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ABSTRACT

For constrained equations with nonisolated solutions, we show that if the equation mapping
is 2-regular at a given solution with respect to a direction in the null space of the Jacobian,
and this direction is interior feasible, then there is an associated domain of starting points
from which a family of Newton-type methods is well-defined and necessarily converges to
this specific solution (despite degeneracy, and despite that there are other solutions nearby).
We note that unlike the common settings of convergence analyses, our assumptions subsume
that a local Lipschitzian error bound does not hold for the solution in question. Our results
apply to constrained and projected variants of the Gauss—Newton, Levenberg—Marquardt,
and LP-Newton methods. Applications to smooth and piecewise smooth reformulations of
complementarity problems are also discussed.
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1 Introduction

In this paper, we analyze the local behavior of a number of Newton-type methods for a
constrained equation
®(u) =0, ueP (1.1)

where ® : R? — RP is a given mapping (smooth, or at least piecewise smooth), and P C R?
is a given nonempty closed convex set. For our developments, P is also assumed to have a
nonempty interior. We note that the latter is not that restrictive, as in many applications
that lead to constrained equations the set P is given by simple bounds, or the problem can
be reduced to such a setting; see [7, 10].

Let S stand for the solution set of (1.1), i.e., S = ®~1(0) N P. In this work, we are
mostly interested in those cases when a given solution & € S might be singular. By this, in
the smooth case, we mean that the Jacobian ®'(u) is a singular matrix. We are even more
interested in the situation when the given solution u € § is not isolated in the solution set S,
in which case it is necessarily singular. Nevertheless, as we shall show under some reasonable
assumptions, a number of Newtonian methods for solving (1.1) have large domains of starting
points from which the iteration sequences are well-defined and, moreover, are attracted to
the specific solution u. We emphasize that the iterates converge to this solution, despite
that there exist other solutions nearby (perhaps even closer to the given starting point). We
explain this behavior by the 2-regularity property of the equation mapping, and the resulting
lack of the local Lipschitzian error bound near the solution in question. This phenomenon
appears related (in part) to critical Lagrange multipliers serving as attractors for optimization
algorithms (see [15, 16], [17, Chapter 7]) and, even more closely, to the corresponding notion
of criticality for unconstrained equations [13] and the effect of attraction in that setting [14].

Given a current iterate u* € P, the algorithms considered in this work compute the
direction of change v* as a solution of some Newtonian subproblem and set the next iterate
to be ufT! = u¥ 4-v*. We note that unlike in the unconstrained case (P = R™), in the current
setting of constrained equations it is not quite evident what should be regarded as the basic
Newtonian subproblem. Assuming that ® is smooth, one natural possibility is to consider
the least-squares solutions of the linearized constrained equation:

1
minimize §H<I>(uk) + &' (uF)|?

_ X (1.2)
subject to u® +v € P,

what we may call constrained Gauss—Newton method. The objective function of this sub-

problem is convex quadratic, and if P is polyhedral, (1.2) always has a solution, due to the

Frank-Wolfe theorem. Obviously, a solution of this subproblem needs not be unique.
Another natural possibility is to consider solving the basic unconstrained Newton equation

d(uk) + @' (uF)w =0 (1.3)

for vjk\,, and then define u*! as the projection of u¥ + vﬁ{, onto P. This scheme can be
called the projected Newton method. Of course, neither existence nor uniqueness of solutions
of (1.3) can be guaranteed without further assumptions, especially when u* is close to a



singular solution. That said, below we shall provide assumptions on the problem data and
on starting points which ensure that along the sequences generated by the methods to be
considered, there always exists the unique solution v* of the unconstrained Newton equation
(1.3), and moreover, it always gives feasible iterates, i.e., u* + v¥ € P. Therefore, and
somewhat surprisingly, the peculiarities of the constrained setting will actually play no role
in those situations. Our goal is precisely to demonstrate that this is indeed the case: both
the constrained Gauss—Newton method and the projected Newton method work in these
circumstances exactly as the Newton method for the unconstrained equation

O(u) =0, (1.4)

and hence, they inherit its behavior near possibly nonisolated solutions, which has been
studied in [12, 19].

Furthermore, as we are especially interested in the cases of potentially nonisolated so-
lutions, and following the recent development in [14] for the unconstrained case, it is nat-
ural to consider some stabilized versions of the Gauss—Newton method. In the constrained
Levenberg—Marquardt method [8, 18, 21], the following subproblems are solved:

1 1
minimize 5\\@(1/“) + &' (uF)w|]? + 5a(u’f)nvw,

. X (1.5)
subject to u® +v € P,

where o : RP — R defines the regularization parameter. Note that if o(u*) > 0, the objective
function of this subproblem is strongly convex quadratic and, hence, the subproblem has the
unique solution.

Another possible alternative is the recently proposed LP-Newton method [7]. The sub-
problems of this method have the form

minimize 7y

subject to || ®(u*) + @ (u")v]| < ]| @(u?)]?,
loll <A@ @bl
uk +veP,

(1.6)

with respect to (v, 7) € RP x R. If P is a polyhedral set, and the lo-norm is used, then this
is a linear programming problem (hence the name).

Along with constrained versions of the methods in question, one can also consider their
projected variants. The projected Levenberg—Marquardt method has been proposed in [18]; its
iteration consists of finding the solution vf u of the unconstrained subproblem

1 1
minimize §||(I>(uk) + @' (uF)v||? + ia(uk)HUHQ, (1.7)

and then defining the next iterate u**! as the projection of u* +v% ,, onto P. Note that (1.7)
amounts to solving the linear equation

' (uF) T 0 (P + (' (uF) T (uF) + o(uF) v =0,

where I is the identity matrix.



Taking o(u”*) = 0, computing a solution vg ~ of (1.7), and defining u**! as the projection
of uF + Ué‘N onto P, leads to the projected Gauss—Newton method.

Similarly, one can consider the projected LP-Newton method generating u**1 as the pro-
jection of uF + vf pn onto P, where vf pn With some 7y solves the subproblem

minimize 7y
subject to [|@(u*) + ' (uF )] < yl|@(u)|?,
vl < vl @®)]l-

We next briefly survey previous convergence results for the methods outlined above. To
that end, the following condition is relevant. We say that the constrained local Lipschitzian
error bound holds at some solution @ of (1.1), if

dist(u, S) = O(||®(u)||) as u € P tends to a. (1.8)

If (1.8) is satisfied, then both the constrained Levenberg-Marquardt method (1.5) (for o(-)
proportional to [|®(:)||® with 8 € [1,2]) and the LP-Newton method (1.6) exhibit local
quadratic convergence to some solution of (1.1); see [4, 18] and [7], respectively. For the
projected version of the Newton method, convergence cannot be guaranteed under the error
bound assumption (1.8) alone, since the subproblems (1.3) are not necessarily solvable. Dif-
ferently from this, the subproblems of both the constrained and the projected Gauss-Newton
methods always have a solution. However, even if we use only the uniquely defined mini-
mum norm solutions of the subproblems, quadratic convergence of these methods can only
be expected if a local Lipschitzian error bound stronger than (1.8) holds, and a condition
on the local behavior of the singular values of ®(u) is satisfied; see Theorem 4.1 in [3]. In
addition, Example 4.5 in this thesis shows that the condition on the singular values is crucial
for convergence.

