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Abstract

In spite of being an extremely successful method to tackle mathematical pro-

grams involving a very large number of variables, Column Generation (CG) is

known to suffer from stabilization issues which can slow down its convergence

significantly. In this article, we propose a new parameter-free stabilization tech-

nique for CG based on solving a lexicographic pricing problem. Using the bin

packing problem as case study, we show that, computationally, the new stabi-

lization technique allows for a substantial reduction in the number of columns

that are generated to solve the problem. While we present the approach for the

bin packing problem, our methodology is general and can be applied to other

classes of problems solved via CG.
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1. Introduction

Given a setN = {1, . . . , n} of n items with positive integer weights w1, . . . , wn

and a positive integer bin capacity C, consider the Bin Packing Problem (BPP)

of computing the smallest number of bins that are needed to pack all the items

in N . A key problem in combinatorial optimization, NP-hard and very chal-5

lenging to solve from a computational viewpoint, BPP has been covered by a

large body of literature, and it still is heavily studied [1, 2, 3, 4].

1.1. Column generation for BPP

Call pattern any set of items S ⊆ N satisfying
∑
j∈S wj ≤ C and let S be

the collection of all feasible patterns, i.e., S =
{
S ⊆ N :

∑
j∈S wj ≤ C

}
. Let

A ∈ {0, 1}n·|S | be a binary matrix with ajS = 1 if and only if item j ∈ N

belongs to pattern S ∈ S , and let e be the all-one vector of n components.

Upon introducing a binary variable ξS for each pattern S ∈ S , equal to 1 if and

only if pattern S is chosen, one of the most effective set covering formulations for

BPP, see [4, 5], is the following one, which features exponentially many variables

(or columns):

min
ξ∈{0,1}|S |

{∑
S∈S

ξS : Aξ ≥ e

}
. (1)

The formulation calls for the minimum number of patterns covering each item

at least once.10

Formulation (1) is typically solved by a Branch-and-Price (B&P) algorithm

based on Column Generation (CG) (we refer the interested reader to [6] for fur-

ther details). Key to this algorithm is solving with CG the Linear Programming

(LP) relaxation of Formulation (1), which reads:

min
ξ≥0

{∑
S∈S

ξS : Aξ ≥ e

}
. (2)

This LP relaxation is known in the literature as Fractional Bin Packing Prob-

lem (FBPP). The dual bound provided by FBPP is very tight, as the difference

between the optimal solution values of FBPP and BPP is, typically, smaller
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or equal to 1—it is indeed conjectured that this may hold in general on every

instance of the problem (so-called modified integer round-up conjecture [7]).15

Let us describe the CG procedure required to solve Formulation (2). Starting

from a restriction of Formulation (1) to a subset of columns S̃ admitting a

feasible solution, known as Restricted Master Problem (RMP), CG iteratively

solves a Pricing Problem (PP) to generate a column with a strictly negative

reduced cost to be added to S̃ . RMP is then reoptimized, and the procedure20

is iterated until no more columns with negative reduced cost are found.

Letting π∗ ∈ Rn+ be a vector of optimal dual variables of RMP, PP can be

formulated as the following 0-1 knapsack problem, where xj = 1 if and only if

item j ∈ N is selected in the new pattern:

(PP ) max
x∈{0,1}n

∑
j∈N

π∗j xj :
∑
j∈N

wj xj ≤ C

 . (3)

Let x∗ be an optimal solution to (PP). If
∑
j∈N π

∗
j x
∗
j > 1, the pattern S∗ =

{j ∈ N : x∗j = 1} is added to S̃ and the procedure is reiterated; otherwise, x∗

itself constitutes a proof of optimality of RMP and the CG algorithm halts.

We remark that, as the dual of Formulation (2) contains exponentially many25

constraints
∑
j∈S πj ≤ 1, S ∈ S , generating a column of minimum reduced cost

(1 −
∑
j∈S∗ π

∗
j ) corresponds to separating, in the dual of RMP, an inequality

of maximum violation (see Section 1.2 for further insights on this important

equivalence).

Since PP is weakly NP-hard, solving FBPP is also weakly NP-hard due30

to the equivalence between optimization and separation [8]. This is consistent

with the nature of PP which, being an instance of the 0-1 knapsack problem, is

solvable in pseudopolynomial time O(nC) by Dynamic Programming (DP).

