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Abstract In the setting of a Euclidean Jordan algebra V with symmetric
cone V+, corresponding to a linear transformation M , a ‘weight vector’ w ∈
V+, and a q ∈ V , we consider the weighted linear complementarity problem
wLCP(M,w, q) and (when w is in the interior of V+) the interior point system
IPS(M,w, q). When M is copositive and q satisfies an interiority condition, we
show that both the problems have solutions. A simple consequence, stated in
the setting of Rn is that when M is a copositive plus matrix and q is strictly
feasible for the linear complementarity problem LCP(M, q), the corresponding
interior point system has a solution. This is analogous to a well-known result
of Kojima et al. on P∗-matrices and may lead to interior point methods for
solving copositive LCPs.
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1 Introduction

Motivated by the works of Potra [13], [14], in a recent paper Chi et al. [1]
studied the weighted horizontal linear complementarity problem which is de-
fined as follows. Let (V, ◦, 〈·, ·〉) be a Euclidean Jordan algebra with symmetric
cone V+ [4]. Given two linear transformations A and B on V , a ‘weight vector’
w ∈ V+, and a q ∈ V , the weighted horizontal linear complementarity problem
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wHLCP(A,B,w, q) is to find (x, y) ∈ V × V such that

x ≥ 0, y ≥ 0,
x ◦ y = w,
Ax+By = q,

(1)

where x ≥ 0 means that x ∈ V+, etc. This problem reduces to a horizontal
linear complementarity problem on V when w = 0 and to the following ‘interior
point system’ when w > 0 (that is, when w is in the interior of V+):

x > 0, y > 0,
x ◦ y = w,
Ax+By = q.

(2)

For the algebra V = Rn (in which case, the Jordan product is the com-
ponentwise product), under the assumptions that {A,B} is a sufficient pair
(equivalently, a P∗-pair) and q is strictly feasible, Potra [14] shows that
wHLCP(A,B,w, q) has a solution for any w ∈ V+. His proof consists in ap-
plying the Karush-Kuhn-Tucker conditions to an optimization problem over
a bounded level set. For a general V , using degree-theoretic tools and a
weighted version of the Fischer-Burmeister map, Chi et al. ([1], Theorem
1) showed that when {A,B} is an R0-pair and HLCP-deg(A,B) is nonzero,
wHLCP(A,B,w, q) has a nonempty compact solution set for every (w, q) ∈
V+ × V .

Specializing wHLCP(A,B,w, q) to A = −M and B = I (identity transfor-
mation), we get the weighted linear complementarity problem wLCP(M,w, q):
Find (x, y) ∈ V × V such that

x ≥ 0, y ≥ 0,
x ◦ y = w,
y = Mx+ q.

(3)

When w > 0, this leads to the interior point system IPS(M,w, q):

x > 0, y > 0,
x ◦ y = w,
y = Mx+ q.

(4)

While the study of wLCPs is new (initiated in [13], [14] and continued
in [1]), systems of the type (4) have appeared in interior point methods for
solving linear complementarity problems and linear programming problems.
In particular, the following result of Kojima et al. stated in the setting of Rn

is well-known in the LCP literature:

Theorem 1 ([9], Lemma 4.3, and Lemma 4.5) On Rn, suppose the following
conditions hold for M and q:

(i) M is a P0-matrix (that is, all the principal minors of M are nonnegative).
(ii) q is strictly feasible, that is, there exists x > 0 such that Mx+ q > 0.
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(iii) For every real number c ≥ 0, the level set

{(x, y) : x ≥ 0, y ≥ 0, y = Mx+ q, and 〈x, y〉 ≤ c}

is bounded.

Then, for any w > 0, the interior point system (4) has a unique solution.
In particular, this conclusion holds when M is a P∗-matrix and q is strictly
feasible.

The proof of this result given in [9] consists in (a) showing that the map
(x, y)→ x ◦ y is one-to-one on the set {(x, y) : x > 0, y > 0, y = Mx+ q}, (b)
applying the invariance of domain theorem, and (c) showing that a P∗-matrix
satisfies conditions (i) and (iii).

