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Abstract We study the convex hull of the mixed-integer set given by a conic quadratic
inequality and indicator variables. Conic quadratic terms are often used to encode
uncertainties, while the indicator variables are used to model fixed costs or enforce
sparsity in the solutions. We provide the convex hull description of the set under con-
sideration when the continuous variables are unbounded. We propose valid nonlinear
inequalities for the bounded case, and show that they describe the convex hull for the
two-variable case. All the proposed inequalities are described in the original space of
variables, but extended SOCP-representable formulations are also given. We present
computational experiments demonstrating the strength of the proposed formulations.
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1 Introduction

Given ¢ > 0 and set N = {1,...,n}, we consider the set defined by a conic quadratic
constraint and indicator variables

Xo = {(xayvt) {0,V xRY xRy : [o2+ Y (civi)? <1, yi(1—x;) =0, Vi EN} :
\ ieN

Set X arises directly in robust least squares problems [27], best subset selection
problems with shrinkage [45], chance-constrained problems with independent nor-
mal distributions [19], robust optimization with ellipsoidal uncertainty sets [16, 17]
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and distributionally robust optimization with mean-covariance information [28, 57].
Additionally, X4 is also encountered implicitly in rotated cone form y'y < ts where
s,t € Ry are variables, e.g., in joint location-inventory problems [11, 50], value-at-
risk minimization with discrete uncertainty sets [3], and feature selection problems
with respect to information criteria [35, 46].

Constructing strong convex relaxations of non-convex sets is a critical step to-
wards devising efficient algorithms for optimization problems involving such sets.
There is an increasing literature on constructing strong formulations for pure- and
mixed-integer conic quadratic optimization, including Gomory cuts [23], MIR cuts
[9], cut generating functions [52], lifting [10, 51], subadditive inequalities [49] and
minimal inequalities [41]. Additionally, disjunctive programming has received a vast
amount of attention in the context of mixed-integer nonlinear programming. The con-
vex hull of a set defined as a disjunction of convex sets can be characterized in an
extended formulation [22, 53]. However, such formulations create a copy of each
variable for each disjunction; the resulting formulations do not scale for X, defined
as the disjunction of 2" sets. Thus, researchers have focused on characterizing the
convex hulls of sets involving conic quadratic constraints and simpler disjunctions
[2, 13, 14, 15, 20, 40, 42, 47, 48, 56], in particular, disjunctions involving only two
sets. The resulting valid inequalities are directly applicable to a broad class of pure-
integer conic quadratic optimization problems, but do not exploit the specific struc-
ture of Xs. Moreover, focusing only on two-term disjunctions may be insufficient to
provide a good approximation of the convex hull of X.

Although X, has received relatively few attention in the literature, the related
quadratic set defined by the constraint y'Qy <t with Q = 0 and indicator variables
has been studied in depth [18, 24, 39]. In particular, if Q is a diagonal matrix, then
the perspective reformulation is a widely used technique for constructing strong con-
vex relaxations for quadratic (and in general separable nonlinear) optimization with
indicator variables [1, 21, 29, 31, 32, 33, 36, 38, 44, 54, 55]. For general positive-
definite matrices Q, a standard technique is to extract a positive diagonal matrix D
from Q such that Q — D > 0, and reformulate each separable quadratic term of the
form D;;y? using its perspective function [25, 30, 58]. More recently, approaches
which extract simple but non-diagonal matrices from Q have also been considered
[4, 5, 12, 34, 37, 39]. However, perspective reformulation approaches are not appli-
cable to X, as the nonlinear function /02 + Y ;cn(ciyi)? is non-separable due to the
square root.

More recently, Atamtiirk and Gémez [6] propose strong formulations for binary
conic quadratic optimization with terms of the form y/x'Qx <, based on diagonal de-
compositions of the matrix Q. Specifically, a conic quadratic constraint 1/x’Qx <t can
be written in an extended formulation as /s +y2 <, VA'Dx <, \/x'(Q — D)x < y.
Valid inequalities of the form 7’x < s can then be added to the formulation, where
7 is an extreme point of the extended polymatroid associated with the submodular
function v x'Dx [8, 26, 43]. Strong relaxations of Xy can similarly be exploited to
derive strong formulations of the set

H= {(x,y,t) € {O,I}NxRﬁ xRy 1 /yQy<t, yi(l —x;) =0, ViEN}.
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However, the convex hull of X is not well understood to date. To the best of
our knowledge, set X5 was first (explicitly) considered in [7]. The authors study the
case where the continuous variables are bounded, i.e., y; < x;, and propose valid linear
inequalities based on lifting the extended polymatroid inequalities for the pure-binary
restriction of X5 where y; = x;. Nonetheless, since the convex hull of X4 is non-
polyhedral, it cannot be described by a finite number of linear inequalities.

The main contributions of this paper are:

1. We give the complete description of the convex hull of X.

2. We illustrate how the resulting valid inequalities can be used as building blocks
to derive strong formulations for optimization problems involving subsets of X.
We focus in particular on the case with bounded continuous variables.

The rest of the paper is organized as follows. In Section 2 we study the set X and
prove the main result of the paper. In Section 3 we use the insights gained from X to
propose valid inequalities for the bounded case. In Section 4 we present computations
illustrating the strength of the inequalities, and in Section 5 we conclude the paper.

Notation Given a set X C RV, let conv(X) denote the closure of its convex hull.
Given a vector x € RY and S C N, let xs denote the subvector of x induced by S, let
x(S) = Yicsxi, and let II(S) be the set of all permutations of S.

2 Study of the set X

In this section we study the set Xs. We first point out that conv(X,) is trivial when
o=0.

Proposition 1 conv(Xy) = {(x,yj) €0, 1]V xRY xRy : /Yien(civi)? < t}.

Proof Let Xy = {(x,y,t) €0, 1N xRY xRy : /Yien(ciyi)? < t}. We prove that
the optimization problems

(P) min dx—b'y+Qt, and
(x.p,t)€Xo

(Qo) min_ dx—by+Qt,
(x,y1)€Xo
where a,b € RN and Q € R, are either both unbounded, or share a same optimal
solution. First suppose that there exists (7,7) € RY x Ry such that \/Y;cy(ci7:)? <7
and —b'y + QF < 0. Then by setting x = 1, y = Ay and ¢t = A, we obtain feasible
solutions for both problems with arbitrarily low values as A — oo, thus both problems
are unbounded. Now suppose that —b'y+ Q¢ > 0 for all y, ¢ such that /Y ;cn (civi)? <
t. Then there exists an optimal solution for (Py) and (Qg) with y =¢ = 0, and clearly
in this case (Py) and (Qp) are equivalent. O

In the rest of this section, we assume ¢ > 0 to rule out the trivial case. First,
in Section 2.1, we study optimization over Xs. Then, in Section 2.2, we introduce a
family of nonlinear valid inequalities for X. Finally, in Section 2.3, we show that the
proposed inequalities actually describe conv(X).
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2.1 Optimization over Xq

Consider the optimization problem

(P) min  d'x—by+Q1,
(x.y1)€Xs
where a,b € RY and Q € R. Note that if Q < 0 then (P) is unbounded by letting
t — oo, and if Q = 0 then (P) is a simple linear optimization. Thus we assume Q > 0

and, by scaling, we can set Q = 1. Since t = /62 + Yy (ciy;)? in any optimal
solution, we write (P) as

min dx—by+ [o2+ Z(ciyi)z subject to y;(1 —x;) =0, Vi € N.
(xy) {0, 1}V xRY ieN

Moreover, we see that if b; < 0, then there exists an optimal solution where y; = 0;
and if a; < 0, then there exists an optimal solution where x; = 1. Thus we assume
that a,b > 0. Finally, observe that if ¢; = 0, then the problem is unbounded by letting
yi — oo. Thus we also assume ¢ > 0.

