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Abstract. We propose a novel theoretical framework to investigate deep neural networks using the
formalism of proximal fixed point methods for solving variational inequalities. We first show that
almost all activation functions used in neural networks are actually proximity operators. This leads
to an algorithmic model alternating firmly nonexpansive and linear operators. We derive new results
on averaged operator iterations to establish the convergence of this model, and show that the limit of
the resulting algorithm is a solution to a variational inequality. In general, this limiting output does
not solve any minimization problem.

1 Introduction

A powerful tool from fixed point theory to analyze and solve optimization and inclusion problems
in a real Hilbert space # is the class of averaged nonexpansive operators, which was introduced in
[3]. Recall that an operator T': H — H is nonexpansive if it is 1-Lipschitzian, and «-averaged for some
a € 10, 1] if there exists a nonexpansive operator ): H — H suchthat 7' = (1—«) Id +aQ; if « = 1/2,
T is firmly nonexpansive. The importance of firmly nonexpansive operators in convex optimization
and variational methods has long been recognized [19, 29, 39, 48, 53]. More generally, averaged
operators were shown in [7] to play a prominent role in the analysis of convex feasibility problems.
In this context the underlying problem is to find a common fixed point of averaged operators. In
[20], it was shown that many convex minimization and monotone inclusion problems reduce to
the more general problem of finding a fixed point of compositions of averaged operators, which
provided a unified analysis of various proximal splitting algorithms. Along these lines, several fixed
point methods based on various combinations of averaged operators have since been devised, see
[1, 2,5,8,9, 11, 13, 14, 17, 18, 22, 26, 27, 42, 45, 46, 54] for recent work. Motivated by deep
neural network structures with thus far elusive asymptotic properties, we investigate in the present
paper a novel averaged operator model involving a mix of nonlinear and linear operators.

Artificial neural networks have attracted a lot of attention as a tool to better understand, model,
and imitate the human brain [33, 40, 44, 49]. In a Hilbertian setting [6], an (n+1)-layer feedforward
neural network architecture acting on real Hilbert spaces (;)o<i<n is defined as the composition of
operators R, o (W, - +b,) o--- o Ry o (W - +b1) where, for every i € {1,...,n}, R;: H; — H; is a
nonlinear operator known as an activation operator, W;: H; 1 — H; is a linear operator, known as
a weight operator, and b; € H; is a so-called bias parameter. Deep neural networks feature a large
number n of layers. In recent years, they have been found to be quite successful in a wide array of
classification, recognition, and prediction tasks; see [37] and the references therein. Despite their
success, deep neural networks are not yet well understood from a mathematical viewpoint. In the
present paper, we propose to analyze them via the following iterative model.
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Model 1.1 Let m > 1 be an integer, let % and (#;)o<i<m be nonzero real Hilbert spaces, such that
Hm = Ho =H. Forevery i € {1,...,m} and every n € N, let W; ,,: H;_1 — #; be a bounded linear
operator, let b, ,, € H;, and let R; ,,: H; — H;. Let o € H, let (\,)nen be a sequence in |0, +o00], set

(Vn € N)(VZ € {1, c ,m}) Tz‘,n: Hi1 — Hi:x— Ri,n(Wi,nZ’ + bi,n)v (1.1)
and iterate

forn=0,1,...
Tin = Tl,nxn
To2n = T2,n$1,n

(1.2)

Tmn = Tm,nwm—l,n
L Tn+l1 = Tn + )\n(xm,n - xn)

The relaxation parameters (A, )nen in (1.2) allow us to model skip connections [51], in the spirit
of residual networks [35]. If \,, = 1, we obtain the standard feedforward architecture [33].

Our contributions are articulated around the following findings.

e We show that most activation operators used in neural networks are actually proximity opera-
tors, which paves the way to the analysis of such networks via fixed point theory.

e In sharp contrast with existing algorithmic frameworks involving averaged operators (see cited
works above), the operators involved are not necessarily all defined on the same Hilbert space
and they need not be all averaged.

e We show that, under suitable assumptions, the output of the network converges to a point
defined via a variational inequality. Furthermore, in general, this variational inequality does
not derive from a minimization problem.

The remainder of the paper is organized as follows. In Section 2, we bring to light strong con-
nections between the activation functions employed in neural networks and the theory of proximity
operators in convex analysis. These operators were first introduced for nonsmooth mechanics appli-
cations [41] and later used in data processing (see [24, 50] and the reference therein). In Section 3
we derive new results on the averagedness properties of compositions of firmly nonexpansive and
linear operators acting on different spaces. In Section 4, we investigate the asymptotic behavior of a
class of deep neural networks. The main assumption on this subclass of Model 1.1 is that the struc-
ture of the network is periodic in the sense that a group of layers is repeated. Finally, in Section 5,
the same asymptotic properties are established for a wider class of non periodic networks.

Notation. We follow standard notation from convex analysis and operator theory [8, 47]. Thus,
— and — denote, respectively, weak and strong convergence in H and I'g(#) is the class of lower
semicontinuous convex functions ¢: % — |00, +o0] such that dom ¢ = {z € X | o(z) < +oo} # 2.
Now let ¢ € T'y(H). The conjugate of ¢ is denoted by ¢*, its subdifferential by 0y, and its proximity
operator is prox,: H — H: x — argmin .4 (¢(y) + ||[= — y||?/2). The symbols ranT, dom T, Fix T,
and zer T denote respectively the range, the domain, the fixed point set, and the set of zeros of an
operator T'. The space of bounded linear operators from a Banach space X’ to a Banach space ) is
denoted by B (X,)). Finally, ¢} denotes the space of summable sequences in [0, +oc|.



2 Proximal activation in neural networks

The following facts will be needed.
Lemma 2.1 Let ¢ € I'o(H). Then the following hold:
(i) [8, Proposition 12.29] Fix prox, = Argmin o.

(ii) [8, Corollary 24.5] Let g € To(H) be such that ¢ = g — || - ||*/2. Then prox, = Vg*.

2.1 Activation function

An activation function is a function o: R — R which models the firing activity of neurons. The
simplest instance, that goes back to the perceptron machine [49], is that of a binary firing model: the
neuron is either firing or at rest. For instance if the firing level is 1 and the rest state is 0, we obtain
the binary step function

1, if £€>0;
: 2.1
9§H{07 if <0, 2.1

which was initially proposed in [40]. As this discontinuous activation model may lead to instable
neural networks, various continuous approximations of this function have been proposed in the lit-
erature. Our key observation is that the vast majority of activation functions used in neural networks
conform to the following format.

Definition 2.2 A function p¢: R — R is a stable activation function if it is increasing, 1-Lipschitzian,
and takes value 0 at 0. The class of stable activation functions from R to R is denoted by A(R).

Remarkably, we can entirely characterize stable activation functions as proximity operators.

Proposition 2.3 Let o: R — R. Then ¢ € A(R) if and only if there exists a function ¢ € I'o(R), which
has 0 as a minimizer; such that ¢ = prox,,.

Proof. The fact that the class of increasing, 1-Lipschitzian functions from R to R coincides with that of
proximity operators of functions in I'y(R) is shown in [23, Proposition 2.4]. In view of Lemma 2.1(i)
and Definition 2.2, the proof is complete. [

The class of activation functions has interesting stability properties.
Proposition 2.4 The following hold:

(i) Let o € ]0,4o00[ and € ]0, +oo[ be such that af < 1, and let p € A(R). Then ap(8-) € A(R).

(i) Let (0;)ie1 be a finite family in A(R) and let (w;);cr be real numbers in |0, 1] such that ), ; w; = 1.
Then ), ;wi0; € A(R).

(iii) Let o1 € A(R) and go € A(R). Then oy o g3 € A(R).
(iv) Let o € A(R). ThenId —p € A(R).
(v) Let o1 € A(R) and g € A(R). Then (o1 — 02 +1d)/2 € A(R).

