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In this paper, we focus on a subclass of quadratic optimization problems, that is, disjoint bilinear optimization
problems. We first show that disjoint bilinear optimization problems can be cast as two-stage robust linear
optimization problems with fixed-recourse and right-hand-side uncertainty, which enables us to apply robust
optimization techniques to solve the resulting problems. To this end, a solution scheme based on a blending of
three popular robust optimization techniques is proposed. For disjoint bilinear optimization problems with a
polyhedral feasible region and a general convex feasible region, we show that under mild regularity conditions,
the convex relaxations of the original bilinear formulation and its two-stage robust reformulation obtained
from a reformulation-linearization based technique and linear decision rules, respectively, are equivalent. For
generic bilinear optimization problems, the convex relaxations from the reformulation-linearization based
technique are generally tighter than the one from linear decision rules. Numerical experiments on bimatrix
games, synthetic disjoint bilinear problem instances, and convex maximization problems demonstrate the

efficiency and effectiveness of the proposed solution scheme.
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1. Introduction

In a disjoint bilinear optimization problem, the optimization variables can be partitioned into two
vectors, say @ and y, which reside in two disjoint convex sets X and ), respectively. The interaction
between x and y is captured through a bilinear objective function, that is, the objective function

is linear in @ for every y € ), and linear in y for every & € X. Mathematically, a generic disjoint
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bilinear optimization problem can be formulated as:

. T
min = Qy, (BO)
yey

where X CR", Y CR"™, and Q € R"**"v, Note that if one of the feasible sets X or ) has only
few extreme points, e.g., )V is simplicial, the optimal solution of can be efficiently found by
enumerating all the vertices. Moveover, if Q@ « € R™ resides in a specific orthant for all « € X,
and ) is a hyperbox, the optimal y can be readily determined, which can be used to compute the

optimal x. Here we assume that the two sets X and ) are compact and convex with nonempty
relative interior. In general, is difficult to solve even if X and ) are polyhedral (Chen and|
2006). We propose to reformulate into a two-stage robust optimization problem, and

investigate the resulting problem from a two-stage robust optimization perspective.

A wide range of real-life applications can be formulated as disjoint bilinear optimization prob-

lems. Some possible applications include bilinear assignment problems dCustié et al.| |2017|), fixed
charge network flow problems (Rebennack et al.[2009)), inverse optimal value problems
\Guan|[2005)), multicommodity flow network interdiction problems (Lim and Smith|2007), Marko-
vian assignment problems (Konno|[1971Db)), and constrained bimatrix games (Firouzbakht et al.

2016, Mangasarian and Stone|1964)). Furthermore, any concave or difference-of-convex minimiza-

tion problem over a convex set can be reformulated as a disjoint bilinear problem (see Section ,

e.g., facility location and transportation problems with concave quadratic cost (Soland|1974)). Many

more applications of can be found in the PhD thesis by (1974).
One of the first algorithms to solve was proposed by |Geoffrion| (1972), which is known as

the generalized Benders decomposition. This algorithm does not guarantee optimality of the found

solution in general (Sahinidis and Grossmann|/1991). Besides generalized Benders decomposition,
there are also many other algorithms proposed to solve (BO)); see, e.g., [Konno| (1971al, [1976)), [Vaish|
and Shetty| (1976), Gallo and Ulkiicii (1977), Sherali and Shetty| (1980), Thieu| (1988). Sherali and|
[Shetty| (1980) and Thieu| (1988) proposed finite convergent algorithms for with polyhedral
feasible sets. To the best of our knowledge, there is no finite convergent algorithm for with a

general convex feasible set. For an overview of the solution methods, we refer the reader to the book

by Floudas and Pardalos| (2008, pp. 279-288) and the references therein. Furthermore, it may be

worth to note that since bilinear problems belong to a subclass of quadratic optimization problems,
any solution method for nonconvex quadratic optimization problems can be used to solve ;
see, e.g., Al-Khayyal et al.| (1995), Audet et al| (1999), |Zheng et al.| (2011), Anstreicher| (2012),
Jiang and Li (2019), Lipp and Boyd| (2016)), Park and Boyd| (2017).

It is known that two-stage robust optimization problems can be reformulated into bilinear opti-

mization problems, e.g., (Zeng and Zhao|2013)). In fact, many authors propose to use techniques
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for bilinear optimization problems to solve two-stage robust optimization problems (e.g., Zeng and

|Zhao| (2013), |/Ardestani-Jaafari and Delage| (2019)), [Xu and Burer (2018), Hanasusanto and Kuhn|

(2018))). In this paper, however, we propose to solve bilinear optimization problems using two-stage

robust optimization techniques.

Since the initial introduction of two-stage robust optimization by Ben-Tal et al.| (2004), there has

been a wealth of practical problems that have been solved using two-stage robust linear optimization

such as inventory models (Ben-Tal et al.[2004, [2005)), facility location planning (Ardestani-Jaafari
land Delage| 2017, |Atamtiirk and Zhang| 2007, |Gabrel et al.2014)), energy production scheduling

(Bertsimas et al.|[2013, Ng and Sy [2014), project management (Wiesemann et al.[[2012), portfo-

lio optimization (Calafiore| 2008, 2009, Rocha and Kuhn 2012), and capacity expansion planning

(Ordénez and Zhao|2007). Two-stage robust optimization problems are in general intractable and

NP-hard (Guslitzer 2002). Fortunately, for two-stage robust linear optimization problems with

fixed recourse, good solutions can be found using linear decision rules. Rather than allowing the
wait-and-see variable to depend arbitrarily on the uncertain parameter, linear decision rules restrict
the dependence to be affine. In this way, the resulting problem is again a linear robust optimiza-
tion problem that can be solved using standard robust optimization techniques, see
. The key benefit is that the problem with linear decision rules is in the same complexity

class as the static robust version where all decisions have to be made here-and-now. For some

special cases it has been shown that linear decision rules are optimal (Bertsimas et al.|2010} [fancu
. There are also several other papers that establish optimality or give theoretical a-priori
bounds on the optimal value (Bertsimas and Goyal 2012} Bertsimas and Bidkhori 2015, [E1 Housni|
land Goyal |2020).

The main contributions of this paper are as follows:

1. We establish a strong relationship between a reformulation-linearization based technique and
linear decision rules. In particular, under mild regularity conditions, we show that for with
a convex X and a polyhedral ), applying linear decision rules to its two-stage robust optimization
reformulation is equivalent to applying a reformulation-linearization based technique to the original

(BO). This extends the result of [Ardestani-Jaafari and Delage| (2019, Proposition 8), where the

authors focus on two-stage robust optimization problems, and show that applying a reformulation-
linearization based technique to the bilinear reformulation is at least as tight as applying linear
decision rules to the two-stage robust linear optimization problem.

2. We further extend the established result to bilinear constrained bilinear optimization prob-
lems, and show that for these problems, the convex relaxations from the reformulation-linearization

based technique are generally tighter than the ones from linear decision rules.
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3. We propose a solution scheme based on a blending of three robust optimization techniques,
those are, linear decision rules, a progressive approximation scheme, and an exact mixed integer
reformulation. Thus, the proposed solution scheme consists of three steps. We first solve the convex
relaxation of obtained from linear decision rules, where the optimal objective value constitutes
a lower bound of . Then, by leveraging the obtained solution, we retrieve a finite set of
binding scenarios. These binding scenarios are in fact feasible solutions of , which are then
used to warm-start the mountain climbing procedure and further improve the associated upper
bound for . Finally, the exact mixed integer reformulation of is solved using the best
obtained solution so far as a warm-start. Numerical experiments on constrained bimatrix games,
synthetic disjoint bilinear problem instances, and convex maximization problems demonstrate the
effectiveness and efficiency of the proposed approach in comparison with the state-of-the-art solvers
such as Gurobi, SCIP, CPLEX, and MOSEK.

The remainder of this paper is organized as follows. In §2 we first show how to reformulate
to a two-stage robust optimization problem, and then review a robust optimization technique, i.e.,
linear decision rules. There are three subsections in §3} in by leveraging a “primal worst equals
dual best” strong duality result of Beck and Ben-Tal (2009) for robust optimization problems,
we derive a convex relaxation of using linear decision rules; in a strong relationship
between linear decision rules and the relaxation proposed by |Ardestani-Jaafari and Delage| (2019)
is established; in §3.3] we extend the results of to bilinear constrained bilinear optimization
problems. In §4] we first consider a progressive approximation scheme and an exact reformulation
for in § and respectively, and then construct a new solution scheme based on the
techniques discussed in The numerical experiments on constrained bimatrix games, synthetic
bilinear problems, and convex maximization problems are conducted in
Notations and definitions. We use [N], N € N, to denote the set of running indices, {1,..., N}.
We generally use bold faced characters such as & € RY and A € RM*¥ to represent vectors and
matrices, respectively, z; to denote the ith element of the vector x, A; € RM to denote the ith
column of the matrix A, and A;; to denote the entry of A in the i¢th row and jth column. We
use |z;| to denote the nearest integer of x; € R, and [—1,1]™*¥ to denote the set of M by N
matrices with elements that are uniformly drawn from the interval [—1,1]. Special vectors include
0, 1, and e; which are respectively the vector of zeros, the vector of ones, and the standard unit
basis vector. We denote R™M (RY") as the space of all measurable functions from RN to RM
(RY) that are bounded on compact sets. For z € RN and [ € [M], we denote by z\(;; the function

(215 s 21215 21415 oy 201) € RYME We denote S™*" as the set of all symmetric matrices.
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Definition 1 (Perspective Function) The perspective fP :R"* x R — [—o00, +00] of a function
f:R"™ — [—o00,400] is defined by:
tf(x/t) ift>0
fP(@,t) = Q Odompy (®) i E=0
o0 otherwise.
The perspective function is proper, convex and closed if and only if f is proper, convex and closed
(see, e.g., Rockafellar| (1970])). We refer to |Combettes (2018) for the definition and properties of
perspective functions.
One may expect computational challenges due to division by zero or near-zero values in perspec-
tive functions. Roos et al.| (2018) shows that if a convex function f:R"™ — R is conic representable,
then the perspective of f is conic representable in the same cone. The resulting conic optimization

problems can then be solved using existing solvers, e.g., MOSEK.

2. Bilinear problems and two-stage robust optimization
We focus on problem in which at least one of the two feasible sets X and )Y is polyhedral.
presents a two-stage robust linear reformulation of . One of the most prominent robust

optimization techniques, i.e., linear decision rules, is discussed in

2.1. Reformulation to two-stage robust linear problems
We first show that with a general convex set X and a polyhedral ) can be equivalently

reformulated into a two-stage robust linear optimization problem.

