since the DR method is not invariant as the Newton
method, the choice of metric and preconditioning seems to be crucial to accelerate its performance. Some researchers have been studying this aspect
from different views, see, e.g., [11, 9, 20, 21, 22, 31]. Clearly, the choice of
a metric and a preconditioner also affects the choice of the stepsize.
Note that a metric choice often depends on the variant of methods, while
the choice of stepsize depends on the problem structures such as the strongly
monotonicity parameters and the Lipschitz constants. In general cases, where A
and B are only monotone, we only have a general rule to select the parameter t
to obtain its sublinear convergence rate [15, 17, 23]. This stepsize only depends
on the mentioned global parameters and does not adequately capture the local
structure of A and B to adaptively update t. For instance, a linesearch procedure to evaluate a local Lipschitz constant for computing stepsize in first-order
methods can beat the optimal stepsize using global Lipschitz constant [6], or a
Barzilai-Borwein stepsize in gradient descent methods essentially exploits local
curvature of the objective function to obtain a good performance.
Our contribution: While we will not give a general stepsize rule for t in
this paper, we will propose a way of adapting the stepsize t dynamically and
prove that the method will still converge. Our stepsize is not completely a “trialand-error” quantity. It is based on an observation from analyzing the spectral
radius of the DR operator in the linear case (a similar study with different focus
can be found in [3]). Then, we generalize this rule to the nonlinear case when
B is single-valued. When B is not single-valued, we also provide an update
rule derived from the same observation. Especially, we are able to analyze
the convergence of a new variant of the non-stationary DR method that differs
from the non-stationary method that has been analyzed in [26]. Since DR is
equivalent to ADMM in the dual setting, we also derive a similar step-size for
ADMM. The adaptive stepsize for ADMM derived from the non-stationary DR
method seems to be new.
Paper organization: To this end, we will analyze the case of linear monotone operators more detailed in section 2, analyze the convergence of the nonstationary form of the iteration (2), i.e. the form where t = tn varies with n, in
section 3, and then propose adaptive stepsize rules in section 4. Section 5 extends the analysis to non-stationary ADMM. Finally, section 6 provides several
numerical experiments.

1.1

State of the art

There are several results on the convergence of the iteration (4). The seminal
paper [28] showed that, for any positive stepsize t, the iteration map in (4) is
firmly nonexpansive, that the sequence {y n } weakly converges to a fixed point
of the iteration map [28, Prop. 2] and that, {un = JtB y n } weakly converges to
a solution of the inclusion (1) as soon as A, B and A + B are maximal monotone [28, Theorem 1]. In the case where B is coercive and Lipschitz continuous,
linear convergence was also shown in [28, Proposition 4]. These results have
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been extended in various ways. Let us attempt to summarize some key contributions on the DR method. Eckstein and Bertsekas in [17] showed that the
DR scheme can be cast into a special case of the proximal point method [32].
This allows the authors to exploit inexact computation from the proximal point
method [32]. They also presented a connection between the DR method and
the alternating direction method of multipliers (ADMM). In [35] Svaiter proved
a weak convergence of the DR method in Hilbert space without the assumption
that A+B is maximal monotone. Combettes [12] cast the DR method as special
case of the averaging operator from a fixed-point framework. Applications of the
DR method have been studied in [13]. The convergence rate of the DR method
was first studied in [28] for the strongly monotone case, while the sublinear
rate was first proved in [23]. A more intensive research on convergence rates of
the DR methods can be found in [14, 15]. The DR method has been extended
to accelerated variant in [30] but specifying for a special setting. In [26] the
authors analyzed a non-stationary DR method derived from (4) in the framework of perturbations of non-expansive iterations and showed convergence for
convergent stepsize sequences with summable errors.
The DR method together with its dual variant, ADMM, become extremely
popular in recent years due to a wide range of applications in image processing,
and machine learning [25, 7], which are unnecessary to recall them all here.
In terms of stepsize selection for DR schemes as well as for ADMM methods,
it seems that there is very little work available from the literature. Some general
rules for fixed stepsizes based on further properties of the operators such as
strong monotonicity, Lipschitz continuity, and coercivity are given in [19], and
it is shown that the resulting linear rates are tight. Heuristic rules for fixed
stepsizes motivated by quadratic problems are derived in [21]. A self-adaptive
stepsize for ADMM proposed in [24] seems to be one of the first work in this
direction. A recent work in [37] also proposed an adaptive update rule for
stepsize in ADMM based on a spectral estimation. Some other papers rely on
theoretical analysis to choose optimal stepsize such as [18], but it only works
in the quadratic case. In [27], the authors proposed a nonincreasing adaptive
rule for the penalty parameter in ADMM. Another update rule for ADMM
can be found in [34]. While ADMM is a dual variant of the DR scheme, we
unfortunately have not seen any work that converts such an adaptive step-size
from ADMM to the DR scheme. In addition, the adaptive step-size for the DR
scheme by itself seems to not exist in the literature.

1.2

A motivating linear example

While the Douglas-Rachford iteration (weakly) converges for all positive stepsizes t > 0, it seems to be folk wisdom, that there is a “sweet spot” for the
stepsize which leads to fast convergence. We illustrate this effect with a simple
linear example. We consider a linear equation
0 = Ax + Bx,
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(5)

where A, B ∈ Rm×m are two matrices of the size m×m with m = 200. We choose
m
symmetric positive definite matrices with rank(A) = m
2 + 10 and rank B = 2
such that A + B has full rank, and thus the equation 0 = Ax + Bx has zero as
its unique solution.1 Since B is single-valued, we directly use the iteration (2).
Remark 1.1. Note that the shift B̃x = Bx − y would allow to treat inhomogeneous equation (A + B)x = y. If x∗ is a solution of this equation, then one
sees that iteration (2) applied to A + B̃ is equivalent to applying the iteration
to A + B but for the residual x − x∗ .
We ran the DR scheme (2) for a given range of different values of t > 0, and
show the residuals k(A + B)un k in semi-log-scale on the left of Figure 1. One
observes the following typical behavior for this example:
• A not too small stepsize (t = 0.5 in this case) leads to good progress in
the beginning, but slows down considerably in the end.
• Large stepsizes (larger than 2 in this case) are slower in the beginning and
tend to produce non-monotone decrease of the error.
• Somewhere in the middle, there is a stepsize which performs much better
than the small and large stepsizes.
In this particular example the stepsize t = 1.5 greatly outperforms the other
stepsizes. On the right of Figure 1 we show the norm of the residual after a fixed
number of iterations for varying stepsizes. One can see that there is indeed a
sweet spot for the stepsizes around t = 1.5. Note that the value of t = 1.5 is
by no means universal and this sweet spot of 1.5 varies with the problem size,
with the ranks of A and B, and even for each particular instance of this linear
example.

