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Abstract

Modeling time-varying operations in complex energy systems optimization problems is often computationally intractable, and time-
series input data are thus often aggregated to representative periods. In this work, we introduce a framework for using clustering
methods for this purpose, and we compare both conventionally-used methods (k-means, k-medoids, and hierarchical clustering),
and shape-based clustering methods (dynamic time warping barycenter averaging and k-shape). We compare these methods in the
domain of the objective function of two example operational optimization problems: battery charge/discharge optimization and
gas turbine scheduling, which exhibit characteristics of complex optimization problems. We show that centroid-based clustering
methods represent the operational part of the optimization problem more predictably than medoid-based approaches but are biased
in objective function estimate. On certain problems that exploit intra-daily variability, such as battery scheduling, we show that k-
shape improves performance significantly over conventionally-used clustering methods. Comparing all locally-converged solutions
of the clustering methods, we show that a better representation in terms of clustering measure is not necessarily better in terms of
objective function value of the optimization problem.
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1. Introduction

Computational optimization is a key part of the design and
evaluation process for energy industries. The design of energy
supply, generation, and conversion systems typically involves
complex tradeoffs in capital costs, energy efficiency, system re-
liability, and system flexibility. These complexities lend them-
selves well to optimization approaches wherein tradeoffs can
be modeled with high fidelity and many cases can be explored.
The current state of the art involves applying complex mixed in-
teger linear or nonlinear programming (MILP or MINLP) mod-
els that include discrete choices about technologies along with
realistic representations of technology physics and chemistry.

Treating time rigorously is a large challenge when optimiz-
ing energy systems. Optimal technology design and operation
requires understanding of impacts over multiple time scales; de-
sign decisions last for years or decades, while operational de-
cisions occur on the order of hours or minutes. Importantly,
these different time scales are coupled: how a system is de-
signed often strongly affects the way in which it can be oper-
ated in any given hour. Such couplings between time scales are
only becoming more important as renewable energy integration
increases the need for flexible energy system operation.

In many cases, design-level optimization problems for en-
ergy systems are computationally expensive, highly constrained,
and in the case of nonlinear optimization, subject to multiple
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locally-optimal solutions. It is often computationally intractable
to analyze such problems for the full set of temporal input data
that the facility might encounter.

For example, electricity prices vary at scales of minutes to
hours, but it is computationally intractable to represent elec-
tricity prices with this fidelity when optimizing, for example,
the design of a battery storage system. Many energy system
optimization inputs have this characteristic: vehicle charging
schedules, industrial facility operations and power usage, heat-
ing and cooling demands, renewable power generation, or mi-
crogrid design and operation. To include short time scales phe-
nomena in long-term planning, time-series data inputs are often
aggregated to representative periods. Such aggregation can re-
duce computational times by 1-2 orders of magnitude. For ex-
ample, a system might be optimized for a set of 5 representative
days instead of an entire year of 365 days.

Representative periods can be created using time-series clus-
tering methods. Time-series clustering is concerned with group-
ing periods (in many cases days) into groups that are simi-
lar. The clusters are then represented by one representative
period each. Multiple clustering methods have been conven-
tionally used to find representative periods, including: k-means,
k-medoids, and hierarchical clustering (Table 1 shows for a list
of papers in which such methods have previously been applied).

Examples of using these common methods to find represen-
tative periods for energy systems optimization are numerous.
These applications range from capacity expansion planning of
power systems with and without unit commitment (1–8), to the
design of local energy supply systems (9–13), to the design of
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building energy systems (14), to the design of combined heat
and power plants (15), to the design of carbon capture facili-
ties (16–19). Methods have been developed to include seasonal
storage (8; 13; 20), bounding the error in the objective function
that was introduced by clustering (9), and including clustering
methods in developing advanced solution strategies (5; 11).

Other methods are popular in general time-series cluster-
ing but – to the best of our knowledge – have not been widely
applied to find representative periods for energy systems op-
timization (21). These methods include dynamic time warp-
ing (DTW) barycenter averaging (DBA) clustering (22) and k-
shape (23). These methods extract shape-based information,
DBA by stretching or contracting the time axis, and k-shape by
maximizing the cross correlation between shifted versions of
the time-series. DTW is widely used in time series classifica-
tion applications (24) and in clustering applications (22). More
recently, k-shape has been proposed and was shown to perform
well clustering a wide range of time series (23).

Some applications exist of shape-based clustering methods
related to energy systems. Teeraratkul et al. (25) apply a clus-
tering method that uses DTW as the distance measure to cluster
residential electricity load profiles into similar groups (25), and
show that the method outperforms k-means clustering. Blanco
and Morales (26) apply k-shape to find wind power production
scenarios for a stochastic unit commitment optimization prob-
lem.

Three studies compare different clustering methods. Schuetz
et al. (14) evaluate k-means, k-medians, k-centers, and k-medoids
clustering applied to the optimal design of building energy sys-
tems. They find that in the case of small demand variability, all
methods perform well in terms of objective function value, and
in the case of large demand variability, k-medoids captured the
variability best in terms of objective function value of the opti-
mization problem. Pfenninger (6) evaluates a variety of combi-
nations of clustering methods (k-means, k-medoids, hierarchi-
cal clustering) and extreme value selection methods on a gen-
eration capacity expansion problem. He shows that results can
vary significantly among methods, and points out that results
can also vary significantly among model years, thus pointing
to the need to incorporate several years of input data. Kotzur
et al. (12) evaluate k-means clustering, k-medoids clustering,
and hierarchical clustering with the medoid as the represen-
tation and formulate several two-stage optimization problems
that are concerned with the design of energy supply systems: a
CHP based energy supply system, a residential energy supply
system, and an island electricity supply system. They conclude
that the performance of representative days depends strongly on
the system to be optimized. Further, they conclude that gener-
ally no clustering method outperforms all others, but that the
medoid as representation captures variability in the data better
than the centroid because it does not smooth the data as much
as the centroid.