Atamtiirk and Jeon [7] give a O(n?) algorithm for the case with bounded contin-
uous variables that could be used for (P) using big-M constraints. We now show that
(P) can be solved in O(nlogn) time. For i € N, define §; := (bi/c;)>. Moreover, for all
S C N such that {(S) < 1, define

0(S) :==a(S)+o1-§(S).

Finally, define gs : RS — R as gg(ys) = —b'ys + /062 + Y es(civi)? for all S C N.
Proposition 2 shows how to solve (P), depending on the value of {(N). In partic-
ular, if {(N) < 1, then (P) is equivalent to the submodular minimization problem
minsgN ¢) (S)

Proposition 2 Problem (P) can be solved as follows:

1. If §(N) > 1, then (P) is unbounded, i.e., there exist feasible solutions with arbi-
trarily low objective values.

2. If§(N)<1,then min da'x—b'y+t=min¢(S). Moreover, if S* € argmin §(S),
(xy1)eXs SCN SCN
Gi

then there exists an optimal solution to (P) where Vi = GW
1

and x} =1

ifi € §*, and y; = x; =0 otherwise.
3. IfE(N)=1,then inf dx—by+t=min¢(S). Moreover, if S* € argmin ¢(S)
(X,y,l) Xo SCN SCN
with S*CN, then there exists an optimal solution as in the case {(N) < 1. If

argmin @ (S) = {N}, then there does not exist an optimal solution.
SCN

Proof 1. First suppose {(N) > 1. Then, for L > 0, let y;(1) = )Lf—g fori € N, and

i

observe that

lim gn(3(2)) = lim —L (VA +1/02 + {(N)22 = —en

Thus, setting x; = 1 for all i € N and y = y(A), we find feasible solutions with
arbitrarily low objective values.
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2.

Now suppose {(N) < 1, let S C N, and consider the convex optimization problem
minyeRs+ gs(ys). From the KKT conditions we find that, for k € S,
vk
bp— —————=—, ¢ >0and (Xkyk:(). (1)
o+ Y (Clyl)
ieS
Observe that if y, = 0, then conditions (1) cannot be satisfied since b; > 0 and
oy > 0. Thus we see that y; > 0 and oy = O for k € S. In particular, we have

b
yi=— 02+ ) (civi)? 2
€S

— Z C,y: —C (G +Z CzYz ) 3)

ieS ieS
C RO 2
<Y (i) = c “4)
gg CUTI=4(S)
where (4) follows since {(S) < 1. In particular, from (2) and (4), we find
* by
Y = ————0. &)
V1-€(9)

Now observe that, for S C N and for all i € S, if x; = 1 and y; is given by (5), and
x;=y;i=0forieN\S, we find that

o sy L) °
=a($)+0oV/1-L(S)=9(5)

In particular, we find that (P) is equivalent to solving mingcy ¢ (S).

. Finally, suppose {(N) = 1. Observe that if SCN, we have §(S) < 1 and optimal

solutions to minyeRs+ gs(ys) are given by (5), as in the case {(N) < 1.
Now consider the optimization problem infyeRIX gn(y). Observe that the KKT

conditions (3) cannot be satisfied, since {(S) = {(N) =1 and ¢ > 0, thus there

does not exist any KKT point (or optimal solution). However, note that setting

yi(A) = %l for all i € N, we find that llim gn(y(A)) = 0. Thus, by setting x; = 1
i —yo0

forall i € N and y =y(A) as A — oo, we find feasible solutions with objective
value arbitrarily close to a(N).

Therefore, we see that inf a'x—b'y+1 = min¢(S), and that the existence
(x,1)EXo SCN

of an optimal solution depends on whether there exists an optimal solution with
SCN or not. a

Note that the set function ¢ is submodular, and optimization with function ¢ was

studied in [8]. In particular, index the variables such that z—: < % <...< ‘CI—" (breaking
ties arbitrarily), and define So =0 and S; = {1,...,i} fori € N.
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Proposition 3 (Atamtiirk and Narayanan [8] ) The set of all optimal solutions of

rsréii}")(s) is some collection .7 of nested sets S;; C S, C ... C S, for some 1 <k <n.

Corollary 1 Optimization problem (P) can be solved in O(nlogn) time.

Proof Checking whether {(N) > 1 can be done in linear time. If {(N) < 1, then
solving (P) requires sorting the variables in terms of % which can be done with

O(nlogn) comparisons. O

2.2 Valid inequalities for X

In this section we propose a new class of valid inequalities for Xs.

Definition 1 Given a permutation v = ((1),(2),...,(n)) € II(N), define x) = 1,
define N; = {(i), (i+1),...,(n)} for i =0,...,n and define f ; : {0, 1}V RT —
R, recursively as

f(‘;,n-&-l (x(n)) = OX(y)

Jo.i(Gon,_ s N;) 7= 0 (x(i—1) — X)) + \/f;7i+1(xM7yNi+l 2+ (cpy@)? i=1,...,n
0

For simplicity we write fg ;(x,y) instead of fg ;(xn, ,,yn;), and fg . (x,y) instead
of f& i1 (x<,,)), in the rest of the paper; the variables of which fg ; is a function of
are implied by the index i and the permutation v. Moreover, we also omit the index i
when equal to 1 from our notation, i.e.,

fo(xy) = fo1(x:y)-

Example 1 Let N = {1,2,3}, and let v = (1,2, 3) be the permutation corresponding
to the natural order of the variables. Then

2

2
foxy)=o(l—x1)+ (G(MXZH\/(G()Q)@H (Gx3)2+(63y3)2) +(Czyz)2> + (c1y1)*.

O
Consider the nonlinear inequality
fox,y) <t. (6)
Inequality (6) can be used with most off-the-shelf conic quadratic solvers in an ex-
tended formulation: introduce non-negative continuous variables s; and #;, i =2,... , n+
1, and write
o(l—x)+n<t, s3+(capn) <8 (7a)
O (x(—1) = X)) +tir1 < s, st + (C(i)J’(i))2 <t i=2,...,n  (7b)
OX(n) < Snt1- (7¢)

In particular, (6) is SOCP-representable and convex. We now prove that inequalities
(6) are valid for Xg.
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Proposition 4 For all (x,y) € Xs andalli=1,...,n+1,

foilx,y) < \/ o2+ Y ()

i=i

Proof We prove the result by induction, starting from the base case i =n+ 1.
Base case Trivial.
Induction step We assume the results holds for fg ;. ..., f5 ., and we show it

holds for f} ..
e First suppose x(;_1) = x(;. We find

2
(c (,-)y(j)) )

1=

v v 2
Jo.i(x,y) = \/foﬁl (x,9)2 4 (i) < \/sz(i) +

J=t

where the inequality follows from the induction hypothesis. Since x(;) = x(;_1), the
result follows.
e Now suppose x(;_1) = 1 and x(;y = 0. Note that if x;) = y;) =0 forall j > i,

then we find
n
foilx,y)=0= \/0'2)61 1) Z

Otherwise, let k < n be the minimum index k£ > i such that X(k) = 1. We find

S
—
—_
=~
=
<
—~
=
~—
8]

15,i(6,y) = ox_1) + o (x,y) = Ox(;_1) — Oxp) + \/ff,,kH (x,y)

L 2
< OX(i—1) — OX(k) + ¢ o2x + ) (i)

n 2
= \/0'2)6(1‘1)"‘2 (ey) ™
=1

where the inequality follows from the induction hypothesis, and the last equality fol-
lows from x(;_1) = x).
e Finally, suppose x(;_1) =0 and x(;) = 1. We find

fc‘;,i(x7y) =-0+ c‘;,i+l (xvy)z + (C(i) \/62 + Z €,y
j=i

F

where the first inequality follows from the induction hypothesis, and the second in-
equality follows from concavity of the square root function. a

Corollary 2 Inequality (6) is valid for X.
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Proof For any (x,y,f) € X5 we have

foxy) < Jor+ Y (i) <t,
iEN

where the first inequality follows from Proposition 4 and x(g) = 1. a

Before proving that inequalities (6) are in fact sufficient to describe conv(Xs)
(Section 2.3), we first give additional definitions and properties concerning the func-
tions fg ; that provide useful insights and will be used through the paper.

