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Abstract. We propose a proximal algorithm for minimizing objective functions consisting of three
summands: the composition of a nonsmooth function with a linear operator, another nonsmooth function,
each of the nonsmooth summands depending on an independent block variable, and a smooth function
which couples the two block variables. The algorithm is a full splitting method, which means that
the nonsmooth functions are processed via their proximal operators, the smooth function via gradient
steps, and the linear operator via matrix times vector multiplication. We provide sufficient conditions
for the boundedness of the generated sequence and prove that any cluster point of the latter is a KKT
point of the minimization problem. In the setting of the Kurdyka-Lojasiewicz property we show global
convergence, and derive convergence rates for the iterates in terms of the Lojasiewicz exponent.
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1 Introduction

1.1 Problem formulation and motivation

In this paper we propose a full splitting algorithm for solving nonconvex and nonsmooth problems of the
form

min  {F(Az) + G (y) + H (z,y)}, (1.1)

(z,y)eR™ xR

where F: R? — R u {40} and G: R? —» R U {400} are proper and lower semicontinuous functions,
H: R™xRY — Ris a Fréchet differentiable function with Lipschitz continuous gradient, and A: R™ — RP
is a linear operator. It is noticeable that neither for the nonsmooth nor for the smooth functions convexity
is assumed.

In case m = p and A is the identity operator, Bolte, Sabach and Teboulle formulated in [9], also in
the nonconvex setting, a proximal alternating linearization method (PALM) for solving (L.I). PALM
is a proximally regularized variant of the Gauss-Seidel alternating minimization scheme and basically
consists of two proximal-gradient steps. It had a significant impact in the optimization community, as it
can be used to solve a large variety of nonconvex and nonsmooth problems arising in applications such
as: matrix factorization, image deblurring and denoising, the feasibility problem, compressed sensing,
etc. An inertial version of PALM has been proposed by Pock and Sabach in [23].

A naive approach of PALM for solving would require the calculation of the proximal operator
of the function F' o A, for which, in general, even in the convex case, a closed formula is not available.
In the last decade, an impressive progress can be noticed in the field of primal-dual/proximal ADMM
algorithms, designed to solve convex optimization problems involving compositions with linear operators
in the spirit of the full splitting paradigm. One of the pillars of this development is the conjugate duality
theory which is available for convex optimization problems.
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The algorithm which we propose in this paper for solving the nonconvex and nonsmooth problem
is a full splitting scheme, too; the nonsmooth functions are processed via their proximal operators, the
smooth function via gradient steps, and the linear operator via matrix times vector multiplication. In
case G(y) = 0 and H(z,y) = H(x) for any (z,y) € R™ xR?, where H : R™ — R is a Fréchet differentiable
function with Lipschitz continuous gradient, it furnishes a full splitting iterative scheme for solving the
nonsmooth and nonconvex optimization problem

min {F (Az) + H (z)}. (1.2)
zeR™
Splitting algorithms for solving problems of the form have been considered in [I9], under the as-
sumption that H is twice continuously differentiable with bounded Hessian, in [25], under the assumption
that one of the summands is convex and continuous on its effective domain, and in [13], as a particular
case of a general nonconvex proximal ADMM algorithm. We would like to mention in this context also
[10] for the case when A is nonlinear.

The convergence analysis we will carry out in this paper relies on a descent inequality, which we prove

for a regularization of the augmented Lagrangian Lg : R™ x R x R? x R? — R u {400}

Lg(x,y, z,u) =F(z)+G(y)+H(x,y)+<u,Azfz>+§||A:1772H2,ﬂ>0,

associated with problem . This is obtained by an appropriate tuning of the parameters involved
in the description of the algorithm. In addition, we provide sufficient conditions in terms of the input
functions F, G and H for the boundedness of the generated sequence of iterates. We also show that any
cluster point of this sequence is a KKT point of the optimization problem . By assuming that the
above-mentioned regularization of the augmented Lagrangian satisfies the Kurdyka-Lojasiewicz property,
we prove global convergence. If this function satisfies the Lojasiewicz property, then we can even derive
convergence rates for the sequence of iterates formulated in terms of the Lojasiewicz exponent. For similar
approaches relying on the use of the Kurdyka-Lojasiewicz property in the proof of the global convergence
of nonconvex optimization algorithms we refer to the papers of Attouch and Bolte [I], Attouch, Bolte
and Svaiter [3], and Bolte, Sabach and Teboulle [9].

1.2 Notations and preliminaries

Every space R? where d is a positive integer, is assumed to be equipped with the Euclidean inner
product (-,-) and associated norm |-|| = 4/{:,-). The Cartesian product R4 x R% x ... x R% of the
Euclidean spaces R%,i = 1, ..., k, will be endowed with inner product and associated norm defined for
= (21,...,76),y:= (Y1,...,yx) € R x R% x ... x R by

E k
fo,y) = D @iy and  lalll = 4| X llill®,
i=1 i=1

respectively. For every x := (z1,...,2x) € R% x R% x ... x R% we have

k k

2
Dol < ) (1.3)
i=1 i=1

k
1
—= 2 el < 2l =
VE

Let ¢: R? — R U {+00} be a proper and lower semicontinuous function and x an element of its
effective domain domy) := {y € R?: ¢ (y) < +o0}. The Fréchet (viscosity) subdifferential of ¢ at x is

51/)(3:) = {deRd: liminfd)(y) —v@-—dy-o) > O}

= ly — |

and the limiting (Mordukhovich) subdifferential of ¢ at x is

o (z) := {d € R?: exist sequences z,, — z and d,, — d as n — +o©

such that ¥ (z,) — ¥ (z) as n — 4+ and d,, € 0 (z,,) for any n > 0}.

For x ¢ dom), we set 51/1 () =o¢ (z) = .



The inclusion 04 (z) < v (x) holds for each z € R?. If ¢ is convex, then the two subdifferentials
coincide with the convex subdifferential of 1), thus

o (z) = 0 (z) = {deR: ¢ (y) = ¢ (z) +{d,y — z) Yy e R?} for any v e R%

If z € R is a local minimum of v, then 0 € 0¢ (z). We denote by crit (1) := {z e R?: 0€ 0y (z)}
the set of critical points of . The limiting subdifferential fulfils the following closedness criterion: if
{#n},50 and {dn},~, are sequence in R? such that d,, € 0y (x,,) for any n > 0 and (2,,,d,) — (z,d) and
¥ (zn) — ¥ () as n — 400, then d € dy (x). We also have the following subdifferential sum formula (see
[21, Proposition 1.107], [24, Exercise 8.8]): if ®: R? — R is a continuously differentiable function, then
0+ @) (z) = oY (z) + Vo () for any x € R?; and a formula for the subdifferential of the composition
of 1 with a linear operator A: R¥ — R? (see [2I] Proposition 1.112], [24, Exercise 10.7]): if A is injective,
then 0 (¢ o A) (z) = AT (Az) for any x € RF.

The following proposition collects some important properties of a (not necessarily convex) Fréchet
differentiable function with Lipschitz continuous gradient. For the proof of this result we refer to [I3|
Proposition 1].

