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Abstract As an alternative to traditional integer programming (IP), decision diagrams (DDs)
provide a new solution technology for discrete problems exploiting their combinatorial structure
and dynamic programming representation. While the literature mainly focuses on the competitive
aspects of DDs as a stand-alone solver, we investigate their complementary role by introducing IP
techniques that can be derived from DDs and used in conjunction with IP to enhance the overall
performance. This perspective allows for studying problems with more general structure than those
typically modeled via recursive formulations. In particular, we develop linear programming and
subgradient-type methods to generate valid inequalities for the convex hull of the feasible region
described by DDs. For convex IPs, these cutting planes dominate the so-called linearized cuts used
in the outer approximation framework. These cutting planes can also be derived for nonconvex IPs,
which leads to a generalization of the outer approximation framework. Computational experiments
show significant optimality gap improvement for integer nonlinear programs over the traditional
cutting plane methods employed in the state-of-the-art solvers.

Keywords Decision Diagrams · Cutting planes · Outer approximation · Dynamic programming ·
Integer nonlinear programs.

1 Introduction

As a new technique to solve integer programs (IPs), decision diagrams (DDs) provide a graphical
model that compactly represents the solution set together with the objective rates of the IP;
see [9] for an introduction. In principle, DDs share similar recursive modeling as that used in
dynamic programming (DP). However, instead of relying on the complete enumeration of the
entire state space, DDs employ key notions of IP such as relaxation, restriction and branching
search to overcome the drastic dimensionality growth of DP. Recent computational studies suggest
that a solver based entirely on DDs is competitive and even superior to existing solution methods
for particular classes of combinatorial problems such as maximum independent sets, maximum
cut and maximum 2-SAT problems [10], as well as problems appearing in applications such as
sequencing and scheduling [17].
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Currently, designing a DD package that contains effective relaxation, restriction and branching
search relies on the existence of special structural properties in the problem; see for instance the
approach used in [8] for set covering and stable set problems. This poses a limitation on the
problem classes that can be studied via DDs, and hence encourages development of alternative DD
techniques to expand the application domain. From a different perspective, [4] and [34] investigate
cutting plane techniques obtained from DDs, and evaluate their strength for certain classes of
linear IPs. It follows from these studies that the effectiveness of the cutting planes heavily depends
on the strength of DDs that model the entire solution space of the problem. For this reason, the
implementation has been limited to problems with special linear structures for which a method—
often based on a recursive DP formulation—to construct strong DDs is available. This arises the
important question of how to develop DD techniques to study a broader class of IPs with general
structure (not necessarily linear or structurally recursive), while achieving improvement over the
existing methods.

In this paper, we address the above question by introducing a framework that incorporates
DD-driven algorithms in classical IP techniques to enhance the overall solution performance. In
particular, we use the DD structure to derive valid inequalities for the feasible region of the IP.
Our derivation allows for both methodological extension and computational improvement of the
techniques proposed in [4] and [34]. Further, we employ the valid inequalities inside an outer approx-

imation framework typically used for convex mixed-integer nonlinear programs (MINLPs); see [13]
for an introduction. Our framework has the following main contributions. (i) It applies to IPs with
general structures as it only requires the DD representation of constraints individually, rather than
the entire solution space. This distinction alleviates the dimensionality issue of typical DP models
as well as the design limitation of typical DD models, both of which stem from the need to represent
the entire solution space. (ii) It provides a generalization of the traditional outer approximation
techniques for classes of nonconvex discrete programs. (iii) It exploits the combinatorial structure
of the constraints via DD models, which leads to the derivation of cutting planes stronger than
those used in the outer approximation methods. This is further supported by our computational
experiments, which show significant optimality gap improvement for integer nonlinear programs
over the traditional cutting plane methods employed in the state-of-the-art solvers.

Literature review

Originating from switching circuits [29], DDs found their way into discrete optimization as an
alternative solution method to the traditional IP methods [25]. Certain combinatorial structures
are hard to exploit properly by existing IP techniques due to complicated cost and constraint
functions. For such structures, the flexibility of DDs with respect to the functional representation
of optimization models leads to a successful solution paradigm. Applications in sequencing and
scheduling [17], and healthcare and energy [7] show the effectiveness of using DDs in optimization.
As another advantage, DDs offer branching strategies that can be utilized in massively parallel
computation much more effectively than typical IP methods; see Section 6 of [9]. Other applications
of DD can be found in computer science [36], constraint programming [1], and artificial intelligence
[32].

In this paper, we study integer nonlinear programs (INLPs) as a subclass of MINLPs; see [6] for a
survey on methods and applications of MINLP in optimization. INLPs are NP-Hard as they contain
integer linear programs (ILPs) as a subclass; see [23] for a discussion on the complexity of ILPs.
Typical solution methods for solving MINLPs use branch-and-bound, a refinement framework that
recursively constructs and solves convex relaxations of the problem over smaller domains. We refer
the reader to [33] for techniques to construct convex relaxations for nonconvex structures. With
the goal of tightening convex relaxations, various cutting plane techniques have been developed
for MINLPs; see [14] for a recent survey. If the functions defining the constraints of MINLP are
convex, an alternative solution method based on linear outer approximations of the problem can
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be used. Typical outer approximation methods establish a refinement framework that recursively
constructs and solves MILP approximations of the problem. We refer the reader to [13] for a survey
on outer approximation methods. In this paper, we focus on outer approximation schemes that can
be adopted for discrete programs using DD elements.

The classical mathematical programming (MP) solution techniques and the new DD solution
technology each have their own advantages over the other. For instance, MP can easily model
continuous variables and nonseparable functions, while enjoying a mature library of solvers and rich
solution method developments over several decades; see [12] for a brief history of such developments
for MILPs, and see [15] for a survey on advances in MINLPs. On the other hand, DD is flexible
with respect to the functional form of constraints (convex, nonconvex, nonsmooth and even those
that are not algebraically representable in black box models), while enjoying an effective branch-
and-bound procedure. Several works in the DD literature study the competitive role of the above
two solution methods and compare their numerical performances; see the case studies in [9] for
instance. In this paper, however, we aim at the complementary role of these solution methods to
benefit from the strength of both simultaneously.

The remainder of this paper is organized as follows. In Section 2, we give a brief background
of DDs. Section 3 contains two cut-generating schemes derived from DDs. In Sections 4 and 5, we
develop outer approximation frameworks for convex and nonconvex structures that employ the cuts
generated from DD. In Section 6, we preset computational experiments on two classes of INLPs
inspired by applications in packing and marketing. We give concluding remarks in Section 7.

2 Background on Decision Diagrams

In this section, we give a brief review on the basics of DDs for optimization. A comprehensive
review can be found in [9].

Define N := {1, . . . , n}. We denote a DD by D = (U ,A, l(.)), where U represents the set of nodes
and A represents the set of arcs in a top-down directed multi-graph, and function l : A → Z indicates
the label of arcs in A. The multi-graph induced by D is composed of n arc layers A1,A2, . . . ,An,
and n + 1 node layers U1,U2, . . . ,Un+1. Node layer U1 contains a single source node s, and the
node layer Un+1 contains a single terminal node t. The tail node of each arc a ∈ Aj for j ∈ N

belongs to Uj , and its head node belongs to Uj+1. Referring to the number of nodes in the node
layer Uj as its width |Uj |, we define the width of D as the maximum width of its node layers, i.e.,

|D| = maxj∈N |Uj |.
DD D represents a set of points of the form x = (x1, . . . , xn) with the following encoding. The

label l(a) of each arc a ∈ Aj , for j ∈ N , represents the value of xj . Each node in layer Uj has a
maximum outdegree equal to the number of distinct integer values in the domain of variable xj .
This definition implies that each arc-specified path P = (a1, . . . , an) ∈ A1 × . . . × An from s to t

encodes an integral assignment to vector x = (x1, . . . , xn) such that xj = l(aj) for all j ∈ N . We
denote the vector encoded by path P as xP. The collection of points encoded by all paths of D
is referred to as the solution set of D denoted by Sol(D). When DD encodes binary points, i.e.,

l : A → {0, 1}, it is referred to as a binary decision diagram (BDD). When the encoded points are
general integer-valued, it is called a multivalued decision diagram (MDD).

Consider now a bounded integer set P ⊆ Zn. Set P can be expressed by a DD D whose collection
of all s-t paths precisely encodes the points in P, i.e., P = Sol(D). We refer to such a DD as exact.
In this context, we refer to a DD D that has P ⊂ Sol(D) as a relaxed DD. Similarly, we refer to a
DD D that has P ⊃ Sol(D) as a restricted DD.

Using the above descriptions, we can model IPs with DDs. Consider the bounded IP

z∗ = max {f(x) |x ∈ P} , (2.1)

where f : Rn → R and P ⊆ Zn. To model (2.1) with a DD, we first form a weighted DD, denoted
by [D|w(.)], where (i) D represents an exact DD encoding solutions of P, and (ii) w(.) : A → R is
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a weight function associated with arcs of D so that for each s-t path P = (a1, . . . , an), its weight
w(P) :=

∑n
i=1 w(ai) is equal to f(xP), the objective value of the integral solution corresponding to

P. Construction of the weight function is immediate when f(x) is separable, i.e., f(x) =
∑n
i=1 fi(xi),

as we can simply define w(ai) = fi(l(ai)) for a ∈ Ai and i ∈ N .

The above definition implies that z∗ is equal to the weight of the longest path from s to t in
the corresponding weighted graph. We refer to such a weighted DD as exact since it formulates
(2.1) precisely. Note that the longest path can be obtained in O(|U| + |A|), as it is solved over a
directed acyclic graph. We define a relaxed weighted DD [D|w(.)] to represent a relaxation of (2.1)
where P ⊆ Sol(D) and f(xP) ≥ w(P) for all xP ∈ P. Similarly, we define a restricted weighted DD
[D|w(.)] to represent a restriction of (2.1) where P ⊇ Sol(D) and f(xP) ≤ w(P) for all xP ∈ P. It is
clear that the weight of the longest path from s to t in the graph corresponding to a relaxed (resp.

restricted) weighted DD provides an upper bound (resp. a lower bound) for z∗.