Remark 1 1f ¢ =0, then £ ;(x,y) = /Xj_i(c(jyy(j)* and fo(x,y) = \ /L jen(cjj)?-
O

Definition 2 Given a permutation v = ((1),(2),...,(n)) € II(N), define £, : {0, 1}"i x
]Rﬁ" — R, as
f_c‘;,nJrl (x,y) = O0X(p)

fo.i(x,y) == —0ox; + \/fé,,'ﬂ(xzv,-vyzv,-ﬂ)z +(coya)? i=1,...,n

We also use the simpler notation f3 (x,y) instead of £, (x,y).

Remark 2 Observe that functions f; ; and fv . are related by the identities f3(x,y) =
o + fy(x,y), and £ ;(x,y) = Gx(i_i) +f(v,7i(§c,y) for i = 2,...,n. Additionally, ob-
serve that f ; is positively homogeneous of degree 1, i.e., for > 0, f;,i(lx,ly) =
A fg’i()@ y). O

Remark 3 (Perspective reformulation) Note that /62 + (c1y1)> = 0+ (/02 + (c1y1)? —
o). Using the perspective reformulation [29, 31, 36] for the term in parenthesis, we
obtain the valid inequality

Folrry) = 6 +x1fo (1) = 0+ ( (£10) + (c1y1)2 — oxl) <

Thus, inequalities (6) coincide with the perspective reformulation for the one-variable
case. O

Remark 4 (Partial derivatives of fy) The partial derivatives of function f are

s - 10 Fo i1 (6:3) . Y ®
W e 2+ (o) v ) ( )2
Fo i1 )+ (cipya) To ka1 (622 + (cayyu

afe k—1 fgzi+1 (x,y) ) ( fg-‘k+1 (x,y) )
>(ey) =1 : i ' Bk
9X() (” Vi P+ (coy) Vst )+ ey
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Note that if there exist an index ¢ such that x(;) = y(; = 0 for all i > ¢, then

\/ fo i (x, y)2+ (C(i)y(i>)2 = 0, and the partial derivatives above are undefined for
k > ( since they involve division by 0.

Finally, as Remark 5 below points out, the functions fy ;(x,y) and its partial
derivatives can be simplified for certain permutations and values of (x,y).

Remark 5 Let v =((1),...,(£),...,(n)) and X € {0,1}" such that ¥;) = 1 for i < ¢
and x;) = 0 for i > {. Then

0 ifk=n+1
lr-lzk(C(i)y(i))z ifl+2<k<n

Fo @)= o4 [T i1 (o) ifk=(+1
2
\/ Eiileoyw)+ (/T leayw)?) ifk<t.

Moreover, fork=1,...,¢, we find
Wy T
3y (%,y) = - ~
() \/02 + X1 (ciya)?
If, additionally, y is given as in Proposition 2, i.e., yx) = % fork =1,...,¢

by /1-Li=1

and y(;) = 0 otherwise, then for k =1,...,¢ we find

% (53) =0\ [1- Y. Gy -0\ 1~ X.&
)an:(y - i))—O - i)
9x(x) i=1 0 -1 0

corresponding to marginal contributions of the submodular set function ¢ (S) — a(S).
For k=/(+1,...,n, the partial derivatives are undefined. a

2.3 Convex hull of Xs
This section is devoted to proving the main result of the paper, i.e.,

Theorem 1 (Convex hull of X;) The convex hull of X is described by inequalities
(6) and bound constraints, i.e.,

conv(Xs) = {(x,y,1) € [0, IV xRY xR: fo(x,y) <t, Vv e II(N)},

and is SOCP-representable.
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Note that SOCP-representability follows directly from representation (7). We
prove the rest of Theorem 1 by showing that (P) and the optimization problem

mina'x — b’y -+t
(Fe) st filoy) <t Well(N)
xe[0,1]V,yeRY reR

are equivalent. We can assume that a;,b;,c; > 0 for all i € N, as otherwise x; = 1,
yi = 0 or y; — o in an optimal solution of both (P) and (P¢). Suppose that (£,,7) is
a (fractional) feasible solution of (P¢), and assume without loss of generality that the
variables are indexed such that £; > ... > £,. Let v=(1,2,...,n) be the permutation
corresponding to the natural order of the variables, and consider Algorithm 1 below,
which shows how to construct an integral feasible solution (x*,y*,7*) of (Pc) such
that a'x* — b'y* +1* < d'£— b'$+1, or detects that both (P) and (P¢) are unbounded.
We use the notation that fork=1,...,n,

k] ={1,....k}.

Algorithm 1
Input: (£,9,7) feasible point of Pc with £; > ... > £,> 0.
Output: Integral solution (x*,y*,r*)

1: Initialize (x*,y*) < (£,9)

2: k1 > iteration counter
3: repeat

4: if Y7 (axf —biy?) + /1= C(k—1]) 2 . (x*,y*) < 0 and x} > O then

5: A 1/)(;:

6: X AXf, Y — Ay, Yi>k > =1
7: i e[y (047, y)), vi<k

8: k< k+1 > Increase iteration counter
9: else if Y7 (aixf — biy}) + /1= C([k—1]) 2, (x*,y*) < 0 and x; = O then

10: return —oo ' > Problems (P) and (P¢) are unbounded
11: else

12: xi<0,yi <0, Vi>k

13: y;‘(—bi/c%,/%o', Vi <k

14: k<n > Terminate
15: end if

16: untilk=n

17: 1% = f5(x*,y")
18: return (x*,y*,r*)

We first prove the invariant of the algorithm.
Proposition 5 Ar the beginning of iteration k < n of Algorithm 1,

I Xi=...=x;_,=1,
22 12x;>...2x,2>0,
3. dx by + fr(x*,y") <dR—bP+ fL(R ).
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Proof Observe that after iteration i, either x} is fixed to one (and never modified
again) or the algorithm terminates. Additionally, since all non-fixed x variables are
multiplied by the same constant, the relative order does not change. Thus (1) are (2)
are easily verified. To prove (3), we show that the value a'x* — b'y* + f2(x*,y*) does
not increase after performing the updates in Algorithm 1. Let (X,y) be the value of
(x*,y*) at the beginning of iteration k. Observe that, since ¥; = ... =%_; = 1,

k—1 2
15(55) = || L (e + (o4 /(i) + £ 01 (£.3) — 0% )
i=1

k—1 _ 2
= \| L)+ (o+T5.E9) -
i=1
We now show how to construct a solution where either xy =l orx; =...=x, =0
and y; = ... =y, = 0 without increasing the value a’x — b’y + f}(%,7). Consider the

optimization problem

k—1 _ 2
min gy (x,y) == ax—by+ | ¥ (e + (0 + Fy 4 (3)

i=1

(Péf) st.xi=...=x_1=1

Observe that for any feasible solution (x,y) of (P%) the corresponding objective value
gk (x,y) is precisely a'x —b'y + f&(x,y), and that (%,¥) is feasible for (PX). Moreover,
note that for any fixed value of (x;,y;), i =k, ...,n, the optimal values of y;, i < k, can
be found by setting %f_' (x,y) = 0. In particular, we find that for i < k,