As for the projected Levenberg—Marquardt method, quadratic convergence was estab-
lished in [18], but only under an assumption which is much stronger than (1.8) and implies,
in particular, that locally the solution set of the constrained equation (1.1) coincides with that
of the unconstrained equation (1.4), see [11]. Moreover, it can be shown (see [6, Example 4])
that superlinear convergence requires more than the error bound (1.8). However, assuming
(1.8), local R-linear convergence has been established in [5] for o(-) proportional to ||®(-)||. To
the best of our knowledge, local convergence properties of the projected LP-Newton method
have not been studied previously.

In this paper, we are interested in the behavior of the methods described above near
solutions violating the error bound (1.8). In this sense, our results complement those obtained
assuming (1.8). Thus, a more complete understanding of properties of these methods is
achieved. It turns out that solutions violating (1.8), when they exist, may have a strong
impact on the behavior of the methods in question. In the unconstrained case, these questions
have been recently addressed in [14]. Here, on the one hand, we extend the results from [14]
to the constrained setting. On the other hand, Theorem 2.1 below itself relies on the main
result from [14].

We next explain the kind of conditions assumed in our convergence analysis. Let im A
and ker A stand for the range space and the null space of a linear operator A, respectively.



Assuming that & is twice differentiable at @ € RP| ® is said to be 2-regular at @ in a direction
v € RP if the p x p-matrix ®'(a)+I1®" (@)[v] is nonsingular, where II is the projector onto some
complementary subspace L of im ®' (@) parallel to im ®'(@) (the latter means that IT : RP — RP
is a linear operator such that 12 = II, imIl = L, kerII = im ®(u)). The concept of 2-
regularity is useful in nonlinear analysis and optimization theory for a variety of reasons; see,
e.g., the book [1] and references therein. It is easy to check that 2-regularity is invariant with
respect to the choice of a complementary subspace L and to the length of ||v]], so it is indeed
a directional property. It is also easy to see that this property is further equivalent to saying
that there exists no nonzero u € ker ®'(a) such that ®”(a)[v, u] € im ®'(a).

Theorem 2.1 below, as well as the main result of [14], require 2-regularity of ® at u
in some nonzero direction v € ker ®(@). According to the discussion in [13] (see also [14,
Proposition 1)), if ®'(@) is singular (in particular, if @ is a nonisolated solution of (1.4)), the
needed v can only exist if @ is a critical solution of (1.4) as defined in [13]. More precisely,
such © cannot belong to the contingent cone to ®~1(0) at %, and hence, this contingent
cone must be a proper subset of ker ®(%). Observe that the latter holds automatically if
@ is a singular but isolated solution of the unconstrained equation (1.4), as in this case the
contingent cone to ®~1(0) at @ is trivial, while ker (%) is not. Criticality, in turn, is closely
related to violation of the Lipschitzian error bound [13].

In Theorem 2.1 below, we shall assume that o belongs to ker ®'(u) and also to the radial
cone Rp(u) to P at @ (which is the same as the cone of feasible directions, since the set P
is convex). If the constrained error bound (1.8) holds, it evidently follows that any such o
belongs to the contingent cone to S, and hence, to the contingent cone to ®~1(0) at . This
implies that the assumptions of Theorem 2.1 cannot hold if the error bound (1.8) does. At the
same time, when (1.8) is violated, Theorem 2.1 can be applicable, and such applications will
be discussed below. We note that nearby solutions satisfying (1.8) give rise to corresponding
neighborhoods of convergence; however, these neighborhoods shrink as solutions tend to
the one violating the error bound, and the exterior of these neighborhoods might form a
large domain of attraction to this special solution. In the sequel, this will be illustrated by
examples.

The rest of the paper is organized as follows. Section 2 contains our main result, showing
that if the equation mapping is 2-regular at a given solution with respect to an interior
feasible direction which is in the null space of the Jacobian, then there is an associated domain
of starting points from which the Newtonian methods in consideration are well-defined and
converge (to this specific solution). This result is also illustrated by a number of examples. In
Section 3, we consider the case when the equation mapping is associated to complementarity
problems. Both smooth and piecewise smooth reformulations are analyzed, again illustrated
by examples.

We conclude this section by introducing some further notation that will be used in the
sequel. All the norms are Euclidean, unless explicitly stated otherwise. By B(u, ¢) we denote
the ball centered at v and of radius d. The identity matrix is denoted by I, and the elements
of the canonical basis by e’. The spaces are always clear from the context. The notation
|J| stands for the cardinality of the index set J. By u; we mean the sub-vector of u formed
by the coordinates indexed by J, and by A; the matrix formed by the rows of the matrix
A indexed by J. The notation diag z refers to the diagonal matrix with coordinates of the



vector z on the diagonal. For a convex set P, its radial cone (cone of feasible directions) at
u € P is given by Rp(u) = {v € RP | 3¢t > 0 such that u + tv € P}.

2 Attraction of Newtonian sequences to special solutions

For a given point u € RP, a given direction v € RP, and scalars € > 0 and § > 0, we define
the following set:
< 5} |

Note that K. ;(u, ©) is a shifted conic neighborhood of the direction o intersected with a ball
around 1.

The main result of this section relies on [14, Theorem 1], and the following fact, which
establishes feasibility of the set defined above (with proper choices of parameters), when the
direction v is interior feasible for the set P. We note that in Lemma 2.1 closedness of P is
not needed; and this also applies to the statement of Theorem 2.1 further below.

uU—1u

K..(a, 7) = {u e R\ {a} | fu—a] <<,

— — U
[[u — all

Lemma 2.1 Assume that v € int Rp(u) for some 4 € P, ||v|| = 1. Then, there exist € > 0
and 6 > 0 such that K 5(u, v) C P.

Proof. By assumption, there are nonzero vectors v', ..., v" in Rp(@) such that v € int K,

where K denotes the convex conic hull of {v!, ..., v"}. Then, there evidently exists ¢t > 0
such that 4+ tv' € P for alli € {1, ..., r}.

Any v € K can be written as v = >_|_, a0’ with some o; > 0,7 € {1, ..., r}, which can
be chosen in such a way that the vectors v* with a; > 0 are linearly independent (see, e.g.,
[20, Corollary 17.1.2]). Since the number of linearly independent subsystems of v!, ..., v" is
finite, it can be easily seen that there exists ¢ > 0 such that, for every v € K, one can chose
a; >0, ..., a, >0 in such a way that o < ¢||v|| with o« =Y, .

