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Abstract

Here we present a center-cut algorithm for convex mixed-integer nonlinear programming (MINLP)
that can either be used as a primal heuristic or as a deterministic solution technique. Like many other
algorithms for convex MINLP, the center-cut algorithm constructs a linear approximation of the original
problem. The main idea of the algorithm is to use the linear approximation differently in order to find
feasible solutions within only a few iterations. The algorithm chooses trial solutions as the center of the
current linear outer approximation of the nonlinear constraints, making the trial solutions more likely
to satisfy the constraints. The ability to find feasible solutions within only a few iterations makes the
algorithm well suited as a primal heuristic, and we prove that the algorithm finds the optimal solution
within a finite number of iterations. Numerical results show that the algorithm obtains feasible solutions
quickly and is able to obtain good solutions.

1 Introduction
Many optimization problems arising in engineering and science contain both some form of distinct decision
making and nonlinear correlations. Mixed-integer nonlinear programming (MINLP) deals with such opti-
mization problems by combining the modeling capabilities of mixed-integer linear programming (MILP) and
nonlinear programming (NLP) into a powerful modeling framework. The integer variables make it possible
to incorporate discrete decisions and logical relations in the optimization problems, and the combination of
linear and nonlinear functions make it possible to accurately describe a variety of different phenomena. The
ability to accurately model real-world problems has made MINLP an active research area and there exists
a vast number of applications in fields such as engineering, computational chemistry, and finance, e.g., see
Biegler & Grossmann (2004) and Floudas (2000).

MINLP problems are often classified as either convex or non-convex based on properties of the nonlinear
functions (Lee & Leyffer, 2011). Here, we focus on convex MINLP problems, and the convex properties are
exploited in the algorithm presented later on. Most deterministic methods for solving convex MINLP prob-
lems are based on some kind of decomposition technique, where the optimal solution is obtained by solving
a sequence of tractable subproblems. Such methods are, e.g., extended cutting plane (ECP) (Westerlund
& Petterson, 1995), extended supporting hyperplane (ESH) (Kronqvist et al., 2016), generalized Benders
decomposition (GBD) (Geoffrion, 1972), outer approximation (OA) (Duran & Grossmann, 1986) and branch
and bound (BB) techniques (Dakin, 1965). Even if there are several methods available for solving convex
MINLP problems, these are still challenging as shown in the solver comparison by Kronqvist et al. (2016).
Thus, further research in the field is still motivated.

In recent years there has been a growing interest in so-called primal heuristics, i.e., algorithms intended
to quickly obtain good feasible solutions to an optimization problem. Such algorithms are useful not only
since they can provide a good feasible solution, but knowing a feasible solution can also greatly improve the
performance of solvers, e.g., Fischetti & Lodi (2011) claimed that primal heuristics were one of the most
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crucial improvements for MILP in the last decade. Different primal heuristics have also been proposed for
MINLP problems, e.g., undercover (Berthold & Gleixner, 2014) and feasibility pump (Bonami et al., 2009).
A review of several primal heuristics for MINLP are given by Berthold (2014).

Primal heuristics can be a valuable tool, especially for difficult MINLP problems, since it may be the
only way to obtain a good solution, and for some applications such as real-time optimization, it may be
of utter importance to quickly obtain a feasible solution. Knowing a feasible solution can also improve
the performance of MINLP solvers as shown in Berthold (2014) and Bernal et al. (2017). A good feasible
solution can significantly reduce the search tree in branch and bound, and in solvers based on ECP or ESH,
it provides an upper bound on the objective enabling the use of optimality gap as stopping criterion. It is
also possible to solve pseudo convex MINLP problems as a sequence of feasibility problems as in the GAECP
algorithm (Westerlund & Pörn, 2002).

In this paper, we describe a new center-cut algorithm for convex MINLP problems, that can either be
used as a primal heuristic or as deterministic solution technique. The algorithm was first presented briefly
in a conference paper from the ESCAPE27 conference (Kronqvist et al., 2017), and here we continue with
more details and a rigorous proof that the algorithm will obtain the optimal solution in a finite number of
iterations. Like OA, ECP or ESH, the center-cut algorithm also constructs a polyhedral approximation of
the feasible region defined by the nonlinear constraints. However, here we use the polyhedral approximation
differently, in a way that will enable us to find feasible solutions within only a few iterations. The main idea
of the algorithm is to choose the trial solutions in the center of the polyhedral approximation, instead of
choosing the trial solutions on the boundary of the polyhedral approximation as in ECP and ESH. A similar
concept for solving NLP problems was proposed by Elzinga & Moore (1975). The algorithm should be well
suited as a primal heuristic, but it can also be used as a stand-alone solution technique with guaranteed
convergence.