Proposition 1. Let ¢: R? — R be Fréchet differentiable such that its gradient is Lipschitz continuous
with constant £ > 0. Then the following statements are true:

(i) For every x,y € R? and every z € [x,y] = {(1 — t)x + ty: t € [0,1]} it holds

V) < () + (T (), — ) + oy — (14)
(ii) For any v € R\ {0} it holds
ing {o@ - (- 35) 1@} > it ). (15)

The Descent Lemma, which says that for a Fréchet differentiable function ¢: R? — R having a
Lipschitz continuous gradient with constant ¢ > 0 it holds

12

follows from (1.4)) for z := x.
In addition, by taking in (1.4) z := y we obtain

14
V@) Z YW+ Vo) -y - glle -yl veyeR:

l
This is equivalent to the fact that ¢+ = ||-||* is a convex function, which is the same with 1 is (-semiconvex

([B]). In other words, a consequence of Proposition is, that a Fréchet differentiable function with
{-Lipschitz continuous gradient is /-semiconvex.

We close ths introductory section by presenting two convergence results for real sequences that will be
used in the sequel in the convergence analysis. The following lemma is useful when proving convergence
of numerical algorithms relying on Fejér monotonicity techniques (see, for instance, [I1, Lemma 2.2], [12}
Lemma 2]).

Lemma 2. Let {£,},~q be a sequence of real numbers and {wn},~, a sequence of real monnegative
numbers. Assume that {£,},,~ is bounded from below and that for any n =0

§n+1 + W, < fn
Then the following statements hold:

(i) the sequence {wn},~ is summable, namely Z Wy, < +00;

n=0
(ii) the sequence {{n},,~( is monotonically decreasing and convergent.
The following lemma can be found in [II, Lemma 2.3] (see, also [12] Lemma 3]).
Lemma 3. Let {a,},-, and {b,},-, be sequences of real nonnegative numbers such that for any n > 1
an+1 < X00n + X10n—1 + bp, (1.6)
where xo € R and x1 = 0 fulfill xo +x1 <1, and Z b, < 4+00. Then Z an < +00.

n=1 n=0



2 The algorithm

The numerical algorithm we propose for solving (|1.1) has the following formulation.

Algorithm 1. Let p, 8,7 > 0 and 0 < o < 1. For a given starting point (xo, Yo, 20, uo) € R™ x RY x
RP x R? generate the sequence {(Zn, Yn, 2n, Un)} for any n = 0 as follows

n=0
yn+1 € argmin {G (y) + (T, H (@n,ya) ) + 5 Iy = v’} (2.1a)
n+ yeRa Yy nyIn) 9 n .
Znt1 € arg mgen {F (2) + (un, Azp — 2) + g | Az, — z|2} (2.1b)
zERP
LTn4l '= Tp — 7! (va (l'naynJrl) + ATUn + BAT (Axn - Zn+1)) (210)
Unt1 i=Up + 00 (ATni1 — Znt1) - (2.1d)

The proximal point operator with parameter v > 0 (see [22]) of a proper and lower semicontinuous
function ¢: R? — R U {400} is the set-valued operator defined as

1
proc,, < &Y 2, pro,,, (o) = argin {0.0) + - o - oI}

Exact formulas for the proximal operator are available not only for large classes of convex functions
([, 5, 14]), but also for various nonconvex functions ([2, (15 [I8]). In view of the above definition, the

iterative scheme (2.1a)) - (2.1d)) reads for every n > 0

Yn+1 € proxX,—1g (yn — p ' VyH (20, yn))

Zn41 € ProXg-1p (Axn + B_lun)

Tng1 =T — T (Vo (T, Yni1) + ATu, + BAT (Azyy, — 2141))
Upt1 = Up + 0B (ATpi1 — Znt1) -

One can notice the full splitting character of Algorithm [If and also that the first two steps can be
performed in parallel.

Remark 1. (i) In case G(y) = 0 and H(z,y) = H(x) for any (z,y) € R™ x R?, where H : R™ — R
is a Fréchet differentiable function with Lipschitz continuous gradient, Algorithm [I] gives rise to an
iterative scheme which has been proposed in [I3] for solving the optimization problem . This
reads for any n > 0

Zn41 € ProXg-1p (Aacn + 6_1un)
Tpil i= Ty —T (VH (z) + ATu, + AT (Azx, — zn+1))

Upg1 1= Up + 0B (ATpy1 — Zny1)

(ii) In case m = p and A = Id is the identity operator on R™, Algorithm [1| gives rise to an iterative
scheme for solving

(?fyy)glﬂgEqu {F (Z‘) +G (y) +H (3’5, y)} 3 (2.2)

which reads for any n > 0

Yn+1 € PIOX,—15 (yn - UilvyH (xmy"))

Zn41 € PrOXg—1p (ajn + ﬁ_lun)

Tpy1 o= p =7 (Vo H (@, Yni1) + tn + B (20 — 2n11))

Ups1 := Un + 0B (Tng1 — 2na1) -
This algorithm provides an alternative to PALM ([9]) for solving optimization problems of the form
22).

(i) In case m = p, A =1d, F(z) = 0 and H(z,y) = H(y) for any (z,y) € R™ x R?, where H : R? - R
is a Fréchet differentiable function with Lipschitz continuous gradient, Algorithm [I] gives rise to an
iterative scheme for solving

min {G(y) + 7 (y)} (2.3)



which reads for any n > 0

Yn+1 € Prox, 1 (yn — ' VH(yn)),
and is nothing else than the proximal-gradient method. An inertial version of the proximal-gradient

method for solving (2.3) in the fully nonconvex setting has been considered in [I2].

2.1 A descent inequality

We will start with the convergence analysis of Algorithm by proving a descent inequality, which
will play a fundamental role in our investigations. We will analyse Algorithm under the following
assumptions, which we will be later even weakened.

Assumption 1. (i) the functions F,G and H are bounded from below;
(ii) the linear operator A is surjective;

(iii) for any fizved y € RY there exists £1(y) = 0 such that
|VaoH (2,y) = Vo H (2, y) || < 1 (y) ||z — 2| Vz,r' € R™, (2.4a)
and for any fized x € R™ there exist lo(x), l3(x) = 0 such that

(
HVyH (z,y) — VyH (z,9)
)

| <t@)|y—v]  VYyy eRY, (2.4b)
|VoH (2,9) = Vo H (z,9/)|| < s (@) ly = '||  Yu,9' €RY; (2.4c)
(iv) there exist {; + > 0,i = 1,2,3, such that
sup 1 (yn) < 41,4, suply () < lo 4, sup l3 () < £3,4. (2.5)
n=0 n=0 n=0

Remark 2. Some comments on Assumption [If are in order.

(i) Assumption ensures that the sequence generated by Algorithm [1| is well-defined. It has also as
consequence that

U= inf F H —o0. 2.
B o e (D) T G ) + H (2,)} > —o0 (2.6)

(ii) Comparing the assumptions in (iii) and (iv) to the ones in [9], one can notice the presence of the addi-
tional condition , which is essential in particular when proving the boundedness of the sequence
of generated iterates. Notice that in iterative schemes of gradient type, proximal-gradient type or
forward-backward-forward type (see [9] 1T}, 12]) the boundedness of the iterates follow by combining
a descent inequality expressed in terms of the objective function with coercivity assumptions on the
later. In our setting this undertaken is less simple, since the descent inequality which we obtain below
is in terms of the augmented Lagrangian associated with problem (L.I]).

