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Abstract. The Minimum Connectivity Inference (MCI) problem represents an
NP-hard generalisation of the well-known minimum spanning tree problem and has
been studied in different fields of research independently. Let an undirected complete
graph and finitely many subsets (clusters) of its vertex set be given. Then, the MCI
problem is to find a minimal subset of edges so that every cluster is connected with
respect to this minimal subset. Whereas, in general, existing approaches can only be
applied to find approximate solutions or optimal edge sets of rather small instances,
concepts to optimally cope with more meaningful problem sizes have not been proposed
yet in literature. For this reason, we present a new mixed integer linear programming
formulation for the MCI problem, and introduce new instance reduction methods that
can be applied to downsize the complexity of a given instance prior to the optimisation.
Based on theoretical and computational results both contributions are shown to be
beneficial for solving larger instances.

Keywords. Minimum connectivity inference, reduction rules, mixed integer linear
programming model, subset interconnection design

1. Introduction

The Minimum Connectivity Inference (MCI) problem is a discrete optimisation
problem whose decision version is NP-complete [1,2]. The MCI problem has been
studied in several areas and under different names. Before providing details on such
aspects and on our contributions, we start with the definition of the problem.

Let G = (V,E) denote a simple, undirected, and complete graph with vertex set
V = {1, . . . ,m} and edge set E = {e = {j, k} | j 6= k and j, k ∈ V }. Moreover, let

C =

{
Vi ⊆ V

∣∣∣∣ ⋃
i∈I

Vi = V, 1 < |Vi| for all i ∈ I

}

denote a collection of subsets of V called clusters, where I 6= ∅ is a finite index set.
Then, for the instance (V, C), the MCI problem is to find a subset E∗ of E with
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minimal cardinality while the induced subgraphs G∗[Vi] of G∗ = (V,E∗) are connected
for all i ∈ I. Note that G∗[Vi] is the graph with vertex set Vi that contains exactly
those edges of E∗ having both vertices in Vi. Any such edge set E∗ is termed optimal
edge set or solution of the MCI problem for the instance (V, C). The cardinality of an
optimal edge set is called optimal value of the instance. Moreover, an edge set E′ ⊆ E
is said to be feasible for (V, C), if every cluster Vi, i ∈ I, is connected with respect
to E′. Clearly, since C is a set, any two clusters Vi1 , Vi2 ∈ C are different.

The above problem was considered for the design of vacuum systems in a Chinese
journal [3] from 1976. This seems to be its first appearance, a reference to this paper
can be found on Ding-Zhu Du’s homepage [4] and in [5]. The name Subset Inter-
connection Design (SID) was used in [2] for the study of three related problems
among which the MCI problem occurs. Later on, in [6], the problem was referred to as
SID problem. It turns out that the Minimum Topic-Connected Overlay problem
(see [1,7–9]) to establish scalable overlay networks is again nothing else than the MCI
problem. Furthermore, the MCI problem was investigated for the design of reconfig-
urable interconnection networks and called Interconnection Graph Problem [10].
In the context of inference in underlying social networks, the MCI problem was dealt
with as Network Inference problem [11]. Last but not least, we would like to men-
tion the use of the MCI problem in structural biology to discover connections within
macro-molecular assemblies in [12,13]. This is also the source of the name Minimum
Connectivity Inference problem. From our point of view, among all the names,
the latter shows best the aim of the problem under consideration. Sometimes, the
MCI problem with nonuniform edge weights is also dealt with in the aforementioned
references.

In addition to the study of applications, several interesting complexity results related
to the MCI problem can be found in most of the papers cited above as well as in [2,14].
Moreover, polynomial heuristic algorithms were developed that, possibly under further
conditions, yield some feasible (but generally not optimal) edge set whose cardinality
can be bounded by a certain multiple of the cardinality of an optimal edge set, see
[1,2,6].

Recently, a mixed integer linear programming (MILP) formulation of the MCI prob-
lem was suggested in [12]. This MILP formulation allows an exact solution of the
problem up to a certain instance size (depending on the available computing power).

In this work, we propose an improved MILP formulation. On the one hand, this
indeed enables us to solve larger instances of the MCI problem exactly. On the other
hand, recall that the continuous relaxation of a MILP model yields a linear program
(LP) whose optimal value provides a lower bound for the optimal value of the original
MILP model. The continuous relaxation of the improved MILP formulation leads to
a sharper (in our computations to a remarkably sharper) lower bound for the optimal
value of the MCI problem. This is even useful for problems that do not allow an exact
solution in reasonable time. To be specific we note that the quality of a feasible edge set
can be evaluated by simply comparing its cardinality with the lower bound obtained
from a continuous relaxation of the MCI problem. In this way, it may be possible
to stop (heuristic) algorithms if a certain quality of the feasible edge set is reached.
Evidently, the quality of the lower bound influences the significance of this approach.

To further enhance the benefits just shown we also propose some new instance
reduction rules. Such rules may enable to reduce the size of an instance, i.e., the
number |V | of vertices, the number |C| of clusters, or both. For existing rules the reader
is referred to [8], where also an incorrectness in rules from [9,10] is revealed. Last but
not least, we compare the practical behaviour of the improved MILP formulation with
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that of the original one in respect to several criteria. To this end we also propose a
scheme to generate random instances of the MCI problem. Results on the influence of
the new reduction rules on the practical behaviour are shown as well.

The paper is organised as follows. In Section 2, we review the MILP formulation
from [12] and discuss our improved formulation. It is shown that the optimal value of
the continuous relaxation of the improved MILP formulation is at least as good as the
optimal value of the relaxation of the MILP model from [12]. Section 3 is devoted to
the development of three new instance reduction rules. We prove the equivalence of the
original and the reduced instance for these reduction rules. Subsection 3.3 shows how
the reduction rules are implemented. In Section 4, we discuss several computational
aspects of the improved MILP formulation (mostly compared to the existing MILP
formulation) and of the new reduction rules by means of several types of randomly
generated instances of the MCI problem. In particular, this concerns the improve-
ment of the optimal value of the continuous relaxation of the MILP formulations and
computing times.

For later use, we introduce some further notions. To this end, let G′ = (V ′, E′) be
a graph with V ′ ⊆ V and E′ ⊆ E. Then, a path in G′ is the sequence of edges of E′

connecting a sequence of pairwise distinct vertices of V ′. To denote a path between
vi1 and vil , simply the corresponding sequence of vertices is used, i.e., (vi1 , vi2 , . . . , vil)
with pairwise distinct vertices vit ∈ V ′ (t = 1, . . . , l). The graph G′ is said to be
connected if there is a path between every pair of (distinct) vertices in V ′. G′ is called
connected component of G if G′ is a maximal connected subgraph of G. Any graph
(V ′, T ) with T ⊆ E′ is called spanning tree of G′ if (V ′, T ) is connected and if T is of
minimal cardinality. Let us finally mention that we write M ⊂ N to underline that M
is a proper subset of N . Otherwise, M ⊆ N is used.

2. Mixed integer linear programming formulations

The first MILP model of the MCI problem was given in [12] and called flow-based
formulation. It is described in Subsection 2.1. Our improved formulation and its dis-
cussion follow in Subsection 2.2. The MILP formulations make use of some arc and
edge sets. The arc set of the graph (V,E) is given by

A = {(j, k) | j, k ∈ V, j 6= k}.

Moreover, for a subset U ⊆ V of vertices, let the corresponding sets of arcs and edges
induced by U be defined as

A(U) = {(j, k) | j, k ∈ U, j 6= k} and E(U) = {{j, k} | j, k ∈ U, j 6= k}.

