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Abstract

In this paper, we consider perturbation properties of a linear second-order conic optimiza-

tion problem and its Lagrange dual in which all parameters in the problem are perturbed.

We prove the upper semi-continuity of solution mappings for the primal problem and the

Lagrange dual problem. We demonstrate that the optimal value function can be expressed

as a min-max optimization problem over two compact convex sets, and it is a Lipschitz

continuous function and Hadamard directionally differentiable.

Key words: second order conic optimization, optimal value function, solution mapping, Hadamard
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1 Introduction

It is well known that stability theory plays an important role in studying the following linear

two-stage stochastic optimization problem

min
x∈<n

dTx+ E(θ(x, ξ))

s.t. Ax = b, x ≥ 0,

θ(x, ξ) = min
y∈<m

cT y

s.t. Wy + Tx = h, y ≥ 0,

(1.1)
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where x ∈ <n is the first stage decision variable and d ∈ <n, y ∈ <m is the second stage

decision variable, c ∈ <m, W ∈ <l×m, T ∈ <l×n,h ∈ <l and ξ is a random variable which is

composed of some elements in {c,W, T, h}. The continuity and differential properties of θ(x, ξ)

are particularly important in the stability analysis for the linear two-stage problem when the

probability distribution is perturbed. There are many publications about the stability of two-

stage optimization but among them only a few papers consider the case ξ = (c,W, T, h), namely

all parameters in second stage linear program are random. For examples, in Section 3 of [12],

Römisch and Wets obtained the Lipschitz continuity of the optimal value θ(x, ξ) and Han and

Chen [3] investigated continuity properties of parametric linear programs.

The literature on perturbation analysis of optimization problems is enormous, and even a

short summary about the most important results achieved would be far beyond our reach. For

the perturbation analysis of general optimization problem one may refer to [1] and [4]. For

structured optimization problems, one may refer to [10] and for stability results about linear

complementarity and affine variational inequality problems, see for [7] and [8].

In this paper, instead of linear programming in the second stage, we consider a linear second-

order conic optimization problem. The problems can be stated as follows. Given a closed convex

set X ⊂ <n and a point x ∈ X, the second-order conic optimization problem is defined by

(P(x, ξ)) min
y∈<m

cT y

s.t. aTi y + qTi x− bi ≥ ‖Biy‖2, i = 1, . . . , l,
(1.2)

where ξ = (c;A;Q;B; b) is a given parameter. Here c ∈ <m, A = (a1, · · · , al)T ∈ <l×m, Q =

(q1, · · · , ql)T ∈ <l×n, b ∈ <l, B = (B1; . . . ;Bl) with Bi ∈ <Ji×m, i = 1, . . . , l.

Let gi(y, x; ξ) = (Biy, aTi y + qTi x − bi), i = 1, . . . , l and QJi+1 ⊂ <Ji+1 be the second-order

cone in <Ji+1 defined by

QJi+1 = {(s, t) ∈ <Ji ×< : t ≥ ‖s‖2}, i = 1, . . . , l.

Then Problem (1.2) is expressed as

miny cT y

s.t. gi(y, x; ξ) ∈ QJi+1, i = 1, . . . , l.
(1.3)

We use θ(x, ξ) to denote the optimal value of Problem (P(x, ξ)). In this paper we will discuss the

stability properties of Problem (1.2) when ξ = (c;A;Q;B; b) is perturbed to ξ̃ = (c̃; Ã; Q̃; B̃; b̃),

especially the differentiability property of θ(·, ·).

The remaining parts of this paper are organized as follows. In Section 2, we demonstrate

upper continuity of the solution mapping for Problem P(x̃, ξ̃) at some point (x, ξ). In Section
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3, we study the upper continuity of the solution mapping for the Lagrange dual of Problem

P(x̃, ξ̃) at some point (x, ξ). The local Lipschitz continuity of θ and its Hadamard directional

differentiability at a point (x, ξ) are established Section 4. We conclude our paper in Section 5.

2 Upper continuity of primal solution mapping

Let u = (x; ξ) = (x; c;A;Q;B; b) where x ∈ X. We consider Problem (P(x̃, ξ̃)), which can be

expressed as in the compact form:

miny c̃T y

s.t. g(y, x̃; ξ̃) ∈ Q,
(2.1)

where g(y, x̃; ξ̃) = (g1(y, x̃; ξ̃), . . . , gl(y, x̃; ξ̃)) and Q = QJ1+1 × · · · × QJl+1. Let f(y, ũ) = c̃T y.

We denote by Φ(ũ) the feasible set of problem (2.1), namely

Φ(ũ) = {y ∈ <m : gi(y, x̃; ξ̃) ∈ QJi+1, i = 1, . . . , l}, (2.2)

and by Y ∗(ũ) the set of optimal solutions for Problem (2.1).

For a given parameter (c, A,Q,B, b, x), we analyze properties of the optimal value function

θ(cot, ·) when u = (c, A,Q,B, b, x) is perturbed to ũ = (c̃, Ã, Q̃, B̃, b̃, x̃). For this purpose we

make the following assumptions about Problem (2.1) and (1.2).