Designing relaxed and restricted DDs is crucial for solving IPs as the size of the exact DD
can become very large and hence impractical to construct. In such situations, a width limit W is
imposed on the maximum allowable width of the DD to control its size and keep its construction
manageable. The idea is to use relaxed and restricted DDs that satisfy the width limit, and provide
upper and lower bounds for the optimal solution of the original problem. A specific branch-and-
bound strategy is then employed to successively refine the relaxed and restricted DDs to improve the
bounds and reduce the gap until proving optimality. These three elements, relaxation, restriction
and branch-and-bound, yield a stand-alone solver package for IPs that is entirely based on DDs.
We refer the reader to [9, 10] for a detailed account on constructing relaxation, restriction and
branch-and-bound techniques for various classes of IP problems.

Although designing a stand-alone package is the most common use of DDs in solving IPs, it is
mainly effective for certain problem structures that admit a natural recursive DP representation.
In this paper, we present a novel approach that uses DDs to complement existing techniques rather
than designing a stand-alone package. This allows for studying discrete problems of more general
structure. In particular, we exploit the graphical structure of DDs to derive valid inequalities that
can be used in conjunction with traditional IP techniques to enhance their performance.

3 Cut-Generating Methods

In this section, we present two methods to derive valid inequalities for the convex hull of the feasible
solutions of DDs. One is based on a cut-generating linear program (CGLP) and the other is based
on a subgradient-type method. In the remainder of the paper for the sake of notational convenience,
we use label component la and weight component wa for each arc a ∈ A as shorthands for functional
values l(a) and w(a), respectively.

3.1 A cut-generating linear program

In [34], the authors use a network representation of DDs in a higher dimension to generate the
so-called target cuts via a CGLP; see [3] for a description of CGLPs. We next reproduce these
results using a different approach from that used in [34], which has a simpler interpretation and an
advantageous practical property that we describe later. We start with the following fundamental
result which is a generalization of [4] for MDDs.
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Proposition 3.1 Consider a DD D = (U ,A, l(.)) with solution set Sol(D).

Define F(D) =
{

(x;y) ∈ Rn ×R|A|+

∣∣∣(3.1a), (3.1b)
}

where∑
a∈δ+(i)

ya −
∑

a∈δ−(i)

ya = fi, ∀i ∈ U (3.1a)

∑
a∈Ak

la ya = xk, ∀k ∈ N, (3.1b)

where fs = −ft = 1, fi = 0 for i ∈ U \ {s, t}, and δ+(i) (resp. δ−(i)) denotes the set of outgoing (resp.

incoming) arcs at node i. Then, projx F(D) = conv(Sol(D)). ut

In view of Proposition 3.1, (3.1a) represents the flow-balance constraints for the network induced
by D where y denotes the flow vector and f denotes the supply/demand vector. Constraint (3.1b)
represents the relation between variables x and y. In particular, arc a with label la in layer Ak
corresponds to value la assigned to variable xk. Under the assumption that the source has a unit
supply and the terminal has a unit demand, the integer solutions of the underlying network are
in a one-to-one correspondence with the points of P. The proposition follows from the fact that
the coefficient matrix of constraints (3.1a) is totally-unimodular, and that variables xk are free and
defined through (3.1b).

Remark 3.1 The main advantage of our presentation of conv(P) in Proposition 3.1 over the one
presented in [34] is that it eliminates the need to identify an interior point of P to translate the set
to contain the origin, a task that can be tedious in practice for particular set structures.

Since we are interested in the convex hull of P in the space of variables x, we next present the
projection results; see [2] for details of the derivation. Let θ ∈ R|U | and γ ∈ Rn represent the dual
variables corresponding to constraints (3.1a) and (3.1b), respectively.

Proposition 3.2 Consider any (θ̄; γ̄) that satisfies

θt(a) − θh(a) + laγk ≤ 0, ∀k ∈ N, a ∈ Ak (3.2a)

θs = 0, (3.2b)

where t(a) and h(a) represent the tail and the head node of arc a, respectively. Then, the inequality∑
k∈N

xkγ̄k ≤ θ̄t, (3.3)

is valid for conv(P). Further, any facet-defining inequality of conv(P) is of the form (3.3) for some

extreme ray (θ̄; γ̄) of (3.2a) and (3.2b). ut

In the above system, (3.2b) is imposed since constraint (3.1a) represents the flow-balance re-
quirement and hence its rows are linearly dependent. Therefore, we fix one of the dual variables
at zero. Note that the original form of (3.3) after performing the projection is

∑
k∈N xkγ̄k ≤

−
∑
i∈U fiθ̄i. The supply/demand vector f with values given in Proposition 3.1 together with

(3.2b) reduce the right-hand-side to θ̄t.
Proposition 3.2 yields a natural CGLP to separate a given point x̄ from conv(P). In the following

Proposition 3.3, C(θ,γ) ≤ 0 represents a normalization constraint that is added to ensure that the
optimal value of the CGLP is bounded; see Section 5 of [18] for more details on the properties of
normalization constraints. The most common normalization constraints are the norm constraints.
For instance, the standard linear normalization constraint is the norm-1 bound, while the standard
convex normalization constraint is the norm-2 bound.
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Proposition 3.3 Consider a point x̄ ∈ Rn, and define

ω∗ = max

{∑
k∈N

x̄kγk − θt

∣∣∣∣∣ (3.2a), (3.2b)
C(θ,γ) ≤ 0

}
. (3.4)

Then, x̄ ∈ conv(P) if and only if ω∗ = 0. Otherwise, x̄ can be separated from conv(P) via
∑
k∈N xkγ

∗
k ≤

θ∗t where (θ∗;γ∗) is an optimal solution of (3.4). ut

For a combinatorial problem with n integer variables and a maximum domain size L for these
variables, the CGLP has O(|D|n) variables and O(|D|nL) constraints. Although this model generates
cutting planes systematically, it can be computationally demanding to implement inside branch-
and-bound for large-size problems; see the discussion in Section 6. For this reason, it is desirable to
seek an alternative method that generates cutting planes directly in the space of original variables
more efficiently. We give such a procedure in the following section.

3.2 A subgradient cut-generating method

In this section, we present a cut-generating method based on projected subgradient algorithms for
convex programs. This algorithm has the advantage of exploiting the network structure of DDs
to generate inequalities more effectively. To this end, we reformulate the CGLP model (3.4) as a
bilevel program that contains only variables γ at the higher level. To make use of the projected
subgradient scheme, we would need to make the normalization constraint C(θ,γ) ≤ 0 in (3.4)
independent from θ. The following proposition shows that a normalization constraint that contains
only variables γ (without θ) is sufficient to make the CGLP (3.4) is bounded.

Proposition 3.4 Assume that C(γ) ≤ 0 implies that |γk| ≤ K for all k ∈ N and some K ∈ R+. Then,

the CGLP (3.4) is bounded.

Proof Assume by contradiction that (3.4) is unbounded. Therefore, there exists a recession direction
(θ̄; γ̄) of (3.4) such that

∑
k∈N x̄kγ̄k − θ̄t > 0. Since variables γk are bounded because of C(γ) ≤ 0,

their corresponding component is zero in the recession direction, implying that θ̄t < 0. To satisfy
constraint (3.2a) for each layer, we must have θ̄i < 0 for all i ∈ U as the DD corresponding to P is
connected. This is a contradiction to the fact that θ̄i = 0 due to (3.2b). ut

Using the result of Proposition 3.4, we can reformulate (3.4) as

ω∗ = max

{∑
k∈N

x̄kγk − ν∗(γ)

∣∣∣∣∣C(γ) ≤ 0

}
, (3.5)

where C(γ) ≤ 0 is a convex normalization constraint and

ν∗(γ) = min

{
θt

∣∣∣∣ θt(a) − θh(a) ≤ −laγk, ∀k ∈ N, a ∈ Ak
θs = 0

}
. (3.6)

Next, we show some properties of problem (3.5).

Proposition 3.5 Let x̄ ∈ Rn. The objective function of (3.5)

(i) is piecewise linear and concave in γ,

(ii) has subgradient x̄− xP∗(γ̄) at any point γ̄ ∈ Rn, where xP∗(γ̄) is the point encoding the longest s-t

path P∗(γ̄) of the weighted DD [D|w(.)] with arc weights wa = laγ̄k for a ∈ Ak and k ∈ N .
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Proof (i) It suffices to show that ν∗(γ) is piecewise linear and convex in γ. It is easy to verify that
the dual of (3.6) is equivalent to the following problem where variables −y represent the dual
of the first set of constraints in (3.6).

ν∗(γ) = max


∑
k∈N

γk
∑
a∈Ak

laya

∣∣∣∣∣∣∣∣
∑
a∈δ+(i) ya −

∑
a∈δ−(i) ya = 0, ∀i ∈ U \ {s, t}∑

a∈δ+(s) ya = 1∑
a∈δ−(t) ya = 1

ya ≥ 0, ∀i ∈ U

 . (3.7)

The objective of (3.7) can be expressed as the maximum of a finite number of linear functions
in γ, each corresponding to an extreme point of the polytope describing the feasible region of
(3.7). We conclude that ν∗(γ) is piecewise linear and convex in γ.