Therefore, assuming that v # 0 (and hence, a > 0), we obtain that

|

t _ t - i " al _ :
+av:u+az;ozw :‘Z;a(u—ktv)EP7
= =

where the inclusion is by the convexity of P. The latter further implies that

tv

cf[v]]

u+ € P,
and hence, setting £ = t/c, we conclude that @+ v € P holds for all v € K with [Jv]| <&

It remains to select > 0 such that B(v, 0) C K, which is possible since v € int K. With
these choices, for any u € K 5(i, v) it holds that v = u — u satisfies v € K and [[v|| <&, and
hence, u =u +v € P. ]



We proceed to establish new convergence properties for an iterative framework for con-
strained equations, which covers the algorithms discussed in Section 1. Following [14], to
handle a variety of methods within a unifying framework, we consider the following perturbed
Newton scheme:

B (uF) + (@' (u¥) + QuF))v = w(uh). (2.1)

The requirements on the perturbation terms 2 and w are specified in Theorem 2.1 below. As
explained in [14], the perturbation terms define specific methods within the general framework
(2.1).

The key discovery is that, if initialized in a certain conic domain associated to an interior
feasible direction v € ker ® () for which the mapping ® is 2-regular at a solution @ of (1.1),
the iterates actually remain feasible throughout, and thus the methods behave the same as
in the unconstrained case. We remind again that the 2-regularity assumption implies that
the error bound (1.8) does not hold.

In what follows, we use the uniquely defined decomposition of every u € RP into the sum
u = u1 + ug, with u; € (ker ®(@))* and ug € ker &' ().

Theorem 2.1 Let ¢ : RP — RP be twice differentiable near u € S, with its second derivative
being Lipschitz-continuous on P with respect to u, that is,

" (u) — @"(a) = O([lu — all)

as u € P tends to u. Assume that ® is 2-reqular at @ in a direction v € ker ® (@) Nint Rp(a),
|o]] = 1. Moreover, let Q2 : RP — RP*P and w : RP — RP satisfy the conditions

Q(u) = O([lu — ul), (2.2)
w(u) = O(|lu—al?), (2.3)
Q) = O(Jlur — @ )) + O(|lu — @), (2.4)
and
w(u) = O([lu — all[[uy — @) + O(|lu — ul|*) (2.5)

as u € P tends to u.

Then, for every é > 0 and § > 0, there exist e = £(v) > 0 and § = §(v) > 0 such that
for any starting point u® € K. s(u, v) there exists the unique sequence {u*} C RP such that
for each k the step v* = w1 — uF satisfies (2.1), and for this sequence and for each k it
holds that u§ # 2, u* € PN K. ;(u, v), {uF} converges to u, {||u* — ||} converges to zero
monotonically,

! — | _

= O(|[u* —al|)
luy ™ — s
as k — oo, and
k1 -
— 1
lim M2~ _ 1
k—oo |lug — usl| 2



Proof. By Lemma 2.1, we conclude that there exist £ € (0, £] and 6 € (0, 6] such that
K. 5(u, v) C P. The needed result now follows directly from [14, Theorem 1] applied with

g —
these £ and §. The key observation is that any sequence generated as specified in [14, Theo-
rem 1] stays within the set K 5(u, v), and hence, also within P (by Lemma 2.1). Thus the

iterates behave as in the unconstrained case of [14, Theorem 1]. [

Taking into account the estimates in [14, Remark 2], the assertions of Theorem 2.1 imply
the linear convergence to @ of sequences generated by the algorithmic framework under con-
sideration, when initialized within K, s(u, v). We emphasize that the latter is a “large” set:
it is a cone with nonempty interior intersected with a ball centered at zero and shifted by .
Hence, it is not “asymptotically thin”, i.e., the ratio of its Lebesgue measure to the measure
of the ball stays separated from zero as the radius of the ball tends to zero.

In (2.1), the mappings Q : RP — RP*P and w : RP — RP characterize perturbations
of various kinds with respect to the basic Newton iteration (i.e., these perturbations define
specific methods within the general Newtonian framework). The basic Newton method itself
corresponds to 2 = 0 and w = 0, and since under the assumptions of Theorem 2.1 it gener-
ates feasible iterates, the conclusions of the theorem apply to the projected Newton method
mentioned in Section 1. In [14] it was shown how the unconstrained Levenberg-Marquardt
method with o(-) = ||®(-)||” for 7 > 2, and the unconstrained LP-Newton method can be
interpreted via (2.1) with appropriate choices of {2 and w satisfying (2.2)—(2.5). In particular,
on the domain of convergence, the Levenberg—Marquardt method corresponds to

Qu) =0,  w(u) satistying [lw(u)| < v(u)|P(w)|?,

where 7(u) is the optimal value of the LP-Newton subproblem for u* = u. Again, since under
the assumptions of Theorem 2.1 feasible iterates are generated, our results cover both the
constrained and projected versions of the Levenberg—Marquardt and the LP-Newton meth-
ods. As for the Gauss—Newton method, observe that since the basic Newton equation has
the unique solution in the domain in question, this is also the unique solution of the Gauss—
Newton subproblem. Thus, there, the associated perturbations are zero. Alternatively, the
Gauss—Newton method can be interpreted taking o(u) = 0 in the perturbation above corre-
sponding to the Levenberg—Marquardt method (thus again resulting in zero perturbations in
the domain of convergence).

Before completing this section by an example, we would like to mention that extending the
previous result to cases without twice differentiability of ®, inspired by [19], is an interesting
topic for future research.

Example 2.1 Let p =2, ®(u) = ((u1 — 1)ug, (u1 —1)?), and P = R?%. This yields S = {u €
R? | u; = 1,ug > 0}. Consider the solution @ = (1, 0). Then, Rp(u) = R x Ry and, hence,
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(a) Iterative sequences (b) Domain of attraction to solution in question

Figure 1: Gauss—Newton method for Example 2.1.
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(a) Iterative sequences (b) Domain of attraction to solution in question

Figure 2: Levenberg—Marquardt method for Example 2.1.

int Rp(u) consists of v € R? such that vg > 0. At the same time, we have ®(u) = 0 and

"= 2 U1
il =( ,2 ).
implying that ® is 2-regular at % in any direction v € R? with v; # 0. Therefore, Theorem 2.1
can be applied for any o € R? with ©; # 0 and @y > 0.
In Figures 1-3, the vertical line corresponds to the solution set. These figures show
some iterative sequences generated by the Gauss—Newton method, the Levenberg—Marquardt
method, and the LP-Newton method, and the domains from which convergence to u was

detected. From points beyond this domain, all methods converge quadratically to some
solutions distinct from 4.
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(a) Iterative sequences (b) Domain of attraction to solution in question

Figure 3: LP-Newton method for Example 2.1.

The observed behavior agrees with Theorem 2.1 for solutions when the local Lipschitzian
error bound (1.8) does not hold, as well as with the local convergence theories of these
methods under the error bound.

3 Applications to complementarity problems

In this section, we apply Theorem 2.1 to the analysis of Newton-type methods for constrained
equations arising from reformulations of the nonlinear complementarity problem [9] (NCP)

2>0, F(2)>0, 2z F(z)=0, (3.1)

with a sufficiently smooth mapping F': R® — RS.
Let z denote a given solution of the NCP (3.1). Then, the standard partitioning of the
index set {1, ..., s} is defined by

Il = Il(g) = {7’ - 17 y S | Zi > 0’ Fl(g) = 0}’
Iy = 10(2) = {7,:1,78’212171(5):0},
I, = L(z) = {i=1,...,s|z =0, F;(2) > 0}.