ProrosiTION 1. IfY = {y eERY | Ay> by} is nonempty, where A, € R™v*™ qnd b, € R™v,
then Problem has the same optimal value as:

max {7 | 3zeR"™ 7 < b;z(w), A;z(cc) <Q'z VreX }. (RO)
Proof. We first reformulate into a robust optimization problem with bilinear uncertainty:
max {7 | 7<z'Qy VeeX Vye) }. (1)

Using the result of |Zhen et al.| (2020b, Proposition 1) for robust constraints with bilinear uncer-
tainties, i.e., by dualizing over y in , we obtain the equivalent reformulation . O

Problem is a two-stage robust linear optimization problem with a fized recourse and right-
hand-side uncertainty. The first-stage or here-and-now decision 7 is decided before the realization
of the uncertain parameter x, and the second-stage or wait-and-see decision z is determined after
the value of « is revealed. The coefficients of z (i.e., b, and A,) are independent of @, which

corresponds to the stochastic programming format known as fixed recourse. T'wo-stage robust
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linear optimization problems are generally intractable because the wait-and-see decision is in fact
a decision rule, or infinite dimensional variable, instead of a finite vector of decision variables

(Ben-Tal et al.[2004).

The main advantage of is that it can be (approximately) solved by any method applicable to

two-stage robust linear problems such as linear decision rules (Ben-Tal et al.|2004)), piece-wise linear

decision rules (Chen et al|2008, See and Sim!2009)), quadratic decision rules (Ben-Tal et al.|2009),

polynomial decision rules (Bertsimas et al.[2011), Fourier-Motzkin elimination (Zhen et al.|(2017)),

finite adaptability approaches (Hanasusanto et al.|(2014), Postek and den Hertog) (2016)), Bertsimas|

land Dunning] (2016)), Georghiou et al. (2019), etc.), and copositive programming approaches
land Burer| 2018, [Hanasusanto and Kuhn![2018).

REMARK 1. Many problems naturally require y > 0, which is the reason we impose it in Propo-
sition In case the nonnegativity restriction on y is omitted, one will end up with equality

constraints in (RO|). The usual way of dealing with equality constraints in a two-stage robust

problem is by elimination of a wait-and-see decision per equality constraint (Zhen and den Hertog]

2017).

REMARK 2. If X is a hyperbox and Y is polyhedral, using |Jaillet et al.| (2016, Proposition 1),

one can show that there exists a static decision rule that is optimal for z in (ROJ) if the elements
of each row of @Q are all nonnegative or all nonpositive, i.e., (QT)i >0 or —(QT)z‘ > 0 for each
i € [ng], where (Q"); denote the i-th row of Q. In Appendix Izl, we show that bilinear problems

with quadratic feasible sets can be reformulated as second order cone problems.

2.2. Linear decision rules
In the previous section we have shown that with polyhedral ) can be reformulated into
the two-stage robust linear optimization problem (RO)]), which is computationally intractable in

general (Guslitzer| (2002)). Fortunately, for two-stage robust linear optimization problems with

fixed recourse, “good” solutions can be found using simple decision rules. For instance, rather than
allowing z in to depend arbitrarily on the uncertain parameter x, linear decision rules restrict
the dependence to be affine. In this way, the resulting problem is again a robust linear optimization
problem that can be solved using standard robust optimization techniques. By imposing linear

decision rules: '
5y 1€ [ng:

L™ =8 zeRE™ | 2(x)=2"+ Z zly; p CRYE™, (2)

1€ [ng]

320 2!

on the wait-and-see variables z € R,*™", the following problem yields a lower bound for (RO):

max {7 | Jze L™ :TSb;z(w), AyTz(:B) <Q'z Vzxex},
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or equivalently,

T< b;zo + Zie[nzjrb?—!rzgxi VeeX
max T A;zo + e, Ay ZiTi < Q'xz VreX ;. (ROy)
m20 = 20+ Zie[nx] zlr; >0 Ve e X
Since (ROy)) is a static robust linear optimization problem, it admits a tractable robust counterpart
for various convex sets X' (Ben-Tal et al.|2015)). If the tractable counterpart of (ROq)) is difficult
to derive, one can alternatively solve (RO¢)) using a cutting-plane method (Bertsimas et al.|2015)
or via the dual of (RO;) (Gorissen et al|2014). In case X is simplicial, one can use

land Goyal| (2012, Theorem 1) to show that there exists a linear decision rule that is optimal

for z in (RO)), but for this case the original problem (BP) is simple and the optimal solutions

can be obtained by enumerating all n, + 1 vertices of the simplex. Bertsimas and Goyal (2012),

Bertsimas and Bidkhori (2015) and [El Housni and Goyal (2020) give a thorough analysis of the

worst-case optimality gap of static and linear decision rules for two-stage robust linear optimization

problems with a fixed recourse and right-hand-side uncertainty. Xu and Burer| (2018) propose an

SDP relaxation of two-stage robust linear optimization problems with right-hand-side uncertainty
that is at least as good as linear decision rules.
Besides linear decision rules, more complex decision rules can also be applied to solve (RO

approximately (Chen et al. 2008, |See and Sim|2009 Ben-Tal et al. 2009, Bertsimas et al. 2011).

For instance, quadratic decision rules can be used to approximately solve (RO) if X is ellipsoidal,

which then can be reformulated as a semi-definite programming problem (Ben-Tal et al.|2009).

One can also use |[Zhen et al. (2017)) to establish the optimality of a piecewise affine decision rule for

(ROJ). For example, if X" is a box, there exists a piecewise affine function with only one breakpoint
that is optimal for (RO)), and the techniques proposed in |Gorissen and den Hertog (2013) and
|Ardestani-Jaafari and Delage, (2016) can then be applied to approximate (ROJ). Unfortunately, even

when the structure of optimal decision rules is known, it is often hard to find optimal solutions

due to the computational intractability of such decision rules.

3. Interpretation of linear decision rules for bilinear optimization

In this section, we investigate the relationship between linear decision rules and relaxation tech-
niques. In we first derive the convex reformulation of . The relationship between linear
decision rules for and an existing reformulation-linearization based technique for is
established in §[3.2 We then extend our result to bilinear constrained bilinear problems in

3.1. Relationship with convex relaxation methods

In the following theorem, we construct a convex relaxation of , which is in fact the “dual-best”

problem of the “primal-worst” of static robust problem (ROr) in §2.2].
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THEOREM 1. If the feasible sets X ={x € R™ | f(x) <0} and Y={yeR} | A,y>b,} are
nonempty and compact in , where f:R™ — R™= {s g vector-valued function with element-wise
convex functions in x, A, € R™v>*" and b, € R™v, then the maximum of cotncides with
the minimum of the following convex optimization problem:

min Z Z QijVij

n
€rR. Y v,x . .
YR 1€[ng] j€[ny]

st. f(x)<0, A,y>b,
fper(’)’jayj) <0 j € [n,]

P ((vA), — (by)kx, (Ay — b)) <O kelm,).
Proof. Let us first rewrite (ROq)) into the following maxmin problem:

: T T
max min{ b, 2%+ E b, z,T;
20 {z1}re wex | Y Y
T Ji=

i€[ng]
s.t. min QJT:B;O” — Z (Ay)JTzzl(azj‘m)l — (Ay)szO >0 jen,] :y;
{w§ony 2 ex i€[ny] (3)
min (204 Dz )i p >0 ke[my] -6,
{mzzg}k:yle)( i€[na]

where y; and 6, are the dual variables of the corresponding constraints in . Since has
constraint-wise uncertainty, we use x, ", and x°¥, to distinguish the uncertain parameter x
from different constraints of . Problem is a static robust linear optimization problem,
which can be referred to as the “primal-worst” problem. Beck and Ben-Tal| (2009) show that strong
duality holds if we dualize (3 over 2°, 2}, i € [n,]:

: T .con
min E Y;Q; T

yeR}Y 9cR Y wex

n J€[ny]
{w§on}jilex
{wzig};”:ylex
st. 6=A,y—b, : 2°
(by)kil,‘ — Z yj(Ay)kjiB;(m + Hkazzig =0 k c [my] L2

J€lny]
This resulting problem is the so-called “dual-best” problem. By eliminating 6, and wiig using the

equality constraints, we get:
: T ,.con
T YiQ;
yeR Y xex .
con+ ny J€lmny]
{257}, 2, €x

s.t. A,y>b,

> jeing) Yi(Ay)kxi™ — (by) @
Yy < .
I < (A,y—b,)r <0 ke[m]
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con

<", this problem is in general nonconvex. In

Due to the existence of product of variables, y;x
the following, we convexify this problem via a simple variable substitution technique proposed in
Dantzig (1963) for generalized linear optimization problems. First, we replace the product variable

y; 25" by v;, and obtain:

min Z Q;,
y€R+ ,eeEX, je[ny]
'yeanzX"y
st.  Ayy>b,
Y .
£(2) <0 jeln)
j
f Zje[ny](Ay)kj'Yj — (by)rx <0 kelm,l.
(Ayy —by)i N Y

Since y > 0 and A,y > b,, we finally obtain (CR) by multiplying f (%) with y; and
Yj

f > jeing) Ak Y~ (b)) T
(Ayy-by),
perspective function of a convex function is convex (Rockafellar|[1970), problem is indeed a

with (A,y —b,); in the inequalities for j € [n,] and k € [m,]. Since the

convex optimization problem. O

Note that is a convex relazation of in the sense that for any solution (x,y) feasible
to the latter problem, there exists (x,y,~y) that is a feasible solution to the former problem with
the same objective value. However, the converse is not necessarily true, and so, yields a lower
bound for . Convex relaxations via perspective functions are often used to formulate the exact
convex hull of a union of convex sets, which is then used as a convex relaxation of disjunctive
convex optimization problems (Ceria and Soares||1999) |Stursberg and Panek 2002, Grossmann
and Lee||2003, [Bonami et al. [2015) and mixed integer nonlinear optimization problems (Gunlik
and Linderoth [2010, Hijazi et al.|2012, |Moehle and Boyd| 2015)). Hijazi et al. (2012) shows that
for disjunctive convex optimization problems, convex relaxations via perspective functions are
generally tighter than simply relaxing the discrete variables to continuous ones.

REMARK 3. Note that constitutes a convex relaxation even if X and ) in Theorem |1| are
unbounded, however, the maximum of and the minimum of may no longer coincide.
Thanks to [Zhen et al. (2020c, Lemma 6), Theorem [I| remains valid if X has nonempty relative
interior and there exists a feasible (x,vy, ), where y is in the interior of ). Here, we assume ) has

no implicit equality because such equalities can be efficiently removed from Y (Fukuda [2013).

3.2. Relationship with reformulation-linearization techniques
Reformulation-linearization techniques are well-known for deriving convex relaxation of nonconvex
optimization problems with product of variables. We refer to |Sherali and Liberti (2008) and the

references therein for an overview of the existing reformulation-linearization techniques.
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In the following example, we show that for with polyhedral feasible sets X and ), the result-
ing convex relaxation from Theorem [1| coincides with the relaxation obtained by the reformulation-
linearization technique (RLT-SA) proposed in|Sherali and Alameddine| (1992) for bilinear problems.

