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Abstract We study the convex hull of the mixed-integer set given by a conic quadratic
inequality and indicator variables. Conic quadratic terms are often used to encode
uncertainties, while the indicator variables are used to model fixed costs or enforce
sparsity in the solutions. We provide the convex hull description of the set under con-
sideration when the continuous variables are unbounded. We propose valid nonlinear
inequalities for the bounded case, and show that they describe the convex hull for the
two-variable case. All the proposed inequalities are described in the original space of
variables, but extended SOCP-representable formulations are also given. We present
computational experiments demonstrating the strength of the proposed formulations.
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1 Introduction

Given σ ≥ 0 and set N = {1, . . . ,n}, we consider the set defined by a conic quadratic
constraint and indicator variables

Xσ =

{
(x,y, t) ∈ {0,1}N×RN

+×R+ :
√

σ2 + ∑
i∈N

(ciyi)2 ≤ t, yi(1− xi) = 0, ∀i ∈ N

}
.

Set Xσ arises directly in robust least squares problems [27], best subset selection
problems with shrinkage [45], chance-constrained problems with independent nor-
mal distributions [19], robust optimization with ellipsoidal uncertainty sets [16, 17]
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and distributionally robust optimization with mean-covariance information [28, 57].
Additionally, Xσ is also encountered implicitly in rotated cone form y′y ≤ ts where
s, t ∈ R+ are variables, e.g., in joint location-inventory problems [11, 50], value-at-
risk minimization with discrete uncertainty sets [3], and feature selection problems
with respect to information criteria [35, 46].

Constructing strong convex relaxations of non-convex sets is a critical step to-
wards devising efficient algorithms for optimization problems involving such sets.
There is an increasing literature on constructing strong formulations for pure- and
mixed-integer conic quadratic optimization, including Gomory cuts [23], MIR cuts
[9], cut generating functions [52], lifting [10, 51], subadditive inequalities [49] and
minimal inequalities [41]. Additionally, disjunctive programming has received a vast
amount of attention in the context of mixed-integer nonlinear programming. The con-
vex hull of a set defined as a disjunction of convex sets can be characterized in an
extended formulation [22, 53]. However, such formulations create a copy of each
variable for each disjunction; the resulting formulations do not scale for Xσ , defined
as the disjunction of 2n sets. Thus, researchers have focused on characterizing the
convex hulls of sets involving conic quadratic constraints and simpler disjunctions
[2, 13, 14, 15, 20, 40, 42, 47, 48, 56], in particular, disjunctions involving only two
sets. The resulting valid inequalities are directly applicable to a broad class of pure-
integer conic quadratic optimization problems, but do not exploit the specific struc-
ture of Xσ . Moreover, focusing only on two-term disjunctions may be insufficient to
provide a good approximation of the convex hull of Xσ .

Although Xσ has received relatively few attention in the literature, the related
quadratic set defined by the constraint y′Qy ≤ t with Q � 0 and indicator variables
has been studied in depth [18, 24, 39]. In particular, if Q is a diagonal matrix, then
the perspective reformulation is a widely used technique for constructing strong con-
vex relaxations for quadratic (and in general separable nonlinear) optimization with
indicator variables [1, 21, 29, 31, 32, 33, 36, 38, 44, 54, 55]. For general positive-
definite matrices Q, a standard technique is to extract a positive diagonal matrix D
from Q such that Q−D � 0, and reformulate each separable quadratic term of the
form Diiy2

i using its perspective function [25, 30, 58]. More recently, approaches
which extract simple but non-diagonal matrices from Q have also been considered
[4, 5, 12, 34, 37, 39]. However, perspective reformulation approaches are not appli-
cable to Xσ as the nonlinear function

√
σ2 +∑i∈N(ciyi)2 is non-separable due to the

square root.
More recently, Atamtürk and Gómez [6] propose strong formulations for binary

conic quadratic optimization with terms of the form
√

x′Qx≤ t, based on diagonal de-
compositions of the matrix Q. Specifically, a conic quadratic constraint

√
x′Qx≤ t can

be written in an extended formulation as
√

s2 + y2 ≤ t,
√

x′Dx≤ s,
√

x′(Q−D)x≤ y.
Valid inequalities of the form π ′x ≤ s can then be added to the formulation, where
π is an extreme point of the extended polymatroid associated with the submodular
function

√
x′Dx [8, 26, 43]. Strong relaxations of Xσ can similarly be exploited to

derive strong formulations of the set

H =
{
(x,y, t) ∈ {0,1}N×RN

+×R+ :
√

y′Qy≤ t, yi(1− xi) = 0, ∀i ∈ N
}
.
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However, the convex hull of Xσ is not well understood to date. To the best of
our knowledge, set Xσ was first (explicitly) considered in [7]. The authors study the
case where the continuous variables are bounded, i.e., yi≤ xi, and propose valid linear
inequalities based on lifting the extended polymatroid inequalities for the pure-binary
restriction of Xσ where yi = xi. Nonetheless, since the convex hull of Xσ is non-
polyhedral, it cannot be described by a finite number of linear inequalities.

The main contributions of this paper are:

1. We give the complete description of the convex hull of Xσ .
2. We illustrate how the resulting valid inequalities can be used as building blocks

to derive strong formulations for optimization problems involving subsets of Xσ .
We focus in particular on the case with bounded continuous variables.

The rest of the paper is organized as follows. In Section 2 we study the set Xσ and
prove the main result of the paper. In Section 3 we use the insights gained from Xσ to
propose valid inequalities for the bounded case. In Section 4 we present computations
illustrating the strength of the inequalities, and in Section 5 we conclude the paper.

Notation Given a set X ⊆ RN , let conv(X) denote the closure of its convex hull.
Given a vector x ∈ RN and S ⊆ N, let xS denote the subvector of x induced by S, let
x(S) = ∑i∈S xi, and let Π(S) be the set of all permutations of S.

2 Study of the set Xσ

In this section we study the set Xσ . We first point out that conv(Xσ ) is trivial when
σ = 0.

Proposition 1 conv(X0) =
{
(x,y, t) ∈ [0,1]N×RN

+×R+ :
√

∑i∈N(ciyi)2 ≤ t
}
.

Proof Let X̄0 =
{
(x,y, t) ∈ [0,1]N×RN

+×R+ :
√

∑i∈N(ciyi)2 ≤ t
}

. We prove that
the optimization problems

(P0) min
(x,y,t)∈X0

a′x−b′y+Ω t, and

(Q0) min
(x,y,t)∈X̄0

a′x−b′y+Ω t,

where a,b ∈ RN and Ω ∈ R, are either both unbounded, or share a same optimal
solution. First suppose that there exists (ȳ, t̄) ∈ RN

+×R+ such that
√

∑i∈N(ciȳi)2 ≤ t̄
and −b′ȳ+Ω t̄ < 0. Then by setting x = 1, y = λ ȳ and t = λ t̄, we obtain feasible
solutions for both problems with arbitrarily low values as λ →∞, thus both problems
are unbounded. Now suppose that−b′y+Ω t ≥ 0 for all y, t such that

√
∑i∈N(ciyi)2 ≤

t. Then there exists an optimal solution for (P0) and (Q0) with y = t = 0, and clearly
in this case (P0) and (Q0) are equivalent. ut

In the rest of this section, we assume σ > 0 to rule out the trivial case. First,
in Section 2.1, we study optimization over Xσ . Then, in Section 2.2, we introduce a
family of nonlinear valid inequalities for Xσ . Finally, in Section 2.3, we show that the
proposed inequalities actually describe conv(Xσ ).
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2.1 Optimization over Xσ

Consider the optimization problem

(P) min
(x,y,t)∈Xσ

a′x−b′y+Ω t,

where a,b ∈ RN and Ω ∈ R. Note that if Ω < 0 then (P) is unbounded by letting
t→∞, and if Ω = 0 then (P) is a simple linear optimization. Thus we assume Ω > 0
and, by scaling, we can set Ω = 1. Since t =

√
σ2 +∑i∈N(ciyi)2 in any optimal

solution, we write (P) as

min
(x,y)∈{0,1}N×RN

+

a′x−b′y+
√

σ2 + ∑
i∈N

(ciyi)2 subject to yi(1− xi) = 0, ∀i ∈ N.

Moreover, we see that if bi ≤ 0, then there exists an optimal solution where yi = 0;
and if ai ≤ 0, then there exists an optimal solution where xi = 1. Thus we assume
that a,b > 0. Finally, observe that if ci = 0, then the problem is unbounded by letting
yi→ ∞. Thus we also assume c > 0.

Atamtürk and Jeon [7] give a O(n2) algorithm for the case with bounded contin-
uous variables that could be used for (P) using big-M constraints. We now show that
(P) can be solved in O(n logn) time. For i ∈ N, define ζi := (bi/ci)

2. Moreover, for all
S⊆ N such that ζ (S)≤ 1, define

φ(S) := a(S)+σ
√

1−ζ (S).