(vi) Let p1 € A(R) and g2 € A(R). Then g1 o (202 — Id) + Id —p2 € A(R).



Proof. (i)—(iii): This follows at once from Definition 2.2.

(iv)—(v): The fact that the resulting operators are proximity operators is established in [21, Sec-
tion 3.3]. The fact that they are proximity operators of a function ¢ € I'g(#) that is minimal at 0
is equivalent to the fact that prox,0 = 0 Lemma 2.1(i). This identity is easily seen to hold in each
instance.

(vi): Set p = p;1 o (202 — Id) + Id — . Then p is firmly nonexpansive [8, Proposition 4.31(ii)]. It
is therefore increasing and nonexpansive. Finally, o(0) = 0. O

We now provide explicit examples of common stable activation functions.

Example 2.5 The most basic activation function is ¢ = Id = prox,. It is in particular useful in
dictionary learning approaches, which correspond to the linear special case of Model 1.1 [52].

Example 2.6 The saturated linear activation function [33, 44] is

1, if £€>1;
o0:R—=-R: &= <€ if —1<€<1; (2.2)
-1, if £¢<—1.

It is clear that ¢ = prox,, where ¢ is the indicator function of [-1, 1].

Example 2.7 The rectified linear unit (RELU) activation function is [43]

if )
P RoR e {s LTE>0 (2.3)
0, if £<0.
Clearly, ¢ = prox,, where ¢ is the indicator function of [0, +ocl.
Example 2.8 Let « € |0, 1]. The parametric rectified linear unit activation function [34] is
if '
0:R—R: & & 1 &>0; (2.4)
af, if £€<0.
We have ¢ = prox,, where
0 if 0;
$: R — |00, +00] : €5 3 it £>0; (2.5)
(1/a —1)€2/2, if £<0.

Proof. Let £ € R. Then ¢/(§) = 0if £ > 0, and ¢'(¢) = (1/a — 1)¢if £ < 0. In turn (Id+¢')¢ = ¢ if
¢>0,and (Id+¢')(&) = &/aif € < 0. Hence, o = (Id +¢') ! is given by (2.4). O

Example 2.9 The bent identity activation function is

QIR—)RZfF—)£+'£22+1_1. (2.6)

Then ¢ = prox,, where

£/2 — (In(€+1/2)) /4, if £€>-1/2;

+00, if €< —1/2. 2.7)

¢:R—>]—oo,—i—oo]:£r—>{



Proof. This follows from [25, Lemma 2.6 and Example 2.18]. [

Example 2.10 The inverse square root unit activation function is [16] o: R — R: £ — &//1 4 &2
We have ¢ = prox,, where

—&2/2-/1-¢, if ¢ <L

2.8
+00, if £ > 1. (2:8)

¢:R—>]—oo,—i—oo]:£r—>{

Proof. Let ¢ € |-1,1] = dom V¢ = dom d¢ = ranprox,. Then { + ¢'(§) = £/+/1 — 2 and therefore
prox, = (Id+¢) ' p—= p//1+p2. 0

Example 2.11 The inverse square root linear unit activation function is [16]

£, if £>0;
0:R—-R: & 1362’ if ¢ <0 2.9)

We have ¢ = prox,, where

0, if £>0;
¢: R—]—00,+00] : £ <1 —¢€2/2—/1—€2, if —1<E<0; (2.10)
+00, if £<—-1.

Proof. Let & € |—1,+00] = dom V¢ = ran prox. Then £ + ¢/(§) = £if € > 0, and & + ¢/(§) =
£/4/1—€2if € < 0. Hence, o = (Id +¢') ! is given by (2.9). O

Example 2.12 The arctangent activation function (2/7)arctan is the proximity operator of

2 € 1., .
) ' ——In(cos(—=))—=¢, if €] <1;
: |—o0, : .
¢: R —]—00,400]: & — T < <2)> 2 (2.1D
+00, if €] > 1.

Proof. let £ € |-1,1[ = domV¢ = ranprox,. Then { + ¢'({) = tan(n¢/2) and therefore o =
(Id+¢')~! = (2/m)arctan. O

Example 2.13 The hyperbolic tangent activation function tanh [38] is the proximity operator of

1
¢ arctanh(¢) + 5 (ln (1-¢%) - 52), if ¢ < 1;
+00, if €] > 1.

¢: R — ]—00,400] : { — { (2.12)

Proof. Let ¢ € |—-1,1[ = domV¢ = ranprox,. Then { + ¢/({) = arctanh({) and therefore ¢ =
(Id +¢')~! = tanh. O
Example 2.14 The unimodal sigmoid activation function [32]

1 1
1+e € 2

0:R—R:&— (2.13)



is the proximity operator of

¢: R — |—00,400]

(€+1/2)In(€ +1/2) + (1/2 = (1/2 = §) - %(52 +1/4) if ¢ <1/2;
€ ) -1/, it g =12 (219
+00, if || >1/2.

Proof. Let £ € |-1/2,1/2[ = domV¢ = ran prox,. Then & + ¢'(¢) = In((1 + 2£)/(1 — 2¢)) and
therefore prox, = (Id+¢')~': p— (1/2)(e* = 1)/(eF +1) =1/(1 +e7#) —1/2.0

Remark 2.15 Examples 2.13 and 2.14 are closely related in the sense that the function of (2.13) can
be written as ¢ = (1/2)tanh(-/2).
Example 2.16 The Elliot activation function is [30]

g:R—)R:gHig (2.15)

L+l
We have ¢ = prox,, where

¢: R — ]—00,400]

2
e |-lg-ma—iey -5, it g < 2.16)
+00, if €] > 1.

Proof. Let ¢ € |-1,1] = dom V¢ = ranprox,. Then { + ¢/(§) = /(1 — [¢]) and therefore prox, =
(Id+¢") " : s p/(1+|ul). O

Example 2.17 The inverse hyperbolic sine activation function arcsinh is the proximity operator of
¢ = cosh — | - |?/2.

Proof. Let € € R. Then & + ¢/(§) = sinh ¢ and therefore prox, = (Id +¢')~1 = arcsinh. 00

Example 2.18 The logarithmic activation function [10]
0: R — R: & sign(¢)In (14 [¢]) (2.17)
is the proximity operator of

¢:R—>]—oo,+oo]:£»—>e£—|£|—1—§. (2.18)

Proof. We have ¢': & — sign(€)(elél — 1) — &, Hence (Id+¢'): £ — sign(€)(elél — 1) and, in turn,
prox, = (Id+¢')~": £ — sign(¢) In(1 + [¢]). O

Remark 2.19 Using Proposition 2.4, the above examples can be combined to obtain additional ac-

tivation functions. For instance, it follows from Example 2.6 and Proposition 2.4(iv) that the soft
thresholder

£E—1, if £€>1;
0:R—=>R: & <0, if —1<E<1; (2.19)
41, if £<-1

is a stable activation function. It was proposed in [55] (see [36] and the references therein for recent
applications).



2.2 Activation operators

In Section 2.1, we have described activation functions which model neuronal activity in terms of a
scalar function. In this section, we extend this notion to more general activation operators.

Definition 2.20 Let H be a real Hilbert space. An operator R: H — H is a stable activation operator
if there exists a function ¢ € I'g(%) which is minimal at the zero vector such that R = prox,. The
class of stable activation functions from # to H is denoted by A(H).

Property (ii) below justifies the stability qualifier in Definition 2.20. On the other hand, the
boundedness property (iv) is important in neural network-based functional approximation [28, 31].

Proposition 2.21 Let H be a real Hilbert space and let R € A(H). Then the following hold:
(i) RO=0.
(i) Let z and y be in H. Then |[Rz — Ry|2 < ||z — y||2 — ||z — y — Rz + Ry|
(iii) Let x € H. Then ||Rz|| < ||z
(iv) Let v € T'o(H) be such that R = prox,,. Then ran R is bounded if and only if dom ¢ is bounded.

Proof. (i): This follows from Lemma 2.1(i).