2 Background
A convex MINLP problem can be defined compactly as

min
x,y∈N∩L∩Y

cT1 x+ cT2 y (P-MINLP)

where the sets N,L and Y are given by

N = {(x,y) ∈ Rn × Rm | gk(x,y) ≤ 0 ∀k = 1, . . . l},
L = {(x,y) ∈ Rn × Rm | Ax+By ≤ b},
Y = {y ∈ Zm}.

(1)

In Eq. (1) A and B are matrices defining the linear constraints, including variable bounds. Throughout this
paper we consider the following assumptions to be true:

Assumption 1. The nonlinear functions g1, . . . , gl are convex and continuously differentiable.

Assumption 2. The intersection L∩ Y defines a compact nonempty set, i.e., all variables must be bounded.

Assumption 3. By fixing the integer variables in the MINLP problem to a feasible integer combination y,
the resulting NLP problem satisfies Slater’s condition, see Slater et al. (1959).

These assumptions are needed in order to rigorously prove that the algorithm converges to the optimal
solution in a finite number of iterations. Similar conditions are also needed to guarantee convergence of OA
and ESH, see Fletcher & Leyffer (1994) and Kronqvist et al. (2016). It should be possible to handle MINLP
problems with nonsmooth convex functions with the algorithm, although such problems are not considered
here.

One of the key elements in both ECP, ESH, and OA is to construct an iteratively improving polyhedral
approximation of the set N . The approximation is obtained by first-order Taylor series expansions of the
nonlinear constraints generated at the trial solutions; at iteration i it is given by

N̂i =

{
gk(x

j ,yj) +∇gk(x
j ,yj)T

[
x− xj

y − yj

]
≤ 0, j = 1, . . . i, k ∈ Kj

}
, (2)
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where Kj contains the indexes of all nonlinear constraints active at the trial solution (xj ,yj), i.e., all
nonlinear constraints such that gk(xj ,yj) ≥ 0. Due to convexity, we know that the polyhedral approximation
will overestimate the set N and every point within N is also a point within N̂i, i.e., N ⊂ N̂i.

The standard approach for using the polyhedral approximation is to simply replace the set N by N̂i in
problem (P-MINLP). The next trial solution can then be obtained by solving the following MILP problem(

xi+1,yi+1
)
∈ argmin

(x,y)∈N̂i∩L∩Y

cT1 x+ cT2 y. (3)

Both ECP and ESH choose the trial solutions by solving problem (3), and OA selects the integer combination
by the same approach. However, if we choose the trial solutions by solving problem (3), then we will not
obtain a feasible solution before the very last iteration, see e.g., Kronqvist et al. (2016). By this approach,
the trial solutions tend to be selected as points on the boundary of the set N̂i.

In the center-cut algorithm we will use the polyhedral approximation differently, instead of choosing points
on the boundary we will select the trial solutions as points in the center of the polyhedral approximation.
Since we know that the feasible set defined by the nonlinear constraints is contained somewhere in N̂i, it
seems natural to search for a feasible solution in the center of the set.

3 The center-cut algoritm
As previously mentioned, the main idea of the center cut algorithm is to choose the trial solutions as the
center of the polyhedral approximation of the feasible set defined by the nonlinear constraints. There are
several definitions of the center of a set, and here we will use the Chebyshev center. The Chebyshev center is
defined as the point furthest away from the boundary in all directions, which is also the center of the largest
n-dimensional ball inscribed in the set (Boyd & Vandenberghe, 2004). Since the set N̂i is a polyhedral set
defined by linear inequality constraints, we can find the Chebyshev center of the set simply by solving the
following linear programming (LP) problem

max
x,y,r

r

s.t.

gk(x
j ,yj) +∇gk(x

j ,yj)T
[
x− xj

y − yj

]
+ r

∥∥∇gk(x
j ,yj)

∥∥
2
≤ 0,

j = 1, . . . i, k ∈ Kj ,

x ∈ Rn,y ∈ Rm, r ∈ R,

(4)

where r is the radius of the inscribed ball. For more details on how to find the Chebyshev center of a
polyhedral set, see chapter 8.5 in Boyd & Vandenberghe (2004). To simplify notation we introduce a new
set Bi defined as

Bi =
{
gk(x

j ,yj) +∇gk(x
j ,yj)T

[
x− xj

y − yj

]
+ r

∥∥∇gk(x
j ,yj)