(ii) It suffices to show that xP∗(γ̄) is a subgradient of ν∗(γ) at any point γ̄ ∈ Rn. Let y∗(γ̄) be an
optimal solution of (3.7) for γ̄. We have that ν∗(γ̄) =

∑
k∈N γ̄k

∑
a∈Ak lay

∗
a(γ̄). It is clear that

y∗(γ̄) belongs to the feasible region of (3.7) for any choice of γ as this region is independent
of γ. Therefore, we obtain that ν∗(γ) ≥

∑
k∈N γk

∑
a∈Ak lay

∗
a(γ̄). Combining the above two

relations, we obtain that ν∗(γ) ≥ ν∗(γ̄) +
∑
k∈N (γk − γ̄k)

∑
a∈Ak lay

∗
a(γ̄) for any γ ∈ Rn. This

shows that the vector s(γ̄) whose component k equals to
∑
a∈Ak lay

∗
a(γ̄) is a subgradient of

ν∗(γ) at γ̄. It remains to show that s(γ̄) is equal to P∗(γ̄). It is easy to verify that (3.7) models
the problem of finding the longest s-t path in the underlying network of D with arc weights
defined as wa = laγk for arc a ∈ Ak. Let y∗(γ̄) be the optimal solution of this model. Referring
to P∗(γ̄) as the longest path associated with y∗(γ̄), it follows from definition that the kth

component of xP∗(γ̄) is equal to
∑
a∈Ak lay

∗
a(γ̄).

ut

Proposition 3.5 provides the basis for a projected subgradient algorithm presented as Algo-
rithm 1.

Algorithm 1 A cut-generating algorithm based on a projected subgradient method

Input: A DD D = (U ,A, l(.)) and a point x̄

1: Initialize τ ← 0, γ(0) ∈ Rn, τ∗ ← 0, ∆∗ ← 0
2: while The stopping criterion is NOT met do

3: Create a weighted DD [D|w(.)] with arc weights wa = laγ
(τ)
k for all k ∈ N and a ∈ Ak

4: Find a longest s-t path P(τ) in [D|w(.)] and compute its encoding point xP(τ)

5: if γ(τ)(x̄− xP(τ)
) > max{0,∆∗} then

6: Update τ∗ ← τ and ∆∗ ← γ(τ)(x̄− xP(τ)
)

7: end if
8: Update φ(τ+1) ← γ(τ) + ρτ (x̄− xP(τ)

) for step size ρτ
9: Find the projection γ(τ+1) of φ(τ+1) onto the set defined by C(γ) ≤ 0

10: τ ← τ + 1
11: end while
12: if ∆∗ > 0 then

13: Return inequality γ(τ∗)(x− xP(τ∗)
) ≤ 0

14: end if

We next give a few remarks on Algorithm 1; we refer the reader to [11] for details on properties of
subgradient algorithms. Since this method is a search algorithm, it starts with an initialization step
and iteratively updates the vectors through computing subgradient values. As presented in line 1,
the initial vector γ(0) is chosen arbitrarily. The stopping criterion in line 2 can be defined by a certain
number of iterations or an improvement rate error. The objective value, unlike gradient methods,
does not uniformly improve at each iteration. For this reason, it is imperative for convergence
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guarantee to keep track of the best improvement achieved so far. This is done in lines 5-7. The

updating strategy in line 8 follows from the results of Proposition 3.5 that (x̄−xP(τ)

) is a subgradient
of the objective of (3.5) at each point γ(τ). The convergence pattern of this algorithm depends on
the choice of step size rule ρτ . For instance, for a constant step size, the convergence is guaranteed
only to a vicinity of the optimal solution. In contrast, for a diminishing step size, the algorithm
converges to the optimal solution. Since (3.5) is a convex program with a constraint, the employed
algorithm needs to be of the projected subgradient type. In particular, an updated solution must
be projected onto the convex set defined by the constraint. This is done in line 9. In order for
this step to be efficient, we may choose the norm-2 bound as the normalization constraint, i.e.,
C(γ) = ||γ||2 − 1. Therefore, the projection of γ̄ onto this set is γ̄ if ||γ̄|| ≤ 1, and γ̄

||γ̄|| otherwise.

At each iteration τ , the obtained inequality is of the form γ(τ)(x − xP(τ)

) ≤ 0, which is valid for
conv(Sol(D)). In this algorithm, ∆∗ stores the most violated value of all such inequalities up to
the current iteration. If ∆∗ > 0, then the corresponding inequality is a cutting plane. Note for the
case ∆∗ = 0 that, depending on the number of iterations and the step size rule, it is possible that
the point can be separated but the algorithm has not yet converged to a vicinity with positive
violation. For this reason, in practice we may need to solve the CGLP (3.4) in case the algorithm
does not generate cutting planes, to verify that a point cannot be separated. It is our experience,
however, that a violated inequality is often detected by the algorithm much faster than the CGLP
unless x̄ is very close to conv(Sol(D)), in which case the impact of adding a violated inequality to
improve the objective value is trivial.

We next give a geometric intuition of Algorithm 1. The main idea is to view γ(τ) as the normal
vector of a valid inequality of the form γ(τ)x ≤ ψ whose right-hand-side ψ needs to be calculated.
This calculation is done through lines 3 and 4 of the algorithm. These lines compute the minimum

right-hand-side value for γ(τ)x ≤ ψ to be valid for conv(Sol(D)), i.e., γ(τ)x ≤ γ(τ)xP(τ)

is the
strongest valid inequality with the fixed normal vector γ(τ). We refer to this inequality as normal

inequality corresponding to γ(τ). It is easy to verify that the closure of normal inequalities for all
vectors γ(τ) describes conv(Sol(D)). With this perspective, the algorithm searches for the normal
vector of a normal inequality that separates x̄. The updating step in this search is obtained by
“tilting” the current normal vector γ(τ) toward the direction of the subgradient vector connecting

xP(τ)

(which can be interpreted as a feasible point that is tight at the current normal inequality)
to x̄ (the point desired to be separated).

4 Outer Approximation for Convex Structures

The cut-generating methods described in Section 3 can be used to derive valid inequalities from
DDs. These DD inequalities can be added as valid cuts inside branch-and-bound via existing frame-
works. In this section, we present a particular framework that naturally conforms to our proposed
DD analysis. This framework is based on the outer approximation method designed for convex
MINLPs. We show how this method can be adapted for a larger class of INLPs with the help of
DD inequalities.

Consider the MINLP

max cᵀx+ dᵀz (4.1a)

s.t. gj(x,z) ≤ 0, ∀j ∈ J (4.1b)

x ∈ [l,u] ∩ Zn,z ∈ Rm, (4.1c)

where variables x are discrete with integer lower and upper bounds denoted by [l,u], and variables
z are continuous. Assume in the above problem that functions gj(x,z) : Rn+m → R for j ∈ J

are convex and sufficiently smooth over the variables’ domain. This problem is often referred to as
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convex MINLP in the literature, since its continuous relaxation obtained by removing the integrality
restriction on variables x is a convex program.

A popular scheme to solve convex MINLPs is based on the successive generation of the so-called
linearization cuts that are added to a linear outer approximation of problem (4.1); see [13] for a
survey. Then, a mixed integer linear program (MILP) relaxation of (4.1), composed of the tightened
outer approximation and the integrality restriction on variables x, is solved. If not feasible for the
original problem, the optimal solution of this MILP relaxation is cut off via linearization cuts, and
the procedure is repeated. It can be shown that under conditions such as constraint qualification,
the outer approximation algorithms converge to the optimal solution or prove infeasibility after a
finite number of iterations.

There are several algorithms that share the core ingredients of the outer approximation tech-
nique described above. For a detailed account on such algorithms, we refer the reader to [24, 21,
31, 28]. In this paper, we use DD inequalities as a substitute for the linearization cuts in an outer
approximation method called the Extended Cutting Plane (ECP) technique [37].

4.1 ECP algorithm

Since our DD analysis applies to discrete programs, we first present the ECP algorithm under the
assumption that all variables are integer-valued, and derive key properties of the algorithm that
will be used later for our adaptation.

Assumption 1 All variables are integral.

Imposing Assumption 1 on problem (4.1), we obtain an integer nonlinear program (INLP)

max cᵀx

s.t. gj(x) ≤ 0, ∀j ∈ J (4.2)

x ∈ [l,u] ∩ Zn,

where functions gj(x) : Rn → R are convex, sufficiently smooth. We refer to this INLP as (E).
Given any finite set K ⊆ Rn, we define (EL(K)) as

max cᵀx

s.t. gj(x̄) +∇gj(x̄)(x− x̄) ≤ 0, ∀x̄ ∈ K, j ∈ J̄(x̄) (4.3)

x ∈ [l,u] ∩ Zn,

where J̄(x̄) := {j ∈ J | gj(x̄) > 0}, i.e., the index set of all constraints that are violated at point x̄.
The difference between (E) and (EL(K)) is that the nonlinear constraints (4.2) in (E) are replaced
with the linearized constraints (4.3) violated by points of K in (EL(K)). The ECP method can then
be described as Algorithm 2.

Algorithm 2 ECP algorithm for convex INLP

1: Initialize K ← ∅, i← 1
2: Solve (EL(K))
3: if (EL(K)) is infeasible then
4: Return infeasibility for (E)
5: else
6: Find an optimal solution x̄i of (EL(K))
7: end if
8: if gj(x̄i) ≤ 0 for all j ∈ J then
9: Return x̄i as the optimal solution of (E)

10: else
11: K ← K ∪ {x̄i}, i← i+ 1, go to 2
12: end if
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Algorithm 2 returns the optimal solution of (E) or proves its infeasibility after a finite number
of iterations (without the need for additional conditions such as constraint qualification) as shown
below. For any j ∈ J , define GjR := {x ∈ [l,u] | gj(x) ≤ 0} and GjZ := {x ∈ [l,u] ∩ Zn | gj(x) ≤ 0}.

Proposition 4.1 (i) Consider x̄ ∈ [l,u]∩Zn such that gj(x̄) > 0 for some j ∈ J . Then x̄ /∈ conv(GjZ).

(ii) For any j ∈ J , the linearization inequality gj(x̄) +∇gj(x̄)(x− x̄) ≤ 0 is valid for conv(GjR) for any

x̄ ∈ Rn. Further, this inequality is violated at x̄ if x̄ ∈ [l,u] ∩ Zn and x̄ /∈ conv(GjZ).

Proof (i) We write that x̄ /∈ GjR = conv(GjR) ⊇ conv(GjZ), where the exclusion follows from gj(x̄) > 0,

the equality holds because gj(x) is convex, and the inclusion follows from the fact that GjZ ⊆ G
j
R.