Motivated by the above result of Kojima et al., we ask if a similar result
could be stated for other types of matrices, particularly for copositive ma-
trices. Since the P0-property is crucially used to prove the uniqueness part,
we can no longer expect uniqueness. Foregoing uniqueness, but working in a
general Euclidean Jordan algebra setting, we show in Theorem 2 of this paper
that (3) has a solution for any w ≥ 0 and (4) has a solution for any w > 0
when M is a copositive linear transformation and q satisfies an interiority
condition that is somewhat stronger than the bounded level set condition (iii)
above. A simple consequence of this result, stated in the setting of Rn is: If
M is a copositive plus matrix and q is strictly feasible, then for any w ≥ 0,
the weighted LCP (3) has a solution and for any w > 0, the interior point
system (4) has a solution. We anticipate that a result of this type may lead to
interior point methods for solving copositive linear complementarity problems.

The organization of the paper is as follows. In Section 2, we cover some pre-
liminary material dealing with the min and Fischer-Burmeister maps, coposi-
tive transformations, and degree theory. Our main result, Theorem 2, is pre-
sented in Section 3. An important corollary related to copositive star trans-
formations will also be presented in this Section. We provide an example to
show that Theorem 1 is not valid for semimonotone matrices.

2 Preliminaries

For most part, we follow the notation and basic results from [1]. For the sake
of completeness, we recall some here. Throughout this paper, we let (V, ◦, 〈·, ·〉)
denote a Euclidean Jordan algebra of rank n with symmetric cone V+ [4], [8].
Here, x ◦ y and 〈x, y〉 denote, respectively, the Jordan product and the inner
product of elements x and y. We let e denote the unit element of V . For a
subset S of V , the interior, closure, and boundary are respectively denoted by
int(S), S, and ∂(S). We write conv(S) for the convex hull of S and cone(S) :=
{λx : λ ≥ 0, x ∈ S} is the conic hull of S. If x ∈ V+ (x ∈ int(V+)), we write
x ≥ 0 (respectively, x > 0). For a real number α, we write α+ := max{α, 0}.
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For x ∈ V , x+ denotes the projection of x onto V+, and we let x− := x+ − x,
|x| := x+ + x−. These can also be described via the spectral decomposition of
x =

∑n
1 xiei (where x1, x2, . . . , xn are the eigenvalues of x and {e1, e2, . . . , en}

is Jordan frame): x+ =
∑n

1 x
+
i ei, |x| =

∑n
1 |xi|ei, etc. For x, y ∈ V , we define

x u y := x− (x− y)+.

When V = Rn (with the usual componentwise product and the inner product),
this reduces to min{x, y}, the componentwise minimum of (vectors) x and y
in Rn. The maps (x, y)→ x u y and

(x, y)→ x+ y −
√
x2 + y2

will be, respectively, called the min map and the Fischer-Burmeister map.
Below, we collect some properties of these maps.

Proposition 1 ([1], Propositions 1 and 2) The following statements hold in
V :

(i) u+ x u y = (u+ x) u (u+ y).
(ii) λ(x u y) = λx u λy for all λ ≥ 0.
(iii) The following are equivalent; in each case, x and y operator commute.

(a) x u y = 0.
(b) x ≥ 0, y ≥ 0, and 〈x, y〉 = 0.
(c) x ≥ 0, y ≥ 0, and x ◦ y = 0.

(iv) When w ≥ 0, the following statements are equivalent:

(1) x+ y −
√
x2 + y2 + 2w = 0.

(2) x ≥ 0, y ≥ 0, and x ◦ y = w.
Moreover, when w = 0 or w = e (the unit element of V ), above x and y
operator commute.

(v) Let x, y ∈ V and 0 ≤ t ≤ 1. Then,

t
[
x+ y −

√
x2 + y2

]
+ (1− t) [x u y] = 0⇐⇒ x u y = 0.

Note: The following implication, observed in [1] (page 14) will be useful in
transitioning from a weighted LCP to an interior point system:[

x ≥ 0, y ≥ 0 and x ◦ y > 0
]
⇒ x > 0 and y > 0.

2.1 Linear complementarity problems and copositive transformations

In this section, we recall definitions of various types of copositive (linear)
transformations and state some known results. Let H be a finite dimensional
real Hilbert space. For any set E in H, we define its dual by

E∗ := {x ∈ H : 〈x, y〉 ≥ 0 for all y ∈ E}.
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Given a closed convex cone K in H, a linear transformation M on H, and a
q ∈ H, we define the linear complementarity problem, LCP(M,K, q), as the
problem of finding x ∈ H such that

x ∈ K, Mx+ q ∈ K∗, and 〈x,Mx+ q〉 = 0,

whereK∗ denotes the dual ofK inH. We denote the solution set of LCP(M,K, q)
by SOL(M,K, q). In addition, when H = V and K = V+, we further abbrevi-
ate LCP(M,V+, q) and SOL(M,V+, q) by LCP(M, q) and SOL(M, q) respec-
tively. For the problem LCP(M, q), we say that q is strictly feasible if there
exists x > 0 in V such that y := Mx+ q > 0.

