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Abstract

In this paper, we consider perturbation properties of a linear second-order conic optimiza-
tion problem and its Lagrange dual in which all parameters in the problem are perturbed.
We prove the upper semi-continuity of solution mappings for the primal problem and the
Lagrange dual problem. We demonstrate that the optimal value function can be expressed
as a min-max optimization problem over two compact convex sets, and it is a Lipschitz

continuous function and Hadamard directionally differentiable.

Key words: second order conic optimization, optimal value function, solution mapping, Hadamard

directional differentiability.

1 Introduction

It is well known that stability theory plays an important role in studying the following linear

two-stage stochastic optimization problem

min  d’x + E(f(z,§))

zeR"

st. Ax=0b, x>0,

(1.1)

O(x,&) = min cly
yeRM

s.t. Wy+Tx=h,y >0,
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where z € R™ is the first stage decision variable and d € R", y € R™ is the second stage
decision variable, ¢ € R™, W € R>*™ T € R>*" h € R and € is a random variable which is
composed of some elements in {¢, W, T, h}. The continuity and differential properties of §(z, &)
are particularly important in the stability analysis for the linear two-stage problem when the
probability distribution is perturbed. There are many publications about the stability of two-
stage optimization but among them only a few papers consider the case £ = (¢, W, T, h), namely
all parameters in second stage linear program are random. For examples, in Section 3 of [12],
Romisch and Wets obtained the Lipschitz continuity of the optimal value 6(x, &) and Han and

Chen [3] investigated continuity properties of parametric linear programs.

The literature on perturbation analysis of optimization problems is enormous, and even a
short summary about the most important results achieved would be far beyond our reach. For
the perturbation analysis of general optimization problem one may refer to [1] and [4]. For
structured optimization problems, one may refer to [10] and for stability results about linear
complementarity and affine variational inequality problems, see for [7] and [§].

In this paper, instead of linear programming in the second stage, we consider a linear second-
order conic optimization problem. The problems can be stated as follows. Given a closed convex
set X C R" and a point x € X, the second-order conic optimization problem is defined by
(P(z,¢€)) min ¢’y

yeR | (1.2)
st. aly+qlz—b>|Biyla, i=1,...,1,
where ¢ = (¢; A;Q; B;b) is a given parameter. Here ¢ € ™, A = (a1, , )T € RX™, Q =
(g1, )T e R be R, B=(BY;...;B) with B' ¢ R/>™ i =1,...,1
Let ¢'(y, ;&) = (B'y,aly +qlx —b;),i=1,...,l and Q.41 C R/ ! be the second-order

cone in /11 defined by
jS+1 = {(S,t) S %Ji xXR:t> HSHQ},i =1,...,1L
Then Problem (1.2) is expressed as

min, céy (13
st. gy, x;6) € Qu1, 1=1,...,1L
We use 0(z, £) to denote the optimal value of Problem (P(z,£)). In this paper we will discuss the
stability properties of Problem (1.2) when & = (¢; A; Q; B; b) is perturbed to & = (¢ A; Q; B; b),
especially the differentiability property of 6(,-).
The remaining parts of this paper are organized as follows. In Section 2, we demonstrate

upper continuity of the solution mapping for Problem P(Z, &) at some point (z,&). In Section



3, we study the upper continuity of the solution mapping for the Lagrange dual of Problem
P(Z,€) at some point (z,£). The local Lipschitz continuity of 6 and its Hadamard directional

differentiability at a point (z, &) are established Section 4. We conclude our paper in Section 5.

2 Upper continuity of primal solution mapping

Let u = (z;€) = (z;¢; A;Q; B;b) where z € X. We consider Problem (P(a?,g)), which can be

expressed as in the compact form:

(2.1)

where g(y, % &) = (9" (v, %), ..., ¢'(y, %)) and Q = Q41 x -+ X Qyq1. Let f(y,a) = é'y.
We denote by ®(a) the feasible set of problem (2.1), namely

() = {y € R™: ¢'(y,4:€) € Q41,0 =1,...,1}, (2.2)

and by Y*(@) the set of optimal solutions for Problem (2.1).

For a given parameter (¢, A, Q, B, b, z), we analyze properties of the optimal value function
O(cot,-) when u = (¢, A,Q, B,b, x) is perturbed to @ = (¢, A,Q,B,i),a}). For this purpose we
make the following assumptions about Problem (2.1) and (1.2).