Finally, define gS : RS → R as gS(yS) = −b′yS +
√

σ2 +∑i∈S(ciyi)2 for all S ⊆ N.
Proposition 2 shows how to solve (P), depending on the value of ζ (N). In partic-
ular, if ζ (N) ≤ 1, then (P) is equivalent to the submodular minimization problem
minS⊆N φ(S).

Proposition 2 Problem (P) can be solved as follows:

1. If ζ (N) > 1, then (P) is unbounded, i.e., there exist feasible solutions with arbi-
trarily low objective values.

2. If ζ (N)< 1, then min
(x,y,t)∈Xσ

a′x−b′y+t =min
S⊆N

φ(S). Moreover, if S∗ ∈ argmin
S⊆N

φ(S),

then there exists an optimal solution to (P) where y∗i = σ
ζi

bi
√

1−ζ (S∗)
and x∗i = 1

if i ∈ S∗, and y∗i = x∗i = 0 otherwise.
3. If ζ (N) = 1, then inf

(x,y,t)∈Xσ

a′x−b′y+ t = min
S⊆N

φ(S). Moreover, if S∗ ∈ argmin
S⊆N

φ(S)

with S∗(N, then there exists an optimal solution as in the case ζ (N) < 1. If
argmin

S⊆N
φ(S) = {N}, then there does not exist an optimal solution.

Proof 1. First suppose ζ (N) > 1. Then, for λ > 0, let yi(λ ) = λ
bi
c2

i
for i ∈ N, and

observe that

lim
λ→∞

gN(y(λ )) = lim
λ→∞

−ζ (N)λ +
√

σ2 +ζ (N)λ 2 =−∞.

Thus, setting xi = 1 for all i ∈ N and y = y(λ ), we find feasible solutions with
arbitrarily low objective values.
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2. Now suppose ζ (N)< 1, let S⊆N, and consider the convex optimization problem
miny∈RS

+
gS(yS). From the KKT conditions we find that, for k ∈ S,

bk−
c2

kyk√
σ2 + ∑

i∈S
(ciyi)2

=−αk, αk ≥ 0 and αkyk = 0. (1)

Observe that if yk = 0, then conditions (1) cannot be satisfied since bk > 0 and
αk ≥ 0. Thus we see that yk > 0 and αk = 0 for k ∈ S. In particular, we have

yk =
bk

c2
k

√
σ2 +∑

i∈S
(ciyi)2 (2)

=⇒ ∑
i∈S

(ciyi)
2 = ζ (S)

(
σ

2 +∑
i∈S

(ciyi)
2

)
(3)

⇔∑
i∈S

(ciyi)
2 =

ζ (S)
1−ζ (S)

σ
2, (4)

where (4) follows since ζ (S)< 1. In particular, from (2) and (4), we find

y∗k =
bk

c2
k

√
1−ζ (S)

σ . (5)

Now observe that, for S⊆ N and for all i ∈ S, if xi = 1 and yi is given by (5), and
xi = yi = 0 for i ∈ N \S, we find that

a′x−b′y+
√

σ2 + ∑
i∈N

(ciyi)2 = a(S)− σζ (S)√
1−ζ (S)

+
σ√

1−ζ (S)

= a(S)+σ
√

1−ζ (S) = φ(S).

In particular, we find that (P) is equivalent to solving minS⊆N φ(S).
3. Finally, suppose ζ (N) = 1. Observe that if S(N, we have ζ (S) < 1 and optimal

solutions to miny∈RS
+

gS(yS) are given by (5), as in the case ζ (N)< 1.
Now consider the optimization problem infy∈RN

+
gN(y). Observe that the KKT

conditions (3) cannot be satisfied, since ζ (S) = ζ (N) = 1 and σ > 0, thus there
does not exist any KKT point (or optimal solution). However, note that setting
yi(λ ) =

bi
c2

i
λ for all i ∈ N, we find that lim

λ→∞

gN(y(λ )) = 0. Thus, by setting xi = 1

for all i ∈ N and y = y(λ ) as λ → ∞, we find feasible solutions with objective
value arbitrarily close to a(N).
Therefore, we see that inf

(x,y,t)∈Xσ

a′x− b′y+ t = min
S⊆N

φ(S), and that the existence

of an optimal solution depends on whether there exists an optimal solution with
S(N or not. ut

Note that the set function φ is submodular, and optimization with function φ was
studied in [8]. In particular, index the variables such that a1

ζ1
≤ a2

ζ2
≤ . . .≤ an

ζn
(breaking

ties arbitrarily), and define S0 = /0 and Si = {1, . . . , i} for i ∈ N.
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Proposition 3 (Atamtürk and Narayanan [8] ) The set of all optimal solutions of
min
S⊆N

φ(S) is some collection S of nested sets Si1 ( Si2 ( . . .( Sik for some 1≤ k≤ n.

Corollary 1 Optimization problem (P) can be solved in O(n logn) time.

Proof Checking whether ζ (N) > 1 can be done in linear time. If ζ (N) ≤ 1, then
solving (P) requires sorting the variables in terms of ai

ζi
, which can be done with

O(n logn) comparisons. ut

2.2 Valid inequalities for Xσ

In this section we propose a new class of valid inequalities for Xσ .

Definition 1 Given a permutation v = ((1),(2), . . . ,(n)) ∈ Π(N), define x(0) = 1,
define Ni = {(i),(i+1), . . . ,(n)} for i = 0, . . . ,n and define f v

σ ,i : {0,1}Ni−1 ×RNi
+ →

R+ recursively as

f v
σ ,n+1(x(n)) := σx(n)

f v
σ ,i(xNi−1 ,yNi) := σ(x(i−1)− x(i))+

√
f v
σ ,i+1(xNi ,yNi+1)

2 +(c(i)y(i))2, i = 1, . . . ,n.

ut
For simplicity we write f v

σ ,i(x,y) instead of f v
σ ,i(xNi−1 ,yNi), and f v

σ ,n+1(x,y) instead
of f v

σ ,n+1(x(n)), in the rest of the paper; the variables of which f v
σ ,i is a function of

are implied by the index i and the permutation v. Moreover, we also omit the index i
when equal to 1 from our notation, i.e.,

f v
σ (x,y) := f v

σ ,1(x,y).

Example 1 Let N = {1,2,3}, and let v = (1,2,3) be the permutation corresponding
to the natural order of the variables. Then

f v
σ (x,y) = σ(1− x1)+

√√√√(
σ(x1− x2)+

√(
σ(x2− x3)+

√
(σx3)2 +(c3y3)2

)2
+(c2y2)2

)2

+(c1y1)2.

ut

Consider the nonlinear inequality

f v
σ (x,y)≤ t. (6)

Inequality (6) can be used with most off-the-shelf conic quadratic solvers in an ex-
tended formulation: introduce non-negative continuous variables si and ti, i= 2, . . . ,n+
1, and write

σ(1− x(1))+ t2 ≤ t, s2
2 +(c(1)y(1))

2 ≤ t2
2 (7a)

σ(x(i−1)− x(i))+ ti+1 ≤ si, s2
i+1 +(c(i)y(i))

2 ≤ t2
i+1, i = 2, . . . ,n (7b)

σx(n) ≤ sn+1. (7c)

In particular, (6) is SOCP-representable and convex. We now prove that inequalities
(6) are valid for Xσ .
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Proposition 4 For all (x,y) ∈ Xσ and all i = 1, . . . ,n+1,

f v
σ ,i(x,y)≤

√
σ2x(i−1)+

n

∑
j=i

(
c( j)y( j)

)2
.

Proof We prove the result by induction, starting from the base case i = n+1.

Base case Trivial.

Induction step We assume the results holds for f v
σ ,i+1, . . . , f v

σ ,n+1, and we show it
holds for f v

σ ,i.
• First suppose x(i−1) = x(i). We find

f v
σ ,i(x,y) =

√
f v
σ ,i+1(x,y)

2 +
(
c(i)y(i)

)2 ≤
√

σ2x(i)+
n

∑
j=i

(
c( j)y( j)

)2
,

where the inequality follows from the induction hypothesis. Since x(i) = x(i−1), the
result follows.
• Now suppose x(i−1) = 1 and x(i) = 0. Note that if x( j) = y( j) = 0 for all j ≥ i,

then we find

f v
σ ,i(x,y) = σ =

√
σ2x(i−1)+

n

∑
j=i

(
c( j)y( j)

)2
.

Otherwise, let k ≤ n be the minimum index k > i such that x(k) = 1. We find

f v
σ ,i(x,y) = σx(i−1)+ f v

σ ,k(x,y) = σx(i−1)−σx(k)+
√

f v
σ ,k+1(x,y)

2 +
(
c(k)y(k)

)2

≤ σx(i−1)−σx(k)+

√
σ2x(k)+

n

∑
j=k

(
c( j)y( j)

)2

=

√
σ2x(i−1)+

n

∑
j=i

(
c( j)y( j)

)2
,

where the inequality follows from the induction hypothesis, and the last equality fol-
lows from x(i−1) = x(k).
• Finally, suppose x(i−1) = 0 and x(i) = 1. We find

f v
σ ,i(x,y) =−σ +

√
f v
σ ,i+1(x,y)

2 +
(
c(i)y(i)

)2 ≤−σ +

√
σ2 +

n

∑
j=i

(
c( j)y( j)

)2

≤
√

n

∑
j=i

(
c( j)y( j)

)2
,

where the first inequality follows from the induction hypothesis, and the second in-
equality follows from concavity of the square root function. ut

Corollary 2 Inequality (6) is valid for Xσ .