Finally, let i ∈ I and j ∈ Vi be arbitrarily given. Then, the sets

A−i (j) = {(j, k) | k ∈ Vi \ {j}} and A+
i (j) = {(k, j) | k ∈ Vi \ {j}}

contain all those arcs of A(Vi) which start or end at vertex j, respectively.
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2.1. The original flow-based formulation

For an arbitrary instance (V, C) of the MCI problem, the following MILP model was
suggested in [12]. The idea behind this model is to use constraints which ensure that the
vertices within each cluster are connected by a nonzero flow. To this end, nonnegative
flow variables f ia were introduced with cluster index i ∈ I and arc index a ∈ A.
Moreover, within each cluster Vi, some vertex ri ∈ Vi is fixed which produces |Vi| − 1
units of flow, whereas each of the |Vi| − 1 vertices different from ri consumes one unit
of flow, see the equations in (2) below.

min
∑
e∈E

xe (1)

s.t.
∑

a∈A−i (j)

f ia −
∑

a∈A+
i (j)

f ia =

{
|Vi| − 1, if j = ri,

−1, if j 6= ri,
i ∈ I, j ∈ Vi, (2)

f ia ≤ |Vi| · ya, i ∈ I, a ∈ A, (3)

y(j,k) ≤ xe, e = {j, k} ∈ E, (4)

y(k,j) ≤ xe, e = {j, k} ∈ E, (5)

ya ∈ [0, 1], a ∈ A, (6)

f ia ≥ 0, i ∈ I, a ∈ A, (7)

xe ∈ {0, 1}, e ∈ E. (8)

Due to some reasons related to consistency and for later use, the above MILP model
has a slightly modified notation if compared to [12]. For discussion and analysis of the
above and the following MILP model, let us consider any vector x = (x1, . . . , x|E|)

> ∈
{0, 1}|E| and define the associated edge set

E(x) = {e ∈ E | xe = 1}. (9)

Conversely, any edge set Ê ⊆ E uniquely defines a vector x ∈ {0, 1}|E|.

Proposition 2.1. Let (V, C) denote an instance of the MCI problem. If (f∗, x∗, y∗) is a
solution of the MILP model (1) – (8), then E(x∗) is an optimal edge set of the instance
(V, C). Conversely, if E∗ is an optimal edge set, then there is a solution (f∗, x∗, y∗) of
the MILP model with E(x∗) = E∗.

Although there is no proof of this assertion in [12], we omit a proof here with refer-
ence to a related proof of Proposition 2.2 for our improved MILP model in Subsection
2.2.

In order to solve an instance (V, C) based on the MILP model (1) – (8), our numerical
experiments show that only very small instances can be solved, see Section 4 for details.
Therefore, our aim in this paper is to significantly increase the size of instances which
can be solved exactly. To achieve this we suggest in the following subsection how the
above MILP model can be modified.
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2.2. An improved flow-based formulation

We first provide the new MILP model for the MCI problem. Then, the correctness of
the new model is shown. Thereafter, the differences to the original model (1) – (8) are
explained and advantages of the new model are discussed. In particular, we prove that
the continuous relaxation of the new model is at least as strong as (in fact, often even
stronger than) that of the original model. Our new MILP formulation is given by

min
∑
e∈E

xe (10)

s.t.
∑

e∈E(Vi)

xe ≥ |Vi| − 1, i ∈ I, (11)

∑
a∈A−i (j)

f ia −
∑

a∈A+
i (j)

f ia = −1, j ∈ Vi \ {ri}, i ∈ I, (12)

f i(j,k) + f i(k,j) ≤ (|Vi| − 1)xe, i ∈ I, e = {j, k} ∈ E(Vi), (13)

f ia ≥ 0, i ∈ I, a ∈ A(Vi), (14)

xe ∈ {0, 1}, e ∈ E. (15)

Remark 1. In general, the vector f := (f ia) of the new model (10) – (15) contains
much less variables than in the original formulation (1) – (8). For simplicity, we how-
ever make no distinction between the f -vectors of both models since, for theoretical
purposes, any f -component not occurring in the new model can be added to this and
just set to 0.

Proposition 2.2. Let (V, C) denote an instance of the MCI problem. If (f̃ , x̃) is fea-

sible for the MILP model (10) – (15), then Ẽ = E(x̃) is a feasible edge set of the

instance (V, C) with the same objective value. Conversely, if Ẽ is a feasible edge set,

then there is a feasible point (f̃ , x̃) of the MILP model with the objective value |Ẽ|.

Proof. In the first part of the proof we show that, for any feasible edge set Ẽ ⊆ E of
the MCI instance (V, C), there exists a feasible point (f̃ , x̃) of the MILP model (10) –
(15). First of all, we define

x̃e =

{
1, e ∈ Ẽ,
0, e ∈ E \ Ẽ.

Thus, if f̃ can be constructed so that (f̃ , x̃) is feasible for the MILP model (10) – (15),
then the objective value of the MILP model coincides with that of the MCI instance.

Now, for every i ∈ I, the following steps i) – v) are performed to define the values

f̃ ia so that (f̃ , x̃) is feasible for the MILP model.

i) Let the edge set

T̃i = Ẽ ∩ E(Vi) = {{j, k} ∈ Ẽ | j, k ∈ Vi}

be defined. Since Ẽ is a feasible edge set, (Vi, E(Vi)) is connected with respect

to T̃i. Therefore, (Vi, E(Vi)) contains a spanning tree. In a slight abuse of nota-

tion, one of these spanning trees is denoted by its edge set Ti ⊆ T̃i. Note that,
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thereby, conditions (11) are satisfied.
ii) To obtain a representation of Ti we choose an arbitrary root vertex ri ∈ Vi and

assign a predecessor/ successor relation as follows. Let

S(ri) = {j ∈ Vi | {ri, j} ∈ Ti}

indicate the set of successors of ri. We now start to define counters νj , j ∈ Vi,
providing a ’distance’ (number of edges) of j ∈ Vi \ {ri} to root node ri within
Ti. Naturally, we set νri := 0. Moreover, let p(j) := ri indicate the predecessor
of j ∈ S(ri) with respect to Ti, and let νj := 1 be the corresponding distance.
Furthermore, we define the set

T i = Ti \ {{ri, j} | j ∈ S(ri)}

of edges not yet considered. After this initialisation, the definition of the counters
is continued in iii).

iii) While T i 6= ∅, choose a vertex j ∈ Vi \ {ri} which already got a predecessor, but
not yet a set of successors, and define

S(j) = {k ∈ Vi | {j, k} ∈ T i},
νk = 1 + νj , k ∈ S(j),

p(k) = j, k ∈ S(j),

T i = T i \ {{j, k} | k ∈ S(j)}.

Repeat iii) until T i = ∅ is reached. Because of the properties of spanning trees,
each vertex j ∈ Vi \ {ri} possesses a distance value νj greater than zero and less
than |Vi|. Moreover, for at least one j ∈ Vi we have S(j) = ∅.

iv) The definition of the values f̃ ia is now done by the following procedure.
Repeat (a) – (d) until all ν-values are equal to zero.
(a) Choose any vertex j ∈ Vi with maximal νj .

(b) If S(j) = ∅, then set f̃ i(j,k) = 0 for all k ∈ Vi \ {j}, and

f̃ i(k,j) =

{
1, k = p(j),
0, k ∈ Vi \ {j, p(j)}.

(c) If S(j) 6= ∅, then set f̃ i(j,k) = 0 for all k ∈ Vi \ ({j} ∪ S(j)), and

f̃ i(k,j) =

{
1 +

∑
v∈S(j) f̃

i
(j,v), k = p(j),

0, k ∈ Vi \ {j, p(j)}.

(d) Set νj = 0.

v) Finally, setting f̃ i(k,ri) = 0 for k ∈ Vi \ {ri}, all arcs got values f̃ ia which satisfy

conditions (12) – (14) by construction.

In the second part of the proof, let (f̃ , x̃) be a feasible point of the MILP model

(10) – (15). Clearly, according to (9), x̃ induces the edge set Ẽ = E(x̃). It remains to
show that the graph (Vi, E(Vi)) is connected for each cluster i ∈ I. Because of (11),
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at least |Vi| − 1 edges belong to

Ẽi = {e ∈ E(Vi) | x̃e = 1}.

We now show that (Vi, Ẽi) is a connected graph (and thus (Vi, E(Vi)) as well). To this
end, let us assume the contrary. Then, there exists a connected component S ⊂ Vi (in
particular S 6= Vi) and ri ∈ S such that

f̃ i(j,k) = f̃ i(k,j) = 0, j ∈ S, k ∈ Vi \ S

holds. (Otherwise, the conditions in (13) would lead to x̃e = 1 for at least one edge
e = {j, k} between S and Vi \ S.) In particular, we have

f̃ i(ri,k) = f̃ i(k,ri) = 0, k ∈ Vi \ S.