(ii) We write that gj(x̄) + ∇gj(x̄)(x − x̄) ≤ gj(x) ≤ 0 for any x ∈ GjR, where the first inequality

holds because gj(x) is convex, and the second inequality follows from the definition of GjR. Since

GjR = conv(GjR), we conclude that gj(x̄) +∇gj(x̄)(x− x̄) ≤ 0 is valid for conv(GjR). For the next

part, assume that x̄ ∈ [l,u] ∩ Zn and x̄ /∈ conv(GjZ). It is clear that x̄ /∈ conv(GjZ) ⊇ GjZ. Since

x̄ ∈ [l,u] ∩ Zn, it follows from the definition of GjZ that gj(x̄) > 0. Therefore, the linearization
inequality is violated at x̄.

ut

It follows from property(i) of Proposition 4.1 that, to separate an infeasible point from the feasi-
ble region of (E), it is sufficient to consider constraints individually. Property(ii) of Proposition 4.1
gives a class of valid inequalities for (E) that separate infeasible points. These two properties are
sufficient to show the finite convergence of the ECP Algorithm 2 as described next.

Proposition 4.2 Algorithm 2 converges to the optimal solution of (E) or proves that it is infeasible in

a finite number of iterations.

Proof Let FE and FEL(K) represent the feasible region of (E) and (EL(K)), respectively. The
algorithm starts with solving (EL(K)) where K = ∅. It follows from its description that (EL(∅)) is an
MILP relaxation of (E). Therefore, its optimal solution x̄1 ∈ [l,u]∩Zn is optimal for (E) if gj(x̄1) ≤ 0
for all j ∈ J . Otherwise, there exists j ∈ J such that gj(x̄1) > 0. It follows from Proposition 4.1(i)
that x̄1 /∈ conv(GjZ). Since x̄1 ∈ [l,u] ∩ Zn and x̄1 /∈ conv(GjZ), Proposition 4.1(ii) implies that the

linearization inequality gj(x̄1) + ∇gj(x̄1)(x − x̄1) ≤ 0 is valid for conv(GjZ) ⊇ conv(FE). Further,

this inequality separates x̄1 from conv(FEL(∅)). Therefore, adding x̄1 to K tightens the MILP
relaxation while cutting off the integer point x̄1. The proposition result follows from the facts that
there is a finite number of integer points in the bounded feasible region of (EL(∅)), and that at
least one integer point is cut off from this feasible region at each iteration of the algorithm. ut

4.2 DD-ECP algorithm

Our goal here is to use the idea of constructing DDs in conjunction with the ECP algorithm to
obtain an alternative solution algorithm for (E). As described in Section 4.1, a key feature of the
ECP Algorithm 2 is that it produces cutting planes with respect to individual constraints (4.2) of
(E). This is a desirable property for applying DD analysis to INLPs, since the construction of DD is
more effective when it considers one constraint at a time, rather than the entire solution space. In
particular, define the set of discrete points described by a single constraint over variable domains
as GZ := {x ∈ [l,u] ∩ Zn | g(x) ≤ 0}, where g(x) : Rn → R. Let Dj be the DD representing the

solutions of GjZ, i.e., Sol(Dj) = GjZ; see the discussion in Section 6 for the construction technique.

Next, we define (ED(K)) for any finite set K ⊆ Rn as

max cᵀx

s.t. hj(x̄,x) ≤ 0, ∀x̄ ∈ K, j ∈ J̄(x̄) (4.4)

x ∈ [l,u] ∩ Zn,
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where the inequality (4.4) is obtained via the CGLP of Proposition 3.3 to separate point x̄ ∈ K
from the convex hull of the solution set Sol(Dj). This inequality replaces the linearization cut (4.3)
in (EL(K)).

Definition 4.1 Define the DD-ECP Algorithm similarly to the ECP Algorithm 2 with the difference
that (ED(K)) replaces (EL(K)).

To prove the finite convergence results for the DD-ECP algorithm, note that the property given
in Proposition 4.1(i) holds as the constraints of (E) remain unchanged, while we replace the property
described in Proposition 4.1(ii) with the following property obtained directly from the definition
of the DD inequalities in Proposition 3.3.

Proposition 4.3 For any point x̄ ∈ [l,u] ∩ Zn such that x̄ /∈ conv(GjZ) for some j ∈ J , the DD

inequality hj(x̄,x) ≤ 0 obtained from the CGLP of Proposition 3.3 that separates x̄ from conv(Sol(Dj))
is valid for conv(GjZ) and separates x̄ from it. ut

Using Proposition 4.1(i) and Proposition 4.3, an argument similar to that of the Proposition 4.2
gives the convergence results for the DD-ECP algorithm.

Proposition 4.4 Algorithm DD-ECP of Definition 4.1 converges to the optimal solution of (E) or proves

that it is infeasible in a finite number of iterations. ut

Remark 4.1 Although the DD inequalities (4.4) in the definition of (ED(K)) are represented based
on the CGLP model of Proposition 3.3, we can replace them with the inequalities obtained from
the subgradient method of Algorithm 1. The latter approach is better suited in practice due to
its computational advantages, however additional care must be taken because of its convergence
characteristics; see the discussion following Algorithm 1.

Next, we discuss some of the advantages of using DD-ECP over the traditional ECP algorithm.
The first advantage stems from the strength of the DD cuts (4.4) of (ED(K)) compared to the
linearization cuts (4.3) of (EL(K)). In particular, the strength of the linearization cuts depends
on the distance of the point to be separated from the region defined by the constraint, whereas
the DD cuts are independent of this distance and are derived with respect to the convex hull of
the region defined by the constraint. Furthermore, the linearization cuts are always valid for the
convex hull of the continuous points satisfied by the constraint, whereas the DD cuts are valid for
the convex hull of the discrete points satisfied by the constraint. This leads to the derivation of
DD inequalities that can cut through the continuous region defined by the constraint. We illustrate
these advantages in Example 4.1.

The second advantage is the flexibility of the constraint forms that can be modeled by DD.
As a result, DDs can model convex, non-convex, non-smooth, and even functions that do not have
explicit algebraic form such as black-box constraints. We discuss examples of non-convex models
in Sections 5 and 6. As for the convex functions at the focus of this section, the linearization cuts
require smoothness whereas DD cuts do not.

The third advantage is the computational efficiency of constructing DDs for individual con-
straints. Since DDs used to generate DD cuts in (ED(K)) represent each constraint (4.2) separately,
they can be constructed in a preprocessing phase. The constructed DDs are then used during the
solution process for solving a CGLP or a sequence of longest path problems for the subgradient
methods. This will accelerate the solution process significantly as described in Section 6.

Example 4.1 Consider the constraint g(x1, x2) ≤ 0 where g(x1, x2) = x2
1 + x2

2 − 1. Define bounds
on variables x1 and x2 as [l1, u1] = [l2, u2] = [0, 2]. It follows from the definition that GZ =
{(0, 0), (0, 1), (1, 0)}. Let (x̄1, x̄2) = (2, 2) be the point that is to be separated from conv(GZ). The
linearization cut (4.3) at this point is 4x1+4x2 ≤ 9; see Figure 4.1a. Let D represent the set of points
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in GZ. The DD cut obtained from solving the CGLP gives a valid inequality of conv(Sol(D)) that
is most violated at (x̄1, x̄2). It is easy to verify that such inequality is x1 + x2 ≤ 1; see Figure 4.1b.
It is clear that (i) the DD inequality dominates the linearization inequality, (ii) the DD inequality
cuts through the continuous region described by g(x1, x2) ≤ 0 over the box domain, whereas the
linearization inequality is valid for this region.

(a) Linearization cut (b) DD cut

Fig. 4.1: DD cut vs. linearization cut for the set of Example 4.1

5 Outer Approximation for Nonconvex Structures

As described in [16], nonconvex MINLPs have a much more complicated structure than those of
the convex case. It is known that the traditional outer approximation algorithms are not viable
for nonconvex structures; see [13]. Consider problem (E) defined in the previous section with the
difference that gj(x) is a general function (not necessarily convex). It follows from the proof of
Proposition 4.2 that the main elements to guarantee the convergence of the ECP algorithm are the
properties given in Proposition 4.1. These properties, however, do not hold when constraints of (E)
are nonconvex. Property (i) does not hold as the convex hull of the feasible region described by a
nonconvex constraint can strictly subsume this feasible region. Property (ii) does not hold as the
linearization inequalities are not generally valid for nonconvex constraints.

In this section, we investigate the implementation of the DD inequalities in the ECP algorithm
for nonconvex INLPs. Consider an inequality gj(x) ≤ 0 of (E) where gj(x) is a general function. Let
GjZ represent the discrete feasible region satisfied by this inequality over the variables’ domain [l,u]

as given in Section 4. Let Dj be the DD representing GjZ. It is clear that the result of Proposition 4.3
holds for such nonconvex structure. Using this result as a substitute for the property described in
Proposition 4.1(ii), we can generate valid inequalities for the convex hull of the feasible region
of (E) through the implementation of the DD inequalities. In the next two sections, we study
generalization of the DD-ECP algorithm for different classes of nonconvex INLPs.
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5.1 Integer-quasiconvex functions

In this section, we show that the DD-ECP algorithm of Definition 4.1 can be used to solve a class
of nonconvex problems that subsumes the convex INLPs discussed in Section 4. This generalized
class contains nonconvex problems that appear in marketing applications when we model product
price versus demand; see the pricing problem in Section 6.2. To introduce this class, we first recall
the definition of quasiconvex and integer-convex functions.

Definition 5.1 A function g(x) : Rn → R is quasiconvex if its α-level set Sα(g) := {x ∈ Rn | g(x) ≤
α} is convex for any α ∈ R.

