
Polynomial Optimization on

Chebyshev-Dubiner Webs of Starlike

Polygons∗

Marco Vianello1

Department of Mathematics, University of Padova, Italy

July 18, 2018

Abstract

We construct web-shaped norming meshes on starlike polygons, by
radial and boundary Chebyshev points. Via the approximation theoretic
notion of Dubiner distance, we get a (1−ε)-approximation to the minimum
of an arbitrary polynomial of degree n by O(n2/ε) sampling points.
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1 Introduction

In a recent paper on this journal [14], we made a first step in the use of the ap-
proximation theoretic notion of optimal polynomial norming mesh in the frame-
work of polynomial optimization. Let K ⊂ R

d be a compact set. For con-
venience, we restrict here to polynomial determining compact sets, i.e., a real
d-variate polynomial vanishing there vanishes everywhere in R

d (the definition
below can be easily extended to nondetermining compact sets, for example sub-
sets of an algebraic variety).

An optimal polynomial norming mesh of K is a sequence of finite norming
sets Xn ⊂ K, such that

‖p‖K ≤ C ‖p‖Xn
, ∀p ∈ P

d
n , card(Xn) = O(nd) , (1)

for some constant C ≥ 1, where Pd
n denotes the subspace of polynomials of total-

degree not exceeding n with dimension N = dim(Pd
n) =

(

n+d
d

)

, and ‖p‖Y the
uniform norm on a continuous or discrete compact set Y ). The term “optimal”
refers in the literature to the cardinality growth, and comes from the fact that by
(1) necessarily card(Xn) ≥ N ∼ nd/d!, so that it has the lowest possible order
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of growth with respect to n. On the theory and applications of polynomial
norming meshes, mainly developed in the last decade, we may refer the reader
for example to [2, 5, 9, 10, 13] with the references therein.

Concerning polynomial optimization, the general result in [14] implies that
if K admits an optimal norming mesh, for any given ε ∈ (0, 1) we can construct
a (optimal) norming mesh Xn(ε) with card(Xn(ε)) = O((n/ε)d), such that

‖p‖K ≤ (1 + ε) ‖p‖Xn(ε) , ∀p ∈ P
d
n . (2)

From (2) it is easy to prove that

min
Xn(ε)

p−min
K

p ≤ ε
(

max
K

p−min
K

p
)

, ∀p ∈ P
d
n , (3)

i.e., discrete minimization on Xn(ε) provides a (1 − ε)-approximation to the
global minimum (the notion is relative to the range of p, as usual in this context).

The cardinality can be reduced for special classes of compact sets, by resort-
ing to the geometric structure of the domain. In [11], it is shown that (2)-(3)
hold for multidimensional boxes on suitable Chebyshev grids, with

card(Xn(ε)) = O((n/
√
ε)d) (4)

(a similar result in the tensor-product setting was already proved in [18], whereas
uniform rational grids are considered, e.g., in [6, 7]). Similar results have been
recently obtained also for sections of sphere, ball and torus [15, 16], and on
convex (or even starlike) bodies with smooth boundary [12].

All these constructions, which typically produce nonuniform meshes clus-
tering at the boundary, make use of another relevant notion of multivariate
polynomial approximation theory, the Dubiner distance on a compact set K
(introduced in the seminal paper [8])

dubK(x, y) = sup
deg(p)≥1, ‖p‖K≤1

{

1

deg(p)
|arccos(p(x)) − arccos(p(y))|

}

. (5)

Among its basic properties, we recall that it is invariant under invertible affine
transformations, i.e., if σ(x) = Ax+ b, det(A) 6= 0, then

dubK(x, y) = dubσ(K)(σ(x), σ(y)) . (6)

Moreover, it is monotone nonincreasing with respect to set inclusion, namely, if
K ⊆ H then dubH(x, y) ≤ dubK(x, y).

The Dubiner distance plays a deep role in multivariate polynomial approx-
imation, cf. [3, 4, 8, 17]. Unfortunately, it is explicitly known only in the
univariate case on intervals (where it is the arccos distance by the Van der
Corput-Schaake inequality), and on cube, simplex, sphere and ball (in any di-
mension), cf. [3, 8]. On the other hand, it can be often estimated, for example
on smooth convex bodies via a tangential Markov inequality on the boundary,
cf. [12]. Its connection with the theory of polynomial norming meshes is given
by the following elementary but powerful Lemma (proved essentially in [1], see
also [11]).
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Lemma 1 Let X be a compact subset of a compact set K ⊂ R
d whose covering

radius r(X) with respect to the Dubiner distance does not exceed θ/n, where
θ ∈ (0, π/2) and n ≥ 1, i.e.