(ii): This is just the firm nonexpansiveness property of proximity operators.

(iii): Set y = 0 in (ii) and use (i).

(iv): We have ran R = ran (Id +9¢) ! = dom (Id +9¢) = dom d¢p. On the other hand, dom ¢ is
a dense subset of dom ¢ [8, Corollary 16.39]. [

Proposition 2.22 Let H and G be real Hilbert spaces. Then the following hold:

(i) Let L € B (H,G) be such that |L|| < 1 and let R € A(H). Then L* o Ro L € A(H).

(ii) Let (R;)icr be a finite family in A(H) and let (w;)ics be real numbers in |0, 1] such that ), ; w; =
1. Then Zz’e[ w;R; € A(H)

(if) Let R € A(H). Then Id —R € A(H).
(iv) Let Ry € A(H) and Ry € A(H). Then (R1 — Ry +1d)/2 € A(H).

Proof. The fact that the resulting operators are proximity operators is established in [21, Section 3.3].
In addition, 0 is clearly a fixed point of the resulting operators. In view of Lemma 2.1(i), the proof is
complete. [1

Example 2.23 The softmax activation operator [15] is

N
R: RN = RY: (&)1<hen — | exp(&) /Z exp(&;) —u, (2.20)
i=1

1<kSN



where u = (1,...,1)/N € RV, We have R = prox,,, where ¢ = ¢(- + u) + (- | u) and

P: RY — | —o0, +o0]

N 2
Z <§k In&, — %k>, f (&k)i<i<v €0, 1 and ng =1;

(Exhkan = § = (2.21)
~+00, otherwise,
with the convention 01n 0 = 0.
Proof. Set
g: RY — ]—oo +00]
&k In &k, (&k)1<ken € [0,1] and & =1;
(Ex)r<ren = ;; Jisken Z (2.22)
+00, otherwise.
Then ¢y = g — || - ||?/2 and [47, Section 16] asserts that
N
g RY S R: (&) 1ckeny — In (Z exp(&ﬁ) . (2.23)
k=1

Since Vg* = R + u, according to Lemma 2.1(ii), R = prox,, — u. We complete the proof by invoking
the shift properties of proximity operators [8, Proposition 24.8(iii)]. O

Separable activation operators supply another important instance of activation operators.

Proposition 2.24 Let H be a separable real Hilbert space, let (ej)rckcn be an orthonormal basis of H,
and let (¢ )rex be a family of functions in T'y(R) such that (Vk € K) ¢ > ¢1(0) = 0. Define

RH—-H:x— Z (proxd)k (x| ex))ek. (2.24)
keK

Then R € A(H).

Proof. The fact that R is the proximity operator of the I'g(H) function p: z — >, i dr((z | e)) is
established in [25, Example 2.19]. In addition, it is clear that ¢ is minimal at 0. [

3 Averagedness of compositions of firmly and linear operators

Our analysis will revolve around the following property for a family of linear operators (W;)1<i<m-+1-

Condition 3.1 Let m > 0 be an integer, let (H;)o<i<m be real Hilbert spaces, set H,,,+1 = Ho, and let
a € [1/2,1]. Foreveryi € {1,...,m+ 1}, let W; € B (H;_1,H,;) and set

Lz'3 7‘[0 X oo X 7‘[2‘71 — ’Hl (xk)0<k<i—1 — Z (VVZ O:--0 Wk-{—l)xk- (3.1)



It is required that, for every = (x;)o<i<m € Ho X - -+ X H,y, such that

1 if i =0:
(Vi€ {0,...,m}) |lzgll << 7 e (3.2)
! |Li(zo, ..., @i—1)|, if i>1,
there holds
| L1 — 27 (1 — a)zo|| + || Lin+1]] < 2™ a|zo]- (3.3)

Remark 3.2 In Condition 3.1, we take « > 1/2 because, if £ = (2;)o<i<m € (Ho~{0})xHix - xHy,
satisfies (3.3), then 2™ (1 — a)||xo|| < [|[ L1 — 2™ (1 — a)xo|| + || L] < 2™ a0

We establish some preliminary results before providing sufficient conditions for Condition 3.1 to
be fulfilled.

Lemma 3.3 Let m > 1 be an integer; let (H;)o<i<m be real Hilbert spaces, and set 6y = 1. For every
ie{l,...,m}, let W; € B(H;_1,H,;) and set

0i = [Wio--- oW

1—1
+y Y [Wio- oW il W, 0o Wj,_ |- [Wj, 0---o Wi (3.4)

k=11<51<...<Jp<i—1

Let (x;)o<i<m € Ho X -+ X Hyy, be such that (3.2) is satisfied. Then the following hold:

i—1
() (Vie{l,...,m}) 0= Okl[Wio-- o Wip].
k=0

) (¥i € {1,...,m}) sl < Oillzol.

Proof. (i): This follows recursively from (3.4).
(ii): Foreveryi € {1,...,m}, let L; be asin (3.1). We proceed by induction on m. We first observe

that the inequality is satisfied if m = 1 since ||| < ||L1zo|| = [|[Wizo|| < [|[Wh]| ||zol| = 01]|z0]|- Now
assume that m > 2 and that the inequalities hold for (x1,...,z,,-1). Then, since (i) yields
m—1
Om = [|Win o0 Will + > Ogl[Win 0 -+ 0 Wiy [, (3.5)
k=1
we obtain

m—1
lemll < 1@, .o, ) = | 3 (Wi 0+ 0 Wig1)an
k=0
m—1
< D Wion o Wi | |z
k=0

k=1

m—1
< (meo---owlu i ZekHWmo---okar)uxou
— o]l (3.6)

which concludes the proof.



Lemma 3.4 Let H be a real Hilbert space, and let x and y be in H. Then
lzlHlyll = (2 [ y) < (lzll + lyll = llz + gDl + [yi)- (3.7)
Proof. Since ||z + y||* — 2]z + yll(|l=]l + lyll) + (=]l + [ly[)* > 0, we have

1 + 1y l1* + ¢ [ ) + [l lyll
=+ 012 = =l = Nyl | el +1lyD? = lll® = llyll?

— 2 2
= [l=l® + llyll” + 5 + 5
_ e+ yl® + (el + lyD?
2
2z [lz + yll(ll]l + llylD, (3.8)

as claimed. O

Notation 3.5 Let m > 0 be an integer, and let (#;)o<i<m and G be real Hilbert spaces. Let X be the
standard vector space Hg x - - - X H,,, equipped with the norm |- || x: = (zi)o<i<m — Maxo<i<m ||Til|
and let ) be the standard vector space G xG equipped with the norm ||-||y: ¥y = (y1, y2) — [|y1]+]lv2ll-
Henceforth, the norm of M € B (X,Y) is denoted by | M| x y.

Proposition 3.6 Let m > 0 be an integer, let (H;)o<i<m be non zero real Hilbert spaces, set H,,+1 = Ho,
and use Notation 3.5. For everyi € {1,...,m + 1}, let W; € B (H;_1,H;). Further, let « € [1/2,1], let
0o = 1, let (0;)1<i<m+1 be as in (3.4), and set

W = Wm+1 ©---0 W1 (3.921)
= inf (Wzx|zx) (3.9b)
z€Ho, ||z]|=1
M: X — HQZ xTr — Zai(Wm_H 0---0 i+1)xi (39C)
1=0
M:X—=Y: H#(M — 2" (1 — a)z, M) (3.9d)
\ : T TS x a)xg, Mx). .

Suppose that one of the following holds:
(i) There exists i € {1,...,m + 1} such that W; = 0.
(i) [|[M|xy <1
(i) |[W —2mF (1 —a)Id || — |[W]| 4 20m11 < 2™ o
(iv) a#1, foreveryi e {1,...,m+ 1} W; # 0, and there exists n € [0, a/((1 — )0, +1)] such that

Omi1 < 2" a (3.10)
b1+ (L= a)(| Id =W || = n[[W[)(Oms1 — [W])) <272 — 1) + (1 — a)p. '
Then (W;)1<i<m+1 Satisfies Condition 3.1.