Assumption 2.1. The set X ⊂ <n is a non-empty compact convex set.

Assumption 2.2. For each x ∈ X, the optimal value of Problem (1.2) is finite and the solution

set for Problem (1.2) is compact.

Assumption 2.3. The slater condition of Problem (1.2) holds for each x ∈ X, namely for each

x ∈ <n, there exists yx such that

gi(yx, x; ξ) ∈ intQJi+1, i = 1, . . . , l, (2.3)

which can be written as aTi yx + qTi x− bi > ‖Biyx‖2, i = 1, . . . , l.

If Assumption 2.3 is satisfied, then the dual problem (3.9) has a nonempty compact solution

set and the duality gap between (1.2) and (3.9) is zero.

Lemma 2.1. Let (c, A,Q,B, b) be given if Assumptions 2.1 and 2.3 hold, then there exists δ0 > 0

such that for any x̃ ∈ X, the Slater condition for Problem (2.1) holds when ‖(c̃; Ã; Q̃; B̃; b̃) −
(c;A;Q;B; b)‖ ≤ δ0.
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Proof. From Assumption 2.3, we have that there exist yx ∈ <m and εx > 0 such that

aTi yx + qTi x− bi − ‖Biyx‖2 ≥ εx, i = 1, . . . , l.

Due to Assumption 2.2, we know that yx and x are bounded. Let Mx := max{‖yx‖, ‖x‖, 1}.
When max

1≤i≤l
{‖∆ãi‖, ‖∆q̃i‖, ‖∆b̃i‖, ‖∆B̃i‖} ≤

εx
6Mx

and

‖x̃− x‖ ≤ εx

6

l∑
j=1

‖qj‖+
εx
Mx

−1

,

we have for i = 1, · · · , l,

ãTi yx + q̃Ti x̃− b̃i − ‖B̃iyx‖ ≥ aTi yx + qTi x− bi − ‖Biyx‖ − (‖∆ãTi ‖‖yx‖+ ‖∆q̃Ti ‖‖x‖+ ‖x̃− x‖‖q̃i‖

+ ‖∆b̃i‖+ ‖∆Bi‖‖yx‖)

≥ εx
6
> 0.

Thus Slater condition for Problem (2.1) holds when x̃ ∈ X, ‖(c̃, Ã, Q̃, B̃, b̃)−(c, A,Q,B, b)‖ ≤ δx

for δx =
εx

6Mx
and ‖x̃−x‖ ≤ ωx with ωx := εx

6

l∑
j=1

‖qj‖+
εx
Mx

−1

. For such ωx > 0 at x ∈ X,

we have

X ⊂ ∪x∈XBωx(x),

where Br(a) stands for an open ball centered at a ∈ <n with radius r > 0. From Assumption

2.1, X is compact, we have from the finite covering theorem that there are a finite number of

points x1, . . . , xn0 and positive numbers ωx1 , . . . , ωxn0 such that

X ⊂ ∪n0
j=1Bωxj

(xj).

Let ω0 = min{ωxj : j = 1, . . . , n0} and δ0 = min{δxj : j = 1, . . . , n0}. Then for any x̃ ∈ X,

Slater condition for problem (2.1) holds when ‖(c̃; Ã; Q̃; B̃; b̃)− (c;A;Q;B; b)‖ ≤ δ0. 2

Given (c;A;Q;B; b), let δ0 > 0 be the positive number in Lemma 2.1 satisfying that the

Slater condition holds for (2.1) when x ∈ X and ‖(c̃; Ã; Q̃; B̃; b̃) − (c;A;Q;B; b)‖ ≤ δ0. Let us

denote by for r > 0,

Ur(c;A;Q;B; b) = {(x̃; c̃; Ã; Q̃; B̃; b̃) : x̃ ∈ X, ‖(c̃; Ã; Q̃; B̃; b̃)− (c;A;Q;B; b)‖ ≤ r}.

Lemma 2.2. Let (c;A;Q;B; b) be given with Assumptions 2.1 and 2.3 being satisfied. Then,

for any û ∈ Uδ0(c;A;Q;B; b),

lim
ũ→û

Φ(ũ) = Φ(û).
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Proof. As the following inclusion

lim sup
ũ→û

Φ(ũ) ⊂ Φ(û)

is obvious, we only need to verify that

lim inf
ũ→û

Φ(ũ) ⊃ Φ(û).

For arbitrary ŷ ∈ Φ(û), we now prove ŷ ∈ lim inf ũ→û Φ(ũ). By Lemma 2.1, we have that

∃ y such that âTi y + q̂Ti x− b̂i − ‖B̂iy‖2 ≥ ε̂, i = 1, . . . , l.

