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FIRST-ORDER METHODS FOR THE IMPATIENT:

SUPPORT IDENTIFICATION IN FINITE TIME
WITH CONVERGENT FRANK-WOLFE VARIANTS

IMMANUEL M. BOMZE*, FRANCESCO RINALDI', AND SAMUEL ROTA BULO?

Abstract. In this paper, we focus on the problem of minimizing a non-convex function over the
unit simplex. We analyze two well-known and widely used variants of the Frank-Wolfe algorithm and
first prove global convergence of the iterates to stationary points both when using exact and Armijo
line search. Then we show that the algorithms identify the support in a finite number of iterations
(the identification result does not hold for the classic Frank-Wolfe algorithm). This, to the best of
our knowledge, is the first time a manifold identification property has been shown for such a class of
methods.
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1. Introduction. The minimization of a (possibly non-convex) function over
the probability simplex is a problem arising in many different contexts like, e.g., ma-
chine learning, statistics and economics (see, e.g., [7, 11] for an overview of real-world
applications). When dealing with this kind of problems, Frank-Wolfe variants (see,
e.g., [16] and references therein) guarantee good scalability, thanks to the way they
handle the feasible set, and also give a sparse representation of the iterates, thus
offering a good alternative to projected gradient algorithms. Anyway, some may ar-
gue that projected gradient methods still represent the best choice in the considered
framework, since they can identify the sparsity pattern, i.e., the final set of non-zero
variables, in a finite number of iterations (under some specific assumptions). This fea-
ture is particularly useful if the solution of the problem is sparse and we just want to
find its support, since it means we do not need to run the algorithm until convergence.
It is also important when trying to speed-up a given algorithm. Indeed, after we iden-
tify the set of non-zero variables, we could simply apply some more sophisticated
Newton-like method over the lower-dimensional space those variables describe. Such
a feature may also help to develop suitable support identification/active-set strategies,
like the ones described in, e.g., [2, 4, 9, 10, 12, 14].

There exists a considerable number of papers analyzing support/active-set identifi-
cation properties of optimization methods. Bertsekas first showed in [1] that the
projected gradient method identifies the sparsity pattern in a finite number of iter-
ations when using non-negativity constraints. In [6] the authors showed that some
simple algorithms (including projected gradient) would, in a finite number of itera-
tions, identify the face of a polyhedral feasible region on which the solutions to an
optimization problem occur. These results where generalized in [24] to the case of
non-polyhedral convex sets. Analysis for nonconvex constraints is reported in [5, 15].
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2 I. BOMZE, F. RINALDI, S. ROTA BULO

The support identification property has also been established for other algorithms like
certain coordinate descent and stochastic gradient methods [18, 25], proximal gradient
methods (see, e.g., [19, 21]) and sequential minimal optimization methods for SVM
training [22]. In [7], the problem of minimizing a convex function over the probability
simplex is considered, and coreset-based results are reported for fully corrective ver-
sions of some Frank-Wolfe variants. Recall that a coreset is a face of the simplex with
the property that the minimum of the function on the face is a good approximate
solution of the full problem. It is further important to remark that fully corrective
algorithms heavily rely on the fact that a minimum of the function over a given face
can be calculated at each iteration. Hence, those algorithms cannot be considered
when dealing with non-convex problems.

In the present paper, we consider two well-known variants of the Frank-Wolfe
algorithm, namely away-step Frank-Wolfe [23] and pairwise Frank-Wolfe [16, 20], and
prove global convergence of their iterates to stationary points when using exact or
Armijo line search (in the sense of characterizing all accumulation points of iterates
by stationarity), and moreover global convergence for the full iteration sequence for
the away-step variant. These results then enable us to prove support identification in a
finite number of iterations for those algorithms. More specifically, when considering a
convergent sequence (") generated by one of those Frank-Wolfe variants, we have that
it converges to a stationary point Z. Furthermore, we can be sure the iterates z* will
match the sparsity pattern of Z when k is sufficiently large (if strict complementarity
holds at Z). This, to the best of our knowledge, is the first time that a support
identification result is proved for Frank-Wolfe like algorithms.

This result is quite surprising if we take into account the fact that the classic
Frank-Wolfe algorithm does not guarantee support identification in finite time. We
will give some examples later on (see Section 4) where all iterates generated by the
algorithm have full support (i.e., number of nonzero coordinates equal to the number
of variables in the problem), and the limit point of the iterate sequence does not.

The paper is organized as follows. After a preliminary analysis of the problem in
Section 2, we describe in depth the algorithmic framework in Section 3. In Section 4
we establish global convergence and support identification property of the methods.
Finally, in Section 5, we draw some conclusions.

