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Abstract

The convergence analysis of the alternating direction method of multi-
pliers (ADMM) methods to convex/nonconvex combinational optimization
have been well established in literature. Consider the extensive applications
of weakly convex function in signal processing and machine learning(e.g.
Special issue: DC-Theory, Algorithms and Applications, Mathematical Pro-
gramming, 169(1):1-336,2018 ), in this paper, we investigate the convergence
analysis of ADMM algorithm to the strongly and weakly convex combi-
national optimization(SWCCO) problem. Specifically, we firstly build the
convergence of the iterative sequences of the SWCCO-ADMM under a mild
regularity condition; then we establish the o(1/k) sublinear convergence
rate to SWCCO-ADMM algorithm using the same conditions and the linear
convergence rate by imposing gradient Lipschitz continuous condition to the
objective function. The techniques used for convergence analysis in this pa-
per is fundamental, and we accomplish the global convergence without using
the Kurdyka- Lojasiewicz (KL) inequality, which is common but complex in
the proof of nonconvex ADMM.

Keywords: nonconvex optimization; weakly convex function; ADMM;
sublinear and linear convergence.
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1.1. Motivation and problem

The ADMM algorithm, as one of splitting/decoupling techniques, has been
successfully exploited in a wide range of structured sparsity regularization opti-
mization problems in machine learning and inverse problem. Of the most impor-
tant issues in these applications focus on: (1) how to induce a reasonable sparse
solution; (2) how to eliminate the disturbance(e.g. noise) while preserving the
important features of the signal. Nonconvex penalty or regularization imposed on
certain a priori being incorporated into optimization model can efficiently improve
upon these two problems. In practice, however, it is hard to obtain a closed-form
solution for generic nonconvex penalty except the weakly convex(a.k.a. semicon-
vex) penalty that including a large class of functions, e.g. difference-of-convex(DC)
functions.

Motivated by these observations, in this paper, we consider the following widely
used strongly and weakly convex combinational optimization (SWCCO) problem

min
x
F (x) = f(x) + g(Mx), (1)

which is equivalent to the following constrained optimization problem,

min
x,y

f(x) + g(y) s.t. Mx = y. (2)

The corresponding SWCCO-ADMM algorithm, firstly proposed in[15, 16], to (2)
is 

xk+1 = arg min
x
Lρ(x, y

k, pk),

yk+1 = arg min
y
Lρ(x

k+1, y, pk),

pk+1 = pk + ρ(Mxk+1 − yk+1).

(3)

where Lρ(x, y, p) = f(x) + g(y) + 〈p,Mx − y〉 + ρ
2
‖Mx − y‖2 is the augmented

Lagrangian function(ALF) with ρ is the penalty parameter and p ∈ Rn is the
Lagrangian multiplier. The first-order optimality conditions to (3) are

− ρMT (yk+1 − yk) ∈ ∂f(xk+1) +MTpk+1,

0 ∈ ∂g(yk+1)− pk+1,

ρ(Mxk+1 − yk+1) = pk+1 − pk.
(4)

where MT (yk+1 − yk), Mxk+1 − yk+1 (or pk+1 − pk) are dual and primal residual
respectively.

The main tasks of this manuscript are to built the convergence and sublinear(or
linear) convergence rate to the SWCCO-ADMM algorithm (3) under quite general
assumptions.
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1.2. Related works

In order to avoid solving a nonconvex optimization problem directly, intuitively,
we can separate a part from the strongly convex term to the weakly convex term
to make optimization problem (1) to be a convex-convex combination. However,
it is infeasible in most cases, since these two terms in (1) usually play different
roles in signal processing, thus such a simple separation will completely change the
sense of the original model; moreover, linear operator involved in these terms will
make such a separation very hard; and even if it can be separated, the recombined
model will become more hard to be solved as shown in [3, 24].

The convergence analysis of the forward-backward splitting(FBS) and the Douglas-
Rachford splitting(DRS) method to SWCCO problem with M is an identity map
have been established in [2, 3, 18] very recently. Even though using DRS to the
dual problem is equivalent to using ADMM to primal problem as shown in [10, 12]
in the context of convex cases, this is not the case for nonconvex optimization
problem, since the conjugate function of a nonconvex function has not been well
defined yet in literature. Therefore, it is necessary to establish the convergence of
SWCCO-ADMM algorithm.

In convex case, convergence analysis to ADMM has been well built in[5, 7, 11,
14]. For nonconvex case, however, it has merely been investigated limited to certain
specific assumptions. This is because the iterative sequences (xk, yk, pk) generated
by ADMM to nonconvex optimization problem does not satisfy the Féjer mono-
tonicity; moreover, the sufficient decrease condition [1] used to measure the quality
of descent methods to nonconvex objective function F (x) is also no longer valid.
In order to prove convergence to nonconvex ADMM algorithm, some uncheckable
or unreasonable assumptions have to be imposed to objective functions or to it-
erative sequences (xk, yk, pk). In addition, global convergence or convergence rate
of nonconvex optimization problem usually require F (x) to satisfy the Kurdyka-
 Lojasiewicz (KL) property at each point, of which the KL exponent (i.e. the
geometrical properties of the objective function around its stationary point) is not
easily to be determined [1].

In fact, the key steps to establish convergence analysis to nonconvex ADMM
algorithm is to prove the dual residual MT (yk+1 − yk) and the primal residual
(Mxk+1 − yk+1)(or (pk+1 − pk)) goes to zero as k → ∞. To this end, one com-
mon method developed in very recently papers[1, 22, 23, 28, 29] is to exploit
the monotonically nonincreasing of certain type of Lyapunov function(e.g. the
ALF[22, 23, 28] or its variant[29]) to measure the iterative error. Furthermore, the
global convergence to the stationary point to nonconvex optimization problem can
be obtained by using KL inequality. However, we have to emphasize that using
the ALF or its variant to be the Lyapunov function has trouble to handle the non-
smooth objective functions, since Lyapunov function may no longer be monotone
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Table 1: Regularity conditions to convergence analysis of ADMM for nonconvex
optimization problem

Work
Condition

M f , g KL property Lyapunov function

Hong [22] M = I f and g gradient Lipschitz continuous no ALF

Li [23] full row rank bounded Hessian of f yes ALF

Wang [28] full row rank
f gradient Lipschitz continuous

g strongly convex
yes variants of ALF

Wang [29]
weak full column
rank condition

f gradient Lipschitz continuous
g has special structure

yes ALF

Ours full column rank
f strongly convex
g weakly convex

no Hk (shown in section 3)

decreasing in this case. Thus, in[22, 23, 28, 29], at least one or part of objective
functions are required to be gradient Lipschitz continuous to guarantee algorithm
convergence, which however will great limit the applications of the model (1).