∥∥
2
≤ 0,

j = 1, . . . i, k ∈ Kj

}
,

(5)

which contains all constraints defining the set N̂i. In order to obtain a feasible solution to the MINLP
problem, we also have to take the linear constraints and integer requirements into consideration. A new trial
solution will, therefore, be chosen as the center of the largest ball inscribed in the set N̂i, with the restrictions
that the center has to satisfy all linear constraints and integer requirements. The linear constraints and
integer restrictions therefore only affect the location of the center, and not directly the radius of the ball. A
new trial solution is, thus, obtained by solving the following MILP problem

(xi+1,yi+1, ri+1) ∈ argmax
(x,y,r)∈Bi∩L∩Y

r. (MILP-i)

Since we are maximizing the radius of the ball inscribed in N̂i, it results in a trial solution minimizing the
left-hand side of the linearized constraints in Eq. (2). Once we have obtain a new trial solution (xi+1,yi+1)
there are two possibilities: either it violates some of the nonlinear constraints or it is a feasible solution.
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In case the trial solution (xi+1,yi+1) violates some of the nonlinear constraints, then we can improve the
polyhedral approximation by generating cutting planes according to

gk
(
xi+1,yi+1

)
+∇gk

(
xi+1,yi+1

)T [
x− xi+1

y − yi+1

]
≤ 0 ∀k ∈ Ki+1, (6)

where Ki+1 is the index set of all active and violated constraints. The new cutting planes will exclude the
solution (xi+1,yi+1) from the search space, see e.g., Westerlund & Pörn (2002). The new cutting planes
are added to the polyhedral approximation, and we denote the new approximation as N̂i+1. The polyhedral
approximation of the set N is, thus, improved by the accumulation of cutting planes. In the next iteration,
we solve subproblem (MILP-i) updated with new cuts to obtain a new trial solution.

Now, in case the trial solution (xi+1,yi+1) is feasible it may still not be the best possible one with the
integer combination given by yi+1. Therefore, we will fix the integer variables in the original MINLP problem
to the values given by yi+1, resulting in the following convex NLP problem

(xi+1,yi+1) ∈ argmin
(x,y)∈N∩L∩Y

cT1 x+ cT2 y

s.t. y = yi+1.
(NLP-fixed)

By solving problem (NLP-fixed) we obtain the optimal solution for this specific integer combination. How-
ever, the obtained solution may still not be the optimal one to the original MINLP problem. In order to
obtain better solutions, we will therefore, generate an objective cut according to

cT1 x+ cT2 y ≤ cT1 x
i+1 + cT2 y

i+1, (7)

where (xi+1,yi+1) is the solution obtained by solving subproblem (NLP-fixed). The cut given by Eq. (7)
will exclude all solutions that have a worse objective function value than the obtained feasible solution, and
will thus reduce the search space. To obtain better solutions we include the objective cut in the polyhedral
approximation N̂i+1. Subproblem (MILP-i), by which we choose the new trial solutions, will then contain
the objective cut given by Eq. (7) in the following form

cT1 x+ cT2 y + r

∥∥∥∥c1c2
∥∥∥∥
2

≤ cT1 x
i+1 + cT2 y

i+1, (8)

forcing the next inscribed ball to also take the objective cut into consideration. As long as we obtain solutions
to subproblems (MILP-i) with ri > 0, it is clear that the constraint given by Eq. (8) will force the trial
solutions to have a strictly lower objective function value than the obtained feasible solution. Thus, the
objective cut will force the algorithm to search for better solutions. Once an objective cut has been added
to the polyhedral approximation N̂i it will no longer be an outer approximation of the set N . However, due
to convexity, we know that the optimal solution will not be excluded from the search space. The search
space can further be reduced by generating cutting planes for all nonlinear constraints active at the feasible
solution (xi+1,yi+1) according to Eq. (6).

In each iteration the radius of the ball inscribed in N̂i is reduced since the sets N̂i shrink due to the
added cuts. Later, we prove that the cuts added in each iteration force the radius to converge to zero. If the
radius of the largest ball inscribed in N̂i is zero, the set N̂i will then have an empty interior, thus verifying
that the optimal solution has been found. In case the original MINLP problem is infeasible, the radius will
converge to zero without finding any feasible solution. The convergence properties are discussed in more
detail in Section 5.

The center-cut algorithm is summarized as a pseudo-code in Algorithm 1. In the algorithm, we use the
radius as an optimality measure, since a smaller radius will ensure better solutions. However, in order to
guarantee that the best-found solution is the optimal solution we must continue until the radius is reduced
to zero.

Note that, in case the original MINLP problem has a convex nonlinear objective function, we can simply
replace the left-hand side of the objective cut in Eq. (7) by a linearization of the objective. There is,
therefore, no need to reformulate the problem to obtain a linear objective function.