In what follows, we let S denote the solution set of LCP(M,K, 0), that is,

S := {x ∈ H : x ∈ K,Mx ∈ K∗, and 〈x,Mx〉 = 0}. (5)

We say [5], [3] that

(a) M is copositive on K if 〈x,Mx〉 ≥ 0 for all x ∈ K;
(b) M is copositive star on K if M is copositive on K and the implication

x ∈ S ⇒ −MTx ∈ K∗

holds, where MT denotes the transpose of M ;
(c) M is copositive plus on K if M is copositive on K and the implication

x ∈ K, 〈x,Mx〉 = 0⇒ 〈(M +MT )x, u〉 = 0

holds for all u ∈ K;
(d) M is monotone on H if 〈x,Mx〉 ≥ 0 for all x ∈ H.

It is easy to show that on K, every copositive plus transformation is copositive
star and every monotone M is copositive plus. Also, when K has nonempty
interior (e.g., when K = V+ in H = V ), M is copositive plus on K if and only
if it is copositive and

x ∈ K, 〈x,Mx〉 = 0⇒ (M +MT )x = 0.

We remark that in the setting of Rn
+, copositive plus matrices were studied by

Lemke in connection with his well-known algorithm [10], [2].
In the result below, we consider a bounded level set condition (like the one

that appears in Theorem 1) and relate it to an interiority condition.

Proposition 2 Let H, K, M and q be as above. Let S be given by (5). Con-
sider the following statements.

(a) q ∈ int(S∗).
(b) 0 6= x ∈ S ⇒ 〈q, x〉 > 0.
(c) For every real number c ≥ 0, the set

{(x, y) : x ∈ K, y ∈ K∗, y = Mx+ q, and 〈x, y〉 ≤ c}

is bounded in H ×H.
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Then, (a)⇔ (b). When M is copositive on K, (b)⇒ (c).

Proof. (a) ⇒ (b): Suppose q ∈ int(S∗) and 0 6= x ∈ S. Then, for all small
positive ε, q − ε x ∈ S∗. This implies that 〈q − ε x, x〉 ≥ 0, that is, 〈q, x〉 ≥
ε ||x||2 > 0.
(b)⇒ (a): Assume that 0 6= x ∈ S ⇒ 〈q, x〉 > 0. If S = {0}, then S∗ = H and
(a) holds trivially. So, assuming S 6= {0}, we let E := {x ∈ S : ||x|| = 1}. As
S is closed, E is compact. Hence, conv(E), the convex hull of E, is compact
and convex. As S is a cone, from 0 6= x ∈ S ⇒ 〈q, x〉 > 0 we see that
〈q, y〉 > 0 for all y ∈ E and so 〈q, y〉 > 0 for all y ∈ conv(E). This implies
that 0 6∈ conv(E). Then, C := cone(conv(E)) is a closed convex cone. It is
easy to see that S∗ = C∗ and the condition 0 6= x ∈ S ⇒ 〈q, x〉 > 0 is
equivalent to the condition 0 6= x ∈ C ⇒ 〈q, x〉 > 0. A simple application of the
supporting hyperplane theorem shows that the latter condition is equivalent
to q ∈ int(C∗) = int(S∗).
(b)⇒ (c): Assume that M is copositive on K. Suppose, for some real number
c ≥ 0, the level set in (c) is unbounded. Without loss of generality, consider
an unbounded sequence xk such that xk ∈ K, yk = Mxk + q ∈ K∗, and
〈xk,Mxk + q〉 ≤ c for all k = 1, 2, . . . . We normalize xk, let k → ∞, and
assume (without loss of generality) that x = lim xk

||xk|| to get

x ∈ K, Mx ∈ K∗, and 〈x,Mx〉 = 0,

where the last equality follows from the copositivity of M . This means that
0 6= x ∈ S. Also, because M is copositive, the inequality 〈xk,Mxk + q〉 ≤ c
implies that 〈xk, q〉 ≤ 〈xk,Mxk + q〉 ≤ c for all k = 1, 2, . . . . This leads to
〈x, q〉 ≤ 0 which is the negation of (b). Hence, (b)⇒ (c) when M is copositive.
ut

Proposition 3 The following statements hold:

(a) IfM is copositive on K and q ∈ int(S∗), then LCP(M,K, q) has a solution.
(b) If M is copositive star on K, then S∗ = K∗ −M(K).
(c) Let H = V and K = V+. Suppose M be copositive star on V+. Then, q is

strictly feasible if and only if 0 6= x ∈ S ⇒ 〈q, x〉 > 0.