On the other hand, the surjective(i.e. full row rank) assumption to linear map-
ping M , which is a necessary condition to prove monotonically nonincreasing of
ALF in [22, 23, 28, 29], however, will exclude many interesting applications. In
fact, many well-known developed sparse representation operators M do not sat-
isfy the full row rank condition, for example, the framelet or the learned sparse
representation redundant dictionary from data. Moreover, if we assume f(x) to
be gradient Lipschitz continuous and M is full row rank, then problem (2) actu-
ally can be solved using block coordinate descent methods(BCD) [4] and do not
need ADMM algorithm. Specifically, suppose M to be full row rank, then there
exists nonsingular matrix M1 can split the constraint Mx = y into the following
formulation M1x1 + M2x2 = y. That is x1 = M−1

1 (y −M2x2). In this case, the
constrained optimization problem (2) can be reformatted as the following uncon-
strained optimization problem

min
x1,x2,y

f(x1, x2) + g(y) = f(M−1
1 (y −M2x2), x2)︸ ︷︷ ︸

h(x2,y)

+g(y) (5)

is equivalent to
min
x2,y

h(x2, y)+ < 0, x2 > +g(y) (6)

which can be solve by BCD. The regularity conditions used in convergence analysis
to nonconvex ADMM summarized in Table 1.

Very recently, a similar works [24, 27] compared with this manuscript, has been
investigated to use the primal-dual hybrid gradient(PDHG) method to solve (1),
and the convergence analysis is also well established in this literature. Although,
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the PDHG in [24], which is a relaxed alternating minimization algorithm(AMA)[13],
is apparently similar to the ADMM, they are in fact quite different. Actually, it
is has a deep relationship with the inexact Uzawa method[13, 27].

1.3. Contributions

In this paper, without requiring gradient Lipschitz continuous of any(or part) of
objective functions, we will establish the convergence analysis of SWCCO-ADMM
algorithm (3) merely need M to be full column rank. We also establish the sub-
linear convergence rate with the similar assumptions of that used to convergence
analysis, and establish the linear convergence rate of SWCCO-ADMM algorithm
need some additional regularity assumptions. In addition, we use the nonnegative
Lyapunov function defined in [5] to measure the iterative error instead of using
ALF, and global convergence result can be obtained without using KL inequality.
Thus, our proof is relatively more fundamental than the works in[22, 23, 28, 29].

We summarize the contributions of this manuscript as follows.

• We prove that the iterative sequences {(xk, yk, pk)} of SWCCO-ADMM (3)
globally converge to the critical point of (2) under the conditions that the
strongly convex dominate the weakly convex terms and the penalty param-
eter ρ is at least larger than two times of weakly convex modulus. We also
give an example that the SWCCO-ADMM (3) will diverge if the later con-
dition do not be satisfied. Meanwhile, we prove the iterative sequence {xk}
generated by ADMM (3) converges to an optimal solution of (1).

• We build sublinear convergence rate o(1/k) for the SWCCO-ADMM algo-
rithm using the same regularity conditions as the convergence analysis. To
the best our knowledge, this is the first sublinear convergence rate result for
nonconvex ADMM algorithm.

• Furthermore, we establish the linear convergence rate to the SWCCO-ADMM
algorithm by imposing the gradient Lipschitz continuous on one of the ob-
jective function.

The rest of this paper is organized in the following. In section 2, we list some
fundamental definitions which are useful for the following analysis. Then, the
convergence of ADMM for the case SWCCO is established in section 3. Next,
we build the sublinear and linear convergence rate in section 4. Lastly, some
conclusions are given in section 5.

2. Preliminaries

In this part, we list some fundamental definitions and notations for the following
analysis.
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We denote 〈·, ·〉 and ‖ · ‖ =
√
〈·, ·〉 by the inner product and a norm on

finite-dimensional real vectors spaces X and Y respectively. For a given func-
tion f : Rn → R ∪ {∞}, we denote domf = {x : f(x) < +∞} 6= ∅. The largest
and smallest eigenvalue of linear operator M defined by λmax(M) and λmin(M)
respectively.

Definition 2.1. Function f : Rn → R ∪ {∞} is said to be strongly convex with
modulus ρ1 > 0 if f(x)− ρ1

2
‖x‖2 is convex; function g : Rn → R ∪ {∞} is said to

be weakly convex with modulus ρ2 > 0, if g(y) + ρ2
2
‖y‖2 is convex.

The strongly and weakly functions have the following properties [25]. Let
f : Rn → R ∪ {∞} be strongly convex function with modulus ρ1. Then for
u1 ∈ ∂f(x1), u2 ∈ ∂f(x2), we have

〈u1 − u2, x1 − x2〉 ≥ ρ1‖x1 − x2‖2. (7)

For weakly convex function g : Rn → R ∪ {∞} with modulus ρ2 and v1 ∈ ∂g(y1),
v2 ∈ ∂g(y2), we have

〈v1 − v2, y1 − y2〉 ≥ −ρ2‖y1 − y2‖2. (8)

Definition 2.2. [26] Let f : Rn → R ∪ {∞} be proper lower semi-continuous
function and finite at x̄ ∈ Rn.