The above-mentioned energy systems optimization studies
jointly investigate the representation in the operational and de-
sign domain of these two-stage problems. These problems are
complex and include different characteristics such as storage,
load shifting, and power generation. Little formal comparison

has been performed across the suite of methods so as to under-
stand which methods perform well on which problem charac-
teristics.

In this work we aim to remedy this gap by introducing an
analysis framework and performing structured intercomparison
of seven time series clustering methods. We analyze the impact
of clustering on the optimization results obtained for two oper-
ations optimization problems. We analyze only the operational
optimization of systems and do not consider design decisions in
order to decompose its effects. We compare traditionally-used
clustering methods, as well as the shape-based methods that
have not been widely applied. We formulate two operational
optimization problems that are simple enough to be solvable
deterministically for a full year of electricity price time series
data. By applying various implementations of clustering, we
can then directly compute the objective function error result-
ing from clustering. We then compare the clustering methods
in the domain of the objective function of these optimization
problems.

The aims of this paper are to: (1) develop a framework
in which clustering methods for finding representative periods
can be described, (2) analyze the operational representation of
different clustering methods, especially centroid- vs. medoid-
based clustering, (3) investigate the usefulness of shape-based
clustering methods, and (4) investigate how well the clustering
method maps into the objective function space of the optimiza-
tion problem by investigating the performance of different clus-
tering methods.

This paper proceeds as follows. In section 2, we introduce
a framework for clustering methods to find representative peri-
ods. In sections 3, 4, and 5, we introduce the clustering methods
that are compared in this paper, the optimization problem for-
mulations that they are applied to, and the data, respectively. In
section 6, we present and analyze the results, and we conclude
in section 7.

2. Clustering Framework

Generally, the clustering problem aims to find representa-
tive periods and associated weights that represent the full time
series in the optimization problem. The ideal clustering method
would represent all of the information in the full dataset with
a small fraction of the input data. However, all real clustering
application suffer from some error due to data reduction. This
error can be persistent in direction (bias) or random (noise). Im-
portantly, in optimization we care about error introduced into
the optimization objective function and decision variables, not
the underlying clustering error. These two types of error are re-
lated but not equivalent: the best-fitting cluster assignment may
not result in the most accurate objective function value (see Sec-
tion 6.3 for additional details).

Clustering involves multiple steps, some of which are con-
flated or not made explicit in the prior literature. Figure 1 illus-
trates our framework for time-series clustering methods. In this
framework, there are three general steps: (1) Normalization, (2)
Assignment, and (3) Representation. All time series clustering
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Figure 1: Framework of clustering methods for finding representative periods for the optimization of energy systems. # stands for an attribute that is to be clustered
(e.g. electricity price).

methods applied to date can be classified by their methodolog-
ical choices in these steps.

The first step in the framework is normalization of the data.
Normalization is commonly used and necessary when using
multiple input data sets (often called attributes) with different
units because magnitudes of attributes can differ greatly. Nor-
malization methods vary with the operation applied (e.g., di-
vision by largest value) and the scope of normalization (e.g.,
day-wise). Normalization operations include: (1) no normal-
ization; (2) normalizing observations by the largest value (0-1
normalization); or (3) normalizing to mean zero and standard
deviation 1 (µ = 0 and σ = 1, also known as z-normalization).

Normalization scope can also differ. Figure 2 illustrates dif-
ferent normalization scopes in the case of a year of hourly data
(here shown normalized with z-normalization for simplicity).
For the full normalization scope (left), the time series as a whole
is in the scope, so that the entire year of data is normalized
using a single µ and σ. For the element-based normalization
scope (center), each time step can be normalized individually
by computing the µ and σ for each data element (hour) across
all observations (days). This will result in 24 values for µ and
σ. For the sequence-based normalization scope (right), each
observation (day) can be normalized independently, resulting
in 365 values of µ and σ.

After normalization, the assignment step assigns similar pe-
riods to clusters. Assignment can be performed using a vari-
ety of clustering methods. Clustering methods differ in three
ways. First, each clustering method requires a distance mea-

sure to represent goodness of fit of an observation to a cluster
(e.g., Euclidean distance). Second, clustering methods use an
algorithm to assign observations to clusters (e.g., partitional or
hierarchical). Lastly, they vary in the cluster center used in the
calculation (e.g., centroid or medoid).

The third step in the framework is representation. Each
cluster must be represented by an observation and an associ-
ated weight, allowing for the desired data reduction. In exist-
ing methods, both the cluster centroid and cluster medoid have
been used to represent the cluster in the optimization problem.
Finally, the representative period must be expressed in the units
of the original data, thus the initial normalization must be un-
done by denormalization.

Note that the assignment and representation steps are often
viewed as connected, though in general they need not be. For
example, the cluster center c used in the algorithm is often, but
not always, chosen as the cluster representative r. For example,
the k-means clustering algorithm uses the cluster centroid as
its center, and a natural choice is to represent the cluster with
the resulting centroid. However, there are also approaches that
use k-means clustering, and then choose the medoid of each
resulting cluster as the cluster representative (4).

3. Clustering Methods

In this section, we introduce the clustering methods that are
compared in this paper for the purpose of finding representative
periods, which we from here on refer to as representative days.
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Figure 2: Illustration of the normalization scopes: full normalization, element-based normalization, sequence-based normalization.

We aggregate a time-series consisting of N daily price vec-
tors p1...pN (each is a day of T hourly prices) into K clusters.
We introduce the following sets for notation: N = {1, ...,N}
is the set of daily indices, T = {1, ...,T } is the set of hourly
time-step indices within each day, K = {1, ...,K} is the set
of cluster indices, and Ck with k ∈ K are the disjoint sets of
daily indices belonging to the respective clusters k. It holds that⋃

k∈K Ck = N .
We first introduce the different normalization methods. We

then describe the clustering methods by their assignment step
(distance measure dist(), clustering algorithm, center c). In
our comparison, we consider partitional clustering methods (k-
means, k-medoids, DBA clustering, k-shape), and hierarchical
clustering methods (agglomerative hierarchical clustering using
Ward’s algorithm). An overview of the methods considered in
this work is shown in Table 1.