Using this and (12), we obtain that

1− |S| =
∑

j∈S\{ri}

 ∑
a∈A−i (j)

f̃ ia −
∑

a∈A+
i (j)

f̃ ia


=

∑
j∈S\{ri}

 ∑
k∈S\{j}

f̃ i(j,k) −
∑

k∈S\{j}

f̃ i(k,j)


=

∑
j∈S\{ri}

(
f̃ i(j,ri) − f̃

i
(ri,j)

)
=

∑
j∈Vi\{ri}

(
f̃ i(j,ri) − f̃

i
(ri,j)

)
,

holds. By means of (12), we also get

1− |Vi| =
∑

j∈Vi\{ri}

 ∑
a∈A−i (j)

f̃ ia −
∑

a∈A+
i (j)

f̃ ia

 =
∑

j∈Vi\{ri}

(
f̃ i(j,ri) − f̃

i
(ri,j)

)
.

Since |S| < |Vi|, this is a contradiction. Hence, (Vi, Ẽi) is connected for every i ∈ I.

Consequently, Ẽ = Ẽ(x̃) is a feasible edge set.

Remark 2. The main differences of both MILP models are as follows.

a) In the new model, the y-variables are completely removed which saves |A| =
|V |(|V | − 1) continuous variables and 2|V |(|V | − 1) constraints since conditions
(4) – (6) do not occur any longer. Moreover, instead of the conditions in (3), the
new conditions in (13) come into play.

b) Those |I| equations in (2) which belong to j = ri (for any fixed i ∈ I) are
removed since they depend linearly on the equations for j ∈ Vi \ {ri}. This can
be seen by just summing up all the latter equations. Thus, in the new model,
(12) replaces (2) from the original formulation.
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c) The conditions in (11) do not appear in the original model. For an optimal edge
set E∗ of an instance (V, C) we know that, for any i ∈ I, the graph (Vi, E

∗∩E(Vi))
contains a spanning tree. Each spanning tree in this graph has |Vi| − 1 edges, so
that condition (11) is satisfied for any x∗ associated to an optimal edge set of
the instance.

It is noteworthy that already any (f̃ , x̃) satisfying conditions (12) – (15) yields a
feasible edge set E(x̃) of the corresponding MCI instance. The next theorem shows
that the optimal value of the linear relaxation of the new MILP model, even without
the conditions in (11), is never smaller than the optimal value of the relaxed original
MILP model. Later on, we provide an instance of the MCI problem for which the
relaxation of the new MILP formulation without the conditions in (11) has a strictly
larger optimal value than the relaxation of the original model does. Moreover, if we
consider the new MILP model, i.e., with the conditions in (11), then the continuous
relaxation might be further strengthened.

Theorem 2.3. Let an instance (V, C) of the MCI problem be given. Moreover, let z̃
denote the optimal value of the LP

min
∑
e∈E

xe s.t. (2) – (7), 0 ≤ xe ≤ 1 for all e ∈ E (16)

and ẑ the optimal value of the LP

min
∑
e∈E

xe s.t. (12) – (14), 0 ≤ xe ≤ 1 for all e ∈ E. (17)

Then, it holds that ẑ ≥ z̃.

Proof. It suffices to show that the LP (16) has a feasible point (f̃ , x̃, ỹ) with objective
value

ẑ =
∑
e∈E

x̃e. (18)

Let (f̂ , x̂) denote a solution of the LP (17) and define (f̃ , x̃, ỹ) by (keeping in mind
Remark 1)

f̃ = f̂ , x̃ = x̂, (19)

and

ỹ(j,k) = x̂{j,k}, {j, k} ∈ E. (20)

Constraints (13) and (14) imply that

0 ≤ max{f̂ i(j,k), f̂
i
(k,j)} ≤ (|Vi| − 1) · x̂{j,k}, i ∈ I, {j, k} ∈ E(Vi). (21)

Thus, (f̃ , x̃, ỹ) satisfies the conditions in (3). Taking into account (19) and (12), it
follows further that the conditions in (2) are satisfied for any i ∈ I and j ∈ Vi \ {ri}.
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For j = ri the conditions in (2) hold due to part b) of Remark 2. Moreover, thanks
to (19) – (20), (f̃ , x̃, ỹ) fulfils (4) – (7), whereas x̃e ∈ [0, 1] for e ∈ E follows from (19)
and (17). Finally, x̃ = x̂ ensures (18). This completes the proof.

Example 2.4. Consider the MCI instance (V, C) given by V := {1, 2, 3, 4} and the
clusters C := {V1, V2, V3, V4} with

V1 := {1, 2, 3}, V2 := {1, 2, 4}, V3 := {1, 3, 4}, and V4 := {2, 3, 4}.

Obviously, the complete graph (V,E) has |E| = 6 edges. Moreover, any optimal edge
set E∗ of this instance contains four edges. Table 1 provides the optimal values of the
following three relaxations.

• LP (16) is the continuous relaxation of the original MILP model (1) – (8).
• LP (17) is the continuous relaxation of the new MILP model (10) – (15) without

the conditions in (11).
• LP (17) with the additional constraints in (11) is the continuous relaxation of

the new MILP model (10) – (15).

The optimal values of the relaxations may depend on the choice of the vertices ri
(i ∈ I). Therefore, Table 1 shows the lowest and the largest optimal value for each of
the three relaxations. The results in Table 1 demonstrate that already the new MILP

Table 1. Comparison of the optimal values of different continuous relaxations for Ex-

ample 2.4

Continuous relaxation (16) (17) (17) including (11)

Optimal value depending on r1, . . . , r4 1.3̄ – 2.0 2.5 – 3.0 4.0 – 4.0

model without the conditions in (11) may provide a stronger relaxation compared with
the relaxation of the original MILP model. Moreover, as Table 1 shows, the conditions
in (11) lead to a further strengthening. In our exemplary instance, the optimal value
of the continuous relaxation (17) is even equal to the optimal value |E∗| of the MCI
instance.

Finally, let us mention that some more flow variables are removed from the new
MILP model. For every cluster Vi, the root node ri only sends |Vi|−1 units of flow, but
it does not consume any unit of flow. Therefore, the flow variables {f ia | a ∈ A+

i (ri)},
which are attached to ri, are superfluous and removed.

3. Instance reduction techniques

In this section, we first present two known instance reduction rules for the MCI problem
(Subsection 3.1) and three new rules (Subsection 3.2). If applicable, these rules remove
some of the vertices, some of the clusters, or both from an MCI instance and generate
a reduced MCI instance. Hence, the application of such a rule results in a smaller,
possibly easier to solve, MCI instance whose MILP model requires fewer constraints
and variables than the original one.

An instance reduction rule possessing the property that any optimal edge set of the
reduced instance can be converted into an optimal edge set of the original instance by
simply adding a well-defined subset of the removed edges is called an exact reduction
rule, otherwise a heuristic one.
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In what follows, H = (V, C) denotes some instance of the MCI problem that is used
as input for a reduction rule. For any vertex u ∈ V , let C(u) denote the set of all those
clusters which contain vertex u, i.e., C(u) = {Vi | u ∈ Vi, i ∈ I}. Furthermore, Hu
or HU , respectively, denotes an instance of the MCI problem, where the vertex u or,
respectively, all vertices in U are removed from V and from the clusters in C.

Sometimes, the reduction rules presented in Subsection 3.1 lead to an instance
H̃ = (Ṽ , C̃), where C̃ contains a cluster with less than two elements. Then, according
to [12], such clusters are simply removed before any further reductions or exact solution
techniques (for the reduced instance) are applied. Further note that some reduction
rules may provide two or more identical clusters. Since the collection C̃ of clusters is a
set only one of those identical clusters remains.

3.1. Reduction rules from literature (Rules 1 and 2)

We next review two of the exact instance reduction rules proposed in [8], which shall
later be included in our computational comparisons. Other rules analysed in [8] are
not of interest here because they deal with quite special situations.