(i) The Fréchet subdifferential of f at x̄, written by ∂̂f(x̄), is the set

{u ∈ Rn : lim
x 6=x̄

inf
x→x̄

f(x)− f(x̄)− 〈u, x− x̄〉
‖x− x̄‖

≥ 0}.

(ii) The limiting subdifferential of f at x̄, written by ∂f(x̄), is the set

{u ∈ Rn : ∃xk → x̄, f(xk)→ f(x̄), uk ∈ ∂̂f(xk), uk → u}.

From this definition, let f : Rn → R ∪ {∞} is a proper lower semi-continuous
function we can get the following assertions.

(i) The subdifferential of f at x̄ is the set

{u ∈ Rn : ∀x ∈ Rn, 〈x− x̄, u〉+ f(x̄) ≤ f(x)}.

(ii) The limiting subdifferential of f is closed, i.e. if yk → ȳ, vk → v̄, g(yk)→
g(ȳ) and vk ∈ ∂g(yk), then v̄ ∈ ∂g(ȳ).

(iii) Suppose dom(f) ∩ dom(g ◦M) 6= ∅, then

∂(f(x) + g(Mx)) = ∂f(x) +MT (∂g)(Mx).

6



Definition 2.3. Let S 6= ∅ be the set of critical point of augmented Lagrangian
function Lρ. A triple (x∗, y∗, z∗) ∈ S is a critical point if

−MTp∗ ∈ ∂f(x∗), p∗ ∈ ∂g(y∗) and MTx∗ − y∗ = 0.

In order to build the linear convergence, we need the following gradient Lips-
chitz continuous definition.

Definition 2.4. Let f be a differentiable function, then the gradient ∇f is called
Lipschitz continuous with modulus L > 0 if

‖∇f(x1)−∇f(x2)‖ ≤ L‖x1 − x2‖, ∀x1, x2 ∈ domf.

We will often use the following relations, for all vectors u, v, w ∈ Rn,

2〈u− v, w − u〉 = ‖v − w‖2 − ‖u− v‖2 − ‖u− w‖2; (9)

‖u+ v‖2 ≤ (1 +
1

γ
)‖u‖2 + (1 + γ)‖v‖2, ∀γ > 0; (10)

3. Convergence Analysis

In this section we will study the convergence of the SWCCO-ADMM algorithm
(3) under the following mild assumptions.

Assumption 3.1. (i) Let f(x) be strongly convex with modulus ρ1 > 0 and g(y)
be weakly convex with modulus ρ2 > 0, respectively; and the set of augmented
Lagrangian function critical point S is nonempty. For ∀µ > 0, we need

ρ1 − ρ2‖M‖2 − µ ≥ 0; (11)

(ii) We also suppose that the penalty parameter ρ in augmented Lagrangian func-
tion satisfy,

ρ > 2ρ2 +
8ρ2

2‖MMT‖
µ

. (12)

Assumption 3.2. dom(f) ∩ dom(g ◦M) 6= ∅.

Remark 3.1. From (ii) of Assumption 3.1, we will obtain that ρ is at least larger
than 2ρ2. This assumption not only ensure the unique solution of the second sub-
problem in ADMM algorithm(3) as shown later, but also used to ensure Lyapunou
function Hk defined in Lemma 3.1 has sufficient descent property. We also give an
example that the iterative sequences of ADMM (3) will diverge if this assumption
is not satisfied in the end of this section.
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For the sake of convenience, let a triple (x∗, y∗, p∗) be one of the critical point
of augmented function; zk+1 = −MTpk − ρMT (Mxk+1 − yk); xk+1

e = xk+1 − x∗;
yk+1
e = yk+1 − y∗; pk+1

e = pk+1 − p∗ and zk+1
e = zk+1 − (−MTp∗) in the following

proof processing. Then by strongly convex property (7) of f(x) and weakly convex
property (8) of g(y) we have

〈zk+1
e , xk+1

e 〉 ≥ ρ1‖xk+1
e ‖2, (13)

and
〈pk+1
e , yk+1

e 〉 ≥ −ρ2‖yk+1
e ‖2. (14)

By Assumption 3.1, we will obtain the following monotonically nonincreasing
property of the nonnegative Lyapunou function Hk = ρ

2
‖yke‖2 + 1

2ρ
‖pke‖2, which will

play an important role in our convergence analysis. Note that xke is not considered
in Hk, since primal variable x can be regarded as an intermediate variable in the
iterations of SWCCO-ADMM while y and p are the essential variables[5].

Lemma 3.1. Let Hk = ρ
2
‖yke‖2+ 1

2ρ
‖pke‖2. Then the iterative sequences {(xk, yk, pk)}

generated by SWCCO-ADMM algorithm (3) satisfies

Hk −Hk+1 ≥ σ1‖xk+1
e ‖2 + σ2‖yk+1 − yk‖2 + σ3‖pk+1 − pk‖2. (15)

where σ1 = ρ1−ρ2‖M‖2−µ ≥ 0, σ2 = ρ
2
−ρ2 > 0 and σ3 = 1

2ρ
− ρ2

ρ2
− 4ρ22‖MMT ‖

ρ2µ
> 0.

Proof: By the optimality condition of (4), we have{
− ρMT (yk+1

e − yke )−MTpk+1
e ∈ ∂f(xk+1)− ∂f(x∗);

pk+1
e ∈ ∂g(yk+1)− ∂g(x∗).

(16)

Then, by (13) and (14), it follows that

〈−MTpk+1
e − ρMT (yk+1

e − yke ), xk+1
e 〉 ≥ ρ1‖xk+1

e ‖2;

〈pk+1
e , yk+1

e 〉 ≥ −ρ2‖yk+1
e ‖2.

Adding these two inequalities, then

〈−MTpk+1
e − ρMT (yk+1

e − yke ), xk+1
e 〉+ 〈pk+1

e , yk+1
e 〉 ≥ ρ1‖xk+1

e ‖2 − ρ2‖yk+1
e ‖2.