3.1. Normalization

We use the z-normalization in all cases below. Z-normalization
is commonly applied in statistics before clustering algorithms
are applied (28). It shifts the mean to zero and the standard de-
viation to one. The three normalization scopes (full normaliza-
tion, element-based normalization, sequence-based normaliza-
tion) considered are shown in Figure 2. All clustering methods
are used with z-normalization on all normalization scopes (ex-
cept for k-shape, which only works with sequence-based nor-
malization). Normalization transforms each daily price vector
pi ∈ P, P ∈ RN×T , to the normalized daily price vector p̂i ∈ P̂,
P̂ ∈ RN×T .

Z-normalization is applied as follows:

P̂ =
1
σ

(P − µ) (1)

where µ is the mean and σ is the standard deviation. Using
the full normalization scope, µ and σ are scalars. For element-
based normalization scope, they are vectors µelem,σelem ∈ RT ,
while for sequence-based normalization scopes they are vectors

µseq,σseq ∈ RN (please refer to the SI for implementation de-
tails). After applying clustering, we obtain K normalized clus-
ter representations r̂k ∈ R̂, R̂ ∈ RK×T . We obtain the denormal-
ized cluster representations rk ∈ R, R ∈ RK×T by

R = σR̂ + µ (2)

For time-series clustering using shape-based methods such
as DBA clustering and k-shape, sequence-based normalization
is commonly used (29). However, these methods are generally
used in contexts where only the assignment matters in the anal-
ysis. Our methods require the use of the denormalized repre-
sentation. Because we obtain a mean and standard deviation for
each day, but only obtain K representations, we cannot utilize
the means and standard deviations directly. We thus introduce
denormalization for sequence-based clustering based on aver-
aged means and standard deviations of elements of the cluster:

R = R̂ diag(σ̃seq) + 1µ̃T
seq (3)

where µ̃seq = 1
K
∑

i∈Ck
µseq,i and σ̃seq = 1

K
∑

i∈Ck
σseq,i.

3.2. Distance measures

Distance measures (signified dist) are used to compute the
dissimilarity between two time-series vectors x, y ∈ RT . In this
work, we consider three distance measures: Euclidean distance
ED(x, y), dynamic time warping DTW(x, y), and shape based
distance SBD(x, y).

Euclidean distance computes the distance between two time-
series vectors (in our case days) based on the l2-norm

dist(x, y) = ED(x, y) =

√∑
t∈T

(xt − yt)2 (4)

It compares each hour t of one day with the respective hour t of
the other day (see Figure 3).

Dynamic time warping (DTW) (30) takes into considera-
tion that the shape of two time-series vectors can be similar but
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Table 1: Overview of clustering methods considered in this work.

Algorithm Distance
measure
dist()

Center

c

Cluster
representation
r

Name Previously
applied in

partitional ED centroid centroid k-means (1; 5; 7; 12–14)
(9; 10; 16–19; 27)

partitional ED centroid medoid (4)
partitional ED medoid medoid k-medoids (8; 11; 20)

(12; 14; 15)
partitional DTW centroid centroid DBA
partitional SBD centroid centroid k-shape (26)
agglomerative ED centroid centroid hierarchical - centroid
agglomerative ED centroid medoid hierarchical - medoid (2; 3; 12)

Figure 3: Visualization of the distance measures Euclidean distance (ED), dy-
namic time warping (DTW), and shape based distance (SBD). Electricity price
shapes from Germany, January 23, 2015 (blue-solid) and January 24, 2015 (red-
dashed). ED aligns each hour of one day with the respective hour of the other
day, whereas DTW is able to align any hour of one day to any hour of another
day within a certain bandwidth b (here, b = 2). Both use an l2-norm mini-
mization based measure. SBD finds similarities in shape by sliding one day
(blue-solid) compared to the other. It uses a cross-correlation maximization
based measure.

Figure 4: Dynamic time warping with bandwidth b = 2 distance matrix visu-
alization. Two exemplary price profiles are shown, and the corresponding dis-
tance matrix D in color. The path of minimum cost through the matrix aligns
the two time-series.

shifted. It can be seen as an extension of the Euclidean distance,
where it compares any hour of one day to any hour of the other
day, instead of only the same hours. This is illustrated in Figure
3, where hours with similar prices are aligned.

One can imagine a multitude of possible alignments be-
tween two time-series vectors. The optimal alignment is cal-
culated as follows and illustrated in Figure 4. The squared dis-
tances of all hours of x to all hours of y are stored in a matrix
D ∈ RT×T , where every entry Di j of the matrix is the squared
error between xi and y j (illustrated by the color in Figure 4.
Any path through the matrix starting at D1,1 and ending at DT,T

describes an alignment of the two time series. This path is
called the warping path and can formally be described as W =

{w1...wL} of elements wl ∈ W, wl = Di j, l ∈ {1, ..., L}, L ≥ T
through the matrix D starting at D1,1 and ending at DN,N such
that i, j, or both i and j increase for each step l of the path
W. The cost of a particular warping path is the square root of
sum of its entries

∑L
l=1 wl, and the DTW distance is the path of
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minimum cost amongst all possible paths:

dist(x, y) = DTW(x, y) = min
W

√√√ L∑
l=1

(wl) (5)

Finding the path of minimum cost through the matrix is done
recursively.

Furthermore, the warping path can be constrained to remain
within a so-called “warping window,” where only a subset of
the matrix D with bandwidth b is evaluated, i. e., elements
of the warping path wl = Di j are constrained by |i − j| ≤ b,
to find the path between the time-series vectors (30). This re-
duces computational time significantly and has been shown to
improve clustering performance (24). Note that the Euclidean
distance is a special case of dynamic time warping, where the
warping window b = 0, and therefore the cost path is the diag-
onal through the matrix D.

DTW is the major distance measure used in classification
tasks of time-series data and has been shown to do well in clus-
tering tasks (24).