Igk
dyi () =0
c?y;
S —b+ i > =0
J V(RS RN INERY)
ket
= yi= % Y (i) + (GJrf(v;,k(xvy))z (8)
i\ j=1
k-1 k—1 ) ,
=, 1(ijJ‘)2 =C([k—1]) (ZI(Cij)2+ (0 + forlx,y)) )
= =
£ _ C([k=1]) 2 2
= j:l(ijj)2 “T—C—1) (G+fd,k(xvy)) . )]
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Moreover, by replacing Zl;;} (cjy j)z in (8) using (9), we find the values

b;
2
l

vi=- (0+foux.y))- (10)

1
1= ¢((k—1])

If we substitute y; ] in (Pg) with their optimal values given by (10), then we find
the equivalent optimization problem

(PE)  mingi(x,y) i=a(lk—1)+ ¥ (ai—biyi) ++/T=L([k—1]) (06 + fy 4 (x.7))

iEN)

st.xe0,1M, ye R,

where N, = {k,...,n}. Observe that from a given feasible solution of (Pg) we can
recover a feasible solution of (Pé) with same objective value simply by setting y 1
using equality (10). Moreover, by construction, g (Xn,, v, ) < &k(X,¥), since the val-
ues Y1 were changed to the values that minimize g;. Additionally, we find that for
A >0,

G (A Ad,) = 17¢<[k711>o+a<[k711>+z(a’wa’yw RS

Thus, if a'xy, —b'yn, + /1 — —1]) ) > 0, we can improve the ob-
jectlve value by settlng ). =0, ie, settlng xk e =Xp =Y =...=y, =0. If
axy, —b'yn, ++/1— —1])fs (%,5) <0 and % > 0, then we can improve the
objective value by settlng ), 1/xk.

Finally, if a'xy, — 'y, —|—f(‘;7k()f,)7) <0and % =...=5x, =0, then letting A — o0

we find feasible solutions of (Pg) with arbitrarily low objectives values — observe
that these solutions are not feasible for (P) as they do not satisfy the complementary
constraints y;(1 — x;) for i > k. However, it follows from Remark 5 that for any y €

Ny
R,

fox(®y) = fo1(On,y) = \/Z(Ciyz')z > \/62 +Y (ciyi)? =0 = fyrlen,,y),
i=k i=k

where e is a vector of ones. Therefore, setting xy = ... =x, = 1, y; = Ay; for i =
k,...,n and y; given by (10) for i = 1,...,k — 1, we find feasible solutions of (Pg),
(P) and (P¢) with arbitrarily low objective values.

The three cases above and the corresponding updates are precisely the updates
done in Algorithm 1. Therefore, at each iteration the value of the objective function
of (PY) does not increase, i.e., g (x*,y*) > gry1(x*,y%). O

Proof (Proof of Theorem 1) Given any optimal solution (£,9,7) of (Pc) with £ >
.. > %, wehave that ' —b'$+7 > d'2—b'y+ f(r (x $) from feasibility. Addltlonally,
we can use Algorithm 1 to find a solution (x*,y*,#*) integral in x such that a'x
b'y*+1* <di—b'9+ fL(%,) by Proposition 5. Finally, (x*,y*,*) is feasible for (PC)
since t* = f¥(x*,y*) = \/0% + Yjes (ciyi)> where $* = {i € N : x} = 1} (Remark 5),
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and this point is not cut off by inequalities (6) by validity. Therefore, if there exists an
optimal solution to (P¢), then there exists an optimal integral solution, and problems
(P) and (P¢) are equivalent. O

We close this section by presenting a compact notation for the inequalities de-
scribing conv(Xs ), which will be used in Section 3. Define the convex function

fo(x,y) = vénl%)fa(xyy); (11)

function fs(x,y) is convex as it is the maximum of a finite number of convex func-
tions. Moreover,

conv(Xs) = {(x,y,1) € [0, PN xRY xR fo(x,y) < t}.

3 Valid inequalities for the bounded case

In this section we discuss valid inequalities the set with bounded continuous variables
given by

Zo ={(x,y,t) € X5 :yi <x;, ViEN}.
The upper bound of 1 for the bounded continuous variables is without loss of gener-
ality, as the variables can be scaled otherwise. The inequalities we propose are based

on the results for the unbounded relaxation X given in Section 2. First, we illustrate
the derivation of the inequalities in Example 2.

Example 2 Consider set Zs with n = 3. Observe that if (x,y,7) € Zs, then

tz\/62+(c|y1 24 (c2y2)? + (c3y3)?
=0+ \/G2+ ciyr)? ) (\/62 (c1y1)?+ (c2y2)? + (c3y3)? \/02 +(c1y1) )

>0+ (y/or+ () —o > <\/0'2+C + (c2y2)? + (e333)? \/02+‘1> 12

>0+ ( (ox1)2 4 (c1y1)? = Wl)

2
+ (\/((xz —xg)\/Gz—l-c% + \/(0'2 +c%)x%+ (6‘3_)’3)2> + (c22)* —x24/ 02 -‘rC%) . (13)

Inequality (12) follows from concavity of the square root function and from (c;y; )2 <
c% (since y; < 1); inequality (13) holds since

Ffo(xi,y1) =1/ (0x1)2+ (c1y1)? —ox1 < /62 + (ciy)?—0

by validity of inequalities (6), and

2
(2,3
fi/ﬁ)—%(&,xa,yz,ya) = \/ ((xz —u)yfor+d+ /(02 )] +<c3y3>2) +(eam)2 —x0y/or+cF

<\/o2+c1+(czy2 + (c3y3)? \/62+c
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also by validity of (6). Thus, we find that inequality
O+ fo 1. y1) + F o (x2,33,2,y3) <t
o ’ \/m 9 N33 V2 =

is valid. O

In general, let v = ((1),(2),...,(n)) be a permutation of N, let m < n and let

ez suchthat 1 =k <ky <. <ky <kny1 =n+1leto;= /o2 + 5/ .

let Nij = {(i),(i+1),...,(j—1)} for j > i, and consider the inequality

o+ Zf_cj(xl\’k._k y YNk« ><t7 (14)
j=1

Jj+1 JRjH

where ﬂ;j are the functions given in Definition 2.
Proposition 6 Inequality (14) is valid for Z.

Proof Let (x,y,t) € Zs. We have that

o2+ Y (ciyi)?=0+
iEN j

o+

ki1—1 kj—1
o2+ ; (o) —+| 02+ Y (coyi)?

i=1

™=

Y

R

1

J

kj1—1
\sz+ Z (ciy@)*—oj |

where the last inequality follows from \/ o2+ Zf; Il (cy@)? < o for any feasible
point in Z and concavity of the square root function. Since (x,y,?) € Zs implies that
(x,y,1) € X, we find from validity of the inequalities discussed in Section 2 that

) o
oj + Zk (C(i))’(i))2 —0j 2 fo (xNkj,k_/+| YNk )—0j= fo; (‘xNkj,k_j+] YNk )
i=kj
and we obtain inequality (14). O

We now investigate the strength of inequalities (14), and discuss their separation.