2

Analysis of the linear monotone inclusion

In order to develop an adaptive stepsize update rule for our non-stationary DR
method in the next sections, we first consider the linear problem instance of
(1). We consider the original DR scheme (2) instead of (4) since (2) generates
the sequence {un } which converges to a solution of (1), while the sequence {y n }
computed by (4) does not converge to a solution and its limit does depend on
the stepsize in general.
1 The exact construction of A and B is A = C T C and B = D T D, where C ∈ R(0.5m+10)×m
and D ∈ R0.5m×m are drawn from the standard Gaussian distribution in Matlab.
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Figure 1: The residual of the Douglas-Rachford scheme (2) for the linear example. Left: The dependence of the residual on the iterations with different
stepsizes. Right: The dependence of the residual on the the stepsize with different numbers of iterations.

2.1

The construction of adaptive stepsize for single-valued
operator B

When both A and B are linear, the DR scheme (2) can be expressed as a
fixed-point iteration scheme of the following mapping:
Ht := JtB (JtA (I − tB) + tB)

= (I + tB)−1 (I + tA)−1 (I + t2 AB)
2

= (I + tA + tB + t AB)

−1

(6)

2

(I + t AB).

Recall that, by Remark 1.1, all of this section also applies not only to problem
(A + B)x = 0 but also problem (A + B)x = y. The notion of a monotone
operator has a natural equivalence for matrices, which is, however, not widely
used. Hence, we recall the following definition.
Definition 2.1. A matrix A ∈ Rm×m is called monotone, if, for all x ∈ Rm , it
holds that hx, Axi ≥ 0.
Note that any symmetric positive semidefinite (spd) matrix is monotone, but
a monotone matrix is not necessarily spd. Examples of a monotone matrices
that are not spd are




0 −1
1 t
A=
, and A =
with |t| ≤ 2.
1 0
0 1
The first matrix is skew symmetric, i.e., AT = −A and any such matrix is monotone. Note that even if A and B are spd (as in our example in Section 1.2), the
iteration map Ht in (6) is not even symmetric. Consequently, the convergence
speed of the iteration scheme (2) is not governed by the norm of Ht but by its
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spectral radius ρ(Ht ), which is the largest magnitude of an eigenvalue of Ht .
Moreover, the eigenvalues and eigenvectors of Ht are complex in general.
First, it is clear from the derivation of Ht that the eigenspace of Ht for the
eigenvalue λ = 1 exactly consists of the solutions of (A + B)x = 0.
In the following, for any z ∈ C (the set of complex numbers) and r > 0,
we denote by Br (z) the ball of radius r centered at z. Now, we estimate other
eigenvalues of Ht that are different from 1. The following lemma provides us
some useful estimates.
Lemma 2.1. Let A and B be linear and monotone, and Ht be defined by (6).
Let λ ∈ C be an eigenvalue of Ht with corresponding eigenvector z. Assume
that λ 6= 1 and define c by
c :=

Re(hBz, zi)
≥ 0.
t−1 kzk2 + tkBzk2

(7)

Then, we have
1
λ−
≤
2
i.e. λ ∈ B 12

1
2



r

1
c
1
−
≤ ,
4 1 + 2c
2

.

Proof. Note that for a real, linear, and monotone map M , and a complex vector
a = b + ic, it holds that hM a, ai = hM b, bi + hM c, ci + i (M T − M )b, c and
thus, Re(hM a, ai) ≥ 0. This shows that c ≥ 0.
We can see from (6) that any pair (λ, z) of eigenvalue and eigenvector of Ht
fulfills
z + t2 ABz = λ(z + tAz + tBz + t2 ABz).
Now, if we denote u := Bz, then this expression becomes
z + t2 Au = λz + λtAz + λtu + λt2 Au,
which, by rearranging, leads to
−(λ − 1)z − λtu = tA(λz + (λ − 1)tu).
Hence, by monotonicity of tA, we can derive from the above relation that
0 ≤ Re(hλz + (λ − 1)tu, −(λ − 1)z − λtui)

= − Re(λ(λ̄ − 1))kzk2 − (|λ|2 + |λ − 1|2 )t Re(hu, zi) − Re((λ − 1)λ̄)t2 kuk2 .

This leads to
(|λ|2 + |λ − 1|2 ) Re(hu, zi) ≤

Re(λ − |λ|2 )
kzk2 + Re((λ̄ − |λ|2 ))tkuk2 .
t

Denoting λ := x + iy ∈ C, the last expression reads as
(x2 + (x − 1)2 + 2y 2 ) Re(hu, zi) ≤ (x − x2 − y 2 )
7

 kzk2
t


+ tkuk2 .

Recalling the definition of c in (7), we get
(x2 + (x − 1)2 + 2y 2 )c ≤ x − x2 − y 2 .
This is equivalent to
0 ≤ x − x2 − y 2 − cx2 − c(x − 1)2 − 2cy 2 = (1 + 2c)(x − x2 − y 2 ) − c,
c
. Adding 14 to both sides,
which, in turn, is equivalent to x2 − x + y 2 ≤ − 1+2c
c
it leads to (x − 12 )2 + y 2 ≤ 14 − 1+2c
, which shows the desired estimate.

In general, the eigenvalues of Ht depend on t in a complicated way. For
t = 0, we have H0 = I and hence, all eigenvalues are equal to one. For growing
t > 0, some eigenvalues move into the interior of the circle B1/2 (1/2) and for
t → ∞, it seems that all eigenvalues tend to converge to the boundary of such
a circle, see Figure 2 for an illustration of eigenvalue distribution.
0.4
0.2

1
−0.2
−0.4

Figure 2: Eigenvalues of Ht for different values of t for a linear example similar
to the example (5) in Section 1.2 (but with m = 50).
Remark 2.1. It appears that Lemma 2.1 is related to Proposition 4.10 of [4]
and also to the fact that the iteration mapping Ht is (in the general nonlinear
case) known to be not only non-expansive, but firmly non-expansive (cf. [17,
Lemma 1] and [17, Figure 1]). In general, firmly non-expansiveness allows overrelaxation of the method, and indeed, one can also easily see this in the linear
case as well: If λ is an eigenvalue of Ht , then it lies in B1/2 (1/2) (when it is not
equal to one) and the corresponding eigenvalue λρ of the relaxed iteration map
Htρ = (1 − ρ)I + ρHt

is λρ = 1−ρ+ρλ and lies in Bρ/2 (1− ρ2 ). Therefore, for 0 ≤ ρ ≤ 2 all eigenvalues
different from one of the relaxed iteration
un+1 = (1 − ρ)un + ρHt un
lie in a circle of radius ρ/2 centered at 1 − ρ/2, and hence, the iteration is still
non-expansive.
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Lemma 2.1 tells us a little more than that all eigenvalues of the iteration
map Ht lie in a circle centered at 21 of radius 12 . Especially, all eigenvalues
except for λ = 1 have magnitude strictly smaller than one and this implies
that the iteration map Ht is indeed a contraction outside the set of solutions
{x∗ ∈ H | (A + B)x∗ = 0} of (1). This proves that the stationary iteration
un+1 = Ht un converges to a zero point of the map A + B at a linear rate.
Note that this does not imply the convergence in the non-stationary case.
To optimize the convergence speed, we aim at minimizing the contraction
factor of Ht , which is the magnitude of the largest eigenvalue of Ht and there
seems to be little hope to explicitly minimize the contraction factor expression.
Here is a heuristic argument based on Lemma 2.1, which we will use to
c
is increasing and hence,
derive an adaptive stepsize rule: Note that c 7→ 1+2c
to minimize the upper bound on λ (more precisely: the distance of λ to 12 ) we
want to make c from (7) as large as possible. This is achieved by minimizing
the denominator of c over t which happens for
t=