The shape based distance (SBD) has recently been proposed
by Paparrizos and Gravano (23). It compares the shape of two
time-series vectors by sliding one of them against the other as
illustrated in Figure 3. One can measure the distance between
two slided time series in terms of cross correlation, which is cal-
culated through the inner product between two time series. If
no sliding occurs, cross correlation is the inner product x·y, and
if sliding occurs, cross correlation is the inner product between
the two portions of the vectors that overlap. Higher similari-
ties in shape lead to higher cross correlation. Thus, SBD is the
maximum cross correlation 1 that occurs among all possibilities
of sliding the two vectors amongst each other.

3.3. Partitional clustering algorithms

All methods based on partitional clustering algorithms com-
pared in this work minimize the within-cluster sum of squared
distances (SSD) between the cluster members and the cluster
center c:

C∗1...C
∗
K = argmin

C1...CK

∑
k∈K

∑
i∈Ck

dist(pi, ck)2 (6)

These methods differ in their choice of distance measure dist
and cluster center c, but they can be solved using a similar
general algorithm. The partitional clustering algorithm is a
generalization of Lloyd’s algorithm (31) and the k-means al-
gorithm (32; 33). To begin, the cluster centers are initialized
randomly. Then, the algorithm iteratively performs the follow-
ing two steps until it converges (i. e., there are no changes in

1 Because SBD as a distance measure by definition measures dissimilar-
ity, SBD is formally defined as the negative of the cross correlation CC:
dist(x, y) = SBD(x, y) = 1 − maxs

CCs(x,y)
√

R0(x,x)R0(y,y)
, which finds the sliding be-

tween the two vectors that maximizes cross correlation CC. R is the autocorre-
lation function and the denominator ensures proper normalization. For a more
detailed description of SBD, see Paparrizos and Gravano (23).
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Figure 5: k-means on Germany data (k=5): (a) example cluster representations
and respective weights, and (b) the respective assignments of the original data.

cluster assignments) or reaches a maximum number of itera-
tions: In the first step (assignment), each daily price vector pi

is assigned to the closest cluster center c based on the distance
measure dist (Equation 7 with fixed ck), and in the second step
(refinement), the cluster centers c are updated in order to reflect
the changes in cluster assignments. Each center is updated to
the z that minimizes the within-cluster distance:

ck = argmin
z

∑
i∈Ck

dist(pi, z)2 (7)

Cluster centers can be based on the centroid or medoid. The
centroid is any artificial vector z ∈ RT , whereas the medoid is
an actual vector z ∈ {p1, ..., pN}.

The algorithm finds the cluster assignmentsCk. Unless noted
otherwise, we initialize the algorithms below with k-means++

(34). The algorithm yields locally converged solutions based
on the random cluster initializations. In this work, we run all
clustering algorithms until convergence by testing 10,000 local
starting points and do not consider any non-converged solutions
unless noted otherwise.

3.3.1. k-means clustering
k-means clustering (32; 33) minimizes the Euclidean dis-

tance (dist(pi, z) = ED(pi, z)). k-means clustering uses the cen-
troid as cluster center, which can be computed with the arith-
metic mean. It is commonly used with the centroid as the rep-
resentation, but has also been used with the medoid as the repre-
sentation in the context of energy systems optimization. In this
work, we consider both representations. Figure 5 shows ex-
emplary centroid representations and the underlying data from
k-means clustering.

3.3.2. k-medoids clustering
Similarly to k-means clustering, k-medoids clustering uses

the Euclidean distance as distance measure (dist(pi, z) = ED(pi, z)).
However, the cluster center is its medoid.

Besides being solved with the partitional clustering algo-
rithm outlined initially, the k-medoids clustering problem can
be formulated as a Binary Integer Program (BIP) as introduced
by (35) and used by (15). Please refer to the SI for the full for-
mulation. The BIP formulation is generally NP-hard, but it can
be solved to near global optimality for the number of days con-
sidered in this study (optimality gap ≤ 0.01%). In this work, we
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use both the partitional clustering algorithm and the BIP formu-
lation.

3.3.3. DBA clustering
Dynamic time warping barycenter averaging (DBA) clus-

tering (22) takes into consideration that the shape of two time
series can be similar stretched and contracted. It is a centroid-
based partitional clustering algorithm that uses Dynamic Time
Warping (DTW) (30) as its distance measure (dist(pi, z) = DTW(pi, z)).
This means that the iterative procedure is similar to the one of
the k-means clustering method, but instead of Euclidean dis-
tance, the DTW distance is used to assign different days to
given cluster centers, and the cluster centers are updated using
barycenter averaging instead of arithmetic mean.

The DBA cluster update of centroid ck using barycenter av-
eraging was introduced by Petitjean et al. (22) and to date is
the most efficient and accurate way to find a centroid for the
DTW distance measure (23). It is an iterative process and works
as follows: First, the DTW distances between all time-series
in cluster k and the current centroid ck are calculated, and the
DTW paths are saved. Then, each element cki is updated as the
arithmetic mean of all elements in the time series in cluster k
that are connected to element cki. This is repeated until conver-
gence. For more details on the implementation of the algorithm,
see Petitjean et al. (22).

3.3.4. k-shape clustering
k-shape clustering has recently been proposed as an alter-

native to DTW as a shape-based clustering method (23). It
is a centroid-based partitional clustering method and uses the
shape-based distance (dist(pi, z) = SBD(pi, z)). In the iterative
procedure of partitional clustering, SBD is used to assign dif-
ferent days to given cluster centers, and the centers are updated
according to the center definition in Equation 7, where z ∈ RT .
Paparrizos and Gravano rewrite the optimization problem stated
in Equation 7 with dist(pi, z) = SBD(pi, z) such that it is in the
form of the maximization of the Raleigh Quotient, which can
be solved analytically. This makes the center update computa-
tionally efficient.