In the next section, we apply the center-cut algorithm to an illustrative example with two variables to
give a geometric interpretation of the algorithm.
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Algorithm 1 Pseudo-code of the center-cut algorithm
Specify a tolerance rmin ≥ 0.

1. Initialization.

1.1 Set B1 = Rn+m, set iteration counter i = 1.

1.2 Solve problem (MILP-i) to obtain (x1,y1) and r1.

2. While ri > rmin.

2.a If (xi,yi) satisfies all nonlinear constraints:

∗ Solve problem (NLP-fixed) to obtain the optimal solution with the given integer solution and store
the solution as (xi,yi).

∗ Construct cutting planes for any active constraint according to Eq. (6) and the objective cut accord-
ing to Eq. (7).

∗ Generate the set Bi+1 by adding the new cuts to Bi

2.b If (xi,yi) does not satisfies all nonlinear constraints:

∗ Obtain cutting planes for all violated constraints according to Eq. (6).
∗ Generate the set Bi+1 by adding all cutting planes to Bi

2.c Solve problem (MILP-i) to obtain (xi+1,yi+1, ri+1). and set i = i+ 1.

3. Return the best found feasible solution (xi,yi).

4 Illustrative example
For MINLP problems with only two variables, the center-cut algorithm chooses the trial solutions by in-
scribing the largest possible circle in N̂i, such that the center of the circle satisfies all linear constraints
and integer requirements. To illustrate the basics of the center-cut algorithm, consider the following simple
MINLP problem

min − 3x− y

s.t. x2 + y2 ≤ 25,

x2 + (5− y)2 ≤ 36,

(5− x)2 + y2 ≤ 25,

0 ≤ x ≤ 10, 0 ≤ y ≤ 10,

x ∈ R, y ∈ Z.

(Ex 1)

The MINLP problem (Ex 1) is illustrated in Figure 1. We have applied the basic center-cut algorithm, as
presented in Algorithm 1, to the illustrative example problem (Ex 1) and the iterations are shown in Figure
2. In the first iteration, we have no cutting planes approximating the set N and the radius is therefore not
limited, and any solution satisfying the linear constraints and integer requirement can be chosen. In the
second iteration, we obtain a solution where the circle’s center satisfies all constraints, and the solution is
improved by solving problem (NLP-fixed). In iteration 2 we generate an objective cut according to Eq. (7)
and a cutting plane for the second nonlinear constraint. The optimal solution is obtained in iteration 4, but
we need an additional iteration to verify optimality. In iteration 5 we find that largest inscribed circle has a
radius of zero, thus proving that the optimal solution has been found. As a comparison, it takes 9 iterations
with the basic ECP algorithm to find a feasible solution and 3 iterations with OA.

In the next section, we describe why the radius of the inscribed ball can be used as an optimality measure,
and we prove that the center-cut algorithm will find an optimal solution to the MINLP problem in a finite
number of iterations.
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Figure 1: The figure to the left shows the feasible regions defined by the nonlinear constraint of problem
(Ex 1). The second figure shows the feasible region defined by the constraints, contours of the objective
function and the optimal solution.

5 Proof of convergence
Here we focus on the convergence properties of the center-cut algorithm. We show that the radius of the
inscribed ball converges to zero, and from there we can show that the algorithm will converge to the optimal
solution of a convex MINLP problem.

To prove that the radius of the inscribed balls will converge to zero, we need some properties presented
in Lemma 1.

Lemma 1. In iteration i with the center-cut algorithm, the radius of the ball inscribed in N̂i will be bounded
by distance between the current center

(
xi,yi

)
and any previously obtained center

(
xi−l,yi−l

)
according to

ri ≤
∥∥∥∥xi − xi−l

yi − yi−l

∥∥∥∥
2

,

where 0 < l < i.

Proof. At iteration i− l, we generate cuts according to Eq. (6) and if we obtain a feasible solution we also
add an objective cut according to Eq. (7). These cuts will either exclude the center

(
xi−l,yi−l

)
from the

set N̂i−l+1 or result in a cut which passes through it. The center
(
xi−l,yi−l

)
is, thus, either outside N̂i−l+1

or on the boundary of N̂i−l+1. Therefore, the radius ri cannot be greater than the distance from the current
center

(
xi,yi

)
to the previously obtained center

(
xi−l,yi−l

)
, otherwise parts of the ball would be outside of

N̂i−l+1.

By using the bounds on the radius given by Lemma 1, it is possible to prove that the radius converges
to zero as described by the following theorem.

Theorem 1. With the center-cut algorithm, the radius ri of the inscribed balls converge to zero when i → ∞.