Definition 5.2 A function g(x) : Rn → R is integer-convex if g(
∑t
i=1 λ

ixi) ≤
∑t
i=1 λ

ig(xi) for all

λi ∈ R+, xi ∈ Zn such that
∑t
i=1 λ

i = 1 and
∑t
i=1 λ

ixi ∈ Zn.

We refer the reader to [22] and [26] for applications of quasiconvex and integer-convex functions
in optimization. We next define a new class of functions that contains the above two functions as
subclass.

Definition 5.3 A function g(x) : Rn → R is integer-quasiconvex if conv(SαZ (g)) ∩ Zn = SαZ (g) for
any integer-α-level set SαZ (g) := {x ∈ Zn | g(x) ≤ α}. In words, any integer point of the convex hull
of the integer-α-level set is feasible to the level set.

The following results show that an integer-quasiconvex function is a generalization of both
integer-convex and quasiconvex functions, and that such function satisfies property (i) of Proposi-
tion 4.1.

Proposition 5.1 Consider the function g(x) : Rn → R.

(i) If g(x) is quasiconvex, then it is integer-quasiconvex.

(ii) If g(x) is integer-convex, then it is integer-quasiconvex.

(iii) If g(x) is integer-quasiconvex, then for any x̄ ∈ Zn such that g(x̄) > α, we have that x̄ /∈ conv(SαZ (g)).

Proof (i) We need to show that SαZ (g) = conv(SαZ (g)) ∩ Zn. The direct inclusion follows from
the fact that SαZ (g) ⊆ conv(SαZ (g)). For the reverse inclusion, we write that conv(SαZ (g)) ∩
Zn ⊆ conv(Sα(g)) ∩ Zn = Sα(g) ∩ Zn = SαZ (g), where the inclusion follows from the fact that
SαZ (g) ⊆ Sα(g), the first equality holds because of the definition of quasiconvex functions that
conv(Sα(g)) = Sα(g), and the last equality follows from the description of integer level sets.

(ii) The direct inclusion is similar to the previous part. For the reverse inclusion, consider a point
x̄ ∈ conv(SαZ (g))∩Zn. Since x̄ ∈ conv(SαZ (g)), there are λi ∈ R+, xi ∈ SαZ (g) for i ∈ {1, . . . , t} such
that

∑t
i=1 λ

i = 1 and
∑t
i=1 λ

ixi = x̄. We write that g(x̄) = g(
∑t
i=1 λ

ixi) ≤
∑t
i=1 λ

ig(xi) ≤ α,
where the equality follows from the construction above, the first inequality follows from the
definition of the integer-convex functions as x̄ ∈ Zn, and the last inequality holds because
g(xi) ≤ α as xi ∈ SαZ (g) by construction. We conclude that x̄ ∈ SαZ (g).

(iii) Since g(x̄) > α, it follows from the definition of integer level sets and that of integer-quasiconvex
functions that x̄ /∈ SαZ (g) = conv(SαZ (g))∩Zn. Since x̄ ∈ Zn, we conclude that x̄ /∈ conv(SαZ (g)).

ut

It follows from Proposition 5.1(iii) that if constraints gj(x) of (E) are integer-quasiconvex,
then property (i) of Proposition 4.1 is satisfied. As implied by Proposition 4.3, we can replace
linearization cuts with DD cuts to satisfy property (ii) of Proposition 4.1. The combination of
these two properties gives the following result.

Proposition 5.2 Assume that all constraints gj(x) of (E) are integer-quasiconvex. Algorithm DD-ECP

of Definition 4.1 converges to the optimal solution of (E) or proves that it is infeasible in a finite number

of iterations. ut
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Proposition 5.2 shows that the outer approximation algorithms can be applied to a more general
class of INLPs with the help of DD cuts. Example 5.1 illustrates that the traditional linearization
cuts in the outer approximation methods does not provide valid inequalities for integer-convex and
quasiconvex functions. Therefore, these outer approximation algorithms cannot be applied to this
broader class of INLPs.

Example 5.1 Consider function g1(x) = (x−1)2(x−2)2, and assume bounds [l, u] = [0, 3]. It is clear
that g1(x) is not convex as the line connecting point x = 1 and x = 2 lies below the function curve.
On the other hand, it is easy to verify that g1(x) is integer-convex according to the definition. It
also follows from the definition that G1

Z = {1, 2}. Now consider point x̄ = 5
4 . The linearization cut

at this point is 23 − 16x ≤ 0, which is not valid for G1
Z as it is violated at x = 1. Consider next

the function g2(x) = ln(x), and assume bounds [l, u] = [1, 3]. It is clear that g2(x) is quasiconvex
but not convex. It also follows from the definition that G2

Z = {1}. Now consider point x̄ = 2. The
linearization cut at this point is 2(ln(2)− 1) + x ≤ 0, which is not valid for G1

Z.

5.2 General nonconvex functions

In this section, we study an adoption of the DD-ECP algorithm for a general nonconvex INLP. The
key idea is to reconsider the role of the two properties of Proposition 4.1 in the convergence of the
ECP algorithm. Property (i) ensures that if a point is infeasible, there exists a constraint whose
convex hull can separate the point from the ILP relaxation. The fact that this property does not hold
for general nonconvex INLPs suggests that cut-generation with respect to individual constraints
is not sufficient to separate an infeasible point. Property (ii) however concerns the existence of
a scheme to derive valid inequalities for individual constraints. The fact that this property holds
for the DD inequalities makes the DD-ECP algorithm a valuable tool to obtain strong relaxations
for (E). Our computational experiments in Section ?? suggest that these relaxations can be much
stronger than those obtained by the existing methods employed in the state-of-the-art solvers for
nonconvex structures. In the remainder of this section, we will pursue the theoretical aspects of
this algorithm. First, we adopt the DD-ECP algorithm for nonconvex INLPs in Algorithm 3.

Algorithm 3 DD-ECP algorithm for nonconvex INLP

1: Initialize K ← ∅, i← 1, Flag ← False
2: Solve (ED(K))
3: if (ED(K)) is infeasible then
4: Return infeasibility for (E)
5: else
6: Find an optimal solution x̄i of (ED(K))
7: end if
8: if Flag = True then
9: Return cᵀx̄i as a dual bound for (E)

10: else
11: K ← K ∪ {x̄i}, i← i+ 1, update Flag, go to 2
12: end if

After the addition of x̄i to K, Flag is updated as follows. If a new DD inequality hj(x̄
i,x) ≤ 0

that is violated at x̄i is added to (ED(K)) for some j ∈ J̄(x̄i), we assign Flag ← False, otherwise
we assign Flag ← True. In words, if the optimal solution of the current ILP relaxation (ED(K))
cannot be cut off with respect to any individual constraints of (E), the algorithm stops and returns
the current objective value as the best possible bound that can obtained via individual constraint
considerations. Otherwise, the optimal solution is cut off from the feasible region of (ED(K)) through
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DD inequalities and the steps are repeated. These arguments imply the following convergence results
for the DD-ECP algorithm.

Proposition 5.3 Algorithm 3 converges to p∗ = {cᵀx |x ∈ ∩j∈J conv(GjZ),x ∈ [l,u] ∩ Zn} or proves

that it is infeasible in a finite number of iterations. ut

It is clear that the optimal value p∗ provides an upper (dual) bound for the optimal value of
(E) as conv(∩j∈JGjZ) ⊆ ∩j∈J conv(GjZ). For this reason, unlike the convex case of Section 4 and
the integer-quasiconvex case of Section 5.1, the nonconvex DD-ECP does not necessarily return an
optimal solution at termination. To achieve optimality, we may use this algorithm in conjunction
with a branch-and-bound scheme that partitions the feasible region through bound reduction for
variables. For each resulting partition, the DD formulation of the constraints are modified according
to the bound reduction, and then the DD-ECP algorithm is invoked. Such bound reduction can be
efficiently applied to the existing DD structures by removing (or alternatively setting weights equal
to −∞ for) arcs whose labels do not belong to the updated range. As common in convexification
techniques, these bound reductions lead to the generation of stronger DD cuts which in turn produce
tighter relaxations at the partitions of the problem through branch-and-bound. We refer the reader
to [33] and [5] for a detailed account on the convergence of the branch-and-bound schemes through
bound reduction and convexification.

When used inside branch-and-bound, the DD-ECP algorithm plays the role of constructing a
convex relaxation and then solving it to obtain a bound. Therefore, it is only natural to compare
the quality of the bounds obtained from the DD-ECP Algorithm 3 and those obtained from the
conventional methods that construct convex relaxations of (E). We address this by considering
the most common convexification technique used for the class of factorable problems. A factorable
problem consists of factorable functions, which can be expressed as a finite recursion of a finite sums
and products of univariate functions. Global solvers exploit this property to decompose complicated
terms in the problem description into simpler predefined univariate functions through introduction
of new variables. Convex relaxations for these predefined functions are readily available and are
used by the solvers to automatically construct convex relaxations for the entire problem in a higher
dimension.

A weakness of the factorable decomposition technique is that it constructs convex relaxations for
each newly formed constraint separately. Since each of these constraints contain a single univariate
function, the resulting relaxations involve a small number of the original variables. This leads
to the lack of capturing deep interactions between original variables that appear in the initial
nonlinear constraints. As a remedy, disjunctive cuts for nonlinear MINLP have been proposed to
cut off unwanted points while incorporating deeper interactions between variables; see [14] for a
discussion. We refer the interested reader to [5] for a detailed account of using disjunctive cuts for
factorable MINLPs.

In addition to the theoretical and computational advantages described in Section 4, the DD-
ECP Algorithm 3 mitigates the above weakness of the factorable decomposition techniques. In
particular, it derives valid inequalities with respect to each constraint in the space of original
variables without decomposing its terms into several constraints with small number of variables.
This results in capturing deeper interactions between original variables and thereby producing
stronger relaxations. Our computational experiments in Section 6 assert this statement by showing
a significant gap improvement achieved by the DD cuts upon the default convex relaxations of the
state-of-the-art global solvers.