8 Andrés Gómez

Proof For any (x,y, t) ∈ Xσ we have

f v
σ (x,y)≤

√
σ2 + ∑

i∈N
(ciyi)

2 ≤ t,

where the first inequality follows from Proposition 4 and x(0) = 1. ut

Before proving that inequalities (6) are in fact sufficient to describe conv(Xσ )
(Section 2.3), we first give additional definitions and properties concerning the func-
tions f v

σ ,i that provide useful insights and will be used through the paper.

Remark 1 If σ = 0, then f v
σ ,i(x,y) =

√
∑

n
j=i(c( j)y( j))2 and f v

σ (x,y) =
√

∑ j∈N(c jy j)2.
ut

Definition 2 Given a permutation v=((1),(2), . . . ,(n))∈Π(N), define f̄ v
σ ,i : {0,1}Ni×

RNi
+ → R+ as

f̄ v
σ ,n+1(x,y) := σx(n)

f̄ v
σ ,i(x,y) :=−σx(i)+

√
f v
σ ,i+1(xNi ,yNi+1)

2 +(c(i)y(i))2, i = 1, . . . ,n.

ut

We also use the simpler notation f̄ v
σ (x,y) instead of f̄ v

σ ,1(x,y).

Remark 2 Observe that functions f v
σ ,i and f̄ v

σ ,i are related by the identities f v
σ (x,y) =

σ + f̄ v
σ (x,y), and f v

σ ,i(x,y) = σx(i−1) + f̄ v
σ ,i(x,y) for i = 2, . . . ,n. Additionally, ob-

serve that f̄ v
σ ,i is positively homogeneous of degree 1, i.e., for λ ≥ 0, f̄ v

σ ,i(λx,λy) =
λ f̄ v

σ ,i(x,y). ut

Remark 3 (Perspective reformulation) Note that
√

σ2 +(c1y1)2 =σ +(
√

σ2 +(c1y1)2−
σ). Using the perspective reformulation [29, 31, 36] for the term in parenthesis, we
obtain the valid inequality

fσ (x1,y1) = σ + x1 f̄σ (1, y1/x1) = σ +

(√
(x1σ)2 +(c1y1)2−σx1

)
≤ t.

Thus, inequalities (6) coincide with the perspective reformulation for the one-variable
case. ut

Remark 4 (Partial derivatives of f v
σ ) The partial derivatives of function f v

σ are

∂ f v
σ

∂y(k)
(x,y) =

k−1

∏
i=1

f v
σ ,i+1(x,y)√

f v
σ ,i+1(x,y)

2 +
(
c(i)y(i)

)2

 · c2
(k)y(k)√

f v
σ ,k+1(x,y)

2 +
(
c(k)y(k)

)2

∂ f v
σ

∂x(k)
(x,y) =

k−1

∏
i=1

f v
σ ,i+1(x,y)√

f v
σ ,i+1(x,y)

2 +
(
c(i)y(i)

)2

 ·σ
 f v

σ ,k+1(x,y)√
f v
σ ,k+1(x,y)

2 +
(
c(k)y(k)

)2
−1

 .

ut
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Note that if there exist an index ` such that x(i) = y(i) = 0 for all i > `, then√
f v
σ ,i+1(x,y)

2 +
(
c(i)y(i)

)2
= 0, and the partial derivatives above are undefined for

k > ` since they involve division by 0.
Finally, as Remark 5 below points out, the functions f v

σ ,i(x,y) and its partial
derivatives can be simplified for certain permutations and values of (x,y).

Remark 5 Let v = ((1), . . . ,(`), . . . ,(n)) and x̄ ∈ {0,1}n such that x̄(i) = 1 for i ≤ `
and x̄(i) = 0 for i > `. Then

f v
σ ,k(x̄,y) =



0 if k = n+1√
∑

n
i=k(c(i)y(i))2 if `+2≤ k ≤ n

σ +
√

∑
n
i=`+1(c(i)y(i))2 if k = `+1√

∑
`
i=k(c(i)y(i))2 +

(
σ +

√
∑

n
i=`+1(c(i)y(i))2

)2
if k ≤ `.

Moreover, for k = 1, . . . , `, we find

∂ f v
σ

∂y(k)
(x̄,y) =

c2
(k)y(k)√

σ2 +∑
`
i=1(c(i)y(i))2

.

If, additionally, y is given as in Proposition 2, i.e., y(k)=
σζ(k)

b(k)
√

1−∑
`
i=1 ζ(i)

for k = 1, . . . , `

and y(i) = 0 otherwise, then for k = 1, . . . , ` we find

∂ f v
σ

∂x(k)
(x̄,y) = σ

√√√√1−
k

∑
i=1

ζ(i)−σ

√√√√1−
k−1

∑
i=1

ζ(i),

corresponding to marginal contributions of the submodular set function φ(S)−a(S).
For k = `+1, . . . ,n, the partial derivatives are undefined. ut

2.3 Convex hull of Xσ

This section is devoted to proving the main result of the paper, i.e.,

Theorem 1 (Convex hull of Xσ ) The convex hull of Xσ is described by inequalities
(6) and bound constraints, i.e.,

conv(Xσ ) =
{
(x,y, t) ∈ [0,1]N×RN

+×R : f v
σ (x,y)≤ t, ∀v ∈Π(N)

}
,

and is SOCP-representable.
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Note that SOCP-representability follows directly from representation (7). We
prove the rest of Theorem 1 by showing that (P) and the optimization problem

min a′x−b′y+ t

(PC) s.t. f v
σ (x,y)≤ t, ∀v ∈Π(N)

x ∈ [0,1]N ,y ∈ RN
+, t ∈ R

are equivalent. We can assume that ai,bi,ci > 0 for all i ∈ N, as otherwise xi = 1,
yi = 0 or yi→ ∞ in an optimal solution of both (P) and (PC). Suppose that (x̂, ŷ, t̂) is
a (fractional) feasible solution of (PC), and assume without loss of generality that the
variables are indexed such that x̂1 ≥ . . .≥ x̂n. Let v = (1,2, . . . ,n) be the permutation
corresponding to the natural order of the variables, and consider Algorithm 1 below,
which shows how to construct an integral feasible solution (x∗,y∗, t∗) of (PC) such
that a′x∗−b′y∗+ t∗ ≤ a′x̂−b′ŷ+ t̂, or detects that both (P) and (PC) are unbounded.
We use the notation that for k = 1, . . . ,n,

[k] = {1, . . . ,k}.

Algorithm 1
Input: (x̂, ŷ, t̂) feasible point of PC with x̂1 ≥ . . .≥ x̂n≥ 0.
Output: Integral solution (x∗,y∗, t∗)
1: Initialize (x∗,y∗)← (x̂, ŷ)
2: k← 1 . iteration counter
3: repeat
4: if ∑

n
i=k(aix∗i −biy∗i )+

√
1−ζ ([k−1]) f̄ v

σ ,k(x
∗,y∗)< 0 and x∗k > 0 then

5: λ ← 1/x∗k
6: x∗i ← λx∗i , y∗i ← λy∗i , ∀i≥ k . x∗k = 1

7: y∗i ← bi/c2
i

√
1

1−ζ ([k−1])

(
σ+ f̄ v

σ ,k(x
∗,y∗)

)
, ∀i < k

8: k← k+1 . Increase iteration counter
9: else if ∑

n
i=k(aix∗i −biy∗i )+

√
1−ζ ([k−1]) f̄ v

σ ,k(x
∗,y∗)< 0 and x∗k = 0 then

10: return −∞ . Problems (P) and (PC) are unbounded
11: else
12: x∗i ← 0, y∗i ← 0, ∀i≥ k

13: y∗i ← bi/c2
i

√
1

1−ζ ([k−1])σ , ∀i < k

14: k← n . Terminate
15: end if
16: until k = n
17: t∗← f v

σ (x
∗,y∗)

18: return (x∗,y∗, t∗)

We first prove the invariant of the algorithm.

Proposition 5 At the beginning of iteration k < n of Algorithm 1,

1. x∗1 = . . .= x∗k−1 = 1,
2. 1≥ x∗k ≥ . . .≥ x∗n ≥ 0,
3. a′x∗−b′y∗+ f v

σ (x
∗,y∗)≤ a′x̂−b′ŷ+ f v

σ (x̂, ŷ).
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Proof Observe that after iteration i, either x∗i is fixed to one (and never modified
again) or the algorithm terminates. Additionally, since all non-fixed x variables are
multiplied by the same constant, the relative order does not change. Thus (1) are (2)
are easily verified. To prove (3), we show that the value a′x∗−b′y∗+ f v

σ (x
∗,y∗) does

not increase after performing the updates in Algorithm 1. Let (x̄, ȳ) be the value of
(x∗,y∗) at the beginning of iteration k. Observe that, since x̄1 = . . .= x̄k−1 = 1,

f v
σ (x̄, ȳ) =

√√√√k−1

∑
i=1

(ciȳi)2 +
(

σ +
√
(ckȳk)2 + f v

σ ,k+1(x̄, ȳ)−σ x̄k

)2

=

√√√√k−1

∑
i=1

(ciȳi)2 +
(

σ + f̄ v
σ ,k(x̄, ȳ)

)2
.