2. Preliminary Analysis of the Problem. Denoting by e = (1,...,1)T the
n-dimensional vector with all entries equal to one, the problem we consider here is
the following:

(2.1) min  f(z)

where f:R® - Rand A = {x € R": e"x =1, x > 0} is the probability simplex. A
class of C2-objective functions f including all quadratic functions will be considered

in this paper. For any fixed € A and any feasible direction d (we will construct d
such that always [0, 1] C Ifeas(z,d) := {a € R : z + ad € A} holds), denote by

oi(a) = flz+ad), a€ Ias(z,d)

with derivatives ¢2(a) = d' Vf(z + ad) and ¢%(a) = d'V? f(z + ad)d.
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SUPPORT IDENTIFICATION IN FRANK-WOLFE VARIANTS 3

We now give a key assumption on curvature of ¢ that will be needed to prove
convergence of iterates (see Subsection 4.2). As we will see later on, this will guarantee
that iteration is homotopical for the algorithms we analyze in the paper.

ASSUMPTION 2.1. Any ¢7 is either concave or strictly conver over Igas(x,d).
Furthermore, curvature should be bounded away from zero in the strictly convex case
along descent directions: to be more precise, for all x € A and all d with non-concave
¢ we ask existence of ng > 0 such that

(2.2) Ng < @G(a)  for all a € Ieas(x,d), if $5(0) <O0.

All quadratic functions f(z) = ' Qz+c' z, where Q is a possibly indefinite symmetric
matrix, satisfy (2.2) with ny = d' Qd for all z € A. But many more functions f may
meet Assumption 2.1, for example! the function f(x) = ¢'x 4+ /2T Qx for indefinite
but strictly (co)positive @ (similar functions are used in volatility modeling). Then

[(z + ad)TQ(z + ad)*/*Fj(a) = (z T Qz)(d"Qd) — (4 Qu)*

does not depend on « but can change sign with varying d.

For proving global convergence of the methods and support identification results
(see Section 4), we need an essential global estimate following by continuity of V2 f
over A (a set of diameter /2) made explicit in the following observation:

OBSERVATION 2.1. For all directions d with ||d|| < v/2 and all & € Iteas(z,d) we
have bounded curvatures @%(), or slightly more general |[V?f(z)|lspec < K for all
x € A with the spectral norm ||.|| implying

spec’

(2.3) |3%(a) | = |d"V2f(z+ad)d| < 2K foralze A, if |d] <V2.

We further notice that minimizing a function h(z) over a polytope P can be
written as Problem (2.1). Let V = [v1, ..., wvm] € R™™ be the matrix whose
columns are the vertices of P. Since any point y € P can be expressed as a convex
combination of the columns of V, the problem min{h(y) : y € P} can be rewritten
as the problem min{f(z) = h(Vz) : z € A}. We note that

1. Z is a stationary point for f over A, cf. (3.1) below, if and only if § = VZ is
a stationary point for h over P, i.e., satisfies the KKT conditions;

2. d is a descent direction for f at x € A if Vd is one for h at y = Va € P; and

3. condition (2.2) carries over from h to f too, as V2f(x) = VI V2h(Va)V.

3. Frank-Wolfe Variants for Minimization over the Simplex. In this sec-
tion, we describe two well-known Frank-Wolfe variants that can be used to minimize
a function over the probability simplex. In order to do that, we report below the
generic scheme related to those iterative algorithms (see Algorithm 3.1). Beforehand
we recall that * € A is a stationary point for the problem (2.1) if and only if

(3.1) V,f(z*) > Vf(z*)Tz* for all r with equality if 2 > 0.

By construction, either the algorithm stops after finitely many iterations at a
stationary point, or else the generated sequence takes infinitely many values in A as

f(EF) < f(ah).

We are grateful to Werner Schachinger who pointed to this in personal communication.
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4 I. BOMZE, F. RINALDI, S. ROTA BULO

Algorithm 3.1 Line Search Algorithmic Scheme

1 Choose a point 20 € A

2 For k=0,1,...

3 If % is a stationary point (3.1), then STOP

4 Compute a feasible descent direction d* at z*

5 Compute a stepsize ay € (0, 1] via line search for improving the objective
6 Set a1 = 2F + adF

7 End for

3.1. Frank-Wolfe type directions. At every iteration k of Algorithm 3.1, we
compute, at Step 4, a feasible descent search direction d* that is used to generate the
new iterate z*t1. We describe here the different type of directions that can be used in
Algorithm 3.1. We indicate the set of all indices related to the coordinates of vector
by I={1,...,n},and by Sy = {i € I : zF¥ > 0} we denote the support of z*.

The Frank-Wolfe and the away-step directions (see, e.g., [13, 16]), computed in

x¥ are respectively:
(3.2) f;kW =e—2F, ¢ Argr?in{vif(xk)} ;
[2S]
(3.3) Zk =% —¢;, je€ Argmax{V,f(z")}.
JESk

We further indicate with z¥ the j-th coordinate of 2*, where j is defined as in (3.3).
Taking into account (3.2) and (3.3), we consider the following two search directions:

(AFW) Away-step Frank-Wolfe direction:

azh, it V(2R T2, < Vf(ak)Tds"
Ik —
AFW x;f . .
r— % otherwise.
-

(PFW) Pairwise Frank-Wolfe direction:
ZIJk fl?k £L'k
PFW — x?(dFW +dy ) = T/?(ei —€),
where i and 7 are defined as in (3.2) and (3.3), respectively.