Proof. We use the operators (L;)1<;<m+1 introduced in Condition 3.1. Per Notation 3.5 and (3.9d),

[My — 2" (1 — ayoll + [ Myl _

M =||M 3.11
e 21 sup | Mylly = 1M 2.y (3.11)
Orgn;ggnllyilK1 lylla<1

10



and therefore

(fyeX) max [yl <1 = |[My—2""(1 -yl +|My| <2"a|M|xy. (3.12)

<ism

Now let & € X be such that

if ¢ =0;
Vie {0,...,m T ] ’ 3.13
(i): We assume that m > 1. For every k € {i,...,m}, it follows from (3.4) that §; = 0 and in turn

from Lemma 3.3(ii) and (3.13) that 2, = 0. Therefore,

m i—1
Lm+1$ = Z(Wm+1 o---0 Wk+1)xk = Z(Wm+1 O--+0 Wk+1)xk = 07 (3.14)
k=0 k=0

and (3.3) clearly holds.
(i) : In view of (i), we assume that, if m > 1, (Vi € {1,...,m}) W; # 0. We then derive from (3.4)
that (Vi € {1,...,m}) 6; > [[,,—; [Wk| > 0. If zp = 0, (3.3) trivially follows from Lemma 3.3(ii), we
therefore assume otherwise. Now set
) T
(V’LG{O,...,m}) Yi =

: (3.15)
Oillzoll

According to Lemma 3.3(ii), (Vi € {0,...,m}) ||lyi]| < 1. On the other hand, it follows from (3.9¢),
(3.15), and (3.1) that My = Ly, 11/ HxOH Altogether, we deduce from (3.12) that (3.3) holds.

(iii) = (ii): Take y € X such that ||y||x < 1. Then it follows from (3.9c) and Lemma 3.3(i) that
My — 2" (1 — a)yoll + [ Myl

m
< W =21 = a) 1A | flyoll + IW | lyoll + 2 s Wanr © -~ 0 Wi | [l

i=1
< W =2 (1 = a)1d || = W] + 20511
< 2mtla, (3.16)
In turn, (3.11) yields | M||xy < 1.
(iv)=(ii): Let y = (yo, .- .,ym) € X be such that ||yo|| = --- = ||lym|| = 1, and set
(9 m O - i iy if m 0,
Z +1 +1)Y 7 (3.17)
0, if m=0.
The assumptions and (3.9b) imply that
N0m+1 < /(1 — a)
< 2m+1
b1 (3.18)

i1+ (1= a)([[ Id =W || = n[[W|)(Om+1 — [W])
<2"(2a— 1)+ (1 —a)(Wyo | yo)-
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On the other hand,
al[Wyo +ul| — (1 — ) (yo | )
= al[Wyo + u| — (1 — a)(nWyo + Id —nW)yo | u)
< a|[Wyo +ul| = n(1 — a)(Wyo | u) + (1 — ) [|(Id =W )yol| [Jull. (3.19)
Since, by Lemma 3.3(i) and (3.18),

i o

n;eiuwmﬂ oo Wi = nfmi1 < T—, (3.20)
we deduce from (3.17) that

n(1 = a)([Wyoll + lJull) < (3.21)
However, by Lemma 3.4,

[Wyoll llull = (Wyo | w) < (IWyoll + [lull = [Wyo + ul)(IWyoll + [lul)- (3.22)
In view of (3.21), this yields

n(1—a)([[Wyoll lull = Wyo | u)) < a(Wyoll + lull — [Wyo + ull), (3.23)
that is,

a|[Wyo +ull = n(1 — a)(Wyo | u) < a[[Wyol| + [lul]) = n(1 — ) [[Wyol| [|ul]. (3.24)

Therefore, since (3.21) implies that o — n(1 — «a)||u|| > 0, it results from (3.19) that
a|[Wyo + ul| = (1= a)(yo | u)

< a([Wyoll + [lull) = n(1 = o) [[Wyol| lull + (1 = a)[[(Id =W )yo| [|u]

= aflull + (a =0 = ) [[ul)[Wyoll + (1 = )| (Ad =W )yol| [Jull

< affull + (e = n(1 = &) [[ul W] + (1 = @) [|(Id =nW)yol| [[ull

= a| Wl + (o= n( = )W) llul + (1 = )| Td =n W Jul|. (3.25)
However, since (3.20) implies that a—n(1—«)||[W|| > 0, while (3.17) implies that ||u|| < 0,41 —||W ],
we derive from (3.25) that

alWyo +ul| = (1 = a)(yo | )

<al[W| + (e =n1 = a) W) (Omi1 = W) + (1 = )| Id =W || (Brmy1 — [W]]). (3.26)
We also have
[Wyo +ul| < [[W] + [Jull < i1 (3.27)

Hence, using (3.26), (3.27), (3.9¢), (3.9a), and (3.9d) we obtain

(3.18) {\\Wy0+u|y < 2™a

al[Wyo +ul| = (1 —a) (yo | Wyo +u) <2™(2a — 1)
- {HMyH <2™a

al|My|| = (1 —a){yo | My) <2™(a® — (1 —a)?)

My <2™a

{HM?J — 2711 — a)yol? < (27 o — || My]))®

& [ My =271 = a)yoll + Myl < 2"
& [[Myly <1 (3.28)
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Now set C = {y € X | [lyo|| =+ = ||ym|| = 1}. Then, in view of (3.11), (3.28), and [8, Proposi-
tion 11.1(ii)], we conclude that || M| x 3 = supycconve || MYlly = supyec [[Mylly < 1.0

The next result establishes a link between deep neural network structures and the operators
introduced in (3.1).

Lemma 3.7 Let m > 1 be an integer and let (H;)o<i<m+1 be nonzero real Hilbert spaces. For every
ie{l,...,m+ 1}, let W; € B(H;—1,H;) and let L; be as in (3.1). Further, for every i € {1,...,m},
let P;: H; — H; be firmly nonexpansive. Set

Tm:Wm+1OPmOWmO"'OP10W17 (329)

let x and y be distinct points in Hg, and set vo = (v — y)/||x — y||. Then there exists (v1,...,vy) €
Hi X -+ X H,y, such that

(VZ S {1, - ,m}) HUZH < HLi(U07 R ,1)2‘_1)H

2™ (T — 1T, (3.30)
( n m ) :Lm+1(v0,...,vm).
Iz = yll
Proof. For every i € {1,...,m}, since P, is firmly nonexpansive, there exists a nonexpansive operator
Qi: H; — H; such that
Id +Q;
P %Q (3.31)

We proceed by induction on m. Suppose that m = 1 and set
_ 1(Wiz) — 1 (Wy)

U1 ) (3.32)
|z —yll
which implies that ||v1| < [|[Wi(x — y)||/||lz — y|| = ||L1vo]|- Then
2(Tx —Ty) = WeoWi)(x —y) + (WaoQroWi)x — (Wao Q10 W)y
= || — y|| (W2 0 W1 )ug + Wary)). (3.33)
Thus, (3.30) holds for m = 1. Next, we assume that m > 1 and that there exists (vq,...,0m—1) €
Hi X -+ X Hpm_1 such that
Vie{l,...,m—1}) v <||Li(voy...,vi-1)]|
om=1(T o — T, _ (3.34)
( 1 1y) :Lm(vo,...,vm,l),
|z —yll
and we set
27 ((Qu o Th—1)w — (Qu © Ty
- ((Qm o Tn-1)z — (Qm © 1)y)_ (3.35)
|z =yl
Then (3.29), (3.31), and (3.34) yield
Tmx — Ty
o (Wm+1 © Tm—l)x - (Wm+1 © Tm—l)y 4 (Wm+1 °0Qmo Tm—l)x - (Wm-l—l 0 Qo Tm—l)y
N 2 2
1‘ p—
= % ((Werl o Lm)(vo, . ,Umfl) + WerlUm)
= wLmH(UO, e Um). (3.36)
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In addition, it follows from (3.34) and (3.35) that

2m_1HT’mflvfC - TmflyH

= yll

= | Lm(vo, - - s Um—1)]ls (3.37)

[om | <

which completes the proof. [

We now establish connections between Condition 3.1 for linear operators and the concept of
averagedness for composite nonlinear operators.