EXAMPLE 1. Consider with nonempty polyhedral feasible sets X ={x ¢ R}* | A, >b,}
and Y = {y eRY | Ayy> by}, where A, € Rm=>"= A, € R™*"™ and b, € R"*, b, ¢ R™v. We
apply RLT-SA to derive the linear relaxation of . Firstly, by multiplying the nonnegative

scalars y; and (A,y — b, ), on both side of inequalities > 0 and A,x > b,, we have:

min x' Qu
myT E]R:L_Z Xy

zeR}T yeR*

st. A,z>b,, Ajy>b,
A,zy' >by'
Ayz' >bx’
(A, —b,)(A,y—b,) >0.
Secondly, by replacing all the products of variables xy; in by their linear relaxation ~,; € R"*,
we obtain the following convex relaxation:

min E E Qz‘j%j
ng Xny

TERY i€[ne] j€[ny)

ng ny
mE]R+ ,y€R+

st. A,x>b,, A,y>b,
Ay > by’
A~">ba’
AvA) >by A + A,zb, —byb, .
Alternatively, this linear relaxation is the same as in Theorem i.e., the resulting problem
when linear decision rules are used for with polyhedral feasible sets. It is known (Sherali and
Liberti 2008) that relaxation from RLT-SA is in general tighter than the relaxation of
from McCormick envelopes (McCormick|/1976). O
For polyhedral feasible sets X and ) as defined in Example (1| the variable y in is dualized
first to obtain the two-stage robust reformulation in Alternatively, one can first dualize
over x instead to obtain the following two-stage robust reformulation of :
max {7 | JweRY"™ :7<b w(y), Al w(y) <Qy YyeV}. (RD)

Note that (RD]) can also be obtained by applying the consecutive dualization to (RO)|) using Bertsi-
mas and de Ruiter| (2016, Theorem 1). Similarly as in the proof of Theorem |1} after imposing linear

decision rules to w, one can derive the corresponding convex relaxation of (RD)). It can be verified
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that the obtained convex relaxation is again . Hence, we recover |[Bertsimas and de Ruiter| (2016,
Theorem 2), where the authors show that solving two-stage robust linear optimization problems
and their equivalent dual reformulations via linear decision rules obtain the same optimal value.
In this subsection, we show that one can also derive from via a reformulation-
linearization based technique. Firstly, by multiplying the nonnegative scalars y; and (A,y —b,)x

on both side of inequalities f(z) <0 in for j € [n,] and k € [m,], we introduce redundant
constraints and :

min x' Qy (6a)
yGJRer,meRiz

st. f(x)<0, A,y>b, (6b)

yif(x) <0 j €[ny] (6¢)

(Ayy - by)kf (m) <0 ke [my] (6d>

Secondly, one can then multiply « with y;/y; and (A,y —b,),/(A,y — b,); in and for
j € [n,] and k € [m,], respectively, and replace all the products of variables zy; in (6) by their
linear relaxation v; € R"*, to obtain . Note that the constraints and are obviously
redundant in @, but may be non-redundant in the relaxed problem (CRJ). This reformulation-
linearization technique (to which we refer by RLT-AD) was first proposed in |Ardestani-Jaafari and
Delage (2019) for two-stage robust linear optimization problems, where the authors use convex
analysis techniques to show that the convex relaxation from RLT-AD for the bilinear reformulation
is at least as good as the approximation from using linear decision rules. Theorem [I| and Remark
provide regularity conditions under which the convex relaxation of using RLT-AD has the
same optimal value as the approximation of using linear decision rules. The established
relationship between RLT-AD and linear decision rules enables us to directly apply existing results
from two-stage robust optimization to investigate bilinear problems.

REMARK 4. The results of Bertsimas and Goyal (2012), [Bertsimas and Bidkhori| (2015) and
El Housni and Goyal| (2020) on the worst-case optimality gap of linear decision rules can be directly
applied to evaluate the performance of RLT-AD due to the equivalence between linear decision
rules and RLT-AD.

REMARK 5. For some special structured uncertainty sets for two-stage robust linear optimiza-
tion problems, |Chen et al. (2008), |Chen and Zhang| (2009)), Bertsimas et al.| (2019), and de Ruiter

and Ben-Tal (2017)) propose to consider a lifted uncertainty set by introducing auxiliary variables
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and redundant constraints, and solve two-stage robust linear optimization problems using seg-
regated/extended /enhanced linear decision rules. For example, consider (RO|) with an ellipsoidal
uncertainty set X = {« | || Lz||> < p}, which can be simply lifted into (de Ruiter and Ben-Tal|2017)):

X = {(m,n,v)

|Lz| <k, K <v;, 1Tv<p, ie[mgﬂ]},

where L € R™**™= The numerical experiments in the existing literature suggest significant improve-
ments can be achieved by using lifted linear decision rules z(x, k,v) € L= T?™=™y for two-stage
robust optimization problems. These existing lifting techniques can be readily adopted by RLT-
AD, i.e., the same improvements can be achieved by directly applying RLT-AD to with the
lifted feasible set X'. Since these lifting techniques only work for special structured sets, we will not
consider them in the numerical experiments.

REMARK 6. Note that the number of constraints in is much larger than in the original
. One practical yet effective way of solving is to use an iterative constraint generation
method, that is, first solve a relaxed with only a subset of constraints, and check whether the
obtained solution violates remaining constraints, then, only add (some of) the violating constraints
to the problem and solve it. One can repeat this procedure until there is no violating constraint,

in which case the obtained solution is optimal for (CR)).

3.3. Extension to bilinear constrained bilinear optimization

In this section, we extend RLT-AD to derive convex relaxation for generic bilinear problems with
bilinear constraints and non-polyhedral feasible regions, and relate the obtained convex relaxation
to the approximation from using a hybrid of static and linear decision rules.

Consider a generalization of with bilinear constraints and non-polyhedral feasible regions:

i To®
wip =’ Q"y

n
Y
y€R+

st. A,y>b,, g(y) <0 (GBO)

2" QYy >, teT),

where X ={x e R}* | A,z >b,, f(x) <0}, A, e R™=>"= b, e R, A € R™v*™ b, € R™,
QY e R=*m for t =0,...,T, and f:R"™ = R™ and g:R™ — R™ are vector-valued functions
with element-wise nonlinear convex functions in @ and y, respectively. A plethora of problems

can be written into the form of (GBOJ). Note that in (GBO)), the feasible regions of  and y are
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neither polyhedral nor disjoint, hence Theorem |1| cannot be applied. Similarly as for @, one can

analogously apply RLT-AD to obtain the following convex relaxation:

Ng
PED 9) 9
RT XNy

YER i=1 j=1
m€R+‘C yER+y

st. A,z >b,, f(x)<0, f*(v,,y,)<0 Jj€[n,]
Ay >b,, g(y) <0, g°" (v, 2;)<0 i € [n,]
A vA) > by A + A,xb, —b,b,
e ((7A;)k - (by)kma (Ayy - b ) ke [my]
gper((Aﬂ) — (b )iy, (A, —b,)) <0 L€ [m,]
ZZQ” ’71J>Ct tE[TL

i=1 j=1
where the vectors v, € R and v,; € R™ are the i-th row vector and j-th column vector of the
matrix v € R™* " respectively.

In the remainder of this section, we relate the obtained convex relaxation of to the
approximation of the two-stage reformulation of from a hybrid of static and linear decision
rules. To this end, we first reformulate (GBO)) into a two-stage robust nonlinear problem with

non-fixed recourse.

ProposITION 2. If (GBO)|) admits a Slater point, then (GBO)|) has the same optimal value as:

K
JzeR r<b]z(@) — S (g (@), Me(@)) + ¢ ule)
max {7 Ju€ER™ : k=1 Ve X
T ElA & R:L_hmy ’ - o T T . T K
o}, Ry Ay 2(@) - QY a4 ) w(2)QY z<) wi(w)
(GROY)

Proof.  We first reformulate (GBOJ) into a robust optimization problem with bilinear uncer-
tainty:

Ay >b, CE
max {7 | 7<x'Qy VxcX,y>0: g(y)<0 A {o i, o (7)
T 2 QYy>c¢, te[l] :u

We then fix £ € X', and dualize the semi-infite constraint over y using standard robust optimization
techniques (Ben-Tal et al|[2015), and obtain (GROY). By strong duality for convex optimization
problems, which applies because admits a Slater point and the embedded minimization
problem in the constraint of is convex in y for any fixed € X', the optimal values of
and indeed coincide. g
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The two-stage robust nonlinear reformulation has a non-fixed recourse and the con-
straints are nonlinear in the wait-and-see decision variables. Imposing linear decisions to all the
wait-and-see decision variables (z,u, X, {y, }x) leads to a nonconvex optimization problem. In order
to obtain a convex approximation, we propose to use a hybrid of static and linear decision rules,
i.e., we impose linear decision rules to z and static decision rules to (u, A, {y,}+), and obtain:

K

Jze L™ 7<) 2 )P (v, ) +e’u Ve eX
Ju>0 - Zl
max 3T ga>0 :
o0, AT - @Y 513 @Y e <> n vaex
t=1 k=1
or equivalently,
K )
T<b, 2"+ Z b;zﬁwi—Z(g )P (v, M) + ¢ u Ve e X
1€ [ng] k=1
K
max T T_0 T 1 (0) O . (GROY,
7,20 {z1}nz A z + z A Z; i — Q x+ZUQ Z'Uk Ve e X ( H)
uA>0 1€ [ng] k=1
{”k}kzl Z —+ Z Ziwizo V:BGX
\ 1€ [ng]

/

We now show that (GROY}) can be interpreted as a partial RLT-AD relaxation of (GBO).

COROLLARY 1. If (GBO|) admits a Slater point and X is compact, then (GROy) can be refor-

mulated as the following convex optimization problem:

ng Ny
IIT}iI;(ln Z Z QE?)’%]
veR ST oy =1
zeR’? yer Y
s.t. Axm 2 bz7 f(m) S 07 fper(’Yjayj) S 0 ] € [ny}

Ayy>b,, g(y)<0
T T T T
AvA, > bzyTAy +A,zb, —b,b,

fper(( T)k_(by)k:B?(Ayy_by)k) <0 k€ [m,]

iZQ%j > ¢ te[T].

i=1 j=1
Proof. It follows from the proof of Theorem that by dualizing (GROY) over
(2 {2z} u, A {v, } ) and eliminating 7, we obtain (GCRY)). It follows from [Beck and Ben-Tal
(2009) that the optimal values of (GROYy)|) and (GCRY) coincide because & is compact, and (GROY})

is convex in (z 0 {zl LU, {’Uk}kK:1)- -
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Note that (GCRY) is indeed a partial RLT-AD relaxation of (GBO)), because the only difference
between (GCRJ) and (GCRY;) is that the constraints in (GCR)):

" (v, x) <0 i € [ng]

g ((A:c’Y)l —(ba)1y, (A — b,);) <0 I € [m,],

are not considered in , which implies the convex relaxation is at least as tight
as (GCR]) (and (GROY)) for (GBO).