It is easy to verify that all above directions are strict descent directions, i.e., satisfy
$2(0) =V f(z)Td<0.

3.2. Computation of the stepsize. In the framework of Algorithm 3.1, given
x € A and a descent direction d at x, we aim at the largest (global) minimizer a3 > 0
of ¢%(a) over (0,1], i.e.

(3.4) o := max Argmin @3 (@) .
a€e(0,1]

This manuscript is for review purposes only.
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SUPPORT IDENTIFICATION IN FRANK-WOLFE VARIANTS 5

Obviously, any global interior minimizer of ¢ in (0, 1) satisfies the first-order condition
0= ¢alag) = ¢i(0) + agdg(a)
for some @ € [0, 1] depending on d and x. Hence, if ¢7%(&) > 0 we have

—¢3(0)
5@

(3.5) af =

3.2.1. Exact and Armijo’s line search. Exact line search chooses, at a given
iteration k, the largest minimizer of (pﬁz () over (0,1], that is

(3.6) ap = ozﬁ: defined as in (3.4) for = z* and d = d* .

Unless the function gogl,: has some special structure (e.g., convexity/concavity),
determining the step size in (3.6) might be in general an expensive task. More prac-
tical strategies perform an inexact line search to identify the stepsize giving sufficient
reductions in the objective function at a minimal cost. A classic example is repre-
sented by the Armijo method (see, e.g., [3] and references therein). This method
iteratively shrinks the step size in order to guarantee a sufficient reduction of the
objective function. It represents a good way to replace exact line search in cases
when it gets too costly. In practice, we fix parameters § € (0,1) and v € (0, %), and
start with maximal feasible stepsize equal to one. We then try steps a = §™ with
m € Ng = {0,1,2,...} until the sufficient decrease inequality

(3.7) fa* +ad®) < f(@") +4aV f(a*)Td"
is satisfied, i.e., choose
m(z*, d*) := min {m € Ny : (3.7) is satisfied for a = 6™} < oo
and set
(3.8) ap = 06m@ ) g well as 2P = 2F 4 agd”

Observe that under Assumption 2.1 on the curvature of ¢%, all stepsize variants we
discuss here have in common that always a full feasible step is taken unless in the
case of strictly convex % where ¢%(a) > 0 for all & € [0,1]. So ay < 1 is possible

only if @3,1: (0) > 0, for any strict descent direction d* at x*.

3.2.2. Theoretical properties of line searches. Now we prove that function
f reduces when moving from z* to 2**!, and that the sequence of the directional
derivatives along the search direction converges to zero when using the Armijo rule.
We will further see that a similar result also holds for the exact line search.

PROPOSITION 3.1. Let (xF) be the sequence generated by Algorithm 3.1 using

Armijo line search defined in (3.8), with any strict descent direction d* satisfying
|ld*|| < V2. Then we have

(a) if 20 % 0%, then f(21) < f(a¥);
(b) if aFTY £ 2% for all k € N, then limy_,oo Vf(2F)Td* = 0.

This manuscript is for review purposes only.
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6 I. BOMZE, F. RINALDI, S. ROTA BULO

Proof. We first notice that in a finite number of steps the Armijo line search
finds a step satisfying condition (3.7). Then, due to the fact that d* is such that
Vf(z*)TdF <0, we get that

F@* ) < f(a).

Using again (3.7), we have
(3.9) F@®) = (@) > yau |V f(2*) Td¥).
Since f(x*) is monotonically decreasing and bounded in k, we can write

(3.10) lim ay|Vf(z*)"d" = 0.
k—o00

Let us consider, by contradiction, that (b) does not hold. In this case, due to the fact
that {Vf(z*)Td"*} is bounded, there exists an infinite subsequence k; such that

(3.11) lim Vf(z*)Td" = —¢ <0,

j—o0
with £ > 0. Considering the limit in (3.10), we need to have

(3.12) lim oy, = 0.

J—0o0

Using compactness of the feasible set A, we know that it is possible to get subsequence
(for ease of notation we again call it k;) such that

(3.13) lim 2% =2 and lim d% =d.
kj_HX) kj—)oo

Using continuity of the gradient, we thus can write

(3.14) lim Vf()Tdb =vi@)Td=—¢ <.

j—o0
Taking into account (3.12), we in particular have for k; sufficiently large
o, < 1.