3.4. Hierarchical clustering algorithm
We consider the most common type of hierarchical cluster-

ing: agglomerative hierarchical clustering. We start with k = N
clusters and proceed by merging the two closest observations
into one cluster, obtaining k = N − 1 clusters. The process of
merging two clusters to obtain k − 1 clusters is repeated until
we reach the desired number of clusters K. This produces a
hierarchy of cluster assignments, where each level of the hier-
archy (k clusters) is created by merging clusters from the next
lower hierarchy (k + 1 clusters) (36). Which clusters to merge
is decided by minimizing the total within-cluster variance. This
is done using Ward’s algorithm (37). In each step, the centroid
of each cluster k is calculated according to Equation 7. Then,
for all combinations of clusters i and j, the Euclidean distance
ED(ci, c j) is calculated and the two clusters i and j that yield
the minimum Euclidean distance are merged. After the assign-
ments for the chosen number of clusters is obtained, we need

to find a representation. In this work, we compare the centroid
and the medoid as cluster representations.

Note that choosing the medoid as cluster representation does
not mean that this algorithm is a greedy version of the above
introduced k-medoids algorithm. The k-medoid algorithm uses
medoids as cluster centers for the minimization of the Euclidean
distance. In contrast, the hierarchical clustering algorithm uses
centroids as cluster centers for the minimization of the Euclidean
distance, and chooses the medoid only as a cluster representa-
tion.

Hierarchical clustering is deterministic, which means it is
reproducible. However, it is also greedy, which means that it
yields local solutions with sets of cluster assignments C1...CK

that do not necessarily satisfy optimality in Equation 6.

3.5. Representation
Each cluster is represented in the optimization problem by

a representative period and an associated weight. The represen-
tative period is often, but not always the same as the choice of
cluster center in the assignment step. For representative periods
based on the medoid, the weighted mean of the representative
periods r1...rk may be different than the mean of the full time
series p1...pN . Thus, we rescale the medoid-based representa-
tions by a scaling factor s as introduced in (2; 12):

s =

∑
n∈N
∑

t∈T pn,t∑
k∈K
∑

t∈T |Ck | rk,t
(8)

4. Optimization Problems

In order to test the impacts of the above clustering choices,
we generate simple operational problems formulated as linear
programs that can be solved directly for 365 days of hourly
data. This solution gives us the true value of the objective func-
tion without error introduced by clustered input data, against
which the value of the objective function with clustered input
data can be compared. We create two optimization problems:
(1) an electricity storage problem for optimal energy price ar-
bitrage; (2) a gas turbine power generation problem for optimal
power dispatch.

The electricity storage problem is formulated as follows:

max
¯
E,Ē,S

∑
k∈K

Nk

∑
t∈T

(
¯
Ek,t − Ē j,t)pk,t

s.t.
0 ≤

¯
Ek,t ≤ Pmax∆t ∀ k ∈ K , t ∈ T

0 ≤ Ēk,t ≤ Pmax∆t ∀ k ∈ K , t ∈ T

0 ≤ S k,t ≤ Emax ∀ k ∈ K , t ∈ T

S k,t+1 = S k,t + ηinĒk,t − ¯
Ek,t

ηout
∀ k ∈ K , t ∈ T

S k,1 = S k,T+1 ∧ S 1,1 = S k,1 ∀k ∈ K

(9)

Here,
¯
Ek,t and Ēk,t is hourly electric energy that flows out or into

the battery from the market — they can also be seen as average
power —, pk,t is the hourly electricity price, and Nk = |Ck | is the
number of days in cluster k. Pmax is the maximum power, and
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Emax is the maximum storage capacity of the battery. S kt is the
amount of energy stored in the battery, and ηin and ηout are the
charge and discharge efficiencies. Here we assume maximum
power of 100 MW and maximum storage capacity of 400 MWh,
with charge and discharge efficiencies at 95%. Note that when
we solve this problem for the full representation, we solve with
k = N = 365 days. This assumes that the storage level at the
beginning of each day is the same.

The gas turbine dispatch problem is formulated as follows:

max
¯
E

∑
k∈K

Nk

∑
t∈T

¯
Ek,t pk,t − ¯

Ek,t

ηgt
pgas

s.t.
0 ≤

¯
Ek,t ≤ Pmax∆t ∀ k ∈ K , t ∈ T

(10)

Here,
¯
Ek,t is the hourly electric energy generated from the gas

turbine, and pgas is the gas price. We assume a gas price of
4 $/GJ for California and 6.8 $/GJ for Germany, and assume
a combined cycle efficiency ηgt of 60%. Using a single-cycle
gas turbine with 40% efficiency does not change the findings
qualitatively.

5. Data

The above-described clustering methods are evaluated us-
ing two electricity price data sets from 2015. Both are hourly
data from the day-ahead market, one from a price node in North-
ern California and the other from the German country-wide
price. The mean price is 30.4 $/MWh in California and 31.6
EUR/MWh in Germany, and the standard deviation is 13.0 $/MWh
in California and 12.7 EUR/MWh in Germany. A visual exam-
ple of the data can be found in (18) and a visual example of
cluster outcomes on the data is shown in Figure 5.

6. Results

We calculate the resulting objective function value of the re-
spective optimization problem for the full representation (N=365
days of electricity prices) and for each clustering option. We
then compare the results in objective function value between
the full representation and the clustered representation.

6.1. Clustering cases explored

The clustering cases we explore include all of the meth-
ods outlined in Table 1. For each case we perform clustering
for k = 1 . . . 9 representative days. The results shown in this
range show all the indicative characteristics of optimization re-
sults with higher number of clusters k. We ensure in each case
that the solutions obtained for a particular k are close to the
global optimum in clustering distance measure by re-starting
each clustering operation with 10,000 randomly initialized clus-
ter assignments and taking the clustering result with the lowest
locally converged distance measure of all of these trials.

6.2. Clustering method comparison
Figure 6 shows the objective function value for a given k

(k � N) and clustering method, normalized by the objective
function value for the full representation. This is performed
for both the battery problem and the gas turbine problem using
electricity price data from both Germany (GER) and California
(CA). Centroid-based (first row), medoid-based (second row),
and shape-based clustering methods (third row) are compared
in the figure.