(17)
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By rearranging the left side of inequality (17), we have

〈−MTpk+1
e − ρMT (yk+1

e − yke ), xk+1
e 〉+ 〈pk+1

e , yk+1
e 〉

= −〈pk+1
e ,Mxk+1

e 〉 − ρ〈yk+1
e − yke ,Mxk+1

e 〉+ 〈pk+1
e , yk+1

e 〉

= −1

ρ
〈pk+1
e , pk+1

e − pke〉 − ρ〈yk+1
e ,Mxk+1

e 〉+ ρ〈yke ,Mxk+1
e 〉

= − 1

2ρ
(‖pk+1

e ‖2 + ‖p̄k+1
e − pke‖2 − ‖pke‖2)− ρ

2
(‖yk+1

e ‖2 + ‖Mxk+1
e ‖2 − ‖Mxk+1

e − yk+1
e ‖2)

+
ρ

2
(‖yke‖2 + ‖Mxk+1

e ‖2 − ‖Mxk+1
e − yke‖2)

=
1

2ρ
(‖pke‖2 − ‖pk+1

e ‖2) +
ρ

2
(‖yke‖2 − ‖yk+1

e ‖2)− ρ

2
‖Mxk+1

e − yke‖2, (18)

where the third equation follows from the cosine rule (9). Then, combining (17)
and (18), we have

Hk −Hk+1 ≥ ρ1‖xk+1
e ‖2 − ρ2‖yk+1

e ‖2 +
ρ

2
‖Mxk+1

e − yke‖2. (19)

Notice that (19) does not imply the nonincreasing of Hk since the second negative
term −ρ2‖yk+1

e ‖2 on the right side. Next, we will deal with this term using strongly
and weakly convexity of function f(x) and g(y), respectively.

Firstly, the third term ρ
2
‖Mxk+1

e −yke‖2 on the right side of (19) can be rewritten
as follows:

ρ

2
‖Mxk+1

e − yke‖2 =
ρ

2
‖|Mxk+1

e − yk+1
e + yk+1

e − yke‖2

=
ρ

2
‖|Mxk+1

e − yk+1
e ‖2 +

ρ

2
‖yk+1

e − yke‖2 + ρ〈Mxk+1
e − yk+1

e , yk+1
e − yke 〉

=
1

2ρ
‖pk+1 − pk‖2 +

ρ

2
‖yk+1 − yk‖2 + 〈pk+1 − pk, yk+1 − pk〉

≥ 1

2ρ
‖pk+1 − pk‖2 + (

ρ

2
− ρ2)‖yk+1 − yk‖2,

(20)
where the inequality follows from the weakly convex property (8). Secondly, from
the last equation of (3), it follows that

ρ2‖yk+1
e ‖2 =

ρ2

ρ2
‖pk+1 − pk − ρMxk+1

e ‖2

=
ρ2

ρ2
‖pk+1 − pk‖2 + ρ2‖Mxk+1

e ‖2 − 2ρ2

ρ
〈pk+1 − pk,Mxk+1

e 〉. (21)
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Substituting (20), (21) into (19) and rearranging the terms, we have

Hk −Hk+1 ≥ρ1‖xk+1
e ‖2 − ρ2‖Mxk+1

e ‖2 + (
1

2ρ
− ρ2

ρ2
)‖pk+1 − pk‖2 + (

ρ

2
− ρ2)‖yk+1 − yk‖2

+
2ρ2

ρ
〈pk+1 − pk,Mxk+1

e 〉

≥ρ1‖xk+1
e ‖2 − ρ2‖Mxk+1

e ‖2 − 2ρ2ζ‖xk+1
e ‖2 + (

1

2ρ
− ρ2

ρ2
− 2ρ2‖MMT‖

ρ2ζ
)‖pk+1 − pk‖2

+ (
ρ

2
− ρ2)‖yk+1 − yk‖2

≥(ρ1 − ρ2‖M‖2 − 2ρ2ζ)‖xk+1
e ‖2 + (

1

2ρ
− ρ2

ρ2
− 2ρ2‖MMT‖

ρ2ζ
)‖pk+1 − pk‖2

+ (
ρ

2
− ρ2)‖yk+1 − yk‖2. (22)

where the second inequality follows from Cauchy-Schwarz inequality, i.e. 2ρ2
ρ
〈pk+1−

pk,Mxk+1
e 〉 ≥ −2ρ2ζ‖xk+1

e ‖2 − 2ρ2‖MMT ‖
ρ2ζ

‖pk+1 − pk‖2, ∀ζ > 0. By the arbitrari-

ness of ζ, let µ = 2ρ2ζ. It follows from(22) that

Hk−Hk+1 ≥ (ρ1−ρ2‖M‖2−µ)‖xk+1
e ‖2+(

1

2ρ
−ρ2

ρ2
−4ρ2

2‖MMT‖
ρ2µ

)‖pk+1−pk‖2+(
ρ

2
−ρ2)‖yk+1−yk‖2.

By Assumption 3.1, we have σ1 = ρ1 − ρ2‖M‖2 − µ ≥ 0, σ2 = ρ
2
− ρ2 > 0 and

σ3 = 1
2ρ
− ρ2

ρ2
− 4ρ22‖MMT ‖

ρ2µ
> 0. Therefore we complete the proof. �

Now, we are ready to prove the main convergence result of ADMM algorithm
(3) under the Assumption (3.1).

Theroem 3.1. Under the Assumption 3.1 and suppose iterative sequence {xk}
from SWCCO-ADMM (3) is bounded. Let {(x∗, y∗, p∗)} be a critical point in S.

(i) The iterative sequence {(yk, pk)} generated by from SWCCO-ADMM (3)
converge to {(y∗, p∗)} and Mxk →Mx∗, as k →∞.

(ii) Under Assumption (3.2) and if one of the following conditions hold, i.e.
M is full column rank or σ1 = ρ1 − ρ2‖M‖2 − µ > 0, then {xk} converges to a
optimal solution of SWCCO problem (1).