Therefore

YO,
)

(3.15) Fla + %dm ~ flah) > LR (k) T
Using the mean value theorem we can replace the left hand side and write

(3.16)

Qg . oy _ _
L) A > RV () T,

with y% = zki 4 ij% d* and Or, € (0,1). Now, dividing by % > 0 and taking
into account that y* — ' due to (3.12), we have

V@) d>ViE)d,

which finally gives us
£<1E,

thus contradicting v < 1 and proving that (b) holds. d

This manuscript is for review purposes only.
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Proposition 3.1 still holds when considering a stepsize @ € (0, 1] satisfying the fol-
lowing inequality:

f(@® + apd®) < f(a* + ard®),
where oy, is the stepsize obtained using the Armijo’s rule. Indeed, if the above in-
equality is satisfied, then (3.9) holds as well as the rest of the proof (see also Remark
5 in [10]). Hence, we can easily get the following result:

COROLLARY 3.2. Let (x%) be the sequence of points in the feasible set A generated
by Algorithm 3.1 using exact line search defined in (3.6), with any feasible descent
direction d*. Then we have

(a) if 51 £ 2 then f(a*1) < F(b);
(b) if aFTY £ 2% for all k € N, then limy oo Vf(2F)Td* = 0.

Summarizing Proposition 3.1 and Corollary 3.2, we get under the stepsize choice
of (3.6) or (3.8) that

(3.17) or(0)=Vf")Td* -0 as k— .

4. Convergence results. To clarify terminology, let us stress we use a common
one: "global convergence” means that we establish the stationarity property for all
accumulation points of the sequence of iterates (z*), regardless whether or not there
may be more than one accumulation point. By contrast, ”iterates convergence” means
convergence of the full sequence (z¥). Under mild assumptions which generically are
true? we can show that there is only one accumulation point (which then enjoys
stationarity by the global convergence results), if the sequence is generated by the
(AFW) rule.

4.1. Global convergence analysis. In this section, for every considered choice
of the direction d*, we establish global convergence to stationary points of the algorith-
mic scheme described above. Since the arguments for the different stepsize choices
vary slightly, we chose to split the treatment. However, the two search direction
choices are treated simultaneously, in an attempt of being concise.

THEOREM 4.1. Let (z%) be a sequence generated by Algorithm 3.1 where

e the search direction d* is computed according to (AFW) or (PFW) rule;
o the stepsize ay, is computed using the Armijo line search described in (3.8).

Then, either an integer k > 0 exists such that z* s a stationary point for prob-
lem (2.1), or else the sequence (z*) is infinite and every limit point x* of the sequence
is a stationary point (3.1) for problem (2.1).

Proof. We first consider the case when the algorithm stops after a finite number
of iterations k. This can only happen if condition at Step 3 of Algorithm 3.1 is
satisfied, i.e., if no direction dspw can be chosen, which is the case if and only if z*
is a stationary point.

Now we consider the case when the sequence (2*) is infinite. Arguing by contradiction,
assume that there is an i such that V, f(z*) < Vf(2*) Tz*. We again distinguish cases:
Case 1 [not needed for (PFW)]. There is a subsequence k; along which 2%/ — 2* and

2namely that there are only finitely many stationary points of the problem (2.1).

This manuscript is for review purposes only.
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dri = df,k‘fi, = e% — 2% for all j, where e’ denotes the ith column of the n x n identity
matrix (and i; € {1,...,n} suitably chosen). Then

o, (0) = Vf(ah)Tdig, = Vi, f(aks) — Vf(ahs)Tahs
< Vif(ahi) = Vf(ahn)Taks = Vif(e*) - V(@) Tz* <0

as j — oo, contradicting (3.17).

Case 2a. There is a subsequence k; along which z¥ — z* and such that there is an
n > 0 with

k] .
(4.1) x> for all 7,

where in the (AFW) case

kj kj
B Lr; ki Lrj k. IS
(4.2) dri = I —dy = - (2" —€7)
T R
whereas in the (PFW) case
(4.3) d¥ = ol (A, +dh ) = ol (€7 — en)

with €7 the Frank-Wolfe vertex and e’ the away-step vertex. Then in the (AFW)
Py

.0 . .
case, as b > # > 0 holds for all j, we arrive at

l—ac,.j

Ao (0) = IVt Ty
< V@) Tdy < VfaR)Tdhg < Vif(ah) — Vf(ah) ok
— Vif(x*) = Vf(x*)T2* <0 asj — o,

again contradicting (3.17). Similarly in the (PFW) case, the contradiction is obtained
via

. . xkj ;ckj
5 ¢n,(0) 5 V()T (dFW +dj )

IN

Vi) (diw +d3” ) < V@) Tdgy

< Vif(zh) = Vf(ah) ok — Vif(z*) = Vf(z*)Tz* <0
as j — oo. Hence the only remaining possibility is now
k

Case 2b. any convergent subsequence z — x* with limit x* satisfies

T

k] -
(4.4) z,7 — 0asj— o0,

where eventually (4.2) or (4.3) holds. Irrespective of the chosen direction, at least
one such sequence (s;) exists by assumption that z* is a limit point of (z*). Consider

This manuscript is for review purposes only.
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this subsequence and their immediate successors k; = s; + 1. By (4.2) or (4.3), we
know