Recall that Z is said to satisfy the strict complementarity condition when Iy(Z) = (). Noniso-
lated solutions wviolating strict complementarity are of a certain interest in this context. For
example, because they possess special stability properties [2].

In what follows, we shall consider constrained reformulations of the NCP (3.1), using the
slack variable x € R?®:

F(z) —x =0, ¥(u)=0, u=(z 2)eR}, xR, (3.2)

with some appropriate choices for the mapping ¥ : R®* x R® — R® that enforce complemen-
tarity between z and x. Both smooth and piecewise smooth options for ¥ will be considered.



3.1 Piecewise smooth reformulation
Let ¥ : R® x R® — R® be the complementarity natural residual [9], i.e.,
U(u) = min{z, z}, (3.3)

with the min-operation applied componentwise. We note that using this (min-)function, the
nonnegativity constraints in (3.2) are redundant for the reformulation of the NCP itself to be
valid. However, the nonnegativity constraints play a role for obtaining stronger convergence
properties of Newton-type methods applied to the reformulation; see [7, 10] for detailed
discussions.

As is well understood, near a solution z, locally the solution set of the NCP (3.1) is the
union of solution sets of the branch systems

F(z)—x=0, 2z,=0, 25,=0, 2,=0, z5,=0, z5 >0, x5 >0, (3.4)

defined by all the partitions (Jy, J2) of the bi-active index set Iy, i.e., all the pairs of index
sets satisfying J; U Jy = Iy, J1 N Jy = 0.

Note that a branch system (3.4) can be considered as a constrained equation (1.1) with
respect to u = (z, x), with ® : R® x R® — R® x R® given by

O(u) = (F(2) —x, 21y, 24y TIyy TJy)s (3.5)

and
P={u=(z,z) e R*xR*| 25, >0, x5, > 0}. (3.6)

The solution of interest of this constrained equation is u = (z, &) with z = F'(z).

We next show that Theorem 2.1 is applicable to the constrained equation given by (3.5)
and (3.6) which corresponds to the branch system (3.4), for directions v satisfying certain
assumptions. Then, we show that when initialized in an appropriate domain, Newton-type
methods for the original NCP, i.e., the constrained equation (3.2) with ¥ defined in (3.3),
behave exactly as their counterparts for the branch system (3.4). We emphasize that the
methods themselves are applied to the original problem, and the set P given by (3.6) above
(which clearly depends on the solution) only plays an auxiliary role for the convergence
analysis.

After re-ordering the components of z so that z = (2!, 22), where 2! = (2, 2z,,), 22 =
(z1,, 2.7,), and similarly for = (and F'), we can write

My My, —I 0

Moy Moy 0 —I
0 I 0 0 ’
0 0 I 0

P (u) =

where the matrices M1, Mia, Ma1, Mo (whose dependence of the partition (Ji, Jo) is
omitted for simplicity) are given by

oFy, (2) oFy, 2) 0Fy, ) OFT, .
M= | 97n 0z, Mo — | 9% 0z,
1 th 8FJ1 ’ 12 aFJl 8FJ1 ’

(2) (2) (%) (2)

8,2[1 82’]1 8,2[2 82]2
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oFr, , . OFy, oFr, , . O0Fy,
() S(z) i) Th(z)
Mo = I ZJy Moo = 2l ZJs
R R-LICR DN R AR a8
8,211 82’]1 3212 82]2
Therefore,
ker (I)/(ﬂ) = {’U = (Ca 5) ‘ C = (Clv 0)7 g: (07 M21C1)7 Cl € ker M11}7 (37)

im®'(a) ={w= (v, x) |y =", v*), x =" ), y' = Mpox' +x* €im My} (3.8)

In particular, since in the current setting of (3.6) we have that Rp(a) = P, it follows that

ker ®' () Nint Rp(u) ) ) B B B B
= {/D = (C? 6) ’ Cl € keerlv €J1 > 07 CZ = 07 §1 = 07 52 = M21C17 (M21C1)J2 > 0}
(3.9)
~ Employing (3.7) and (3.8), it can be seen that for v = (¢, £), where ¢ = (¢, 0) with
¢t = (¢yy, ¢y,) and any (7, and (j,, and with any &, the 2-regularity of ® at @ in the direction
v is equivalent to saying that there exists no z! € ker My; \ {0} satisfying

M(CH2! € im My, (3.10)
where
0?Fr, 0’Fr, - ’Fr, .+ 0?Fr, -
. 822 ()[Ch]‘i‘m(z)[ﬁlﬂ m( )Cn] + 922 (2)[Cn]
M(C): 62F31 o 82FJ1 . aQFjl - aQF}I - (3'11)
922 (Z)[Ch]er(Z)[CJl] m( )Cn] + 072, (2)[¢]

Therefore, Theorem 2.1 is applicable to the constrained equation in question (correspond-
ing to the branch system (3.4)) with every v satisfying the specified assumptions and ||v]| = 1.

It remains to show that when initialized in an appropriate domain, the methods we
consider for (3.2) with ¥ defined in (3.3), behave exactly as their counterparts for the branch
system (3.4).

To that end, let G : R* xR® — R**2% be a mapping such that for each u = (2, z) € RS xR*,
the rows of the matrix G(u) are given by

(€%, 0) if z; < @y,
Gi(u)=1¢ (¢,0)or (0,¢) ifz=m;, i=1,...,s (3.12)
(0, €%) if z; > x;,

Due to the nonsmoothness of W, the matrix G serves as replacement for the possibly non
existing Jacobian of U. Moreover, instead of the constrained Gauss-Newton method (1.2) we
now consider its piecewise version. For a given current iterate u* = (2*, z¥) € RS x RS, the
constrained piecewise Gauss—Newton method for (3.2) generates the next iterate as u**+! =
uF + 0¥, where v* = (¢¥, €F) is a solution of the subproblem

minimize %HF(Z’“) — b+ F'(F)C - ¢|)P + %H\P(uk) + G(u")o|?

. & (3.13)
subject to u® +v >0,

11



with respect to v = (, &). )
For arbitrary fixed € > 0, 0 > 0, and © € ker ® (@) Nint Rp(u), let u = (z, x) € (R¥ x

R#) \ {a} be such that
< 4. (3.14)

Ju—all <&, v

[u —

If € > 0 is small enough, then from the first inequality in (3.14), and taking into account
(3.3) and (3.12), we obtain that

zr, > g, and hence, ¥y, (2) =z, Gr,(2) = (0 I,);

zr, < xr,, and hence, Vr,(z) = z1,, Gr,(2) = (I1, 0).