Assumption 2.1. The set X C R" is a non-empty compact convex set.

Assumption 2.2. For each x € X, the optimal value of Problem (1.2) is finite and the solution
set for Problem (1.2) is compact.

Assumption 2.3. The slater condition of Problem (1.2) holds for each x € X, namely for each
x € R, there exists y, such that

G Yoy 2:6) €t Q1,0 =1,...,1, (2.3)
which can be written as al y, + gl —b; > | Blyzll2,i =1,...,1.

If Assumption 2.3 is satisfied, then the dual problem (3.9) has a nonempty compact solution

set and the duality gap between (1.2) and (3.9) is zero.

Lemma 2.1. Let (¢, A, Q, B,b) be given if Assumptions 2.1 and 2.3 hold, then there exists 6y > 0
such that for any & € X, the Slater condition for Problem (2.1) holds when ||(¢; A; Q; B;b) —
(3 A;Q; B;b)|| < do.



Proof. From Assumption 2.3, we have that there exist y, € ™ and ¢, > 0 such that
0 Yo+ qi @ = bi — | Bysllz 2 ei =1, L.

Due to Assumption 2.2, we know that y, and x are bounded. Let M, := max{|ly.|, ||z|,1}.

- - = ~ Ex
When 1H<1?§Z{HAG¢H, |AG], [|Abs, [|AB; ||} <

d
61, an

-1

l
~ 3
e —al <o |63 gl + o= |
x

j=1

we have for i =1,--- 1,
A yr + @ T —bi — |B'yall > alye +a) @ —bi = | Brye| — (1287 [yl + 1A 2]l + 112 — ] [1d]

+ [ Abi] + [|AB |1y )

Ex

> = >0.

- 6
Thus Slater condition for Problem (2.1) holds when z € X, ||(¢, A,0Q, B, I;) —(c, A,Q, B,b)|| < 95

-1
!

for 6, = ;Wxx and ||z — z|| < w, with w, := ¢, 6; llg;ll + % . For such w, > 0at z € X,
we have

X C UwGXsz (."L‘),

where B, (a) stands for an open ball centered at a € R" with radius r > 0. From Assumption
2.1, X is compact, we have from the finite covering theorem that there are a finite number of

points 2!, ..., 2™ and positive numbers w1, ..., wzno such that
X C UL B, (7).

Let wo = min{w,, : j = 1,...,n0} and 69 = min{d,, : j = 1,...,n0}. Then for any 7 € X,
Slater condition for problem (2.1) holds when H(é;[l; Q; B;b) — (c; A; Q; B;b)|| < dp. O

ol

Given (c; A;Q; B;b), let 69 > 0 be the positive number in Lemma 2.1 satisfying that the
Slater condition holds for (2.1) when = € X and ||(& A; Q; B;b) — (¢; A; Q; B; b)|| < . Let us
denote by for r > 0,

Up(c; A;Q; By b) = {(3;6 A;Q; By b) : # € X, ||(& A;Q; By b) — (¢; A;Q; B b)|| < 7).

Lemma 2.2. Let (c; A;Q; B;b) be given with Assumptions 2.1 and 2.3 being satisfied. Then,
for any u € Us,(c; A; Q; B3 b),
lim ®(a) = ®(u).

U—Uu



Proof. As the following inclusion

limsup ®(a) C ®(u)

u—u

is obvious, we only need to verify that

liminf ®(a) D ®(u).

a—u

For arbitrary § € ®(a), we now prove g € liminf; ,; ®(@). By Lemma 2.1, we have that
3 7 such that alg+ ¢ e —b— ||Bylla >éi=1,...,1.