Remarks. (1) Items (a) and (b) are (essentially) proved in [6]; see also Propo-
sitions 2.5.11 and Lemma 2.5.2 in [3]. The ‘only if’ part of Item (c) can be
seen as follows: If 0 6= x ∈ S, then −MTx ≥ 0. Hence, writing q = y −M(x)
where x > 0 and y > 0, we have

〈q, x〉 = 〈y, x〉 − 〈M(x), x〉 = 〈y, x〉+ 〈x,−MTx〉 > 0.

The ‘if’ part (which is not needed in the paper) can be proved by an application
of the separation theorem.
When H = Rn

+ and K = Rn
+, Item (a) can be improved: If M is copositive

on Rn
+ and q ∈ S∗, then LCP(M,K, q) has a solution, see [2], Theorems 3.8.6,

4.4.13, and Remark 4.4.14. In the same setting, (b) can be improved: When
M is copositive star on Rn

+, S∗ = Rn
+ −M(Rn

+), see [2], Theorem 3.8.13.
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2.2 Degree theory

We employ degree theoretic arguments to prove our main result. All necessary
results concerning degree theory are given in [3] (specifically Proposition 2.1.3);
see also, [11], [12]. A brief summary appears in Section 2.1 of [1] which is re-
produced here verbatim for completeness. Suppose Ω is a bounded open set in
Rn, g : Ω → Rn is continuous and p 6∈ g(∂Ω), where Ω and ∂Ω denote, respec-
tively, the closure and boundary of Ω. Then the degree of g over Ω with respect
to p is defined; it is an integer and will be denoted by deg(g,Ω, p). When this
degree is nonzero, the equation g(x) = p has a solution in Ω. Suppose g(x) = p
has a unique solution, say, x∗ in Ω. Then deg(g,Ω′, p)=deg(g,Ω′, g(x∗)) is con-
stant over all bounded open sets Ω′ containing x∗ and contained in Ω. This
common degree is called the (topological) index of g at x∗; it will be denoted
by ind(g, x∗). If, in the above setting, g is differentiable at x∗ with nonsingular
derivative, then ([7], page 869)

ind(g, x∗) = sgn det g′(x∗). (6)

In particular, if g : Rn → Rn is a continuous map such that g(x) = 0⇔ x = 0,
then for any bounded open set containing 0, we have

ind(g, 0) = deg(g,Ω, 0);

moreover, when g is the identity map, ind(g, 0) = 1.

Let H(x, t) : Rn×[0, 1]→ Rn be continuous (in which case, we say that H is
a homotopy). Suppose that for some bounded open set Ω in Rn, 0 6∈ H(∂Ω, t)
for all t ∈ [0, 1]. Then, the homotopy invariance property of degree says that

deg
(
H(·, t), Ω, 0

)
is independent of t. In particular, if the zero set

{
x : H(x, t) = 0 for some t ∈ [0, 1]

}
is bounded, then for any bounded open set Ω in Rn containing this zero set,
we have

deg
(
H(·, 1), Ω, 0

)
= deg

(
H(·, 0), Ω, 0

)
.

Note: All degree theory concepts and results are also valid over any finite
dimensional real Hilbert space (such as V or V ×V ) instead of Rn. To show that
the zero set of a map or a system of equations is bounded, we frequently employ
the so-called normalization argument. Here, a certain sequence of vectors (with
their norms going to infinity) is normalized to yield a unit vector that violates
a given criteria.
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3 The main existence result

In what follows, we consider a Euclidean Jordan algebra V with its symmetric
cone V+.

Theorem 2 Let M be a linear transformation on V that is copositive on V+.
We let S := SOL(M, 0) and q ∈ V satisfy the implication

0 6= x ∈ S ⇒ 〈q, x〉 > 0.

Then for any w ≥ 0, wLCP(M,w, q) has a nonempty compact solution set. In
particular, if w > 0, then IPS(M,w, q) has a nonempty compact solution set.