[+ =2 || < a, max L dh | e (diw +d5 )] p < V22— = 0
1- T; 1-— xrj'
as j — oo, since [|d%7 || = [|z% — €’ || < diamA = /2 and likewise [|d%, + d%” || =

lle™s — emi|| < diamA = /2. Therefore also z%t! — z* as j — oo, and we may
also consider (4.4) with (4.2) or (4.3) for the successor sequence k; = s; + 1. By
suitable thinning (s;) if necessary, we may and do assume that eventually r; = r for
all j. Then :r:ﬁ_l = 0 eventually holds because otherwise a,; < 1 and Prop. A.2
applies, contradicting (4.4). Applying our conclusion (4.4) with (4.2) or (4.3) now to
k;j = s; + 1, we see that also an away-step z°it* — e" (or a PFW step involving e”
as away-step vertex) with h # r is selected for k = s; + 1 (if j is large enough) with

the property (again, after suitable thinning) that xfj 40 as j — oo but still we

have, by construction of the away (or PEW) step, x,’ 2 =0 for all large enough j.
So again we have x%%2 — z* as j — oo, hence an index t ¢ {r, h} would be chosen
for the away step at k = s; + 2, and repeating the argument less than n times, no
choice for d4 would be left, which is absurd in view of the fact that the sequence is
infinite, whence neither Case 1 nor Case 2a applies. So the theorem is proved. 0

We close this section by proving global convergence of the Algorithm 3.1 when
using the exact line search for calculating the stepsize.

THEOREM 4.2. Let (z*) be a sequence generated by Algorithm 3.1 where

e the search direction d* is computed according to (AFW) or (PFW) rule;
o the stepsize ay is computed using the line search described in (3.6).

Then, either an integer k > 0 exists such that 2* s a stationary point for prob-
lem (2.1), or else the sequence (x*) is infinite and every limit point x* of the sequence
is a stationary point (3.1) for problem (2.1).

Proof. The proof is very similar to the one given for the Armijo line search. The
only difference is in Case 2b where we yield a contradiction by applying Prop. A.1.0

4.2. Iterates convergence and support identification in finite time. We
start with a general observation, in particular applicable to (AFW) and (PFW) direc-
tions. All we need is that the conclusions of Theorems 4.1 and 4.2 hold, namely that
all accumulation points are stationary; with this property, any strict local minimizer
which is isolated among all stationary points can be shown to attract all sequences
generated by Algorithm 3.1 which start close enough to it. Conversely, if the limit
point attracts all iterates starting close enough to it, then necessarily this must be an
isolated stationary point and a strict local minimizer of f over A.

Note that the equivalence below holds irrespective whether or not there are non-
strict local solutions to (2.1).

THEOREM 4.3. Let Assumption 2.1 hold. Consider Algorithm 3.1 with any de-
scent direction and any stepsize, such that all accumulation points of generated se-
quences (x*) are stationary. Then the following two statements on a stationary point
p € A are equivalent:

This manuscript is for review purposes only.
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10 I. BOMZE, F. RINALDI, S. ROTA BULO

(a) there is a p-neighbourhood U C A with no stationary point in U \ {p}, and
F(&) > £(p) for all z € U\ {p}.

(b) there is a p-neighbourhood V. C A such that every sequence (z*) starting at
20 € V converges to p.

Proof. (a) = (b): Let € > 0 be so small that B:={z € A: |z —p|| <e} CU
and define
o= min {f(z) s € A, o — pl =} — f(p) > 0.

Then V = {z € A: f(z) < f(p) + 0, ||l —p| <e} C U is relatively open in A and
contains p, so a neighbourhood of p in A. We claim that any sequence starting in V'
will remain there forever. Indeed, suppose z¥*1 ¢ V but z¥ € V for some k; then by
convexity or concavity of f along conv(z¥,2**1) we have

(4.5) FOZM 4 (1= N2k < f(aF) < f(p) + o forall X € [0,1],

so 2¥*1 ¢ V would imply ||z**! — p|| > € and hence ||[Az*+! + (1 — \)z¥ — p|| = ¢ for
some A € (0, 1], contradicting the definition of o. By compactness, all accumulation
points of (z¥) must lie in B and thus in U. Since all of them are stationary by as-
sumption, there can only be one, namely p, which means that (b) holds.

(b) = (a): Choose U := V. By monotonicity and continuity, we have f(p) =
infy, f(z*) < f(2%) for all 2% € U \ {p}, a set which does not contain any sta-
tionary point, as all sequences starting there have to converge to p by assumption.
0

We thus have shown that in our model, every strict local solution is isolated
(among all alternative stationary points & € A), which generally is not the case.
Inspection of the proof of Theorem 4.3 reveals that the only essential property is that
the iteration is homotopical, i.e. that the inequality on the left-hand side in (4.5) holds.
We can conclude that for all these homotopical iteration procedures, convergence to
a saddle point is highly unlikely, which is in line with recent findings in this research
area for other first-order methods, see, e.g. [17] and references therein. Note that most
of these papers deal with smooth transition maps (which facilitate characterization of
saddle points via the Jacobian matrix) while our transition maps lack even continuity.