Let a(t) = (¢+tAc, A+tAA, Q+tAQ, B+tAB, b+tAb, 2+t(i—%)), y(t) = §+t(T—7), and we
obviously have @(t) — @ and y(t) — ¢, t | 0. Then for Au; = (Ac;, Nag, Agi, ABY, Ab;, Ax),i =
1,...,l, we have that
ai(t)"y(t) + @) () — bi(t) — | B (t)y(t)|2
= (a: + t8a)T (17 + (1= 1)9) + (@ + t2:)7 (& + tAz) — (b + tAb;)
—[[(B* +tABY) (g + (1~ 6)7)l2
> 4@ (7 = 9) + 6 Do+ Dal§+ Dgl & — Dby) +12(Dal (7 - §) + Dgf Aw)
+a] 9+ 4] & — bi = (1= )| B2 — t]| B2 — t|ABG |2 — 2| AB' (G — §)ll2 (2.4)
=t(al g+ s — b — [|B'll2 + 4F Az + Aalj + Ngl'd — Ab; — | AB2)
+2(Daf (7 = §) + La] Dx — |AB (G = §)ll2) + (1= )] 5+ 6] & — b — | B'jl2)
> t(e+ ¢! Az + Aal' g+ DNgl's — Ab; — [|AB|2)
+H2(Dal (T — ) + Dgf Dz — | ABG = 9)2).
Therefore we have that, for ||Au|| small enough, there exits ¢ > 0 such that

ai®)Tyt) + G TEt) — bi(t) — | B ®)y(t)]|2 > 0,i=1,...,1,t € [0,1),

which implies g € liminf; ,; ®(@). The proof is completed. O
Define
U (u, ) = (a) Nlevey f(-, 1)
with
leveo f(,0) ={y e R™: f(y,0) < a},a e R.
Lemma 2.3. For given (c; A; Q; B;b), let Assumptions 2.1 and 2.2 hold. Then for any a € R",

there exists 61 > 0 and a bounded set B C R™ such that

U(a,a’) C B,Va!' < a,Va € Us, (c; A; Q; B; b).



Proof. Without loss of generality, we assume that W(a, o) # ). Because ¥(a, ') C ¥(a, a), Vo' <
a, we only need to prove ¥ (@, a) C B. We prove the result by contradiction. Suppose that there
exist a sequence @* = (zF, €¥) such that zF € X and ¥ — (¢; A; Q; B;b) and y* € U(i*, o) with
ly*|| = oo. Let d’; = y*/||y*||, and notice X is compact, we can find a subsequence k; such that

% — z and d];j — d,, for some z € X and d;, € bdryB. In view of y* € U(@*, ), one has
FiTyks < g
&?jTykj + quTxkj . l;fj > H[Bkzj]zykJ”z’ i=1,- 1

Dividing both sides of the above inequalities, we obtain

HTdy < af|lym |

~k;T ;k; ~k;T
a’i] dy] _'_q‘a

)

, , “kj . = 1eo1i ik .
i [y || = b [yl = N[ BR] dy 12, i =1, L.
Taking the limits by 7 — oo, we have

c'd, <0,ald, > ||Bidyl2 > 0,i=1,...,1,

which contradicts with Assumption 2.2. Since the set of solutions to Problem (1.2) is compact,

we have that such d, must be zero. O

In the following discussions, we need to adopt Proposition 4.4 of Bonnans and Shapiro(2000)

[6]. For this, we consider the parameterized optimization problem of the form

(Py) Iwrél)r(l f(z,u) st. G(z,u) € K, (2.5)

where u € U, X, Y and U are Banach spaces, K is a closed convex subset of Y. f: X XY — R
and G : X x U — Y are continuous. We denote by

O(u):={xr e X :G(z,u) € K}
the feasible set of problem (P,) and the optimal value function is

= inf
v(u) xgwﬂ%w,

and the associated solution set

S(u) = argmin f(z,u).
z€P(u)

Proposition 2.1. [6, Proposition 4.4] Let ug be a given point in the parameter space U. Suppose
that

(i) the function f(x,u) is continuous on X x U,



(ii) the multifunction ®(-) is closed,

(iii) there exist o € R and a compact set C C X such that every u in a neighborhood of ug, the

level set
leveo f(,u) :={x € ®(u) : f(z,u) < a}
is nonempty and contained in C,

(iv) for any neighborhood Vx of the set S(ug) there exists a neighborhood Vi of uy such that
Vx N ®(u) is nonempty for all u € Vy.

Then:

(a) the optimal value function v(u) is continuous at u = uyg,

(b) the multifunction S(u) is upper semicontinuous at ug.

Theorem 2.4. For given (c; A; Q; B;b), let Assumptions 2.1,2.2 and 2.3 hold. For any u €
Us, (c; A;Q; By b) with 61 defined in Lemma 2.3, one has that 6 is continuous at u and the
solution set mapping Y* is upper semi-continuous at u, namely for e > 0 there exists a number
0 > 0 such that

Y*(a) C Y*(u) + eB,Vu € Bs(u).