1.2. The issue of stabilization

CG is known to suffer from a number of computational issues, including dual35

oscillations, tailing-off effects, and primal degeneracy of the master problem. In

particular, the tailing off effect is often responsible for poor computational con-

vergence, with the bound improvement becoming smaller and smaller the closer
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we get to an optimal solution. The effect is even more pronounced for large

problems subject to degeneracy. While this phenomenon can be partially ex-40

plained in several ways, it is believed that the main reason lie in the unstable

behavior of the dual variables [9, 10]. After the seminal work of [11], several sta-

bilization techniques have been proposed in the literature [12, 13, 14]. Notably,

though, they all suffer from the need for parameter tuning, see [10].

1.3. Contribution of the paper45

Due to the connection between column generation in the primal and cutting

plane generation in the dual, the large body of works on the separation of

“good” cuts (sometimes called sharpest cuts [15]) can be extended to the column

generation framework.

Inspired by the work in [16] on coordinated cutting plane generation (and50

in line with the very important stream of research on stabilization in CG),

we propose a parameter-free stabilization technique based on a Lexicographic

Pricing Problem (LPP), aiming at generating what one may call the sharpest

column.

Among all columns with minimum reduced cost, our LPP is designed to55

find one which also maximizes another lower-priority objective among density,

diversity, and weight (see Section 2). Crucially, we will show that, for BPP,

LPP can be solved with an adaptation to the lexicographic setting of a classical

DP method for the solution of the 0-1 knapsack problem.

We remark that the stabilization technique that we propose here is quite60

general, and it can be applied to other problems besides BPP.

2. A lexicographic pricing problem

It is not hard to realize that, very often, PP admits many optimal solutions,

all of them achieving a minimum reduced cost. This is clear when π∗ is sparse,

which is often the case as, due to complementary slackness, π∗j = 0 whenever65 ∑
S∈S :j∈S ξS > 1. In such cases, the presence of a multitude of optimal solutions
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to PP can be exploited, driving the CG method towards the generation of

columns/patterns enjoying special properties.

2.1. Maximal columns

Let us consider the following definition:70

Definition 1. A pattern S ∈ S is called maximal if S ∪ {j} /∈ S , ∀j ∈ N \ S.

By inspecting the dual of Formulation (2), one can see that any nonmaximal

pattern S originates a dual inequality which is dominated by at least another

inequality corresponding to a maximal pattern S′ ⊃ S. It follows that nonmax-

imal columns can be ignored, greatly reducing the size of S .75

The arguably simplest way to achieve maximality is applying a greedy a

a posteriori “maximalization” procedure which, after PP is solved, adds (in

some order) items j ∈ N with π∗j = 0 to the generated pattern until either the

capacity C is saturated or no other item can be added.

In practice, PP not only admits many columns with a minimum reduced80

costs, but also many maximal columns with a minimum reduced cost (see Ex-

ample 1). The natural question is then: should some of these maximal columns

be preferred to the other ones? We address it in the remainder of the paper.

2.2. The lexicographic pricer

In this paper, we consider the maximality aspect as a part of a lexicographic85

optimization procedure which, among all columns of minimum reduced cost,

finds one which maximizes a lower-priority objective function by which maxi-

mality is achieved.

In more detail, we propose to solve the following Lexicographic Pricing Prob-

lem (LPP):

(LEX − PP ) max
x∈{0,1}n

(f(x), g(x)
)

:
∑
j∈N

wjxj ≤ C

 ,

where f(x) =
∑
j∈N π

∗
jxj and g(x) is a lower-priority objective function to be

optimized hierarchically, among all solutions which minimize f(x).90
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We consider the following three options for g(x). In all three cases, it is easy

to see that columns which maximize g(x) are necessarily maximal.

1. Density. By maximizing the function g(x) = ‖x‖1 =
∑
j∈N xj = |S|,

one aims at generating columns maximizing the number of items in the

pattern.95

2. Weight. By maximizing the function g(x) =
∑
j∈N wjxj , one aims at gen-

erating columns maximizing the weight of the items in the pattern. Max-

imizing this function corresponds to minimizing the waste of the pattern,

i.e., the empty space that is left in the bin that is about to be generated.

The rationale behind this measure is that, arguably, columns with large100

weight are more likely to be contained in an optimal solution. Note that

maximizing this function in the second level corresponds to solving a sub-

set sum problem asking for a subset of items of maximum weight fitting

in the bin.