Rule 1 (Lemma 3.4 in [8]). Assume that there are q+1 vertices u, v1, . . . vq ∈ V , with
q being a positive integer, such that

• C(u) ⊆ C(vi) holds for each i = 1, . . . , q, and
• |Vj | ≤ q + 3 is satisfied for all Vj ∈ C(u).

Then, any solution E∗u of Hu can be converted into a solution of H by adding a single
edge e = {u, v} to E∗u, where v is an arbitrarily chosen vertex from the set {v1, . . . vq}.

By Rule 1, a single vertex can be removed from the original instance. A similar rule
was proposed in [9,10,12]. However, as shown in [8] this rule is only a heuristic one. If
applicable, the next rule allows to remove several vertices and at least one cluster.

Rule 2 (Lemma 5.8 in [8]). Assume that there is a cluster Vi ∈ C with Vi =
{u, u1, . . . , ul} such that C(uj) ⊆ C(u) holds for each j = 1, . . . , l. Then, any solu-
tion E∗{u1,...,ul} of H{u1,...,ul} can be converted into a solution of H by adding the edge

set {{u, uj} | 1 ≤ j ≤ l} to E∗{u1,...,ul}.

3.2. New reduction rules (Rules 3 – 5)

In order to formulate further reduction rules we need to introduce some additional
notation. For a given instance (V, C) of the MCI problem, we define a graph G = (I, E)
with vertex set I and edge set

E = {{j, k} | Vj ∩ Vk 6= ∅, j, k ∈ I, j 6= k},

that means, each cluster defines a vertex, and two clusters are adjacent if they possess
a non-empty intersection. For any J ⊆ I, let

G[J ] = (J, E(J)) with E(J) = {{i, j} | Vi ∩ Vj 6= ∅, i, j ∈ J, i 6= j}
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denote the corresponding induced subgraph of G. Moreover, we define the set

V (J) =
⋃
j∈J

Vj .

For a particular cluster Vi ∈ C, let

Ji = {j ∈ I | Vj ⊂ Vi, j 6= i}

collect the clusters which are subsets of Vi. Finally, let γi denote the number of con-
nected components of G[Ji].

Lemma 3.1. Let (V, C) be an instance of the MCI problem, and let J ⊆ I be given such
that G[J ] is connected. Suppose that a set E′ of edges forms a subgraph G′ = (V,E′)
of G such that G′[Vi] is connected for all i ∈ J . Then, the induced graph G′[V (J)] is
also connected.

Proof. To prove this lemma we take two arbitrary elements vs and vt of V (J) and
show that they are connected in G′ = G′[V (J)]. Let vs ∈ Vl and vt ∈ Vp for some
l, p ∈ J be fixed. Since J is a connected component of G there is a path of edges (of
G) between l and p. Let this path be P(l, p) = (l, u1, u2, . . . , ur, p) with ui ∈ J for
all i ∈ {1, 2, . . . , r}. Hence, the following statements hold: Vl ∩ Vu1

6= ∅, Vu1
∩ Vu2

6=
∅, . . . , Vur

∩Vp 6= ∅. Without loss of generality, we assume that all of these intersections
are singletons, i.e., we have Vl ∩ Vu1

= {v0}, Vu1
∩ Vu2

= {v1},. . . ,Vur
∩ Vp = {vr} for

appropriate vertices v0, v1, . . . vr ∈ V (J) ⊆ V .
Since vs, v0 ∈ Vl for l ∈ J there exists a path P (vs, v0) between vs and v0 in G′.

Similarly, as v0, v1 ∈ Vu1
, we have a path P (v0, v1) between v0 and v1 in G′. After a

finite number of such steps, we end up with a concatenated path P (vs, vt) between vs
and vt in G′.

Rule 3. If there exists a cluster Vi ∈ C with V (Ji) = Vi and γi = 1, then any solution
of H′ = (V, C \ {Vi}) is also an optimal edge set for H.

Proof. Let E∗H′ be a solution of H′. Then, by Lemma 3.1, it forms a subgraph G′ =
(V,E∗H′) such that G′[V (Ji)] = G′[Vi] is connected and the proof is complete.

If, for a certain cluster Vi ∈ C, the number of connected components of G[Ji] is
greater than one, i.e., if γi > 1 holds, then we represent these connected components
by the index sets Ji,k ⊂ Ji for k = 1, . . . , γi. Hence, we have

Ji =

γi⋃
k=1

Ji,k, Ji,k ∩ Ji,l = ∅, k, l ∈ {1, . . . , γi} with k 6= l.

Rule 4. Assume that there is a cluster Vi ∈ C with V (Ji) = Vi and γi > 1. If there
is no cluster Vp with p ∈ I \ {i}, Vp ∩ V (Ji,k) 6= ∅ and Vp ∩ V (Ji,l) 6= ∅ for any pair
(k, l) with k, l ∈ {1, . . . , γi} and k 6= l, then any solution E∗H′ of H′ = (V, C′) with
C′ = C \ {Vi} can be converted into a solution of H by adding γi − 1 edges {u, vk}
to E∗H′, where u ∈ V (Ji,1) and vk ∈ V (Ji,k) for k = 2, . . . , γi are arbitrarily chosen
vertices.
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Proof. Let E∗H′ be a solution of H′, and let G′ = (V,E∗H′) be the corresponding
induced subgraph. Let u ∈ V (Ji,1) and vk ∈ V (Ji,k) for k = 2, . . . , γi arbitrarily
chosen but fixed. Then, we define E′ = {{u, vk} | k = 2, . . . , γi} and E′′ := E∗H′ ∪ E′.
Because of E′ ⊂ E′′ and by definition, the induced graph G′[Vj ], and hence G′′[Vj ] (as
the induced graph with respect to G′′ = (V,E′′)), is connected for all Vj ∈ C′. To prove
that E′′ is a solution of H we show that E′′ is a feasible solution of H (first part) and
that it is optimal as well (second part).

For the first part it is sufficient to prove that, for the graph G′′(V,E′′), the induced
graph G′′[Vi] is connected. To show that this sufficient condition is satisfied let us take
two arbitrary vertices ṽ1, ṽ2 ∈ Vi and consider the following two cases.

Case 1: Let ṽ1, ṽ2 ∈ V (Ji,k) be chosen from one and the same connected component
Ji,k of G[Ji]. Then, by Lemma 3.1, G′[V (Ji,k)] is connected and there exists a path
between ṽ1 and ṽ2 in G′ and, therefore, in G′′.

Case 2: Let ṽ1 ∈ V (Ji,k) and ṽ2 ∈ V (Ji,l) be chosen from different connected
components l 6= k, k, l ∈ {1, . . . γi}. We consider only the sub-case with k 6= 1, l 6= 1,
ṽ1 6= vk, and ṽ2 6= vl. (The remaining sub-cases are very similar.) Then, by Lemma
3.1, there exist paths P (ṽ1, vk) and P (ṽ2, vl) between the pairs of vertices ṽ1, vk and
ṽ2, vl, respectively, in G′, and hence in G′′. By assumption, we also have {u, vk} ∈ E′′
and {u, vl} ∈ E′′. Altogether, we have found a path P (ṽ1, ṽ2) = P (ṽ1, vk) ∪ {u, vk} ∪
{u, vl} ∪ P (ṽ2, vl) between ṽ1 and ṽ2 in G′′.

Hence, in any of the two cases, we obtain that G′′[Vi] is connected.

For the second part, we prove that

|E′′| ≤ |E∗| (22)

holds for any fixed solution E∗ of H. Let G∗(V,E∗) be the graph induced by E∗, and
let us define the set of edges

Eδ = {{v, w} ∈ E | v ∈ V (Ji,k), w ∈ V (Ji,l), k 6= l}.