kzk
.
kBzk

This gives c = Re(hBz, zi)/(2kzkkBzk) and note that 0 ≤ c ≤ 2 (which implies
c
0 ≤ 1+2c
≤ 14 ). This motivates an adaptive choice for the stepsize tn as
tn :=

kun k
,
kBun k

(8)

in the Douglas-Rachford iteration scheme (2).
Remark 2.2. One can use the above derivation to deduce that t = 1/kBk is
a good constant step-size. In fact, this is also the stepsize that minimizes the
contraction factor for the linear rate derived in [28, Proposition 4], which is
minimized when t = 1/M where M is the Lipschitz constant of B. However,
this choice does not perform well in practice in our experiments.
Since very limited result is known about the non-stationary Douglas-Rachford
iteration in general (besides the result from [26] on convergent stepsizes with
summable errors), we turn to an investigation of this method in Section 3. Before we do so, we give some more results on even simpler examples where we
can derive the optimal stepsize and convergence rate explicitly in the following
subsection.
Let us consider the following representative example.
Example 2.1. We consider the special case where A = I and B is a symmetric
positive semidefinite matrix. In this case, using eigen-decomposition, we can
write B = U ΣU T with an orthonormal matrix U and a real diagonal matrix Σ.
The iteration matrix map Ht for any stepsize t > 0 becomes
Ht = (1 + t)−1 (I + tB)−1 (I + t2 B) =

1
1+t U (I
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+ tΣ)−1 (I + t2 Σ)U T = U SU T ,

where S := diag(si ) is a diagonal matrix with diagonal entries
si =

1 + t 2 σi
.
(1 + t)(1 + tσi )

Hence, we can compute the spectral radius of Ht as


1 + t 2 σi
.
ρ(Ht ) = max {si } = max
1≤i≤m
1≤i≤m (1 + t)(1 + tσi )
Our goal is to minimize ρ(Ht ) over t > 0, i.e. to compute





1
1 + t2 σi
1 + t 2 σi
min ρ(Ht ) = min max
= min
max
.
t>0
t>0 1≤i≤m (1 + t)(1 + tσi )
t>0
1≤i≤m 1 + tσi
1+t
2

σ
The function f (σ) := 1+t
1+tσ is strictly decreasing if 0 < t < 1; is constant 1 for
t = 1; and strictly increasing for t > 1. Consequently, the maximum is attained
at the smallest eigenvalue if 0 < t ≤ 1 and at the largest eigenvalue if t > 1.
Hence, the minimization problem above reduces to
( 2


1+t σ1
0<t≤1
f (t)
1+tσ1
min
, with f (t) := 1+t
.
2
σm
t≥0
1+t
t>1
1+tσm

Now, we distinguish three cases:
σ1 < 1 < σm : Careful inspection shows that, in this case, the minimum is attained at the optimal stepsize t∗ := 1 and the optimal contraction factor
is the value
1
ρ(Ht∗ ) = .
2
σm ≤ 1: The minimum is attained
in the interval t > 1 at the minimum of the
1+t2 σm
function f (t) = (1+t)(1+tσ
.
The
minimum occurs at the optimal stepsize
m)
1
∗
t := √σm and the optimal contraction factor is
ρ(Ht∗ ) =

√
2 σm
1
≤ .
√
(1 + σm )2
2

σ1 ≥ 1: The minimum is attained 2 in the interval 0 < t < 1 at the minimum
1+t σ1
of the function f (t) = (1+t)(1+tσ
. The minimum occurs at the optimal
1)
1
∗
√
stepsize t := σ1 and the optimal contraction factor is
ρ(Ht∗ ) =

√
2 σ1
1
√ 2 ≤ .
(1 + σ1 )
2

Note that even for this simple case, computing explicitly the spectral radius
of Ht is still complicated. This discourages us to analyze other more complex
cases along this line.
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Remark 2.3. The eigenvalues of the matrix A + B above are 1 + σi , and the
m
condition number of A + B is κ = 1+σ
1+σ1 . Note that the optimal contraction
factor ρ(Ht ) of the method is always less than or equal to 1/2, independently
of the condition number. Hence, the method may converge with a linear rate
smaller than 1/2 even for a large condition number.

2.2

The construction of adaptive stepsize for non-singlevalued B

In the case of multi-valued B, one needs to apply the iteration (4) instead
of (2). To motivate an adaptive choice for the stepsize, we again consider the
linear case, where eigenvalues can be used to describe contractions, and use this
as a heuristic for the non-linear (and multivalued) case as well.
In the linear case, the iteration (4) is given by the iteration matrix
Ft = JtA (2JtB − I) − JtB + I.
Comparing this with the iteration map Ht from (6) (corresponding to (2)) one
notes that
Ft = (I + tB)Ht (I + tB)−1 ,
i.e., the matrices Ft and Ht are similar and hence, have the same eigenvalues.
Moreover, if z is an eigenvector of Ht with the eigenvalue λ, then (I + tB)z is
an eigenvector of Ft for the same eigenvalue λ.
However, in the case of the iteration (4) we do not assume that B is singlevalued, and thus, the adaptive stepsize using the quotient kuk/kBuk cannot be
used. However, again due to (3), we can rewrite this quotient without applying
B and get, with JtB y = u, that
kJtB yk
kJtB yk
kuk
=t
= 1
.
kBuk
ky − JtB yk
k t (y − JtB y)k

(9)

Note that the two iteration schemes (2) and (4) are not equivalent in the
non-stationary and non-linear case. Indeed, let us consider y n such that un :=
Jtn−1 B y n . By induction, we have un+1 = Jtn B y n+1 . Substituting un+1 into (2),
we obtain
y n+1 = Jtn A (un − tn Bun ) + tn Bun .

(10)

From (3) we have
Bun = BJtn−1 B y n =

1
tn−1


y n − Jtn−1 B y n .

Substituting un = Jtn−1 B y n and Bun into (10), we obtain



tn
tn
y n+1 = Jtn A Jtn−1 B y n − tn−1
y n − Jtn−1 B y n + tn−1
y n − Jtn−1 B y n



tn
tn
tn
tn
= tn−1
y n + Jtn A 1 + tn−1
Jtn−1 B y n − tn−1
y n − tn−1
Jtn−1 B y n .
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Updating tn by (9) would then give
tn := κn tn−1 ,

where

κn :=

kJtn−1 B y n k
.
ky n − Jtn−1 B y n k

In summary, we can write an alternative DR scheme for solving (1) as
 n
u
:= Jtn−1 B y n ,




kun k


κ
:=
n −y n k ,
n

ku

tn




vn



 n+1
y

:= κn tn−1 ,

(11)

:= Jtn A ((1 + κn )un − κn y n ) ,
:= v n + κn (y n − un ).