The figure presents the methods using the normalization
scope that they are conventionally used with: The methods us-
ing centroid and medoid as representation use full normaliza-
tion scope, and the shape-based methods use sequence-based
normalization scope. The results comparing all clustering meth-
ods on all normalization scopes are presented in the SI.

Figure 6 allows several observations, taking as an exam-
ple the battery optimization problem and Germany electricity
price data (column 1). First, centroid-based methods (top row)
perform similarly: they increase in objective function value
with increasing k, and one single cluster captures approximately
75% of the objective function value of the full representation.
The objective function value of both k-means clustering and hi-
erarchical clustering with the centroid always underestimate the
objective function value of the full representation. This can be
explained by Theorem 1. The proofs for Theorems 1-3 can be
found in the SI.

Theorem 1. For an LP, if data is clustered in the objective
function coefficient vector c, the constraints are structurally the
same for all periods, and the cluster representation is centroid
based, then the optimization problem with full input data is a re-
laxation of the optimization problem with clustered input data.

Similarly, the following holds for linear programs with data
clustered in the constraint coefficient vector (such as heating or
cooling demand).

Theorem 2. For an LP, if data is clustered in the constraint co-
efficient vector b, the corresponding constraints are structurally
the same, and the cluster representation is centroid based, then
the optimization problem with clustered input data is a relax-
ation of the optimization problem with full input data.

In Figure 6, we further observe that hierarchical clustering
with the centroid as its representation increases monotonically
in objective function value with an increasing number of clus-
ters. This also is a general property.

Theorem 3. For an LP, if data is clustered in the objective func-
tion coefficient vector c or in the constraint coefficient vector b
with structurally similar constraints for all periods, and if the
cluster representation is centroid based and the clustering al-
gorithm is hierarchical clustering using Ward’s algorithm, then
the objective function value zk is a monotonic function of the
number of clusters k.

k-medoids and hierarchical clustering with the medoid as its
representation perform less predictably. As k increases, the ob-
jective function either increases toward or decreases away from
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the full representation, with no clear pattern emerging. If the
full representation is unknown, choosing an appropriate k in
a specific case study is challenging. k-means clustering with
the medoid as representation performs even less predictably,
showing inconsistent operational representation as the number
of clusters increases.

The error due to data reduction that we observe with centroid-
based and medoid-based methods can be persistent in direction
(bias) or random (noise). Overall, we observe that centroid-
based methods have low noise, but underestimate the objective
function value of the full representation (bias). On the other
hand, we also observe bias but additionally noise for medoid-
based methods. We also observe that bias and noise are not
only method dependent, but also depend on the data: k-means
with the medoid as its representation results in low bias but high
noise on problems with Germany data (Figures 6e and 6g), but
lower noise and higher bias on problems with California data
(Figures 6f and 6h).

k-shape performs well on the battery optimization problem,
representing the full representation very well with only two rep-
resentative days. Because the objective function value of the
battery optimization problem depends on the arbitrage potential
between hours, the characteristics of this problem are based on
the difference of the electricity price between hours and does
not depend on the overall level of the price itself. These are
characteristics that the k-shape method prioritizes when form-
ing clusters and thus it performs well. DBA clustering does not
perform as well and does not show significant differences when
used with different bandwidths. Even though DBA clustering is
also shape based, this performance may be because DTW can
assign hours in ways that distort physical meaning.

The DTW alignment of two example days in Figure 3 shows
that the time series is stretched and contracted, whereas k-shape
shifts time series relative to each other. Shifting may better
retain the information relevant to storage optimization problems
than stretching and contracting. Note that DBA clustering with
a bandwidth of zero is equivalent to k-means clustering with
sequence-based normalization.

The battery optimization problem evaluated on the Califor-
nia data yields results similar to those of the Germany data for
all clustering methods.

On the gas turbine optimization problem for the Germany
data, clustering methods do not in general yield good objec-
tive function values, but they improve as the number of clus-
ters increases. For the medoid-based methods the gas turbine
problem exhibits behavior similar to the behavior in the battery
problem, performing much less predictably. This is significant
because in problems evaluating design and operations jointly,
medoid based approaches have been suggested to capture more
variability in the data. However, we show that this comes at the
trade-off of less predictable representation of the operational
domain.

Shape-based methods do not perform well on the gas tur-
bine problem with Germany electricity price data because they
extract characteristics from the data not relevant to that prob-
lem. However, all methods perform well on the gas turbine
problem with California data. This is because the natural gas

price in California is lower than in Germany, and the turbine
is profitably generating power for most of the time. This shows
that even on the same optimization problem, different input data
can yield significantly different results and stresses the need to
evaluate methods on different data sets.

An analysis of the impact of different normalization scopes
on the optimization results can be found in the SI. Also note
that we tested but do not show fuzzy c-means (38), but the
method does not perform well. Due to fuzzy cluster assign-
ments, the clusters are averaged even more strongly and do not
exhibit much price variability, which is important to capture for
the problems at hand.

6.3. Local convergence of k-means and k-medoids

Figure 7 shows the local convergence of 10,000 initial points
for each k for the k-means (a) and k-medoids (b) methods for
the battery problem using Germany data, using full normaliza-
tion. Figure 7a allows for a more detailed analysis of Figure
6a, and Figure 7b allows for a more detailed analysis of Fig-
ure 6e. In Figure 7a, hierarchical with centroid representation
and best k-means in terms of SSD correspond to Figure 6a, and
in Figure 7b, hierarchical with medoid representation and k-
medoids exact correspond to Figure 6e. The results shown here
look qualitatively similar for both optimization problems (bat-
tery and turbine) and for both datasets (CA and GER). On the
x-axis, each colored dot is plotted at the value of minimum clus-
tering measure (SSD) obtained after convergence at each initial
guess. The y-axis coordinate is the resulting objective function
value after running the clusters through the optimization prob-
lem.