Theorem 3.8 Let m > 1 be an integer, let (H;)o<i<m—1 be nonzero real Hilbert spaces, set H,, = Ho,
and let o € [1/2,1]. Forevery i € {1,...,m}, let W; € B (H,—1,H;) and let P;: H; — H; be firmly
nonexpansive. Suppose that (W;)1<i<m satlsﬁes Condition 3.1. Then P,,oW,,o0---0P; oW is a-averaged.

Proof. Set T = P,, o W,,, o --- 0 P; o W;. We must show that

Q= (1 — E) Id—|— T (3.38)
is nonexpansive. By assumption, for every ¢ € {1,...,m}, there exists a nonexpansive operator
Qi: H; — H,; such that (3.31) holds. Let (L;)1<i<m be as in (3.1) and let z and y be distinct points
in Hy. According to Lemma 3.7, there exists v = (vg, ..., Um-1) € Ho X -+ X H,—1 such that

r—y
Vo =
[z —yll
(VZ S {1,...,m— 1}) HUZH g HLZ‘(U(),...,UZ‘_l)H (339)
2" (W0 Pymqy 0+ 0 ProWy)z — (Wp 0 Py -+ 0 Pr o Wh)y) I
= L.
lz —yll

Condition 3.1 imposes that
| Lo —2™(1 — a)vo|| + || Limv|| < 2™aljvg]| = 2™« (3.40)
which is equivalent to

|(WyoPyp_10---0PoWy)x— (W, o mfl"‘OPIOWI) —2(1 —a)(z—y)|l
(Wi 0 Py 0+ Pro W)z — (Wi 0 P10 Py o Waly|| < 20z — |, (3.41)

In turn, we derive from (3.38) and (3.31) that

1Qz — Qyll

1 /1d+Qm Id+Qm

g-”( +Q ono---oPlowl)x—< @ ono---oPlowl)y—(l—a)(m—y)”
2 ( (WpoPp_q0--oP oWz — (WyoP,_1---0P oWy —2(1 —a)(x —y)
+ (@ onoPm_lo---oPloWl)m—(QmonoPm_l---oPloWl)yH>
1
2—(H WpoPp_10--oPioWy)x — (Wyo0Pp_1---0ProWy)y—2(1—a)(x—y)|
—|—H(W OPm 10~ OP10W1).’IJ—(WmOPm_l---OP10W1)yH)

< =l (3.42)

which establishes the nonexpansiveness of Q.
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4 A variational inequality model

In this section, we first investigate an autonomous version of Model 1.1.

Model 4.1 This is the special case of Model 1.1 in which, for every i € {1,...,m}, there exist
R; € A(Hi), say R; = prox,, for some p; € I'o(H;) with ¢;(0) = inf p;(H;), W; € B (H;—1,H,;), and
b; € H; such that (Vn € N) R; , = R;, W;,, = W;, b, = b;. We set

(Vl € {1, ce ,m}) T Hic1 > Hi:x— RZ(VVM + bz) “4.1)
and
(
F =Fix(T,,0---0TY)
H=H1D - BHmn-1DPHmn
ﬁ
H=Hp, ®PHID D Hm1
—
S:H—>H: (1, Tm—1,Tm) = (Tm, T1, -« s T—1) (4.2)
N .
W:H—H: (Tpm,21,...,%m) = Wiz, Woz, ..., Wyxm—_1)
p:H —|—o0,+o0]: x— >0 pilx;)
Y H = |-o0,+oo] @ = 3 (pilw) — (i | bi)
F={zecH | w1 =T&p, x2 =Tox1,..., Tm = Tn@Tm—1},
where = (21, ...,,,) denotes a generic element in .

4.1 Static analysis
We start with a property of the compositions of the operators (7;)1<;<m of (4.1).

Proposition 4.2 Consider the setting of Model 4.1, let i and j be integers such that 1 < j < i < m, and
let x € H;j_y1. Then

[(Tio--oTj)a| < HwHHHWkHJrZQ\b | H HWkH>- (4.3)

k=q+1

Proof. In view of (4.1), the property is satisfied when ¢ = j. We now assume that i > j. Since
R; € A(H;), Proposition 2.21(i) yields

[(T; 0o T))z|| = |[Ri(Wi(Ti—1 0+ o Tj)x + b)]|
= [|[Ri(Wi(Tj—1 0o Tj)x + b;) — R0
|\Wi(Ti—1 o - oT‘)m—i-biH

<
Wil [(Ti—1 0 -+ o Ty)|| + [|bi]]- 4.4

We thus obtain (4.3) recursively. [
Next, we establish a connection between Model 4.1 and a variational inequality.
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Proposition 4.3 In the setting of Model 4.1, consider the variational inequality problem
by € 71 — Wiz, + 8@1 (fl)

by € Tog — Wox1 + 0 T
find T; € H1,..., Ty € Hu such that ? . ? 2 P2(2)

bin € T — WinZm—1 + 00 (Tm).
Then the following hold:
(i) The set of solutions to (4.5) is F.
(i) F =zer(Id — W o S + 0v¢) = Fix (prox,, o Wo S).

(i) F = {(T1%m, (T2 0 T1)Tm, .., (Tn-10+- 0 T1)Tm,T) | T € F}.

(4.5)

(iv) Suppose that (W;)1<i<m satisfies Condition 3.1 for some « € [1/2,1]. Then F'is closed and convex.

(v) Suppose that (W;)1<i<m satisfies Condition 3.1 for some « € [1/2,1] and that one of the following

holds:

(a) ran (7}, o --- o Ty) is bounded.
(b) There exists j € {1,...,m} such that dom y; is bounded.

Then F and F are nonempty.

(vi) Suppose that Id — W o S is monotone. Then F is closed and convex. In addition, F' and F are

nonempty if any of the following holds:

(@) Id — W o S + Oy is surjective.

(b) 9 — W o S is maximally monotone.

(©) maxi<icm ||Wil| <1, S — W has closed range, and ker(S — W*) = {0}.
(d) maxici<m |Wil| < 1and, foreveryi e {1,...,m}, domg} = H,;.

(e) Foreveryic {l,...,m}, domy; = H and dom ¢} = H,.

(f) S* — W has closed range, ker(S — W*) = {0}, and, foreveryi € {1,...,m}, domy;

(g) Foreveryic {1,...,m}, domy; is bounded.

— —
Proof. We first observe that S € B (H,H), W € B(H,H), ¢ € I'o(H), and ¢ € I'o(H).
(i): Let x € H. Then

(Wi, + b1 € 21 + A1 (1)
Waz1 4+ by € 22 + Opa(x
x solves (4.5) < 2 .1 2 € T2 + Opa(z2)

xr1 = pI'OX%71 (Wlxm + bl) =Tzm
Ty = Prox,, (WQIl + b2) =Thx

T = prox¢m(mem_1 +bm) = TinTm—1.
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(ii): Let « € #H. Using (4.2), we obtain
x solves (4.5) & Ocx—W(Sz)+0dy(x) < x=prox, (W(Sx)). (4.8)

(iii): Clear from the definitions of ' and F'.

(iv): Define m firmly nonexpansive operators by (Vi € {1,...,m}) P;: H; — H;: y — Ri(y + b;).
Then it follows from (4.1) and Theorem 3.8 applied to (P;)1<i<m that T, o - -- o T3 is nonexpansive.
In turn, we derive from [8, Corollary 4.24] that its fixed point set F' is closed and convex.