3. Diversity or coordination. Let S̃ be the set of columns contained in RMP

at a given column generation iteration, and consider the average number

of times item j ∈ N is covered by the columns in S̃ , namely:

0 ≤ s̃j =
|S̃j |
|S̃ |

≤ 1, where S̃j =
{
S ⊆ S̃ : j ∈ S

}
.

Maximizing, for some γ ≥ 0, the function ‖x− s̃‖1 + γ ‖x‖1, one max-105

imizes, with trade-off factor γ, a combination of the 1-norm distance

‖x− s̃‖1 between the column x being generated and the average s̃ of

the previous columns and the density ‖x‖1 of x. With γ > 1, one can

show that only maximal columns will be produced. The reason why di-

verse columns may be beneficial in CG is similar to why diverse cuts may110

be beneficial in cutting plane generation. We refer the interested reader

to [16], where the function was originally proposed.

Note that, due to x being binary, ‖x− s̃‖1 + γ ‖x‖1 can be rewritten as:

‖x− s̃‖1 + γ ‖x‖1 =
∑
j∈N

xj − 2
∑
j∈N

s̃jxj +
∑
j∈N

s̃j + γ
∑
j∈N

xj . (4)
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After dropping the constant term
∑
j∈N s̃j and letting γ = 2 as suggested

in [16], we have: g(x) =
∑
j∈N (3− 2s̃j)xj .

While, given a column x maximizing any of these three function, the value115

of any of them cannot be increased by adding items to x, maximizing the three

quantities leads to different columns:

Example 1. Consider an instance with n = 6 items with w = (50, 8, 9, 49, 26, 25)

and C = 100. Assume that RMP contains seven patterns: all singleton pat-

terns Sj = {j} for all j ∈ N and the maximal pattern S7 = {1, 2, 3, 6}. Let120

π∗ = (1, 0, 0, 1, 1, 0) be an optimal dual solution. We have s̃ =
(
2
7 ,

2
7 ,

2
7 ,

1
7 ,

1
7 ,

2
7

)
.

We have 3e− 2s̃ =
(
17
7 ,

17
7 ,

17
7 ,

19
7 ,

19
7 ,

17
7

)
. Consider, for instance, the following

three maximal patterns of minimum reduced cost (equal to -1):

pattern density weight diversity

S8 = {1, 2, 3, 5} 4 93 10

S9 = {2, 3, 4, 5} 4 92 72
7

S10 = {4, 5, 6} 3 100 55
7

As it is clear, S10 is of maximum weight, but not of maximum density nor125

diversity. S8 and S9 are both of maximum density, but not of maximum weight.

Note also how the diversity measure further differentiates between S8 and S9,

as only S9 achieves maximum diversity.

Note that one can always solve PP in lexicographic sense by optimizing the

function f(x) + εg(x) for a sufficiently small ε > 0, see [16]. For large instances,130

though, a value of ε small enough to guarantee that the lexicographic priority

be respected can be very small. If ε is smaller than machine precision, the

presence of the lower-priority function g(x) could be nullified, de facto reverting

the lexicographic to a classical single-level one. To overcome this numerical

limitation, we propose the following generalization of the DP algorithm typically135

used to solve the 0-1 knapsack problem corresponding to the standard PP.
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2.3. Lexicographic Dynamic Programming

We propose a Lexicographic Dynamic Programming (LDP) algorithm for the

solution of LPP which is entirely parameter independent.

For each item j ∈ N and integer value s ∈ {0, . . . , C}, let
(
fj(s), gj(s)

)
be140

the optimal lexicographic solution value in terms of f and g. Let the binary

operator � induce a partial order over pairs
((
fj(s), gj(s)

)
,
(
fj′(s

′), gj′(s
′)
))

for

all j, j′ ∈ N and s, s′ ∈ {0, . . . , C}, such that
(
fj(s), gj(s)

)
�
(
fj′(s

′), gj′(s
′)
)

if

an only if either fj(s) > fj′(s
′) or fj(s) = fj′(s

′) and gj(s) ≥ gj′(s′).

Let g(x) =
∑
j∈N cjxj for some c ∈ Rn. For the three cases of density,145

weight, and diversity, we have, respectively, cj = 1, cj = wj , and cj = 3 − 2s̃j ,

for all j ∈ N . One can see that
(
fj(s), gj(s)

)
admits the following recursive

structure:

(
fj(s)

gj(s)

)
=



(
fj−1(s)

gj−1(s)

)
if

(
fj−1(s)

gj−1(s)

)
�
(
fj−1(s− wj) + π∗j
gj−1(s− wj) + cj

)
(
fj−1(s− wj) + π∗j
gj−1(s− wj) + cj

)
if

(
fj−1(s)

gj−1(s)

)
≺
(
fj−1(s− wj) + π∗j
gj−1(s− wj) + cj

)
.