We now show how to construct a solution where either xk = 1 or xk = . . . = xn = 0
and yk = . . .= yn = 0 without increasing the value a′x̄−b′ȳ+ f v

σ (x̄, ȳ). Consider the
optimization problem

min gk(x,y) := a′x−b′y+

√√√√k−1

∑
i=1

(ciyi)2 +
(

σ + f̄ v
σ ,k(x,y)

)2

(Pk
C) s.t. x1 = . . .= xk−1 = 1

x ∈ [0,1]N , y ∈ RN
+.

Observe that for any feasible solution (x,y) of (Pk
C) the corresponding objective value

gk(x,y) is precisely a′x−b′y+ f v
σ (x,y), and that (x̄, ȳ) is feasible for (Pk

C). Moreover,
note that for any fixed value of (xi,yi), i = k, . . . ,n, the optimal values of yi, i < k, can
be found by setting ∂gk

∂yi
(x,y) = 0. In particular, we find that for i < k,

∂gk

∂yi
(x,y) = 0

⇔−bi +
c2

i yi√
∑

k−1
j=1(c jy j)2 +

(
σ + f̄ v

σ ,k(x,y)
)2

= 0

=⇒ yi =
bi

c2
i

√√√√k−1

∑
j=1

(c jy j)2 +
(

σ + f̄ v
σ ,k(x,y)

)2
(8)

=⇒
k−1

∑
j=1

(c jy j)
2 = ζ ([k−1])

(
k−1

∑
j=1

(c jy j)
2 +
(
σ + f̄ v

σ ,k(x,y)
)2

)

=⇒
k−1

∑
j=1

(c jy j)
2 =

ζ ([k−1])
1−ζ ([k−1])

(
σ + f̄ v

σ ,k(x,y)
)2
. (9)
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Moreover, by replacing ∑
k−1
j=1(c jy j)

2 in (8) using (9), we find the values

yi =
bi

c2
i

√
1

1−ζ ([k−1])
(
σ + f̄ v

σ ,k(x,y)
)
. (10)

If we substitute y[k−1] in (Pk
C) with their optimal values given by (10), then we find

the equivalent optimization problem

(Pk′
C ) min g′k(x,y) := a([k−1])+ ∑

i∈Nk

(aixi−biyi)+
√

1−ζ ([k−1])
(
σ + f̄ v

σ ,k(x,y)
)

s.t. x ∈ [0,1]Nk , y ∈ RNk
+ ,

where Nk = {k, . . . ,n}. Observe that from a given feasible solution of (Pk′
C ) we can

recover a feasible solution of (Pk
C) with same objective value simply by setting y[k−1]

using equality (10). Moreover, by construction, g′k(x̄Nk , ȳNk)≤ gk(x̄, ȳ), since the val-
ues ȳ[k−1] were changed to the values that minimize gk. Additionally, we find that for
λ ≥ 0,

g′k(λ x̄Nk ,λ ȳNk ) =
√

1−ζ ([k−1])σ +a([k−1])+λ

(
a′x̄Nk −b′ȳNk +

√
1−ζ ([k−1]) f̄ v

σ ,k(x̄, ȳ)
)
.

Thus, if a′x̄Nk − b′ȳNk +
√

1−ζ ([k−1]) f̄ v
σ ,k(x̄, ȳ) ≥ 0, we can improve the ob-

jective value by setting λ = 0, i.e., setting xk = . . . = xn = yk = . . . = yn = 0. If
a′x̄Nk − b′ȳNk +

√
1−ζ ([k−1]) f̄ v

σ ,k(x̄, ȳ) < 0 and x̄k > 0, then we can improve the
objective value by setting λ = 1/x̄k.

Finally, if a′x̄Nk−b′ȳNk + f̄ v
σ ,k(x̄, ȳ)< 0 and x̄k = . . .= x̄n = 0, then letting λ →∞

we find feasible solutions of (Pk′
C ) with arbitrarily low objectives values – observe

that these solutions are not feasible for (P) as they do not satisfy the complementary
constraints yi(1− xi) for i ≥ k. However, it follows from Remark 5 that for any y ∈
RNk
+ ,

f̄ v
σ ,k(x̄,y) = f̄ v

σ ,k(0Nk ,y) =

√
n

∑
i=k

(ciyi)2 ≥

√
σ2 +

n

∑
i=k

(ciyi)2−σ = f̄ v
σ ,k(eNk ,y),

where e is a vector of ones. Therefore, setting xk = . . . = xn = 1, yi = λ ȳi for i =
k, . . . ,n and yi given by (10) for i = 1, . . . ,k− 1, we find feasible solutions of (Pk′

C ),
(P) and (PC) with arbitrarily low objective values.

The three cases above and the corresponding updates are precisely the updates
done in Algorithm 1. Therefore, at each iteration the value of the objective function
of (Pk

C) does not increase, i.e., gk(x∗,y∗)≥ gk+1(x∗,y∗). ut

Proof (Proof of Theorem 1) Given any optimal solution (x̂, ŷ, t̂) of (PC) with x̂1 ≥
. . .≥ x̂n, we have that a′x̂−b′ŷ+ t̂ ≥ a′x̂−b′ŷ+ f v

σ (x̂, ŷ) from feasibility. Additionally,
we can use Algorithm 1 to find a solution (x∗,y∗, t∗) integral in x such that a′x∗−
b′y∗+t∗≤ a′x̂−b′ŷ+ f v

σ (x̂, ŷ) by Proposition 5. Finally, (x∗,y∗, t∗) is feasible for (PC)

since t∗ = f v
σ (x
∗,y∗) =

√
σ2 +∑i∈S∗(ciyi)2 where S∗ = {i ∈ N : x∗i = 1} (Remark 5),
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and this point is not cut off by inequalities (6) by validity. Therefore, if there exists an
optimal solution to (PC), then there exists an optimal integral solution, and problems
(P) and (PC) are equivalent. ut

We close this section by presenting a compact notation for the inequalities de-
scribing conv(Xσ ), which will be used in Section 3. Define the convex function

fσ (x,y) = max
v∈Π(N)

f v
σ (x,y); (11)

function fσ (x,y) is convex as it is the maximum of a finite number of convex func-
tions. Moreover,

conv(Xσ ) =
{
(x,y, t) ∈ [0,1]N×RN

+×R : fσ (x,y)≤ t
}
.

3 Valid inequalities for the bounded case

In this section we discuss valid inequalities the set with bounded continuous variables
given by

Zσ = {(x,y, t) ∈ Xσ : yi ≤ xi, ∀i ∈ N} .
The upper bound of 1 for the bounded continuous variables is without loss of gener-
ality, as the variables can be scaled otherwise. The inequalities we propose are based
on the results for the unbounded relaxation Xσ given in Section 2. First, we illustrate
the derivation of the inequalities in Example 2.

Example 2 Consider set Zσ with n = 3. Observe that if (x,y, t) ∈ Zσ , then

t ≥
√

σ2 +(c1y1)2 +(c2y2)2 +(c3y3)2

=σ +

(√
σ2 +(c1y1)2−σ

)
+

(√
σ2 +(c1y1)2 +(c2y2)2 +(c3y3)2−

√
σ2 +(c1y1)2

)
≥σ +

(√
σ2 +(c1y1)2−σ

)
+

(√
σ2 + c2

1 +(c2y2)2 +(c3y3)2−
√

σ2 + c2
1

)
(12)

≥σ +

(√
(σx1)2 +(c1y1)2−σx1

)

+

√((x2− x3)
√

σ2 + c2
1 +
√

(σ2 + c2
1)x

2
3 +(c3y3)2

)2

+(c2y2)2− x2

√
σ2 + c2

1

 . (13)

Inequality (12) follows from concavity of the square root function and from (c1y1)
2≤

c2
1 (since y1 ≤ 1); inequality (13) holds since

f̄σ (x1,y1) =
√

(σx1)2 +(c1y1)2−σx1 ≤
√

σ2 +(c1y1)2−σ

by validity of inequalities (6), and

f̄ (2,3)√
σ2+c2

1

(x2,x3,y2,y3) =

√(
(x2− x3)

√
σ2 + c2

1 +
√

(σ2 + c2
1)x

2
3 +(c3y3)2

)2

+(c2y2)2− x2

√
σ2 + c2

1

≤
√

σ2 + c2
1 +(c2y2)2 +(c3y3)2−

√
σ2 + c2

1,
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also by validity of (6). Thus, we find that inequality

σ + f̄σ (x1,y1)+ f̄ (2,3)√
σ2+c2

1
(x2,x3,y2,y3)≤ t

is valid. ut

In general, let v = ((1),(2), . . . ,(n)) be a permutation of N, let m ≤ n and let

k ∈Zm+1
+ such that 1= k1 < k2 < .. . < km < km+1 = n+1, let σ j =

√
σ2 +∑

k j−1
i=1 c2

(i),
let Ni j = {(i),(i+1), . . . ,( j−1)} for j > i, and consider the inequality

σ +
m

∑
j=1

f̄σ j(xNk j ,k j+1
,yNk j ,k j+1

)≤ t, (14)

where f̄σ j are the functions given in Definition 2.