Next we need an auxiliary observation which only applies to dapw:
LEMMA 4.4. Let Assumption 2.1 hold. Let v = lim f(x*) = inf f(z*) and as-
k—o0 keN

sumey = f(e') for somei € I. Consider a certain iteration counter k with x*+1 # z*.
Then the following implications hold for both stepsize choices (3.6) or (3.8):

(a) if d* = f;kw = e’ — 2%, then Algorithm 3.1 stops at k + 1;
ok ko _xf  gzb wf (ki k+1
(b) if x7 >0 and d* = —5 d% = —5 (" —¢€*), then z;7" = 0.

lfzi.‘ 1—z;

Proof. (a) By construction and assumption, we have 0 < f(zFt1) — v < f(e?) —
v = 0, hence 22 = 2**! which is a stationary point, using Proposition 3.1(a) or
Corollary 3.2(a).
(b) Suppose that aj < 1; then @ has to be strictly convex, and by smoothness,
f has to be strictly convex over the whole interval conv(z**!, e?). But as assumed
above, we have f(e!) = v < f(2**!) < f(2*) in contradiction to the fact that
2% € conv(z¥*1,e?). So necessarily ay = 1 and therefore 25 = 0. ]
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We proceed to establish a convergence result for the full sequence of iterates under
mild assumptions for the away-step Frank-Wolfe variant:

THEOREM 4.5. Let Assumption 2.1 hold.  Consider a sequence (z*) generated
by Algorithm 3.1 with stepsize choice (3.6) or (3.8), and dapw as descent direction.
Suppose that (z*) has finitely many accumulation points. Then it must converge:
there is a p € A such that ¥ — p as k — oco.

Proof. The statement obviously needs a proof only if the sequence (x*) is infinite.
So suppose there are finitely many (pairs of) accumulation points, but at least two.
Choose pairwise disjoint neighbourhoods around all of them and wait until all 2* lie
exactly in one of these neighbourhoods if k > kq. Then, arguing by contradiction, if z*
would not converge, there is a subsequence k; with k; > kg such that z% — p and the
immediate successors zF 1 — ¢ # p as j — oo which implies & := inf; oy, > 0. Now,

by thinning (k;) if necessary, we may and do assume that ag;, — @ >0 as j — oo,
.

. J .
and that there is an i € I with d* = e — 2% for all 7, or else d*i = 1I7‘ V> (xki — )
—a

with xfj > 0 for all 5. Moreover, in this case we even get :cfj > ¢ for all j and a
suitable constant ¢ > 0 because of
2 P
0 < flg - pll = lim "+ — 2| < V3o lim —" = VBar, L
J i1

ki
— xiJ i

Next suppose that eventually stepsize is smaller than one, and we are in the strictly
convex case. Then, employing (3.17) and

(46)  fE) = ) = prlan) = or(0) = ar [91(0) + T Gulan)]
we obtain
(4.7) G, (du,;) = 0.

Furthermore by continuity we have for any a € Iteas(p, €' — p),
i, (@) = (¢ =p) 'V f((1 = a)p + ae’)(e’ = p),
in the FW case, and for any a € Ieas(p, u(p — €)),

Gr, (@) = @ (p — ) TV (L +ap)p — ape’)(p — ),
Pi

1—pi? )
all cases. Now by (2.2) in Assumption 2.1 for x = (1 — a)p + ae’, « € [0,1], and by
choosing d = e’ —p in the FW case or d = u(p—e?) in the away step case, we conclude
that f must be linear along conv(p,e’) with slope lim; ¢k;(0) = 0, so constant, and
f(e") = f(p) = infy f(«*) results.
Now in case of the FW direction, Lemma 4.4(a) would then yield the absurd conclusion
that Algorithm 3.1 stops even at iteration ki + 1.

with p = in the away step case. On the other hand, we can employ (4.7) in

In case of the away direction, we conclude by Lemma 4.4(b) that a:fj 1 = 0. But since

2+ > 0, we must have a FW step d* = ¢’ — z* for some k € {k; +1,...,kj41 — 1}.
Now we again invoke Lemma 4.4(:@) to arrive at the contradiction that Algorithm 3.1
stops at iteration k + 1, using f(e') = f(p) = inf}, f(z*).
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12 I. BOMZE, F. RINALDI, S. ROTA BULO

So we are left with the case that the stepsize equals eventually one. But then the
argument is even simpler: in the FW case, we stop at e, and in the away case we
directly get xfj L and, as argued just before, stop again at e’ at some iteration
counter k € {k; +1,...,k;j41 — 1} as well. O

As a corollary to Theorems 4.1, 4.2 and 4.5, we thus obtain a generic convergence
result for the iterates generated by Algorithm 3.1 for the away-step variant:

COROLLARY 4.6. Suppose that (2.1) admits only finitely many stationary points.
Then any sequence (z*) generated by Algorithm 3.1 with stepsize choice (3.6) or (3.8),
and dspw as descent direction, must converge: there is a p € A such that % — p as
k — oo.