REMARK 7. In Proposition [2| we dualize y in @ to obtain the two-stage reformulation .
One can analogously derive the corresponding (GRP*) by dualizing « in . It then follows from
Corollary |1| that if admits a Slater point and Y is compact, where Y = {y e R}* | A,y >
b,, g(y) <0}, then the corresponding (GRPY;) can be reformulated as

ng Ny
: (0)
min E E Y
ng Xny Ql] /y”
YER Y i=1 j=1

n
mER:_I ,y€R+y

st. A,x>b,, f(x)<O0
Ayy>by, g(y) <0, g°" (v, 2,)<0 i n,]
A~v>by', Ay >bx’ (GCR%)
A vA, >by" A) + A,xb, —b,b,

g ((Az7)l - (bm)lya (Azm - bz>l) <0 le [mm]

ng Ny

ZZQE?%;’ > C te[T].

i=1 j=1

Similarly, the convex relaxation (GCRY) is a partial RLT-AD relaxation of (GBO|) because the

constraints

P (v5,0;) <0 J € [ny]

fper ((7A;)k_(by)km’(Ayy_by)k) <0 ke [my]v

are not considered in (GCRZ|), which implies the convex relaxation (GCRJ) is at least as tight
as (GCRY) (and (GRPY)) for (GBO).

4. Solution methods
In we construct a progressive approximation scheme for . We then consider an existing
exact reformulation for in Finally, in we introduce a new solution scheme based

on the discussed techniques.
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4.1. A progressive approximation scheme
We first show that if « is a rank-one matrix, where (x,,y,,y) denotes an optimal solution for ,
then one can use (xg,¥y,,7y) to construct an optimal solution for .

PROPOSITION 3. If v is a rank-one matriz, where (o, y,,7y) is an optimal solution for (CR)),
then (v;/40j,Yo), where j € [ny], yo; #0, constitutes an optimal solution for (BO).

Proof. Since 7 is a rank-one matrix, there exists a vector x*, such that v =x*y, . Let =* = X5

Y05
for j € [n,],yo; # 0. Note that since (z,y,,~) is feasible (and optimal) for (CR]), we have (z*,y,)
is feasible for , and obtains the same optimal value as (xg,y,,y) for . O

Proposition asserts that if the obtained = from solving is rank-one, then (xg,vy,)
solves . However, v may not be rank-one in general. We then propose to adopt the approach
of Hadjiyiannis et al.| (2011)) to efficiently compute effective candidate solutions for . In Had-
jiyiannis et al.| (2011), the authors propose to use binding scenarios to progressively approximate
two-stage robust linear optimization problems. This method takes scenarios that are binding for the
problem solved with linear decision rules, hoping that this set of binding scenarios is also binding

for the optimal decision rule. We propose to construct a finite set of candidate feasible solutions

for from the optimal solution (x¢,y,,7y) of :

l lf ij > O, .
X ={xzy,xy,....,x,,}, where x;= ¢ Yoj for all je[n,], (8)

Lo if Yo; = 07

and -y, is the j-th column of v € R"=*"v. Note that XCcx by construction, and each candidate
solution «; in X, j € [n,] U{0}, can be interpreted as a binding scenario for (RO4).

One can observe that for any given € X', the optimal y can be obtained by solving the following
linear optimization problem:

min z'Qy.
yey

Thus, if we know the optimal x* for , then the optimal y* can be readily obtained. The set
X constructed in does not necessarily contain *. Nevertheless, any candidate solution x; in
X, J € [n,]U{0}, can be used to efficiently compute an upper bound on the optimal value of
by solving the following linear optimization problem:

Y= arger;lin w;rQy (E\C/)y)
y

Indeed, since x; € X and y); € Y by construction, the optimal value a:;rQy; provides an upper

bound for . By leveraging a mountain climbing procedure from global optimization (e.g., see,
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Nahapetyan (2008)), one can solve the following linear optimization problem with g’ obtained

from :

T = argergin z' Qy) (BO,)

to obtain a possibly tighter upper bound (az})TQy; for (BOJ). Then, solving 1@) with the fixed 2
again gives a possibly tighter upper bound (w;)TQy;’ for . We perform the mountain climbing
procedure for every candidate solution in X.In Algorithm we summarize the described mountain

climbing procedure to improve the upper bound obtained from the candidate solutions.

Algorithm 1 Mountain climbing for candidate solutions (g, y,,",€)
1: Output: (z*,y*, Ub,Lb)

2: procedure COMPUTING A TIGHTER UPPER BOUND

3: X < set of candidate solutions constructed as in

4: T* g, Y* <+ Yy, Ub ) Qy,, Lb Zig[%] ng[ny] QijYij
5: if Ub—Lb > € then

6: for z € X do

T: A1

8: while A >0 do

9: Yy < solve with fixed
10: Ub, + 2" Qy
11: x <+ solve with fixed y
12: Ub, +x"Qy
13: A < Ub, —Ub,
14: endwhile
15: if Ub, <Ub then
16: (z*,y*,Ub) < (z,y,Ub,)
17: endif
18: endfor
19: endif

4.2. Mixed binary convex reformulation of
In this subsection, we show that disjoint bilinear optimization problem admits a mixed binary
convex reformulation. By dualizing only with respect to y, we obtain the following min-max

bi-level problem
min max {bjz | Ajz<Q'z, zeR"}, (BiO)
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which can be reformulated as the following mixed binary convex problem

A;z <Q'w, zeRY
min ¢byz | Agy>b, y € R} , (MBC)
zeX Ay—b,<Mv, z<M(1-v), ve{0,1}m™

where M € R, is a sufficiently large number. Problem is a mixed binary convex problem
because X is a general convex set. A similar reformulation for the subproblem in two-stage robust
linear optimization problems with a complete recourse and a polyhedral uncertainty set is proposed
by |Zeng and Zhao| (2013)), which then extended to problems without complete recourse (Ayoub

and Poss [2016, [Simchi-Levi et al.[2019)) and nonlinear two-stage robust problems (de Ruiter et al.

2019).

4.3. Solution method in pseudocode

In the case that the minimum of is strictly smaller than the tightest upper bound, then the
obtained solution (x*,y*) may be suboptimal. We propose the following procedure to solve.
We first solve to obtain (xg,¥y,,7). If (o,y,) is not certifiably optimal, we execute Algo-
rithm [I| to obtain a feasible solution (x*,y*), which may associate with a tighter upper bound Ub*
for (BO)). If Ub" coincides with the optimal value of (CR]), then (z*,y*) is an optimal solution
of . Otherwise, we propose to solve the exact mixed integer reformulation of
using (x*,y*) as a warm-start. To restrict the feasible region of , we introduce an additional

lower bound constraint

b;zZ Z Z Qijvij- 9)

i€[nz] jEny]
This additional lower bound constraint can be introduced without affecting the optimal solution
of . The effectiveness of considering such a constraint in is evaluated in

Algorithm [2| provides the pseudocode of the proposed solution scheme. Whenever the solutions
in lines 9 and 11 of Algorithm [I] are not unique, the ones obtained under the default setting of the
solver are used. In what follows, we refer to our solution method by “R4B”, which stands for the
developed robust optimization technique for bilinear problems.

REMARK 8. Instead of solving the mixed binary convex problem , one can preprocess the
corresponding by eliminating some of the wait-and-see variables via Fourier-Motzkin elim-
ination, and then solve the corresponding to obtain additional candidate solutions. If none
of the candidate solution is certifiably optimal, this procedure can be repeated until the optimal
solution is obtained. As more wait-and-see variables are eliminated, the problem becomes larger,
and the lower bound from becomes tighter. At the same time, by evaluating more candidate
solutions, the upper bound from Algorithm [1| also becomes tighter. Finally, if all the wait-and-see

variables are eliminated, one can solve the resulting static robust optimization problem (if not
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Algorithm 2 R4B with a given tolerance error e

1: Output: (z*,y*)

2: procedure SOLVING THE BILINEAR PROBLEM

3: (o, Yy,7y) < solve

4: (x*,y*,Ub,Lb) « execute Algorithm |1| with input (xq,y,,7,€)
5: if Ub —Lb > € then

6: (x*,y*) + solve (MBC)) with initial solution (*,y*) and the additional constraint (9]
7 endif

too large) to find the optimal solution. Therefore, Fourier-Motzkin elimination provides a finite
procedure that guarantees the optimality. Despite its simplicity and appealing theoretical proper-
ties, Fourier-Motzkin elimination does not perform well numerically for the considered problems.

Therefore, we relegate the detailed discussion in Appendix [B]

5. Numerical experiments

In this section, we provide numerical experiments to evaluate the efficiency and effectiveness of the
proposed method. In order to compare the proposed method with off-the-shelf solvers, we first con-
sider disjoint bilinear optimization problems with polytopal feasible sets. In particular, we conduct
numerical experiments on constrained bimatrix games in Section and randomly generated
disjoint bilinear problems in Section In Section we consider convex maximization prob-
lems, where the objective function is convex piece-wise linear and the feasible set is convex (we

consider both polytopal and non-polytopal feasible sets).

5.1. Disjoint bilinear problems with polytopal feasible sets
We compare the performance of different methods on finding a Nash equilibrium of randomly
generated constrainted bimatrix games and solving disjoint bilinear instances. The experiments
were carried out on an Intel i5-7300U 2.60GHz Windows computer with 8GB of RAM. We used
YALMIP (Lofberg (2004)) to pass the semi-definite optimization problems to MOSEK 9.2.27
(MOSEK ApS| (2017))), and Linear Optimization problems to Gurobi 9.1.0. We programmed R4B
in MATLAB R2020b. We compare R4B with three nonconvex quadratic optimization solvers: IBM
ILOG CPLEX Optimization Studio V20.1.0 (we refer to it as CPLEX from now on), Gurobi 9.1.0,
and SCIP 7.0.0 (Maher et al.| (2017)). To apply CPLEX and SCIP, we use Julia 1.5.3 with JuMP
0.21.5. To have a fair comparison, we only report the running time of the solvers, and do not take
into account the modeling time and the time used to pass the problems to the solvers.

In our numerical experiments, the methods are terminated if one of the following two criteria

is met: the difference between the generated lower and upper bounds is less than the prescribed



Zhen et al.: Disjoint Bilinear Optimization: A Two-stage Robust Optimization Perspective
20 Article submitted to ; manuscript no. (Please, provide the manuscript number!)

tolerance error (e =107*), or the running time exceeds the time limit. The best solution obtained

before termination is reported.