Proof: (i) Adding both side of (15) in Lemma (3.1), from k = 0 to k = ∞, it
follows that

σ2

∞∑
k=0

‖yk+1 − yk‖2 + σ3

∞∑
k=0

‖pk+1 − pk‖2 ≤ H0 −H∞ <∞.
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Thus,
‖pk+1 − pk‖ → 0 and ‖yk+1 − yk‖ → 0 as k →∞. (23)

Since {(x∗, y∗, p∗)} is a critical point and Hk ≤ H0 follows from Lemma (3.1), it
follows that yk and pk are bounded. Next, from the boundedness of {(xk, yk, pk)}
and suppose that {(x̄, ȳ, p̄)} be a accumulation point of {(xk, yk, pk)}; hence, there
exists a subsequence {(xkj , ykj , pkj)} converges to the {(x̄, ȳ, p̄)}, .i.e.,

lim
j→∞

(xkj , ykj , pkj) = (x̄, ȳ, p̄).

Also, from (23), we have pkj+1−pkj = Mxkj+1−ykj+1 → 0; after passing to limits,
we obtain

Mx̄− ȳ = 0. (24)

Now, we will show {(x̄, ȳ, p̄)} is a critical point in the following. By taking
limit on first equation of optimality conditions (4) along {(xkj , ykj , pkj)}, and from
the closeness of ∂f we obtain

−MT p̄ ∈ ∂f(x̄). (25)

Since ykj+1 is a minimizer of Lρ(x
kj , y, pkj), we have

Lρ(x
kj , ykj+1, pkj) ≤ Lρ(x

kj , ȳ, pkj).

Taking limit of the above inequality, we get

lim sup
j→∞

Lρ(x
kj , ykj+1, pkj) ≤ Lρ(x̄, ȳ, p̄).

Next, from the lower semicontinuity of Lρ, we also have

lim inf
j→∞

Lρ(x
kj , ykj+1, pkj) ≥ Lρ(x̄, ȳ, p̄).

Combining the above two inequalities, we conclude g(ykj+1) = g(ȳ), and from
assertion (ii) of definition (2.2) yields

p̄ ∈ ∂g(x̄). (26)

This together with (24) and (25), we know {(x̄, ȳ, p̄)} is a critical point follows
from the optimality conditions (4).

Without loss of generality, let {(x∗, y∗, p∗)} = {(x̄, ȳ, p̄)}. Again from nonin-
creasing monotonicity and boundedness of Hk, we know Hk is convergent. Since
lim
j→∞

(xkj , ykj , pkj) = (x∗, y∗, p∗), we say Hk → 0, i.e., yk → y∗ and pk → p∗. Again
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due to pk+1 = pk + ρ(Mxk+1 − yk+1), we get Mxk → Mx∗. Finally, we complete
the proof of {(yk, pk)} converges to {(y∗, p∗)} and Mxk →Mx∗.

(ii) When σ1 = ρ1 − ρ2‖M‖2 − µ > 0, adding both side of (15) from k = 0 to
k =∞, we get

σ1

∞∑
k=0

‖xk+1
e ‖2 ≤ H0 −H∞ <∞,

hence xk → x∗.
When M has full column rank, i.e. MTM � γI for some γ > 0, then

γ‖xk+1 − x∗‖ ≤ ‖Mxk+1
e ‖ = ‖1

ρ
(pk+1 − pk) + yk+1

e ‖ ≤ 1

ρ
‖pk+1 − pk‖+ ‖yk+1

e ‖.

Hence, we can also get xk → x∗ follows from pk+1 − pk → 0 and yk+1 − y∗ → 0.
Last, due to Assumption 3.2 and the assertion (iii) of definition (2.2), we have

0 =−MTp∗ +MTp∗

∈∂f(x∗) +MT∂g(y∗)

=∂f(x∗) +MT∂(g)(Mx∗)

=∂(f(x∗) + g(Mx∗),

i.e., x∗ is a critical point of f(x) + g(Mx), then x∗ is the solution of (1) because of
convexity of f(x) + g(Mx) and xk converges to optimal solution of f(x) + g(Mx).
�

Remark 3.2. The boundedness assumption of the iterative sequence xk can be
verified if one of the following three conditions is satisfied, i.e. (a) σ1 = ρ1 −
ρ2‖M‖2 − µ > 0; (b) M has full column rank; (c) f is coercive.

How to tune penalty parameter ρ in ADMM is a big issue and we expect
the domain range of parameter ρ to be tuned is as wide as possible; however, in
most cases(even to convex ADMM algorithm), we have to accept the fact that
only a relatively smaller range of ρ can be available. In general, we have the
largest range(i.e. (0,+∞)) of ρ to two-blocks convex optimization problems. For
multi-blocks convex optimization problems, ρ has to be chosen to be larger than
zero but less than a given constant, even under the assumption that one function
being strongly convex as shown in [6]. In the context of nonconvex, to ensure
the sufficient descent of the selected Lyapunov function, ρ has to be larger than
a constant that depends on the given regularity conditions[22, 23, 28, 29]. Turn
to the SWCCO problem (2) processing in this paper, we will set ρ at least larger
than two times of weakly convex modulus, i.e. ρ > 2ρ2 in order to guarantee the
nonincreasing of Lyapunov function. We say this condition is necessary and the
following example show that the iterative sequence will diverge if ρ ≤ 2ρ2.
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Example 1. Consider the optimization problem

min
x

a

2
x2 − b

2
x2,

where ρ1 = a > b = ρ2 > 0. We use ADMM (3) to solve this question which is
equivalent to  min

x,y

a

2
x2 + (− b

2
)y2

s.t. x = y

Note that a
2
x2 is strongly convex with modulus a and (− b

2
)y2 is weakly convex with

modulus 1, respectively. Therefore, from ADMM (3), we can get

0 = axk+1 + pk + ρ(xk+1 − yk);
0 = −byk+1 − pk+1;

pk+1 = pk + ρ(xk+1 − yk+1).

Rearranging the above equations, we get

yk+1 =
1

ρ− b
(ρ
b+ ρ

a+ ρ
− b)yk.