Proof. Assume that the algorithm does not stop and we obtain an infinite sequence of centers
{
xi,yi

}∞
i=1

.
Due to Assumption 2, we know that all centers in the sequence belong to a compact subset of Rn+m.
According to the Bolzano-Weirstrass theorem, the sequence must contain at least one convergent subsequence{
xij ,yij

}∞
ij=1

. The convergent subsequence also forms a Cauchy sequence with the following property

lim
j→∞

∥∥∥∥xij − xij−1

yij − yij−1

∥∥∥∥
2

= 0.

Note that Lemma 1 is true for any two centers, and therefore we obtain

lim
i→∞

ri = 0.
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Iteration 1 Iteration 2

Iteration 3 Iteration 4

Figure 2: The figure shows the first four iterations of the center-cut algorithm applied to problem (Ex 1).
The figures show the feasible region defined by the nonlinear constraints and the region defined by the sets
N̂i. The circular dot represents the center of the inscribed circle and the dashed curves represent the circle.
The solution obtained by solving subproblem (NLP-fixed) is shown by the squared dot.

In order to prove that the algorithm obtains the optimal solution in a finite number of iterations, we need
some further properties presented in Lemma 2, regarding the geometry of the feasible region. The proof of
Lemma 2 follows from Slater’s condition, but for the sake of completeness, we have included the proof. Here
we denote the optimal value of the objective function of the MINLP problem as z∗.

Lemma 2. For any ϵ > 0, we can inscribe a ball with nonzero radius in the set

N∗ =
{
(x,y) | cT1 y + cT2 x ≤ z∗ + ϵ, gk(x,y) ≤ 0 ∀ k

}
, (9)

such that the center of the ball satisfies all constraints of the MINLP problem.

Proof. Note that z∗ is given by z∗ = cT1 x
∗ + cT2 y

∗, where (x∗,y∗) is an optimal solution to the MINLP
problem. The optimal solution strictly satisfies the restriction on the objective function

cT1 x
∗ + cT2 y

∗ < z∗ + ϵ.
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However, the optimal solution might be located on the boundary of the set N∗ and therefore we cannot use
it as center for the ball. By Assumption 3, we know that the nonlinear constraints satisfy Slater’s condition
even if we fix the integer variables to y∗, i.e., ∃ x̄ : Ax̄+By∗ ≤ b, gk(x̄,y

∗) < 0 ∀ k. Next, we define a new
point as

x̂ = αx∗ + (1− α)x̄, (10)

where α ∈ [0, 1) is an interpolation parameter. Now, we want to choose α such that (x̂,y∗) strictly satisfies
all the constraints in the set N∗. If cT1 (x̄ − x∗) < ϵ, it is sufficient to choose α = 0 to strictly satisfy the
objective constraint in N∗. Otherwise α can be chosen as α =

(
ϵ
2 + cT1 (x

∗ − x̄)
) /

cT1 (x
∗ − x̄) < 1, which

results in
cT1 x̂+ cT2 y

∗ = z∗ +
ϵ

2
.

Since x̂ was chosen as an interpolation between two points, with the same integer combination and both
satisfy all the constraints, it is clear that (x̂,y∗) will satisfy all constraints. Furthermore, since (x̄,y∗) strictly
satisfies the nonlinear constraints and α < 1 we get

gk(x̂,y
∗) < 0 ∀ k.

The point (x̂,y∗) is, thus, located within the interior of the set N∗, and therefore it is possible to put a ball
with a nonzero radius at (x̂,y∗) such that the entire ball is contained in the set N∗.

Now, we have all the intermediate results needed for proving that the optimal solution is obtained in a
finite number of iterations.

Theorem 2. The center-cut algorithm obtains the optimal solution to problem (P-MINLP) in a finite number
of iterations.

Proof. As before we denote the optimal solution to the MINLP problem as (x∗,y∗) and the optimal objective
value as z∗. Next we can choose an ϵ > 0, such that N∗ ∩L∩ Y only contains optimal values for the integer
variables y, where N∗ is given by Eq. (9). From Lemma 2, we know that we can inscribe a ball with radius
r∗ > 0 in the set N∗, such that the center satisfies all constraints.

As long as the algorithm has not obtained the optimal solution, the entire set N∗ will be contained within
N̂i, i.e., N∗ ⊂ N̂i. This is true because all the cutting planes added according to Eq. (6) are overestimating
the feasible region defined by the nonlinear constraints. As long as N∗ ⊂ N̂i, we know that the radius of
the inscribed balls will be greater or equal to r∗. From Theorem 1 we know that the radius of the inscribed
balls converges to zero, and therefore there exists a finite integer p such that

∀i ≥ p ri < r∗.