(iii) The linear operator A is surjective if and only if its associated matrix has full row rank, which is the
same with the fact that the matrix associated to AA” is positively definite. Since

Amin (AAT) ||2]% < (AAT2,2) = ||AT2|* Vze R,

this is further equivalent to Apnin (AAT) > 0, where Apin (M) denotes the minimal eigenvalue of a
square matrix M. We also denote by k(M) the condition number, namely the ratio between the
maximal eigenvalue Apax(M) and the minimal eigenvalue of the square matrix M,

_ Aua (M) M
R(M) o )\min (M) B )\min (M) > L

The convergence analysis will make use of the following regularized augmented Lagrangian function

U: R xRIx RP x RP x R™ x RP > R u {400},



defined as

(0., 20,0" ) o> P (2) 5 G ) + H (2,9) + (A — 2+ [ Az — 2P
+ Cy HAT (u—u)+0B(x —x’)H2 +C Hx —Jc" 2,

where

8 (o7 + Zlﬁ)?
~ 0BAmin (AAT)

4(1-o0)
o _ T P S :
B:=7Id - pBA" A, Co : 2B (AATY = 0 and Cy:

Notice that
1Bl <,
whenever 27 > 8 |A||. Indeed, this is a consequence of the relation
|Bx|? = m2|z[* - 278 Az|* + B*| AT Az|? < 73|z |* + B(BIAJ? - 27)| A|* Vo € R™.
For simplification, we introduce the following notations

R=R"xR?IxRP x RP x R™ x RP
X = (z,y,2,u,2',u)
X, = (xnyynazruunaxn—laun—l) Vn=1

U, :=¥(X,) Vn>1.

The next result provides the announced descent inequality.

> 0.

Lemma 4. Let Assumption be satisfied, 21 = S| A|” and {(2n, yn, zn, Un)},so be a sequence generated

by Algorithm[1l Then for any n =1 it holds

Uyt + Co ||J?n+1 - ITLHQ +C3 Hyn-&-l - yn||2 + Cy ||un+1 - UnH2 < U,

where

Com 7 — by + BJA|° B 4o7? B 8(o7 +01.4)°

T 2 Bhunm (AAT) ~ 7B A (AAT)’
O = K 62& 8%&

3= — ,

2 0 BAmin (AAT)
1

C4 = ﬁ

Proof. Let n = 1 be fixed. We will show first that

B
F(znt1) + G (Wn+1) + H (Tng1, Yns1) + Uns1, AZpgr — 2ng1) + ) [PZE—

b4+ BAlP — ¢ 1
E ( : f'”) Jones =zl + 552 s =l + e

2

153 2
< F(zn) + G (Yn) + H (Tn, Yn) + {tn, Azy — 2n) + 9 | Az, — ZWLHQ + % |tnt1 — un||2

(2.7)

(2.8a)

(2.8b)

(2.8¢)

(2.9)

and provide afterwards an upper estimate for the term |[u, 11 — UnH2 on the right-hand side of (2.9).

From (2.1a)) and (2.1b]) we obtain
o 2
G (Yn+1) + <V'yH (Tns Yn) s Ynt1 — Yn) + 9 lYns1 — ynH < G (yn)
and

F (zni1) + {up, Ay, — 2ny1) + g | Az, — zn+1H2 < F (zn) + {tn, Ay, — 25y + g Az, — Zn||2

(2.10)

(2.11)



respectively. On the other hand, according to the Descent Lemma we have

KQ (1‘ ) 2
H(xnayn+1) < H (xnayn) + <VyH (xnvyn) yYn+1 — yn> + ) - Hyn-&-l - yn”
2
< H (xna yn) + <VyH (xnvyn) s Yn+1 — yn”
and, further, by taking into consideration ([2.1c]),
H 141 (yn+1) 2
(Tt 1, Ynt1) < H (Tn, Yny1) + Vel (Tn, Ynt1) , Tnp1 — Tn) + 9 ||xn+1 — Zn||
=H (1‘ yn+1) <una Axpyq — Amn> - B<Axn — Zn41, ATpg1 — A$n>
4 ( yn+1 2
T = lZnt1 — xnl|

B

<H (xnaynJrl) <un7 Aanrl - Axn> + 3 ”Axn Zn+1H2 - 5 ||A£L’n+1 - Zn+1||2

(. e+ BIAP e
7= e | e =l

Summing this inequality with (2.10) and (2.11) gives (2.9).
Next we will focus on estimating ||tn11 — un|®. Combining ([2.1c) and (2.1d), we obtain

ATup 1 + 0B (2pg1 — ) = (1 —0) ATuy — 0V H (20, Yns1)

and
ATw, + 0B (Tp — Tp—1) = (1 —0) ATup_ 1 — oV, H (Tp—1,Yn) -

Subtracting these relations and making use of the notations

wy = AT (uy, — Un_1) + 0B (Tp — Tp_1)
Up = oB (-’L‘n - xnfl) + va (mnflayn) - va (mnaynJrl) 5

it yields
Wpt1 = (1 — o) wy + ovp,.

The convexity of ||-||> guarantees that (notice that 0 < o < 1)
lwnal® < (1= 0) flwnll* + o floal|*. (2.12)

In addition, from the definitions of w,, and v,,, we obtain

[AT (uns1 = un)|| < llwnsa ]| + o | Bl [&n41 = 2l < wnta ]| + 07 [20s1 — 2| (2.13)
and
lonll < o 1Bl [len — zn-1ll + Vol (2n-1,yn) = Vo (2, yn41) |l
<oT ||-77n - 'Tn—ln + HVQCH (xn—layn) - vacH ('Tnayn)H + ”VIH (xnayn) - VZH (xnayn+1)||
< (o7 + 1) |#n — Tnoall + €34 Yns1 — ynll (2.14)
respectively. Using the Cauchy-Schwarz inequality, (2.13) yields
Amin (AAT)

1 2
5 [t i1 = un® < 3 AT (i1 = wn)||” < lwnsr|* + 0272 201 — 2l

and (2.14)) yields

lonll* < 2(07 + 1,4) 1z = @na |* + 265 4 [lyns1 — yall”-
After combining these two inequalities with (2.12)), we get

0 Amin (AAT 9 9
% [tn+1 = unl” + (1 = 0) [[wn1 ]|
<(1=0) [lwal® + 0°7 [[2ns1 — @all* + 20 (07 + £1,4)" @ — 2| + 2063, gns1 — vl
4
The desired statement follows after we multiply the above relation by ——————— > 0 and combine
028 Amin (AAT)
the resulting inequality with (2.9)). O



The following result provides one possibility to choose the parameters in Algorithm [I] such that all
three constants Cy,C3 and Cy that appear in (2.7) are positive.

Lemma 5. Let

1
B> — ¥ (4304 \/24 + 240 + 902 — 1920k (AAT) | > 0 (2.15b)
1~ 240k (AAT)

2 ) T ) T
m%%ﬂ”m@”QlwN»<Nme”01?+m>&m

2 7 240 Ié; T 240 T
1662,
lyy + ——2F 50 2.15d
il o o (AAT) (2.154)
where
o 12802 24
vie Bt na A :zl—ﬂ—i—£—24am(AAT)>O. (2.15¢)

)\min (AAT)

Then we have
min {Cg, 03, C4} > 0.