Let ũ(t) = (ĉ+t4c, Â+t4A, Q̂+t4Q, B̂+t4B, b̂+t4b, x̂+t(x̃−x̂)), y(t) = ŷ+t(y−ŷ), and we

obviously have ũ(t)→ û and y(t)→ ŷ, t ↓ 0. Then for4ui = (4ci,4ai,4qi,4Bi,4bi,4x), i =

1, . . . , l, we have that

ãi(t)
T y(t) + q̃i(t)

T x̃(t)− b̃i(t)− ‖B̃i(t)y(t)‖2

= (âi + t4ai)T (ty + (1− t)ŷ) + (q̂i + t4qi)T (x̂+ t4x)− (b̂i + t4bi)

−‖(B̂i + t4Bi)(ty + (1− t)ŷ)‖2

≥ t(âTi (y − ŷ) + q̂Ti 4x+4aTi ŷ +4qTi x̂−4bi) + t2(4aTi (y − ŷ) +4qTi 4x)

+âTi ŷ + q̂Ti x̂− b̂i − (1− t)‖B̂iŷ‖2 − t‖B̂iy‖2 − t‖4Biŷ‖2 − t2‖4Bi(y − ŷ)‖2

= t(âTi y + q̂Ti x̂− b̂i − ‖B̂iy‖2 + q̂Ti 4x+4aTi ŷ +4qTi x̂−4bi − ‖4Biŷ‖2)

+t2(4aTi (y − ŷ) +4qTi 4x− ‖4Bi(y − ŷ)‖2) + (1− t)(âTi ŷ + q̂Ti x̂− b̂i − ‖B̂iŷ‖2)

≥ t(ε̂+ q̂Ti 4x+4aTi ŷ +4qTi x̂−4bi − ‖4Biŷ‖2)

+t2(4aTi (y − ŷ) +4qTi 4x− ‖4Bi(y − ŷ)‖2).

(2.4)

Therefore we have that, for ‖4u‖ small enough, there exits t̂ > 0 such that

ãi(t)
T y(t) + q̃i(t)

T x̃(t)− b̃i(t)− ‖B̃i(t)y(t)‖2 ≥ 0, i = 1, . . . , l,∀t ∈ [0, t̂),

which implies ŷ ∈ lim inf ũ→û Φ(ũ). The proof is completed. 2

Define

Ψ(ũ, α) = Φ(ũ) ∩ lev≤αf(·, ũ)

with

lev≤αf(·, ũ) = {y ∈ <m : f(y, ũ) ≤ α}, α ∈ <.

Lemma 2.3. For given (c;A;Q;B; b), let Assumptions 2.1 and 2.2 hold. Then for any α ∈ <n,

there exists δ1 > 0 and a bounded set B ⊂ <m such that

Ψ(ũ, α′) ⊂ B, ∀α′ ≤ α,∀ũ ∈ Uδ1(c;A;Q;B; b).
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Proof. Without loss of generality, we assume that Ψ(ũ, α) 6= ∅. Because Ψ(ũ, α′) ⊂ Ψ(ũ, α),∀α′ ≤
α, we only need to prove Ψ(ũ, α) ⊂ B. We prove the result by contradiction. Suppose that there

exist a sequence ũk = (xk, ξ̃k) such that xk ∈ X and ξ̃k → (c;A;Q;B; b) and yk ∈ Ψ(ũk, α) with

‖yk‖ → ∞. Let dky = yk/‖yk‖, and notice X is compact, we can find a subsequence kj such that

xkj → x and d
kj
y → dy for some x ∈ X and dy ∈ bdryB. In view of ykj ∈ Ψ(ũkj , α), one has

c̃kjT ykj ≤ α

ã
kjT
i ykj + q̃

kjT
i xkj − b̃kji ≥ ‖[B̃kj ]iykj‖2, i = 1, · · · , l.

Dividing both sides of the above inequalities, we obtain

c̃kjTd
kj
y ≤ α/‖ykj‖

ã
kjT
i d

kj
y + q̃

kjT
i xkj/‖ykj‖ − b̃kji /‖ykj‖ ≥ ‖[B̃kj ]id

kj
y ‖2, i = 1, · · · , l.

Taking the limits by j →∞, we have

cTdy ≤ 0, aTi dy ≥ ‖Bidy‖2 > 0, i = 1, . . . , l,

which contradicts with Assumption 2.2. Since the set of solutions to Problem (1.2) is compact,

we have that such dy must be zero. 2

In the following discussions, we need to adopt Proposition 4.4 of Bonnans and Shapiro(2000)

[6]. For this, we consider the parameterized optimization problem of the form

(Pu) min
x∈X

f(x, u) s.t. G(x, u) ∈ K, (2.5)

where u ∈ U , X, Y and U are Banach spaces, K is a closed convex subset of Y . f : X ×Y → <
and G : X × U → Y are continuous. We denote by

Φ(u) := {x ∈ X : G(x, u) ∈ K}

the feasible set of problem (Pu) and the optimal value function is

ν(u) := inf
x∈Φ(u)

f(x, u),

and the associated solution set

S(u) := argmin
x∈Φ(u)

f(x, u).