This scheme essentially has the same per-iteration complexity as in the standard
DR method since the computation of κn does not significantly increase the cost.
Note that the non-stationary scheme (11) is notably different from the nonstationary scheme derived directly from (4) (which has been analyzed in [26]).
To the best of our knowledge, the scheme (11) is new.

3

Convergence of the non-stationary DR method

In this section, we prove weak convergence of the new non-stationary scheme (11).
We follow the approach by [35] and restate the DR iteration as follows: Given
(u0 , b0 ) such that b0 ∈ B(u0 ) and a sequence {tn }n≥0 , at each iteration n ≥ 0,
we iterate
( n
a ∈ A(v n ), v n + tn an = un−1 − tn bn−1
(12)
bn ∈ B(un ), un + tn bn = v n + tn bn−1 .
Note that, in the case of single-valued B, this iteration reduces to
un = Jtn B (Jtn A (un−1 − tn Bun−1 ) + tn Bun−1 ),
and this scheme can, as shown in Section 2.2, be transformed into the nonstationary iteration scheme (11).
Below are some consequences which we will need in our analysis:
un−1 − un = tn (an + bn ).
n−1

tn (b
n

n

n

n

−b )=u −v .
n

(13)

n

n

(14)
n

u − v + tn (a + b ) = tn (a + b

n−1

)=u

n−1

n

−v .

(15)

Before proving our convergence result, we state the following lemma.
Lemma 3.1. Let {αn }, {βn }, and {ωn } be three nonnegative sequences, and
{τn } be a bounded sequence such that for n ≥ 0:
0 < τ ≤ τn ≤ τ̄ , |τn − τn+1 | ≤ ωn , and
12

∞
X
n=0

ωn < ∞.

If αn−1 + τn βn−1 ≥ αn + τn βn , then {αn } and {βn } are bounded.
Proof. If τn+1 ≤ τn , then
αn−1 + τn βn−1 ≥ αn + τn βn ≥ αn + τn+1 βn .
If τn+1 ≥ τn , then

τn
τn+1

≤ 1 and

αn−1 + τn βn−1 ≥ αn + τn βn ≥

τn
τn+1 αn

+ τ n βn =

τn
τn+1 (αn

+ τn+1 βn ).

τn
≥ 1− ωτn and, without loss of generality, we assume
By the assumption that τn+1
that the latter term is positive (which is fulfilled for n large enough, because
ωn → 0). Thus, in both cases, we can show that


αn−1 + τn βn−1 ≥ 1 − ωτn (αn + τn+1 βn ) .

Recursively, we get
α0 + τ1 β0 ≥

n 
Y
l=1

1−

ωl
τ



P∞

(αn + τn+1 βn ) .
Qn 

ωl
τ



≥ M for some
l=1
1
M > 0 and all n ≥ 1. Then, we have αn + τn+1 βn ≤ M (α0 + τ1 β0 ). This shows
that {αn + τn+1 βn } is bounded. Since {αn }, {βn }, and {τn } are all nonnegative,
Under the assumption

n=0 ωn < +∞, we have

1−

it implies that {αn } and {βn } are bounded.

Theorem 3.1 (Convergence of non-stationary DR). Let A and B be maximally
monotone and {tn } be a positive sequence such that
0 < t ≤ tn ≤ t̄,

∞
X
n=0

|tn − tn+1 | < ∞

and

tn → t∗ ,

where 0 < t ≤ t̄ < +∞ are given. Then, the sequence {(un , bn )} generated
by the iteration scheme (12) weakly converges to some (u∗ , b∗ ) in the extended
solution set S(A, B) = {(z, w) | w ∈ B(z), −w ∈ A(z)} of (1), so in particular,
0 ∈ (A + B)(u∗ ).
Proof. The proof of this theorem follows the proof of [35, Theorem 1]. First, we
observe that, for any (u, b) ∈ S(A, B), we have
un−1 − un , un − u = tn han + bn , un − ui


= tn han + b, un − ui + hbn − b, un − ui

≥ tn han + b, un − ui


= tn han + b, un − v n i + han + b, v n − ui
≥ tn han + b, un − v n i .
13

by (13)
A is monotone
B is monotone

From this and (14) it follows that
un−1 − un , un − u + t2n bn−1 − bn , bn − b ≥ tn han + b, un − v n i
+ tn hun − v n , bn − bi

= tn hun − v n , an + bn i .

Moreover, by (13) and (14) it holds that
kun−1 − un k2 + t2n kbn−1 − bn k2 = t2n kan + bn k2 + kun − v n k2 ,
and thus
kun−1 − uk2 + t2n kbn−1 − bk2 = kun−1 − un + un − uk2 + t2n kbn−1 − bn + bn − bk2
= kun−1 − un k2 + 2 un−1 − un , un − u + kun − uk2


+ t2n kbn−1 − bn k2 + 2 bn−1 − bn , bn − b + kbn − bk2
≥ t2n kan + bn k2 + kun − v n k2 + 2tn hun − v n , an + bn i
+ kun − uk2 + t2n kbn − bk2

= kun − uk2 + t2n kbn − bk2 + kun − v n + tn (bn + an )k2 .

(16)

We see from (16) that
kun−1 − uk2 + t2n kbn−1 − bk2 ≥ kun − uk2 + t2n kbn − bk2 ,
and using Lemma 3.1 with αn = kun − uk2 , τn = t2n and βn = kbn − bk2 , we can
conclude that both sequences {kun − uk} and {kbn − bk} are bounded.
Again from (16) we can deduce using (15) that
kun−1− uk2 + t2n kbn−1− bk2 ≥ kun − uk2 + t2n kbn − bk2 + kun−1 − v n k2

= kun − uk2 + t2n kbn − bk2 + t2n kan + bn−1 k2 .

(17)

The first line gives
kun−1 − uk2 + t2n kbn−1 − bk2 ≥ kun − uk2 + t2n+1 kbn − bk2 + kun−1 − v n k2
+ (t2n − t2n+1 )kbn − bk2 .

Summing this inequality from n = 1 to n = N , we get
N
X
n=1

kun−1 − v n k2 ≤ ku0 − uk2 + t21 kb0 − bk2 − kuN − uk2 + t2N +1 kbN − bk2
+

N
X

(t2n+1 − t2n )kbn − bk2 .

n=1

Now, since kbn − bk2 is bounded and it holds that
∞
X
n=1

|t2n − t2n+1 | =

∞
X
n=1

|tn − tn+1 ||tn + tn+1 | ≤ 2t
14

∞
X
n=1

|tn − tn+1 | < ∞



by our assumption, we can conclude that
∞
X
n=1

kun−1 − v n k2 < ∞,

i.e., by (15), we have
lim un−1 − v n = lim an + bn−1 = 0.

n→∞

n→∞

n

n

This expression shows that v and a are also bounded. Due to the boundedness
of {(un , bn )}, we conclude the existence of weak convergence subsequences {unl }l
and {bnl }l such that
unl * u∗ , bnl * b∗ ,
and by the above limits, we also have
v nl +1 * u∗ ,

anl +1 * b∗ .