3.1 Connections with previous work

We show that inequalities (14) dominate the first class of linear inequalities proposed
in [7]. Observe thatif k; = jforall j=1,...,m+ 1 and m = n, then inequalities (14)
reduce to the simpler form (Remark 3)

o+ Z (\/(G,'X(,-))2 + (C(i>y(,~))2 — G,'X(,-)) <rt. (15)
i=1
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Linear cuts can be derived from (15) using gradients. In particular, a linear outer
approximation around the point (%, 7) is given by

n O i C i i
o+, (U —0o; | xi+ Uty yi | <t
i=1 \/(sz(z>)2 + (cFi)? \/(0137(1))2 +(cy¥)?
(16)
If, additionally, ¥ = y, then (16) simplifies to
o+ x<t+a(x—y), (17)

where ;) = | /o? +c%i) —0; and o) = %/ o +cf,. Observe that 7 is an extreme
point of the extended polymatroid associated with the submodular set function ¢(S) =

\/ 02+ Yicq c%, and (17) corresponds to the first class of linear inequalities proposed
in [7].

3.2 The two-variable case

We now show that inequalities (14) and bound constraints describe conv(Zs) when
6 =0 and |[N| = 2. For this case, there are three valid inequalities (14):

1. If v= (1,2),m:2Withk1 =1,ky =2 and k3 = 3, then 6; =0, 6, = ¢ and (14)

is of the form (15) and reduces to c1y; 4/ (c1x2)? + (c2y2)% — c1x2 < 1.
2. Iffv=(2,1),m=2withk; = 1, kp =2 and k3 = 3, then 6; =0, 03 = ¢, and (14)

is of the form (15) and reduces to c2y2 + /(c2x1)2 + (c1y1)2 — c2x1 < 2.

3. If m =1 with k| = 1 and k, = 3, then for any permutation v we have o1 = 0 and

(14) reduces to the original inequality v/ (c1y1)%+ (c2y2)* < 1.

Consider the optimization problem

min ay x| +axx; — by —byys +t (18a)

st/ (c1y1)? + (cay2)? <t (18b)

(Pg) ciyr 1/ (c1x)? + (cay2)? —cixp <t (18¢)
caya 44/ (cax1)? + (c1y1)? —coxy <t (18d)
0<y1<xi<L0<y;<xp<1,7>0. (18e)

Proposition 7 Problem (Pg) has an optimal solution integral in x.

Proof Let (x*,y*,t*) be an optimal solution of (Pg). If 0 <x* < 1, then (Ax*,Ay*, A1*)
is also feasible for 0 < A < 1/max{x% x5}, and a solution with the same objective value
can be found at one of the bounds. If A = 0, then we have found that x =y =¢ =0
is optimal (and integral). Otherwise, we may assume without loss of generality that
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xf = 1. Since cay2 4+ 1/ + (c1y1)? — 2 < /(c1y1)? + (c2y2)%, we find that con-
straint (18d) is implied by (18b) when x} = 1, and

(x3,¥1,¥5) € argmin axy — b1y —boys +1t (19a)
S.t. (c1y1)2 + (c2y2)2 <t (19b)

ciyi +1/ (c1x2)> + (c2y2)? —cixa <t (19¢)
0<y1<L,0<y»<xn<1,1t2>0. (19d)

Observe that if 0 <y < 1 and 0 < x5 < 1, we can use a similar scaling argument
to find an optimal solution where either x, =y; =0, x, = 1, or y; = 1. For the first
two cases the proof is complete; therefore we assume without loss of generality that

yi = L. Since ¢1 + 1/ (c1x2)% + (c2y2)> — c1x2 > ¢1 4+ /(c1)* + (c2y2)? — c1, we find

that constraint (19b) is implied by (19¢) when y} = 1, and

(x3,y5) € argmin axx) —bays 41/ (c1x2)? + (c2y2)* — c1x2.
0<y, <6 <1

It follows from a third scaling argument that there exists an optimal solution with
*
xy€{0,1}. O

Corollary 3 Inequalities (14) and bound constraints 0 <y < x < 1 describe conv(Zy)
when |[N| = 2.

Note that Corollary 3 can be rephrased as “inequalities (15), the original inequal-
ity (18b) and bound constraints describe conv(Zy) when |[N| = 2.” Nonetheless, as
Example 3 below shows, the more general inequalities (14) are indeed stronger than
inequalities (15) for |[N| > 3.

Example 3 Consider the optimization problem

w* = min ajx| + axxy +azxz — b1y — bays — b3y; + Qt (20a)
s.t. \/(cly1)2 + (Czyz)z + <C3y3)2 <t (20b)
0<y <x,0<y2<x,0<y3< 43,20 (200)

X1,X2,X3 € {07 1}, (20d)

where the coefficients a, b, c are given in Table 1 and 2 = 2.3479. The solution cor-
responding to setting x; =y; = 1 for i = 1,...,3 and t = 37.06 has objective value
w* = —0.001 and is optimal for (20). Now consider the solutions of the following
convex relaxations of (20), computed using CPLEX solver:

R1 The natural convex relaxation, obtained by relaxing the integrality constraints on
x, has optimal solution x = (1.00,0.48,0.39), y = (1.00,0.48,0.39) and r = 21.98,
with objective value w; = —6.002.
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R2 If inequality (15) for permutation (1,2,3) is added, i.e.,

ciy1 +14/ (c1x2)? 4 (c2y2)? — c1x2 + \/(C% + )3+ (c3y3)? —x3 \/C% +c3<t,

2y
then the optimal solution of the resulting relaxation is x = (1.00,1.00,0.84), y =
(1.00,0.78,0.84) and t = 31.11, with objective value w, = —0.485.

R3 If inequalities (15) for all six permutations are added, then the optimal solution
of the resulting relaxation is x = (0.95,1.00,0.77), y = (0.96,0.78,0.77) and ¢ =
30.07, with objective value w3 = —0.459.

R4 If in addition to adding inequality (21), inequality (14) for permutation (1,2,3)
and partition k; = 1, k; =2 and k3 = 4 is added, i.e.,

2
c1y|+\/<clx2—01X3+ (c]x3)2+(63y3)2> +(e)—cixo <t, (22)

then the optimal solution of the resulting relaxation is x = (0.94,1.00,0.86), y =
(0.94,0.97,0.86) and ¢ = 34.60, with objective value wy = —0.029.

RS If in addition to adding inequalities (21) and (22), inequality (14) for permutation
(2,1,3) and partition k; = 1, k» =2 and k3 = 4 is added, i.e.,

2
c2y2 + \/<02X1 —cox3 44/ (c2x3)? + (C3Y3)2> + (c1y1)? —caxy <t,

then the optimal solution of the resulting relaxation is x = (1.00,1.00,1.00), y =
(1.00,1.00,1.00) and t = 37.06, with objective value ws = —0.001. This solution
is optimal (up to the precision given by the solver).

Therefore, in this example, inequalities (15) are still effective, with a single valid
inequality closing most of the gap (R2). Nevertheless, the remaining five inequalities
(15) are ineffective at reducing the remaining gap (R3). In contrast, with the addition
of two inequalities (14), an optimal integer solution can be recovered (R4-R5). a

Table 1 Values for coefficients a,b and ¢ in Example 3.