Furthermore, there exist v1,72 € R\ {0} such that

1 b, 1 1 b, 2
i a 277% B 6)‘min (AAT) and Y2 27% B 6)‘min (AAT) ' (216)

Proof. We will prove first that

24072 o1 164 4+ N 1663 |
BAmin (AAT) BAmin (AAT) ) " 5B (AAT)

The reduced discriminant of the quadratic function in 7 in the above relation reads

Cy>0e +04 +BAIP <0, (217)

1—

160, 4 PR, Uh,o
5)\min (AAT) BQ)‘Q (AAT) BAmin (AAT)

min

2 2
(1 Ty B 2y

=1- 20 - T T 240k (AAT) >0, (2.18)

— 240k (AAT)

if o and 8 are being chosen as in (2.15a]) and (2.15b]), respectively. Therefore, for

min AAT min AAT
7ﬁ>\ ( )<1—16V— A’)<T<B/\ ( )(1—16V+ A’),

240 B T 240 B !
(2.17) is satisfied. It remains to verify the feasibility of 7 in (2.15d]), in other words, to prove that
AP Bhmin (AAT 1
BIAI _ Bhuin (AAT) (| 160 /o)
2 240 I}
This is easy to see, as, according to (2.18)), we have
AP B (AAT 1 1
BlAIC _ 5 (447) o 1o ©1—ﬂ—12<m(AAT)>0.
2 240 3 3

The positivity of C3 follows from the choice of p in (2.15d)), while, obviously, Cy > 0.

Finally, as
4v

~ 1 240n (AAT)

it follows that each of the two quadratic equations in (2.16) (in 71 and, respectively, 72) has a nonzero
real solution. O

B

> 4u,



Remark 3. Hong and Luo proved recently in [I6] linear convergence for the iterates generated by a
Lagrangian-based algorithm in the convex setting, without any strong convexity assumption. To this end
a certain error bound condition must hold true and the step size of the dual update, which is also assumed
to depend on the error bound constants, must be taken small. The authors also mention that this choice
of the dual step size may be too conservative and cumbersome to compute unless the objective function
is strongly convex. As shown in previous lemma, the step size of the dual update in our algorithm can
be computed without assuming strong convexity and indeed it depends only on the linear operator A.

Theorem 6. Let Assumptionl 1| be satisfied and the parameters in Algorithml 1| be such that 217 = HA||2
and the constants defined in Lemmalfulﬁl min{Csy, C3,Cy} > 0. If {(Zn;Yn, 2n, Un)},=q 05 @ sequence
generated by Algorithm[1], then the following statements are true:

(i) the sequence {¥,}, -, is bounded from below and convergent;

(i)

Tpt1 — T = 0, Yni1 —Yn — 0, 2ps1 — 2n = 0 and upy1 —up — 0 as n— +00. (2.19)

Proof. First, we show that ¥ defined in is a lower bound of {V¥,,}, _,. Suppose the contrary, namely
that there exists ng > 2 such that \I/,LO \I/ < 0. According to Lemma {4 l {¥n},>, is a nonincreasing
sequence and thus for any N > ng

S )< S (W W)+ (Vg 1) (),

n=1

which implies that
N

Nl—lg—loo 7;1 (¥ = ¥) = —c0.

On the other hand, for any n > 1 it holds

U, =¥ >=F(2,) +G(yn) + H(:cmyn) + Qup, Ay — 2y — ¥

1 1
= (un; ATn — 2n) = <umun Un—1) = || ol + 5= 5 5 et = 1 |* = %05 [t
Therefore, for any N > 1, we have
N N
1 1
g 72‘ et = || +52 5|| unl|* - || ol = HUOII

which leads to a contradiction. As {W¥,,}, _, is bounded from below, we obtain from Lemma statement

and also that

Tpt1 — Tp = 0, Ynt1 —yYn — 0and upp1 —up — 0as n— +00.
Since for any n > 1 it holds

Iznt1 = zll < Al #ntr = 2ol + [[AZnia = zpga || + [[Azn — 20|

L i (2.20)
(Tﬂ Unp Un—11| »

it follows that z,41 — 2z, — 0 as n — +o0. O

1
= Al s = @nll + 75 llunsn = uall +

Usually, for nonconvex algorithms, the fact that the sequences of differences of consecutive iterates
converge to zero is shown by assuming that the generated sequences are bounded (see [13, 19} 25]). In
our analysis the only ingredients for obtaining statement (ii) in Theorem |§| are the descent property and
Lemma 21



2.2 General conditions for the boundedness of {(z,,Yn, 2n, Un)}, =

In the following we will formulate general conditions in terms of the input data of the optimization
problem which guarantee the boundedness of the sequence {(2n,yn, 2n,Un)},=o. Working in the
setting of Theorem [6] thanks to , we have that the sequences {Zn11 — Zn},>05 {Unt1 — Untn=o
{2nt1 = Zn},s0 and {Unq1 — un}, >, are bounded. Denote

$a 1= SUD {[[znir = Znll, lymsr = ynll s lznsn = zall s llunsa = unll} < 400,

nz=

Even though this observation does not imply immediately that {(2.,Yn, 2n,Un)},=o is bounded, this
will follow under standard coercivity assumptions. Recall that a function ¢ : R¢ — R U {+00} is called
coercive, if limjj,(— o ¥ () = 400.

Theorem 7. Let Assumption be satisfied and the parameters in Algom'thm be such that 21 > B || A|]%,
the constants defined in Lemma 4| fulfil min{Cs,C3,Cy} > 0 and there exist v1,v2 € R\{0} such that
(2.16)) holds. Suppose that one of the following conditions hold:

(i) the function H is coercive;
(ii) the operator A is invertible, and F and G are coercive.
Then every sequence {(Tn,Yn, Zn; Un)},=o generated by Algorithm |1} is bounded.

Proof. Let n > 1 be fixed. According to Lemma [f] we have that

U >...20, >0,
2

1 1
= F (ZnJrl) +G (Yns1) + H (xn+1>yn+1) - ﬁ ”unHH2 + g HAanrl — Zn+41 + BunJrl (2.21)
Combine (2.1¢) and (2.1d]) we get
1
ATUn+1 = (1 - U) AT (Un+1 —un) + B (Ty — Tni1)
+ va (xn+17yn+1) - va (Invyn-&-l) - VOCH (xn+17y7l+1) ’ (2'22)

which implies

1
A7t = (5 = 1) 1AL s = ]+ 7 0.0 s = ]+ [ (2,500

1
< ((J _ 1) A + 7 + ZL+> S + Vol (Tns1, Yn+1)| -

By using the Cauchy-Schwarz inequality we further obtain

2
2 1
Amin (AAT) [tns]? < AT wn1]|” < 2 ((0 - 1) Al + 7+ £L+> $2 + 2| VoH (€ni1,yns1)|”

Multiplying the above relation by and combining it with (2.21)), we get

1
28Amin (AAT)

Uy = F(zng1) + G (Yns1) + H(Tpy1,Yns1) — V. H (xn+1vyn+1)”2

1
5)‘min (AAT)

1 1 2 , B
oy (5 1) 14l ) 4 5

We will prove the boundedness of {(, Yn; zn; Un)}, 5o in each of the two scenarios.

i (2.23)

Al‘n+1 — Zn+1 + Eun+1

10



(i) According to (2.23) and Proposition [I} we have that for any n > 1

2

1 B
§H (xn-f-lvyn-&-l) + 9 ‘

AZpy1 — Zpp1 + Eunﬂ

2
< Uy + m <<i — 1> Al + 7+ zl,+> 52— nf F (2) — yierﬁgn G (y)
-3 L o) = (- ) 1921 G
2 n>1 L In v 292 et Ly In
1 1 2, . .
< ¥y + B (AAT) <<U — 1> IAll + 7 + Zl,+> S5 — Zlenkpr (z) — ;eanq G (y) — (m,y)tglgl”XRq H (z,y)
< + 0.

1
Since H is coercive and bounded from below, it follows that {(2y,yx)},,> and {Axn — 2 + Bun}

n=0
are bounded. As, according to (2.1d), { Az, — 2, },,5 is bounded, it follows that {u,}, -, and {z,},-,
are also bounded.