6 Computational Results

In this section, we conduct a computational study to show the potential of the DD-ECP algorithm
for both convex and nonconvex INLPs. These results are obtained on a Windows 10.1 (64-bit)
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operating system, 8 GB RAM, 2.20 GHz Core i7 CPU. The DD-ECP Algorithm is written in Julia
v1.1 via JuMP v0.19 [20] and the ILP optimization models are solved with CPLEX v12.7.1. The
results are compared with those obtained from a collection of the state-of-the-art solvers via GAMS
v24.8.5 modeling language.

6.1 Implementation Settings

We first present the basic settings of the DD-ECP algorithm in our experiments.

6.1.1 DD construction

As a key step in applying DD-ECP, we introduce a systematic approach to construct DDs for
a given INLP. As discussed in Section 4.2, DDs are constructed based on each constraint of the
model individually. When function g(x) describing constraint GZ := {x ∈ [l,u] ∩ Zn | g(x) ≤ 0} is
separable, the construction of the corresponding DD is based directly on its dynamic programming
(DP) formulation, as follows.

Let g(x) =
∑n
i=1 gi(xi) − c, and let D = (U ,A, l(.)) be its corresponding DD. Variable xi

represents arc layer Ai, and its values over the domain represent arc labels l(a) for a ∈ Ai. The i-th
stage of the DP model is represented by node layer Ui. The DP states at layer i are associated with
the nodes in Ui. The state value Si(u) of a node u ∈ Ui denotes the cumulative resource consumption

level obtained by the variable assignments along the paths from the source node to u. The initial
state at the source node is zero. The DP state transition function at layer i ∈ N , denoted by Ti(u, a)
for u ∈ Ui and a ∈ Ai where a is an outgoing arc of u, defines the state value of a child node in layer
i + 1 that is reached from node u through arc a. Since g(x) is separable, this transition function
is simply computed as Ti(u, a) = Si(u) + gi(l(a)). For the last layer, the outgoing arc a of node
u ∈ Un is included in An only if Ti(u, a) ≤ c, i.e, the consumption level is no more than the available
resource. We refer the reader to Chapter 3 of [9] for a detailed account on constructing DDs based
on DP formulation.

When function g(x) describing constraint GZ is not separable, the construction follows a similar
method but can become more tedious. Namely, in this case the computation of the state value of each
node is not solely dependent on the variable value on that layer, which necessitates backtracking to
multiple previous layers. This backtracking can result in a slow construction procedure depending
on the density of non-separable terms in the constraints.

The major challenge in constructing exact DDs is the exponential size growth with the number
of variables in GZ. In practice, whenever the size of an exact DD becomes too large (as indicated
by width limit), we may use the idea of relaxed DDs to control its size while obtaining a discrete
relaxation of GZ; see Section 2 for the definition of relaxed DDs. Since DD inequalities remain valid
for the original set when derived with respect to relaxed DDs, they can be used in the DD-ECP
framework to obtain an outer approximation. To construct a relaxed DD for GZ, we apply the
following immediate procedure: during the construction procedure at a node layer, we may simply
round the state value of the nodes down within a predefined decimal precision. For example, if we
have three nodes with state values 1.46, 1.233 and 1.9, rounding them down to the closest integer
will merge them into a single node with state value 1. This reduces the node number in a layer,
while providing a relaxation for the feasible region defined by GZ since the modified state values
under-represent the true value of terms on the left-hand-side of g(x) ≤ 0. We refer the reader to
Chapter 4 of [9] for an in-depth discussion on relaxed DDs.

6.1.2 DD-ECP algorithm

After constructing DDs for each nonlinear constraint in a preprocessing phase, we apply the DD-
ECP algorithm. We next give implementation details for this algorithm. In all of our experiments,
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we apply DD-ECP at the root node and report the best dual bound at termination. On the contrary,
the solvers we employ in this section use their default arsenal of branch-and-cut tools including
preprocessing, cutting planes, branching, etc. The initial relaxation used in the DD-ECP algorithm
is the box relaxation obtained by removing all nonlinear constraints and keeping variable bounds
only. Then the optimal solution of the box relaxation is found and a call to Algorithm 2 for convex
INLPs or Algorithm 3 for nonconvex INLPs is invoked. We solve each iteration of the DD-ECP
algorithm as LP and continue the procedure until the improvement rate of the objective value
becomes trivial (fixed at 10−3), after which we switch to solve ILP to improve the dual bound.

At each iteration of the DD-ECP algorithm, we check whether the current optimal solution can
be separated from the DDs representing constraints of the model. As discussed in Section 3, we
have two options to perform separation. As for the CGLP, in all test instances and for all specified
time limits, the algorithm was not able to solve a CGLP to optimality. This is due to the large size
of the CGLP corresponding to the constructed DDs. On the other hand, the subgradient method
manages to solve hundreds of separation problems and close gaps in a fast and consistent rate
as reported. This shows a clear computational advantage of the subgradient method over CGLP.
We set a constant step size rule ρ = 1, and use origin as the starting point for the subgradient
algorithm. We define the termination criterion to be a certain number of iterations as reported in
the ensuing experiments.

We set the termination criteria for the DD-ECP algorithm to be the time limit (values are
reported for each test instance) and the improvement rate of the objective value (fixed at 10−3).
At each iteration of the DD-ECP algorithm, the cuts corresponding to c most violated inequalities
are added, where c represents the maximum number of cutting planes per iteration (values are
reported for each test instance).

6.2 Pricing problem

The first problem class we study is motivated by a pricing problem in marketing applications.
In particular, we consider the problem where a firm seeks to determine the price of several new
products to enter a competitive market. To form a basic model, we use the following strategies.

The first strategy is the psychological pricing, which implies that certain prices have more sig-
nificant psychological impacts on customers’ behavior. According to a study [27], approximately
97% of product prices in advertisements end in digits 0, 5, or 9. Using this observation, we may
discretize the price space so that price variables are integers within a range, and then rescale them
to achieve the desired numeral precision. We define xi ∈ [li, ui] ∩ Z to be the price of product i.
The next important factor in marketing models is the demand function in terms of price. To de-
fine an appropriate demand function, we consider the fairness effect, which implies that customers
are more sensitive to higher prices in a competitive market due to their perception of fairness in
their purchase context; see [30]. This definition induces the popular exponential decay function of

the form e−x
ki
i as the demand function, where ki captures the price sensitivity of product i. The

third strategy is the penetration pricing, which is popular for startup companies that enter a highly
competitive market; see [19]. The goal is to set the price low initially to gain customer attention
and market share. Once the desired share is secured, the price gradually increases to make profit.
To model this strategy, we define the objective function to be minimizing a nonnegative weighted
combination of product prices, i.e., min

∑n
i=1 cixi. Coupled with the penetration pricing strategy

is a profit satisfaction strategy. While the objective is to set the price of products low, there must
be a limit for these low prices to prevent an excessive loss. To model this restriction, we compute

the profit function as the product of price and demand, i.e., gi(xi) = xie
−xkii for each i. The profit

satisfaction constraint is then modeled by
∑n
i=1 aixie

−xkii ≥ b, where ai represents a nonnegative
weight and b denotes the profit margin. We consider multiple constraints of this form to capture



18 Danial Davarnia, Willem-Jan van Hoeve

the fact that each major geographical district of the firm can have different demand trends to be
taken into account. The collection of the above strategies give the following pricing model.

min
n∑
i=1

cixi (6.1a)

s.t.
n∑
i=1

ajixie
−x

k
j
i
i ≥ bj , ∀j ∈ J (6.1b)

x ∈ [l,u] ∩ Zn. (6.1c)

It is easy to verify that the above pricing model is of the form (E), studied in Section 5,
with a suitable change of sign in the objective and constraints. Notice that the profit function

gi(xi) = xie
−xkii over the discrete space of variables’ domain is integer-quasiconvex; see Section 5.1.

Since constraints (6.1b) are nonconvex, we use Algorithm 3. We evaluate the performance of our
method by comparing the bounds obtained from the DD-ECP algorithm with those obtained from
the state-of-the-art global solvers ANTIGONE, BARON, COUENNE and SCIP. Implementation
details are set as outlined in Section 6.1. We set the default problem size n = 200, time limit t = 300
seconds, maximum number of cuts per iteration c = 3, maximum iteration number for subgradient
algorithm s = 20, and width limit for DD w = 5000. To investigate the marginal impact of these
factors on the solution performance, we consider three categories of different values for each factor
as reported in Tables 6.1 –6.5.

For each category, we consider 5 randomly generated instances with the following character-
istics. We set the number of the profit satisfaction constraints |J | = 5. We set the bounds on
integer variables [li, ui] = [0, 10], and fix the scaling factor 10, i.e., the prices are chosen among
{0, 0.1, 0.2, . . . , 1.0}. The objective coefficients ci are generated randomly from a uniform discrete
distribution (u.d.d.) between [0, 20], and constraint coefficients aji are generated randomly from
a u.d.d. between [0, 100]. The right-hand-side values bj are randomly generated from a u.d.d. be-
tween [10n, 20n] where n is the number of variables. The monomial degree of the exponent of the
exponential demand kji is randomly selected from {1, 2, 3}.

In Table 6.1, we evaluate the performance of DD-ECP as compared to global solvers for three
categories of problem sizes, n = 50, n = 200, and n = 500. For these problem sizes, we construct
relaxed DDs to satisfy the default width limit; see Section 6.1.1 for relaxation technique. In all
instances, the invoked termination criterion has been the time limit. Column “#” represents in-
stance number in a category. Column “UB” contains the best primal bound obtained across all
solvers within the default time limit. The dual bound obtained from the DD-ECP algorithm at
termination is reported in column “DD LB”. Columns “ECP #” and “cut #” show the number
of DD-ECP iterations and the number of DD cuts added to the model at termination, respec-
tively. The time it takes to construct DDs for the constraints of the model is reported in column
“Time”. Columns “ATGN”, “BARN”, “COUN” and “SCIP” contain the dual bound obtained at
termination by solvers ANTIGONE, BARON, COUENNE and SCIP, respectively. Columns “∆1”,
“∆2”, “∆3” and “∆4” report the relative gap improvement achieved by DD-ECP algorithm with
respect to each solver in the order above. For instance, this value is computed as DD LB - ATGN

UB - ATGN for
ANTIGONE. As observed in Table 6.1, the bound obtained by the DD-ECP algorithm achieves a
significant gap improvement upon those obtained by the solvers for all problem sizes. These results
assert the conclusion in Section 5.2 that the DD-ECP algorithm can provide a tighter relaxation
than those obtained from the default convexification of factorable functions used by global solvers.