Proposition 6 Inequality (14) is valid for Zσ .

Proof Let (x,y, t) ∈ Zσ . We have that

√
σ2 + ∑

i∈N
(ciyi)2 = σ +

m

∑
j=1


√√√√

σ2 +

k j+1−1

∑
i=1

(c(i)y(i))2−

√√√√
σ2 +

k j−1

∑
i=1

(c(i)y(i))2


≥ σ +

m

∑
j=1


√√√√σ2

j +

k j+1−1

∑
i=k j

(c(i)y(i))2−σ j

 ,

where the last inequality follows from
√

σ2 +∑
k j−1
i=1 (c(i)y(i))2 ≤ σ j for any feasible

point in Zσ and concavity of the square root function. Since (x,y, t) ∈ Zσ implies that
(x,y, t) ∈ Xσ , we find from validity of the inequalities discussed in Section 2 that√√√√σ2

j +

k j+1−1

∑
i=k j

(c(i)y(i))2−σ j ≥ fσ j(xNk j ,k j+1
,yNk j ,k j+1

)−σ j = f̄σ j(xNk j ,k j+1
,yNk j ,k j+1

),

and we obtain inequality (14). ut

We now investigate the strength of inequalities (14), and discuss their separation.

3.1 Connections with previous work

We show that inequalities (14) dominate the first class of linear inequalities proposed
in [7]. Observe that if k j = j for all j = 1, . . . ,m+1 and m = n, then inequalities (14)
reduce to the simpler form (Remark 3)

σ +
n

∑
i=1

(√
(σix(i))2 +(c(i)y(i))2−σix(i)

)
≤ t. (15)
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Linear cuts can be derived from (15) using gradients. In particular, a linear outer
approximation around the point (x̄, ȳ) is given by

σ +
n

∑
i=1

 σ2
i x̄(i)√

(σix̄(i))2 +(c(i)ȳ(i))2
−σi

xi +
c2
(i)ȳ(i)√

(σix̄(i))2 +(c(i)ȳ(i))2
yi

≤ t.

(16)
If, additionally, x̄ = ȳ, then (16) simplifies to

σ +π
′x≤t +α(x− y), (17)

where π(i) =
√

σ2
i + c2

(i)−σi and α(i) = c2
(i)/
√

σ2
i +c2

(i). Observe that π is an extreme

point of the extended polymatroid associated with the submodular set function ϕ(S)=√
σ2 +∑i∈S c2

i , and (17) corresponds to the first class of linear inequalities proposed
in [7].

3.2 The two-variable case

We now show that inequalities (14) and bound constraints describe conv(Zσ ) when
σ = 0 and |N|= 2. For this case, there are three valid inequalities (14):

1. If v = (1,2), m = 2 with k1 = 1, k2 = 2 and k3 = 3, then σ1 = 0, σ2 = c1 and (14)
is of the form (15) and reduces to c1y1 +

√
(c1x2)2 +(c2y2)2− c1x2 ≤ t.

2. If v = (2,1), m = 2 with k1 = 1, k2 = 2 and k3 = 3, then σ1 = 0, σ2 = c2 and (14)
is of the form (15) and reduces to c2y2 +

√
(c2x1)2 +(c1y1)2− c2x1 ≤ t.

3. If m = 1 with k1 = 1 and k2 = 3, then for any permutation v we have σ1 = 0 and
(14) reduces to the original inequality

√
(c1y1)2 +(c2y2)2 ≤ t.

Consider the optimization problem

min a1x1 +a2x2−b1y1−b2y2 + t (18a)

s.t.
√
(c1y1)2 +(c2y2)2 ≤ t (18b)

(PB) c1y1 +
√
(c1x2)2 +(c2y2)2− c1x2 ≤ t (18c)

c2y2 +
√
(c2x1)2 +(c1y1)2− c2x1 ≤ t (18d)

0≤ y1 ≤ x1 ≤ 1, 0≤ y2 ≤ x2 ≤ 1, t ≥ 0. (18e)

Proposition 7 Problem (PB) has an optimal solution integral in x.

Proof Let (x∗,y∗, t∗) be an optimal solution of (PB). If 0< x∗< 1, then (λx∗,λy∗,λ t∗)
is also feasible for 0≤ λ ≤ 1/max{x∗1,x

∗
2}, and a solution with the same objective value

can be found at one of the bounds. If λ = 0, then we have found that x = y = t = 0
is optimal (and integral). Otherwise, we may assume without loss of generality that
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x∗1 = 1. Since c2y2 +
√

c2
2 +(c1y1)2 − c2 ≤

√
(c1y1)2 +(c2y2)2, we find that con-

straint (18d) is implied by (18b) when x∗1 = 1, and

(x∗2,y
∗
1,y
∗
2) ∈ argmin a2x2−b1y1−b2y2 + t (19a)

s.t.
√

(c1y1)2 +(c2y2)2 ≤ t (19b)

c1y1 +
√

(c1x2)2 +(c2y2)2− c1x2 ≤ t (19c)

0≤ y1 ≤ 1, 0≤ y2 ≤ x2 ≤ 1, t ≥ 0. (19d)

Observe that if 0 < y∗1 < 1 and 0 < x∗2 < 1, we can use a similar scaling argument
to find an optimal solution where either x2 = y1 = 0, x2 = 1, or y1 = 1. For the first
two cases the proof is complete; therefore we assume without loss of generality that
y∗1 = 1. Since c1 +

√
(c1x2)2 +(c2y2)2− c1x2 ≥ c1 +

√
(c1)2 +(c2y2)2− c1, we find

that constraint (19b) is implied by (19c) when y∗1 = 1, and

(x∗2,y
∗
2) ∈ argmin

0≤y2≤x2≤1
a2x2−b2y2 +

√
(c1x2)2 +(c2y2)2− c1x2.

It follows from a third scaling argument that there exists an optimal solution with
x∗2 ∈ {0,1}. ut

Corollary 3 Inequalities (14) and bound constraints 0≤ y≤ x≤ 1 describe conv(Z0)
when |N|= 2.

Note that Corollary 3 can be rephrased as “inequalities (15), the original inequal-
ity (18b) and bound constraints describe conv(Z0) when |N| = 2.” Nonetheless, as
Example 3 below shows, the more general inequalities (14) are indeed stronger than
inequalities (15) for |N| ≥ 3.

Example 3 Consider the optimization problem

w∗ = min a1x1 +a2x2 +a3x3−b1y1−b2y2−b3y3 +Ω t (20a)

s.t.
√
(c1y1)2 +(c2y2)2 +(c3y3)2 ≤ t (20b)

0≤ y1 ≤ x1, 0≤ y2 ≤ x2, 0≤ y3 ≤ x3, t ≥ 0 (20c)
x1,x2,x3 ∈ {0,1}, (20d)

where the coefficients a,b,c are given in Table 1 and Ω = 2.3479. The solution cor-
responding to setting xi = yi = 1 for i = 1, . . . ,3 and t = 37.06 has objective value
w∗ = −0.001 and is optimal for (20). Now consider the solutions of the following
convex relaxations of (20), computed using CPLEX solver:

R1 The natural convex relaxation, obtained by relaxing the integrality constraints on
x, has optimal solution x= (1.00,0.48,0.39), y=(1.00,0.48,0.39) and t = 21.98,
with objective value w1 =−6.002.
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R2 If inequality (15) for permutation (1,2,3) is added, i.e.,

c1y1 +
√

(c1x2)2 +(c2y2)2− c1x2 +
√
(c2

1 + c2
2)x

2
3 +(c3y3)2− x3

√
c2

1 + c2
2 ≤ t,

(21)
then the optimal solution of the resulting relaxation is x = (1.00,1.00,0.84), y =
(1.00,0.78,0.84) and t = 31.11, with objective value w2 =−0.485.

R3 If inequalities (15) for all six permutations are added, then the optimal solution
of the resulting relaxation is x = (0.95,1.00,0.77), y = (0.96,0.78,0.77) and t =
30.07, with objective value w3 =−0.459.

R4 If in addition to adding inequality (21), inequality (14) for permutation (1,2,3)
and partition k1 = 1, k2 = 2 and k3 = 4 is added, i.e.,

c1y1 +

√(
c1x2− c1x3 +

√
(c1x3)2 +(c3y3)2

)2

+(c2y2)2− c1x2 ≤ t, (22)

then the optimal solution of the resulting relaxation is x = (0.94,1.00,0.86), y =
(0.94,0.97,0.86) and t = 34.60, with objective value w4 =−0.029.