(ii) According to (2.23) and Proposition [1} we have this time that for any n > 1

2

1
F (Z7L+1) + G(yn+1) + g HAxn-Fl — Zn+1 + Bun-ﬁ-l

1 1 2,
<t g (7 -1 )

. 1 ¢
- i {H rnmin) = (o= 55 ) IV @i

1 1 2
SU I+ = (=14 ¢ ° b H '
" B (AAT) ((a > 1Al + 7+ 1,+) 5 i H (@y) <+

Since I and G are coercive and bounded from below, it follows that the sequences {(yn,2n)}, o

1
and {Aa:n —zZn + Bun} are bounded. As, according to (2.1d)), {Az, — 24}, is bounded, it
n=0

follows that {u,},-, and {Az,},-, are bounded. The fact that A is invertible implies that {z,},-,
is bounded. O

2.3 The cluster points of {(zy, Yn, zn, Un)},>, are KKT points

We will close this section dedicated to the convergence analysis of the sequence generated by Algorithm
in a general framework by proving that any cluster point of {(zn,¥n, 2n,Un)},=o is a KKT point of
the optimization problem . We provided above general conditions which guarantee both the descent
inequality , with positive constants Cs, C3 and Cy, and the boundedness of the generated iterates.
Lemma [5] and Theorem [7] provide one possible setting that ensures these two fundamental properties of
the convergence analysis. We do not want to restrict ourselves to this particular setting and, therefore,
we will work, from now on, under the following assumptions.

Assumption 2. (i) the functions F,G and H are bounded from below;
(ii) the linear operator A is surjective;
(iil) every sequence {(Tn,Yn, 2n,Un)},=o generated by the Algorithm 1] is bounded:

(iv) VH is Lipschitz continuous with constant L > 0 on a convex bounded subset By x By < R™ x RY
containing {(Tn, Yn)},=o- In other words, for any (v,y),(z',y') € By x By it holds

I(VaH (2,y) = Vo H (2,y') , Vy H (2,y) = Vo H (2, y")) Il < Llll(z,9) — (@, y") I (2.24)

11



(v) the parameters u, 3,7 >0 and 0 < o < 1 are such that 27 = B|A|? and min{Cs, C3,C4} > 0, where

Lv2+ B A 4o7? 8 (o7 + Lv/2)” -
Cpi=7- - — : (2.258)
2 BAmin (AAT)  0BAmin (AAT)
p—Ly2 16L2
= - 2.25b
Cs 2 0BAmin (AAT)’ (2.25b)
1
Cai= 5 (2.25¢)

Remark 4. Being facilitated by the boundedness of the generated sequence, Assumption I not
only guarantee the fulfilment of Assumption Ind (iv)| on a convex bounded set, but it also arises
ion [2

in a more natural way (see also [0]). Assumpti ] holds for instance, if H is twice continuously
differentiable. In addition, as (2.24] 1mphes for any (z,y) ) € By x By that

IVoH (2,y) = Vo (') || + [V H (2,y) =V, H (xﬂy’) I<zv2 (=o' +lly-v1),
we can take
Uy =lo =1l3, :=LV2. (2.26)
As - are valid also on a convex bounded set, the descent inequality

V1 + Co [l Tng1 — -73n||2 + O3 [Yns1 — ynHQ + Cy |lunt1 — un||2 <W¥, Vn =1 (2.27)

remains true, where the constants on the left-hand sided are given in (2.25) and follow from (|2.8)
under the consideration of (2.26). A possible choice of the parameters of the algorithm such that
min {Cs, C3,C4} > 0 can be obtained also from Lemma

The next result provide upper estimates for the limiting subgradients of the regularized function ¥
at (Tpn,Yn, 2n, U, ) for every n = 1.

Lemma 8. Let Assumption@ be satisfied and {(Zn,Yn, 2n, un)},=o be a sequence generated by Algorithm
[l Then for any n =1 it holds

= (d7,d,dr,dr,d, ) € 00 (X,,) (2.28)

x Wy s Wz Wy Wty Uy
where

d} =V H (zn,yn) + AT, + AT (Azy — 2) + 2C1 (g, — Tp—1)

* 2.29a
+20C,BT (AT (U, — Up—1) + 0B (z, — xn,l)) , ( )
dZ = VyH (xmyn) - VyH (%—1,%—1) +u (yn—l - yn) , (2-29b)
dl = up_1 — up + BA(Tp_1 — ), (2.29¢)
dy = Az, — 2z, + 2CH A (AT (up, — Up—1) + 0B (x, — xn,l)) , (2.294d)
" = —20C,B” (AT (Up, — Up—1) + 0B (2, — 33n—1)) —2C (xp — Tp—1), (2.29¢)
mi=—2CpA (AT (U — Uup—1) + 0B (x, — xn,l)) . (2.291)

In addition, for any n = 1 it holds
1Dl < Cs [lzn — Tn-1ll + Cs |yn — Yn—1ll + C7 lun — un—1l, (2.30)

where
Cs:=2V2- L+ 7+ B|A|| + 4 (o7 + ||A||) 07Cy + 4C4, (2.31a)
Co:= LV2 + p, (2.31b)
1 2

Cri=1+ o + ( - 1) |All + 4 (o7 + || A]]) Co [|A]] - (2.31c)

12



Proof. Let n = 1 be fixed. Applying the calculus rules of the limiting subdifferential we get

Vo (X)) = Vo H (20, yn) + ATuy, + BAT (Azy, — 2,) + 2C1 (2n — Tpe1)

+ 20CyBT (AT (up, — Up—1) + 0B (x, — xn,l)) , (2.322)
0y (X)) = 0G (yn) + VyH (Tn,yn) , (2.32Db)
0,V (X,,) = 0F (zp) — upn, — B (Axy, — 2n) , (2.32¢)

V¥ (X,,) = Az, — 2, + 2C0A (AT (un — up—1) + 0B (xn — Tp-1)) , (2.32d)
V¥ (X,) = —20CoB” (A" (un — un—1) + 0B (xr, — Tp—1)) — 2C1 (T — Tn1) (2.32¢)
V¥ (X,) = —2CoA (AT (up — tn—1) + 0B (2, — 25—1)) - (2.32f)

Then (2.29a)) and (2.29d)) - (2.291)) follow directly from (2.32a)) and (2.32d) - (2.32f), respectively. By
combining (2.32b)) with the optimality criterion for (2.1a))

0eG (yn) + VyH (:En—la yn—l) + p (yn - yn—l) 5

we obtain ([2.29b)). Similarly, by combining (2.32c|) with the optimality criterion for (2.1b]
0€ F(zn) —upn—1—B(Axpn_1 — zn),

we get (2.29¢).

In the following we will derive the upper estimates for the components of the limiting subgradient.

From ({2.22) it follows
[z < HVIH (Tr, Yn) + ATUHH + BIA| | Azn — 2n | + 2 (Cl + 027200) l2n — Tpn1l|
+207Ch ||A|| || tr, — wp—1]|

2
< <L\/§ +7+2C + 2027200) len — zp_1]| + (a -1+ 2070()) At — tn—1]| -
In addition, we have

|z < V2l = ol + (V2 + 1) llgn = ynall,

12 < BIAN n — @l + 1t — t0as],
1

1)) < 207Co | A] [l2n — wus] + (Uﬂ 20, ||A||2) TR——

ld2 || < 2 (0?72Co + C1) ||lzn — 1| + 207Co || Al lun — -1,

ld || < 207Co | All & = 21| + 2Co [ Al* [lun = twn]|-
The inequality (2.30]) follows by combining the above relations with (|1.3)). O

We denote by Q := Q ({X,},~;) the set of cluster points of the sequence {X,},~; S R, which is
nonempty thanks to the boundedness of {X,,}, .. The distance function of the set Q2 is defined for any

X e R by dist (X, Q) :=inf {|||X — Y]||: Y € ©}. The main result of this section follows.