The only way to reduce the radius below r∗, is to generate an objective cut according to Eq. (7) stricter
than the objective cut in N∗. Such an objective cut must be generated in iteration p at a feasible solution
(xp,yp) such that cT1 x

p + cT2 y
p < z∗ + ϵ. In the beginning, we chose ϵ such that the objective function

can only be within ϵ from the optimum if the integer variables takes on optimal values, i.e., yp = y∗.
Furthermore, the variables in iteration p will be chosen by solving subproblem (NLP-fixed) with the integer
variables fixed as y∗, and the subproblem will then return an optimal solution for the continuous variables,
i.e., (xp,yp) = (x∗,y∗). The optimal solution to the MINLP problem was, thus, obtained in iteration p.

From the proof of Theorem 2, it follows that the optimal solution will be obtained once the radius of the
inscribed ball is reduced below a certain value. Furthermore, if the radius is reduced to zero it automatically
verifies that the optimal solution has been obtained. In the algorithm, we, therefore, use the radius as an
optimality measure and termination criterion. For rigorously verifying optimality, the radius needs to be
reduced to zero, however, in practice it is often sufficient to stop once the radius is close to zero, e.g., smaller
than 10−4.

In this section, we have proven that the algorithm will find the optimal solution to any convex MINLP
problem satisfying Assumptions 1, 2 and 3. The next section deals with some details regarding the imple-
mentation of the algorithm.
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6 Implementing the algorithm
In previous sections, we have described the basics of the center-cut algorithm. To test the practical perfor-
mance of the center-cut algorithm, we implemented it in Matlab 2017a and used Ipopt 3.12.7 (Wächter &
Biegler, 2006) and Gurobi 7.5.2 as subsolvers for the NLP and MILP subproblems, respectively. We have also
used OPTI Toolbox (Currie & Wilson, 2012) to read the test problems. When implementing the center-cut
algorithm, it is possible to incorporate some tricks and features from other algorithms and solvers; next, we
describe some of these that can easily be exploited.

First, when solving an MINLP problem with the center-cut algorithm it is not necessary to solve every
single MILP subproblem to optimality. It is sufficient to obtain a feasible solution, such that the inscribed
ball has a radius strictly greater than zero. This is an important detail since solvers such as Cplex or Gurobi
are often able to quickly find several feasible solutions to an MILP problems, and often the majority of the
solution time is spent on proving optimality. The MILP subproblems are also by far the most time-consuming
part of the center-cut algorithm. By stopping the MILP solver after a specific number of found feasible
solutions, it is often possible to significantly reduce the solution time while still obtaining good solutions to
the mixed-integer subproblems. This can be done with Gurobi by using the solution limit parameter. In
the implementation of the center-cut algorithm, we simply start with the solution limit parameter set to
2 and increase the solution limit parameter by one each time the radius of the inscribed ball is less than
0.001 and the solution was not reported as optimal. We also use a second test for increasing the solution
limit, where the solution limit is increased if the radius is less than half the radius in the previous iteration
and the solution was not optimal. When choosing the solution limit by this technique, we start with a low
solution limit and gradually increase it during the iterations to make sure we obtain good solutions to the
subproblems. When using this technique one must be careful with the termination criterion, and the search
should not be terminated unless the MILP subproblem was solved to optimality in the last iteration. A
similar approach for speeding up the MILP subproblems and consequently speeding up the MINLP solution
procedure is also used with the GAECP algorithm, see Westerlund & Pörn (2002).

In some cases, it might also be possible to speed up the algorithm by solving additional NLP subproblems.
Even if the trial solution (xi,yi) obtained by solving subproblem (MILP-i) does not satisfy the nonlinear
constraints, yi may still be a feasible integer combination. It might, therefore, be possible to obtain a
feasible solution by fixing the integer variables to yi and solving subproblem (NLP-fixed). This situation
is illustrated in iteration 3 in Figure 2, where it would have been possible to obtain a feasible solution by
solving an NLP subproblem. By solving such NLP problems it may be possible to obtain feasible solutions
more frequently, but the additional NLP problems may also take some time to solve. In the implementation
of the center-cut algorithm, we try to fix the integer variables and solve subproblem (NLP-fixed) in every
third iteration. A similar technique is used in both the GAMS solver AlphaECP (Lastusilta et al., 2009)
and in the SHOT solver (Kronqvist et al., 2016). The NLP problems with fixed integers may be infeasible in
some iterations, however, in this case, Ipopt returns a solution that minimizes the constraint violation with
the specific integer combination. By adding cuts according to Eq. (6) at the infeasible solution returned by
Ipopt, we are able to exclude the infeasible integer combination from the search space, for details on such
cuts see Fletcher & Leyffer (1994). In the implementation of the center-cut algorithm, we use this technique
for generating cuts, when the NLP solver cannot find a feasible solution.