(v): Thanks to (iii), it is enough to show that F' £ &. Set T' = T,, o - -- o T} and recall that it is
nonexpansive by virtue of Theorem 3.8.

(a): Let C be a closed ball such that ran7" € C and set S = T'|¢. Then S: C' — C is nonexpansive
and therefore [8, Proposition 4.29] asserts that Fix T = Fix S # &.

(b)=(a): We have ranT; C ran R; = ran prox, = dom (Id +0¢;) = domdy; C dom ;. Hence
ran Tj is bounded and Proposition 4.2 (with ¢ = m) implies that

ranT C ranT,,, if j =m; (4.9)
(Tpo---oTjp1)(ranTy), if 1<j<m—1 .

is likewise.

(vi): Set A=1Id — W oS + 0. Since Id — W o S is monotone and continuous, it is maximally
monotone [8, Corollary 20.28], with # as its domain. Since 9 is also maximally monotone [8,
Theorem 20.25], A is likewise [8, Corollary 25.5(i)] and hence F' = zer A is closed and convex [8,
Proposition 23.39]. Next, we note that, in view of (iii), F # @ & F # @.

(a): The hypothesis implies that (b;)1<i<m € ran (Id — W o S + d¢) and therefore that (4.5) has
a solution, i.e., F # @.

(b)=-(a): The claim follows from Minty’s theorem [8, Theorem 21.1].

(c)=(a): We have |W o S|| = |W]| = maxi<i<m ||[Wi]| < 1. Therefore, —W o S is nonexpan-
sive, which implies that (Id — W o S)/2 is firmly nonexpansive [8, Corollary 4.5], that is (V& € H)
(x — W (Sz)|z) > ||x — W(Sx)||?/2. Consequently, Id — W o S is 3* monotone [8, Proposi-
tion 25.16], while d¢ is also 3* monotone [8, Example 25.13]. Finally, since S is unitary,

ran (Id — W o §) = ran (8"~ W) =ran (S - W) = (ke (S—W")) =#., (410

which shows that Id — W o S is surjective. Altogether, since [8, Corollary 25.5(i)] implies that
Id — W o S+ d¢ is maximally monotone, it follows from [8, Corollary 25.27(i)] that Id — W oS +d¢
is surjective.

(d)=(a): We have dom ¢* = H. Hence since intdom ¢* C dom dp* [8, Proposition 16.27],
we have randp = dom (Jp)~! = dom dp* = H. Hence, Oy is surjective. We conclude using the
same arguments as in (c): dp and Id — W o S are both 3* monotone and their sum is maximally
monotone, which allows us to invoke [8, Corollary 25.27(i)].

(e)=(a): As seen in (d), J¢ is surjective. We have ‘H = intdom¢ C dom d¢ [8, Proposi-
tion 16.27]. Consequently, # = dom (Id — W o S) C dom 0¢. Altogether, since dy is 3* monotone,
it follows from [8, Corollary 25.27(ii)] that Id — W o S + 9 is surjective.

()= (a): Asseenin (c), Id — W o S is surjective and d¢ is 3* monotone. In addition, dom (Id —
W o S) C domdy since H = intdom ¢ C domd¢ [8, Proposition 16.27]. Altogether, it follows
from [8, Corollary 25.27(ii)] that Id — W o S + d¢ is surjective.

(g): Here dom A = domdy C dom¢p = X ,domy; is bounded. Hence, F = zer A # @ [8,
Proposition 23.36(iii)]. O
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Remark 4.4 In Proposition 4.3(vi), it is required that Id — W o S be monotone, or equivalently, that
its self-adjoint part Id — (W o S + S* o W™) /2 be positive. In a finite-dimensional setting, this just
means that the eigenvalues of the matrix WS + S*W™ are in |—o0, 2].

Remark 4.5 Let T € 7 be a solution to the variational inequality (4.5). A natural question is
whether T solves a minimization problem. In general the answer is negative. For instance, for m > 3
layers, even if the Hilbert spaces (#;)1<i<m are identical, W = Id, the vectors (b;)1<i<,, are zero,
and the functions (y;)1<i<m are indicator functions of closed convex sets (C;)1<;<m, the solutions to
(4.5) do not minimize any function ®: ‘H — R [4]. A rather restrictive scenario in which the answer
is positive is when Id — W o S is monotone and W o S is self-adjoint. Then Z is a miminizer of
Pz (1/2)(x — W(Sx) | ) + ().

Example 4.6 In Model 4.1, suppose that, for every i € {1,...,m}, H; = R for some strictly
positive integer N;. In addition, assume that, for every i € {1,...,m}, R; is a separable activation
operator with respect to the canonical basis of R" (see Proposition 2.24), and that it employs the
RELU activation functions of Example 2.7. For every i € {1,...,m}, let z; = (& x)1<k<nN, € RY: and
set b; = (8i,kx)1<k<n,. Then it follows from Proposition 4.3(i) that (z1,...,xy,) € F if and only if, for
everyi e {1,...,m}, z; € [0,400[" and
(
(Vk € {17 cee 7N1}) [Wlwm]k + ﬂl,k - §1,k € I(El,k)
(VE e {l,...,Na}) [Wazi]y + Bok — ok € Z(E2k)

: 411
(Vk € {17 v 7Nm—1}) [Wm—lwm—Z]k + /Bmfl,k: - gmfl,k € Z(gmfl,k)
(Vk € {17 v 7Nm}) [mem—l]k + /Bm,k: - §m,k € I(&m,k%
where, given x € H;_1, [W;z] is the kth component of W,z and
{0}, if £€]0,+o0[;
()= 12
(V€ € [0, +00)  Z(¢) {]_OO’ 0. if £=0. (4.12)

Altogether, we conclude that F is a closed convex polyhedron.

4.2 Asymptotic analysis
Next, we investigate the asymptotic behavior of (1.2) in the context of Model 4.1.

Theorem 4.7 In the setting of Model 4.1, set T = Ty, o --- o Ty, let a € [1/2,1], and suppose that the
following hold:

(@) F#o2.
(b) (W;)1<i<m satisfies Condition 3.1 with parameter .
(c) One of the following is satisfied:

@A M =1/a=1and Tz, — x, — 0.
(i) (An)nen liesin]0,1/afand Y-, .y An(1 — ady,) = +o0.

Then (x,)nen converges weakly to a point ,,, € F and (11T, (T20T1)Tpm, -, (Tin—10+ - 0T1) Ty, Ty,
solves (4.5). Now suppose that, in addition, any of the following holds:
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(iii) For everyi € {1,...,m — 1}, R; is weakly sequentially continuous.
(iv) Foreveryi € {1,...,m—1}, R; is a separable activation operator in the sense of Proposition 2.24.
(v) Foreveryie€ {1,...,m — 1}, H,; is finite-dimensional.

(vi) For some € € ]0,1/2], (An)nen liesin [e,(1 —€)(e + 1/a)] and, for every i € {1,...,m}, H; =H
and there exists 3; € ]0, 1| such that [|W; — 2(1 — ;) Id || + [|[W;]] < 28;.

Then, for every i € {1,...,m—1}, (z; ,)nen converges weakly to T; = (Tjo- - - oT1)Zy, and (T1, ..., Tm,)
solves (4.5).

Proof. We first derive from (1.2) and Model 4.1 that
(VneN) zp1 =z, + ATy, — x4). 4.13)

Now set (Vi € {1,...,m}) P;: H; — H;: y — R;(y+b;). Then (4.1) yields T' = P,,oW,,0---0 PioW;
and, since the operators (R;)1<i<m are firmly nonexpansive, the operators (P;)i<;<n are likewise.
Hence, it follows from (b), Theorem 3.8, and (4.2) that

T is a-averaged and FixT = F. “4.14)

(i): In view of (4.14), T is nonexpansive and hence we derive from [8, Theorem 5.14(i)] that
(zn)nen converges weakly to a point in F'. The second assertion follows from Proposition 4.3(iii).