Theorem 9. Let Assumption@ be satisfied and {(Tn, Yn, Zn,Un)},>o be a sequence generated by Algo-
rithm[1. The following statements are true:

) 4 (s s 20 g 15 @ Subsequence of (Y 2. )} which converges 1o (s, i, 7, 1s)
as k — 40, then
lim \Ijnk =0 (1'*7 Yy By Usey Ty ’LL*) ;

k—+o0
(ii) 4t holds
Q < crit (0)
c{X,eR:—ATuy = V. H (24,y+),0 € 0G (y4) + VyH (g, Ys)  Us € OF (24) , 25 = ATy},

(2.33)

where Xy 1= (x*ay*az*au*7x*au*);

13



(iii) it holds lim dist (X,,Q) =0;
n—-+aoo

(iv) the set Q is nonempty, connected and compact;

(v) the function U takes on Q the value ¥, = lir4r_1OO U, = lim {F(z,)+ G yn)+ H (zn,yn)}

n—+00

Proof. Let (x4, Yx, 24, usx) € R™ x R? x RP x RP be such that the subsequence

{Xnk = (xnk sYnps Bng s Ung s Tng—1,5 unk—l)}k>1

of {X},=, converges t0 Xy 1= (Tu, Ys, 2u, Us, T, Use)-

(i) From (2.1a) and (2.1b)) we have for any k > 1
I 2
G(ynk) + <VyH (mnk*17ynk71)7ynk - ynk*1> + 5 Hynk - Z/nrl”
I
< G () + (VyH (@nmsUnim1) Yo = Ynm) + 5 9 = Ymma |
and

B
F (an) + <unk*17Awﬂk*1 - znk> + 5 ||Axnk*1 - anH2

2

)

S F (Z*) + <unk*17Amnk*1 - Z*> + g HAx’ﬂk—l - Z*|

respectively. From (2.1d) and Theorem [6 follows Az* = z*. Taking the limit superior as k — 40 on
both sides of the above inequalities, we get

limsup F (zp,,) < F (24) and limsup G (Yn,,) < G (yx)
k—+00 k—+00

which, combined with the lower semicontinuity of F' and G, lead to

lim F(zp,) = F (24) and lim G (yn,) = G (yx) -

k—+o0 k—+o0

The desired statement follows thanks to the continuity of H.

(ii) For the sequence {D,}, - defined in - (2:29), we have that D, € 0¥ (X,,) for any k > 1 and
D,, — 0 as k — 400, while X,,, — X, and ¥,,, — ¥(X,) as k — +00. The closedness criterion of the
limiting subdifferential guarantees that 0 € 0¥(Xy) or, in other words, X, € crit ().

Choosing now an element X, € crit (¥), it holds

= V. H (24,ys) + ATuy + BAT (Axy — 24),
€ 0G (yx) + VyH (24, yx) ,

€ OF (24) —uy — B(Axy — 24),

= Axy — 24,

o O o O

which is further equivalent to ([2.33]).

(iii)-(iv) The proof follows in the lines of the proof of Theorem 5 (ii)-(iii) in [9], also by taking into
consideration [9, Remark 5], according to which the properties in (iii) and (iv) are generic for sequences
satisfying X,, — X,,_1 — 0 as n — +00, which is indeed the case due to (2.19).

(v) Due to (2.19) and the fact that {u,},-, is bounded, the sequences {F (25,) + G (yn) + H (T, Yn)} 0

and {¥,}, -, have the same limit
U, = nLHEoo v, = nLHJIrlOO {F (zn) + G (yn) + H (20, yn)} -
The conclusion follows by taking into consideration the first two statements of this theorem. O

Remark 5. An element (x4, ys, 24, us) fulfilling (2.33) is a so-called KKT point of the optimization
problem (1.1]). Such a KKT point obviously fulfils

0e ATOF (Axy) + Vo H (24, ys) , 0€ 0G (yx) + VyH (T4, ys) - (2.34)

14



If A is injective, then this system of inclusions is further equivalent to

0€d(FoA)(zg)+VyH (4,ys) =0z (Fo A+ H),
0€ 0G (yx) + VyH (z4,ys) = 0y (G+ H), (2.35)

in other words, (z4,ys) is a critical point of the optimization problem (1.1). On the other hand, if the
functions F,G and H are convex, then, even without asking A to be injective, (2.34) and (2.35) are
equivalent, which means that (z4,ys) is a global minimum of the optimization problem (|1.1)).

3 Global convergence and rates

In this section we will prove global convergence for the sequence {(%n,¥n;2n,Un)},s, generated by
Algorithm [1] in the context of the Kurdyka-Lojasiewicz property and provide convergence rates for it in
the context of the Lojasiewicz property.

3.1 Global convergence under Kurdyka-Lojasiewicz assumptions

The origins of this notion go back to the pioneering work of Kurdyka who introduced in [I7] a general
form of the Lojasiewicz inequality [20]. An extension to the nonsmooth setting has been proposed and
studied in [6], [7, [8].

Definition 1. Let n € (0,+o]. We denote by ®, the set of all concave and continuous functions
@: [0,17) — [0, +o0) which satisfy the following conditions:

(i) ¢(0) =0;
(ii) ¢ is C! on (0,7) and continuous at 0;
(iii) for any s e (0,n): ¢’ (s) > 0.
Definition 2. Let U: RY — R U {+00} be proper and lower semicontinuous.

(i) The function ¥ is said to have the Kurdyka-Lojasiewicz (KL) property at a point ¥ € domd¥ :=
{veR?: 0¥ (v) # &}, if there exists n € (0, +0], a neighborhood V of ¥ and a function ¢ € ®,, such
that for any

veV [P (D) <P () <¥ (D) +n]

the following inequality holds
o' (U (v) — ¥ (D)) - dist (0, 0V (v)) > 1.

(ii) If W satisfies the KL property at each point of domd¥, then ¥ is called KL function.

The functions ¢ belonging to the set @, for n € (0, +o0] are called desingularization functions. The
KL property reveals the possibility to reparametrize the values of ¥ in order to avoid flatness around
the critical points. To the class of KL functions belong semialgebraic, real subanalytic, uniformly convex
functions and convex functions satisfying a growth condition. We refer to [1} 2] 8] [ [7, 8, @] for more
properties of KL functions and illustrating examples.

The following result, the proof of which can be found in [9, Lemma 6], will play an essential role in
our convergence analysis.

Lemma 10. (Uniformized KL property) Let Q be a compact set and ¥: R? — R U {+w} be a proper
and lower semicontinuous function. Assume that W is constant on 2 and satisfies the KL property at
each point of Q. Then there exist € > 0,17 > 0 and ¢ € ®,, such that for any v € Q and every element u
in the intersection

{veR?: dist (v,Q) <e} N [V (D) < ¥ (v) < ¥ (D) + 7]

it holds
@' (¥ (v) — W (D)) - dist (0,00 (v)) > 1.
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From now on we will use the following notations

1

CS = min {CQ, 03, 04}’

Cy := max {C5, Cs, Cr} and En =V, -V, Vn=>1,

where ¥, = lim W,,.
n—+0

The next result shows that if ¥ is a KL function, then the sequence {(y,Yn; 2n,un)}, =, converges
to a KKT point of the optimization problem (1.1]). This hypothesis is fulfilled if, for instance, F, G and
H are semi-algebraic functions.