Proof We fix w ≥ 0 and assume that the implication 0 6= x ∈ S ⇒ 〈q, x〉 > 0
holds. We show, by degree theoretic arguments that the system

x+ y −
√
x2 + y2 + 2w = 0,

y − (Mx+ q) = 0

has a nonempty compact solution set. This, in view of Proposition 1(iv), shows
that wLCP(M,w, q) has a nonempty compact solution set.
We fix a d > 0. With z = (x, y) ∈ V ×V and t ∈ [0, 1], we define the following
map:

F (z, t) :=

[
x+ y −

√
x2 + y2 + 2tw

y −
[
Mx+ (1− t)d+ tq

]] .
Clearly, F is continuous in (z, t),

F (z, 0) :=

[
x+ y −

√
x2 + y2

y −
[
Mx+ d

] ]
,

and

F (z, 1) :=

[
x+ y −

√
x2 + y2 + 2w

y −
[
Mx+ q

] ]
.

Let

Z := {z : F (z, t) = 0 for some t ∈ [0, 1]}.

We show by a normalization argument that Z is bounded. Suppose, if possible,
Z is unbounded. Let zk := (xk, yk), tk ∈ [0, 1] with ||zk|| → ∞, and F (zk, tk) =
0 for all k = 1, 2, . . .. Without loss of generality, we assume that ||xk|| → ∞.
We also suppose that tk → t and

x := lim
k→∞

xk
||xk||

.
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Now, using Item (iv) in Proposition 1 and F (zk, tk) = 0, we get the inequalities
xk ≥ 0, Mxk + (1− tk)d+ tkq ≥ 0 for all k. These lead to

x ≥ 0 and Mx ≥ 0. (7)

Item (iv) in Proposition 1 also gives xk ◦
[
Mxk + (1− tk)d+ tkq

]
= tkw. By

taking the inner product of this with e, we get, for all k,

〈xk,Mxk〉+ (1− tk)〈xk, d〉+ tk〈xk, q〉 = tk 〈w, e〉. (8)

Dividing this by ||xk||2 and taking the limit as k →∞, we get

〈x,Mx〉 ≤ 0. (9)

Combining this with (7), we see that 〈x,Mx〉 = 0 and so 0 6= x ∈ S. Now, M
is copositive. Hence, from (8),

(1− tk)〈xk, d〉+ tk〈xk, q〉 ≤ tk 〈w, e〉

for all k. Dividing this by ||xk|| and taking limit, we get

(1− t)〈x, d〉+ tk〈x, q〉 ≤ 0.

However, this is not possible, as 0 6= x ∈ S and d > 0 imply that 〈x, q〉 > 0
and 〈x, d〉 > 0. Thus, the set Z is bounded.

Now consider the map

H(z, t) :=

 t [x+ y −
√
x2 + y2

]
+ (1− t) [x u y]

y −
[
Mx+ d

]  .
Clearly, H is continuous in (z, t),

H(z, 0) :=

[
x u y

y −
[
Mx+ d

]]
.

and

H(z, 1) :=

[
x+ y −

√
x2 + y2

y −
[
Mx+ d

] ]
= F (z, 0).

Suppose for some (z, t), H(z, t) = (0, 0). Then,

t
[
x+ y −

√
x2 + y2

]
+ (1− t)x u y = 0,

which, by Proposition 2, implies that xuy = 0. We also have y = Mx+d. Thus,
x ≥ 0, y ≥ 0, and 〈x,Mx + d〉 = 0. Since M is copositive, we get 〈x, d〉 = 0.
We conclude that x = 0 (as d > 0). Hence, z = (0,M0 +d) = (0, d). Thus, the
set

{z : H(z, t) = 0 for some t ∈ [0, 1]}
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is bounded. Let Ω be a bounded open set in V ×V that contains the zero sets
of F and H. Then, by the homotopy invariance property of degree, we have

deg
(
F (·, 1), Ω, 0

)
= deg

(
F (·, 0), Ω, 0

)
= deg

(
H(·, 1), Ω, 0

)
= deg

(
H(·, 0), Ω, 0

)
.

We now show that deg
(
H(·, 0), Ω, 0

)
is nonzero. First, we note (as observed

previously) that (0, d) is the only solution of H(x, t) = 0 in Ω. When z = (x, y)
is close to (0, d), x is close to 0 and y = Mx+d is close to d. Hence x−(Mx+d)
is close to −d. Then, (x− y)+ = 0 and so xu y = x. Thus, for z = (x, y) close
to (0, d),

H(z, 0) =

[
x u y

y −
[
Mx+ d

]]
=

[
x

y −
[
Mx+ d

]]
.