In the implementation, we have used the center-cut algorithm as described in Algorithm 1 together with
the additional features described in here. With the NLP solver Ipopt, we have used the default settings for
all parameters. With Gurobi we have used the solution limit strategy as described earlier and for the other
parameters, we have used default settings.

7 Numerical results
To test the practical performance of the center-cut algorithm, we considered some convex MINLP test
problems taken from the library MINLPLib2 (GAMSWorld, 2017). For the tests, we have used a standard
desktop computer with an Intel i7 processor and 16GB of RAM.

First, we have chosen 8 test problems from MINLPLib 2 that represent different types of MINLP problems,
such as some facility layout problems (Castillo et al., 2005), retrofit planning problems (Sawaya, 2006) and
trim loss problems (Harjunkoski et al., 1998). The largest of these problems contains 1500 binary variables,
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Results obtained by the center-cut implementation.
Name of MINLP problem flay06h gams01 ibs2 o7
Time/iterations to find a a feasible solution. 0.2 s / 2 1.3 s / 2 0.9 s / 2 2.8 s / 8
Time/iterations to find a second feas. sol. * 1.9 s / 3 * 10 s / 10
Time/iterations to find a sol. within 5% of opt. 0.2 s / 2 52 s / 28 0.9 s / 2 313 s / 28
Time/iterations to find a sol. within 1% of opt. 0.2 s / 2 52 s / 28 0.9 s / 2 433 s / 30
Sub-optimality of best-found solution. 0 % 0.5 % 1 % 0 %

Name of MINLP problem rsyn0815m04h stockcycle tls6 tls7
Time/iterations to find a feasible solution. 0.2 s / 2 0.1 s / 1 0.7 s / 9 2.5 s / 14
Time/iterations to find a second feas. sol. 1.3 s / 3 0.7 s / 2 13 s / 36 5 / 26
Time/iterations to find a sol. within 5% of opt. 13 s / 13 63 s / 103 830 s / 159 *
Time/iterations to find a sol. within 1% of opt. 22 s / 21 231 s / 157 * *
Sub-optimality of best-found solution. 0.5 % 0.5 % 3 % 33 %

Results obtained by the feasibility pump in DICOPT
Name of MINLP problem flay06h gams01 ibs2 o7
Time/iterations to find a feasible solution. 0.2 s / 1 0.3 s / 1 * 0.3 s / 4
Time/iterations to find a second feas. sol. 0.3 s / 2 0.7 s / 2 * 0.4 s / 5
Time/iterations to find a sol. within 5%. 0.4 s / 3 8.3 s / 21 * 3.1 s / 19
Time/iterations to find a sol. within 1% of opt. 0.6 s / 5 * 37 s / 45 66 s / 23
Sub-optimality of best-found solution. 0% 0% ∞ 0%

Name of MINLP problem rsyn0815m04h stockcycle tls6 tls7
Time/iterations to find a feasible solution. 2.7 s / 1 0.1 s / 1 167 s / 48 *
Time/iterations to find a second feas. sol. 3.9 s / 3 0.2 s / 2 * *
Time/iterations to find a sol. within 5% of opt. 5.7 s / 10 4.7 s / 51 * *
Time/iterations to find a sol. within 1% of opt. 9.1 s / 14 226 s / 295 * *
Sub-optimality of best-found solution. 0% 1% 12% ∞

Table 1: The table shows the results obtained with the center-cut implementation and the feasibility pump
in DICOPT. The sign * indicates that no such solution was obtained within the time limit of 1800 seconds.

1500 continuous variables, and 1821 constraints. These specific problems were chosen since they are known
to be difficult to solve. We have applied the center-cut implementation to the test problems and the results
are shown in Table 1. The table shows the time and number of iterations needed to find a feasible solution,
a second feasible solution, a solution within 5 % of the best-known solution, a solution within 1 % of the
best-known solution and the quality of the best-found solution. Besides the settings described in the previous
section, we have used a time limit of 1800 seconds.