Figure 6.1a illustrates the absolute gap improvement rate for different problem sizes. To this
end, the average of absolute gap closure for each algorithm is computed along all instances of each
size category. For instance, the absolute gap closure is computed as UB - ATGN

UB for ANTIGONE.
While the DD-ECP outperforms all solvers, the improvement rate decreases as the problem size
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increases. This is due to the fact that for a fixed width limit, larger DD sizes result in weaker
relaxations as common in standard convexification techniques.

In Table 6.2, we investigate the marginal impact of varying time limit on solution performance.
We solve each instance of size n = 200 described in Table 6.1 with time limits 100, 300 and 500
seconds. Column values are defined similarly to those of Table 6.1. Figure 6.1b shows the absolute
gap closure at various time limits. Even though increasing time limit does not have a positive
impact on improving solvers’ results, it improves the gap percentage for the DD-ECP algorithm
thanks to the consistent effectiveness of the DD cuts.

Next, we perform a sensitivity analysis on important algorithmic parameters of DD-ECP. We
solve instances of size n = 200 with time limit t = 300 for each parameter choice as presented in
Tables 6.3–6.5. In these tables, column “∆” represents the absolute gap closure achieved by the DD-
ECP algorithm. Other columns are defined similarly to those of the previous tables. Table 6.3 shows
the marginal impact of width limit on solution performance by considering three width limit choices
2000, 3000 and 5000. Increasing width limit increases the size of the graph representing DD, which
leads to a stronger relaxation at the price of increasing the construction and cut generation time.
The values reported in Table 6.3 show this trade-off. Despite this trade-off, the results of Table 6.3
and Figure 6.2a imply that the gap percentage improves with the width limit, outweighing the
computational burden.

Table 6.4 and Figure 6.2b present the sensitivity analysis on the maximum number of iterations
in the subgradient method by considering three values 5, 20 and 40. Increasing the number of
iterations in the subgradient method leads to detecting stronger cuts at the price of increasing the
cut generation time. Similarly, Table 6.5 and Figure 6.2c illustrate the sensitivity analysis on the
maximum number of DD cuts that can be added at each iteration of the DD-ECP by considering
three values 1, 3 and 5. Increasing the number of DD cuts results in a tighter relaxation at each
iteration at the price of slowing down the resolve process. As observed in Figures 6.2b and 6.2c,
none of the above choices fully dominate others due to the aforementioned trade-offs.

(a) Gap closure vs problem size (b) Gap closure vs time limit

Fig. 6.1: DD-ECP performance for the pricing problem

6.3 Polynomial knapsack problem

In this section, we study a general polynomial convex INLP, where the nonlinear functions are of
the knapsack form. Consider (E) described in Section 4 with separable functions gj(x) that are

defined as gj(x) :=
∑n
i=1 g

j
i (xi) − bj , where gji (xi) = ajix

kji
i . We evaluate the performance of the

DD-ECP algorithm by comparing it with the state-of-the-art solvers that use outer approximation
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(a) Width limit (b) Subgradient iterations

(c) DD cut number

Fig. 6.2: Sensitivity analysis for the pricing problem

Table 6.1: Size comparison for the pricing problem

Size # UB DD LB ECP # cut # Time ATGN ∆1 BARN ∆2 COUN ∆3 SCIP ∆4

50 1 1592 1548.4 286 754 22.4 986.0 93% 1270.0 86% 1289.7 86% 1260.3 87%
2 1825 1786.3 313 643 40.0 1063.3 95% 1299.0 93% 1452.5 90% 1367.2 92%
3 1891 1846.8 287 713 16.9 1076.9 95% 1408.0 91% 1512.7 88% 1391.8 91%
4 2403 2343.9 308 667 24.0 1178.8 95% 1484.0 94% 1766.2 91% 1576.6 93%
5 1800 1753.1 279 678 27.6 824.4 95% 1100.0 93% 1295.4 91% 1218.7 92%

200 1 5893 4883.4 323 966 58.8 3237.7 62% 3903.0 49% 3224.3 62% 4360.3 34%
2 6264 5262.8 349 1044 48.6 3389.9 65% 4327.0 48% 3374.5 65% 4678.2 37%
3 8055 6610.5 350 1047 49.7 3559.6 68% 4364.0 61% 3525.3 68% 5075.7 52%
4 6997 5704.0 383 1144 50.9 3399.4 64% 4170.0 54% 3353.3 65% 4920.7 38%
5 8299 7084.6 455 1362 44.1 4004.2 72% 4951.0 64% 3959.3 72% 5700.4 53%

500 1 24539 16108.1 186 555 60.6 12631.9 29% 15384.0 8% 12489.6 30% 12203.6 32%
2 19898 12988.7 185 551 87.9 9427.5 34% 11721.0 16% 9237.5 35% 11716.1 16%
3 16106 10856.9 163 486 90.5 8678.3 29% 10429.0 8% 8556.2 30% 8399.3 32%
4 21398 13808.9 189 564 79.4 11205.1 26% 13457.0 4% 11049.1 27% 10777.2 29%
5 21524 14197.4 175 520 92.7 9583.7 39% 11704.0 25% 9366.0 40% 12318.6 20%

schemes as reported in [13]. Since the marginal impact of varying parameters such as time limit,
width limit, subgradient iterations and DD cut number follow a similar pattern as those established
in Section 6.2, we present the computational results for different problem sizes only as they can
lead to drastic differences depending on the problem structure. In particular, we fix the default
time limit t = 300, width limit w = 3000, subgradient iteration s = 20, and DD cut number c = 3.
We consider two problem sizes with n = 100 and n = 500. We generate 5 random instances for
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Table 6.2: Time comparison for the pricing problem

Time # UB DD LB ECP # cut # ATGN ∆1 BARN ∆2 COUN ∆3 SCIP ∆4

100 1 5893 4292.7 44 128 3237.7 40% 3822.0 23% 3208.6 40% 3157.3 42%
2 6264 4426.0 55 160 3389.9 36% 4267.0 8% 3372.6 36% 3303.2 38%
3 8055 6264.2 50 145 3559.6 60% 4321.0 52% 3516.9 61% 3464.2 61%
4 6997 5382.7 59 173 3399.4 55% 4134.0 44% 3346.9 56% 3305.5 56%
5 8299 6278.7 89 263 4004.2 53% 4903.0 41% 3949.2 54% 3899.8 54%

300 1 5893 4883.4 323 966 3237.7 62% 3903.0 49% 3224.3 62% 4360.3 34%
2 6264 5262.8 349 1044 3389.9 65% 4327.0 48% 3374.5 65% 4678.2 37%
3 8055 6610.5 350 1047 3559.6 68% 4364.0 61% 3525.3 68% 5075.7 52%
4 6997 5704.0 383 1144 3399.4 64% 4170.0 54% 3353.3 65% 4920.7 38%
5 8299 7084.6 455 1362 4004.2 72% 4951.0 64% 3959.3 72% 5700.4 53%

500 1 5893 5070.2 471 1405 3238.0 69% 3933.0 58% 3232.3 69% 4407.0 45%
2 6264 5440.4 524 1567 3398.5 71% 4354.0 57% 3381.3 71% 4743.5 46%
3 8055 6794.3 531 1583 3614.6 72% 4397.0 66% 3541.3 72% 5142.5 57%
4 6997 5865.9 567 1698 3418.2 68% 4200.0 60% 3361.4 69% 4972.6 44%
5 8299 7315.4 700 2097 4015.9 77% 4997.0 70% 3967.1 77% 5803.4 61%

Table 6.3: Sensitivity analysis of width limit for the pricing problem

Width # UB DD LB ∆ ECP # cut # Time

2000 1 5893 4632.5 79% 733 2110 27.0
2 6264 4848.2 77% 649 1944 27.1
3 8055 5862.4 73% 670 2003 28.6
4 6997 5173.6 74% 657 1968 29.4
5 8299 6252.4 75% 675 2022 26.4

3000 1 5893 4919.4 83% 527 1566 35.0
2 6264 5189.6 83% 501 1500 34.2
3 8055 6464.4 80% 528 1579 35.5
4 6997 5583.3 80% 542 1623 34.2
5 8299 6842.0 82% 584 1747 33.4

5000 1 5893 4883.4 83% 323 966 58.8
2 6264 5262.8 84% 349 1044 48.6
3 8055 6610.5 82% 350 1047 49.7
4 6997 5704.0 82% 383 1144 50.9
5 8299 7084.6 85% 455 1362 44.1

each problem size as follows. The number of the polynomial knapsack constraints is set as |J | = 5.
We set the bounds on integer variables [li, ui] = [0, 5]. The objective coefficients ci and constraint
coefficients aji are generated randomly from a u.d.d. between [0, 50]. The right-hand-side values bj
are randomly generated from a u.d.d. between [1000, 5000]. The degree kji of each monomial gji (xi)
is randomly generated from a u.d.d. between [1, 10].