Proposition 2.1. [6, Proposition 4.4] Let u0 be a given point in the parameter space U . Suppose

that

(i) the function f(x, u) is continuous on X × U ,
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(ii) the multifunction Φ(·) is closed,

(iii) there exist α ∈ < and a compact set C ⊂ X such that every u in a neighborhood of u0, the

level set

lev≤αf(·, u) := {x ∈ Φ(u) : f(x, u) ≤ α}

is nonempty and contained in C,

(iv) for any neighborhood VX of the set S(u0) there exists a neighborhood VU of u0 such that

VX ∩ Φ(u) is nonempty for all u ∈ VU .

Then:

(a) the optimal value function ν(u) is continuous at u = u0,

(b) the multifunction S(u) is upper semicontinuous at u0.

Theorem 2.4. For given (c;A;Q;B; b), let Assumptions 2.1,2.2 and 2.3 hold. For any û ∈
Uδ1(c;A;Q;B; b) with δ1 defined in Lemma 2.3, one has that θ is continuous at û and the

solution set mapping Y ∗ is upper semi-continuous at û, namely for ε > 0 there exists a number

δ > 0 such that

Y ∗(ũ) ⊂ Y ∗(û) + εB,∀ũ ∈ Bδ(û).

Proof. Let

f(y, ũ) = c̃T y,Gi(y, ũ) = ãTi y + q̃Ti x̃− b̃i − ‖B̃iy‖2, i = 1, · · · , l and K = <l+.

Then the constraint set Φ(ũ) is expressed as

Φ(ũ) = {y ∈ <m : Gi(y, ũ) ∈ Ki, i = 1, · · · , l}

and the problem is expressed in the setting of Proposition 2.1. Obviously we have that f(y, ũ)

is continuous in <m × Uδ1(c;A;Q;B; b), namely condition (i) of Proposition 2.1 holds. From

Lemma 2.2 and noticing the equivalence between the outer semi-continuity and the closedness

for set-value mappings, we have that Φ is a closed set-value mapping so that (ii) of Proposition

2.1 holds. Condition (iii) of Proposition 2.1 comes from Lemma 2.3. Since Assumption 2.3

implies Robison constraint qualification for Φ(û) at any point ŷ ∈ Y ∗(û). Then it follows form

Theorem 2.87 in [6] that

dist(ŷ,Φ(ũ)) ≤ κ(dist (G(ŷ, ũ),K)) ≤ κ‖G(ŷ, ũ)−G(ŷ, û)‖ (2.6)

for ũ ∈ VU , where VU is some neighborhood of û and κ > 0. Since G is Lipschitz continuous, we

have that condition (iv) of Proposition 2.1 holds.
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Therefore, we have from Proposition 2.1 that the optimal value function θ is continuous at

at û and the solution set Y ∗(ũ) is upper semicontinuous at û, namely for ε > 0 there exists a

number δ2 > 0 such that

Y ∗(ũ) ⊂ Y ∗(û) + εB,∀ũ ∈ Bδ2(û).

The proof is completed. 2

3 Upper continuity of dual solution mapping

First of all, we derive the Lagrange dual of the second-order conic optimization problem (2.1).

The Lagrangian function of problem (2.1) is defined by

L(y, λ̃; ũ) = c̃T y −
l∑

i=1

〈λ̃i, gi(y, x̃; ξ̃)〉, λ̃ = (λ̃1; . . . ; λ̃l). (3.7)

The Lagrangian function can expressed as

L(y, λ̃; ũ)) = c̃T y − 〈λ̃, Ãy〉 −
l∑

i=1

λ̃iJi+1(q̃Ti x− b̃i),

where Ã : <m → <J1+1 × · · · × <Jl+1 is a linear operator defined by

Ãy =
(
(B̃1y, ãT1 y); · · · ; (B̃ly, ãTl y)

)
. (3.8)

Then the Lagrange dual of Problem (2.1) becomes

max
l∑

i=1

λ̃iJi+1

(
b̃i − q̃Ti x

)
s.t. c̃− Ã∗λ̃ = 0,

λ̃ ∈ Q,

(3.9)

where Ã∗ is the adjoint of Ã and Ã∗λ̃ is calculated by

Ã∗λ̃ =
l∑

i=1

[B̃iT ãi]λ̃
i. (3.10)

We denote the feasible set for Problem (3.9) by

E(c̃, Ã, B̃) = {λ̃ = (λ̃1; · · · ; λ̃l) ∈ Q : c̃− Ã∗λ̃ = 0}, (3.11)

where Ã is defined by (3.8).

We denote φ(λ̃, ũ) =
l∑

i=1

λ̃iJi+1

(
b̃i − q̃Ti x

)
the objective function for problem (3.9) and by

Λ∗(ũ) the set of optimal solutions of problem (3.9).
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Lemma 3.1. Let (c, A,B) be given. If Assumption 2.2 holds, then there exists δ2 > 0 such

that the Slater condition for problem (3.9) holds when ‖(c̃, Ã, B̃)− (c, A,B)‖ ≤ δ2, namely there

exists λ̃(c̃,Ã,B̃) such that

c̃− Ã∗λ̃(c̃,Ã,B̃) = 0, λ̃(c̃,Ã,B̃) ∈ intQ

when ‖(c̃, Ã, B̃)− (c, A,B)‖ ≤ δ2.