Index
Coeff. 1 5 3
a 477.0160  10.7861 687.5810
b 509.9840  48.3004  704.1120
c 15.8881 26.9137 19.9159

3.3 Separation

We now discuss how to, given a fractional point (¥,7,7) and a permutation v € II(N),
find the partition of N defined by the indices ki, ...k, resulting in a most violated
inequality (14).
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Construct a directed acyclic graph G as follows: let NU {n+ 1} be the set of
vertices; let (i, j) € A for i < j with cost f, (¥n;;» N, )- Observe that the cost of path
(ki,ka, ..., kmy1) with ky = 1 and k1 = n+ 1 is precisely the left hand side of (14)
evaluated at (X,y) (minus &). Thus, a most violated inequality (14) can be found by
finding a longest path from 1 to 7+ 1 in G, which can be done with O(n?) evaluations
of f& (Zn;;,Iw;;) and O(n?) comparisons.

4 Computations

In this section we report computational experiments which demonstrate the strength
of the proposed nonlinear inequalities. All experiments are conducted using CPLEX
12.7 solver with a single thread. We set a time limit of one hour, and CPLEX default
settings are used.

4.1 Computations with Z5

First, we test the valid inequalities in optimization problems over Zs. The main pur-
pose is to test how well the inequalities proposed in Section 3 are able to approximate
conv(Zs). In addition, the computations in this section also illustrate the difficulties
of implementing the valid inequalities as cuts using current off-the-shelf branch-and-
bound solvers.

4.1.1 Instances
We test the proposed formulations in instances of the form

mina'x —b'y+ Qt
S.t. Z(C,'y,')2 < [2
ieN
0<y<ux
x€{0, 1}V yeRY, teR.

The vectors a,b,c are generated randomly, using the same parameters as the ones
used in [7]: coefficients g; are drawn from integer uniform [5,20], coefficients cl2 are
drawn from integer uniform [0.9n,1.2n], and b; is set to a; + h;, where h; is drawn
from integer uniform [1,4]. In order to make the problems as hard as possible for the

solver, we set! Q =0.999- %, which causes a difficult trade-off between the
ieN €}

linear and nonlinear parts of the objective.

U If Q@ = —alV)+b(V)/, [y;cy 2, then the objective values corresponding to the solutions x = y = 0 and
x =y =1 have objective values of 0; in most cases, such solutions are optimal, resulting in initial/root gaps
of infinity. Thus, we multiply 2 by 0.999 to ensure optimal solutions with objective value different from
0.
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4.1.2 Methods

We compare the strength of the formulations obtained by adding cuts (14), (15) and
(17). We test three approaches to add cuts:

Nonlinear The inequalities are added as nonlinear inequalities as described in (7).
Since adding nonlinear cuts is not possible using CPLEX callbacks, the cuts are
added by repeatedly solving the convex relaxations and manually adding the non-
linear inequality to the formulation. Using this method, only the convex relax-
ations are computed but the discrete problems are not solved.

Gradient force The nonlinear inequalities are underestimated using the gradients
at fractional points (see Remark 4), and added as linear cuts using CPLEX user
cut callbacks. The cuts are added using the CPLEX parameter “Force”, i.e., all
violated cuts found are added and kept in the formulation. The setting “Force”
is not the default choice in CPLEX and often results in worse branch-and-bound
performance, as too many cuts may be added and the size of the formulations may
increase substantially.

Gradient filter The nonlinear inequalities are underestimated using the gradi-
ents at fractional points (see Remark 4), and added as linear cuts using CPLEX
user cut callbacks. The cuts are added using the CPLEX parameter “Filter”, i.e.,
CPLEX may decide to not add the cut, or to remove it from the formulation at a
latter stage. The setting “Filter” is the default choice in CPLEX, and the size of
the formulations is kept in check by not adding or removing cuts in the branch-
and-bound process.

In all cases, inequalities are added only at the root node, and only inequalities with
a violation of more than 10~* are added, e.g., given a fractional point (%,¥,7), in-
equality (14) is added only if 6+ Y7L fgj <kaj.k,+1 ,)‘ij_km )—7 > 107, To separate
the inequalities, we use the same method as [7] to find a permutation: given a frac-
tional point (¥, 7,7), we add inequalities (14), (15) and (17) based on the permutation
v=((1),(2),...,(n)) such that ;) > X(5) > ... > X(,); for inequalities (14), we chose
a partition using the longest path method discussed in Section 3.3.

4.1.3 Results

Table 2 shows the results for the nonlinear method. It shows, for different sizes n
and the different classes of cuts, the initial gap (igap), the root improvement (rimp),

the time used for adding cuts (rtime) and the number of cuts added (#cuts). The ini-
0obj,p —relax
e P = ot . .
objective value and “relax” is the objective value of the natural continuous relaxation.
The root improvement is computed as rimp = % x 100, where “rootyejax”” is
the objective value of the relaxation obtained after adding cuts. Each row represents
the average over five instances generated with identical parameters.

We see that the linear cuts (17) achieve a similar root improvement as the simplest
nonlinear extension (15). The root improvement achieved by (15) and (17) decreases

as the size of the problems increases. On the other hand, the formulation resulting

tial gap is computed as igap = % 100, where “obj,,” denotes the optimal
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Table 2 Results for the nonlinear method.

. cplex cplex+(17) cplex+(15) cplex+(14)
n igap| . . . X . . : .
rimp rtime|rimp rtime #cuts|rimp rtime #cuts|rimp rtime #cuts

50 519.8/ 0.0 0.0 (563 0.1 8§ 1649 03 11 |999 1.6 17
100111.2) 0.0 0.0 [46.0 0.1 49.7 0.6 10 (100.0 4.4 18
200 249 0.0 0.0 |37.7 0.3 39.0 1.6 10 |100.0 26.0 21
300 10.1|1 00 0.0 (332 04 322 1.7 8 1999 339 17
500 3.0 |00 0.1 |27.3 0.5 26.7 1.9 6 [99.8 242 12

AN 2 0 O

from the most general version of the nonlinear inequalities given by (14) is substan-
tially stronger than the rest: the root improvement is close to 100% in all instances,
regardless of the size of the problem. Additionally, the root improvement is achieved
using a relatively small number of cuts, and the number of nonlinear inequalities
added does not seem to depend on the size of the problem. The root times corre-
sponding to (14) are larger than for the other formulations (as expected), since more
cuts are added and each cut requires adding 2n additional variables and constraints.

Table 3 presents the results for the gradient force on the same instances. It
shows, for different sizes n and the different classes of cuts, the root improvement
(rimp), the time used to solve the problems using branch-and-bound (time), the
number of branch-and-bound nodes used (nodes) and the number of cuts added as
reported by CPLEX (#cuts). We see that approximating the highly nonlinear cuts
(14) using gradients results in a very poor performance. For instances with n = 50,
finding a good-outer approximation of the nonlinear functions requires on average
1,203 linear cuts (compared with 17 nonlinear cuts), and it requires substantially
more time to find such an approximation (182 seconds, versus 1.6 when using non-
linear cuts). For instances with n = 100, after adding 2,000 linear cuts (and spending
one hour doing so), the quality of the outer approximation is still far from ideal (62.3
root improvement, compared with 100.0 when using nonlinear cuts). For instances
with n > 200, a large number of cuts is added but the root improvement is marginal.
We conjecture that constructing the linear outer approximation requires adding many
parallel cuts, causing the poor performance. For the method gradient filter, pre-
sented in Table 4, CPLEX actually decides against adding cuts (14) —or adds a few
cuts and removes them latter in the branch-and-bound tree—, and the performance is
similar to default CPLEX.