To evaluate the strength of the DD cuts, we use the DD-ECP algorithm of Definition 4.1 to
solve (E). Table 6.6 compares the bounds obtained from the DD-ECP algorithm with those obtained
from solvers at their default settings. These bounds are reported in columns “AECP” for α-ECP
solver, “BMNM” for BONMIN, “DCPT” for DICOPT and “SBB” for SBB. Other columns share
similar definition as those of Table 6.1. Symbol “–” indicates that the solver was not able to return
a dual bound during the solution time. Figure 6.3 shows the absolute gap closure obtained for all
instances of the two problem sizes.
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Table 6.4: Sensitivity analysis of subgradient iterations for the pricing problem

subgrad # UB DD LB ∆ ECP # cut #

5 1 5893 4800.6 81% 462 1269
2 6264 4951.6 79% 462 1382
3 8055 6610.4 82% 487 1312
4 6997 5626.6 80% 489 1462
5 8299 6779.3 82% 498 1491

20 1 5893 4919.4 83% 527 1566
2 6264 5189.6 83% 501 1500
3 8055 6464.4 80% 528 1579
4 6997 5583.3 80% 542 1623
5 8299 6842.0 82% 584 1747

40 1 5893 4513.4 77% 109 324
2 6264 4769.6 76% 116 345
3 8055 6330.7 79% 122 361
4 6997 5473.5 78% 125 371
5 8299 6558.5 79% 168 501

Table 6.5: Sensitivity analysis of DD cut numbers for the pricing problem

Cut # # UB DD LB ∆ ECP # cut #

1 1 5893 4805.3 82% 662 662
2 6264 5095.2 81% 651 651
3 8055 6779.3 84% 782 782
4 6997 5558.7 79% 682 682
5 8299 6633.2 80% 746 746

3 1 5893 4919.4 83% 527 1566
2 6264 5189.6 83% 501 1500
3 8055 6464.4 80% 528 1579
4 6997 5583.3 80% 542 1623
5 8299 6842.0 82% 584 1747

5 1 5893 4518.2 77% 124 613
2 6264 4956.0 79% 148 651
3 8055 6368.2 79% 148 657
4 6997 5444.3 78% 132 632
5 8299 6764.2 82% 288 897

As observed in Table 6.6 and Figure 6.3, the DD-ECP algorithm outperforms other solvers in
both problem size categories. Note that solvers like BONMIN, DICOPT and SBB start from the
continuous convex relaxation of the problem which provides an initial relaxation much stronger
than the box relaxation used in the DD-ECP method. Despite this disadvantage for the DD-ECP
algorithm compared to these solvers, it still manages to consistently improve the bounds obtained
by these solvers.
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Table 6.6: Gap improvement achieved by the DD-ECP algorithm for the polynomial knapsack

Size # LB DD UB ECP # cut # Time AECP ∆1 BNMN ∆2 DCPT SBB ∆3

100 1 1905 2054.8 440 1131 16.7 11746.1 98% 2284.0 60% 2402.9 2363.4 67%
2 2082 2249.7 382 1118 14.7 12075.6 98% 2369.2 42% – 2411.9 49%
3 2202 2398.5 402 1184 20.5 12038.5 98% 2462.7 25% – 2541.5 42%
4 1835 2056.5 215 600 32.4 10701.3 98% 2113.3 20% – 2254.8 47%
5 1897 2064.5 410 1134 21.2 10832.2 98% 2159.6 36% – 2217.5 48%

500 1 5839 8615.0 145 430 88.9 59966.0 95% 9261.6 19% – 9289.5 20%
2 7192 10359.0 114 339 106.4 64459.0 94% 10739.1 11% – 10742.0 11%
3 6191 8390.5 107 317 107.4 58065.0 96% 9325.0 30% – 9171.3 26%
4 5981 8945.7 132 392 92.1 63711.4 95% 10030.3 27% – 10033.4 27%
5 5629 8366.4 121 358 94.2 61103.5 95% 9417.9 28% – 9433.3 28%

(a) Gap closure for n = 100 (b) Gap closure for n = 500

Fig. 6.3: DD-ECP performance for the polynomial knapsack

6.4 Ellipsoid problem

In this section, we study a test problem adapted from the benchmark instance ball mk3 30 avail-
able in the Library of Mixed Integer Nonlinear Programming Instances (MINLPLib) [35]. This
convex INLP maximizes a linear function over a vertical ellipse in a discrete space. The ellipsoid

constraint is of the form (E) described in Section 4 where g(x) :=
∑n
i=1

(xi−0.5)2

r2i
− 1. Similarly

to the analysis in Section 6.3, we compare the performance of the DD-ECP algorithm with outer
approximation-based solvers. We consider two problem sizes with n = 500 and n = 1000. We fix
the default time limit t = 300, width limit w = 4000 for n = 500, and w = 2000 for n = 1000,
subgradient iteration s = 20, and DD cut number c = 1. We generate 5 random instances for each
problem size as follows. The bounds on integer variables are set as [li, ui] = [−1, 1]. The objective
coefficients ci are generated randomly from a u.d.d. between [−50, 50]. The directional radius values
ri are randomly generated from a u.d.d. between [10, 20].

Table 6.7 shows the performance of the DD-ECP algorithm in comparison with the solvers. The
absolute gap closure achieved by each algorithm is outlined in Figure 6.4 for both problem sizes.
Similarly to the previous instances, we observe a consistent dominance of the DD-ECP algorithm
among all solvers. In contrast to the polynomial knapsack problem studied in Section 6.3, the
computational results suggest that the gap improvement rate of the DD-ECP algorithm remains
consistent across different problem sizes. This can attribute to the presence of a single nonlinear
constraint in the model.
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Table 6.7: Gap improvement achieved by the DD-ECP algorithm for the ellipsoid problem

Size # LB DD UB ECP # cut # Time AECP ∆1 BNMN ∆2 DCPT SBB ∆3

500 1 8293 8643.2 428 428 22.6 10988.7 87% 8869.3 39% – 8900.3 42%
2 8489 8746.0 422 422 25.7 10895.5 89% 8978.7 48% – 9012.2 51%
3 8773 9042.6 421 421 25.8 11192.2 89% 9269.8 46% – 9300.2 49%
4 8764 9057.7 417 417 26.2 11184.5 88% 9329.3 48% – 9361.3 51%
5 9056 9355.8 410 410 24.2 11388.6 87% 9580.2 43% – 9614.2 46%

1000 1 14585 15202.1 240 240 29.6 21773.8 91% 16120.6 60% – 16148.0 61%
2 15424 16222.8 78 78 30.3 22258.6 88% 16886.3 45% – 16914.3 46%
3 13608 14386.6 84 84 31.4 21341.5 90% 15232.7 52% – 15260.2 53%
4 13101 13844.7 90 90 29.0 20753.0 90% 14594.8 50% – 14621.7 51%
5 13568 14251.6 86 86 29.0 21171.9 91% 15055.1 54% – 15083.0 55%

(a) Gap closure for n = 500 (b) Gap closure for n = 1000

Fig. 6.4: DD-ECP performance for the ellipsoid problem

6.5 Empty ball problem

As our last experiment, we study another benchmark problem structure adapted from ball mk4 15

in the MINLPLib. This problem models a rotated ellipse that does not contain an integer point.

The ellipsoid constraint is of the form
∑

(i,j)∈K(xi + xj + 0.5)2 ≤ |K|
4 − 1 where K is a set of

pair of variable indices. Even though this ellipsoid function is not separable, we can still apply the
DD construction technique as discussed in Section 6.1.1. The goal is to test the ability of solvers
to detect the infeasibility of this model. We fix the default time limit t = 300. We consider two
problem sizes with n = 500 and n = 1000, and generate 5 random instances for each problem size
as follows. The bounds on integer variables are set as [li, ui] = [−10, 10]. The objective coefficients
ci are generated randomly from a u.d.d. between [−10, 10]. The set K of pair of variable indices is
generated randomly with size |K| = n.

Table 6.8 shows the computational results. Symbol “INF” in column “LB” indicates that the
problem is infeasible. This symbol in column “DD UB” indicates that the DD-ECP algorithm has
concluded that the problem is infeasible. Column “Time” contains the time it takes for the DD-ECP
algorithm to detect infeasiblity. This occurs at the construction stage during preprocessing. Next
four columns include the dual bounds obtained by the solvers at termination. In words, none of the
solvers were able to detect infeasibility in 300 seconds. This experiment shows another advantageous
feature of the DD-ECP algorithm which is conducting an initial analysis on constraints’ structure
during the construction stage in preprocessing. This can tighten variables’ domain by eliminating
values that lead to infeasible solutions.
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Table 6.8: Gap improvement achieved by the DD-ECP algorithm for the empty ball problem

Size # LB DD UB Time AECP BNMN DCPT SBB

500 1 INF INF 9.0 22474.1 6184.5 6196.0 6196.7
2 INF INF 17.0 21098.9 6511.7 – 6527.8
3 INF INF 12.0 22245.8 6289.6 6302.0 6302.3
4 INF INF 12.2 20337.9 6341.0 – 6355.9
5 INF INF 13.0 22147.2 6959.0 6971.0 6971.6

1000 1 INF INF 22.4 44940.8 13184.2 13193.0 13193.6
2 INF INF 20.0 45446.5 13353.5 13358.0 13358.4
3 INF INF 18.5 43033.7 12197.9 12209.0 12209.7
4 INF INF 19.8 43424.6 12977.2 – 12988.0
5 INF INF 19.4 45130.8 12302.1 – 12313.0

7 Conclusion

We use the DD representation of discrete optimization problems to derive valid inequalities for the
convex hull of the feasible region described by nonlinear constraints. We introduce two methods
to generate valid inequalities, one based on a linear program, and the other based on a subgra-
dient algorithm. The subgradient algorithm has the practical advantage of generating inequalities
fast through solving a sequence of longest path problems over the directed acyclic graph induced
by the DD. We then design an outer approximation method that uses these DD inequalities to
solve INLPs. Traditional outer approximation methods have been structurally designed for convex
MINLPs, and fail to solve nonconvex models as the linearization cuts are not valid for noncon-
vex constraints. Substituting linearization cuts with DD cuts, we adopt the outer approximation
methods for nonconvex INLPs. Thanks to several advantages of the DD inequalities, our proposed
method gives stronger relaxations for both convex and nonconvex INLPs. Our computational ex-
periments support this statement by showing a consistent gap improvement achieved by the DD
cuts when compared to current solvers.
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