5.1.1. Nash Equilibrium of Constrained Bimatrix Games A bimatrix game is a two-
player game where each player has a finite set of pure strategies to play. The probability vectors x €
R™ and y € R™ represent the mixed strategies of Player I and II, respectively. Let A,, A, € R"=*"v
be the payoff matrices of Player I and II, respectively. [Mangasarian and Stone, (1964)) show that
a Nash equilibrium of an unconstrained bimatrix game can be obtained by solving the following

disjoint bilinear problem:

max {wT(Aw—i-Ay)y—bl. —b, (10)

nx ny
wGRJr ,y€R+
by by ER

Ajz<bl,1Tz=1["

The optimal value of is always zero and the optimal & and y is a Nash equilibrium with
payoffs b, and b, for Player I and II, respectively.

Unconstrained bimatrix games have been studied extensively in the literature. For small-sized
games, an algorithm proposed by|Avis et al.| (2010) (Online solver available at http://banach.1se.
ac.uk) can find all the Nash equilibriums. Since the algorithm uses an enumeration technique to find
the equilibriums, it is not applicable to large games. Probably the most well-known algorithm for
unconstrained bimatrix games was proposed by |Lemke and Howson| (1964), which uses a pivoting
algorithm to find a set of Nash equilibriums. As shown in (Chen and Deng| (2006)), there is currently
no polynomial-time algorithm to find an equilibrium of a bimatrix game in general. Therefore,
there are many approximations proposed to find an equilibrium of a bimatrix game. |Ahmadi
and Zhang] (2019)) recently propose an alternative bilinear reformulation for bimatrix games, and
provide semidefinite relaxations for the proposed reformulation. In Appendix [C] we compare the
performance of five algorithms on randomly generated unconstrained bimatrix games with the
payoff matrices of size 20 x 20. For larger-sized games, we have the same observations. The appendix
shows that both Lemke-Howson algorithm (denoted by LH) and R4B outperform SDP (Ahmadi
and Zhang 2019, Algorithm 1), SCIP, Gurobi, and CPLEX for every instance.

Despite the remarkable performance of the Lemke-Howson algorithm for the moderate-sized
unconstrained bimatrix games, it cannot be applied to constrained bimatrix games, where only
specific types of strategies for players are acceptable. It is often more appealing to have a Nash
equilibrium with mixed strategies, which can be obtained by introducing constraints, e.g., a] x <
d, and a;y <d,, to unconstrained bimatrix games (Firouzbakht et al. 2016). The optimal
solution of the following disjoint bilinear problem gives a Nash equilibrium with mixed strategies:
Ay <bl+a,v, 1'y=1a,y<d, }

T T
A, x<blta,n, 1 xz=1 a x<d,

(11)

-

max x (A, +A)y—v,d, —v,d,—b,—b,
mERTE ,yeRer

bg by ER,vg vy ER L


http://banach.lse.ac.uk
http://banach.lse.ac.uk

Zhen et al.: Disjoint Bilinear Optimization: A Two-stage Robust Optimization Perspective
Article submitted to ; manuscript no. (Please, provide the manuscript number!) 21

We emphasize that the optimal value of is zero if there exists an equilibrium that satisfies the
linear constraints. [Firouzbakht et al.| (2016) show that if d, > min;c(,,) a,, and d, > MiNc(n,) Gy, ,

then such an equilibrium exists. Let us first rewrite in the form of . We define

I )
o, 0 0 0 -1 —11Tn 8 (O) 8 8
Q=- 0; 000 0 1| A= 0 o o1l
gTTLy 01 ? (31 _(;Zy OZZ 0 0 0 -1
n - — Uy T
y _—Ay 1ny —1ny a, ()ny_
__ T _ ) ) i )
_ij 8 8 8 8 —dq —d,
A 17—: 0 0 0 O _ 1 _ 1
A= fTLZ 0 0 o 1| LT b
0, 0 0 0 -1 -1 1
—_A;: 1nx _1nx a, Onx_ _Ony_ _Onm_

to _
min - z'Qy
T,y
st. A,z>d,, TeRPFM, (12)

where " =[xz, b, b, , v, 7] and T,

-, Tand g =y, b, by, ve )T, by =bF — by, b, =bf — b

> Y
and 7, are auxiliary variables with value 1 to reformulate the linear term in the objective. We com-
pare the performance of SCIP, CPLEX, Gurobi, R4B, and the mixed binary convex optimization
approach by directly solving using Gurobi (denoted by NEypc) on solving 50 randomly
generated constrained bimatrix games with payoff matrices in [0,1]*°**° vectors a,,a, in [0,1]*,
d, € [minie[go] a,,, maX;c3] azi], and d, € [minie[g,o] a,, , Max;e[30] ayi}.

Figure |2 gives the number of instances that are successfully solved by each method within 600
seconds. As one can see, all 50 instances are solved by R4B in less than 200 seconds, while none
of the other methods can solve all instances within the time limit. More specifically, CPLEX and
Gurobi can solve only 5 instances to optimality, and SCIP can solve only 2 instances, while NEypc
solves 13 instances.

It is also important to evaluate the quality of the obtained solutions by each method. As we
mentioned, R4B can solve all instances implying that the obtained solutions are optimal. CPLEX
is able to find an optimal solution for each instance, though, it has difficulty in verifying the

optimality of the obtained solution. For Gurobi and SCIP, optimal solutions are obtained for 18

and 2 instances, respectively.
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Figure 1 Performance of different solvers on solving randomly generated constrained bimatrix games.

5.1.2. Randomly generated bilinear instances The considered instances for in
often have dense payoff matrices A, and A,, which lead to dense disjoint bilinear problems. In this
section, we consider instances with diverse structures and evaluate the performance of different
solution methods.

To construct the randomly generated instances, we vary n, and n, in {50,100} to investigate
the effect of dimension in the performances of the methods. Moreover, we also generate instances
with different number of constraints, and consider m, and m, to take a value in {20,300}. Since
the density of the matrices may also affect the performance of the considered solution methods, we
consider two density values, 30% and 80%, for both the coefficient matrices A, and A, as well as
Q in the objective function. Let us denote by d4 the density of A, and A,, and by dy the density
of Q. For given values of n,, n,, m,, m,, do, and d4, we randomly generate 5 instances (following
the steps taken by Alarie et al. (2001))) as follows: we generate sparse uniformly distributed random
matrix Q € [—20,20]"**™v with density dg. Similarly, we generate sparse uniformly distributed ran-
dom matrices A, € [1,41]™**"= and A, € [1,41]™*™ with density d4. We also generate uniformly
distributed right-hand-side vectors b, € [—10,10]™* and b, € [—10,10]™v. We remove the rows of
A, and A, containing only zeros and the corresponding values in b, and b,. So, the actual density
of A, and A, may be higher than d,. To make sure that the feasible region is bounded, we also add
the constraints Y., z; <n, and >_.*, y; <n,. We only generate instances whose feasible regions
are nonempty, checked by minimizing a random linear objective function over the feasible region.

We solve these 320 instances with R4B, CPLEX, Gurobi, and SCIP. We set the time limit of

1200 seconds on all methods. Figure [2] shows the number of solved instances as time progresses.
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Figure 2 Performance of different methods on solving randomly generated bilinear instances.

Similar to the results for constrained bimatrix games, R4B can solve all 320 bilinear instances
to optimality within 300 seconds. Gurobi is the second best method, as it can solve 296 instances
to optimality. In comparison with R4B, Gurobi can solve around 100 instances slightly faster but
has difficulty solving the large instances within the time limit. For these 24 instances, Gurobi can
find an optimal solution but cannot prove the optimality within the time limit.

On the other hand, CPLEX and SCIP have difficulties in solving most of the instances. CPLEX
can solve only 37 of these instances. Among the remaining 282 instances, CPLEX can find an
optimal solution of 148 instances, but has difficulty proving the optimality. For 116 instances,
CPLEX reports an optimality gap of less than 10% and for the other 18 instances the optimality
gap can go up to 94%. We remark that for one instance, CPLEX V20.1.0 and V12.10.0 report
infeasibility while CPLEX V12.9.0 is able to find an optimal solution (see here for more information
on the bug report). SCIP seems to have difficulties even in finding good solutions for almost all
instances. Except for one instance, where the optimality gap is 5%, the solutions obtained by SCIP
has more than 100% optimality gap.

As we consider diverse structures in constructing instances, we also report the average perfor-
mance of each method on the instances with the same structure in Appendix [D] Based on these
results, we see that CPLEX can deal with rather small instances where @) is sparse. Gurobi seems
to have difficulties when the number of constraints is large with sparse coefficient matrix. One
reason behind this computational difficulty may be Gurobi’s use of RLT, which provides a looser
relaxation if we have a sparser coefficient matrix. For R4B, the number of rows in A,, which cor-

responds to the number of binary variables in the reformulation (MBC]), affects the performance
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significantly. The more rows we have in A,, the more binary variables we have in (MBC]), hence
the longer it gets to solve the problem.

5.2. Convex maximization problem

Many convex maximization problems can be equivalently reformulated into a special case of .
More specifically, if f:R"* — [—o0,+00] is a proper closed convex function, then the following
convex maximization problem

max f(x) (CM)

reEX
has the same optimal value as the disjoint bilinear problem
: T
min T—x 'y, (13)

TEX
(y,7)EY

where Y = {(y,7) e R"=* | y edom(f*), f*(y) <7} is a nonempty convex set, because f = f**.
Note that if X or Y in is a polyhedral set, then is an instance of with a polyhedral
feasible region, and R4B can be applied.

In this section, we focus on the following generic sum-of-max-linear-terms maximization problem

T
max Y max{Qz+c}, (14)
kek
or equivalently
T T
I;lea/%( T Qy~|—c Y, (15)
yey

where Q € R"*" ¢ € R™, [n,] is the union of the mutually disjoint sets Jx,k € K and Y =
{y eR’ | Zjejk y;=1, ke IC}. We consider two cases of X, those are, X = X} and X = X,, where

log (Z exp(%)) < F} :

i€ng
and A, € R"=*L b, cRL and I is a positive scalar.

The experiments are conducted on an Intel Core i7-8665U 1.90GHz Windows computer with
32.0GB of RAM. Computations are implemented in MATLAB (R2020a) using YALMIP (Lofberg
2004)) and the solvers Gurobi 9.1.1 and MOSEK 9.2.27. All instances with X = X} in are
solved with Gurobi, while for X = X,, we use MOSEK instead, because the considered optimization
problems involve exponential cones.

For X = &7, we generate 13 problem instances using the same numerical setting as in Selvi et al.