By assumption, there is no cluster Vp, p ∈ I \ {i}, such that Vp ∩ V (Ji,k) 6= ∅ and
Vp ∩ V (Ji,l) 6= ∅ (for k 6= l) are satisfied. This means that Eδ ∩E(Vj) = ∅ holds for all
Vj ∈ C′. By definition, we further have E′ ⊆ Eδ leading to E∗H′ ∩ E′ = ∅. Hence, we
obtain |E′′| = |E∗H′ ∪E′| = |E∗H′ |+ |E′|. Similarly, E∗ can be divided into two disjoint
edge sets E∗ \ Eδ and E∗ ∩ Eδ. Therefore, we have |E∗| = |E∗ \ Eδ|+ |E∗ ∩ Eδ|, and
(22) can be formulated as

|E∗H′ |+ |E′| ≤ |E∗ \ Eδ|+ |E∗ ∩ Eδ|. (23)

To prove the latter, we claim that

|E∗H′ | ≤ |E∗ \ Eδ| and |E′| ≤ |E∗ ∩ Eδ| (24)

are valid. To show that the second inequality holds true let us suppose the contrary,
i.e., |E∗ ∩ Eδ| < |E′| = γi − 1. Then, there is a connected component Ji,k such that
the set of edges

{{v, w} ∈ E∗ ∩ Eδ | v ∈ Ji,k, w ∈ Ji,l, l 6= k}
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is empty. But this implies that G∗[Vi] is not connected which gives a contradiction. To
see that the first inequality in (24) is valid we notice that E∗ is a solution of H and,
as argued earlier, Eδ ∩ E(Vj) = ∅ holds for all Vj ∈ C′. Therefore, E∗ \ Eδ represents
a feasible solution of H′, whereas E∗H′ is an optimal edge set of H′. Consequently, we
have |E∗H′ | ≤ |E∗ \ Eδ|. Thus, both inequalities in (24) are valid so that (23) holds
and, hence (22) follows.

Rule 5. Assume that Vi ∈ C is a cluster satisfying V (Ji) 6= Vi and γi = 1. If

Vi ∩ Vk = {v}

holds for all Vk ∈ C(v) \ {Vi} and all v ∈ Vi \ V (Ji), then any solution E∗H′ of the
instance H′ = (V, C \ {Vi}) can be converted into a solution of the instance H by
adding the edges in T ∪ {{u, v}} to E∗H′, where T is the edge set of an arbitrarily
chosen spanning tree for the vertex set Vi \ V (Ji), and u ∈ V (Ji) and v ∈ Vi \ V (Ji)
are arbitrarily chosen vertices.

Proof. The proof of this theorem is similar to that of the previous one. Let E∗H′
be a solution of H′, and let G′ = (V,E∗H′) be the corresponding induced subgraph.
Moreover, we consider the set E′ = T ∪ {{u, v}} of edges and define E′′ := E∗H′ ∪ E′,
and let G′′(V,E′′) be the related graph induced by E′′. First we show that E′′ is a
feasible solution of H. For this let v1, v2 ∈ Vi denote arbitrary vertices and consider
the following cases.

Case 1: Let v1, v2 ∈ Vi \ V (Ji), then there exists a path P (v1, v2) with edges from
T between v1 and v2 in G′′.

Case 2: Let v1, v2 ∈ V (Ji) be given. Then, by Lemma 3.1, there exists a path
between v1 and v2 in G′ ⊆ G′′.

Case 3: Without any loss of generality, we assume that v1 ∈ Vi\V (Ji) and v2 ∈ V (Ji)
are given. Then, there exists a path P (v1, v) with edges from T between v1 and v in
G′′. Similarly, there exists a path P (v2, u) ⊆ E∗H′ between v2 and u in G′′. By taking
the union P (v1, v) ∪ {{u, v}} ∪ P (v2, u), we get a path between v1 and v2 in G′′.

Hence, in any of the three cases, we obtain that G′′[Vi] is connected.

Now, we prove that

|E′′| ≤ |E∗| (25)

holds for any fixed solution E∗ of H. Let G∗ = (V,E∗) be the graph induced by E∗,
and let us define the edge set

Eα = E(Vi \ V (Ji)) ∪ {{u, v} ∈ E(Vi) | u ∈ Vi \ V (Ji), v ∈ V (Ji)}.

By assumption, it is clear that Eα ∩ E(Vj) = ∅ holds for all Vj ∈ C′. Since, by
definition, we further have E′ ⊆ Eα, we obtain E∗H′ ∩ E′ = ∅. Hence, the equation
|E′′| = |E∗H′ ∪E′| = |E∗H′ |+ |E′| is valid. Similarly, E∗ can be divided into two disjoint
edge sets E∗ \Eα and E∗ ∩Eα. Therefore, we have |E∗| = |E∗ \Eα|+ |E∗ ∩Eα|, and
(25) can be written as

|E∗H′ |+ |E′| ≤ |E∗ \ Eα|+ |E∗ ∩ Eα|. (26)

As in the proof of Rule 4, we claim two inequalities: |E∗H′ | ≤ |E∗ \ Eα| and |E′| ≤
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|E∗∩Eα|. At first, note that |E′| = |Vi \V (Ji)| is valid. To prove the second inequality
we suppose the contrary, i.e., |E∗∩Eα| < |E′| = |Vi\V (Ji)|. Then, there exists a vertex
v ∈ Vi \ V (Ji) which is isolated in the induced graph G∗[Vi] implying that G∗[Vi] is
not connected. Since this is a contradiction we have shown that the second inequality
is satisfied. To prove the first inequality we notice that E∗ is a solution of H and,
as argued earlier in this proof, Eα ∩ E(Vj) = ∅ holds for all Vj ∈ C′. Consequently,
E∗ \Eα represents a feasible solution of H′, whereas E∗H′ is a solution of H′. Therefore,
the first inequality |E∗H′ | ≤ |E∗ \Eα| holds as well. Thus, (26) is satisfied and implies
(25).

3.3. Implementation of the instance reduction rules

The pseudocode of the instance reduction rules explained in the previous subsections
will be given in Appendix A. For this purpose, the subsequent definition of the matrices
A and S as well as some observation on the meaning of their entries are helpful.

As before, let H = (V, C) denote an instance of the MCI problem. Then, H can be
described by the cluster-vertex incidence matrix A ∈ Z|I|×|V | with

Ai,j =

{
1, if cluster Vi contains vertex j,

0, otherwise,
i ∈ I, j ∈ V.

To implement Rules 1 and 2 let the matrix

R = A>A ∈ Z|V |×|V |

be defined. For two vertices u, v ∈ V , the entry Ru,v of matrix R provides the number
of clusters which contain both u and v. Therefore and since Ru,u ≥ Ru,v, it follows
that C(u) ⊆ C(v) is satisfied if and only if Ru,v = Ru,u holds.

To implement Rules 3 – 5 the matrix

S = AA> ∈ Z|I|×|I|

is defined. Obviously, Si,j = |Vi ∩ Vj | holds for all i, j ∈ I and, as a special case, we
have Si,i = |Vi| for all i ∈ I. Therefore, Vj ⊆ Vi holds if and only if Si,j = Sj,j is
satisfied, and we obtain

Ji = {j ∈ I | Vj ⊂ Vi} = {j ∈ I \ {i} | Si,j = Sj,j}.

With reference to the pseudocode in Appendix A, we finally mention that the proposed
reduction rules run in polynomial time depending on |V | and |I|.

4. Computational experiments

This section contains a description of the computational environment and the pro-
cedure of generating test instances for the MCI problem. Moreover, we report on
numerical results obtained by our simulations, together with a respective discussion
and conclusions.
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4.1. Instance generation

We consider four types of instances which differ in the (average) size of the clusters
and in the range the size is chosen from. More precisely, four instance types are char-
acterised by the minimum and maximum cardinality of all clusters Vi ∈ C as follows:

Type 1: 2 ≤ |Vi| ≤ m,
Type 2: 2 ≤ |Vi| ≤ dm/2e,
Type 3: dm/4e ≤ |Vi| ≤ m,
Type 4: dm/4e ≤ |Vi| ≤ dm/2e,

(27)

where m defines the cardinality |V | of the vertex set of an instance. Then, for given m,
|C|, and for a given instance type, the procedure in Appendix B generates 50 random
instances. The cardinality of each of the clusters V1, . . . , V|C| is drawn randomly from
the set of feasible integers in (27) according to the uniform distribution. Thereafter, the
vertex set of each of these clusters is drawn from {1, . . . , |V |} with uniform distribution.
If, during the generation of a cluster, a vertex is drawn a second time, then it is not
used. The same is done if identical clusters occur. For our computations, |V | is chosen
equal to or greater than 10, whereas |C| ∈ {|V |, 3|V |, 5|V |} is used, details are shown
in the tables in the next subsection.