Proof. From Assumption 2.2, we know that Slater condition for Problem (3.9) holds, namely

there exists a λ such that

c−A∗λ = 0, λ ∈ intQ. (3.12)

where Ay = ((B1y, aT1 y); . . . ; (Bly, aTl y)). The operator A∗ is onto when Assumption 2.2 holds.

In fact, suppose that there exist dy ∈ <m such thatAdy = 0, which implies thatBidy = 0, aTi dy =

0, i = 1, . . . , l. We obtain from (3.12) that cTdy = 0. Therefore we obtain dy ∈ Y ∗(u)∞ and this

implies dy = 0 because otherwise Y ∗(u) is unbounded, a contradiction with Assumption 2.2.

Thus we have that kerA = {0} and operator A∗ is onto.

Define M = [(B1T , a1), . . . , (BlT , al)], in view of (3.10) for A∗, we have that matrix M is of

row full rank.

The validity of Slater condition for Problem (3.9) is equivalent to the solvability of the

following system in variable λ̃:

c̃− Ã∗λ̃ = 0, λ̃ ∈ intQ. (3.13)

For (c̃, Ã) = (c,A) + (∆c,∆A) with (c̃, Ã, B̃) = (c, A,B) + (∆c,∆A,∆B) and λ̃ = λ+ ∆λ ,

the first equality in (3.13) is equivalent to

0 = c̃− (A∗ + ∆A∗)(λ+ ∆λ)

= c+ ∆c− (A∗ + ∆A∗)(λ+ ∆λ)

= ∆c−A∗∆λ−∆A∗λ−∆A∗∆λ
or

− M̃∆λ = −∆c+ ∆Mλ. (3.14)

Since kerA = {0} implies that matrix M is full rank in row, we have that MMT is positive

definite. Let ∆N = ∆MMT +M∆MT + ∆M∆MT , then when ∆M is small enough, M̃M̃T =

MMT +∆N is nonsingular. We assume that δ3 > 0 satisfies that M̃M̃T is nonsingular ‖∆M‖ ≤
δ3. Then we obtain from Sherman-Morrison-Woodbury formula that

M̃ † = M̃T (M̃M̃T )−1

= (MT + ∆MT )(MMT + ∆N )−1

= (MT + ∆MT )[(MMT )−1 − (MMT )−1∆N [Im + (MMT )−1∆N ]−1(MMT )−1]

= M † + ∆Σ,
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where ∆Σ satisfies ‖∆Σ‖ = O(‖∆M‖). Since M̃M̃T is nonsingular when ‖∆M‖ ≤ δ3, we have

that

∆λ∗(∆M) := −M̃ †(−∆c+ ∆Mλ) = −[M † + ∆Σ](−∆c+ ∆Mλ) (3.15)

is a particular solution to (3.14). From the expression for ∆λ∗ in (3.15), we may assume

that δ3 > 0 small enough such that ‖∆µ∗(∆M)‖ < min
{
‖λ‖/2, (‖M †‖+ δ3)(1 + ‖λ̄‖)δ3

}
when

‖(c̃, Ã, B̃)− (c, A,B)‖ ≤ δ3. Therefore, for ∆λ = ∆λ∗, we have that

λ̃ := λ+ ∆λ

satisfies (3.13) when ‖(c̃, Ã, B̃)− (c, A,B)‖ ≤ δ3. The proof is completed. 2

Lemma 3.2. Let (c, A,B) be given with Assumption 2.2 being satisfied. Then, for any (ĉ, Â, B̂) ∈
Bδ2(c, A,B),

lim
(c̃,Ã,B̃)→(ĉ,Â,B̂)

E(c̃, Ã, B̃) = E(ĉ, Â, B̂).

Proof. As the following inclusion

lim sup
(c̃,Ã,B̃)→(ĉ,Â,B̂)

E(c̃, Ã, B̃) ⊂ E(ĉ, Â, B̂).

is obvious, we only need to verify that

lim inf
(c̃,Ã,B̃)→(ĉ,Â,B̂)

E(c̃, Ã, B̃) ⊃ E(ĉ, Â, B̂).

For arbitrary λ̂ ∈ E(ĉ, Â, B̂), we now prove λ̂ ∈ lim inf
(c̃,Ã,B̃)→(ĉ,Â,B̂)

E(c̃, Ã, B̃). By Lemma 3.1, we

have that there exists λ such that

ĉ− Â∗λ = 0, λ ∈ intQ.