(2020)); see Appendix [F|for more details. We compare the performance of R4B with two alternative
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approaches, those are, the recent adjustable robust approach from [Selvi et al.[ (2020) and the exact

mixed binary convex optimization approach, given by

szQij—i—cj—i—M(l—vj), JETkeEK

max ¢ z'1 Z v =1 , (MBCO)
e i€k
ve{0,1}"

where is obtained by introducing auxiliary variables for every max-term in , ie.,
2, = MaXjeyg, {Q;w—i—cj}, and M € R, is a sufficiently large number. For R4B, we consider
(MBCO) instead of , since it involves less optimization variables. Moreover, we compare
the performance of R4B with partial R4B, that is, Algorithm [2| excluding steps 5 - 7. For X = A},
for each instance we add a geometric constraint. We compare the performance of R4B only with
partial R4B and in MOSEK, since the method of Selvi et al.| (2020) is only able to deal
with polyhedral feasible regions, and hence not for X,. Since MOSEK does not support warm-
starts for conic problems, we do not consider warm-starts for (MBCO) in R4B. Therefore, we solve
(MBCO) in R4B only with the additional upper bound constraint obtained from (CR)), to restrict
the feasible region. We describe the convex relaxation of in more detail in Appendix [k} The
lower bounds (Lb), optimality gap (Gap), and the computation time (Time) of the considered
approaches for X = & and X = &, are given in Table [I| and Table [2| respectively, where we set a
limit of 1000 seconds on the computation time of R4B, Gurobi, and MOSEK.

Table [I] shows that R4B yields a global optimum for instances 1, 2, 3, 7, and 8. Gurobi yields a
global optimum for instances 1, 2, 3, 7, and 11. For the instances 1, 2, and 7, R4B finds the global
optimum faster than Gurobi, whereas for instance 3, Gurobi has a better computation time than
R4B. Opposed to R4B, Gurobi does not find a global optimum for instance 8 but does find a global
optimum for instance 11. Although including an additional upper bound constraint from
can help to restrict the feasible region of (MBCO), it may be surprising that by considering such
a constraint, R4B can no longer solve instance 11 within 1000 seconds. We observe that if this
additional upper bound constraint is ignored, R4B finds a global optimum for instance 11 in 40.35
seconds. For the remaining instances, the gaps obtained by Gurobi are larger than those obtained
by R4B. Moreover, we observe that the gap of Gurobi beyond 1000 seconds does not rapidly
converge to the level of the gap of R4B. For example, increasing the computation time of Gurobi
from 1000 seconds to 2000 seconds for instance 12 only improves the gap by 6.04%.

Our proposed R4B improves the gap obtained from Partial R4B only for instance 3, for which
R4B even yields a global optimum. The upper bounds from Partial R4B indeed coincide with
the approach from [Selvi et al.| (2020) as shown in Theorem [l} while Algorithm [1| consistently

outperforms the lower bounding scheme of the approach from |Selvi et al.| (2020), as can be seen in



Zhen et al.: Disjoint Bilinear Optimization: A Two-stage Robust Optimization Perspective

26 Article submitted to ; manuscript no. (Please, provide the manuscript number!)

Instance R4B Gurobi

Lb Gap Time Lb Gap  Time
#1 23.29 0.00 0.07 23.29 0.00 0.10
#2 233.94 0.00 0.08 233.94  0.00 0.20
#3 1081.62 0.00 5.02 1081.62  0.00 2.76
#4 4117.40 9.27 1000%* 4117.40 9.77  1000*
#5 23034.21 21.30 1000*  23034.21 31.03 1000*
#6 65163.02 28.09 1000*  65126.90 44.76 1000*
#7 113.71  0.00 0.11 113.71 0.00 0.16
#8 3052.92  0.00 0.99 2949.84 71.90 1000*
#9 2783.46  3.99 1000* 2292.51 275.97 1000*
#10 3119.30  6.55 1000* 2892.73 600.43 1000*
#11 3002.49 0.98 1000%* 3002.43 0.00  36.06
#12 3349.04 3.08 1000%* 3182.70 23.54 1000*
#13 17124.53 2.59 1000*  15694.33 470.36 1000*

Partial R4B Selvi et al.|(2020) Gurobi Restricted

Lb Gap Time Lb Gap  Time Lb Gap
#1 23.29 0.00 0.07 23.29 0.00 0.16 23.29 0.00
#2 233.94 0.00 0.08 233.94 0.00 0.17 233.94 29.35
#3 1081.62 8.12 1.17 1025.68 14.01 0.40 1081.62 18.13
#4 411740 9.27  1.66 3923.70 14.66 0.93 4117.40 47.45
#5 23034.21 21.30 25.38 21520.68 29.83 18.89 22744.06 93.76
#6 65163.02 28.09 212.29 61866.91 34.91 134.97  65028.82 47.07
#7 113.71  0.00 0.11 108.21 5.08 0.20 113.71 209.94
#8 3052.92  0.00 0.99 2976.29  2.57 4.55 2001.14  24389.54
#9 2783.46 3.99 15.74 2418.38 19.69 154.57 2289.09 767.66
#10 3119.30 6.55 61.98 2759.03 20.46 1279.51  2766.74 917.18
#11 3002.43 098 1.73 2921.97  3.76 0.93 3002.43 201.34
#12 3348.99 3.08 2.71 3337.12  3.45 2.05 2825.63  1102.75
#13 1712453 2.59  8.05 16953.85 3.62  57.25 14132.75  1462.88

Tablel  Comparison of R4B with Gurobi, partial R4B and the approach of Selvi et al.| (2020) for X = X;.
Gurobi Restricted reports the obtained lower bound within the same computation time as Partial R4B. Lb
denotes the obtained lower bounds, Gap denotes the optimality gaps, and Time denotes the computation time of
the considered approaches. We set a time limit of 1000 seconds on the computation time for R4B and Gurobi, so

if the computation time is 1000*, the global optimum cannot be found within 1000 seconds.

Table [1]. Therefore, the gaps obtained from Partial R4B are at least as tight as the ones from the
approach of [Selvi et al.| (2020]). Moreover, the approach of |Selvi et al. (2020) only finds a global
optimum for instances 1 and 2, while Partial R4B finds a global optimum for instances 1, 2, 7, and
8. We emphasize that the lower bounds we report for the approach from [Selvi et al. (2020) may
differ from the lower bounds reported by |Selvi et al. (2020) due to the usage of different solvers.
Moreover, we observe high computation times of the approach of |Selvi et al. (2020) for instances
9, 10, and 13, while if MOSEK is used instead, then the corresponding computation times are 5.55
(2660.62), 25.09 (2939.68), and 4.24 (16953.85), respectively. Given the same computation time as
Partial R4B, Gurobi (Gurobi Restricted) finds the global optimum for instances 1, 2, and 7, but

not for instance 8. For the remaining instances, the gaps and lower bounds obtained by Partial
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Instance R4B* MOSEK

Lb Gap Time Lb Gap Time
#1 14.58 0.00 0.22 14.58 0.00 0.14
#2 136.22  0.77 1000%* 136.22 1099.67 1000%*
#3 837.94 11.06 1000* 833.84 516.36 1000*
#4 3148.34 11.55 1000%* 2881.00 5503.18 1000*
#5 17726.70 29.48 1000*  16377.75 1625.51 1000%*
#6 50570.13 37.46 1000*  48972.70 9704.33 1000%*
#7 33.73 0.00 1.70 33.73 0.00 0.48
#8 1056.83 25.56 1000* 1059.75  45151.97  1000*
#9 1548.11 56.19 1000* 1203.11 39788.34  1000*
#10 1017.22 36.52 1000* 996.39 58114.76  1000*
#11 1596.50 14.11 1000* 1610.69 2759.7 1000*
#12 1908.03 11.25 1000* 1915.56 4027.14 1000*
#13 11810.92 22.72 1000*  11794.04  41069.58  1000*

Partial R4B MOSEK Restricted

Lb Gap Time Lb Gap
#1 14.58 0.00 0.22 14.58 0.00
#2 136.22  0.77  0.78 116.35 4722.03
#3 837.94 11.06 2.75 715.66 910.25
#4 3148.34 11.55 10.14 2881.00 6133.39
#5 17726.70 29.48 154.88  16377.75 1628.82
#6 50570.13 37.46 975.34 48972.70  9704.35
#7 33.73 7.61 148 33.73 0.00
#8 1056.83 25.56 13.44 1058.42 46190.64
#9 1548.11 56.19 40.71 1484.48 32896.46
#10 1017.22 36.52 203.16 996.39 59081.29
#11 1596.50 14.11 2.81 1588.59 4483.84
#12 1908.03 11.25 5.34 1915.56 5042.82
#13 11810.92 22.72 43.32 11794.04 4191.26

Table 2 Comparison of R4B with Gurobi and Partial R4B for X = X>. Gurobi Restricted reports the obtained
lower bound within the same computation time as Partial R4B. Lb denotes the obtained lower bounds, Gap
denotes the optimality gaps, and Time denotes the computation time of the considered approaches. We set a
time limit of 1000 seconds on the computation time for R4B and Gurobi, so if the computation time is 1000*, the

global optimum cannot be found within 1000 seconds.

R4B are better than the ones found by Gurobi Restricted. Hence, within the same computation
time, Partial R4B performs better than Gurobi.

In Table [2, we consider X = X, and choose the value of I' such that it restricts the feasible
region of X;. Table [2| shows that both R4B and MOSEK find the global optimum for instances 1
and 7. Partial R4B and MOSEK under the same computational effort as Partial R4B (MOSEK
Restricted) only find the global optimum for instance 1. The gap found by R4B within 1000 seconds
is much smaller than the gap found by MOSEK for unsolved instances. By including the upper
bound constraints in (MBCO) in R4B, we observe that the gap is reduced enormously compared
to MOSEK. Moreover, for instances 3, 4, 5, 6, 8, 9, 10, 11, 12, and 13, the lower bounds found by
R4B are better than those found by MOSEK. R4B improves the gap of Partial R4B for instance 7,

while for the remaining instances, the gaps are exactly the same with a much longer computation
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time. Except for instance 1 and 7, the gaps obtained by Partial R4B are much lower than those
found by MOSEK within the same amount of time. Moreover, except for instances 1, 7, and 12,
the lower bounds obtained by Partial R4B are better than the ones obtained by MOSEK under

the same computational effort.

6. Conclusion and future research
In this paper, we investigate disjoint bilinear optimization problems from a two-stage robust opti-
mization perspective. A new way of deriving a reformulation-linearization technique for disjoint
bilinear optimization problems is introduced. We further propose a new algorithm to solve disjoint
bilinear optimization problems, which we call R4B. We compare the numerical performance of
R4B with existing solvers and popular methods, and observe that R4B outperforms the considered
solvers and existing approaches for almost all instances.

One immediate future research direction would be to derive new reformulation-linearization
techniques by considering other decision rules, e.g., quadratic decision rules, for disjoint bilinear

optimization problems with a (non-convex) quadratic feasible set.
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Appendices
A. Bilinear problems with quadratic feasible sets

Consider (BO) with feasible sets X = {zeR™ |z A,z+b,z<c,} and Y =
{y eER™ | yTAy< cy}, where A, € S"=*"e A, €S\ "™, b, €R™ ¢, €R and ¢, € R,. We refer
to of this form as (BQP).