To get a reference point for evaluating the performance, we have used the feasibility pump available in
the state-of-the-art solver DICOPT in GAMS (Grossmann et al., 2002) on the same problems. As previously
mentioned, the feasibility pump is a primal heuristic intended for quickly finding good solutions. The results
obtained with the feasibility pump are shown in the last part of Table 1. With the feasibility pump, we
have used Conopt and Gurobi as subsolvers, and we have used the following parameters to make sure we
can obtain a solution within 1 % of the optimal solution: fp_cutoffdecr = 0.01, fp_timelimit = 1800,

fp_stalllimit = 10000 and fp_sollimit = 10000. We used Conopt as a NLP subsolver since it gave the
best performance with the feasibility pump. Note this is not intended as a comparison because comparing
the feasibility pump in DICOPT with the Matlab implementation of the center-cut algorithm is not fair. The
Matlab implementation is quite simple and mainly intended as a proof of concept and to show the potential
of the center-cut algorithm.

TTable 1 shows that the center-cut implementation is able to find a feasible solution to all of the 8
problems within less than 3 seconds. Furthermore, we are able to find good solutions to all of the problems
except tls7, where the best-obtained solution is still far from the best-known solution. However, it should
be noted that these are difficult problems and tls7 is one of the few convex MINLP problems in MINLPLib2
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Figure 3: The lines shows number of problems that the center-cut implementation is able to find a solution
to as a function of running time.

that are still considered as unsolved. The feasibility pump struggles with some of the problems and is not
able to find any solution for two of the problems. The feasibility pump is quicker at obtaining solutions to
problems gams01 and o7_ar2_1, but for the other problems, the center-cut implementation seems to be
more efficient.

To further test the center-cut implementation, we applied it to 295 test problems from MINLPLib2. In
this test set, we chose all convex problems from MINLPLib2 containing at least one discrete variable, and
we removed the instances where the only nonlinearity was due to a quadratic objective function. Convex
problems where the only nonlinear term is a quadratic objective can be solved efficiently directly with Gurobi.
For such problems, the center-cut algorithm is not necessarily a good choice, and therefore, we removed these
test problems. The results obtained with the center-cut implementation are presented in Figure 3. We have
applied the feasibility pump to the test problems to get a reference point for the evaluating the results. We
have also used a basic implementation of OA, described in ?, to show the time needed to obtain feasible
solution with OA.

Figure 3 shows the number of problems that the center-cut implementation is able to find a feasible
solution to as a function of time. The figure shows that the center-cut implementation is able to find feasible
solutions to these problems quickly. For 250 of the test problems, it is possible to find a feasible solution
by running center-cut implementation for less than 1 second. Furthermore, the implementation requires less
than 10 seconds to find a feasible solution to 291 of the 295 test problems and there is only one problem
(tls12) where the implementation fails to find a feasible solution. Compared with the feasibility pump, the
center-cut is able to find feasible solution for more problems in 0.1 s and the overall performance is similar.
Within the given time limit the center-cut is able to find feasible solutions to all but one of the test instances,
while the feasibility pump is not able to find a feasible solution to five of the instances. The figure also shows
that OA is significantly slower at obtaining feasible solutions.

Finding a solution within 1% of the best-known solution requires more time. By running the center-cut
implementation for 10 seconds it is possible to find a solution within the 1% tolerance for 236 of the test
problems, and within the given time limit we managed to find a solution within the tolerance for 288 of
the test problems. The feasibility pump is bit faster at obtaining solutions within the 1% tolerance for the
easier test problems, which is partially due to a more efficient implementation. For the instances requiring
more than 3 seconds, the performance of the feasibility pump and center-cut is quite similar. However, in
the end, the feasibility pump fails to find a solution within the tolerance for 17 of the test problems, whereas
the center-cut implementation only fails on 7 of the problems.

The intention of the numerical results has not been to compare the feasibility pump in DICOPT with
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the simple Matlab implementation of the center-cut algorithm, but to show the potential of the center-cut
algorithm. However, the results have shown that the performance of center-cut implementation is actually
on par with the feasibility pump in the state-of-the-art solver DICOPT.

The numerical results have shown that the center-cut algorithm may be well suited as a primal heuristic.
For the test problems we were able to quickly find feasible solutions to almost all of the 295 test problems,
and furthermore, we are also able to obtain solutions of good quality.

8 Conclusions
In this paper, we have given a detailed presentation of the center-cut algorithm for convex MINLP, and we
have proven that the algorithm finds the optimal solution in a finite number of iterations. The algorithm
uses a different approach to obtaining trial solutions which should make it able to quickly obtain feasible
solutions, and this was verified by the numerical results. The ability to quickly obtain feasible solutions
makes the algorithm well suited as a primal heuristic, but it can also be used as a deterministic solution
technique. With the center-cut algorithm we do not directly obtain a lower bound as in ESH or ECP, and
therefore it could be efficient to combine these algorithms in a solver to obtain both a lower and upper
bound.
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