r(X) = max
x∈K

dubK(x,X) = max
x∈K

min
y∈X

dubK(x, y) ≤ θ

n
. (7)

Then, the following inequality holds

‖p‖K ≤ 1

cos θ
‖p‖X , ∀p ∈ P

d
n . (8)

Notice that X is not necessarily discrete, for example in [1] the notion is
applied to suitable Lissajous curves of the cube. Now, fix ε ∈ (0, 1). In view of
the inequality

1

cos(θ)
− 1 =

1− cos(θ)

cos(θ)
≤ θ2

2

1

1− θ2/2
=

θ2

2− θ2
, (9)

valid for θ <
√
2 < π/2, let θ(ε) be the angle such that θ2/(2 − θ2) = ε. If we

are able to construct a mesh Xn(ε) with covering radius

r(Xn(ε)) ≤
θ(ε)

n
, θ(ε) =

√

2ε

1 + ε
≤

√
2ε , (10)

we get a (1− ε)-approximation to the global minimum of any polynomial in P
d
n,

in view of (2)-(3).
In the next Section, we apply such a construction to planar starlike polygons.

2 Optimization on Chebyshev-Dubiner webs

We focus now on 2-dimensional instances, namely on planar starlike polygons
with respect to an internal center. A polygon K is starlike with respect to a
point c ∈ int(K), that we may term a star center of the polygon, if for ever
x ∈ K the closed segment [c, x] connecting c and x is in contained in K (a
convex polygon as any convex body is obviously starlike with respect to any of
its points).

Proposition 1 Let K ⊂ R
2 be a simple polygon, starlike with respect to a

center point c ∈ int(K), with (clock- or counterclockwise) ordered vertices {vi},
1 ≤ i ≤ ℓ. Let {tj} be the nm Chebyshev points of (0, 1), namely tj =

1
2 τj +

1
2 ,

where τj = cos((2j − 1)π/(2nm)), 1 ≤ j ≤ nm, and

ξis =
vi+1 − vi

2
τs +

vi+1 + vi
2

, 1 ≤ s ≤ nm , (11)

the nm Chebyshev points of the side (vi, vi+1), 1 ≤ i ≤ ℓ (where we have put
vℓ+1 = v1).

Then for every m > 2 the point set (Chebyshev-Dubiner web)

Znm =

nm
⋃

j=1

(c+ tj(Wnm − c)) , Wnm =

ℓ
⋃

i=1

nm
⋃

s=1

ξis ⊂ ∂K , (12)
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satisfies the inequality

‖p‖K ≤ 1

cos(π/m)
‖p‖Znm

, ∀p ∈ P
d
n . (13)

Proof. Denote by Kc = K − c the translation of K by the center point c ∈
int(K), by

φKc
(u) = inf{λ > 0 : u ∈ λKc} , u ∈ Kc

its Minkowski functional, φKc
(u) ∈ [0, 1], and by

x∂K = c+ (x− c)/φKc
(x − c)

the intersection point of the ray exiting from c and containing x with the bound-
ary ∂K.

First, we prove the following estimate of the Dubiner distance (that is valid
on any starlike body)

dubK(x, y) ≤ |arccos(2φKc
(x − c)− 1)− arccos(2φKc

(y − c)− 1)|

+ dub∂K(x∂K , y∂K) , ∀x, y ∈ K . (14)

Consider the intersection point y(x) of the ray exiting from c and contaning x
with the Minkowski level set of y, say Sy = {w ∈ K : φKc

(w−c) = φKc
(y−c)} =

c+ φKc
(y − c)(∂K − c). Then by the metric triangle inequality we can write

dubK(x, y) ≤ dubK(x, y(x)) + dubK(y(x), y) . (15)

Concerning the first summand on the right-hand side, since y(x) ∈ [c, x∂K ]

dubK(x, y(x)) ≤ dub[c,x∂K](x, y(x)) = dub[0,1](φKc
(x − c), φKc

(y(x) − c))

= dub[0,1](φKc
(x − c), φKc

(y − c)) , (16)

where the inequality comes from the nonincreasing monotonicity of the Dubiner
distance with respect to set inclusion and the first equality from its affine in-
variance (cf. (6)). Notice that dub[0,1](s, t) = |arccos(2s− 1)− arccos(2t− 1)|
since the Dubiner distance on [−1, 1] is known to be the arccos distance in view
of the Van der Corput-Schaake inequality, cf. e.g. [3].