Table 3 Results for the gradient force method.

cplex cplex+(17) cplex+(15) cplex+(14)
? rimp time nodes|rimp time nodes #cuts|rimp time nodes #cuts|rimp time nodes #cuts
50100 02 22 |61.3 43 9 96 [61.0 2.0 11 43 199.8 1825 1 1,203
100 0.0 04 12 |50.0 136 10 124 |51.7 16.1 8 144 162.3 3,6000 - 2,079
2000 0.0 1.3 111|321 746 19 198 322 240 20 138 | 9.6 3,600.0 - 1577
3000 0.0 24 82 469 399.6 183 323 |452 4157 194 334 | 0.0 3,6000 - 1220
500[ 0.0 35 214 | 7.8 2,0193 369 700 | 9.3 2,895.0 796 138 | 0.1 3,600.0 - 907
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Table 4 Results for the gradient filter method.

cplex cplex+(17) cplex+(15) cplex+(14)
rimp time nodes|rimp time nodes #cuts|rimp time nodes #cuts|rimp time nodes #cuts
50{0.0 02 22 [603 1.7 14 14 |51.1 1.3 8 15 |55 05 3 2
100{ 0.0 04 12 |476 23 10 15 |47.1 36 10 14 100 05 12 0
2000 0.0 1.3 111 (308 19.6 15 26 (277 26 17 16 |00 13 111 0
3000 0.0 24 82 |452 1,011.8 98 104 [41.6 574.6 157 91 |00 27 81 0
500000 35 214100 35 214 0 100 3.6 214 0 100 40 214 0

Contrary to expectations, the root improvement attained by adding cuts (17) dif-
fers between the nonlinear method (Table 2) and the gradient force method
(Table 3), even though the cuts added are linear in both cases. Note that when the
cuts are added via a callback in a branch-and-bound algorithm, the solver may au-
tomatically perform some additional strengthening, and we would expect the root
improvements in that case (Table 3) to be better as a consequence. This is indeed
the case for n = 50, n = 100 and n = 300; however, the root improvements for the
nonlinear method are better for n = 200 and n = 500.

We conjecture that this discrepancy is due to the different algorithms used to solve
the convex subproblems. For the nonlinear method, at every iteration a nonlinear
conic quadratic relaxation is solved fo optimality using an interior point method, and
the resulting solution is used to generate a cut. In contrast, for the gradient force
(and gradient filter) method, CPLEX only solves a linear outer approximation
at the root node (and perhaps this linear relaxation is not even solved to optimal-
ity) and the resulting solution is used to generate a cut. Thus, if the linear outer
approximation is weak, the root improvement of the gradient force methods is
directly affected by this weak relaxation, and the points used to generate the cuts (17)
could be ill-chosen as well (resulting in little strengthening). Moreover, the author
has observed in the past (e.g., see Table 3 in [12]) that the quality of the linear outer
approximations degrades substantially as the size of the problem increases — which
may explain the poor root improvements of the gradient force and gradient
filter method for n = 500.

4.2 Computations with value-at-risk minimization problems

We now report computational experiments with value-at-risk minimization problems
of the form

w* =min —b'y+Q+/y'Qy (23a)
s.t. Zx,- <r (23b)

ieN
y<x (230)

x€ {01}V, yeRY. (23d)



22 Andrés Gémez

4.2.1 Instances

The instances are generated as follows. The matrix Q is generated according to a
factor model, i.e., Q = WFW' +C where F € R"™" is the factor covariance ma-
trix, W € R"™" is the exposure matrix and C € R"*" is the diagonal matrix with
the specific covariances. The matrix Q and vector b are generated similarly to [6]%:
F = GG/, with G € R™ and Gj; is drawn from continuous uniform [—1.1], W;; is
drawn from continuous uniform [0, 1] with probability 0.2 and W;; = 0 otherwise,
C;; is drawn from continuous uniform [0, §g] where & > 0 is a diagonal dominance
parameter and § = (1/n) Y;eny(WFW');;, and b; is drawn from continuous uniform

0.85/011,1.15v/03).

4.2.2 Methods

In order to add cuts based on Zs, we use the idea introduced in [6] and rewrite prob-
lem (23) as

min —b'y+Q1\/y/ (WEW')y+12

s.t. Z(C,'y,')z <t

ieN
(23b), (23c¢), (23d),

where ¢; = v/C;;. Cuts can then be added based on the constraint /Yy (ciyi)? < t.

Given the computational results obtained in Section 4.1, we see that the nonlin-
ear inequalities may be difficult to implement with CPLEX branch-and-bound algo-
rithm using callbacks. Thus we focus on evaluation the strength of the convex relax-
ations obtained by adding the different classes of cuts presented in paper, as per the
nonlinear method given in Section 4.1.2.

In order to compute root improvements, we use a simple rounding heuristic to
obtain feasible solutions for (23). Given any feasible solution (X,¥) for a convex re-
laxation of (23) such that ¥; > ... > X, > ... > &, (without loss of generality), a
feasible solution of (23) can be recovered simply by setting x,4+1 = ... =X, =y,41 =
... =y, = 0. Therefore, each time a convex relaxation of (23) is solved and a cut is
added, we also recover a feasible solution, and let objy,.,, be the objective value of the

best solution obtained in this way. Then we can compute upper bounds on the initial
. 0bj o —relax
gap as lgap S |0giheur|

. T00te]ax —relax
rimp > i reax. < 100.

x 100 and lower bounds on the root improvement rimp as

2 We also tested the cuts with data generated according to [7]. However in such cases the initial gaps are
very small — less than 5%-— and the simple linear cuts (17) result in close to 100% root gap improvement,
thus the stronger inequalities yield a marginal improvement at best. In contrast, the instances generated
according to [6] are more challenging, with initial gaps up to 80%.
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4.2.3 Results

Tables 5 and 6 show the results for n = 200 and n = 500, respectively. They show,
for different cardinalities r, different nonlinear weight parameters 2 and &, and the
different classes of cuts, the initial gap (igap), the root improvement (rimp), the
time used for adding cuts (rtime) and the number of cuts added (#cuts). Each row
represents the average over five instances generated with identical parameters.

Table 5 Results in value-at-risk minimization problems with n = 200.