In the upper right, the star shape at 0 clustering error and
1.0 relative objective function value indicates the full represen-
tation (i.e., k = 365, or no clustering). Improved clustering
methods should aim to get as close to this point with the small-
est value of k. The best solution in clustering error measure
(most rightward) for each value of k is boxed. The 10,000 lo-
cally converged solutions for k-medoids are generated by a par-
titional clustering algorithm. We see that for this large number
of initial points, the best solution in terms of the clustering mea-
sure of this algorithm is the same as the solution to the exact
k-medoids formulation.

Both the k-means and k-medoids exhibit movement to the
right as k increases. That is, clustering error is reduced with
increased k. However, the methods exhibit quite disparate per-
formance in recreating the full representation objective function
value. k-means solutions reliably increase to the upper right,
and in general a reduction in clustering measure error is as-
sociated with a more accurate objective value. However, for
k-medoids, there is high variance and weak correspondence be-
tween clustering measure and objective value. All values of
k ≥ 2 contain assignments with objective value near 1 as well
assignments with objective value near 0.7, with little difference
in clustering measure between them. That is, one is not guar-
anteed that the k-medioids solution with minimum clustering
error will perform any better in optimization than another ran-
domly chosen k-medoids solution for the same k. This explains
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(a) k-means (b) k-medoids

Figure 7: Revenue vs. clustering measure (SSD) for the battery optimization problem on Germany data of (a) the centroid-based and (b) the medoid-based clustering
methods. 10,000 initial points for (a) k-means and (b) k-medoids for each number of representative days k. (a) Hierarchical with centroid representation and best
k-means in terms of SSD correspond to Figure 6a, and (b) hierarchical with medoid representation and k-medoids exact correspond to Figure 6e. We observe the
difference in variance in objective function value between centroid- and medoid-based representations.

why the objective functions resulting from medoid-based clus-
tering methods perform less predictably than the centroid-based
methods. A similar observation can be made for the hierarchical
clustering with representation as a centroid or medoid (note as
well that we observe that hierarchical clustering does not sat-
isfy optimality in terms of clustering measure as described in
Section 3.4).

When we compare the locally converged solutions of k-
means (Figure 7a) and k-medoids (Figure 7b), we observe that
the k-means solutions span a lower range in terms of objec-
tive function value than the k-medoids solutions. Furthermore,
we observe that the k-means objective function values are al-
ways below the objective function value (as shown in Proof 1),
whereas this is not guaranteed for the objective function based
on k-medoids clustering.

This large spread in locally converged solutions is espe-
cially significant for the k-medoids clustering, where the ob-
jective function values span a significant range: the objective
function values of all locally converged solutions do not gener-
ally increase with increasing number of clusters, and no clear
pattern emerges as to what the best solution of the k-medoids
method represents in terms of objective function value.

7. Conclusion

It is often computationally intractable to solve design and
operations optimization problems of energy systems for a full
set of time series input data. In this work, we presented a
framework for clustering methods for finding representative pe-
riods for these optimization problems that classifies aggrega-
tion methods by normalization method, clustering method, and
cluster representation. By describing the choices for each of
the parts of the framework, future studies that employ cluster-

ing will enhance understanding and evaluation of modeling re-
sults. We furthermore presented a comparison of convention-
ally used and shape-based clustering algorithms, and how they
affect the operational representation in terms of the objective
function value of the full representation.

Our analysis shows that centroid-based clustering methods
represent the operational part of the optimization problem more
predictably than medoid-based approaches. They can also be
shown to reliably underestimate objective value. Whereas it
has previously been suggested that medoid based approaches
capture variability important to the design part of complex op-
timization problems, this comes at the trade-off of less pre-
dictable representation of the operational domain.

Comparing different normalization scopes, we found that
the conventionally used clustering methods perform best with
full normalization or hourly normalization, whereas shape-based
clustering methods perform best when used with a shape-based
normalization scope. On certain problems that exploit intra-
daily variability, such as battery problems, we showed that k-
shape improves performance significantly over conventionally
used clustering methods.

Comparing all locally converged solutions of the cluster-
ing methods, we showed that a better representation in terms of
clustering measure is not necessarily better in terms of objective
function value of the optimization problem. This underscores
that clustering performance should be evaluated in the domain
of the objective function value of the optimization problem in-
stead of evaluating the clustering error itself.

This paper provides an initial framework for clustering meth-
ods and a comparison on two operational optimization prob-
lems. Future research could include the investigation of ex-
treme period selection. While representative periods obtained
solely from clustering are often smooth, extreme periods can
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add variability that is contained in the original time series. Fur-
thermore, it would be interesting to compare the clustering meth-
ods on multiple additional design and operations problems.

Acknowledgment

This work was supported by the Wells Family Stanford Grad-
uate Fellowship for HT. The Stanford Center for Computational
Earth and Environmental Science (CEES) provided the compu-
tational resources used in this work.

Nomenclature

Ē Hourly electric energy inflow

c Cluster center

D DTW distance matrix

P Matrix of daily price vectors

pi Daily price vector

R Matrix of representative days

r Cluster representative

P̂ Matrix of normalized daily price vectors

p̂ Daily normalized price vector

R̂ Matrix of normalized representative days

r̂ normalized representative day

¯
E Hourly electric energy outflow

dist() Distance measure

ηgt Combined cycle efficiency

ηin Battery inflow efficiency

ηout Battery outflow efficiency

Ck Set of daily indices belonging to cluster k

K Set of cluster indices

N Set of daily indices

T Set of hourly indices

µ mean

σ standard deviation

b DTW bandwidth

Emax Maximum energy capacity

Nk Number of days in cluster k

pgas Natural gas price

Pmax Maximum power capacity

R Autocorrelation function

CA California

CC Cross correlation

DBA Dynamic Time Warping Barycenter Averaging

DTW Dynamic Time Warping

ED Euclidean distance

GER Germany

K Number of clusters

LP Linear Program

MILP Mixed Integer Linear Program

MINLP Mixed Integer Nonlinear Program

S Battery storage level

SBD Shape based distance

SSD Sum of squared distances
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energy systems: an initial framework and comparison
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Stanford, California, USA

1. Introduction

This document provides additional details concerning the paper “Clustering methods to find represen-
tative periods for the optimization of energy systems: an initial framework and comparison”.