4.2. Computational results

The primary aim of our tests consists in the comparison of the two MILP models (1) –
(8) and (10) – (15), i.e., the original and the improved one, with respect to the total
computational time needed to solve an MCI instance. Secondly, the behaviour of the
presented reduction rules shall be analysed. Finally, we investigate the performance
of a technique for computing a feasible (usually not optimal) edge set by means of a
heuristic proposed in [12].

To this end, the original MILP model (in Table 2) and the improved MILP model
(in Tables 2 – 5) are applied to MCI instances either without or with the use of the
presented reduction rules. For the latter case, we first sequentially apply the rules
presented in Section 3 before solving the reduced instance by one of the MILP models.

Within Tables 2 – 5, we use the following notation.

• The column Type shows the instance type of a row, according to (27).
• In each row, the column |E∗|∅ provides the averaged optimal values of the

instances that were solved within the time limit of 900 seconds (out of 50 random
instance).
• In each row, the column ∆ shows the value

100×
(
|Eheu|∅
|E∗|∅

− 1

)
,

where |Eheu|∅ denotes the averaged cardinalities of edge sets obtained by the
heuristic technique from [12] applied to all instances solved within the time limit.
• The (multiple) columns Clusters removed and Vertices removed show per-

centages of how many clusters and vertices, respectively, could be removed by
means of reduction rules.
• The columns R1–R2, R1–R5, and R3 refer to results obtained by applying
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Rules 1–2, Rules 1–5, and Rule 3, respectively, before solving the instance. The
columns +R3, +R4, or +R5 show the additional percentage of reduction ob-
tained by applying Rule 3, Rule 4, or Rule 5, respectively, if Rules 1–2, Rules
1–3, or Rules 1-4, respectively, were already applied.
• The multiple column Runtime shows the averaged runtimes for solving the 50

instances depending on the reduction rules employed. The column NoR provides
the averaged runtime if no reduction rule is used at all. In some of the entries of
the column Runtime a bracketed number [x] can be found below the average
runtime. This means that x<50 instances are solved within the time limit of 900
seconds and the average is taken only over these x instances.
• The two MILP formulations are indicated by oMILP (the original model (1) –

(8) proposed in [12]) and by iMILP (the improved model (10) – (15)).

Note that all measurements (average percentages, average runtimes) given in the tables
are rounded. Since the time needed by the heuristic to find the approximate solution is
less than a second for all the tested MCI instances, we do not include the corresponding
times in our tables.

In our last table, Table 6, we compare the relaxations of the original and the im-
proved MILP model with respect to their optimal values and run times. More precisely,

• The columns oLP∅ and iLP∅ show the optimal values of the original and of
the improved MILP model, averaged over 50 instances according to the number
of clusters |C| and the instance type (27) as given in the corresponding row.
• The columns min(iLP-oLP) and max(iLP-oLP), respectively, present the

minimal and the maximal difference between the optimal values of the improved
and the original MILP relaxation out of the 50 instances.
• Finally, the double column Runtime shows the averaged time needed for solving

the relaxations of the original and of the improved MILP model (within the
columns oLP and oLP).

The solution of any MCI instance is based on the solution of the MILP models
in Section 2 by means of CPLEX R© (Version 12.6.3) on a PC with Intel R© Xeon R©
processor X5670 at 2.93 GHz using 96 GB of memory. The preprocessing including
the application of reduction rules and the call of the CPLEX R© routine cplexmilp is
done in MATLAB R© Release R2016a. After 900 seconds, the solution of any instance
is stopped.

Furthermore, the relation between the two MILP models with respect to their com-
putational behavior becomes obvious in Table 2. Due to the worse performance of the
original MILP model we only apply the improved model for instances with larger ver-
tex sets, and present results for those instances which mostly could be solved within
the time limit of 900 seconds. Therefore, we give separate results for the cases |C| = m,
|C| = 3m, and |C| = 5m in Tables 3 – 5.

4.3. Observations and conclusions

Based on the obtained computational results we now provide several observations and
derive conclusions.

i) Comparison of the MILP models.
As Table 2 clearly shows, all the tested types of MCI instances could be solved
much faster if the improved MILP model is used instead of the original model
from [12]. This holds regardless of the application of reductions rules. Moreover,
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Table 2. Computational Results obtained for the original MILP model (oMILP) and the improved model (iMILP) with and

without instance reduction rules

Clusters removed Vertices Runtime (sec)
(%) removed (%) NoR R1–R5

m Type |C| |E∗|∅ ∆ R1–R2 +R3 +R4 +R5 R1–R2 oMILP iMILP oMILP iMILP

10 1 10 10.8 4.8 13.8 11.2 0.0 0.0 15.6 1.08 0.16 0.71 0.14
30 16.1 14.2 0.4 29.6 0.0 0.0 0.4 1.21 0.36 0.70 0.23
50 19.4 13.6 0.0 42.1 0.0 0.0 0.0 1.74 0.65 0.56 0.25

2 10 13.0 2.5 5.8 3.2 0.0 2.6 19.0 0.50 0.07 0.27 0.08
30 20.4 7.3 0.0 10.6 0.0 0.2 0.0 0.36 0.14 0.30 0.16
50 24.8 8.1 0.0 26.4 0.0 0.2 0.0 0.57 0.22 0.41 0.20

3 10 10.7 6.0 9.8 13.6 0.0 0.2 12.0 1.31 0.15 0.99 0.12
30 15.5 13.4 0.0 29.6 0.0 0.0 0.0 2.36 0.42 1.41 0.27
50 18.3 14.2 0.0 41.2 0.0 0.0 0.0 3.92 0.69 1.53 0.32

4 10 12.9 3.9 2.0 2.4 0.0 0.2 14.0 0.46 0.08 0.30 0.09
30 19.6 8.8 0.0 6.5 0.0 0.0 0.0 1.03 0.21 0.95 0.24
50 22.4 8.9 0.0 15.0 0.0 0.0 0.0 1.51 0.33 1.29 0.34

12 1 12 14.0 6.7 4.0 11.8 0.0 0.0 4.8 2.77 0.24 1.73 0.22
36 20.4 13.2 0.0 27.3 0.0 0.0 0.0 3.73 0.75 1.91 0.44
60 24.5 15.6 0.0 35.6 0.0 0.0 0.0 6.65 1.36 2.53 0.57

2 12 16.2 3.7 3.2 0.8 0.0 0.0 9.0 0.70 0.10 0.60 0.11
36 26.0 7.9 0.0 7.6 0.0 0.0 0.0 1.07 0.22 1.12 0.24
60 31.2 9.3 0.0 18.2 0.0 0.0 0.0 2.12 0.36 1.44 0.36

3 12 13.6 8.0 5.2 13.2 0.0 0.0 6.5 3.56 0.24 2.53 0.20
36 19.8 16.6 0.0 27.1 0.0 0.0 0.0 11.25 0.95 4.20 0.52
60 23.5 16.6 0.0 36.3 0.0 0.0 0.0 13.88 1.68 4.58 0.73

4 12 16.4 5.0 0.2 1.0 0.0 0.2 5.7 1.01 0.13 0.96 0.15
36 25.0 9.7 0.0 2.8 0.0 0.0 0.0 2.12 0.35 2.11 0.39
60 29.4 10.1 0.0 9.1 0.0 0.0 0.0 4.01 0.61 3.41 0.62

14 1 14 16.6 10.8 2.0 12.0 0.0 0.0 2.4 30.8 0.49 21.9 0.36
[49] [49]

42 24.7 17.2 0.0 23.9 0.0 0.0 0.0 36.7 2.0 20.2 1.4
70 30.1 16.9 0.0 30.8 0.0 0.0 0.0 36.4 3.53 11.8 1.81

2 14 19.8 4.2 1.6 0.0 0.0 0.3 5.0 1.43 0.15 1.32 0.17
42 31.3 10.4 0.0 3.9 0.0 0.0 0.0 3.11 0.48 2.92 0.46
70 38.0 12.0 0.0 10.9 0.0 0.0 0.0 5.82 0.92 4.61 0.80