We have then to estimate the second summand in the right-hand side of (15).
LetK(y) = c+φKc

(y−c)(K−c) be the convex subset whose boundary is the level
set Sy, which is clearly an affine transformation of K (being the composition
of a translation with an homothetic transformation of K − c). Again by set
monotonicity and affine invariance of the Dubiner distance

dubK(y(x), y) ≤ dubK(y)(y(x), y) = dubK(x∂K , y∂K) ≤ dub∂K(x∂K , y∂K) ,
(17)

which together with (15)-(16) gives (14). Focusing on starlike polygons, notice
that if x∂K , y∂K are in the same polygon side we have the further estimate

dub∂K(x∂K , y∂K) ≤ dub[vi,vi+1](x∂K , y∂K) , x∂K , y∂K ∈ [vi, vi+1] .

Now, fix x ∈ K. Observing that the boundary point x∂K belongs to a side
[vi, vi+1] for a certain i (at least one and at most two if it is a vertex), let ξis
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be the closest point to x∂K in the Dubiner distance on [vi, vi+1]. Moreover, let
tj the closest Chebyshev level to φKc

(x − c) in the Dubiner distance on [0, 1].
Since nm (with m > 1) Chebyshev points of any segment have covering radius
π/(2m) in the Dubiner distance of such a segment (by affine invariance, such a
property being valid on [−1, 1]), we finally get

dubK(x, c+ tj(ξis − c)) ≤ |arccos(2φKc
(x− c)− 1)− arccos(2tj − 1)|

+dub[vi,vi+1](x∂K , ξis) ≤
π

2m
+

π

2m
=

π

m
,

from which (13) follows for m > 2 by Lemma 1. �

Remark 1 Observe that Znm ⊂ int(K) (with c 6∈ Znm) and card(Znm) =
ℓn2m2. A similar construction ca be made also with nm+1 Chebyshev-Lobatto
points instead of nm Chebyshev points on sides and rays. In such a case there
are mesh points on ∂K, the origin is a mesh point and the cardinality is slightly
bigger, namely ℓn2m2 +O(nm).

It is also worth observing that in the case of centrally symmetric starlike
polygons, with an even number of sides, all the construction can be repeated
exploiting the symmetry, by working with “diameters” instead of rays. In such
a way the mesh cardinality is essentially halved and the points do not cluster
at the center (see Figure 1 for an example with a regular octagon).

From Proposition 1, we obtain the following Corollary on polynomial opti-
mization.

Corollary 1 Let K ⊂ R
2 be a simple polygon, starlike with respect to a center

point c ∈ int(K), with ℓ vertices. For any fixed ε ∈ (0, 1), K possesses a
Chebyshev-Dubiner web {Xn(ε)} such that (2) and (3) hold, with card(Xn(ε)) =
O(n2/ε).

Proof. In view of (9) and (10), take m = m(ε) in (13) such that

π

m(ε)
≤

√

2ε

1 + ε
,

i.e. m(ε) = ⌈
√
1+ε

π
√
2ε
⌉ = O(1/

√
ε). Then, Xn(ε) = Znm(ε) fulfills (2) and (3), and

has cardinality ℓn2m2(ε) = O(n2/ε). �

In order to illustrate the construction, in Figure 1 we show two examples, a
14-side nonconvex starlike polygon and a regular octagon, with the correspond-
ing Chebyshev-Dubiner webs for degree n = 4 and ε = 0.05. As discussed in
Remark 1, on the octagon we have exploited the symmetry, working by diame-
ters instead of rays.

In Table 1 we display the average range-relative errors (100 trials) of approxi-
mate minimization by Chebyshev-Dubiner webs of a random combination of the
Chebyshev bivariate basis for degree n = 4 (15 basis polynomials, scaled to the
minimal rectangle containing the polygon), on the starlike polygons of Figure 1
for some values of the tolerance ε in the range [10−3, 10−1]. The reference values
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of the minimum and maximum have been computed on the intersection with a
uniform grid of 108 points in the minimal rectangle surrounding the domain.

We see that the error behavior is consistent with Corollary 1 and quite
satisfactory. In particular, the tolerance ε turns out to be an overestimate of
the actual error by at least two orders of magnitude (a phenomenon that has
been already observed in other numerical examples on polynomial optimization
by polynomial meshes, cf. e.g. [11, 16]).

Table 1: Average range-relative errors (100 trials) for Chebyshev-Dubiner web
minimization of a random combination of the Chebyshev bivariate basis for
degree n = 4 on the starlike polygons of Fig. 1.

ε 1.0e-1 5.0e-2 1.0e-2 5.0e-3 1.0e-3
14-sides avg err 2.4e-4 1.5e-4 2.0e-5 3.9e-5 3.8e-6
octagon avg err 1.0e-3 3.3e-4 7.9e-5 5.3e-5 9.7e-6
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