ASSUMPTION 1. The matrices A, and —QA;lQT are simultaneously diagonalizable, i.e., there
exists an orthonormal matrixz S such that:

STA,S =diag(cv,...,an,) and —¢,STQA,'Q"S =diag(dy, ..., 0,), (16)

and there does not exist an i € [n,]| such that §; <0 and o; <0 with at least one strict inequality.

For instance, if A and/or B are positive semidefinite, A, B € S"*", then the two matrices are
simultaneously diagonalizable. We refer to |Golub and van Loan| (1989)) for the existing methods
for simultaneously diagonalizing two matrices.

The following proposition states that (BQP) can be written as a conic quadratic program.
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PROPOSITION 4. If Assumption (1| holds, then the solution (x*,y*), where x* € X and y* € Y,
is optimal for (BQP) if and only if there exists a (v*,u*) that is optimal for the following conic
quadratic optimization problem:

vu

1€ [ng]
s.t. Z (oviu; + Bivi) < ¢ (17)
1€ [ng]

where a;, 6;, 1 € [ng], are as given in (16), ** = Sv*, and y* =

Proof. Let us consider (BQP):

. T
min  x' Qyu.
reEX,yey

By optimizing over y, the problem is equivalent to:

min — cwaQAngTw. (18)

reX

It can be easily verified that «* is optimal for (18]) if and only if «* is optimal for:
. T —1T
min —c,x QA, Q =z (19)

Since the matrices A, and —c,QA, 'Q" are simultaneously diagonalizable, applying Ben-Tal and
den Hertog| (2014, Theorem 3), Problem can be equivalently reformulated as by substi-
tuting ¢ = Sv and 8= S"b, in , where S satisfies , which exists by assumption, and then
replacing v} with its epigraph variable w; for each i € [n,]. O

We would like to remark that a similar result can be derived even if X is an intersection of
a unit ball and a (nonconvex) quadratic constraint (Ben-Tal and den Hertogl [2014), i.e., X =
{cc eER™ | z'x<1, " A,z + bzw < ca,}. Furthermore, one can extend the result of Proposition
to (BQP) with A, € S"*"_ i.e., Y might be non-convex. A necessary and sufficient condition for

simultaneously diagonalizability of two matrices is given in [Jiang and Li (2016).

B. Preprocessing via Fourier-Motzkin Elimination (Zhen et al.[[2017)

One can use Fourier-Motzkin elimination as a preprocessing procedure to eliminate the wait-and-
see variables in two-stage robust optimization problems, and establish guaranteed optimality in
finite number of steps. In this way, problems with few wait-and-see variables can be solved to
optimality. For problems with many wait-and-see variables, one could eliminate a subset of the

wait-and-see variables and then apply linear decision rules to approximate the resulting problems.
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Algorithm 3 Fourier-Motzkin elimination for two-stage robust linear problems.
1: For some [ € [m,], rewrite each constraint in (RP\g) in the form: there exists z € R}*"™",

je[my\ {1}

if A;; #0, divide both sides by A;;. We obtain an equivalent representation of the feasible region
of (RP\g)) involving the following constraints: there exists z € R\*"™,

2(x) <Gz +719+ H/ 2\ (x) VrecX if Ay >0, (20)
GjTa: +7g;+ Hsz\{l}(a:) < z(x) VeeX if A; <O, (21)
0<Grx+T1g+H, 2 n(z) VeeX if Ay =0. (22)

Here, each H;, H;, H; is a vector in R™v~! each g;, ¢;, g is a scalar, and each G;,G,, G}, is
a vector in R"=.
2: After the wait-and-see variable z; is eliminated, the feasible set of (RP\y)) becomes: there exists

Ng,My
ze€R,Y,

G;r.’.lf + Tg; + H;-FZ\{Z}(Q)) < G;FCE +7g9; + H:z\{l}(m) Vee X if Ajl < 0 and Ail > 0, (23)
0<Glxz+7gp+Hz(x) VX if Ay=0. (24)

For simplicity, we consider the following equivalent formulation of (RO|) throughout the rest of

this section:

max {7 | 3zeR""™: Az(x) < B'x+7b VoeX ’s (RPyp)
Al Q'
where A — —byT , B = 0T and b= —e, 1. We use Algorithm |3/ to eliminate z, [ € [m,], in

Yy
(RP\g|). After eliminating the wait-and-see variable z;, let us denote the resulting reformulation of

RP) o
max {T ’ HZ\{I} S Ribmljil : HTZ\{I} (:B) < G'z +7g Vx e X } , (RP\{I})

where H € RUmv=1xm G € R"=*™ and g € R™ are the resulting coefficients of 2\, @ and 7,
respectively. Zhen et al.| (2017, Theorem 2) shows that the more wait-and-see variables are elimi-
nated via Fourier-Motzkin elimination, the better the approximation from decision rules becomes;
if all the wait-and-see variables are eliminated, the resulting equivalent reformulation is a static
robust optimization problem. However, it is well-known that Fourier-Motzkin elimination may pro-
duce many redundant constraints. In order to keep the resulting formulation at its minimal size,

after eliminating a wait-and-see variable via Fourier-Motzkin elimination, we execute an LO-based
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procedure to detect and remove the redundant constraints. We test whether the j-th inequality,

j € [m], in (RP\y;) is implied by the rest via the following problem:

T T
max H.,z—-G,x—Tg,
T,xeX J J

z>0

st. H z<Glz+7g ie[m]\{j},
where H; and G, the i-th column of H and G, and g; is the i-th element of the vector g, i € [m].
Then, the j-th inequality is redundant if the optimal value is less than or equal to 0. By successively
applying this LO-based procedure for each untested inequality against the remaining, one could
efficiently remove the redundant constraints in . We refer to Zhen et al| (2017) for more
details.

REMARK 9. Algorithm (3] often leads to a quadratic increase in the number of inequalities in
with respect to . Dualizing with respect to z would result in a disjoint
bilinear problem with a higher dimensional (dual) y than the y in the original . Therefore,
Algorithm [3| can also be interpreted as a systematic lifting procedure for the decision variable y in
the original . Furthermore, if all z in are eliminated, the resulting (RP\(;,,)) is simply
a static robust optimization problem possibly with many constraints, which can be reformulated

into a convex optimization problem using robust optimization techniques.

C. Numerical experiment on unconstrained bimatrix games

In this appendix, we provide a numerical comparison of six methods in finding a Nash equilibrium
of unconstrained bimatrix games: LH (Lemke and Howson||[1964), R4B, SDP (Ahmadi and Zhang
2019 Algorithm 1), SCIP, CPLEX, and Gurobi. This comparison has been made with applying

the methods to solve 50 randomly generated bimatrix games with payoff matrices in [0, 1]20%2°,

| fval|
| foal+10—4]

where fval is the objective value of the obtained solution. Since we know the optimal value of

To compare the quality of the obtained solutions, we report € = as the optimality gap,
is zero, € indicates how far the solutions are from optimality. Figure |[3| provides us with the
performance of the methods with respect to the termination time and the optimality gap.

As one can see in Figure [3] LH and R4B obtained an optimal solution with optimality guarantee
within less than 0.5 seconds for all 50 randomly generated instances. Among the other four methods,
SDP can obtain optimal solutions for only four instances with optimality guarantees, while the other
three methods have difficulty in either finding an optimal solution or guaranteeing the optimality
of the found solution for all instances. CPLEX obtains optimal solutions for 39 instances without
optimality gaurantee while Gurobi obtains optimal solutions for only 9 instances. SCIP fails to
even obtain a near optimal solution.

To have a better understanding of Figure[3] we report the summary statistics on the termination

time and the optimality gap in Tables and respectively. Considering both quality (the optimality
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Figure 3  Comparison of LH, R4B, SDP, CPLEX, SCIP, and Gurobi with solving 50 randomly generated bimatrix

games. The comparison is done in two different ways: the left figure plots the termination time for the

methods with the time limit of 300 Seconds. The right figure plots the optimality gap of the solutions

found by the methods.

gap) and speed (time of computation), LH and R4B outperform the other four methods in every

instance. Codenotti et al.|(2008]) show that the average computation time of LH grows exponentially

as the size of the games increases. Note that LH is only applicable to unconstrained bimatrix

games.
Table 3 Summary statistics of termination time (in seconds) for 50 randomly generated bimatrix games.

mean | StDev | max min
LH 0.00 0.00 0.00 0.00
R4B 0.23 0.08 0.40 0.04
SDP |280.85| 67.06 | 300.00 | 9.09

CPLEX | 300.00 | 0.00 |300.00 | 300.00

SCIP |300.00| 0.00 |300.00|300.00

Gurobi | 300.00 | 0.00 |300.00 | 300.00

Table 4 Summary statistics of optimality gap ( € in %) for 50 randomly generated bimatrix games. We use

best sol. and optimal sol. to denote the number of the instances that the corresponding solver/solution method

finds the lowest upper bound and solution with optimality guarantee, respectively.

mean | StDev | max | min | best sol. | optimal sol.
LH 0.00 | 0.00 | 0.00 | 0.00 50 50
R4B 0.00 | 0.00 | 0.00 | 0.00 50 50
SDP |69.31| 37.60 |99.22 | 0.00 4 4
CPLEX | 10.95 | 24.81 | 85.59 | 0.00 39 0
SCIP {99.95| 0.01 |99.96 | 99.91 0 0
Gurobi | 67.40 | 40.03 | 99.28 | 0.00 9 0
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D. Results on randomly generated bilinear problems