For (∆c,∆A), let (c̃(t), Ã(t)) = (ĉ + t∆c, Â + t∆A) with (c̃(t), B̃(t), Ã(t)) = (ĉ + t∆c, B̂ +

t∆B, Â + t∆A), we obviously have (c̃(t), B̃(t), Ã(t)) → (ĉ, B̂, Â) as t ↓ 0. Define λ(t) =

(λ1(t); . . . ;λl(t)) by

λ(t) = (1− t)λ̂+ t(λ+ dλ(t)) = λ̂+ t(λ− λ̂) + tdλ(t). (3.16)

We consider the system

c̃(t)− Ã∗(t)λ(t) = 0. (3.17)

Define

ξ̃(t) = λ̂+ t(λ− λ̂).

10



Then the equation (3.17) is equivalent to

Ã∗(t)dλ(t) = −(∆c− [∆A]∗ξ̃(t)). (3.18)

Let d∗λ(t) be the following least square norm solution to (3.18):

d∗λ(t) = −[Ã(t)∗]†(∆c− [∆A]∗ξ̃(t)). (3.19)

Similar to the analysis in the proof of Lemma 3.1, we obtain Ã(t)† = Â† + O(t‖∆A‖). We may

assume that ‖Ã(t)†‖ ≤ 2‖Â†‖ for (c̃, Ã, B̃) ∈ Bδ3(ĉ, Â, B̂) when t > 0 small enough. Let

κ = 2‖Â†‖max{1, ‖λ̂‖, ‖λ‖}+ 1.

Then for ‖(∆c,∆B,∆A)‖ ≤ δ3 , one has

‖d∗λ(t)‖ ≤ ‖Ã(t)†‖‖∆c−∆A∗ξ̃(t)‖ ≤ 2‖Â†‖max{1, ‖λ̂‖, ‖λ‖}‖(∆c,∆B,∆A)‖ < κδ3.

Since λ ∈ intQ one has that λ + d∗λ(t) ∈ intQ when δ3 ≤ δ2 is small enough. Then we obtain

for t ∈ [0, 1] that

λ(t) = (1− t)λ̂+ t(λ− d∗λ(t)) ∈ Q

and satisfies (3.17). Therefore, when (c̃, Ã, B̃) ∈ Bδ3(ĉ, Â, B̂) and for small t > 0, one has

λ(t) ∈ E(ĉ+ t∆c, Â+ t∆A)

and λ(t)→ λ̂. This implies λ̂ ∈ lim inf
(c̃,Ã,B̃)→(̂ĉ,Â,B̂)

E(c̃, Ã, B̃). This proof is completed. 2

Define

Γ(ũ, α) = E(c̃, Ã, B̃) ∩ lev≥αφ(·, ũ) (3.20)

with

lev≥αφ(·, ũ) = {λ̃ ∈ <J1+1 × · · · × <Jl+1 : φ(λ̃, ũ) ≥ α}, α ∈ <.

Lemma 3.3. For given (c;A;Q;B; b), let Assumptions 2.1,2.2 and 2.3. Then for any α ∈ <n,

there exists δ3 > 0 and a bounded set D ⊂ <J1+1 × · · · × <Jl+1 such that

Γ(ũ, α′) ⊂ D,∀α′ ≥ α,∀ũ ∈ Uδ3(c;A;Q;B; b).

Proof. Without loss of generality, we assume that Γ(ũ, α) 6= ∅. Because Γ(ũ, α′) ⊂ Γ(ũ, α),∀α′ ≤
α, we only need to prove Γ(ũ, α) ⊂ D.

We first prove that, for any λ̃ ∈ Γ(ũ, α), λ̃ is bounded by contradiction. Suppose that there

exist a sequence ũk = (xk, ξ̃k) such that xk ∈ X and ξ̃k → (c;A;Q;B; b) and λ̃k ∈ Γ(ũk, α) with
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‖λ̃k‖ → ∞. Let d̃kλ = λ̃k/‖λ̃k‖ and notice X is compact, we can find a subsequence kj such that

xkj → x and d̃
kj
λ → d̃λ for some x ∈ X with, d̃λ ∈ bdryB. In view of λ̃kj ∈ Γ(ũkj , α), one has

l∑
i=1

[λ̃iJi+1]kjT (b̃
kj
i − q̃

kjT
i xkj ) ≥ α

c̃kj − [Ãkj ]∗λ̃kj = 0,

λ̃kj ∈ Q.

(3.21)

Dividing the above inequalities by ‖λ̃kj‖, we get

l∑
i=1

[d̃iλ]kjT (b̃
kj
i − q̃

kjT
i xkj ) ≥ α/‖λ̃kj‖,

c̃kj/‖λ̃kj‖ − [Ãkj ]∗d̃kjλ = 0,

d̃
kj
λ ∈ Q.