It’s obvious that yk will diverge if | 1
ρ−b(ρ

b+ρ
a+ρ
− b)| > 1. Next, we let a → ∞ and

ρ ∈ (b, 2b), we can get | 1
ρ−b(ρ

b+ρ
a+ρ
− b)| > 1, so yk diverges.

Why the penalty parameter ρ should be larger than a given parameter in the
nonconvex case in order to ensure ADMM algorithm convergence? This is an
interesting and open problem for further research. In comparison to the case
that both of the two objective functions are convex, the penalty parameter of
which merely greater than zero, the SWCCO optimization problem essentially is
a convex question, but the setting of penalty parameter ρ also follows the rules of
the nonconvex case, i.e. greater than a given positive constant. The mainly reason
for this setting is that the SWCCO problem involves a nonconvex term.

4. Sublinear and linear convergence rate analysis

Compared with the large amount of convergence analysis results to convex/nonconvex
ADMM algorithms, there are merely a limited number of literature[17, 20, 8, 30,
21, 9, 19] have investigated the convergence rate about the convex optimization
problems, not to speak of the nonconvex optimization problems. Specifically, the
worst-case O(1/k) convergence rate is established in [20] to classic ADMM. The
authors in [17] have investigated the dual objective function of the classic ADMM
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admitting O(1/k) and O(1/k2) convergence rate for the accelerated version. Very
recently, the authors in [8] have established the o(1/k) convergence rate to multi-
blocks ADMM and the linear convergence rate to multi-block ADMM is estab-
lished in[21, 9] but requiring strongly convex, gradient Lipschitz continuous or
some additional assumptions to objective function. Without smooth assumptions
to objective function, authors in [30] have established Q−linear convergence for
the more general convex piecewise linear-quadratic programming problems solved
by the ADMM and the linearized ADMM, respectively. Subsequently, this global
Q−linear convergence rate has been extended to a general semi-proximal ADMM
in [19] for solving convex composite piecewise linear-quadratic programming and
quadratic semidefinite programming. In this section, for the SWCCO-ADMM al-
gorithm (3) to problem(1), we will build sublinear convergence rate o(1/k) only
under the Assumption (3.1) and linear convergence rate result under the further-
more assumptions.

4.1. Sublinear convergence rate analysis

In this section, we extend the sublinear convergence rate results of multi-block
convex ADMM in [8] to the SWCCO-ADMM (3) motivated by the preceding
observation that primal residual Mxk+1 − yk+1(or pk+1 − pk) and dual residual
yk+1− yk can be used to measure the optimality of the iterations of the SWCCO-
ADMM. For simplicity, we denote x̄k+1

e = xk+1 − xk, ȳk+1
e = yk+1 − yk and p̄k+1

e =
pk+1 − pk. Let’s us star the proof with a basic lemma.

Lemma 4.1. If a nonnegative sequence {ak}k=∞
k=0 ⊂ R is monotonically nonin-

creasing and obeys
∑∞

k=0 a
k < ∞, then {ak}k=∞

k=0 enjoys o(1/k) sublinear conver-
gence rate.

Proof: Adding ak from k = t to k = 2t,

ta2t ≤
2t∑
k=t

ak =
2t∑
k=0

ak −
t∑

k=0

ak.

Then taking t→∞, we have
∑2t

k=0 a
k −

∑t
k=0 a

k → 0; therefore, ak = o(1/k). �
Thus, the key step to prove the sublinear convergence of SWCCO-ADMM is

to verify that hk = ρ
2
‖yk+1− yk‖2 + 1

2ρ
‖pk+1− pk‖2 is monotonically nonincreasing

and
∑∞

k=0 h
k is bounded.

Theroem 4.1. Suppose Assumption 3.1 holds, then the iterative sequences {(xk, yk, pk)}
generated by SWCCO-ADMM (3) admits

ρ

2
‖yk+1 − yk‖2 +

1

2ρ
‖pk+1 − pk‖2 = o(1/k). (27)
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Proof: Firstly, we will prove ρ
2
‖yk+1 − yk‖2 + 1

2ρ
‖pk+1 − pk‖2 is monotonically

nonincreasing. By optimality condition (4), we get −MTpk+1− ρMT (yk+1− yk) ∈
∂f(xk+1) and pk+1 ∈ ∂g(yk+1). From the strongly convex property (7) of f and
the weakly convex property (8) of g, we obtain

〈−MT p̄k+1
e − ρMT (ȳk+1

e − ȳke ), x̄k+1
e 〉 = 〈−p̄k+1

e − ρ(ȳk+1
e − ȳke ),Mx̄k+1

e 〉 ≥ ρ1‖x̄k+1
e ‖2;

〈p̄k+1
e , ȳk+1

e 〉 ≥ −ρ2‖ȳk+1
e ‖2.

Adding the above two relations and rearranging them, we get

− 〈p̄k+1
e ,Mx̄k+1

e − ȳk+1
e 〉 − ρ〈ȳk+1

e − ȳke ,Mx̄k+1
e 〉

=− 1

ρ
〈p̄k+1
e , p̄k+1

e − p̄ke〉 − ρ〈ȳk+1
e ,Mx̄k+1

e 〉+ ρ〈ȳke ,Mx̄k+1
e 〉

=− 1

2ρ
(‖p̄k+1

e ‖2 + ‖p̄k+1
e − p̄ke‖2 − ‖p̄ke‖2)− ρ

2
(‖ȳk+1

e ‖2 + ‖Mx̄k+1
e ‖2 − ‖Mx̄k+1

e − ȳk+1
e ‖2)

+
ρ

2
(‖ȳke‖2 + ‖Mx̄k+1

e ‖2 − ‖Mx̄k+1
e − ȳke‖2)

=
1

2ρ
(‖p̄ke‖2 − ‖p̄k+1

e ‖2) +
ρ

2
(‖ȳke‖2 − ‖ȳk+1

e ‖2)− ρ

2
‖Mx̄k+1

e − ȳke‖2

≥ρ1‖x̄k+1
e ‖2 − ρ2‖ȳk+1

e ‖2,

where the first and third equations follow from the relation pk+1 = pk+ρ(Mxk+1−
yk+1); the second equation follows from the relation 2〈a, b〉 = a2 + b2 − (a− b)2.