From [1, Corollary 3] it follows that (u∗ , b∗ ) ∈ S(A, B). This shows that
{(un , bn )} has a weak cluster point and that all such points are in S(A, B).
Now we deduce from (17) that
kun − u∗ k2 + (t∗ )2 kbn − b∗ k2

≤ kun−1 − u∗ k2 + (t∗ )2 kbn−1 − b∗ k2

+|t2n − (t∗ )2 | kbn−1 − b∗ k2 − kbn − b∗ k2 .

Since kbn −b∗ k2 is bounded and tn → t∗ , this shows that the sequence {(un , bn )}
is quasi-Fejer convergent to the extended solution set S(A, B) with respect to
the distance d((u, b), (z, w)) = ku − zk2 + (t∗ )2 kb − wk2 . Thus, similar to the
proof of [35, Theorem 1], we conclude that the whole sequence {(un , bn )} weakly
converges to an element of S(A, B).

4

An adaptive step-size for DR methods

The step-size tn suggested by (8) or by (9) is derived from our analysis of a linear
case and it does not guarantee the convergence in general. In this section, we
suggest modifying this step-size so that we can prove the convergence of the DR
scheme. We build our adaptive step-size based on two insights:
• The estimates of the eigenvalues of the DR-iteration in the linear case
from Subsection 2.1 motivated the adaptive stepsize
tn =

kun k
.
kBun k

(18)

This works when B is single-valued. For general cases, we construct tn
from Subsection 2.2, so that we obtain
tn =

kJtn−1 B y n−1 k
tn−1 .
− Jtn−1 B y n−1 k

ky n−1

Here, there is no need to evaluate Bun .
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(19)

• Theorem 3.1 ensures the convergence of the non-stationary DR-iteration
as soon as the stepsize sequence is convergent with summable increments
.
However, the sequences (18) and (19) are not guaranteed to converge (and
numerical experiments indicate that, indeed, divergence may occur). Here is a
way to adapt the sequence (18) to produce a suitable stepsize sequence:
1. Choose 0 < tmin < tmax < ∞, a summable sequence ωn ∈ (0, 1] with
ω0 = 1 and start with t0 = 0.
2. Let proj[γ,ρ] (·) be the projection onto a box [γ, ρ]. We construct {tn } as

tn = (1 − ωn )tn−1 + ωn proj[tmin ,tmax ]

kun k
kBun k


.

(20)

The following lemma ensures that this will lead to a convergent sequence {tn }.
Lemma 4.1. Let
P∞{αn } be a bounded sequence, i.e., α ≤ αn ≤ ᾱ, and {ωn } ⊂
(0, 1] such that n=0 ωn < ∞ and ω0 = 1. Then, the sequence {βn } defined by
β0 = 0 and
βn = (1 − ωn )βn−1 + ωn αn ,
P∞
is in [α, ᾱ] and converges to some β ∗ and it holds that n=0 |βn+1 − βn | < ∞.
Proof. Obviously, β0 = α0 and since βn is a convex combination of αn and
βn−1 , one can easily see that βn obeys the same bounds as αn , i.e. α ≤ βn ≤ ᾱ.
Moreover, it holds that
βn − βn−1 = ωn αn + (1 − ωn )βn−1 − βn−1 = ωn (αn − βn−1 ),
thus |βn − βn−1 | ≤ ωn (ᾱ − α) from which the assertion follows, since ωn is
summable.
Clearly, if we apply Lemma 4.1 to the sequence {tn } defined by (20), then
it converges to some t∗ . This is our adaptive stepsize for the case where B is
(n−1)
single-valued. In practice, a choice ωn = 2− 100 works well.
If B is not single-valued, then the step-size (20) is not suitable. We use a
similar trick to construct an adaptive stepsize based on the choice (19). More
precisely, we construct {tn } as follows:
1. Choose 0 < κmin < κmax < ∞, a summable sequence {ωn } ⊂ (0, 1], and
t0 = 1.
2. We construct {tn } as

κn

:= proj[κmin ,κmax ]

tn

:= νn tn−1 ,

where
16

kJtn−1 B y n−1 k
ky n−1 −Jtn−1 B y n−1 k


,

νn := 1 − ωn + ωn κn .

(21)

Qn
In this case we get that tn = k=1 νk t0 and since |νn − 1| = ωn |κn − 1| and κn
is bounded,
Q∞ the summability of ωn implies summability of |νn − 1|. This implies
that k=1 νk converges to some positive value and and thus, tn → t∗ > 0, too.
n
In our implementation below, we again choose ωn = 2− 100 ∈ (0, 1) and it works
well.
The stepsize sequence {tn } constructed by either (20) or (21) fulfills the
conditions of Theorem 3.1. Hence, the convergence of the nonstationary DR
scheme using this adaptive stepsize follows as a direct consequence.

5

Application to ADMM

It is well-known that the alternating direction method of multipliers (ADMM)
can be interpreted as the DR method on its dual problem, see, e.g. [17]. In this
section, we apply our adaptive stepsize to ADMM to obtain a new variant for
solving the following constrained problem:
min {φ(u, v) = ϕ(u) + ψ(v) | Du + Ev = c} ,
u,v

(22)

where ϕ : Hu → R ∪ {+∞}, ψ : Hv → R ∪ {+∞} are two proper, closed, and
convex functions, D : Hu → H and E : Hv → H are two given bounded linear
operators, and c ∈ H.
The dual problem associated with (22) becomes

(23)
min ϕ∗ (DT x) + ψ ∗ (E T x) − cT x ,
x

∗

∗

where ϕ and ψ are the Fenchel conjugate of ϕ and ψ, respectively. The
optimality condition of (23) becomes
0 ∈ D∂ϕ∗ (DT x) − c + E∂ψ ∗ (E T x),
|
{z
} |
{z
}
Ax

(24)

Bx

which is of the form (1).
In the stationary case, ADMM is equivalent to the DR method applying
to the dual problem (24), see, e.g., [17]. However, for the non-stationary DR
method, we can derive a different parameter update rule for ADMM. Let us
summarize this result into the following theorem for the non-stationary scheme
(11). The proof of this theorem is given in Appendix A.
Theorem 5.1. Given 0 < tmin < tmax < +∞, the ADMM scheme for solving
(22) derived from the non-stationary DR method (11) applying to (24) becomes:

o
n
tn−1
n
2
n
n+1


:=
argmin
ϕ(u)
−
hDu,
w
i
+
kDu
+
Ev
−
ck
,
u


2
u

n
o

 n+1
tn−1
v
:= argmin ψ(v) − hEv, wn i +
kDun+1 + Ev − ck2 ,
(25)
2
v

n+1
n
n+1
n+1


w
:= w − tn−1 (Du
+ Ev
− c),




kwn+1 k
 tn
:= (1 − ωn )tn−1 + ωn proj[tmin ,tmax ] kEv
, ωn ∈ (0, 1).
n+1 k
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Consequently, the sequence {wn } generated by (25) weakly converges to a solution x∗ of the dual problem (23).
The ADMM variant (25) is essentially the same as the standard ADMM,
but its parameter tn is adaptively updated. This rule is different from [24, 37].