Now we introduce three sets that will be useful when carrying out the analysis
related to support identification in finite time. More specifically, we call

Si(z):={iel|l Vif(x)>a Vf(zx)},

S (z):={iell Vif(x) <2 Vf(zx)},
and

Solw) = {i € 1| Vif(w) = 2 Vf(x)}.

We hence report the announced results on support identification in finite time;
note that strict complementarity (again generically true) of the stationary point Z
exactly means S = Sy(Z) in below theorem; recall that S_(Z) = () by (3.1).

THEOREM 4.7. Consider a convergent sequence of iterates (:ck), with supports
Sy = S(x*), generated by Algorithm 3.1 for the following specifications:

e the search direction d* is computed according to (AFW) or (PFW) rule;
o the stepsize ay, is computed using the line search described in (3.6) or (3.8).

Denote by T := klim o* as well as S := {i € I : ; > 0}, so that by stationarity (3.1)
— 00 _
of T we have S C Sy(Z). Then there is a finite k such that
S C S, CSo(x) forallk> k.

Proof. We can assume that z* = ¢, with i € I, cannot happen infinitely often.
Indeed, otherwise by Lemma 4.4 the algorithm would stop after a finite number of
iterations. So, we assume that ¥ # e’ for k sufficiently large. Now, by continuity of
the gradient, we can find an iterate such that both the following inclusions hold:

S, (z)C Sy(2) and SCS,.
From stationarity of Z we can further write S C So(z) = I \ S, (7). Hence, we have
S_(a*) C T\ Sy (a¥) C T\ 51(7) = So()
implying

(4.8) S_(zF) C So(z).
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We claim now that once
(4.9) Sk C So(T)

holds for some k, then (4.9) is guaranteed for all the following iterations. Indeed,
either Sy11 = Sp U {i} and i € S_(z*) C Sy(Z) or else the support is a subset of the
current support, i.e., Sp11 C Sg. By contradiction to (4.9), let us assume that, when
k sufficiently large, the set Sy \ So(Z) is never empty. Again, by continuity of the
gradient, we can choose a sufficiently large ko to ensure existence of a positive value
o0 > 0 such that

IV f(zF)T(e' —xFi)| < o forall i€ Sy(z) whenever k> ko;
and
Vi) T (em —a%) > o forallr € Sy \ So(Z) = S, NS4 (Z) whenever k> k.

Hence, for both direction variants (AFW) and (PFW), we have that ¢”(*) is chosen

in the algorithm as away-step vertex for some r(k) € Si \ So(Z), if k > ko. Further,

due to the finiteness of I, by considering a suitable subsequence k; we can assume
T‘(kj) =7r € Sk]. \So(i’) = Skj N S_,_(f) .

By stationarity of Z we know 7 ¢ S, so the r-th coordinate of Z satisfies Z, = 0.

Eventually, xfj 1 = 0 holds exactly because otherwise ay; < 1 and Prop. A.1 or

Prop. A.2 applies, contradicting xfj — %, = 0. Repeating the same argument for all
other indices in Sy \ So(Z), the result is proved. d

As we pointed out in the introduction, the classic Frank-Wolfe algorithm does not
guarantee support identification in finite time. Below we report an example where all
iterates z* have full support (i.e., |S¥| = n) and the point Z does not (i.e., |S| < n).

EXAMPLE 4.1 (Bad behaviour of the Frank-Wolfe algorithm). We consider prob-
lem (2.1) having a quadratic objective function

fle) = 327 Qr,
with
6
3

—_

6 0
Q=10 3
6 3 10

It is easy to see that the solution in this case is the global minimizer & = (% % O)T.

If we choose as starting point 2° = (0.1 0.3 0.6)T, the Frank-Wolfe algorithm will not
be able to get an iterate with the same support as T in finite time, neither via evact
nor with Armijo line search [8].

Moreover, the behaviour of this version may be even deceptive as the support of
the iterates is eventually constant also for this algorithm; indeed, either the iterates
coincide with a vertex e infinitely often, so that monotonicity would imply finite
convergence to e’. But this is the benevolent case. In the opposite case, eventually no
vertex is hit exactly during iterations, so that supports must (weakly) increase with
t. By finiteness it follows that they remain eventually constant, but, as the example
shows, S* may overestimate the correct support S.
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14 I. BOMZE, F. RINALDI, S. ROTA BULO

5. Conclusions. In this paper, we studied methods for solving minimization
problems over the probability simplex. More specifically, we analyzed two variants
of the Frank-Wolfe algorithm, namely away-step and pairwise Frank-Wolfe. We first
proved convergence of the iterates to stationary points both when using exact and
Armijo line search, and even convergence for the full sequence of iterates for the away-
step variant, under mild regularity assumptions. Then we showed that both discussed
variants algorithms guarantee support identification in finite time, a property shared
by projected gradient methods. As a future development, it may be worth while to
analyze conditions which allow to get explicit bounds on the number of iterations
required to identify the support correctly.