Proof. Let
fly @) ="y, Gily, @) = a7 y + ¢ & —bi = [|Byllai =1, L and K = R,
Then the constraint set ®(u) is expressed as
O(u) ={y e R":Gi(y,u) € Kj,i=1,--- 1}

and the problem is expressed in the setting of Proposition 2.1. Obviously we have that f(y,a)
is continuous in R™ x Us, (¢; A; Q; B;b), namely condition (i) of Proposition 2.1 holds. From
Lemma 2.2 and noticing the equivalence between the outer semi-continuity and the closedness
for set-value mappings, we have that ® is a closed set-value mapping so that (ii) of Proposition
2.1 holds. Condition (iii) of Proposition 2.1 comes from Lemma 2.3. Since Assumption 2.3
implies Robison constraint qualification for ® (@) at any point y € Y*(u). Then it follows form
Theorem 2.87 in [6] that

dist (7, ®(1)) < s(dist (G(F, @), K)) < x][G(5. @) — GG 3| (2.6)

for @ € Vi, where Vy is some neighborhood of & and xk > 0. Since G is Lipschitz continuous, we

have that condition (iv) of Proposition 2.1 holds.



Therefore, we have from Proposition 2.1 that the optimal value function 6 is continuous at
at u and the solution set Y*(@) is upper semicontinuous at u, namely for € > 0 there exists a
number d9 > 0 such that
Y*(a) C Y*(u) + eB,Vu € Bs, (u).

The proof is completed. O

3 Upper continuity of dual solution mapping

First of all, we derive the Lagrange dual of the second-order conic optimization problem (2.1).

The Lagrangian function of problem (2.1) is defined by
L(y,:\;ﬂ)zéTy—Z(m 9y, &), A= (N5 ). (3.7)
The Lagrangian function can expressed ;s
Ly, A @) = &y — (A, Ay) — le Ni1(@ @ — ba),
i=1
where A : ™ — RAHL 5 ... x R/HL g a linear operator defined by

Ay = ((B'y,aly);-- ; (B'y,al y)). (3.8)

Then the Lagrange dual of Problem (2.1) becomes

!
max Z S\iJiH (l;Z — (jZTx)

i=1
st. é—AX=0 (3:9)
\e Q,
where A* is the adjoint of A and A*X is calculated by
l
A\ = Z (BT a;) A% (3.10)
We denote the feasible set for Problem (3.9) by
EEA By = e (WM € Q:ém AR =0}, (3.11)
where A is defined by (3. 8)
We denote ¢( )\ w) Z)\J 11 ( - 3:) the objective function for problem (3.9) and by

A* (@) the set of optimal solutlons of problem (3.9).



Lemma 3.1. Let (¢, A, B) be given. If Assumption 2.2 holds, then there exists 6o > 0 such
that the Slater condition for problem (3.9) holds when ||(¢, A, B) — (¢, A, B)|| < 62, namely there
exists 5\(67147];) such that

¢ — ‘A*A(E,A,B) =0, )‘(é,A,B) € int @
when ||(¢, A, B) — (¢, A, B)|| < 6.

Proof. From Assumption 2.2, we know that Slater condition for Problem (3.9) holds, namely
there exists a A such that

c—A"A=0, X €intQ. (3.12)
where Ay = ((Bly,aTy);...;(B'y,aly)). The operator A* is onto when Assumption 2.2 holds.
In fact, suppose that there exist d, € R such that Ad, = 0, which implies that Bidy =0, aZTdy =
0,i=1,...,1. We obtain from (3.12) that ¢’'d, = 0. Therefore we obtain d, € Y*(u)> and this
implies dy, = 0 because otherwise Y*(u) is unbounded, a contradiction with Assumption 2.2.

Thus we have that ker A = {0} and operator A* is onto.
Define M = [(B'T,ay),..., (B a;)], in view of (3.10) for A*, we have that matrix M is of
row full rank.