Theorem 11. Let Assumption |d be satisfied and {(Tn, Yn, Zn, Un)},=o be a sequence generated by Algo-
rithm [l If @ is a KL function, then the following statements are true:

(i) the sequence {(Tn,Yn; 2n;Un)}, o has finite length, namely,

Z |Tn1 — 20l < +o0, Z Yn+1 — ynll < +0, Z lzn41 — 2a|l < 400, Z [Unt1 — un| < 4005
n=0 n=0 n=0 n=0

(3.1)
(ii) the sequence{(Tn,Yn;2n,Un)}, o converges to a KKT point of the optimization problem (L.1)).

Proof. Let be Xy € Q, thus ¥ (X,) = 4. Recall that {£,}, -, is monotonically decreasing and converges
to 0 as n — +00. We consider two cases.

Case 1. Assume that there exists an integer n’ > 1 such that &, = 0 or, equivalently, ¥,,, = ¥,. Due
to the monotonicity of {£,},-,, it follows that £, = 0 or, equivalently, ¥,, = W, for any n > n’. The
inequality (2.27) yields for any n >n' + 1

Tnt1 — Tn =0, Ynt1 — Yn = 0 and upy1 —up, = 0.

The inequality (2.20]) gives us further 2,411 — 2, = 0 for any n > n’ + 2. This proves (3.1)).

Case 2. Consider now the case when &, > 0 or, equivalently, ¥,, > W, for any n > 1. According to
Lemma there exist € > 0, 7 > 0 and a desingularization function ¢ such that for any element X in
the intersection

{ZeR:dist(Z,Q) <e}n{ZeR: ¥, <V (Z) <V, +n} (3.2)

it holds
¢ (U (X) — U,) - dist (0,00 (X)) > 1.

Let be ny > 1 such that for any n > n,
U, <V, <¥, +n.

Since lim dist (X,,,Q2) = 0 (see Lemma |?|, there exists ng > 1 such that for any n > no

n—+00
dist (X, Q) < e.

Consequently, X,, = (z,, Yn, Zn, Un, Tn—1,Un—1) belongs to the intersection in (3.2)) for any n > ng :=
max {ny,na}, which further implies

@ (W, — W) - dist (0,00 (X,,)) = ¢’ (&) - dist (0,00 (X,,)) = 1. (3.3)
Define for two arbitrary nonnegative integers ¢ and j
i = (Wi = Wy) —p (V) = Wy) = 0 (&) — (&)

The monotonicity of the sequence {¥,}, -, and of the function ¢ implies that A; ; > 0 for any 1 < i < j.
In addition, for any N > ny > 1 it holds

A

N
2 An,n-‘rl = ATLo,N-‘rl = ‘p(gno) - @(5N+1) < @(gno)’

n=ngo

from which we get Z Ap g1 < +00.

n=1
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By combining Lemma [] with the concavity of ¢ we obtain for any n > 1
Apny1=¢ (En) — ¢ (Entr) = ¢’ (En) (En — Entr) = ¢’ (En) (W = Wpi1)
> min {Cs, Gy, Ca} ¢’ (En) (2ns1 = 2al® + [t = yal* + funss = uall?) -
Thus, implies for any n = ng
latns1 = nll® + lynsr = gl + s — unll”
< dist (0,09 (X)) ' (€n) (1 = @l + [yt = yull* + 1ns1 = wal )
< Cg - dist (0,09 (X)) - A1

By the Cauchy-Schwarz inequality, the arithmetic mean-geometric mean inequality and Lemma [§]
we have that for any n > ng and every a > 0

||xn+1 - xn” + ||yn+1 - yn” + ||un+1 - un”

< V3 A 1@ne1 = 2l + Dot — vl + finsr —

< /305 /st (0,07 (X,.)) - A

3C
< a-dist (0,00 (X,,)) + TSAMH
e
3Cs
< G ([lzn = o1l + 1y = yn-sll + llun = wn-sl)) + = Annss. (3.4)
If we denote for any n > 0
3C

Ap 1= ||£an - zn—l“ + Hyn - yn—1|| + Hun - un—l“ and bn = 4a8 AnJH-lv (35)

then the above inequality is nothing else than (1.6)) with
xo = aCy and x1 := 0.

Since Z b, < 4+, by choosing o < 1/Cy, we can apply Lemmato conclude that

n=1

3 (Jwns1 = @all + lynss = vl + lunsr = wall ) < +oo.

n=0

The proof of (3.1)) is completed by taking into account once again ([2.20)).
From (i) it follows that the sequence {(zy, Yn, Zn, Un)}, o is Cauchy, thus it converges to an element
(T4, Ys, 2%, ux) which is, according to Lemmas E[, a KKT point of the optimization problem (L.1J). O

3.2 Convergence rates

In this section we derive convergence rates for the sequence {(Zy, Yn, 2n, un)}n20 generated by Algorithm
as well as for {U,} _, if the regularized augmented Lagrangian ¥ satisfies the Lojasiewicz property.
The following definition is from [I] (see also [20]).

Definition 3. Let ¥: R? — R U {400} be proper and lower semicontinuous. Then ¥ satisfies the
Lojasiewicz property, if for any critical point ¥ of ¥ there exists Cr, > 0, 6 € [0,1) and & > 0 such that

|0 (v) — ¥ (3))? < Cp - dist (0,00 (v)) Yo € Ball (3, ¢),
where Ball (7, €) denotes the open ball with center ¥ and radius e.

If Assumption [2|is fulfilled and {(@n, Yn, 2n, Un)}, >, s the sequence generated by Algorithm |1} then,
according to Theorem [} the set of cluster points €2 is nonempty, compact and connected and ¥ takes
on  the value U,; in addition, Q < crit (V).

According to [I, Lemma 1], if ¥ has the Lojasiewicz property, then there exist Cp, > 0, 6 € [0,1) and
€ > 0 such that for any

Xe{ZeR:dist(Z,Q) <e},
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it holds
W (X) — 0, |° < Oy - dist (0,00 (X)) .

Obviously, ¥ is a KL function with desingularization function

1
¢ : [0, +0) — [0,400), ¢(s) = mClefe,

which, according to Theorem means that ) contains a single element X, which is the limit of
{Xn},>1 as n — +oo. In other words, if ¥ has the Lojasiewicz property, then there exist O > 0,
0 €[0,1) and € > 0 such that for any X € Ball (Xy,¢)

W (X) — U, |° < Cy, - dist (0,00 (X)). (3.6)

In this case, ¥ is said to satisfy the Lojasiewicz property with Lojasiewicz constant Cp > 0 and
Lojasiewicz exponent 6 € [0, 1).

The following lemma will provide convergence rates for a particular class of monotonically decreasing
real sequences converging to 0. Its proof can be found in [I3, Lemma 15].

Lemma 12. Let {en}n>0 be a monotonically decreasing sequence of nonnegative numbers converging 0.
Assume further that there exists natural numbers ng = 1 such that for any n = ng

en1 —en = Coe??,
where Ce > 0 is some constant and 0 € [0,1). The following statements are true:
(i) if 0 =0, then {en},~ converges in finite time;
(ii) if 0 € (0,1/2], then there exist Ceo > 0 and @ € [0,1) such that for any n = ng

0< en < Ce,OQn;
(iil) if 0 € (1/2,1), then there exists Ce1 > 0 such that for any n = ng + 1
0<e, < Ce,ln_%%l.