3 14 16.4 9.8 0.6 13.1 0.0 0.0 1.0 76.9 0.59 50.6 0.39
[48] [49]

42 22.7 18.0 0.0 24.1 0.0 0.0 0.0 303 4.83 148 2.78
[44]

70 26.5 18.8 0.0 31.6 0.0 0.0 0.0 493 11.3 269 4.86
[17] [44]

4 14 19.8 7.0 0.1 0.0 0.0 0.0 1.4 3.66 0.19 3.69 0.22
42 29.1 11.1 0.0 0.7 0.0 0.0 0.0 52.9 1.90 53.0 1.90
70 33.4 13.1 0.0 2.5 0.0 0.0 0.0 324 4.75 297 6.06

[47] [46]

note that some of the instances with m = 14 vertices could not be solved within
the given time limit if the original MILP model was used. Due to this, only the
improved MILP model is used in the further tables.

ii) Dependency on instance types.
The computational behavior is quite different with respect to the four types of
MCI instances. As it can be seen in Tables 2 and 3, Types 1 and 3 are more time
consuming in comparison to Types 2 and 4, if the number of clusters is small.
This could mainly be caused by the larger number of variables and constraints
in the MILP model. However, as Tables 4 and 5 show, MCI instances of Type 4
become more difficult to solve with increasing number of clusters (and vertices).
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Table 3. Computational results obtained for the improved MILP model with and with-

out instance reduction rules for |C| = m

Clusters removed Vertices removed Runtime
(%) (%) (sec)

m Type |E∗|∅ ∆ R1–R2 +R3 R1–R2 NoR R1–R5

16 1 19.9 10.4 1.3 10.9 2.5 1.06 0.85
2 23.2 6.5 0.9 0.1 3.4 0.25 0.25
3 19.2 13.2 2.0 11.9 2.0 2.03 1.54
4 23.4 9.5 0.0 0.0 0.3 0.39 0.40

18 1 22.8 13.5 0.8 9.4 1.3 2.24 1.89
2 27.5 6.7 0.6 0.0 1.6 0.34 0.37
3 22.1 14.4 0.0 11.7 0.0 5.41 4.32
4 27.0 10.6 0.0 0.0 0.2 0.92 0.91

20 1 25.9 15.2 0.4 8.9 0.3 8.69 9.46
2 31.1 9.1 0.3 0.0 1.4 0.63 0.66
3 25.2 16.4 0.0 9.7 0.0 8.68 6.33
4 31.2 12.0 0.0 0.0 0.0 1.65 1.64

22 1 29.4 16.7 0.1 8.5 0.2 17.3 10.5
2 35.4 10.5 0.1 0.0 0.9 1.40 1.47
3 28.4 18.1 0.0 10.8 0.0 26.9 18.4
4 35.1 11.9 0.0 0.0 0.2 3.93 3.96

24 1 32.4 18.6 0.1 7.8 0.1 62.4 61.3
[47]

2 39.5 11.4 0.2 0.0 0.3 1.97 2.01
3 31.4 18.1 0.0 9.5 0.0 99.6 64.5

[47] [48]
4 38.5 13.2 0.0 0.0 0.0 6.55 6.55

26 1 35.8 18.5 0.1 6.6 0.1 97.2 62.6
[49] [48]

2 44.2 11.9 0.1 0.0 0.2 3.20 3.25
3 34.4 17.7 0.0 10.1 0.0 201 141

[31] [37]
4 42.4 13.6 0.0 0.0 0.0 41.8 41.8

[46] [46]

iii) Dependency on the number of clusters.
It can be noticed that a larger number of clusters may lead to less successful
reductions by Rules 1 and 2. This is mainly caused by the fact that the corre-
sponding rules require special properties of the given clusters so that the sufficient
conditions of these rules are harder to satisfy, in general. Hence, increasing the
number of clusters (for constant number of vertices) does not only lead to a more
difficult instance itself, but also to less beneficial reductions. Consequently, the
hardness/complexity of an instance (if associated to the numbers of variables
and constraints in the MILP) usually grows much faster than the number of
clusters.

iv) Behavior of the reduction rules.
Concerning the effects of the reduction rules, we can state that Rule 3 is the
most successful one. Note also that the percentages given in the tables for Rule
3 are reductions in addition to those caused by Rules 1 and 2. However, the
obtained ratios of reduction also depend on the size and the type of instances.
Rules 1 and 2 lead to a decrease of the number of clusters and vertices for small
m in the case |C| = m. Rules 3 – 5 are designed for the removal of clusters. Thus,
for these rules, we do not provide computational results for the elimination of
vertices. It can be seen in Table 2 that Rules 4 and 5 do not provide significant
reductions for our test instances. Therefore, Rules 4 and 5 are not applied to
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Table 4. Computational results obtained for the improved MILP model

with and without instance reduction rules for |C| = 3m

Clusters removed (%) Runtime (sec)

m Type |E∗|∅ ∆ R3 NoR R1–R5

16 1 29.4 19.8 20.2 6.17 3.20
2 37.0 12.3 2.0 1.27 1.36
3 27.1 19.9 22.8 13.6 6.75
4 34.4 12.3 0.5 3.51 3.71

18 1 33.8 20.5 20.0 15.0 8.85
2 42.8 13.3 0.9 2.92 3.11
3 30.4 20.2 21.3 94.9 41.5
4 39.1 13.2 0.1 70.8 68.0

[49] [49]

20 1 38.5 22.3 18.9 63.5 24.9
2 49.4 14.1 0.6 6.33 6.44
3 35.9 19.8 19.8 212 154

[30] [40]
4 44.9 14.9 0.1 191 183

[31] [30]

22 1 44.3 22.7 16.7 150 80.2
[44] [49]

2 55.6 16.8 0.4 24.9 25.0
[49] [49]

3 39.4 20.3 16.8 594 425
[1] [7]

4 — — — — —

Table 5. Computational results obtained for the improved MILP model

with and without instance reduction rules for |C| = 5m

Clusters removed (%) Runtime (sec)

m Type |E∗|∅ ∆ R3 NoR R1–R5

16 1 35.0 20.2 29.9 9.75 3.46
2 45.5 13.6 6.4 2.26 2.24
3 32.3 19.9 28.4 45.8 9.93
4 40.6 15.1 1.3 19.6 19.8

18 1 41.0 19.8 26.4 40.1 13.3
2 52.3 14.4 3.8 4.7 4.6
3 35.9 21.5 25.3 285 135

[28] [41]
4 44.6 13.5 0.1 286 354

[4] [5]

20 1 46.5 22.4 24.8 133 67.5
[43]

2 60.1 16.2 2.5 16.9 18.0
3 42.2 20.7 22.9 342 308

[5] [19]
4 51.0 9.8 0.1 434 434

[1] [1]

larger instance sizes. Moreover, since the effects of Rules 1 and 2 go down with
increasing number of vertices and clusters, we only use Rule 3 in Tables 4 and 5
to show the percentage of reductions. In average, Rule 3 is able to significantly
improve the runtime for instances of Type 3 and 4.

v) Performance of the Heuristic.
The results provided by the heuristic cannot be considered as a good approx-
imation of an optimal edge set. Hence, if an (almost) exact solution of MCI
instances is desired, then due to this observation, the necessity of developing im-
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Table 6. Computational results on optimal values and runtimes of the continuous

relaxations of the original and the improved MILP formulation for instances with

m = 30 vertices

Optimal value Runtime (sec)

|C| Type oLP∅ iLP∅ min(iLP-oLP) max(iLP-oLP) oLP iLP

30 1 9.2 38.6 26.2 33.5 9.97 2.39
2 14.0 48.2 30.0 37.6 6.27 0.62
3 6.8 36.2 26.5 32.3 12.18 2.77
4 10.2 45.6 32.7 38.4 8.66 1.28

60 1 17.6 57.0 35.2 46.1 113.10 6.17
2 26.3 73.9 41.0 52.3 77.78 2.76
3 10.8 48.2 34.6 41.0 157.28 9.55
4 15.7 61.4 42.7 49.2 124.21 4.83

90 1 24.0 69.2 41.6 50.6 361.64 9.65
2 35.2 90.6 51.6 61.5 309.36 4.59
3 13.2 55.1 38.4 45.1 565.27 18.25
4 18.7 68.5 47.5 51.9 524.30 10.34

proved exact solution approaches becomes obvious to enlarge the size of solvable
MCI instances. Nevertheless, the heuristic might be helpful both for this purpose
or for some applications.

vi) Quality of LP relaxation.
Table 6 shows clearly that the relaxation of the improved MILP model provides
much better lower bounds for the optimal value of the MCI instances than the
relaxation of the original MILP model does. This does not only hold in average
but also for each of the 50 instances corresponding to a row in the table. In
addition to this, solving the relaxation of the relaxation of the improved MILP
model is much faster than for the original model.