Taking the limits by j →∞, we have

l∑
i=1

d̃iTλ (b̃i − q̃Ti x) ≥ 0, Ã∗d̃λ = 0, d̃λ ∈ Q, ‖d̃λ‖ = 1,

which contradicts with the compactness of the optimal solution set of problem (3.9), this is

implied by Slater condition for primal SOCP problem (2.1) proved in Lemma 2.1. 2

Theorem 3.1. For given (c;A;Q;B; b), let Assumptions 2.1,2.2 and 2.3 hold. For any û ∈
Uδ3(c;A;Q;B; b) with δ3 defined in Lemma 3.3, one has that the solution set mapping Λ∗ is

upper semi-continuous at û, namely for ε > 0 there exists a number δ > 0 such that

Λ∗(ũ) ⊂ Λ∗(û) + εB, ∀ũ ∈ Bδ(û).

Proof. The results in this theorem can be proved by Lemma 3.2 and Lemma 3.3. The proof is

similar to that of Theorem 2.4. We omit it here. 2

4 Differentiability of optimal value function

From Lemma 2.3 and Lemma 3.3, we assume that for some δ4 > 0, α ∈ <, and bounded sets

B ∈ <m, D ⊂ <J1+1 × · · · × <Jl+1,

Ψ(ũ, α) ⊂ B,Γ(ũ, α) ⊂ D

for any x̃ ∈ X and ‖ξ̃ − (c;A;Q;B; b)‖ ≤ δ4. Therefore, by the Lagrange duality theory, the

optimal value can be written as

θ(c̃, Ã, Q̃, B̃, b̃, x̃) = max
λ∈Q∩D

min
y∈B

L(y, λ; ũ). (4.22)
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Proposition 4.1. For given (c;A;Q;B; b) and x ∈ X, let Assumptions 2.1,2.2 and 2.3 hold.

Then θ(c̃, Ã, Q̃, B̃, b̃, x̃) is locally Lipschitz continuous around (c;A;Q;B; b, x), namely there ex-

ists some κ ≥ 0 depending on (c;A;Q;B; b, x) such that

|θ(ũ)− θ(u′)| ≤ κ‖ũ− u′‖, (4.23)

when ũ, u′ ∈ Bδ5(c;A;Q;B; b, x) for some positive constant δ5 > 0 depending on (c;A;Q;B; b, x).

Here ũ = (c̃, Ã, Q̃, B̃, b̃, x̃), u′ = (c′, A′, Q′, B′, b′, x′) and

‖ũ− u′‖ = ‖c̃− c′‖+

l∑
j=1

‖B̃j −B′j‖+ ‖Ã−A′‖+ ‖Q̃−Q′‖+ ‖b̃− b′‖+ ‖x̃− x′‖.

Proof. Since L̃(·, ·) is continuous, the max-min values of L̃ at ũ and u′ can be arrived. Let

(ỹ, λ̃), (y′, λ′) ∈ B × [Q∩D] satisfy

θ(ũ) = L(ỹ, λ̃; ũ), θ(u′) = L(y′, λ′;u′).

Without less of generality, we assume that θ(ũ) ≤ θ(u′). Then we have

|θ(ũ)− θ(u′)|
= | sup

λ∈Q∩D
inf
y∈B

L(y, λ, ũ)− sup
λ∈Q∩D

inf
y∈B

L(y, λ, u′)|

= |L(ỹ, λ̃; ũ)− L(y′, λ′;u′)|
= |L(ỹ, λ̃; ũ)− L(ỹ, λ′; ũ) + L(ỹ, λ′; ũ)− L(y′, λ′;u′)|
≤ |L(ỹ, λ′; ũ)− L(y′, λ′;u′)|
≤ |L(ỹ, λ′; ũ)− L(ỹ, λ′;u′)|
≤ sup

y∈B
sup

λ∈Q∩D
|L(y, λ; ũ)− L(y, λ;u′)|.

(4.24)

Choose δ5 ≤ min{δ4, ‖Q‖} and define

κ = max{1,Diam(X),Diam(B)2‖Q‖} ×Diam(D).

Then, when ‖ũ− u′‖ ≤ δ5, for y ∈ B and λ ∈ Q ∩ D, we have

|L(y, λ; ũ)− L(y, λ;u′)|
= |[c̃− c′]T y + 〈λ, g(y, x̃; ξ̃)− g(y, x′; ξ̃′)| ≤ ‖c− c′‖‖y‖

+‖λ‖ ×


 l∑
j=1

‖B̃j −B′j‖+ ‖Ã−A′‖

 ‖y‖+ ‖Q̃‖‖x̃− x′‖+ ‖Q̃−Q′‖‖x′‖+ ‖b̃− b′‖


≤ κ

‖c− c′‖+
l∑

j=1

‖B̃j −B′j‖+ ‖Ã−A′‖+ ‖Q̃−Q′‖+ ‖b̃− b′‖+ ‖x̃− x′‖


= κ‖ũ− u′‖.

13



Combing the above inequality with (4.24), we obtain the inequality (4.23) when ũ, u′ ∈ Bδ5(c;A;Q;B; b, x).

2.