We prove a recurrence inequality for the sequence {€,.},, -

Lemma 13. Let Assumption@ be satisfied and {(Zn, Yn, Zn, Un)},=( be a sequence generated by Algorithm
[0l If © satisfies the Lojasiewicz property with Lojasiewicz constant Cp, > 0 and Lojasiewicz exponent
0 € [0,1), then there exists ng = 1 such that the following estimate holds for any n = ng

Cs

En1 —En = C1oE%, where  Cig i= ——————.
3(Cr - Co)”

(3.7)

Proof. For every n > 2 we obtain from Lemma [4]
gn—l - En = \I/n—l - \I]n
2 2 2
> G (Iln = 2t I + lym = yna > + lun — 1))
1
> 5Cs (Il2n = znoa | + lyn = yoal| + un = unall)?
> CroCElIDaII%,

where D,, € 0¥(X,,). Let € > 0 be such that (3.6)) is fulfilled and choose ny > 1 with the property that
for any n > ng, X, belongs to Ball(X,, ). Relation (3.6) implies (3.7) for any n = ny. O

The following result follows by combining Lemma [I2] with Lemma [I3}

Theorem 14. Let Assumption @ be satisfied and {(xn,yn,zn,un)}nzo be a sequence generated by Al-
gorithm [1 If U satisfies the Lojasiewicz property with Lojasiewicz constant Cp, > 0 and Lojasiewicz
exponent 0 € [0,1), then the following statements are true:

(i) if 0 =0, then {V,,}, -, converges in finite time;
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(i) if 6 € (0,1/2], then there exzist ng =1, Co > 0 and Q € [0,1) such that for any n > ng
0< W, — T, < CoQ™;
(iii) if 0 € (1/2,1), then there exist ng = 1 and Cy > 0 such that for any n = ng + 1
0< W, — U, < Cin 77,

The next lemma will play an important role when transferring the convergence rates for {¥,},_, to

the sequence of iterates {(n,Yn, Zn, Un)},=0-

Lemma 15. Let Assumption@ be satisfied and {(Zn, Yn, Zn, Un)},=( be a sequence generated by Algorithm
. Let (x4, Ys, 24, usx) be the KKT point of the optimization problem (L.1)) to which {(Tn, Yn, Zn, Un)} ;50
converges as n — +0. Then there exists ng = 1 such that the following estimates hold for any n = ng

o = @l < Crimax {V/Eu, 0 (€}, g — ysll < Crimax {v/En, 0 (En)]
20 = 2all < Cromax {VEn 0 (€}, Nlun = uall < Crvmax {v/En, 0 (En)] (3.8)

where

Ch1 1= 24/3Cs + 3CsCy and Cig:= (HA” + 0'26) C11.
Proof. We assume that &, > 0 for any n > 0. Otherwise, the sequence {(Zn,¥n, 2n;,Un)},~ becomes
identical to (4, ys, 24, usx) beginning with a given index and the conclusion follows automatically (see
the proof of Theorem [L1]).
Let € > 0 be such that is fulfilled and ng > 2 be such that X,, belongs to Ball(X,,¢e) for any
n = ng.
We fix n = ng now. One can easily notice that

e — all < s = @all + [20ss —zall < - < 3 llanss — 2l

k=n
Similarly, we derive
lyn = yall < X5 Ny =wells llzn =2l < D5 Nawen = zells um = wall < 5 unsn — us]-
k=n k=n k=n

1
On the other hand, in view of (3.5) and by taking « := 30 the inequality (3.4) can be written as
9

1
Ap+1 < §an + b, Yn = ng.

Let us fix now an integer N > n. Summing up the above inequality for k = n, ..., N, we have

Zak+1<§ ak"‘Zbk:§ZGk+1+an_afN+l+Zbk
k=n k=n k=n k=n k=n
N
1 3CsCy
gizak+1+an+ e (&En).

By passing N — 400, we obtain

Do air = Y (lewsr = zull + gy = yell + llunsn — )

k=n k=n

S 2([[znsr = 2ol + [[ynt1 = ynll + llunsr = uall) + 3CsCop (€n)
<2V3 - A/l@ns1 — all® + lynss — all® + [nsr — wal® + 3CsCow (€)
<2 V 308 "V gn - gn+1 + 3080990 (gn> )

which gives the desired statement. O
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We can now formulate convergence rates for the sequence of generated iterates.

Theorem 16. Let Assumption|q be satisfied and {(zn, yn, Zm“n)}nzo be a sequence generated by Algo-
rithm[1. Suppose further that U satisfies the Lojasiewicz property with Lojasiewicz constant Cr, > 0 and
Lojasiewicz exponent 6 € [0,1). Let (X, Y, 2%, usx) be the KK T point of the optimization problem
to which {(Tn, Yn, 2n, Un)}, 5o converges as n — +00. Then the following statements are true:

(i) if @ = 0, then the algorithm converges in finite time;

(ii) of 0 € (0,1/2], then there exist ng = 1, 6’071,6’072,@073,6'0,4 > 0 and @ € [0,1) such that for any
n = ng

20 — 2]l < ConQF,  lyn — vsll < Co2Q%,  |lzn — 24|l < CosQF,  lun — us| < CoaQ";

(iii) #f 6 € (1/2,1), then there exist ng = 1 and 6’171, 6’1,2, 6’1,3, 6’1,4 > 0 such that for anyn = ng + 1

~ _1=6 ~ _1-9
lzn — 24| < Cr1an 2071, |y — yul| < Cyon™ 2071,

-~ L—0 ~ 1-6
Iz — 2z || < Ch3n~ 2071, |n — gl < Cy an™ 20-1

Proof. Let
1
(Y2l [07 +OO) - [0, +®), S 1fec’[ﬁ'517‘97
be the desingularization function.

(i) If 6 = 0, then {¥,}, ., converges in finite time. As seen in the proof of Theorem [I1] the sequence
{(Tns Yns 20y Un) },5o becomes identical to (24, Ys, 24, ux) starting from a given index. In other words,
the sequence {(n,Yn, 2n;, Un)}, o converges also in finite time and the conclusion follows.

Let be 0 # % and ny > 1 such that for any n > n{, the inequalities (3.8 in Lemma [15 and

N
En < (1—90L>
hold.

(ii) If 6 € (0,1/2), then 26 — 1 < 0 and thus for any n = nj,

1
feCLgrll_e <&,

which implies that
max{ Sn,go(é’n)} = \VEn.
If = 1/2, then
¢ (En) = 201\/En,
thus
max{ Sn,go(é’n)} — max {1,2C1} - /&, Vn > 1.

In both cases we have
max{ €n,g0(5n)} < max{1,2CL} - /&, Vn = ng.

By Theorem there exist nj > 1, Co>0and Qe [0,1) such that for Q = /@ and every n > ng it

holds
VE, <A\ CoQm? =1/ CoQ".

The conclusion follows from Lemma 15| for ng := max {ng, nj}.
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(iii) If 6 € (1/2,1), then 20 — 1 > 0 and thus for any n = nj,

1 1-6
< —
Ve < 75008,

which implies that
1
max{ Emap(fn)} = ¢ (&) = 75 CE™".

By Theorem there exist ng > 1 and 6’1 > 0 such that for any n = nj

1 _ 1 Al — =0
feCLEYIL 0 < mOLC% 0 (n — 2) 261
The conclusion follows again for ng := max {n{, ng} from Lemma O
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