Q5 i cplex cplex+(17) cplex+(15) cplex+(14)
g 1gap rimp rtime|rimp rtime #cuts|rimp rtime #cuts|rimp rtime #cuts
I 01]00 <0.1{648 0.1 2 (648 0.1 2 (648 0.1 2
3 04]00 <0.1(91.1 0.1 3 |91.1 02 3 |91.1 03 3
15 08]00 <0.1{9%.4 02 4 1963 0.3 4 194 04 4
10 23 100 <0.1(91.7 05 12 {919 15 11 |91.6 3.3 11
Average| 0.0 <0.0 |86.0 0.2 5 [86.0 05 5 [86.0 1.0 5
1 1.0]00 <0.1{76.0 0.1 3 1760 0.2 3 1760 03 3
3 44100 <0.1(76.8 0.6 14 1770 2.6 15 (769 6.5 15
402 5 10.1| 0.0 <0.1|524 0.7 15 525 29 16 525 69 16
10 2471 0.0 <0.1 [27.6 0.3 7 343 3.6 18 |348 115 19
Average| 0.0 <0.0 (58.2 0.4 10 |599 23 13 |60.0 6.3 13
1 31]00 <01{750 03 8 750 09 8 751 13 7
3227100 <0.1{30.1 04 8 [36.1 3.1 16 (395 109 18
35 466] 00 <0.1[18.6 0.1 4 1252 1.6 11 (323 129 18
10 84.8| 0.0 <0.1 {124 0.1 2 1205 03 4 364 29.1 23
Average| 0.0 <0.0 |34.0 0.2 5 (392 15 10 (458 13.6 17
1 <0.11 0.0 <0.1{585 0.1 2 |58.6 0.1 2 |58.6 0.1 2
3 01]00 <0.1|81 0.1 2 (881 0.1 2 (881 0.1 2
15 02|00 <0.1(959 0.1 2 1959 0.1 2 1959 0.1 2
10 05|00 <0.1984 0.1 3 1984 02 3 1985 03 3
Average| 0.0 <0.0 (852 0.1 2 (853 0.1 2 (853 0.2 2
1 02]00 <0.1{650 0.1 2 649 0.1 2 1650 0.1 2
3 07(00 <0.1(929 0.1 4 193.0 03 4 |93.0 04 4
802 5 1700 <0.1|9.6 0.3 8 1965 0.8 7 1964 12 6
10 6.1 [ 0.0 <0.170.8 0.4 9 824 40 17 |84.6 127 18
Average| 0.0 <0.0 |81.3 0.2 6 (842 13 7 |84.7 3.6 7
I 06]00 <0.1{598 0.1 2 (674 0.1 2 (676 02 2
3 28|00 <0.1(653 02 4 |80.7 0.6 6 926 1.0 6
35 75]00 <0.1(485 0.1 3 1634 0.7 6 942 7.0 13
10 324 0.0 <0.1 183 0.1 2 (246 03 4 1639 523 29
Average| 0.0 <0.0 (48.0 0.1 3 590 04 5 |795 151 12

We see that the initial gap is larger in instances with tight cardinality constraints
(i.e., small values of r), or instances with larger weights assigned to the nonlinear
terms (i.e., large values of Q and &). Moreover, we see that, in general, all classes of
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Table 6 Results in value-at-risk minimization problems with n = 500.

r Q8 igap cplex cplex+(17) cplex+(15) cplex+(14)
rimp rtime|rimp rtime #cuts|rimp rtime #cuts|rimp rtime #cuts
1 <0.1/00 <0.1]71.3 0.3 2 (713 04 2 (713 07 2
3 01|00 <0.1{904 0.6 3 1904 0.7 3 1904 1.5 3
15 0300 <0.1(949 09 4 1950 1.0 4 1949 21 4
10 0.8 | 0.0 <0.1 956 23 9 1954 3.6 9 ]96.1 10.7 9
Average| 0.0 <0.0 (83.1 1.0 4 |88.0 14 4 (882 38 4
1 02|00 <0.1[693 0.6 3 1693 0.7 3 1693 1.4 3
3 09]00 <0.1(927 15 6 (929 23 6 (929 5.1 6
1002 5 21|00 <0.1[90.4 42 16 (909 838 14 (915 31.7 14
10 6.8 | 0.0 <0.1 543 59 21 [543 20.8 23 |548 893 23
Average| 0.0 <0.0 |76.7 3.1 12 1769 8.2 12 |77.1 305 12
1 07]00 <0.1(774 0.7 3 (774 08 3 (774 13 3
3 33|00 <0.1({8.0 27 10 93.7 8.6 14 1940 195 11
35 91]00 <0.1({492 1.7 7 |656 206 22 |673 821 20
10 29.7] 0.0 <0.1 {209 09 4 |32.1 53 11 {40.7 97.7 20
Average| 0.0 <0.0 |59.1 1.5 6 (672 88 13 |699 502 14
1 <0.1/ 0.0 <0.1[54.8 0.2 1 |550 0.2 1 |550 04 1
3 <0.11 0.0 <0.1{80.1 0.2 1 1802 02 1 [80.2 04 1
1 5 <0.1]00 <0.1(87.1 03 2 |87.1 04 2 |87.1 0.7 2
10 0.1 | 0.0 <0.1{978 0.7 3 1965 0.8 3 1965 1.5 3
Average| 0.0 <0.0 (79.9 04 2 (797 04 2 (797 08 2
1 <0.11 0.0 <0.1|68.1 04 2 (682 04 2 [682 038 2
3 01|00 <0.1{89.9 0.6 3 1899 08 3 1899 1.6 3
2002 5 03]00 <0.1|{956 0.9 4 1956 13 4 1957 23 4
10 1.1 | 0.0 <0.1 |984 22 8 1985 42 9 1985 73 7
Average| 0.0 <0.0 (83.0 1.0 4 |88.0 17 4 881 3.0 4
1 01|00 <0.1[662 04 2 1662 0.5 2 1662 1.0 2
3 0400 <0.1(86.6 1.0 4 881 12 4 |89 138 3
35 1100 <0.1/69.6 038 4 857 21 5 955 24 4
10 49 | 0.0 <O0.1{40.7 09 4 1675 58 10 |98.1 123 8
Average| 0.0 <0.0 (65.8 0.8 3 1769 24 5 |87.2 43 4

cuts perform comparatively better in instances with large values of r — as expected,
as the cuts do not use/exploit the cardinality constraint.

On the one hand, in instances with Q = 1, the initial gaps are very small and the
simpler linear cuts (17) are consistently able to achieve large root gap improvements,
often over 90%; note that similar results were reported in [7]. In these instances the
more sophisticated cuts (15) and (14) barely have any impact in terms of the strength
of the relaxation, and increase the time required to solve the relaxations. On the other
hand, in instances with large values of Q and 9, the effectiveness of the linear cuts
(17) sharply decreases, e.g., the average root improvement is only 18.3% in instances
with n =200, r = 80, Q = 3 and 6 = 10. In such instances, the more general inequal-
ities (14) result in a much better root improvement, e.g., 63.9% in instances with
n =200, r = 80, 2 =3 and 6 = 10. The computational time to compute the relax-
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ations corresponding to (14) increase with respect to the simpler relaxations, but are
adequate for many practical applications, requiring in all cases less than 100 seconds.

4.3 Summary

The linear cuts (17) are able to achieve substantial root improvements in many of
the instances considered, and may be the best choice for using with current branch-
and-bound solvers due to their ease of implementation as linear cuts using callbacks.
However, these linear cuts are ineffective in the more challenging instances with large
weights for the nonlinear components and large initial gaps. In these instances, the
nonlinear cuts (14) substantially improve over (17) in terms of quality of the resulting
convex relaxation. Unfortunately, due to their nonlinearity, inequalities (14) are diffi-
cult to effectively implement using current off-the-shelf branch-and-bound software.
The development of new codes for conic quadratic optimization with indicators that
can effectively leverage the stronger relaxations is a promising direction for future
research.

5 Conclusions

We present new nonlinear valid inequalities for conic quadratic optimization with in-
dicator variables. The inequalities are ideal, i.e., describe the convex hull of the set
considered when the continuous variables are unbounded, and result in significantly
stronger formulations for the bounded case. The inequalities are SOCP-representable,
but are highly nonlinear and are not amenable to use with current branch-and-bound
solvers — which rely on linear outer approximations of the nonlinear terms. Nonethe-
less, our computational experiments indicate the new nonlinear inequalities have the
potential to lead to improvements in challenging conic quadratic optimization prob-
lems with indicator variables, provided that the resulting convex relaxations are ade-
quately handled in a branch-and-bound algorithm.

Acknowledgements This paper is based upon work supported by the National Science Foundation under
Grant No. 1818700.
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