(5)

An optimal solution to LEX-PP can thus be obtained by computing the

values of
(
fj(s), gj(s)

)
recursively with Equation (5), starting from s = 1 and150

j = 1, and initializing f0(s) = 0 and g0(s) = 0 for all s ∈ {0, . . . , C}. The

complexity of the algorithm is clearly O(nC), the same as for the classical DP

algorithm for the 0-1 knapsack problem.

3. Computational experience

After clarifying the aim of our experimental campaign and presenting the155

test bed of instances that we use, we illustrate the computational results that

we obtain with the lexicographic pricing problem that we propose.

3.1. Aim of the experiments and setup

We assess the impact of our lexicographic stabilization technique by mea-

suring the reduction in the number of columns that are generated when solving160
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FBPP to optimality. This is in line with the setup of other works on cutting

plane generation [17, 16, 18], and better allows us to assess the impact of the

different methods that we consider in a cleaner setting devoid of the many, often

conflicting, aspects of B&P (such as primal heuristics and branching rules). In

particular, we explicitly refrain from reporting the computing times here. We165

remark, though, that the time it takes to solve our lexicographic pricing problem

LEX-PP is comparable to that taken by solving the standard pricing problem

PP.

3.2. Experimental Settings

We use CPLEX 12.7.0 (just called CPLEX, for brevity, in what follows) in170

single-threaded mode to solve the LP relaxation of RMP at each iteration of

the CG procedure. All CPLEX parameters are set to their default value, except

for EPAGAP and EPOPT, which are set to 1−9 (maximal tolerance) to obtain, from

a numerical point of view, results as accurate as possible. RMP is reoptimized

using CPLEX’s dual simplex algorithm. To have a clean set of experiments, we175

initialize RMP with singleton columns, one per item.

3.3. Instances

We use a test bed of 540 instances1 proposed in [19, 20] (called in the lit-

erature: set “Scholl 1”). They are obtained with the following input settings:

|N | ∈ {100, 200, 500}, C ∈ {100, 120, 150}, and wj ranging in [1, 100], [20, 100],180

and [30, 100] for j = 1, . . . , n (for brevity, we denote these three ranges by

W ∈ {1, 2, 4}. See Table 1. The item weights are sampled as integer numbers

from a uniform random distribution defined over those intervals. In this test

bed, 20 instances are generated for each of the 27 instance classes using the

settings above, for a total of 540 instances of different characteristics.185

1Data set 1 from https://www2.wiwi.uni-jena.de/Entscheidung/binpp/index.html.
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3.4. Results

We compare five different pricing algorithms for the solution of FBPP (see

Formulation (2)):

1. STD: standard textbook implementation where PP is solved using CPLEX

and Formulation (3).190

2. STD-MAX: same setting as STD with an a posteriori maximalization phase

in which items are added until the capacity is saturated. The greedy

maximalization is performed using a random item order.

3. LEX-DENS: the LEX-PP pricing problem is solved as a two level lexico-

graphic DP, using the Density g(x) objective function.195

4. LEX-DIVER: the LEX-PP pricing problem is solved as a two level lexico-

graphic DP, using the Diversity g(x) objective function.

5. LEX-WEIGHT: the LEX-PP pricing problem is solved as a two level lexico-

graphic DP, using the Weight g(x) objective function.

In all cases, further ties are broken at random.200

A graphical representation of the relative performance of the five different

CG pricing algorithms presented above is given by the performance profile in

Figure 1.

For each instance, let τ be the ratio between the number of columns gener-

ated by the considered pricing algorithm and the minimum number of columns205

generated, on that instance, by all the pricing algorithms we tested.

For each pricing algorithm and for each value of τ in the horizontal axis, the

vertical axis reports the percentage of the instances for which the algorithm at

hand requires, for the solution of FBPP, at most τ times the number of columns

that are generated by the algorithm which generates the smallest amount. To210

better clarify the meaning of the vertical axis, let us illustrate Figure 1 for

τ = 1.2, i.e., when each algorithm is allowed to generate at most 1.2 times

more columns than the one generating the smallest quantity: for both STD and

STD-MAX this happens in about 40% of the instances, whereas for LEX-DENS,
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LEX-DIVER, and LEX-WEIGHT this happens in about 85, 90 and 95% of the in-215

stances, respectively. Each curve starts from the percentage of instances in

which the corresponding algorithm generates the minimum number of columns.