(ii): In view of (4.14), T is a-averaged with « < 1. In turn, [8, Proposition 5.16(iii)] implies that
(zn)nen converges weakly to a point in F', and we conclude by invoking Proposition 4.3(iii).

We now prove the convergence of the individual sequences under each assumption.

(iii): We have already established that z,, — Z,,. Since W, is weakly continuous as a bounded
linear operator, so is 7 in (4.1). Hence, (1.2) implies that z; ,, = T\z,, — T1Z,, = 7. Likewise, we
obtain successively Top = 1oy — 1071 = T2, 3 = 1322, — 1372 =T3,..., Tmpn = TTm—1,n —
ThiTm—1 = T

(iv)=-(iii): See [8, Proposition 24.12(iii)].

(v)=-(iii): A proximity operator is nonexpansive and therefore continuous, hence weakly contin-
uous in a finite-dimensional setting.

(vi): As shown above, z, — T,, € F. It follows from Proposition 3.6(iii) and Theorem 3.8
(applied with m = 1) that, for every i € {1,...,m}, T; is f5;-averaged. Hence, upon applying [26,
Theorem 3.5(ii)] with « as an averaging constant of 7', we infer that

(Id —Tl)xn — (Id —Tl)Tm — 0
(Id—T)(T—10--- 0 Th)xp) — (Id =T (Trp—1 0 - - - 0 11)Tp,) — 0.

Thus, 1, — z, = TV 2y, — ©y, — 11T, — Ty, Which implies that 21, = (1, — z) + 2, = (1%, —
Tm) + Tm = T1 %, However, since zy , — 1, = (T2 0 T1)xy, — T2y, — (T2 0T1)Tp, — 11T, We obtain
x3, — (T3 oT1)Ty,,. Continuing this telescoping process yields the claim. [

The next result covers the case when the variational inequality problem (4.5) has no solution.
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Proposition 4.8 In the setting of Model 4.1, suppose that (W;)i1<i<m Satisfies Condition 3.1 with pa-
rameter o € [1/2,1], and suppose that (A, )nen lies in [e, (1/a) — €] for some € € |0,1/2[. Then, if
F = 2, we have ||x,|| — +oc.

Proof. We derive from (4.13) and (4.14) that, for everyn € N, z,11 = z, + pn(Qx, — x,), where
Q@ = (1—-1/a)Ild+(1/a)T is nonexpansive and such that Fix @ = F, and pu,, = a\, € ]0,1[. Hence
the claims follows from [8, Proposition 4.29] and [12, Corollary 9(b)]. [

Remark 4.9 When assumptions (a)—(c) in Theorem 4.7 are satisfied, the neural network described
in Model 1.1 is robust to perturbations of its input. Indeed, since 7' is a-averaged in (4.13), we can
write the updating rule as x,,.1 = Q,z,, where @,, is nonexpansive. In turn, if xg and zy are two
inputs in H, for a given n € N, the resulting outputs z,, and z,, are such that ||z,, — Z,|| < ||zo — Zo||.

Remark 4.10 In connection with Theorem 4.7 and Remark 4.5, let us underline that in general the
weak limit 7, of (z,,)nen does not solve a minimization problem. A very special case in which it does
is the following. Suppose that m = 2, H; = H, [|[W1]] < 1, and Wy = W7, Set ¢y = 1 — (- | b1)
and 19 = @9 — (- | by), and let T, € F, ie., Ty = (proxw2 o Wy o prox,, o W1 )Z,. It follows from
[21, Remark 3.10(iv)] that there exists a function ¥ € I'o(?) such that W o prox,, o Wi = prox,.
Thus, 7 is a fixed point of the backward-backward operator prox,, o prox,. It then follows from
[20, Remark 6.13] that %, is a minimizer of "9 + 1, where '9: x — inf,ey (9(y) + ||z — y||?/2) is the
Moreau envelope of 9.

Remark 4.11 To model closely existing deep neural networks, we have chosen the activation op-
erators in Definition 2.20 and Model 4.1 to be proximity operators. However, as is clear from the
results of Section 3 and in particular the central Theorem 3.8, an activation operator R;: H; — H;
could more generally be a firmly nonexpansive operator that admits 0 as a fixed point. By [8,
Corollary 23.9], this means that R; is the resolvent of some maximally monotone operator such
A Hy — 27 (e, R; = (Id+A;)™1) such that 0 € A;0. In this context, the variational inequality
(4.5) assumes the more general form of a system of monotone inclusions, namely;,

b1 €1 — WiTm + A1

by € Ty — WoTq + AsTy

find 71 € H1,..., Tyn € H,y, such that (4.16)

b € Ten — WinZTm—1 + AmTm.

5 Analysis of nonperiodic networks

We analyze the deep neural network described in Model 1.1 in the following scenario.

Assumption 5.1 In the setting of Model 1.1, there exist sequences (w,)nen € E}F, (Pn)nen € Elr,
(Nn)nen € €4, and (vn)nen € £ for which the following hold for every i € {1,...,m}:

(i) There exists W; € B (H;—1,H;) such that (Vn € N) [|[W;,, — W;|| < wy,.
(ii) There exists R; € A(H;) such that (Vn € N)(Vo € H;) [|Rinr — Riz| < pull|| + 7.

(iii) There exists b; € H; such that (Vn € N) [|b; , — b;|| < vp.
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In addition, we set
(Vie{l,...,m}) T;:Hi—1 — Hi: x— R;(Wiz + b;). (5.1)

Proposition 5.2 In the setting of Model 1.1, suppose that Assumption 5.1 is satisfied, leti € {1,...,m},
and set

(YneN) Xin = pnllWinll +wn and G = pullbinll + 10 + vn. (5.2)
Then (Xi,n)neN € g}p (Ci,n)neN € 6}1-; and

(Vn e N)Ve € Hi—1) ||Tinze — Tiz|| < Xinllz|| + Cin- (5.3)

Proof. According to Assumptions 5.1(i) and 5.1(iii), sup,,cy [|[Winl < 400 and sup,,cy ||bi || < +o0.
It then follows from (5.2) that (x;n)nen € £} and ({n)nen € ¢}. Hence, we deduce from (1.1),
(5.1), the nonexpansiveness of R;, and Assumption 5.1 that

(Vn € N) (Vo € Hic1) | Tjnx — Tiz|
| Rin(Win® + bi ) — Ri(Win® + bip)|| + | Ri(Wina + bin) — Ri(Wiz + by)|

PnHWi,nx + bi,nH + M + HVVme +biy — Wiz — byl

Pr([Winll |zl + 10 ll) + 10+ Wi — Wil lz]] + (05,0 — bill

Pr([Winl |zl + 10inll) + nn + wn [z + 14

Xinll Tl + Gins (5.4)

<
<
<
<

as claimed. O

Proposition 5.3 In the setting of Model 1.1, suppose that Assumption 5.1 is satisfied. Then, for every
i € {1,...,m}, there exist (7; n)nen € (% and (6; ,)nen € ¢ such that

(WneN)VzeH) [[(Tino-oTip)r— (Tio-oTi)x| < 7ipllll + Oin. (5.5)
Proof. For every i € {1,...,m}, define (xin)nen and (in)nen as in (5.2), According to Proposi-

tion 5.2, (5.5) is satisfied for i = 1 by setting (Vn € N) 71, = x1,, and 01, = (1,. Next, let us
assume that (5.5) holds for i € {1,...,m — 1} and set

i
Tistn = (Wisall + Xit1.0)7im + Xitrn [ [ W]

(Vn € N) ot ; (5.6)
Oit1n = ([[Witall + Xit1,0)0in + Xit1,n Z (Hb]H H HWkH> + Git1,n-

j=1 k=j+1

Then the sequences (7,41 )nen and (6;41.,)nen belong to &. Now let n € N and € H. Upon

21



invoking Proposition 5.2, the nonexpansiveness of R, 1, and Proposition 4.2, we obtain
[(Tig1mo---o0Tin)r — (Tigr0--- o Th)x||
<|(Tig1noTino-oTip)r — (Tix10Tino 0T,z
+[[(Tigr o Tipo--oTip)r — (Tiyr 0 Tio--- o Ty )|
Xi+1nl(Tin 0+ 0 Tin)xl| + Giyrn + [(Tigr 0 Ty o 0 Tip)w — (Tigr o Tyo - o Th )z
Yertal[(Tin 0+ 0 Tip)a = (Tio- - o T)al + [(Ty o+ 0 T )a]) + Cirim
+ ||Ris1 (Wig1 0 Tyno -+ Tin)x + big1) — Rigrt (Wig1 0 Ty 0 -+ 0 Th)x + bigr) ||
< (Wisall + Xitr)[(Tim o -+ 0 Tyn)x = (Ti o -+ o Th)al| + Xl (Ti 0 -+ 0 T )l + Gigan

S Wiall + Xit1,0) (T[] + 0in) +Xz'+1,n<||ﬂf\| [Tl +>" <Hbj|| I1 IIWkH)) + Givin

k=1 j=1 k=j+1
= Tit1nllz] + Oit1,n, (5.7)

which proves the result by induction.