6

Numerical experiments

In this section we provide several numerical experiments to illustrate the influence of the stepsize and the adaptive choice in practical applications. Although
we motivate the adaptive stepsize only for linear problems, we will apply it to
problems that do not fulfill this assumption. Note that the convergence of the
method is always ensured by Theorem 3.1 in both linear and nonlinear cases.
We also note that the steps of the non-stationary method may be more costly
than the one with constant stepsize, if the evaluation of the resolvents is costly
and the constant stepsize can be leveraged to precompute something. This is
the case when A and/or B is linear and the resolvents involve the solution of a
linear system for which a matrix factorization can be precomputed. However,
there are tricks to overcome this issue, see [8, pages 28-29], but we will not going
in more detail here.

6.1

Experiments for non-stationary Douglas-Rachford

We provide four numerical examples to illustrate the new adaptive DR scheme
(11) on some well-studied problems in the literature.
6.1.1

The linear toy example

We start with the linear toy example from Section 1.2 and use the adaptive
stepsize (20) from Section 4 with weights wn = 2−(n−1)/100 and bounds tmin =
10−4 , tmax = 104 . The residual sequence along the iterations is shown on the
left of Figure 3. Additionally, we determined the stepsize topt that leads to the
smallest contraction factor, i.e. to the smallest spectral radius of the iteration
map Htopt (in this case topt = 1.367) and also plot the corresponding residual
sequence with this optimal constant stepsize in the same figure. The adaptive
stepsize does indeed improve the convergence considerably both by using small
steps in the beginning and automatically tuning to a stepsize t that is close to
the optimal one (cf. Figure 1, right). It also outperforms the optimal constant
stepsize topt .
6.1.2

LASSO problems

The LASSO problem is the minimization problem
i
h
min F (x) = 12 kKx − bk22 + αkxk1
x

18
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Figure 3: Results for the linear problem from Section 1.2 using fixed and the
adaptive stepsizes. Left: Residual sequences. Right: Auxiliary sequence sn =
kun k/kBun k and the stepsize tn .
and is also known as basis pursuit denoising [36]. We will treat this with the
Douglas-Rachford method as follows: We set F = f + g with
g(x) = 21 kKx − bk22 ,

B = ∇g(x) = K T (Kx − b)

f (x) = αkxk1 ,

A = ∂f (x).

In this particular example we take K ∈ R100×1000 with orthonormal rows, and
hence, by the matrix inversion lemma, we get
(I + tB)−1 x = (I + tK T K)−1 (x + tK T b) = (I −

T
t
t+1 K K)(x

+ tK T B).

The resolvent of A is the so-called soft-thresholding operator:
(I + tA)−1 x = max(|x| − tα, 0) sign(x).
Note that B is single-valued and A is a subgradient and hence, the adaptive stepsize tn computed by (20) does apply. Figure 4 shows the result of the DouglasRachford iteration with constant and adaptive stepsizes, and also a comparison
with the FISTA [5] method. (Note that if K would not have orthonormal rows,
one would have to solve a linear system at each Douglas-Rachford step which
would make the comparison with FISTA by iteration count unfair.) As shown
in this plot, the adaptive stepsize again automatically tunes to a stepsize close
to 10 which, experimentally, seems to be the best constant stepsize for this
particular instance.
6.1.3

Convex-concave saddle-point problems

Let X and Y be two finite dimensional Hilbert spaces, K : X → Y be a bounded
linear operator and f : X → R ∪ {+∞} and g : Y → R ∪ {+∞} be two proper,
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Figure 4: The convergence behavior of the Douglas-Rachford iteration and the
FISTA method on a LASSO problem using fixed and the adaptive stepsizes.
convex and lower-semicontinuous functionals. The saddle point problem then
reads as
min max {f (x) + hKx, yi − g(y)} .
x∈X y∈Y

∗

∗

Saddle points (x , y ) are characterized by the inclusion

 
∂f K T x∗
0∈
.
y∗
−K ∂g
To apply the Douglas-Rachford method we split the optimality system as follows. We denote z = (x, y) and set




∂f 0
0
KT
A=
,
B=
,
0 ∂g
−K
0
(cf. [29, 10]). The operator A is maximally monotone as a subgradient and B
is linear and skew-symmetric, hence maximally monotone and even continuous.
One standard problem in this class in the so-called Rudin-Osher-Fatemi
model for image denoising [33], also known as total variation denoising. For a
given noisy image u0 ∈ RM ×N one seeks a denoising image u as the minimizer
of

min 21 ku − u0 k22 + λk|∇u|k1 ,
u

M ×N ×2

where ∇u ∈ R
denotes the discrete gradient of u and |∇u| denotes the
components-wise magnitude of this gradient. The penalty term k|∇u|k1 is the
discretized total variation, and λ > 0 is a regularization parameter. The saddle
point form of this minimization problem is

min max 21 ku − u0 k22 + h∇u, φi .
u

|φ|≤λ
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We test our DR scheme (11) using the adaptive stepsize tn and compare with
two constant stepsizes t = 1 and t = 13. The constant stepsize t = 13 seems to
be the best among many trial stepsizes after tuning. The convergence behavior
of these cases is plotted in Figure 5 for one particular image called auge of the
size 256 × 256. As we can see from this figure that the adaptive stepsize has
a good performance and is comparable with the best constant stepsize in this
example (t = 13).
100

F (xn )−F ∗
F∗

10−1
10−2
10−3
10−4

t=1
t = 13

10−5
10−6
10−7
100

101

102

103

adaptive

n

Figure 5: The decrease of the objective values of three DR variants in the total
variation denoising problem.
6.1.4