R5 If in addition to adding inequalities (21) and (22), inequality (14) for permutation
(2,1,3) and partition k1 = 1, k2 = 2 and k3 = 4 is added, i.e.,

c2y2 +

√(
c2x1− c2x3 +

√
(c2x3)2 +(c3y3)2

)2

+(c1y1)2− c2x1 ≤ t,

then the optimal solution of the resulting relaxation is x = (1.00,1.00,1.00), y =
(1.00,1.00,1.00) and t = 37.06, with objective value w5 =−0.001. This solution
is optimal (up to the precision given by the solver).

Therefore, in this example, inequalities (15) are still effective, with a single valid
inequality closing most of the gap (R2). Nevertheless, the remaining five inequalities
(15) are ineffective at reducing the remaining gap (R3). In contrast, with the addition
of two inequalities (14), an optimal integer solution can be recovered (R4-R5). ut

Table 1 Values for coefficients a,b and c in Example 3.

Coeff.
Index

1 2 3
a 477.0160 10.7861 687.5810
b 509.9840 48.3004 704.1120
c 15.8881 26.9137 19.9159

3.3 Separation

We now discuss how to, given a fractional point (x̄, ȳ, t̄) and a permutation v ∈Π(N),
find the partition of N defined by the indices k1, . . . ,km resulting in a most violated
inequality (14).
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Construct a directed acyclic graph G as follows: let N ∪ {n+ 1} be the set of
vertices; let (i, j) ∈ A for i < j with cost f̄ v

σi
(x̄Ni j , ȳNi j). Observe that the cost of path

(k1,k2, . . . ,km+1) with k1 = 1 and km+1 = n+1 is precisely the left hand side of (14)
evaluated at (x̄, ȳ) (minus σ ). Thus, a most violated inequality (14) can be found by
finding a longest path from 1 to n+1 in G, which can be done with O(n2) evaluations
of f̄ v

σi
(x̄Ni j , ȳNi j) and O(n2) comparisons.

4 Computations

In this section we report computational experiments which demonstrate the strength
of the proposed nonlinear inequalities. All experiments are conducted using CPLEX
12.7 solver with a single thread. We set a time limit of one hour, and CPLEX default
settings are used.

4.1 Computations with Zσ

First, we test the valid inequalities in optimization problems over Zσ . The main pur-
pose is to test how well the inequalities proposed in Section 3 are able to approximate
conv(Zσ ). In addition, the computations in this section also illustrate the difficulties
of implementing the valid inequalities as cuts using current off-the-shelf branch-and-
bound solvers.

4.1.1 Instances

We test the proposed formulations in instances of the form

min a′x−b′y+Ω t

s.t. ∑
i∈N

(ciyi)
2 ≤ t2

0≤ y≤ x

x ∈ {0,1}N ,y ∈ RN
+, t ∈ R.

The vectors a,b,c are generated randomly, using the same parameters as the ones
used in [7]: coefficients ai are drawn from integer uniform [5,20], coefficients c2

i are
drawn from integer uniform [0.9n,1.2n], and bi is set to ai + hi, where hi is drawn
from integer uniform [1,4]. In order to make the problems as hard as possible for the
solver, we set1 Ω = 0.999 · −a(N)+b(N)√

∑i∈N c2
i

, which causes a difficult trade-off between the

linear and nonlinear parts of the objective.

1 If Ω = −a(N)+b(N)/
√

∑i∈N c2
i , then the objective values corresponding to the solutions x = y = 0 and

x = y = 1 have objective values of 0; in most cases, such solutions are optimal, resulting in initial/root gaps
of infinity. Thus, we multiply Ω by 0.999 to ensure optimal solutions with objective value different from
0.
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4.1.2 Methods

We compare the strength of the formulations obtained by adding cuts (14), (15) and
(17). We test three approaches to add cuts:

Nonlinear The inequalities are added as nonlinear inequalities as described in (7).
Since adding nonlinear cuts is not possible using CPLEX callbacks, the cuts are
added by repeatedly solving the convex relaxations and manually adding the non-
linear inequality to the formulation. Using this method, only the convex relax-
ations are computed but the discrete problems are not solved.

Gradient force The nonlinear inequalities are underestimated using the gradients
at fractional points (see Remark 4), and added as linear cuts using CPLEX user
cut callbacks. The cuts are added using the CPLEX parameter “Force”, i.e., all
violated cuts found are added and kept in the formulation. The setting “Force”
is not the default choice in CPLEX and often results in worse branch-and-bound
performance, as too many cuts may be added and the size of the formulations may
increase substantially.

Gradient filter The nonlinear inequalities are underestimated using the gradi-
ents at fractional points (see Remark 4), and added as linear cuts using CPLEX
user cut callbacks. The cuts are added using the CPLEX parameter “Filter”, i.e.,
CPLEX may decide to not add the cut, or to remove it from the formulation at a
latter stage. The setting “Filter” is the default choice in CPLEX, and the size of
the formulations is kept in check by not adding or removing cuts in the branch-
and-bound process.

In all cases, inequalities are added only at the root node, and only inequalities with
a violation of more than 10−4 are added, e.g., given a fractional point (x̄, ȳ, t̄), in-
equality (14) is added only if σ +∑

m
j=1 f̄σ j(x̄Nk j ,k j+1

, ȳNk j ,k j+1
)− t̄ > 10−4. To separate

the inequalities, we use the same method as [7] to find a permutation: given a frac-
tional point (x̄, ȳ, t̄), we add inequalities (14), (15) and (17) based on the permutation
v = ((1),(2), . . . ,(n)) such that x̄(1) ≥ x̄(2) ≥ . . .≥ x̄(n); for inequalities (14), we chose
a partition using the longest path method discussed in Section 3.3.

4.1.3 Results

Table 2 shows the results for the nonlinear method. It shows, for different sizes n
and the different classes of cuts, the initial gap (igap), the root improvement (rimp),
the time used for adding cuts (rtime) and the number of cuts added (#cuts). The ini-
tial gap is computed as igap=

objopt−relax

|objopt| ×100, where “objopt” denotes the optimal

objective value and “relax” is the objective value of the natural continuous relaxation.
The root improvement is computed as rimp= rootrelax−relax

objobt−relax ×100, where “rootrelax” is
the objective value of the relaxation obtained after adding cuts. Each row represents
the average over five instances generated with identical parameters.

We see that the linear cuts (17) achieve a similar root improvement as the simplest
nonlinear extension (15). The root improvement achieved by (15) and (17) decreases
as the size of the problems increases. On the other hand, the formulation resulting



20 Andrés Gómez

Table 2 Results for the nonlinear method.

n igap
cplex cplex+(17) cplex+(15) cplex+(14)

rimp rtime rimp rtime #cuts rimp rtime #cuts rimp rtime #cuts

50 519.8 0.0 0.0 56.3 0.1 8 64.9 0.3 11 99.9 1.6 17
100 111.2 0.0 0.0 46.0 0.1 9 49.7 0.6 10 100.0 4.4 18
200 24.9 0.0 0.0 37.7 0.3 8 39.0 1.6 10 100.0 26.0 21
300 10.1 0.0 0.0 33.2 0.4 7 32.2 1.7 8 99.9 33.9 17
500 3.0 0.0 0.1 27.3 0.5 6 26.7 1.9 6 99.8 24.2 12

from the most general version of the nonlinear inequalities given by (14) is substan-
tially stronger than the rest: the root improvement is close to 100% in all instances,
regardless of the size of the problem. Additionally, the root improvement is achieved
using a relatively small number of cuts, and the number of nonlinear inequalities
added does not seem to depend on the size of the problem. The root times corre-
sponding to (14) are larger than for the other formulations (as expected), since more
cuts are added and each cut requires adding 2n additional variables and constraints.

Table 3 presents the results for the gradient force on the same instances. It
shows, for different sizes n and the different classes of cuts, the root improvement
(rimp), the time used to solve the problems using branch-and-bound (time), the
number of branch-and-bound nodes used (nodes) and the number of cuts added as
reported by CPLEX (#cuts). We see that approximating the highly nonlinear cuts
(14) using gradients results in a very poor performance. For instances with n = 50,
finding a good-outer approximation of the nonlinear functions requires on average
1,203 linear cuts (compared with 17 nonlinear cuts), and it requires substantially
more time to find such an approximation (182 seconds, versus 1.6 when using non-
linear cuts). For instances with n = 100, after adding 2,000 linear cuts (and spending
one hour doing so), the quality of the outer approximation is still far from ideal (62.3
root improvement, compared with 100.0 when using nonlinear cuts). For instances
with n≥ 200, a large number of cuts is added but the root improvement is marginal.
We conjecture that constructing the linear outer approximation requires adding many
parallel cuts, causing the poor performance. For the method gradient filter, pre-
sented in Table 4, CPLEX actually decides against adding cuts (14) –or adds a few
cuts and removes them latter in the branch-and-bound tree–, and the performance is
similar to default CPLEX.