Let hk = 1
2ρ
‖p̄ke‖2 + ρ

2
‖ȳke‖2. From the above inequality, we get

hk − hk+1 ≥ ρ1‖x̄k+1
e ‖2 − ρ2‖ȳk+1

e ‖2 +
ρ

2
‖Mx̄k+1

e − ȳke‖2.

Using the similar proof ways as shown in Theorem 3.1, if follows that

hk − hk+1 ≥ σ1‖x̄k+1
e ‖2 + σ2‖ȳk+1

e − ȳke‖2 + σ3‖p̄k+1
e − p̄ke‖2.

Since the right side of the above inequality is nonnegative, hence, hk is monotoni-
cally nonincreasing.

Next, we verify the boundedness of
∑∞

k=0 h
k. From Lemma 3.1, we know

σ2

∞∑
k=0

‖yk+1 − yk‖2 + σ3

∞∑
k=0

‖pk+1 − pk‖2 <∞.

Therefore,

∞∑
k=0

ρ

2
‖yk+1 − yk‖2 <∞ and

∞∑
k=0

1

2ρ
‖pk+1 − pk‖2 <∞.
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Adding the above two relations, we have

∞∑
k=0

ρ

2
‖yk+1 − yk‖2 +

1

2ρ
‖pk+1 − pk‖2 <∞.

Hence we get the boundedness of
∑∞

k=0 h
k, and the o(1/k) sublinear convergence

follows from Lemma 4.1. �

4.2. Linear convergence rate

To convex generalized ADMM algorithm, linear convergence rate has been estab-
lished in [9, 19, 30] if appropriate regularity conditions are satisfied. In this section,
we will investigate that the SWCCO-ADMM algorithm also admits linear conver-
gence rate based on some mild regularity conditions. The main idea to prove linear
convergence rate of SWCCO-ADMM algorithm is to set up the relation

Hk ≥ (1 + τ)Hk+1, (28)

where parameter τ > 0 andHk is the Lyapunov function defined in Lemma 3.1. We
first list the assumptions used to establish the linear convergence rate as follows.

Assumption 4.1. M is full column rank and g(·) is gradient Lipschitz continuous
with modulus Lg; Assumption 3.1 holds, but with σ1 = ρ1 − ρ2‖M‖2 − µ > 0 (not
≥ 0).

Assumption 4.2. M is invertible, f(x) is gradient Lipschitz continuous with
modulus Lf ; Assumption 3.1 holds, but with σ1 = ρ1 − ρ2‖M‖2 − µ > 0 (not
≥ 0) .

From Lemma 3.1, we first note that the monotonically nonincreasing inequality
(15) about Hk holds under the Assumptions 4.1 or 4.2. In order to establish
relation (28), we just to prove Hk −Hk ≥ τHk+1. By using inequality (10) with
γ = 1, we first have the following relation,

‖yk+1
e ‖2 =‖Mxk+1

e +
1

ρ
(pk − pk+1)‖2

≤2‖Mxk+1
e ‖2 +

2

ρ2
‖pk+1 − pk‖2

≤2‖M‖2‖xk+1
e ‖2 +

2

ρ2
‖pk+1 − pk‖2. (29)

To build the linear convergence rate, we need the following Lemma.
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Lemma 4.2. Suppose g(y) is gradient Lipschitz continuous with modulus Lg, then
the iterative sequences generated by SWCCO-ADMM (3) satisfy

‖pk+1 − p∗‖2 ≤ L2
g‖yk+1 − y∗‖2 (i.e., ‖pk+1

e ‖2 ≤ L2
g‖yk+1

e ‖2).

Proof: According to the optimality condition (4), we have pk+1 = ∇g(yk+1).
Hence, notice that p∗ = ∇g(y∗), we obtain

‖pk+1 − p∗‖2 = ‖∇g(yk+1)−∇g(y∗)‖2 ≤ L2
g‖yk+1 − y∗‖2.

�

Lemma 4.3. Suppose M is full row rank and f(x) is gradient Lipschitz continuous
with modulus Lf , then the iterative sequences generated by SWCCO-ADMM (3)
satisfy

‖pk+1 − p∗‖2 ≤
2L2

f

λmin(MMT )
‖xk+1 − x∗‖2 +

2ρ2λmax(MMT )

λmin(MMT )
‖yk+1 − yk‖2.

Proof: According to the optimality condition (4), we have 0 = ∇f(xk+1) +
MTpk+1 + ρMT (yk+1 − yk) and 0 = ∇f(x∗) +MTp∗. Hence, we have

λmin(MMT )‖pk+1 − p∗‖2 ≤‖MTpk+1 −MTp∗‖2

=‖∇f(xk+1)−∇f(x∗) + ρMT (yk+1 − yk)‖2

≤2‖∇f(xk+1)−∇f(x∗)‖2 + 2ρ2‖MT (yk+1 − yk)‖2

≤2L2
f‖xk+1 − x∗‖2 + 2ρ2λmax(MMT )‖yk+1 − yk‖2.

where the second inequality follows from relation (10) with τ = 1 and the last
inequality follows from that ∇f(x) is Lipschitz continuous with constant Lf . Since
M is full row rank, so λmax(MMT ) ≥ λmin(MMT ) > 0. Then, dividing both sides
of the above inequality by λmin(MMT ), we complete the proof. �

Next, we state the linear convergence rate result of SWCCO-ADMM algorithm
in the following theorem.