Sparse inverse covariance estimation

Let us consider the well-known sparse inverse covariance estimation problem as
follows:
min {F (X) = trace(SX) − log det(X) + αkXk1 } ,
(27)
X0

where α > 0 is a regularization parameter, and X is a symmetric positive
definite matrix variable.
Our goal is to apply the Douglas-Rachford scheme (11) to solve (27). To
that end, we split the objective function into g(U ) = trace(SU ) − log det(U ),
and h(V ) = αkV k1 . Note that g is differentiable with its derivative
B(U ) = ∇g(U ) = S − U −1 ,
while h is non-smooth. Thus, U + = JtB (U ), i.e. the resolvent of B (which is
the proximal operator of g) is given by the positive definite solution of
0 = t(S − (U + )−1 ) + U + − U,
which can be solved with one othogonal eigenvector decomposition of S, see, e.g.,
[8]. The functional h is non-smooth, but the respective proximal operator for λh
with λ > 0 is the resolvent of A = λ∂h, which is the following soft-thresholding
operator:
proxλh (V ) = max(|V | − λ, 0) sign(V ),
21

where all operations are applied component-wise.
Since B is single-valued, we can apply the Douglas-Rachford iteration in the
form (2) where we use a constant and dynamic stepsize. Figure 6 shows the
results for an example with an 100 × 100 sample covariance matrix with rank
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Figure 6: The relative objective residual of the sparse inverse covariance estimation obtained from the Douglas-Rachford method. It can be seen that the
dynamic stepsize approaches a value close to t = 10, which is around the best
one that could be found experimentally.
Again, the adaptive stepsize is close to the performance of an optimally
chosen constant stepsize. In this particular run, this optimal constant stepsize
is t = 10 after tuning different values of t.

6.2

Experiments for ADMM with an adaptive stepsize

In this subsection we verify the performance of the ADMM variant (25) on three
existing convex optimization problems.
6.2.1

LASSO

Let us apply the ADDM scheme (25) to solve the problem LASSO problem
(26) above. By duplicating the variable, we can reformulate (26) into (22) with
ϕ(u) = αkuk1 and ψ(v) = 21 kKv − bk22 with the linear constraint u − v = 0. In
this case, our ADMM scheme (25) becomes
 n+1
n
u
= proxα/tn−1 k·k1 (v n + t−1

n−1 w )



 v n+1 = (K T K + tn−1 I)−1 (K T b + tn−1 un+1 − wn )
wn+1




 t
n

= wn − tn−1 (un+1 − v n+1 ),

:= (1 − ωn )tn−1 + ωn proj[tmin ,tmax ]

Note that the cost to compute tn is negligible.
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kwn+1 k
kv n+1 k



, ωn ∈ (0, 1).

10 0

10 0

-2

10 -2

logscale

10 -4

logscale

10 -4

F (xn )−F ∗
-in
|F ∗ |

10 -8

F (xn )−F ∗
-in
|F ∗ |

We modify the code in [8] to couple with our adaptive stepsize t. We generate two problem instances of the size 1500 × 5000, and provide a true 300-sparse
solution x\ to generate the output b = Kx\ +N (0, 10−3 ), where N (·) is the standard normal distribution. The first instance is a standard normal distribution
with normalized columns, while the second one has 50% correlated columns.
We implement the ADMM scheme (25) using fixed tn and adaptive tn . In
the adaptive mode, we implement also the update rule in [24] (He’s tn ) using the
same default setting as suggested in [8]. The convergence behavior of ADMM
on these two problem instances is given in Figure 7.
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Figure 7: The relative objective residual of the LASSO using the ADMM scheme
(25) with different stepsizes after 200 iterations (Left: Non-correlated data,
Right: 50% correlated columns, ADMM with stepsize tn = 1 and He’s adaptive
stepsize are identical in this case).
As we can see that for fixed stepsizes, only tn = 1 produces the best result
compared to tn = 0.1 and tn = 10. Initially, the stepsize tn = 1 beats our
adaptive stepsize, but it is getting slower when we run longer. He’s adaptive
stepsize generates a jump but then decreases the objective residual in the first
instance, while it is fixed at t = 1 in the second instance. It works better than
the tn = 0.1 and tn = 10 fixed stepsizes. The latter case happens due to the
choice of the tuning parameters in the update formula.
6.2.2

Square-root LASSO

We test the ADMM scheme (25) on the following square-root LASSO problem:
h
i
F ∗ = min F (x) = kKx − bk2 + αkxk1 ,
(28)
x

where α > 0 is a regularization parameter.
We implement (25) and compare it with the standard ADMM using different
fixed stepsizes. We generate the data similarly as in the LASSO problem (26),
where K is a 600 × 2000 matrix drawn from the standard Gaussian distribution.
The noise level of the observed measurement b is 10−3 . The regularization
23

parameter is α = 0.1. The convergence behavior of different ADMM variants is
n
(x∗ )
.
plotted in Figure 8 in terms of the relative objective residual F (x|F)−F
(x∗ )|
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Figure 8: The objective residual of the square-root LASSO using the ADMM
scheme (25) with different stepsizes after 500 iterations. Left: Non-correlated
data, Right: 50% correlated columns.
Clearly, the adaptive step-size tn leads to a better performance compared to
different choices of constant step-sizes. For constant stepsizes, when t is large,
we initially get a slow convergence, but then it decreases faster in the end. Note
that by using some simple linear algebraic tricks, the per-iteration complexity of
the ADMM scheme (25) is essentially the same as in standard ADMM methods.
6.2.3

Sparse logistic regression

Our last example is the following common `1 -regularized logistic regression:
(
)
N
X

log 1 + exp(−bi (aTi u + µ) + αkuk1 , (29)
F∗ =
min m+1 F (x) =
x:=(u,µ)∈R

i=1
m

where (ai , bi ) ∈ R × {−1, 1} is the input data for i = 1, · · · , N , µ is the
intercept, and α > 0 is a regularizer parameter.
By introducing an intermediate variable z, we can reformulate (29) into a
constrained problem with a linear constraint x − z = 0. The main steps of the
ADMM scheme (25) for solving (29) become

N
nX

 t
o

n−1
 n+1
−1
n
n 2
−bi (aT
i u+µ

x
=
argmin
log
1
+
e
+
kx
−
z
−
ρ
w
k

n−1

2

x:=(u,µ)

i=1


n
z n+1 = Sα/tn−1 (z n+1 − t−1
n−1 w )



 wn+1 = wn − tn−1 (xn+1 − z n+1 )


 n+1 


k

tn
= (1 − ωn )tn−1 + ωn proj[tmin ,tmax ] kw
kz n+1 k , ωn ∈ (0, 1),
where Sτ (·) is the soft-thresholding operator (i.e., the proximal operator of the
`1 -norm). To solve the subproblem in xn+1 , we perform a Newton method to
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approximate its solution up to maximum 50 iterations, and a fixed tolerance
10−5 .
The regularization parameter α is computed following the same procedure
as in [8]. We test our ADMM method (25) and compare it with the standard
ADMM using fixed penalty parameter tn , where tn = 1, tn = 10 and tn = 50,
respectively. We use two datasets: a1a and w4a downloaded from https://
www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html.
The convergence behavior of the two algorithmic variants on both problem
instances is plotted in Figure 9 and Figure 10, respectively, for the objective
value F (xn ), the primal violation kxn − z n k, and the dual violation tn−1 kz n+1 −
z n k.
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Figure 9: The convergence behavior of four ADMM variants on a1a after n =
100 iterations.
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Figure 10: The convergence behavior of four ADMM variants on w4a after
n = 100 iterations.
As we can see from these figures that our ADMM scheme (25) with adaptive
step-size tn performs quite well. It is competitive with the standard ADMM
when we select a good penalty parameter tn . In both cases, (25) slightly out25

performs the best one over three standard ADMM variants. Note that the
computational cost of tn in (25) is negligible.
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Conclusion