The derivative of this at (0, d) is [
I 0
−M I

]
which is clearly nonsingular. So, deg

(
H(·, 0), Ω, 0

)
(which, by (6), is the sign

of the determinant of the above derivative at (0, d)) is nonzero. Thus, we

have shown that deg
(
F (·, 1), Ω, 0

)
is nonzero. This implies that the equation

F (z, 1) = 0 has a solution and all solutions lie in the bounded open set Ω. This
proves our first assertion about wLCP(M,w, q). The second assertion about
IPS(M,w, q) follows immediately (see the note following Proposition 1). ut

Remarks. (2) The proof of the above theorem can be modified to get the
following.
Suppose the conditions of the theorem hold and let B be a nonempty bounded
subset of V+. Then, as w varies over B, the solution sets of
wLCP(M,w, q) are uniformly bounded. Also, as w varies over elements of B
that satisfy w > 0, the solution sets of IPS(M,w, q) are uniformly bounded.
This can be seen by modifying the definitions of F and Z to include wk in
place of w and showing that the ensuing zero sets are uniformly bounded.
To see an application of this, suppose w > 0 and let εk ↓ 0 in R. When the
conditions of the theorem are in place, the sequence (xk, yk) satisfying the
conditions

xk > 0, yk > 0,
xk ◦ yk = εk w,
yk = Mxk + q.

(10)

will have a subsequence that converges to a solution of LCP(M, q).
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(3) We now compare the above theorem with a result in [1]. Suppose M sat-
isfies the R0-property on V+, that is, S = SOL(M, 0) = {0}. Then, the map
g : x 7→ x uMx vanishes only at zero. When ind(g, 0) is nonzero, Corollary
2 in [1] asserts that wLCP(M,w, q) has a solution for any w ≥ 0 and q ∈ V
and IPS(M,w, q) has a solution for any w > 0 and q ∈ V . (In particular,
this conclusion holds for linear transformations satisfying the R-property, P-
property, or strictly copositive property.) Note that this is a ‘universal/global’
result as it holds for all q, while our Theorem 2 is an ‘individual/local’ re-
sult tailored to a particular q. When M is copositive on V+ and satisfies the
R0-property, it is easy to show that ind(g, 0) is nonzero by considering the

homotopy H(x, t) := x u
(
tMx+ (1− t)x

)
. Thus, when the copositive trans-

formation has the R0-property, the two results give the same conclusion.

We now state an important consequence of Theorem 2.

Corollary 1 Suppose M is copositive star on V+ (for example, M is coposi-
tive plus on V+ or monotone on V ) and q is strictly feasible. Then, the con-
clusions of the theorem hold.

Proof. Suppose M is copositive star on V+ and q is strictly feasible. Then, by
Item (c) in Proposition 3, 0 6= x ∈ S ⇒ 〈q, x〉 > 0. Since M is copositive on
V+, Theorem 2 holds. ut

The following example shows that in the above theorem, the interiority
condition on q cannot be weakened to a bounded level set condition (such as
the one imposed in Item (c) of Theorem 1).

Example 1: In V = R2 with V+ = R2
+, let

M =

[
0 1
1 1

]
and q =

[
−1
0

]
.

Then, M is copositive on R2
+ (as it is a nonnegative matrix), q is strictly

feasible (that is for some x > 0, Mx+ q > 0) and for every c ≥ 0, the level set

{(x, y) : x ≥ 0, y ≥ 0, y = Mx+ q, 〈x,Mx+ q〉 ≤ c}

is bounded. However, corresponding to w = 0, the problem wLCP(M,w, q)
over R2

+ does not have a solution. Also, the IPS(M,w, q) with w = e (the
vector of ones) does not have a solution. We note that the above M is an E0-
matrix (also called a semimonotone matrix [2]): For every nonzero x in R2

+,
there is an index i such that

xi(Mx)i ≥ 0.

Hence, this example also shows that Theorem 1 fails to hold when the P0-
matrix condition is replaced by the E0-matrix condition.
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The following example shows that even in the monotone case, mere solv-
ability of a linear complementarity problem does not imply the solvability of
the corresponding interior point system.

Example 2: In V = R2 with V+ = R2
+, let

M =

[
0 1
−1 0

]
and q =

[
1
0

]
.

Then, M (being positive semidefinite) is monotone on R2, hence copositive
plus on R2

+. Also, LCP(M, q) solvable (as zero is a solution). Yet, q is not
strictly feasible and so IPS(M,w, q) with w being the vector of ones cannot
have a solution.
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