The validity of Slater condition for Problem (3.9) is equivalent to the solvability of the
following system in variable A:
i—A*A=0, Aeint Q. (3.13)
For (¢, A) = (¢, A) + (Ac, AA) with (&, A, B) = (¢, A, B) + (Ac, AA,AB) and A = X\ + A\,
the first equality in (3.13) is equivalent to
0=c¢— (A" + AA*) (A + AN)
=c+Ac— (A" + AA )N+ AN)
=Ac— A*AXN — AA*N — AA*AN
or

— MAXN= —Ac+ AM. (3.14)

Since kerA = {0} implies that matrix M is full rank in row, we have that MM?" is positive
definite. Let AN = AMMT + MAMT + AMAMT, then when AM is small enough, MM7T =
MMT + AN is nonsingular. We assume that d3 > 0 satisfies that M M7 is nonsingular | AM | <

d3. Then we obtain from Sherman-Morrison-Woodbury formula that
NIt = NIT(NTNTTY
= (MT + AMTY(MMT + AN)!
= (MT + AMTY(MMT)=t — (MMTY AN, + (MMT)TAN] Y (M MT)
= M+ AY,



where AY satisfies [|AX|| = O(| AM]|). Since MM7 is nonsingular when ||AM|| < 83, we have
that
AN (AM) := —MT(=Ac+ AMN) = —[MT + AX)(—Ac+ AM)) (3.15)

is a particular solution to (3.14). From the expression for AN* in (3.15), we may assume
that d3 > 0 small enough such that |[Ap*(AM)|| < min {||A[|/2, (M| + 3)(1 + ||A]|)d3} when
(¢, A, B) — (¢, A, B)|| < 85. Therefore, for A\ = AX*, we have that

A=A+ AN

satisfies (3.13) when ||(¢, 4, B) — (¢, A, B)|| < 3. The proof is completed. O

Lemma 3.2. Let (¢, A, B) be given with Assumption 2.2 being satisfied. Then, for any (c, 1/4\, E) €
B52 (C7 A7 B)7

3:)

lim £ A, B) = &G A,

For arbitrary = Ele, K, E), we Now prove )€ lim inf S(E,A,B). By Lemma 3.1, we
(¢,A,B)—=(¢,A,B)

have that there exists A such that
- AXN=0, Xeint Q.

For (Ac, AA), let (&(t), A(t)) = €+ tAc, A+ tAA) with (¢(t), B(t), A(t)) = (¢ + tAc, B +
tAB, A + tAA), we obviously have (&(t), B(t), A(t)) — (¢, B,A) as t | 0. Define A(t) =
(AL(®);. -5 A(1) by

AE) = (1= A+t +dr(t)) = A+ t(X — ) + tdx (D). (3.16)

We consider the system

&(t) — A*(HA(E) = 0. (3.17)

Define



Then the equation (3.17) is equivalent to
A*(£)dr(t) = —(Ac — [AA]E()). (3.18)
Let d%(t) be the following least square norm solution to (3.18):
di(t) = —[A@6)]T(Ac — [AA]E()). (3.19)

Similar to the analysis in the proof of Lemma 3.1, we obtain A(t)f = At + O(t||AA]|). We may
assume that || A(t)T]| < 2||AT|| for (¢, A, B) € Bs, (¢, A, B) when ¢ > 0 small enough. Let

k= 2|l AT max{1, [IA[, A} + 1.
Then for ||(Ac, AB,AA)| < 43, one has
5O < MA@ (1A — AAE#)]] < 20 AT max{1, [X], [N} (Ac, AB, AA)| < K63
Since A € int Q one has that A + d}(¢) € int Q when d3 < dy is small enough. Then we obtain

for ¢t € [0,1] that
At) = (1 =X+t —di(t) € ©

and satisfies (3.17). Therefore, when (¢, A, B) € By, (G, A, B) and for small ¢ > 0, one has

A(t) € E@E+ tAc, A+tAA)

and A(t) — \. This implies e liminf  £(¢, A, B). This proof is completed. O
(&,A,B)—(¢,A,B)
Define
T(i,a) = £(& A, B) Nlevsa¢(-, @) (3.20)
with

levsad(- 1) = {A € RO x .o x R (X 4) > a},a € R.

Lemma 3.3. For given (c; A; Q; B;b), let Assumptions 2.1,2.2 and 2.53. Then for any o € R",
there exists 63 > 0 and a bounded set D C RN T x -+ x RITL such that

[(i,a") € D,Va' > o,V € Us,(c; A; Q; B; b).

Proof. Without loss of generality, we assume that I'(a, ) # (). Because I'(a, ') C T'(@, «), Yo/ <

a, we only need to prove I'(a, o) C D.