<
<

We can now present the main result of this section on the asymptotic behavior of Model 1.1. The
proof of this result relies on Theorem 4.7, which it extends.

Theorem 5.4 Consider the setting of Model 1.1 and let « € [1/2,1]. Suppose that Assumption 5.1 is
satisfied as well as the following:

(@) F=FixT # @, where T =T,, 0---0oTy.
(b) (Wi)i<i<m satisfies Condition 3.1 with parameter .
(c) One of the following is satisfied:

) \=a=1land Tz, — z, — O.
(i) (An)nen liesin]0,1/aland ) -y An(1 — ady) = +oo0.

Then (xy,)nen converges weakly to a point T, € F and (T1 Ty, (T2 0T1)Tmy -y (Tn—10+ 011 )T, Tin)
solves (4.5). Now suppose that, in addition, any of the following holds:

(iii) Foreveryi € {1,...,m — 1}, R; is weakly sequentially continuous.
(iv) Foreveryi € {1,...,m—1}, R;is a separable activation function in the sense of Proposition 2.24.
(v) Foreveryie€ {1,...,m — 1}, H,; is finite-dimensional.

(vi) For some ¢ € ]0,1/2], (An)nen liesin [e, (1 —e)(e + 1/a)] and, for everyi € {1,...,m}, H; =H
and there exists 3; € ]0, 1| such that [|W; — 2(1 — §;) Id || + [|[W;]] < 28;.

Then, forevery i € {1,...,m—1}, (;n)nen converges weakly to z; = (Tjo---oT1)Z,, and (T1, ..., Tp,)
solves (4.5).

Proof. Let (y,)nen be the sequence defined by yy = o and

forn=0,1,...
Yin :len

Yon = Iy,
o (5.8)

Ymn = Tmym—l,n
| Yn+1 = Yn + )‘n(ym,n = Yn)-
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For everyn € N, set S, =T}, , 0 - -- 0 T} ,. We derive from (1.2) and (5.8) that

(Yn €N)  [zps1 — ynrall = |20 + Aa(Sn2n — 2n) — Yn — An(Tyn — yu) |l
< MllSnzn — Ty || + |20 — yn + Mo (T2p — Tyn — 20 +yu)|l. (5.9)

At the same time, by Proposition 5.3, there exist (7pn)nen € €4 and (0, n)nen € £ such that

(Vn € N)  [|Spzn — Tl < TmnllTnll + Omn (5.10)
< T (170 — ynll + llyall) + Omn- (5.11)

On the other hand, by Theorem 3.8, Assumption 5.1(ii), and (b), T is a-averaged. Hence, there
exists a nonexpansive operator Q: H — H such that T = (1 — a)Id +aQ. Since (c) implies that
(An)nen lies in ]0,1/a], we deduce that

(VneN) |zn —yn + AT — TYn — 2n +yu) || = |(1 — X)) (T — yn) + X (Qzn — Qun) ||
< (1= aX)|zn = yull + @ || Qzn — Quall
< lzn — ynl- (5.12)

Altogether (5.9), (5.11), and (5.12) yield

Tm,n

(67

1
(¥ €N [@nrs =gl < (14 222 ) @0 = yull + = (Tl + Ornn)- (5.13)
However, Theorem 4.7 guarantees that 6 = sup,,cy ||yn|| < 400 and therefore that

Tm,n

(67

1
(¥ €N [@nrs =gl < (14 228 @0 = yull + = (7mnd + Orn)- (5.14)

Since (T n)neN and (T nd + Omn)nen are in E}F, there exists v € [0, +o00| such that ||z, — y,|| — v
[8, Lemma 5.31]. Consequently, &' = sup,,cy ||Zn| < & + sup,en ||2n — ynll < +00. Now, set

(VneN) e, = é(Snxn —Txy). (5.15)

Then it follows from (5.10) that

neN neN neN neN

In view of (1.2), we have
(VneN) zpi1 = 2p + pn(Qry + €4 — x,), wWhere p, =al, €10,1]. (5.17)

(i): The weak convergence of (z,),cn to a point z,, € Fix@ = F follows from (5.17) and [8,
Theorem 5.33(iv)] by arguing as in the proof of [8, Theorem 5.14(i)].

(ii): It follows from (5.17) and [8, Proposition 5.34(iii)] that (x,),cn converges weakly to a point
T, € FixQ = F.

In (i)-(ii) above, Proposition 4.3(iii) ensures that (71 Z,, (T2 011 )Tm, - - -, (Tm-10+-0T1)Tm, Tm)
solves (4.5).

(iii)—(v): If one of these assumptions holds, by proceeding as in the proof of Theorem 4.7 (iii)—
(v), we obtain that, for every i € {1,...,m — 1}, (T 0---oTy)x,, — T, = (T;0---0T1)Tpy
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and that, furthermore, (7,...,%,,) solves (4.5). However, Proposition 5.3 asserts that, for every
i €{1,...,m — 1}, there exist (7; ,)nen € £} and (6;,)nen € ¢} such that, for every n € N,

l@in — (Tio- -0 T)aull = |(Tin 0 - 0 To)en — (Ti o+ 0 To)aall < Timlleall + i (5.18)

Since (zy,)nen is bounded, z; ,, — (T; 0 - -+ o T} )z, — 0 and therefore z;,, — T;.

(vi): Foreveryi € {1,...,m}, set
(VneN) en=TinoTicino---oTip)zy — (TioTi—1po--- 0T y)Tn, (5.19)
and let (i n)nen and (G n)nen be defined as in (5.2). By Propositions 4.2, 5.2, and 5.3, we have
(¥ eN) flernll < Xtmllwall + G (5.20)
and

(Vi € {2, e ,m})(ﬂ (Ti—l,n)nEN S E}F)(H (91'_1771)”61\1 S E}F)(Vn S N)
Hei,nH Xi,nH(E—l,n -0 Tl,n)an + Ci,n
Xin(|(Ticin o 0 Tin)an — (Ti—1 0+ o T)ap || + |(Ti—1 0 0 T1)zn||) + Cim

i—1 i—1 i—1
< Xin <Tz1,n\|:vn\| + 0+ Nl TT IRl + D151 ( 11 H%H)) +Gime (5.21)

k=1 j=1 k=j+1

<
<

Thus, since (x,,)nen is bounded,
(Vie{l,....,m}) (leinlnen € £} (5.22)

In addition, by (5.19) and (1.2),
(VneN) zp1=z,+ N\, (Tm(Tm,l(- ~To(Thxn+ein)+ean ) +emin)+emn— xn) (5.23)

Thus, since Proposition 3.6(iii) and Theorem 3.8 imply that the operators (T;)1<;< are averaged,
the proof can be completed as that of Theorem 4.7(vi) since [26, Theorem 3.5(ii)] asserts that (4.15)
remains valid under (5.22). 0
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