We have attempted to address one fundamental practical issue in the wellknown DR method: step-size selection. This issue has been standing for a long
time and has not adequately been well-understood. In this paper, we have proposed an adaptive step-size that is derived from an observation of the linear
case. Our non-stationary DR method is new: it is derived from the iteration
for single-valued B and differs from the standard non-stationary iteration considered previously. Our stepsize remains heuristic in the general cases, but we
can guarantee a global convergence of the DR method. These two aspects, a
new adaptive stepsize and convergence of a non-stationary DR scheme, are our
main contribution. As a byproduct, we have also derived a new ADMM variant
that uses an adaptive stepsize and has a convergence guarantee. This is practically significant since ADMM has been widely used in many areas in the last two
decades. Our finding also opens some future research ideas: Although we gained
some insight, the linear case is still not properly understood. Since our heuristic
applies to general A and B, there is the possibility to investigate, which operators should be used as “B” to compute the adaptive stepsize. Moreover, the
connection of our heuristic to other criteria such as He’s stepsize or the method
from [18] could be analyzed. As shown in [29], one can rescale convex-concave
saddle point problems to use two different stepsizes for the Douglas-Rachford
method, and one may extend our heuristic to this case. Moreover, the convergence speed of the non-stationary method under additional assumptions such
as Lipschitz continuity or coercivity could be analyzed.

A

The proof of Theorem 5.1

Let us assume that we apply (11) to solve the optimality condition (24) of the
dual problem (23). From (11), i.e.,

y n+1 = Jtn A ((1 + κn )Jtn−1 B y n − κn y n ) + κn y n − Jtn−1 B y n ,
we define wn+1 := Jtn−1 B y n

n+1

w
n+1
z

 n+1
y

and z n+1 := Jtn A ((1 + κn )wn+1 − κn y n ) to obtain
:= Jtn−1 B y n
:= Jtn A ((1 + κn )wn+1 − κn y n )
= z n+1 + κn (y n − wn+1 ).

Shifting up this scheme by one index and changing the order, we obtain

n

= Jtn−1 A ((1 + κn−1 )wn − κn−1 y n−1 )
z
n
y
= z n + κn−1 (y n−1 − wn )


 n+1
w
= Jtn−1 B y n = Jtn−1 B z n + κn−1 (y n−1 − wn ) .
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Let (1 + κn−1 )wn − κn−1 y n−1 = xn + wn . This gives xn = κn−1 (wn − y n−1 )
and hence, z n + κn−1 (y n−1 − wn ) = z n − xn and xn+1 = κn (wn+1 − y n ) =
κn (wn+1 − z n + xn ). Substituting these into the above expression of the DR
scheme, we obtain
 n
= Jtn−1 A (xn + wn )
 z
wn+1 = Jtn−1 B (z n − xn )
(30)
 n+1
x
= κn (xn + wn+1 − z n ),
where xn = κn−1 (wn − y n−1 ).
From z n = Jtn−1 A (wn + xn ), we have z n = (I + tn−1 A)−1 (wn + xn ) or
0 ∈ z n − wn − xn + tn−1 (D∇ϕ∗ (DT z n ) − c).
Let un+1 ∈ ∇ϕ∗ (DT z n ), which implies DT z n ∈ ∂ϕ(un+1 ). Hence, we have z n −
wn − xn + tn−1 (Dun+1 − c) = 0, therefore DT z n = DT (wn + xn − tn−1 (Dun+1 −
c)) ∈ ∂ϕ(un+1 ). This condition leads to
0 ∈ DT (tn−1 (Dun+1 − c) − xn − wn ) + ∂ϕ(un+1 ).
This is the optimality condition of


tn−1
−1
n
n 2
n+1
kDu − c − tn−1 (x + w )k .
u
= argmin ϕ(u) +
2
u
Similarly, from wn+1 = Jtn−1 B (z n − xn ), if we define v n+1 ∈ ∇ψ ∗ (E T wn+1 ),
then we can also derive that


tn−1
n
n 2
kEv + t−1
(x
−
z
)k
.
v n+1 = argmin ψ(v) +
n−1
2
v
From the line z n −wn −xn +tn−1 (Dun+1 −c) = 0 above, we can write xn −z n =
tn−1 (Dun+1 − c) − wn . Substituting this expression into the above step, we
obtain
n
o
n+1
2
v n+1 = argmin ψ(v) − hwn , Evi + tn−1
kEv
+
Du
−
ck
.
2
v

This is the second line of (25).
Next, from wn+1 − z n + xn + tn−1 Ev n+1 = 0, we have wn = z n−1 − xn−1 −
n−1
+ wn − z n−1 ). From the last line of
tn−2 Ev n . This implies Ev n = −t−1
n−2 (x
n
n−1
n
n−1
(30), we have x = κn−1 (x
+w −z
). Combine these two lines, we get
1
Ev n = − κn−11tn−2 xn = − tn−1
xn due to the update rule (9): tn−1 = κn−1 tn−2 .
1
Substituting Ev n = − tn−1
xn into the u-subproblem, we obtain
un+1

n
= argminu ϕ(u) − hwn , Dui +

This is the first line of (25).
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tn−1
2 kDu

o
+ Ev n − ck2 .

Now, since z n = wn −tn−1 (Dun+1 −c)+xn , and wn+1 = z n −xn −tn−1 Ev n+1 ,
combining these expressions, we obtain wn+1 = wn − tn−1 (Dun+1 + Ev n+1 − c).
This is the last line of (25).
Finally, we derive the update rule for tn . Indeed, note that y n = z n − xn ,
and z n − wn − xn + tn−1 (Dun+1 − c) = 0. These relations show that y n = wn −
tn−1 (Dun+1 −c). Moreover, we also have wn+1 = Jtn−1 B (z n −xn ) = Jtn−1 B (y n ).
In this case, we have Jtn−1 B (y n ) − y n = wn+1 − wn + tn−1 (Dun+1 − c) =
−tn−1 (Dun+1 + Ev n+1 − c) + tn−1 (Dun+1 − c) = −tn−1 Ev n+1 . Hence, we can
compute κn as
κn :=

kJtn−1 B (y n )k
kwn+1 k
=
.
ky n − Jtn−1 B (y n )k
tn−1 kEv n+1 k
n+1

kw
k
Using the fact that tn := κn tn−1 , we show that tn := kEv
n+1 k , which is the
last line of (25) after projecting and weighting as in Section 4. Since {wn } is
equivalent to the sequence {un } in the DR scheme (2) (or equivalently, (11))
applying to the dual optimality condition (24) of the dual problem (23), the last
conclusion is a direct consequence of Theorem 3.1.
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