Table 3 Results for the gradient force method.

n
cplex cplex+(17) cplex+(15) cplex+(14)

rimp time nodes rimp time nodes #cuts rimp time nodes #cuts rimp time nodes #cuts

50 0.0 0.2 22 61.3 4.3 9 96 61.0 2.0 11 43 99.8 182.5 1 1,203
100 0.0 0.4 12 50.0 13.6 10 124 51.7 16.1 8 144 62.3 3,600.0 - 2,079
200 0.0 1.3 111 32.1 74.6 19 198 32.2 24.0 20 138 9.6 3,600.0 - 1,577
300 0.0 2.4 82 46.9 399.6 183 323 45.2 415.7 194 334 0.0 3,600.0 - 1,220
500 0.0 3.5 214 7.8 2,019.3 369 700 9.3 2,895.0 796 138 0.1 3,600.0 - 907
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Table 4 Results for the gradient filter method.

n
cplex cplex+(17) cplex+(15) cplex+(14)

rimp time nodes rimp time nodes #cuts rimp time nodes #cuts rimp time nodes #cuts

50 0.0 0.2 22 60.3 1.7 14 14 51.1 1.3 8 15 5.5 0.5 3 2
100 0.0 0.4 12 47.6 2.3 10 15 47.1 3.6 10 14 0.0 0.5 12 0
200 0.0 1.3 111 30.8 19.6 15 26 27.7 2.6 17 16 0.0 1.3 111 0
300 0.0 2.4 82 45.2 1,011.8 98 104 41.6 574.6 157 91 0.0 2.7 81 0
500 0.0 3.5 214 0.0 3.5 214 0 0.0 3.6 214 0 0.0 4.0 214 0

Contrary to expectations, the root improvement attained by adding cuts (17) dif-
fers between the nonlinear method (Table 2) and the gradient force method
(Table 3), even though the cuts added are linear in both cases. Note that when the
cuts are added via a callback in a branch-and-bound algorithm, the solver may au-
tomatically perform some additional strengthening, and we would expect the root
improvements in that case (Table 3) to be better as a consequence. This is indeed
the case for n = 50, n = 100 and n = 300; however, the root improvements for the
nonlinear method are better for n = 200 and n = 500.

We conjecture that this discrepancy is due to the different algorithms used to solve
the convex subproblems. For the nonlinear method, at every iteration a nonlinear
conic quadratic relaxation is solved to optimality using an interior point method, and
the resulting solution is used to generate a cut. In contrast, for the gradient force

(and gradient filter) method, CPLEX only solves a linear outer approximation
at the root node (and perhaps this linear relaxation is not even solved to optimal-
ity) and the resulting solution is used to generate a cut. Thus, if the linear outer
approximation is weak, the root improvement of the gradient force methods is
directly affected by this weak relaxation, and the points used to generate the cuts (17)
could be ill-chosen as well (resulting in little strengthening). Moreover, the author
has observed in the past (e.g., see Table 3 in [12]) that the quality of the linear outer
approximations degrades substantially as the size of the problem increases – which
may explain the poor root improvements of the gradient force and gradient

filter method for n = 500.

4.2 Computations with value-at-risk minimization problems

We now report computational experiments with value-at-risk minimization problems
of the form

w∗ = min −b′y+Ω
√

y′Qy (23a)

s.t. ∑
i∈N

xi ≤ r (23b)

y≤ x (23c)

x ∈ {0,1}N , y ∈ RN
+. (23d)
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4.2.1 Instances

The instances are generated as follows. The matrix Q is generated according to a
factor model, i.e., Q = WFW ′ +C where F ∈ Rr×r is the factor covariance ma-
trix, W ∈ Rn×r is the exposure matrix and C ∈ Rn×n is the diagonal matrix with
the specific covariances. The matrix Q and vector b are generated similarly to [6]2:
F = GG′, with G ∈ Rr×r and Gi j is drawn from continuous uniform [−1.1], Wi j is
drawn from continuous uniform [0,1] with probability 0.2 and Wi j = 0 otherwise,
Cii is drawn from continuous uniform [0,δ q̄] where δ ≥ 0 is a diagonal dominance
parameter and q̄ = (1/n)∑i∈N(WFW ′)ii, and bi is drawn from continuous uniform
[0.85

√
Qii,1.15

√
Qii].

4.2.2 Methods

In order to add cuts based on Zσ , we use the idea introduced in [6] and rewrite prob-
lem (23) as

min −b′y+Ω

√
y′(WFW ′)y+ t2

s.t.
√

∑
i∈N

(ciyi)2 ≤ t

(23b), (23c), (23d),

where ci =
√

Cii. Cuts can then be added based on the constraint
√

∑i∈N(ciyi)2 ≤ t.
Given the computational results obtained in Section 4.1, we see that the nonlin-

ear inequalities may be difficult to implement with CPLEX branch-and-bound algo-
rithm using callbacks. Thus we focus on evaluation the strength of the convex relax-
ations obtained by adding the different classes of cuts presented in paper, as per the
nonlinear method given in Section 4.1.2.

In order to compute root improvements, we use a simple rounding heuristic to
obtain feasible solutions for (23). Given any feasible solution (x̄, ȳ) for a convex re-
laxation of (23) such that x̄1 ≥ . . . ≥ x̄r ≥ . . . ≥ x̄n (without loss of generality), a
feasible solution of (23) can be recovered simply by setting xr+1 = . . .= xn = yr+1 =
. . . = yn = 0. Therefore, each time a convex relaxation of (23) is solved and a cut is
added, we also recover a feasible solution, and let objheur be the objective value of the
best solution obtained in this way. Then we can compute upper bounds on the initial
gap as igap≤ objopt−relax

|objheur|
×100 and lower bounds on the root improvement rimp as

rimp≥ rootrelax−relax
objheur−relax ×100.

2 We also tested the cuts with data generated according to [7]. However in such cases the initial gaps are
very small – less than 5%– and the simple linear cuts (17) result in close to 100% root gap improvement,
thus the stronger inequalities yield a marginal improvement at best. In contrast, the instances generated
according to [6] are more challenging, with initial gaps up to 80%.
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4.2.3 Results

Tables 5 and 6 show the results for n = 200 and n = 500, respectively. They show,
for different cardinalities r, different nonlinear weight parameters Ω and δ , and the
different classes of cuts, the initial gap (igap), the root improvement (rimp), the
time used for adding cuts (rtime) and the number of cuts added (#cuts). Each row
represents the average over five instances generated with identical parameters.

Table 5 Results in value-at-risk minimization problems with n = 200.

r Ω δ igap
cplex cplex+(17) cplex+(15) cplex+(14)

rimp rtime rimp rtime #cuts rimp rtime #cuts rimp rtime #cuts

40

1

1 0.1 0.0 <0.1 64.8 0.1 2 64.8 0.1 2 64.8 0.1 2
3 0.4 0.0 <0.1 91.1 0.1 3 91.1 0.2 3 91.1 0.3 3
5 0.8 0.0 <0.1 96.4 0.2 4 96.3 0.3 4 96.4 0.4 4
10 2.3 0.0 <0.1 91.7 0.5 12 91.9 1.5 11 91.6 3.3 11
Average 0.0 <0.0 86.0 0.2 5 86.0 0.5 5 86.0 1.0 5

2

1 1.0 0.0 <0.1 76.0 0.1 3 76.0 0.2 3 76.0 0.3 3
3 4.4 0.0 <0.1 76.8 0.6 14 77.0 2.6 15 76.9 6.5 15
5 10.1 0.0 <0.1 52.4 0.7 15 52.5 2.9 16 52.5 6.9 16
10 24.7 0.0 <0.1 27.6 0.3 7 34.3 3.6 18 34.8 11.5 19
Average 0.0 <0.0 58.2 0.4 10 59.9 2.3 13 60.0 6.3 13

3

1 3.1 0.0 <0.1 75.0 0.3 8 75.0 0.9 8 75.1 1.3 7
3 22.7 0.0 <0.1 30.1 0.4 8 36.1 3.1 16 39.5 10.9 18
5 46.6 0.0 <0.1 18.6 0.1 4 25.2 1.6 11 32.3 12.9 18
10 84.8 0.0 <0.1 12.4 0.1 2 20.5 0.3 4 36.4 29.1 23
Average 0.0 <0.0 34.0 0.2 5 39.2 1.5 10 45.8 13.6 17

80

1

1 <0.1 0.0 <0.1 58.5 0.1 2 58.6 0.1 2 58.6 0.1 2
3 0.1 0.0 <0.1 88.1 0.1 2 88.1 0.1 2 88.1 0.1 2
5 0.2 0.0 <0.1 95.9 0.1 2 95.9 0.1 2 95.9 0.1 2
10 0.5 0.0 <0.1 98.4 0.1 3 98.4 0.2 3 98.5 0.3 3
Average 0.0 <0.0 85.2 0.1 2 85.3 0.1 2 85.3 0.2 2

2

1 0.2 0.0 <0.1 65.0 0.1 2 64.9 0.1 2 65.0 0.1 2
3 0.7 0.0 <0.1 92.9 0.1 4 93.0 0.3 4 93.0 0.4 4
5 1.7 0.0 <0.1 96.6 0.3 8 96.5 0.8 7 96.4 1.2 6
10 6.1 0.0 <0.1 70.8 0.4 9 82.4 4.0 17 84.6 12.7 18
Average 0.0 <0.0 81.3 0.2 6 84.2 1.3 7 84.7 3.6 7