Furthermore, the second inequality in (3.14) implies that
lu—a@— Jlu—al|o || < d|lu—al.
Since zr, = 0 and Z7, = 0, we then conclude that
21 = llw = allCry || = 21 = 21 = llw = @l || < lu = = [lu—alo || < dju—all, (3.15)

and similarly, B
2, — llu—allpll < olju —al|. (3.16)

For every i € Jp, from (3.15) it follows that
2z > (G — 0)|u—al. (3.17)
At the same time, since 7, = 0 holds according to (3.9), from (3.16) it follows that
|z, || < 6llu — all. (3.18)

Recalling ¢;, > 0 from (3.9), by (3.17) and (3.18) we conclude that if § > 0 is small enough,
then zj, > x;,, and hence, taking into account (3.3) and (3.12),

v, (Z) =z5, Gn (Z) = (0 IJl)‘

Similarly, for every i € Ja, from (3.16) and from the equality £2 = M1¢! in (3.9) it follows
that o B R
2 > (& = 0)|lu—al| = (M:¢")i = 0)[Ju — 4, (3.19)

while, since (7, = 0 holds according to (3.9), from (3.15) it follows that
2]l < dllu —al. (3.20)

Recalling (Ms1Ct) 7, > 0 from (3.9), by (3.19) and (3.20) we conclude that if § > 0 is small
enough, then zj, < x,, and hence, taking into account (3.3) and (3.12),

\IJJ2('Z) = ZJa» GJ2(Z) = (IJ2 0)'

12



Summarizing the considerations above, we deduce that if v = uF satisfies (3.14) with
sufficiently small £ > 0 and § > 0, then (3.13) takes the form

1
minimize §H<I>(uk) + @' (uF)|?

_ ) (3.21)
subject to u” 4+ v >0,

where @ is defined in (3.5).

Note that one cannot apply Theorem 2.1 directly to the method defined by the subproblem
(3.21), because the feasible set therein is generally smaller than P —u” with P given by (3.6).
That said, and as demonstrated above, Theorem 2.1 is in fact applicable for the specified &,
and when P is given by (3.6). This yields the following: for every & > 0 and 5 > 0, there
exist € > 0 and § > 0 such that for any starting point u% € K. 5(u, v) there exists the unique
sequence {uf} C R® x R® such that for each iteration index k the step v¥ = u*+1 — ¥ solves
(2.1) with Q = 0 and w = 0, and for this sequence and for each k it holds that u}§ # 12, and
ub € PN K. ;(u, v). Observe further that according to (3.5), equation (2.1) being solved by

v* implies that for all k

zgﬂ =0, zﬁjl =0, azllcjl =0, :Effl =0.

In addition, if ¢ > 0 is small enough, then the inclusion u* € Ké, 5(@, ©) implies that zi >0
and x’fQ > 0. Combining these observations with the inclusion u* € P and with (3.6), and
assuming that u? > 0, we obtain that uk >0 for all k.

Hence, we actually can derive conclusions about the method with the subproblem (3.21)
from Theorem 2.1. This allows to characterize domain of convergence to @ of the constrained
piecewise Gauss—Newton method by means of Theorem 2.1, when the method is applied to
the constrained equation corresponding to a proper branch (3.4) of the solution set of the
NCP (3.1), with the starting point in the proper domain.

Proposition 3.1 Let F' : R® — R® be twice differentiable near z € R®, with its second
derivative being Lipschitz-continuous with respect to zZ. Let Z be a solution of the NCP (3.1),
and let u = (z, &), where T = F(Z). Assume that for some partition (Ji, J2) of Io = Iy(2)
there exist elements Cr, € R ;€ Rl such that ¢ = (1, Cs,) belongs to ker My and
satisfies Cj, > 0 and (M21Ct) g, > 0 from (3.9), there ewists no z' € ker Myq \ {0} satisfying
(3.10), and ||(C*, My CH)|| = 1. Set ¢ = (¢, 0) with 0 in Rl x RI21 € = (0, My €Y) with 0
in R < RIV1,

Then, there exist ¢ > 0 and § > 0 such that for any starting point u° = (20, 2Y) €
(R* x R®) \ {u} satisfying

' —

gH <65 (3.22)

0 _ =
120 - 2 <e, \ :

—cHs& l® — 2] <e, \

lu® — lu® —

there exists the unique sequence {uF} C R® x R® such that for each k the step vF = uF 1 — ¥
solves (3.13) with ¥ and G defined in (3.3) and (3.12), respectively, {u*} converges to @, and

the rate of convergence is linear.
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Remark 3.1 It is natural to choose z° not independently but in agreement with the choice
of 2. For example, if we set ¥ = max{0, F(2°)}, it can be verified that for given ¢ > 0 and
§ > 0, the requirements on 2° in (3.22) are automatically satisfied if the requirement on z°
is satisfied with € > 0 and § > 0 small enough.

Regarding the first requirement on z, this is obvious. Regarding the second requirement,
observe first that the second inequality in (3.22) implies that

12° = 2 — [lu® = a|||| < 8ju” - all,
and hence,

IF(%) — F(2) - o —al ()0 < IFE)E - 2) - [u = al ()0 + o)1= - 21)
< JF @ - 2 — [u® —alid] + of2° - Il
<

SIIF" E)lu® = all + o(llu® — all) (3.23)

as u¥ — a. For any i € I U Ji, since 7; = F;(z) = 0, ﬁ_l;: 0, and F/(z)¢ = 0, according to
the inclusion ¢! € ker M;; and the definitions of 2° and ¢, we then have that

|27 — 7 — o’ —ull&| = |27

|Fi(2")]

= |Fi(z%) = Fi(2) — |[u” — al| F} (2)¢]
SIIF' E)lu® — @l + o(llu” —all)

N

IN

as UO

derive

— @. Furthermore, for i € Jy, since Fj(Z) = 0, and employing (3.9), from (3.23) we

Fi(2%) > F{(2)¢llu’ — all = 8| F'(2)[llw” - afl + o([lu” — al}) > 0

provided ¢ > 0 and § > 0 are small enough. Since Fp,(Z) > 0, by further reducing € > 0,
if necessary, we then obtain that f01£ any ¢ € Is U Jy it holds that F;(z 0) > 0, and hence,
employing the definitions of 2" and ¢,

|27 — 2 = [l —all&] = |F(z°) = Fy(2) = [lu® — all F{ ()]
< OIIF' @)’ — all + o(|u’ — )

as u’ — @, where the last inequality is again by (3.23). The obtained estimates yield the
needed conclusion.

Consider now the constrained Levenberg—Marquardt method for (3.2), in which the step
vF = (¢, €F) is computed as a solution of the subproblem

1 1 1
minimize  o[|F(2") — 2% + F'(2)¢ = 17 + S 1@ (h) + Guh)ol* + So(uh)lv]*

(3.24)
subject to uF +v > 0.

As demonstrated above in the context of the constrained piecewise Gauss—Newton method,
if £ >0 and 6 > 0 are small enough, then the inclusion u* € K ;(u, v) implies that solving
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(3.24) is equivalent to solving

1 1
minimize §H<I>(uk) + @' (uF)|? + o (uF)||v]?

' X 2 (3.25)
subject to  u" +v >0,

where ® is defined in (3.5). Furthermore, there exists the unique v}, solving (2.1) with Q =0
and w = 0, and for this v, it holds that u* + v > 0, i.e., vk, is feasible in (3.25). Therefore,
for the unique solution v* of (3.25) it holds that

19 (u?) + @' (u*)o* | + o (u)[[* ) < o (u®) |0k |1,
implying that
1®(u*) + @ (u*)o"|| < yJo(ub) ol

By [14, Lemma 1], it is known that ||[v%| = O(||uf — 1|), and hence, if o(-) = ||®(-)||” with
7 > 2, then v* solves (2.1) with Q = 0 and some w(-) satisfying w(u) = O(||u—al|||®(u)||). As
demonstrated in [14], these perturbation mappings Q2 and w satisfy (2.2)—(2.5), which allows
to apply Theorem 2.1.