For the discussions in the following, we need use the result in Theorem 7.24 of [11], for this

we consider the minimax problem

min
x∈X

{
φ(x) := sup

y∈Y
f(x, y)

}
(4.25)

where X ⊂ <n and Y ⊂ <m are convex and compact and the function f : X × Y → < is

continuous. Consider the perturbation of the minimax problem (4.25) :

min
x∈X

sup
y∈Y
{f(x, y) + tηt(x, y)}, (4.26)

where ηt(x, y) is continuous in X × Y , t ≥ 0. Moreover we assume that f(x, y) is convex in

x ∈ X and concave in y ∈ Y . Denoted by υ(t) the optimal value of the above problem (4.26).

Clearly υ(0) is the optimal value of the unperturbed problem (4.25). Then the following lemma

holds.

Lemma 4.1. [11, Theorem 7.24] Suppose that the following conditions hold:

(i) the sets X ⊂ <n and Y ⊂ <m are convex and compact,

(ii) for all t ≥ 0, the function ζt := f + tηt is continuous on X × Y , convex respects to x ∈ X
and concave respects to y ∈ Y ,

(iii) ηt converges uniformly as t ↓ 0 to a function γ(x, y) ∈ C(X,Y ).

Then we have

lim
t↓0

v(t)− v(0)

t
= inf

x∈X∗
sup
y∈Y ∗

γ(x, y).

Theorem 4.1. For given (c;A;Q;B; b) and x ∈ X, let Assumptions 2.1,2.2 and 2.3 hold. Then

the optimal value function θ(c̃, Ã, Q̃, B̃, b̃, x̃) is directionally differentiable at (c, A,Q,B, b, x).

Moreover, θ(c̃, Ã, Q̃, B̃, b̃, x̃) is Hadamard directionally differentiable at (c, A,Q,B, b, x). Thus

we have the the following Taylor expansion of θ(ũ) at u

θ(ũ) = θ(u)+ inf
y∈Y ∗(u)

sup
λ∈Λ∗(u)

(∆c−∆A∗λ)T y+
l∑

i=1

λiJi+1(∆bi−∆qTi x−qTi ∆x)+o(‖∆u‖), (4.27)

where ũ = (c̃, Ã, Q̃, B̃, b̃, x̃), u = (c, A,Q,B, b, x) and ∆u = ũ− u satisfying ‖∆u‖ ≤ δ4.
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Proof. In the setting of Lemma 4.1, for the direction ũ− u, we define

ζt = L(y, λ;ut), f = L(y, λ;u) (4.28)

where ut = u+ t∆u and ut = (ct, At, Qt, Bt, bt, xt), then we can write

lim
t↓0

L(y, λ;ut)− L(y, λ;u)

t
= γ(y, λ).

Because of the Lagrange function (3.7), we have that ζt is continuous, convex respects to y ∈
B and concave respects to λ ∈ [Q ∩ D]. For the convex and compact set of saddle points

Y ∗(u)×Λ∗(u), the directional derivative of θ at u in direction ∆u can be derived by Lemma 4.1

as follows:

θ′(u; ∆u) = lim
t↓0

θ(ut)− θ(u)

t
= inf

y∈Y ∗(u)
sup

λ∈Λ∗(u)
lim
t↓0

L(y, λ;ut)− L(y, λ;u)

t

= inf
y∈Y ∗(u)

sup
λ∈Λ∗(u)

lim
t↓0

1

t

(
(ct − c)T y − 〈λ, (At −A)y〉+

l∑
i=1

λiJi+1((bt − b)i − [(qi)t]
Txt + qTi x)

)

= inf
y∈Y ∗(u)

sup
λ∈Λ∗(u)

lim
t↓0

(
(∆c−∆A∗λ)T y +

l∑
i=1

λiJi+1(∆bi −∆qTi x− qTi ∆x− t∆qTi ∆x)

)

= inf
y∈y∈Y ∗(u)

sup
λ∈Λ∗(u)

(∆c−∆A∗λ)T y +
l∑

i=1

λiJi+1(∆bi −∆qTi x− qTi ∆x).

Combining with the Lipschitz continuity of θ(c̃, Ã, Q̃, B̃, b̃, x̃) from Proposition 4.1, we have that

θ(c̃, Ã, Q̃, B̃, b̃, x̃) is Hadamard directionally differentiable at u. Therefore we obtain the Taylor

expansion of θ(ũ) at u:

θ(ũ) = θ(u) + inf
y∈Y ∗(u)

sup
λ∈Λ∗(u)

(∆c−∆A∗λ)T y +
l∑

i=1

λiJi+1(∆bi −∆qTi x− qTi ∆x) + o(‖∆u‖).

The proof is completed. 2

5 Conclusions

We consider the stability of a second-order conic optimization problem when all parameters in the

problem are perturbed. Under Slater constraint qualification, we prove the upper semi-continuity

of the solution sets of both the original problem and the dual problem. Furthermore, we show

that the optimal value function is locally Lipschitz continuous and Hadamard directionally

differentiable. Interestingly, as we express the optimal value function as a min-max optimization

problem over two compact convex sets, we may use Theorem 7.59 of [11] to discuss the asymptotic

distribution of the optimal value when ξ is a random variable and the sample average approach

is adopted.
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