3

1 0.6 0.0 <0.1 59.8 0.1 2 67.4 0.1 2 67.6 0.2 2
3 2.8 0.0 <0.1 65.3 0.2 4 80.7 0.6 6 92.6 1.0 6
5 7.5 0.0 <0.1 48.5 0.1 3 63.4 0.7 6 94.2 7.0 13
10 32.4 0.0 <0.1 18.3 0.1 2 24.6 0.3 4 63.9 52.3 29
Average 0.0 <0.0 48.0 0.1 3 59.0 0.4 5 79.5 15.1 12

We see that the initial gap is larger in instances with tight cardinality constraints
(i.e., small values of r), or instances with larger weights assigned to the nonlinear
terms (i.e., large values of Ω and δ ). Moreover, we see that, in general, all classes of
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Table 6 Results in value-at-risk minimization problems with n = 500.

r Ω δ igap
cplex cplex+(17) cplex+(15) cplex+(14)

rimp rtime rimp rtime #cuts rimp rtime #cuts rimp rtime #cuts

100

1

1 <0.1 0.0 <0.1 71.3 0.3 2 71.3 0.4 2 71.3 0.7 2
3 0.1 0.0 <0.1 90.4 0.6 3 90.4 0.7 3 90.4 1.5 3
5 0.3 0.0 <0.1 94.9 0.9 4 95.0 1.0 4 94.9 2.1 4

10 0.8 0.0 <0.1 95.6 2.3 9 95.4 3.6 9 96.1 10.7 9
Average 0.0 <0.0 88.1 1.0 4 88.0 1.4 4 88.2 3.8 4

2

1 0.2 0.0 <0.1 69.3 0.6 3 69.3 0.7 3 69.3 1.4 3
3 0.9 0.0 <0.1 92.7 1.5 6 92.9 2.3 6 92.9 5.1 6
5 2.1 0.0 <0.1 90.4 4.2 16 90.9 8.8 14 91.5 31.7 14

10 6.8 0.0 <0.1 54.3 5.9 21 54.3 20.8 23 54.8 89.3 23
Average 0.0 <0.0 76.7 3.1 12 76.9 8.2 12 77.1 30.5 12

3

1 0.7 0.0 <0.1 77.4 0.7 3 77.4 0.8 3 77.4 1.3 3
3 3.3 0.0 <0.1 89.0 2.7 10 93.7 8.6 14 94.0 19.5 11
5 9.1 0.0 <0.1 49.2 1.7 7 65.6 20.6 22 67.3 82.1 20

10 29.7 0.0 <0.1 20.9 0.9 4 32.1 5.3 11 40.7 97.7 20
Average 0.0 <0.0 59.1 1.5 6 67.2 8.8 13 69.9 50.2 14

200

1

1 <0.1 0.0 <0.1 54.8 0.2 1 55.0 0.2 1 55.0 0.4 1
3 <0.1 0.0 <0.1 80.1 0.2 1 80.2 0.2 1 80.2 0.4 1
5 <0.1 0.0 <0.1 87.1 0.3 2 87.1 0.4 2 87.1 0.7 2

10 0.1 0.0 <0.1 97.8 0.7 3 96.5 0.8 3 96.5 1.5 3
Average 0.0 <0.0 79.9 0.4 2 79.7 0.4 2 79.7 0.8 2

2

1 <0.1 0.0 <0.1 68.1 0.4 2 68.2 0.4 2 68.2 0.8 2
3 0.1 0.0 <0.1 89.9 0.6 3 89.9 0.8 3 89.9 1.6 3
5 0.3 0.0 <0.1 95.6 0.9 4 95.6 1.3 4 95.7 2.3 4

10 1.1 0.0 <0.1 98.4 2.2 8 98.5 4.2 9 98.5 7.3 7
Average 0.0 <0.0 88.0 1.0 4 88.0 1.7 4 88.1 3.0 4

3

1 0.1 0.0 <0.1 66.2 0.4 2 66.2 0.5 2 66.2 1.0 2
3 0.4 0.0 <0.1 86.6 1.0 4 88.1 1.2 4 88.9 1.8 3
5 1.1 0.0 <0.1 69.6 0.8 4 85.7 2.1 5 95.5 2.4 4

10 4.9 0.0 <0.1 40.7 0.9 4 67.5 5.8 10 98.1 12.3 8
Average 0.0 <0.0 65.8 0.8 3 76.9 2.4 5 87.2 4.3 4

cuts perform comparatively better in instances with large values of r – as expected,
as the cuts do not use/exploit the cardinality constraint.

On the one hand, in instances with Ω = 1, the initial gaps are very small and the
simpler linear cuts (17) are consistently able to achieve large root gap improvements,
often over 90%; note that similar results were reported in [7]. In these instances the
more sophisticated cuts (15) and (14) barely have any impact in terms of the strength
of the relaxation, and increase the time required to solve the relaxations. On the other
hand, in instances with large values of Ω and δ , the effectiveness of the linear cuts
(17) sharply decreases, e.g., the average root improvement is only 18.3% in instances
with n = 200, r = 80, Ω = 3 and δ = 10. In such instances, the more general inequal-
ities (14) result in a much better root improvement, e.g., 63.9% in instances with
n = 200, r = 80, Ω = 3 and δ = 10. The computational time to compute the relax-
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ations corresponding to (14) increase with respect to the simpler relaxations, but are
adequate for many practical applications, requiring in all cases less than 100 seconds.

4.3 Summary

The linear cuts (17) are able to achieve substantial root improvements in many of
the instances considered, and may be the best choice for using with current branch-
and-bound solvers due to their ease of implementation as linear cuts using callbacks.
However, these linear cuts are ineffective in the more challenging instances with large
weights for the nonlinear components and large initial gaps. In these instances, the
nonlinear cuts (14) substantially improve over (17) in terms of quality of the resulting
convex relaxation. Unfortunately, due to their nonlinearity, inequalities (14) are diffi-
cult to effectively implement using current off-the-shelf branch-and-bound software.
The development of new codes for conic quadratic optimization with indicators that
can effectively leverage the stronger relaxations is a promising direction for future
research.

5 Conclusions

We present new nonlinear valid inequalities for conic quadratic optimization with in-
dicator variables. The inequalities are ideal, i.e., describe the convex hull of the set
considered when the continuous variables are unbounded, and result in significantly
stronger formulations for the bounded case. The inequalities are SOCP-representable,
but are highly nonlinear and are not amenable to use with current branch-and-bound
solvers – which rely on linear outer approximations of the nonlinear terms. Nonethe-
less, our computational experiments indicate the new nonlinear inequalities have the
potential to lead to improvements in challenging conic quadratic optimization prob-
lems with indicator variables, provided that the resulting convex relaxations are ade-
quately handled in a branch-and-bound algorithm.
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23. Çezik MT, Iyengar G (2005) Cuts for mixed 0-1 conic programming. Mathemat-
ical Programming 104:179–202



Strong formulations for conic quadratic optimization with indicator variables 27

24. Dong H, Linderoth J (2013) On valid inequalities for quadratic programming
with continuous variables and binary indicators. In: Goemans M, Correa J (eds)
Proc. IPCO 2013, Springer, Berlin, pp 169–180

25. Dong H, Chen K, Linderoth J (2015) Regularization vs. relaxation: A
conic optimization perspective of statistical variable selection. arXiv preprint
arXiv:151006083

26. Edmonds J (1970) Submodular functions, matroids, and certain polyhedra. In:
Guy R, Hanani H, Sauer N, Schönenheim J (eds) Combinatorial Structures and
Their Applications, Gordon and Breach, pp 69–87

27. El Ghaoui L, Lebret H (1997) Robust solutions to least-squares problems with
uncertain data. SIAM Journal on matrix analysis and applications 18:1035–1064

28. El Ghaoui L, Oks M, Oustry F (2003) Worst-case value-at-risk and robust portfo-
lio optimization: A conic programming approach. Operations Research 51:543–
556

29. Frangioni A, Gentile C (2006) Perspective cuts for a class of convex 0–1 mixed
integer programs. Mathematical Programming 106:225–236

30. Frangioni A, Gentile C (2007) SDP diagonalizations and perspective cuts for a
class of nonseparable MIQP. Operations Research Letters 35:181–185

31. Frangioni A, Gentile C (2009) A computational comparison of reformulations of
the perspective relaxation: SOCP vs. cutting planes. Operations Research Letters
37:206–210

32. Frangioni A, Furini F, Gentile C (2016) Approximated perspective relaxations: A
project and lift approach. Computational Optimization and Applications 63:705–
735

33. Frangioni A, Furini F, Gentile C (2017) Improving the approximated projected
perspective reformulation by dual information. Operations Research Letters
45:519–524

34. Frangioni A, Gentile C, Hungerford J (2020) Decompositions of semidefinite
matrices and the perspective reformulation of nonseparable quadratic programs.
Mathematics of Operations Research 45(1):15–33
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