Proposition 3.2 Under the assumptions of Proposition 3.1, for any T > 2, there exist € > 0
and & > 0 such that for any starting point u® = (20, 20) € (R* x R®) \ {a} satisfying (3.22)
there exists the unique sequence {uk} C R® x R® such that for each k the step v = uF+1 —uF
solves (3.24) with ¥ and G defined in (3.3) and (3.12), respectively, {u*} converges to @, and

the rate of convergence is linear.

Finally, consider the LP-Newton method for (3.2), in which the step v* is computed by
solving the subproblem
minimize 7y
subject to [|[F(2%) —a* + F'(2")¢ — &|| < A|(F(2F) — 2, w(u?))|?,

[ (u¥) + Gu*)ol| < A[|(F () — 2, ¥(*))|?, (3.26)
[o]| < AN(F(F) —a*, T®))],
uF +v >0,

with respect to (v, v) = ((¢; §), 7) € (R* x R®) x R.
Again, as demonstrated above, if £ > 0 and § > 0 are small enough, then the inclusion
uk € K. ;(u, v) implies that solving (3.26) is equivalent to solving

minimize 7y

subject to [|@(u*) + ' (uF)v]| < yl|@(u)|?,
loll < ylle(u)ll,
uF +v >0,

(3.27)

where ® is defined in (3.5). Furthermore, there exists the unique v%; solving (2.1) with Q =0
and w = 0, and for this v% it holds that «* + vk, > 0. Then, (v&, ||[v%||/|®(u*)|]) is feasible
in (3.27), and hence for the optimal value (u") of (3.27) it holds that
k
v

1@ @)
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Therefore, for any solution v* of (3.25) we have
19 (u®) + @ ()" < [ok |2 (u®)]],

again implying that v* solves (2.1) with © = 0 and some w(:) satisfying w(u) = O(||u —
@l|[[@(u)||). This, once more, allows to apply Theorem 2.1.

Proposition 3.3 Under the assumptions of Proposition 3.1, there exist € > 0 and § > 0
such that for any starting point u® = (20, 2%) € (R® x R®) \ {u} satisfying (3.22) there exists
a sequence {u*} C R® x R* such that for each k it holds that (v*, vy 1) with v = uF+t — ok
and some Y11 solves (3.26) with ¥ and G defined in (3.3) and (3.12), respectively; any such
sequence {u*} converges to @, and the rate of convergence is linear.

1®
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Domain of attraction to solution in question

Figure 4: Piecewise Gauss—Newton method for Example 3.1.

Example 3.1 Let s = 2 and F\(z)

((z1 — 1)z, (21 — 1)?). Then, the solution set of the

NCP (3.1) has the form S = {z € R? | 21 = 1, 20 > 0} U{z € R? | 21 > 0, 20 = 0}, and the
two solutions violating strict complementarity are (0, 0) and (1, 0).
Consider the solution z = (1, 0). Then, Iy = {2}, I; = {1}, I = 0. We next consider the

partitions of Ij:

e For J; =0, J, = {2}, we have F,(z) = 0 when zj, = 25 = 0, implying that My; = 0,
the matrix in (3.11) is always equal to 0, and hence, 2-regularity cannot hold.

e For J; = {2}, Jo = () we have My; = 0, Moy is empty, and hence, the inclusion ¢t e
ker My and the relations in (3.9) hold for any (' = ¢ € R? with {3 > 0. Furthermore,

M@ == (42 5 ).
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Figure 6: Piecewise LP-Newton method for Example 3.1.

which is nonsingular when ¢; # 0. Therefore, Propositions 3.1-3.3 are applicable with
this partition (J1, J2), and with any ¢; # 0, (2 > 0.

Observe that the branch system (3.4) corresponding to this partition is precisely the
constrained equation considered in Example 2.1.

In Figures 4-6, the horizontal and vertical solid lines form the solution set. These figures
show the domains from which convergence to u was detected, and some iterative sequences
generated by the constrained piecewise Gauss—Newton method, the constrained piecewise
Levenberg—Marquardt method, and the piecewise LP-Newton method, with the rule for start-
ing values of the slack variable specified in Remark 3.1. The observed behavior agrees with
Propositions 3.1-3.3.
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Finally, we briefly discuss how the corresponding results can be derived for projected
methods. As pointed out above, under the assumptions of Proposition 3.1, and assuming
that the starting point u® = (20, 20) satisfies (3.22) with sufficiently small € > 0 and § > 0,
the iterates generated by the steps of the basic Newton method automatically remain feasible.
Therefore, in these circumstances the projected Newton method and the projected Gauss-
Newton method will be generating exactly the same sequences as the basic Newton method
or the constrained Gauss—Newton method. Thus, the assertion of Proposition 3.1 is valid for
all these methods.

As for the Levenberg-Marquardt and the LP-Newton methods, for a current iterate u*,
let 9% = (Ek, f’“) be a step generated by solving their unconstrained subproblems. According
to the discussion above, if u¥F € Kévg(a, v) with sufficiently small € > 0 and 5 > 0, then o*

satisfies the equation
D (uk) + ' (uF)v = @) (3.28)

with some @(-) such that &(u) = O(|lu — ul|||®(u)||) as u — 4. Moreover, employing the
definition of P in (3.6), it holds that (z* + ¢*)rus, > 0 and (2F + €F)1,0s, > 0. By the
definition of @ in (3.5), we further deduce that

1"+ PVl < @@, 1@® + ) nunll < llou®)].

Hence, by Hoffman’s lemma (the error bound for linear systems), for the projection u**! of
u® + oF onto R3 x R?, it holds that

[t = (u? + ) = O(l@(u))- (3.29)
From (3.28), (3.29) we then derive that
1 () + @' (u®) (W H —ub) || < || @)+ (uF) ¥ ||+ |9 () (= (WP +57) | = O(ll@(u®)])).

The latter estimate again allows to apply Theorem 2.1. Therefore, the counterparts of Propo-
sition 3.2 and 3.3 are valid for the projected Levenberg—Marquardt and LP-Newton methods,
respectively.

3.2 Smooth reformulation

Let ¥ be now defined by the Hadamard product of the complementarity variables:
U(u) =zoux, (3.30)

where z oz = (z121,...,25x5). With this choice, the equation in (3.2) is smooth, and the
nonnegativity constraints in (3.2) are necessary for making it an equivalent reformulation of
the NCP (3.1).