Theroem 4.2. Suppose Assumption 4.1 or Assumption 4.2 holds, then the itera-
tive sequences generated by SWCCO-ADMM 3 converge linearly to a critical point.
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Proof: On the one hand, if Assumption 4.1 is set up, we have ‖M‖2 > 0 due to
M is full column rank. Then,

1

2

{
σ1‖xk+1

e ‖2 + σ2‖yk+1 − yk‖2 + σ3‖pk+1 − pk‖2
}

≥1

2

{
σ1‖xk+1

e ‖2 + σ3‖pk+1 − pk‖2
}

=
1

2

{
(

σ1

2‖M‖2

2

ρ
)(2‖M‖2ρ

2
)‖xk+1

e ‖2 + (σ3
ρ2

2

2

ρ
)(

2

ρ2

ρ

2
)‖pk+1 − pk‖2

}
≥
min{ σ1

2‖M‖2
2
ρ
, σ3

ρ2

2
2
ρ
}

2

{
(2‖M‖2ρ

2
)‖xk+1

e ‖2 + (
2

ρ2

ρ

2
)‖pk+1 − pk‖2

}
≥τ1

ρ

2
‖yk+1

e ‖2, (30)

where τ1 =
min{ σ1

2‖M‖2
2
ρ
, σ3

ρ2

2
2
ρ
}

2
and the last inequality follows from relation (29).

Since ∇g(y) is Lipschitz continuous with constant Lg , and by Lemma 4.2, we have

1

2

{
σ1‖xk+1

e ‖2 + σ2‖yk+1 − yk‖2 + σ3‖pk+1 − pk‖2
}
≥τ1

ρ

2
‖yk+1

e ‖2

≥τ1
ρ

2

1

L2
g

2ρ
1

2ρ
‖pk+1

e ‖2 = τ2
1

2ρ
‖pk+1

e ‖2

(31)

where τ2 = τ1
ρ
2

1
L2
g
2ρ. Adding (30) and (31), we have

σ1‖xk+1
e ‖2 + σ2‖yk+1 − yk‖2 + σ3‖pk+1 − pk‖2

=2
1

2
{σ1‖xk+1

e ‖2 + σ2‖yk+1 − yk‖2 + σ3‖pk+1 − pk‖2}

≥τ1
ρ

2
‖yk+1

e ‖2 + τ2
1

2ρ
‖pk+1

e ‖2

≥τ ′(ρ
2
‖yke‖2 +

1

2ρ
‖pke‖2) = τ ′Hk+1.

where τ ′ = min{τ1, τ2}. So according to Lemma 3.1, we have

Hk −Hk+1 ≥ σ1‖xk+1
e ‖2 + σ2‖yk+1 − yk‖2 + σ3‖pk+1 − pk‖2 ≥ τ ′Hk+1.

Therefore,
Hk ≥ (1 + τ ′)Hk+1,

which implies that the iterative sequences of SWCCO-ADMM (3) converge linearly
to a critical point under the Assumption 4.1.
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One the other hand, if Assumption 4.2 is set up, then,

1

2

{
σ1‖xk+1

e ‖2 + σ2‖yk+1 − yk‖2 + σ3‖pk+1 − pk‖2
}

≥1

2

{
σ1‖xk+1

e ‖2 + σ2‖yk+1 − yk‖2
}

=
1

2

{
(σ1

λmin(MMT )

2L2
2

2ρ)(
2L2

2

λmin(MMT )

1

2ρ
)‖xk+1 − x∗‖2

+ (σ2
λmin(MMT )

2ρ2λmax(MMT )
2ρ)(

2ρ2λmax(MMT )

λmin(MMT )

1

2ρ
)‖yk+1 − yk‖2

}

≥
min{σ1

λmin(MMT )

2L2
2

2ρ, σ2
λmin(MMT )

2ρ2λmax(MMT )
2ρ}

2

{
2L2

2

λmin(MMT )

1

2ρ
‖xk+1 − x∗‖2

+
2ρ2λmax(MMT )

λmin(MMT )

1

2ρ
‖yk+1 − yk‖2

}
≥τ3

1

2ρ
‖pk+1 − p∗‖2 = τ3

1

2ρ
‖pk+1

e ‖2. (32)

where τ3 =
min{σ1

λmin(MMT )

2L2
2

2ρ,σ2
λmin(MMT )

2ρ2λmax(MMT )
2ρ}

2
and the last inequality follows from

Lemma 4.3. Then, since M is full column rank, so (30) holds. Next, adding (30)
and (32), we have

σ1‖xk+1
e ‖2 + σ2‖yk+1 − yk‖2 + σ3‖pk+1 − pk‖2

=2
1

2
{σ1‖xk+1

e ‖2 + σ2‖yk+1 − yk‖2 + σ3‖pk+1 − pk‖2}

≥τ1
ρ

2
‖yk+1

e ‖2 + τ3
1

2ρ
‖pk+1

e ‖2

≥τ ′′(ρ
2
‖yk+1

e ‖2 +
1

2ρ
‖pk+1

e ‖2) = τ ′′Hk+1,

where τ ′′ = min{τ1, τ3}. Using Lemma 3.1 again, we have

Hk ≥ (1 + τ ′′)Hk+1.

Hence, the iterative sequences of SWCCO-ADMM (3) converge linearly to a critical
point. �

5. Conclusions

In this paper, we have investigated the convergence for the alternating direction
method of multipliers algorithm for the minimization of combinational optimiza-
tion problem, which consists of a strongly convex function and a weakly convex
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function. Meanwhile, we also established sublinear (o(1/k)) and linear convergence
rate for this SWCCO-ADMM algorithm for the first time. In order to guarantee
the algorithm convergence, the proof process showed that the penalty parame-
ter ρ has to be chosen at least larger than two times of weakly convex modulus.
We state that this is because the existence of weakly convex term in the objec-
tive function. To extend the SWCCO-ADMM to the multi-block composition of
strongly convex and weakly convex function will be an interesting topic for the
future research. The convergence analysis in this manuscript is based on the fact
that the strongly convexity dominates the weakly convexity in the objective func-
tion, i.e. the objective function is strongly convex. And, the convergence analysis
of SWCCO-ADMM algorithm with a weak assumption is our future works.
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