R4B Gurobi CPLEX SCIP
Mo | My | Mo | My | do | da mean | st. dev. | mean st. dev. | mean st. dev. | mean st. dev.
03 0.3 | 0.65 0.09 0.97 0.24 139.82 | 16.09 1200.00 | 0.00
20 0.8 | 0.62 0.10 0.76 0.15 143.14 | 54.93 1200.00 | 0.00
0.8 0.3 | 0.60 0.13 3.37 1.34 1200.00 | 0.00 1200.00 | 0.00
2 0.8 [ 0.50 0.05 1.62 0.65 1200.00 | 0.00 1200.00 | 0.00
03 0.3137.29 |4.55 2.30 0.56 398.12 | 89.69 1200.00 | 0.00
300 0.8 | 25.50 | 6.53 1.33 0.27 188.22 114.41 | 1200.00 | 0.00
08 0.3]32.53 |5.10 20.31 7.97 1200.00 | 0.00 1200.00 | 0.00
50 0.8 | 27.67 | 2.27 4.76 2.68 1200.00 | 0.00 1200.00 | 0.00
03 0.3 1]3.33 0.55 3.53 1.40 352.64 | 65.74 1200.00 | 0.00
20 ~10.813.07 2.11 1.77 0.63 213.35 | 35.84 1200.00 | 0.00
08 0.3]1.76 0.87 15.35 5.06 1200.00 | 0.00 1200.00 | 0.00
300 0.8 1 1.92 2.02 4.02 1.06 1200.00 | 0.00 1200.00 | 0.00
03 0.3129.86 |5.13 958.26 | 482.93 | 1060.48 | 178.89 | 1200.00 | 0.00
300 0.8 |34.20 |2.14 11.67 9.56 632.57 | 367.41 | 1200.00 | 0.00
08 0.31]27.32 |2.99 1068.16 | 294.80 | 1200.00 | 0.00 1200.00 | 0.00
50 7 10.8 ] 30.66 1.36 44.28 35.01 1200.00 | 0.00 1200.00 | 0.00
03 0.3 ]0.92 0.04 2.41 0.93 1200.00 | 0.00 1200.00 | 0.00
2 0.8 1.05 0.09 1.40 0.40 1200.00 | 0.00 1200.00 | 0.00
08 0.3 | 1.00 0.09 9.53 7.57 1200.00 | 0.00 1200.00 | 0.00
20 0.8 1 0.95 0.02 3.26 1.62 1200.00 | 0.00 1200.00 | 0.00
03 0.3 | 54.38 | 13.54 14.55 6.50 1200.00 | 0.00 1200.00 | 0.00
300 0.8 | 58.14 | 8.18 4.28 1.91 1200.00 | 0.00 1200.00 | 0.00
08 0.3]65.39 |7.24 37.56 20.40 1200.00 | 0.00 1200.00 | 0.00
100 0.8 | 58.75 | 2.09 9.40 7.24 1200.00 | 0.00 1200.00 | 0.00
0.3 0.3 | 4.89 0.61 12.41 10.00 1200.00 | 0.00 1200.00 | 0.00
20 0.8 | 3.87 3.17 7.96 6.37 1200.00 | 0.00 1200.00 | 0.00
08 0.3 | 5.20 3.39 120.73 | 80.87 1200.00 | 0.00 1200.00 | 0.00
300 0.8 110.95 |9.34 9.26 3.59 1200.00 | 0.00 1200.00 | 0.00
03 0.3 81.70 |6.65 651.84 | 319.20 | 1200.00 | 0.00 1200.00 | 0.00
300 0.8 | 74.71 |6.57 19.62 7.05 1200.00 | 0.00 1200.00 | 0.00
0.8 0.3]77.85 |5.30 1200.00 | 0.00 1200.00 | 0.00 1200.00 | 0.00
0.8 | 81.40 | 14.67 46.58 34.30 1200.00 | 0.00 1200.00 | 0.00
03 0.3 10.98 0.16 2.52 1.22 1200.00 | 0.00 1200.00 | 0.00
2 0.8 1.01 0.15 1.11 0.25 1200.00 | 0.00 1200.00 | 0.00
08 0.3]1.12 0.28 5.62 1.67 1200.00 | 0.00 1200.00 | 0.00
20 0.8 10.93 0.02 2.73 0.89 1200.00 | 0.00 1200.00 | 0.00
03 0.3 130.30 |6.88 8.60 2.07 1200.00 | 0.00 1200.00 | 0.00
300 0.8 | 40.61 | 13.48 4.87 1.79 1200.00 | 0.00 1200.00 | 0.00
08 0.3]31.18 |3.57 67.65 20.12 1200.00 | 0.00 1200.00 | 0.00
50 0.8 139.01 |14.21 13.37 10.47 1200.00 | 0.00 1200.00 | 0.00
03 0.3 | 5.28 3.16 4.03 1.20 1200.00 | 0.00 1200.00 | 0.00
2 ~10.812.08 0.32 3.40 0.61 1200.00 | 0.00 1200.00 | 0.00
08 0.3 | 3.39 0.36 80.63 66.07 1200.00 | 0.00 1200.00 | 0.00
300 0.8 | 4.09 4.46 7.82 3.86 1200.00 | 0.00 1200.00 | 0.00
03 0.3]|61.54 |4.19 531.15 | 612.69 | 1200.00 | 0.00 1200.00 | 0.00
300 0.8 | 54.12 | 12.90 14.50 6.04 1200.00 | 0.00 1200.00 | 0.00
0.8 0.3 | 57.78 | 2.53 1012.75 | 418.71 | 1200.00 | 0.00 1200.00 | 0.00
0.8 48.11 |16.96 29.04 9.68 1200.00 | 0.00 1200.00 | 0.00
03 0.3 ]2.49 0.35 4.46 1.48 1200.00 | 0.00 1200.00 | 0.00
2 71081299 0.19 2.25 0.24 1200.00 | 0.00 1200.00 | 0.00
08 0.3 | 2.60 0.25 17.69 9.53 1200.00 | 0.00 1200.00 | 0.00
1081245 0.26 9.82 3.66 1200.00 | 0.00 1200.00 | 0.00
03 0.3 | 66.28 | 12.64 43.64 18.03 1200.00 | 0.00 1200.00 | 0.00
T10.8173.71 16.30 9.44 1.07 1200.00 | 0.00 1200.00 | 0.00
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300 0.3 ]68.35 |6.61 176.52 | 90.70 1200.00 | 0.00 1200.00 | 0.00

0.8]79.83 | 7.77 37.83 19.77 1200.00 | 0.00 1200.00 | 0.00
0.3 | 14.59 |6.31 30.70 21.54 1200.00 | 0.00 1200.00 | 0.00
0.8 113.36 | 11.99 8.50 0.92 1200.00 | 0.00 1200.00 | 0.00

0.8

100
0.3

20 08 0.3 | 10.60 | 4.52 174.94 | 99.08 1200.00 | 0.00 1200.00 | 0.00

300 0.8 |7.84 7.42 16.49 4.72 1200.00 | 0.00 1200.00 | 0.00
03 0.3 | 274.57 | 14.87 393.38 | 460.25 | 1200.00 | 0.00 1200.00 | 0.00

300 0.8 | 158.73 | 80.45 23.87 13.78 1200.00 | 0.00 1200.00 | 0.00

0.3 | 218.26 | 37.59 1139.07 | 136.25 | 1200.00 | 0.00 1200.00 | 0.00

0-8 0.8 1 119.47 | 85.61 68.45 39.24 961.54 | 533.21 | 1200.00 | 0.00

E. Convex relaxation of problem ([14)
By Theorem [1| we obtain the following convex relaxation of problem (14) with X = &,

max Z Z Qij%-j—I—cTy (253)

y2>0,v,@ ) .
1€[ng] j€[ny]

s.t. log Z exp(z;) | <T (25b)
1€ [ng]
> y—1=0 ke K] (25¢)
JETg
A;'Yj —y;b, <0 JE [ny] (25d)
ylog | 3 exp (”) <1 je ) (25¢)
720 (25f)
a:—z'yj:0 ke [K]. (25g)
J€Tg

Observe that by applying Theorem [I| we also obtain the following constraints

Alx—b,<0,
x>0,
Xr — . Y
1_Zyj AI 121671@] ~b, | <o,
jed _Zjejkyj
=2 eq, Vi
1— )1 /e o )
Zyg og ‘ZeXp " <
JETg 1€[ng] JETE 7J

It can be easily checked that the first two constraints are redundant, as are the last two constraints
by [Zhen et al. (2020a, Theorem 1).
In the same way, for X} we obtain the convex relaxation that consists of (25a)), (25c), (25d)),

and .
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Qi ¢j (Az)i b; ne ||Jl|[IK]] T M
T [ ~[=5,5] - - 515 [ 1|3 | 100
42 | ~[=5,5] ; ; 515 10| 3| 1000
43 | ~[=5.5] - = 20| 10|10/ 11| 1000
#4 ~ [—5, 5} - - 30 | 20 | 20 | 16 | 10000
#5 ~ [—5, 5} - - 100 | 40 | 30 | 50 | 10000
#6 ~ [—4, 4} - - 200 | 50 | 50 | 100 | 100000
47 | ~[=5,5] | ~[=10,10] | ~[0,1] | ~[5,15]| 10 | 5 | 2 | 3 | 1000
#8 | ~[=5,5] | ~[~10,10] | ~[0,1] | ~[5,15] | 10 | 50 | 50 | 3 | 10000
49 | ~[=5.5] | ~[=10,10] | ~[0,1] | ~[5,15] | 30 | 50 | 50 | 4 | 10000
#10 | ~[=5,5] | ~[=10,10] | ~[0,1] | ~[5,15] | 50 | 60 | 60 | 4 | 10000
211 | ~[=5,10] | ~[-10,10] | (A,),, | ® |20 | 10 [10| 5 | 10000
#12 | ~[=5,10] | ~[~10,10] | (4,)%, | b | 20|50 | 10| 5 | 10000
#13 | ~[=5,10] | ~[-10,10] | (4,)% | b |20 |100|50 | 6 |100000

Table 6

F. Data for convex maximization problem of Section

Values for the parameters and coefficients of each distinct convex maximization problem considered.

The instances are generated using the same numerical setting as in [Selvi et al.| (2020)). In each

instance, every max-term is generated with the same number of elements, i.e., | Jx| = |Ji| for all

k,k" € K. For instance, when X = X’ in , the instances 1 to 6 are defined by:

max
x>0

s.t.

JETx

Z maX{QjT:c +¢;}
kek

and problems 7 up to 13 are defined by:

where Q, ¢, A,, b.,n,, |Jx|, K|, and I" are given in Table @ and A! and b are given by

i1€[ng]
max E max{Q, x +c;}
x>0 €Tk 7

kek

st. Alx<b,

jog | 3 explan) | <1

i€[ng]

i€ [n,]



Zhen et al.:

Disjoint Bilinear Optimization: A Two-stage Robust Optimization Perspective

Article submitted to ; manuscript no. (Please, provide the manuscript number!)

36

, respectively.

3
5
4

/

x

and b

0 2 —11]
0 2 -1-11

1

-3 7 0 -5 1

1

7 0 =51
0 -5 1

0 2 -1-1-91

1
0 2 -1-1-9 31

1

1
1

-5

0 2 -1-1-93 51

1

0 2 -1-1-93 5 01
0 2 -1-1-93 5 0 01
2 -1-1-93 5 0 O

-1-1-93 5 0 0
-1-93 5 0 O

1
1

1

7
7T =71

1

1

7T =7—-41
7T —-7-4-61

1

35 0 01

5 0 0

7T —7-4-6-31
7T —-7-4-6-3 71

1

1

0
1

0
0
1

7T -7T-4-6-37 01
7T -7T-4-6-37 0 =51
7T -7T-4-6-37 0 -511
-7-4-6-37 0 =51
-4-6-37 0 —-51

—-6-37 0 =51

1

1

1
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