Define @ : R®* x R®* — R® x R?,

O(u) = (F(z) —x, ¥(u)). (3.31)
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It might seem natural to simply take P = R% x R? in (1.1). However, as will be seen from
the analysis below, this choice would not allow to apply Theorem 2.1 when at least one of
the sets I; or I is nonempty. To apply Theorem 2.1, we define

P={u=(z,z)€R°*xR*| 2z, >0, 1, >0}, (3.32)

and consider the constrained equation (1.1) with these ® and P. The solution of interest is
u = (z, ) with & = F(Zz), as before. We emphasize that the set P depends on the solution (via
the index set Ij), and thus its role here is auxiliary. It will not appear in the iterative schemes,
which are as before: those of the constrained Gauss—Newton, Levenberg—Marquardt, and LP-
Newton methods applied to the equation ®(u) = 0 with full nonnegativity constraints, where
® is given by (3.31). The point is that we show, under certain assumptions, that such iterates
can be considered as those for the same ® but P now defined in (3.32), which allows to apply
Theorem 2.1.

The first issue to understand is what the key assumption of 2-regularity of ® in a direction
v € ker ®'(2) Nint Rp(%) means in the current setting. We proceed with this next.

As it is easily seen,
_ F'(z) -I
/ —
(a) = ( diagz diagz > ’
ker ®'(u) = {v=(C, §) | F'(2)( = £ =0, {, =0, &, =0}, (3.33)
and, after some manipulations,

8Fh \(a—1 =—1 : 8Fh
yn — Z) (X oXI,)+ Z; oxn €1m
L e DL o) + 2 o € m T

(Z)a XIp = O} )
(3.34)
where for a vector p with positive components, 1! stands for the vector whose components
are the inverses of those of u.
Assuming that the components of all vectors are ordered as above, since Rp (@) = (RI1l x
RL{O‘ X R‘b'z x (R x R'iol x RI2l) we then conclude that ker ®(@) consists of 7 = (C, &)
with ¢ and £ satisfying

/(1) = {1 = ()

OF' - OF' _ _ _ _
h (E)CHUIO - 07 foUl> (2)€I1UIQ - 5[0U127 C-IQ - Oa €I1 - 07 (335)
a'z[lUIo 82[1UI()
while © € int Rp(u) means that ) )
&, >0, & > 0. (3.36)

Employing (3.34) and (3.35), it can be seen that for any v = (, £) € ker ®(u), 2-regularity
of ® at w in the direction v is equivalent to saying that there exists no nonzero u = (z, z)
satisfying

oF oF
0z B ()01 =0, p) YO8 (2)enon = oo, 21, =0, x1, =0, (3.37)
LUl Z[lUID
and such that
0*Fr, .- ) . _
022 K (Z)[ChUIoa thIo] € 1m L (Z)a 510 © 2zl + Cfo oxy, =0. (3'38)
ZhUIO aZhUIo
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We therefore conclude that Theorem 2.1 is applicable to the constrained equation in
question with every © = (¢, £) such that (3.35), (3.36), and ||v|| = 1 hold, and there exists no
nonzero u = (z, x) satisfying (3.37), (3.38).

Observe that if F'(Z) = 0, as in Example 3.1, then (3.35) and (3.37) imply that 7,07, = 0,
zr,ur, = 0, and (3.38) reduces to the equality

0’F _
L (2)[¢nuty, 2101,) = 0.

2
8211UI()

This is a homogeneous linear system with |I;| equations and |I1|+ |Ip| variables, and it always
has a nontrivial solution unless Iy = (). Therefore, Theorem 2.1 can be applicable in this case
only if Iy = (). The latter is not fulfilled for Z considered in Example 3.1. And indeed,
numerical experiments demonstrate the absence of any clear attraction to @ in this example
for the constrained Gauss—Newton method and the other methods, for the smooth NCP
reformulation. Some iterative sequences generated by the constrained Levenberg-Marquardt
method and the LP-Newton method are shown in Figure 7. The Gauss-Newton method for
this example terminates in one iteration at the orthogonal projection of z° onto the straight

line given by the equation z9 = 0.
\y‘* o [ ]

o

i i i i i i i
1 15 2 0 0.5 1 15 2
21 Z1

(a) Levenberg-Marquardt method (b) LP-Newton method

Figure 7: Iterative sequences for smooth reformulation of NCP from Example 3.1.

At the same time, in general, the system (3.37), (3.38) may reduce to 2s independent linear
equations in the same number of variables, as will be demonstrated by examples below.

By Theorem 2.1 (when it is applicable), we obtain that for every £ > 0 and 6 > 0, there
exist € > 0 and § > 0 such that any starting point u’ € K. s(u, v) uniquely defines the
sequence {uf} C R® x R* such that for each k it holds that v* = u**! — u¥ solves (2.1)
with © = 0 and w = 0, and for this sequence and for each k it holds that uf # s, and
uk € PN Ké’g(a, v). Assuming that € > 0, and employing (3.6), this implies that z}‘“'l > 0,
:L‘]f2 > 0, z’fo >0, and 1‘]}0 > 0.

20



Observe further that, according to (3.31) with (3.30), equation (2.1) being solved by v*
yields
ForkpaFolh 4 Fogh =0

for all k. This implies that, for all i € I,
k+1 k k Zk k
zi =2+ __711?&

and, for all 7 € Iy,

k+1 k k mk k
1

x; —xi+fi—_7@
i

holds. Therefore, if we show that
¢, <0, &, <0, (3.39)

then, assuming that u® > 0, it would follow that «* > 0 for all k. We verify this next.
In order to obtain the needed inequalities, in addition to the assumptions stated above,
we require that

¢r, >0, &1, >0. (3.40)
Then, (3.39) holds for all v* = (¢*, €¥) such that v*/||v*| is close enough to (—). Therefore,
it is sufficient to show that the latter property is automatic provided ¢ > 0 and 5 > 0 are small
enough. To prove this we first assume without loss of generality that @ = 0. As established
above, for each k it holds that both u* and u**! = u* 4+ v* belong to Ké,(;(ﬂ, ), and in
particular, they are not equal to zero.
As an ingredient of our reasoning, we will reuse a formula from the proof of Theorem 1
in [14]. This formula is displayed there directly after (34) and can be written as

1 oA 1 oA
(2 . 6)) ldb] < fla® + o] < (2 e 5)) ], (3.41)

where p : (0, 00) % (0, co) — (0, co) denotes some function with p(e, §) — 0 as (g, §) — (0, 0).

uk 4 oF B uk < uk + oF _all+ uk _ ol <925
[k R [l ] T[] [k + o] [[u]] -
we obtain N 3
uk—l—vk—Wuk < 26w + oF||.
u
This implies
1 1
R k .k _ Lk
v +2u U+ 2u
< b+ ok — |’uk4;€vk” kI 4 ‘1uk_ ||Uk‘zvk” k
[[w®]] 2 [[w”]]
2 L [lu® R
< 24+ 5 - |
2 [[uf
< (5200, 8) + pE, 9)) 1t (3.42)
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where the last inequality is by (3.41). Therefore, setting p(¢, 0) = 8 + 20p(¢, 8) + p(&, §), we

have ) )
(57 8) AT < < (5 + 066, ) It
and, hence,
. L[] ara 3
1—-2p(¢,0) < 2 [ < 142p(¢, 9). (3.43)
v
From (3.42) and (3.43), we further derive
el < I sl b
[ T 1 |11 G T3 | [ |
N L [l
S P(s, 5) + 1--
[o*] 2 [[o¥|l
< 45, D1+ pE b)),

This yields

implying that v*/[|v¥| can be made arbitrarily close to (—7) by taking & > 0 and 6 > 0 (and
thereby p(&,4) and p(é, ) small enough.