5. Final remarks

In this paper, we have shown how the MILP model of the MCI problem from [12] can
be improved remarkably. The advantages of the new model could be demonstrated
by computational experiments. Moreover, some new instance reduction rules have
been proposed for the MCI problem. Now, somewhat larger and more complex MCI
instances can be solved to optimality in a modest amount of time. In addition, under
some conditions, reduction methods can be helpful. Moreover, the computational tests
showed that the (relative) gap between the objective function values obtained by a
heuristic technique and the exact solution need not be small. Therefore, future work
should aim to further improve corresponding MILP formulations, which enables to
optimally solve even more complex and larger instances of the MCI problem, and to
provide tighter lower bounds. As the different results obtained for the four types of
MCI instances suggest, instance type specific formulations can be meaningful. The
same could be true for the development of appropriate reduction methods.

Since the MCI problem is known to be NP-hard, another possible area of future
research is the investigation of sufficient conditions which can be used to prove that an
approximate solution (obtained by a heuristic) is optimal. Moreover, the construction
of heuristics having a proved performance behavior is of high interest.
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Appendix A. Pseudocode for Rules 1 – 5

The notation within the algorithms below is taken from Sections 1 – 3. Furthermore,
by E∗R(k), with k ∈ {1, 2, 4, 5}, the corresponding sets of edges obtained by applying

Rule k are denoted. Since, for Rules 1 and 2, singleton clusters or identical clusters
may be generated, lines 8–12 in the corresponding algorithms avoid this.

Algorithm 1 Rule 1

Input: The cluster-vertex incidence matrix A, the sets V , C, and I of the MCI instance
(V, C).

Output: The reduced MCI instance (V ′, C′) and the set of edges E∗R(1).

1: Set V ′ = V, I ′ = I, V ′i = Vi ∀i ∈ I ′, C′ = C and E∗R(1) = ∅
2: Compute R = A>A
3: for all u ∈ V do
4: Compute C = {v ∈ V ′ | Ru,v = Ru,u, v 6= u}
5: if C 6= ∅ and |Vj | ≤ |C|+ 3,∀j ∈ C′ then
6: Remove u from V ′ and from all V ′i , i ∈ C(u).
7: E∗R(1) = E∗R(1) ∪ {u, v} where v ∈ C is an arbitrarily chosen vertex

8: for all V ′i ∈ C′ do
9: if |V ′i | ≤ 1 or ∃ V ′j ∈ C′, i 6= j with V ′i = V ′j then

10: Remove i from I ′

11: end if
12: end for
13: Set C′ = {V ′i | i ∈ I ′}
14: end if
15: end for

Algorithm 2 Rule 2

Input: The cluster-vertex incidence matrix A, the sets V , C, and I of the MCI instance
(V, C).

Output: The reduced MCI instance (V ′, C′) and the set of edges E∗R(2).

1: Set V ′ = V, I ′ = I, V ′i = Vi ∀i ∈ I ′, C′ = C and E∗R(2) = ∅
2: Compute R = A>A
3: for all u ∈ V do
4: Compute C ′ = {v ∈ V ′ | Rv,u = Rv,v}
5: if |C ′| > 1 and ∃ i ∈ C(u) such that Vi ⊆ C ′ then
6: Compute V ′ = V ′ \ Vi and V ′j = V ′j \ Vi, j ∈ I ′
7: E∗R(2) = E∗R(2) ∪ {{u, v} | v ∈ V

′, v 6= u}
8: for all V ′i ∈ C′ do
9: if |V ′i | ≤ 1 or ∃ V ′j ∈ C′, i 6= j with V ′i = V ′j then

10: Remove i from I ′

11: end if
12: end for
13: Set C′ = {V ′i | i ∈ I ′}
14: end if
15: end for
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For the next algorithms, observe that the determination of connected components
of a graph can be done in linear time (in terms of the number of vertices and edges of
the graph), see for instance [15].

Algorithm 3 Rule 3

Input: The cluster-vertex incidence matrix A, the sets V , C, and I of the MCI instance
(V, C).

Output: The reduced MCI instance (V, C′).
1: Set I ′ = I
2: Compute S = AA>

3: for all i ∈ I do
4: Compute Ji = {j ∈ I \ {i} | Si,j = Sj,j}
5: if V (Ji) = Vi and G(Ji) is connected then
6: Remove i from I ′

7: end if
8: end for
9: Set C′ = {Vi | i ∈ I ′}

Algorithm 4 Rule 4

Input: The cluster-vertex incidence matrix A, the sets V , C, and I of the MCI instance
(V, C).

Output: The reduced MCI instance (V, C′) and the set of edges E∗R(4).

1: Set I ′ = I and E∗R(4) = ∅
2: Compute S = AA>

3: for all i ∈ I do
4: Compute Ji = {j ∈ I \ {i} | Si,j = Sj,j}
5: if Ji 6= ∅, γi > 1 and V (Ji) = Vi then
6: if @ Vp, p ∈ I \ {i} with Vp ∩ V (Ji,k) 6= ∅ and Vp ∩ V (Ji,l) 6= ∅ for

any pair k, l ∈ {1, . . . , γi}, k 6= l then
7: Remove i from I ′

8: Set E = {{u, vk} | u ∈ V (Ji,1), vk ∈ V (Ji,k), k ∈ {2, . . . , γi}},
where |E| = |γi − 1|

9: E∗R(4) = E∗R(4) ∪ E
10: end if
11: end if
12: end for
13: Set C′ = {Vi | i ∈ I ′}
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Algorithm 5 Rule 5

Input: The cluster-vertex incidence matrix A, the sets V , C, and I of the MCI instance
(V, C).

Output: The reduced MCI instance (V ′, C′) and the set of edges E∗R(5).

1: Set I ′ = I, V ′ = V and E∗R(5) = ∅
2: Compute S = AA>

3: for all i ∈ I do
4: Compute Ji = {j ∈ I \ {i} | Si,j = Sj,j}
5: if Ji 6= ∅, γi = 1 and V (Ji) ⊂ Vi then
6: if Si,k = 1, ∀k ∈ C(u) \ {i}, u ∈ Vi \ V (Ji) then
7: Remove i from I ′

8: Set Ê = {{u, v} | u ∈ Vi\V (Ji)} for some fixed but arbitrarily

chosen v ∈ V (Ji), where |Ê| = |Vi \ V (Ji)|
9: E∗R(5) = E∗R(5) ∪ Ê

10: end if
11: end if
12: end for
13: if ∃v ∈ V ′ such that C(v) ∩ I ′ = ∅ then
14: Remove v from V ′

15: end if
16: Set C′ = {Vi | i ∈ I ′}

Appendix B. Pseudocode for the random generation of clusters

Algorithm 6 For generating a set of clusters C = {Vi | Vi ⊆ V, l ≤ |Vi| ≤ u} by using
uniform distributions
Input: m and n (desired number of vertices and clusters), l and u (lower and upper

bound for cardinality of clusters according to the desired instance type in (27)).
Output: The set C of clusters.

1: C = ∅
2: while

⋃
Vi∈C

Vi 6= V do

3: for i ∈ {1, 2, . . . , n} do
4: Vi = ∅
5: while |Vi| = ∅ do
6: Choose p ∈ {x | x ∈ N, l ≤ x ≤ u} randomly
7: Choose S ⊆ {1, 2, . . . ,m} randomly so that |S| = p
8: Set Vi = S
9: if Vi ∈ C then

10: Vi = ∅
11: end if
12: end while
13: Set C = C ∪ {Vi}
14: end for
15: end while
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