Overall, the best performances are graphically represented by the curves in the

upper part of Figure 1.

The graph in Figure 1 clearly shows that LEX-WEIGHT achieves the best220

performance, as it is the pricing algorithm which generates the minimum num-

ber of columns in almost 60% of the instances. The second best algorithm is

LEX-DIVER, outperforming the other ones in almost 30% of the instances, fol-

lowed by LEX-DENS, which outperforms the other ones in 10% of the instances.

The performance profile shows that STD-MAX achieves only very marginal im-225

provements over STD, and it is dominated by the three LEX algorithms. It is

worth noticing that by allowing 2 times the number of columns generated by

the best lexicographic configurations, both STD and STD-MAX are only able to

solve around 80% of the instances, managing to solve 100% of the them only

when they are allowed 6 times the number of columns.230
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Figure 1: Performance profile in numbers of generated columns for the five CG pricing algo-

rithms considered.

11



In Table 1, we report detailed computational results on the 540 benchmark

instances, obtained solving FBPP via the five different pricing algorithms. The

best pricing algorithm for each class of instances is reported in boldface. Each

line of the table shows the average results of 20 instances with similar features.

The first three columns of the table report the instance characteristics, i.e., the235

number of items |N |, the capacity C, and the distribution of the weights W . The

column “STD # cols” reports the average number of columns generated by the

pricing algorithm STD. These figures are then used to evaluate the performance

of all the other pricing algorithms. The last four columns of the tables report the

average percentage reduction in the number of columns of the other four pricing240

algorithms we tested. For each pricing algorithm, the reduction is measured as

the percentage ratio between the difference in the number of columns generated

by the algorithm at hand and STD, over the number of columns generated by

the latter.

Table 1 clearly shows that all the pricing algorithms based on the lexico-245

graphic pricing problem (LEX-PP) lead to a considerable reduction in the num-

ber of columns. The average reduction is of -19.2%, -20.9%, and -23.8% for,

respectively, LEX-DENS, LEX-DIVER and LEX-WEIGHT.

Table 1 also indicates that the a posteriori maximalization procedure carried

out in STD-MAX is not effective, as it leads to an average column reduction of only250

-1.7%. This shows the effectiveness of the lexicographic approach of selecting,

among all the columns with a minimum reduced cost, one which maximizes the

measures of maximality we proposed.

As far at the comparison between the different lexicographic pricing problems

and algorithms is concerned, Table 1 shows that the best one is LEX-WEIGHT. In-255

deed, this pricing algorithm always leads to an average reduction in the number

of columns for all classes of instances in the test bed, with a minimum reduction

of -3.1% and a maximum reduction of -73.6%. From the table, it also emerges

that the most substantial reductions can be achieved for the instances with

W = 4, i.e., instances with relatively large item weights and, in general, for the260

the larger instances with 500 items. We remark that, for the 20 instances with
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N = 500, C = 100, and W = 4, LEX-WEIGHT achieves, on average, a reduction

in the number of columns of -73.6%, which translates into an average saving of

≈ 1400 columns per instance.

4. Conclusions265

We have proposed a lexicographic pricing problem for column generation

which, among all columns of minimum reduced cost which are maximal, gener-

ates one which maximizes either the column density, its weight, or a measure of

diversity w.r.t. the columns that have been previously generated.

Computational results on bin packing instances show a substantial reduction270

in the number of columns needed to solve FBPP to optimality, especially when

column weight is maximized as the second-level lexicographic objective.

We remark that our approach can be easily generalized to any number of

lexicographic objectives, so to allowing for breaking any further tie according

to different metrics. Moreover, our new lexicographic pricing technique can be275

applied seamlessly to any B&P algorithm, also on top of other stabilization

techniques, at no computational overhead, as our lexicographic pricing problem

retains the same theoretical and practical complexity as the standard done.

Future work includes the extension to other problems typically solved with

column generation techniques, such as graph coloring or vehicle routing and,280

in particular, to problems whose pricing subproblem is solved via dynamic pro-

gramming. In line with recent work on sparsity [21], it can also be of interest

to extended our results to the generation of a maximal column of minimum

density—in the case of bin packing, this corresponds to solving, in the sec-

ond lexicographic level, the minimum-cost maximal knapsack packing problem285

studied in [22].
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