The analysis above allows to employ Theorem 2.1 to characterize the domain of conver-
gence to u of the constrained Gauss—Newton method for the smooth reformulation of the
NCP (3.1). The method solves the following subproblems:

vk 13
— 4+
[cdl

’LLk ’Uk
+ R

uk
e
’ = H TP H " ’ ok o]

’ <54 4p(2, 8)(1+ p(E, ),

1 1
minimize §HF(Z'“) — a2t + PR ¢)P + 5\\\11(1#“) + 0 (uP)o?

_ » (3.44)
subject to u” 4+ v >0,

with respect to v = ((, €). The resulting assertions are as follows.

Proposition 3.4 Let F : R® — R?® be twice differentiable near z € R®, with its second
derivative being Lipschitz-continuous with respect to z. Let z be a solution of the NCP (3.1),
and let 4 = (Z, T), where T = F(2). Assume that there exist v = ((, £) € R® x R® such that
(3.35), (3.36), (3.40), and ||v|| = 1 hold, and there exists no nonzero uw = (z, x) satisfying
(3.37), (3.38).

Then, there exist ¢ > 0 and § > 0 such that for any starting point u® = (2°, 2°) € R® x R®
satisfying (3.22) there exists the unique sequence {uF} C R® x R® such that for each k the
step vF = uF Tt —uk solves (3.44) with U defined in (3.30), {u*} converges to u, and the rate
of convergence is linear.

For the smooth NCP reformulation with ¥ given by (3.30), the subproblems of the con-
strained Levenberg—Marquardt method have the form

1 1 1
minimize iHF(zk) — 2k 4+ F’(zk)C — §|]2 + iH\If(uk) + \Il’(uk)v\|2 + §U(uk)\|vH2

(3.45)
subject to uf o> 0,
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while the LP-Newton method solves subproblems

minimize vy
subject to || F(2%) —aF + F/(2F)¢ — €] < A[|(F(") — %, (b))%,

1@ (uF) + W' (uF)ol| < AI[(F(2F) — 2, O(uh))]?, (3.46)
o] <ANF(EF) =2k, (b)),
uk + v > 0.

The convergence of the corresponding methods can now be considered literally following the
arguments in Section 3.1. According to this, we obtain the following.

Proposition 3.5 Under the assumptions of Proposition 3.4, for any T > 2, there exist € > 0
and § > 0 such that for any starting point u® = (2°, 2°) € R® x R* satisfying (3.22), there
exists the unique sequence {uk} C R* x R® such that for each k the step v* = u*+1 —u* solves
(3.45) with U defined in (3.30), {u¥} converges to u, and the rate of convergence is linear.

Proposition 3.6 Under the assumptions of Proposition 3.4, there exist € > 0 and § > 0
such that for any starting point u® = (2%, 2°) € R® x R® satisfying (3.22), there exists a
sequence {uF} C R® x R® such that for each k it holds that (v*, yp41) with vF = uF+1 — ¥
and some Y11 solves (3.46) with U defined in (3.30); any such sequence {u*} converges to
u, and the rate of convergence is linear.

Next, we give some illustrations.

0 0.1 02 03 04 08 e 07 s 08 1
#

(a) Iterative sequences (b) Domain of attraction to solution in question

Figure 8: Gauss—Newton method for Example 3.2.

Example 3.2 Let s = 2, F(z) = (21, z1). The solution set of the NCP (3.1) has the form
S=1{2€R?| 2 =0, 2 >0}, and the only solution violating strict complementarity is
z =0. Then, Iy = {1, 2}, I; = I = 0, and conditions (3.35), (3.36) reduce to

G=&=6>0, (>0, (3.47)
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(a) Iterative sequences (b) Domain of attraction to solution in question

Figure 9: Levenberg—Marquardt method for Example 3.2.
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(a) Iterative sequences (b) Domain of attraction to solution in question

Figure 10: LP-Newton method for Example 3.2.

while (3.40) is vacuous. Furthermore, conditions (3.37) and (3.38) reduce to
n=x1=2, &z1+Gr1=0, &2+ (arg =0,

and taking into account (3.47), this system with respect to (z, ) has only the trivial solution.
Therefore, Propositions 3.4-3.6 are applicable with v = ((t, 6), (¢, t)), with any ¢ > 0 and
6 > 0 such that 3t> + 62 = 1.

In Figures 8-10, the vertical line along the left side of the square is the solution set.
These figures present the same kind of information as Figures 1-3, using the rule for starting
values of the slack variable specified in Remark 3.1. The observed behavior agrees with
Propositions 3.4-3.6.
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(a) Iterative sequences: main variables (b) Tterative sequences: slack variables

Figure 11: Gauss—Newton method for Example 3.3.

(a) Iterative sequences: main variables (b) Iterative sequences: slack variables

Figure 12: Levenberg—Marquardt method for Example 3.3.

Example 3.3 Let s =2, F'(z) = (21, 21 +1). The NCP (3.1) has the unique solution z = 0,
at which z = (0, 1), I; = 0, Iy = {1}, Io = {2}. Conditions (3.35), (3.36) and (3.40) reduce
to

G=&=6>0, (=0, (3.48)

whereas conditions (3.37) and (3.38) provide
zi=x1=1z2, 2=0, &z1+qx=0.
Taking into account (3.48), this system with respect to (z, x) has only the trivial solution.

Therefore, Propositions 3.4-3.6 are applicable with o = ((1/v/3, 0), (1/+/3, 1//3).
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(a) Iterative sequences: main variables (b) Tterative sequences: slack variables

Figure 13: LP-Newton method for Example 3.3.

Figures 11a, 12a, and 13a present some sequences {zk } generated by the three methods in
question, using the rule for starting values of the slack variable specified in Remark 3.1. These
figures demonstrate a tendency of the sequences to converge to Z along the horizontal direction
in the boundary of the constraint set. Moreover, the sequences of the Gauss-Newton method
actually consist of the basic Newton iterates, and therefore, we observe that the latter never
leave the constraint set in this example, even though they are moving along the boundary of
this set.

In order to obtain some impression of the behavior of slack sequences, in Figures 11b,
12b, and 13b we present some sequences {z*} generated by the same methods, using 2 =
(1, 1). These sequences have a tendency to converge to Z along the direction with coinciding
components.

The observed behavior again fully agrees with Propositions 3.4-3.6.

In addition, we point out that the projected versions of the methods above can be treated
similarly to how this is done in Section 3.1, giving results for the counterparts of Proposi-
tions 3.4-3.6.

Finally, we note that the problems in Examples 3.2 and 3.3 are actually linear complemen-
tarity problems, implying that the mapping ® defined in (3.5) is affine, and hence, it cannot
be 2-regular in any direction at any singular solution (as its second derivative is zero). This
means that the assumptions of Proposition 3.1 cannot hold in these examples. Recall also
that, on the other hand, Proposition 3.4 is not applicable to the problem from Example 3.1.
Therefore, the assumptions of Propositions 3.1 and 3.4 are not comparable: neither implies
the other.
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