Appendix A. Auxiliary results.

PROPOSITION A.1l. Let (%) — a* as j — oo be a convergent subsequence gen-
erated by Algorithm 3.1 according to (AFW) or (PFW) rule, where we abbreviate
Aoy = dfqy and &y = df;’, We assume that for some fixed r, we have for all j

o iy = By = L (@t or diy = a2 (e - )
e the stepsize is computed using the line search described in (3.6) and satisfies
as; < 1;
e one of the following cases holds:
1. there exists i such that V,;f(z*) < Vf(z*) x*, or
2. there exists 0 > 0 such that V f(x%) 7 (e" — %) > .

Then x; > 0.
Proof. Since a,; < 1 we have that (3.5) holds for some ay, € [0,1]. So we arrive
via (2.3) at
xi.f _— xf7 B 792,3]_ (O) xf7 B _Vf(xsj)Td{4
L—ay = P l—ay @, (as) 1—ar  [d)]TV2f (2% + ay,d*)d,

o V@) Tdy V) Ty | V(@) et — Vif (a%)
- 2K - 2K - 2K

V *\T % v *
— f(x)xQK Zf(w)>0 as j — o0,
if we assume that Case 1 holds, and we get the same inequality for j — oo also in

Case 2 since

—Vf(:csj)Tdf4 >0>0.
This implies z} > 0 for the (AFW) rule and likewise

7¢Sj (0) S
X

F -

_ —V (@) [dpyy + &)
$s;(@s;) T [dipyy + ATV (2% 4 dyd®) [dipyy + &)

> ol =

@) g + ] V@) Ty V@) 5 - Vif ()
2K - 2K - 2K

v

*\T % i *
_>Vf(a:) J;K Vlf(m)>0 as j — oo
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395 proves the result in Case 1 with the (PFW) rule, and the same inequality for j — oo
396  holds in Case 2 since

397 V(@) Ay + &) > =V f(@5)Td), > 0> 0. 0

398 PROPOSITION A.2. Let (%) — x* as j — oo be a convergent subsequence gen-
399 erated by Algorithm 3.1 according to (AFW) or (PFW) rule, where we abbreviate
100 dpy = d‘}‘;‘fV and &’y = dfj, We assume that for some fized v, we have for all j

101 o i = % & = 13;?' (25 —€") or dbpyy = 277 (€' —€);

402 e the stepsize is computed using the Armijo line search described in (3.8) and
403 satisfies as, < 1;

404 e one of the following cases holds:

405 1. there exists i such that V;f(z*) < Vf(z*) x*, or

0

6 2. there exists o > 0 such that Vf(z%)7 (e" — 2%) > p.
107 Then x; > 0.

Proof. We first notice that for any o € [0,1] and k = s;, by (2.3) we can write
k k k k T gk Ko
fa® +ad®) < f(2%) + "V (") d” + ——=|d"]]".
So the sufficient decrease condition (3.7) would be satisfied if
k mT ok K ko k E\T gk
f@®) +aVf@®) d" + ——[ld"|" < f(2%) +1aV f(z") d*,

and the latter holds true if

2(1 =) [V f(=") Td"]
K x>

max ,__

a < o

408 This gives us an interval [0, a®¥] of step sizes satisfying sufficient decrease. Now, if
109 o < 11is chosen as Armijo step size, then either ag > o™ or else a € [0, a?®]
410 but then % > o}’ as the step size a = %E shall violate (3.7) by definition (3.8). In

411 both cases, we get

max

412 o > dog

413  Now we consider the two different search directions, abbreviating d;,W = d}s‘iv and
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114 )y =d%’. For the (AFW) rule, Case 1, we can write

B a2
415 —— oy, ——— > o —
1—z” R L R
. V)T 260 -5) V)T 2601~ )
' (AR Ko 2 K
, o V(@) Tdpy 26(1 )
‘ = 2 K
o(1 -
418 > % [vf(xs;')'l'xsj- _ Vif(xs”')}
1—
419 — (S(Tw V(") a* = Vif(z")] >0 as j — o0,

420 and the same inequality for j — oo can be obtained in Case 2 since
421 —Vf(gcsj)Tdf4 >p.

422 This implies ¥ > 0. Similarly, for (PFW), Case 1, we can write

423 T 2 o wy? > S a
—Vf(2%9) T [dy + dpyy] 20(1—7) T 1 . 0(1—7)
424 = - - > -V g a’ —|—dj —
|y + dhy |2 K f(@®) dy + dipyy] K
s; 6(1—
425 > —Vf(z®) dLyy A=
K
o(1 —
426 > % [Vf(xsj)szJ' — Vi f(z% )]
01—
427 — % [Vf(@*)Ta* = V;f(z")] >0 as j — oo,
428 and the same inequality holds for j — oo in Case 2 since
429 V(@) Ay + &) > =V f(z5)Td), > 0> 0. 0
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