We first prove that, for any A € T'(@, o), A is bounded by contradiction. Suppose that there
exist a sequence @ = (z¥, €%) such that z* € X and € — (¢; A; Q; B;b) and A € T'(@", o) with

11



INF|| = oo. Let d§ = N¥/|[\F|| and notice X is compact, we can find a subsequence k; such that
zF — x and J];’ — dy for some z € X with, dy € bdryB. In view of \¥ € I'(@¥,a), one has

[
SN )BT 6 - g b > a

i=1
5kj _ [Akj]*j\kj — 07 (321)
A e Q.

Dividing the above inequalities by [|A¥i]|, we get

!
kT ik kT R Tk
DT (b7 = 7 2M) > af | N,

=1
& | Nk || — [Ak]*dy = o0,
dy e Q.

Taking the limits by 7 — oo, we have
!
D d (b — Gl x) =0, Ady =0, dy € Q, [dy]| =1,
i=1
which contradicts with the compactness of the optimal solution set of problem (3.9), this is
implied by Slater condition for primal SOCP problem (2.1) proved in Lemma 2.1. O

Theorem 3.1. For given (c; A;Q; B;b), let Assumptions 2.1,2.2 and 2.3 hold. For any u €
Us,(c; A; Q; By b) with 63 defined in Lemma 3.3, one has that the solution set mapping A* is

upper semi-continuous at u, namely for € > 0 there exists a number & > 0 such that
A*(a) C A*(w) + eB,Vu € Bs(u).

Proof. The results in this theorem can be proved by Lemma 3.2 and Lemma 3.3. The proof is

similar to that of Theorem 2.4. We omit it here. O

4 Differentiability of optimal value function
From Lemma 2.3 and Lemma 3.3, we assume that for some §, > 0, o € R, and bounded sets
BeR™ DcC RO x .o x ROAFL

U(a, o) C B, I'(a,0) C D

for any £ € X and ||§: — (¢; A;Q; B;b)|| < d4. Therefore, by the Lagrange duality theory, the

optimal value can be written as

0(¢,A,Q, B,b,7) = AgggprynelgL(y,A;u)- (4.22)

12



Proposition 4.1. For given (¢; A;Q; B;b) and x € X, let Assumptions 2.1,2.2 and 2.3 hold.
Then (¢, A, Q, B, b, %) is locally Lipschitz continuous around (c; A; Q; B; b, x), namely there ex-
ists some k > 0 depending on (c; A; Q; B; b, x) such that

0(a) — 0(u)] < Klla — ', (4.23)
when ,u’ € Bs, (¢; A; Q; B; b, ) for some positive constant d5 > 0 depending on (c; A; Q; B;b, x).

Here .= (¢,A,Q,B,b, &), v = (¢, A',Q',B',¥/,2') and

!
li— )l = o=l + SO IB = B+ [A= A + G - @l + 15—V + |1 — /|
Proof. Since f)(-, -) is continuous, the max-min values of L at @ and «' can be arrived. Let
(5, A), (', X) € B x [QN D] satisfy
0(a) = L(7, % @),0(u') = Ly, N; ).

Without less of generality, we assume that 6(a) < 6(u’). Then we have

0(@) — 0(u)]
=| sup inf L(y,\, @) — sup inf L(y,\,u')]
AeQND YEB AeonD yEB
= |L(§, A @) — Ly, ;)|
= |L(g, A @) — L(§, N3 @) + L(§, X3 0) — L(y', X;u)] (4.24)

< ’L(ﬂ,)\/,ﬂ) - L(yla)‘/ )|

<sup sup \L(yd;u)— Ly, \;u').
yeEB AeQND

Choose d5 < min{dy, ||Q]|} and define
r = max{1, Diam(X), Diam(B)2||Q||} x Diam(D).
Then, when [|a — /|| < d5, for y € B and A € QN D, we have
1Ly, A @) = Ly, A )|

=|[E ="y + (N gy, €) - &) < lle =<yl

HlIAL > ZHBJ B[+ A=Al ) lyll + 1QIlIZ — 2| + 1Q = Q'llll2"l| + 1Ib — ¥
7=1

!
<kille=dl+ Y 1B =B+ A=A+ 1Q - Qll + b =¥ + & — '
j=1
= rfa =]
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Combing the above inequality with (4.24), we obtain the inequality (4.23) when @, v’ € Bs, (¢; A; Q; B; b, ).
0O.

For the discussions in the following, we need use the result in Theorem 7.24 of [11], for this

we consider the minimax problem

zeX yey

min {gb(:p) := sup f(:v,y)} (4.25)

where X C R” and Y C R™ are convex and compact and the function f : X xY — R is

continuous. Consider the perturbation of the minimax problem (4.25) :

minsup{f(z,y) + tn(z,y)}, (4.26)
zeX yey

where n:(x,y) is continuous in X x Y, ¢ > 0. Moreover we assume that f(x,y) is convex in
x € X and concave in y € Y. Denoted by v(t) the optimal value of the above problem (4.26).
Clearly v(0) is the optimal value of the unperturbed problem (4.25). Then the following lemma
holds.

Lemma 4.1. [11, Theorem 7.24] Suppose that the following conditions hold:

(i) the sets X C R™ and Y C R™ are conver and compact,

(ii) for allt > 0, the function {; := f + tn is continuous on X XY, convex respects to x € X

and concave respects toy €Y,

(i1i) ny converges uniformly ast ] 0 to a function y(z,y) € C(X,Y).

Then we have

t) —v(0
limM = inf sup y(z,vy).
tl0 t reX* yey+

Theorem 4.1. For given (c; A;Q; B;b) and x € X, let Assumptions 2.1,2.2 and 2.3 hold. Then
the optimal value function 0(¢,A,Q,B,b, &) is directionally differentiable at (¢, A, Q,B,b,x).
Moreover, 6(é, A,Q,B,B,i) is Hadamard directionally differentiable at (c, A,Q, B,b,z). Thus

we have the the following Taylor expansion of 0(u) at u

l
0(a) = 0(u)+ i;lf( : sup (AC—A.A*)\)Ty—i—Z )\f]iH(Abi—AqiT:):—q;[Ax)—i—o(HAuH), (4.27)
VEY " (u) AeA* (u) pa

where 4 = (E,A,Q,B,I;, z), u=(c, A Q,B,bx) and Au =t — u satisfying ||Aul|| < d4.
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Proof. In the setting of Lemma 4.1, for the direction @ — u, we define

G =Ly, Aswr), [ =Ly, Au) (4.28)
where u; = v + tAu and up = (¢, Ag, Q¢, By, by, x¢), then we can write

. Ly, \ug) — L(y, A u)
] — \).
i " Y(y, A)

Because of the Lagrange function (3.7), we have that (; is continuous, convex respects to y €
B and concave respects to A € [Q N D]. For the convex and compact set of saddle points
Y*(u) x A*(u), the directional derivative of 6 at u in direction Au can be derived by Lemma 4.1
as follows:
0 (u; Au) = lim Bus) = 6(u) = inf sup lim Ly, Aswe) = By, Xi)
tl0 t YEY * (u) AeA* (u) tHO t
!

— inf  sup lmo (<ct—c>Ty—<A,<At—A)y>+2xzﬂ<<bt—b>i—[(qat]%wq?x))

YEY ™ (u) xeA*(u) HO T —

= inf  sup lim | (Ac— AA™N) y+ Y AqZ T —q; TAz — tAql Ax
YEY*(u) xeA* (u) 1O <( "y Z g1 (A )

= inf sup (Ac— AA Ny +) N\ —A¢fz— ¢l Az
. AeA*Izu)( )y Z 41 (Ab q q; Az).

Combining with the Lipschitz continuity of (¢, A,Q, B, b, Z) from Proposition 4.1, we have that
(¢, A,Q,B,b, z) is Hadamard directionally differentiable at u. Therefore we obtain the Taylor

expansion of 6(a) at u:

0(@) = O(u) + inf  sup (Ac— AANy+ Z X1 (Ab; — Aqlz — gF Az) + o(]| Aul)).
YEY*(u) AeA*(u)

The proof is completed. O

5 Conclusions

We consider the stability of a second-order conic optimization problem when all parameters in the
problem are perturbed. Under Slater constraint qualification, we prove the upper semi-continuity
of the solution sets of both the original problem and the dual problem. Furthermore, we show
that the optimal value function is locally Lipschitz continuous and Hadamard directionally
differentiable. Interestingly, as we express the optimal value function as a min-max optimization
problem over two compact convex sets, we may use Theorem 7.59 of [11] to discuss the asymptotic
distribution of the optimal value when £ is a random variable and the sample average approach

is adopted.
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