2. Theorems and Proofs

The following proofs are shown for a period length of 1 for readability purposes, but can be easily5

generalized to any period length (e.g. 24 as in this paper). Table 1 shows an overview of the results of
Theorem 1 and Theorem 2. We restate the theorems prior to the proofs for readability.

Theorem 1. For an LP, if data is clustered in the objective function coefficient vector c, the constraints are
structurally the same for all periods, and the cluster representation is centroid based, then the optimization
problem with full input data is a relaxation of the optimization problem with clustered input data.10

Proof of Theorem 1. Let the optimization problem with full input data be

max{cTx | Ax ≤ b ∧ x ≥ 0} (1)

We cluster coefficients c = [c1 ... cN ] into K disjoint clusters Ck with cluster representations r = [r1 ... rk],
rk = 1

Nk

∑
i∈Ck ci, where Nk = |Ck|. The clustered optimization problem is

max{c̄T x̄ | Āx̄ ≤ b̄ ∧ x ≥ 0} (2)

where c̄T = [N1r1 ... NKrK ], Ā is a submatrix of A, and b̄ is a subvector of b. We can then reformulate
the clustered optimization problem15

(2) = max{
∑
k∈K

Nkrkx̄k | Āx̄ ≤ b̄ ∧ x̄ ≥ 0}

= max{
∑
k∈K

∑
i∈Ck

cix̄k | Āx̄ ≤ b̄ ∧ x̄ ≥ 0}

= max{
∑
k∈K

∑
i∈Ck

cixi | Ax ≤ b ∧ x ≥ 0 ∧ xj = xl ∀ j, l ∈ Ck, k ∈ K}

= max{cTx | Ax ≤ b ∧ x ≥ 0 ∧ xj = xl ∀ j, l ∈ Ck, k ∈ K}

(3)

which is the original optimization problem (Equation 1) with additional constraints. This proves Theorem
1.
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Theorem 2. For an LP, if data is clustered in the constraint coefficient vector b, the corresponding con-
straints are structurally the same, and the cluster representation is centroid based, then the optimization
problem with clustered input data is a relaxation of the optimization problem with full input data.20

Proof of Theorem 2. Let the optimization problem with full input data be

z0 = max{cTx | Ax ≤ b ∧ x ≥ 0} (4)

and then the associated dual formulation is

ẑ0 = min{bTy | −ATy ≤ −c ∧ y ≥ 0} (5)

where z0 = ẑ0 due to strong duality. We cluster coefficients b = [b1 ... bN ] into K disjoint clusters and obtain
b̄. The optimization problem with clustered input data is

zc = max{c̄T x̄ | Āx̄ ≤ b̄ ∧ x̄ ≥ 0} (6)

The associated dual is25

ẑc = min{b̄T ȳ | −ĀT ȳ ≤ −c̄ ∧ ȳ ≥ 0} (7)

By Theorem 1, we obtain

ẑc = min{bTy | −ATy ≤ −c ∧ y ≥ 0 ∧ yj = yl ∀ j, l ∈ Ck, k ∈ K} (8)

The primal of this reformulation is

zcr = max

{[
cT 0T

] [x
s

] ∣∣∣∣∣ [PA M
] [Px

s

]
∧ x ≥ 0

}
(9)

where P is a permutation matrix which sorts the rows of the constraint matrix by cluster assignment, s are
additional variables, and M is a block diagonal matrix with entries Mi,

Mi =

[
−1 · · · −1

I

]
Nk×Nk−1

(10)

By strong duality, zcr = ẑc = zc. Problem formulation 9 is equivalent to problem formulation 6 with30

additional variables that relax the constraints. Thus, the problem with clustered input data is a relaxation
of the problem with full input data, which proves Theorem 2.

Theorem 3. For an LP, if data is clustered in the objective function coefficient vector c or in the constraint
coefficient vector b with structurally similar constraints for all periods, and if the cluster representation
is centroid based and the clustering algorithm is hierarchical clustering using Ward’s algorithm, then the35

objective function value zk is a monotonic function of the number of clusters k.

Proof of Theorem 3. Let C1...Ck be the clusters obtained from hierarchical clustering at any number of
clusters k. Hierarchical clustering then determines the cluster representations for k-1 clusters by merging
two of the k clusters. Let zk be the objective function of the optimization problem with these k clusters as
input data. Let zk−1 be the objective function value of the optimization problem with the k-1 clusters as40

input data.
In the case of clustering in the objective function coefficient vector c, the optimization problem with

the k clusters as input data can be expressed as Equation 1, and the optimization problem with the k-1
clusters as input data can be expressed as Equation 2. By Theorem 1, the optimization problem with k
clusters is a relaxation of the optimization problem with k-1 clusters. Thus, if the optimization problem is45

a maximization problem, then zk−1 ≤ zk ∀ k = {2...N}, and if the optimization problem is a minimization
problem, then zk−1 ≥ zk ∀ k = {2...N}. This proofs Theorem 3 for clustering in c.

The proof for optimization problems where data is clustered in the constraint coefficient vector b can be
carried out similarly using Theorem 2.
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Table 1: Relationship of objective values of minimization and maximization problems when clustering in either c or b occurs.
zo is the optimal objective value of the problem with full input data, and zc is the optimal objective value of the problem with
clustered input data.

Clustering of
Problem type

min max

c zc ≥ zo zc ≤ zo
b zc ≤ zo zc ≥ zo

3. Normalization Methods - Implementation Details50

Z-normalization for the three normalization scopes can be implemented with the following equations:
Full normalization yields

P̂ =
1

σ
(P − µ) (11)

where µ is the overall mean and σ is the overall standard deviation. After applying clustering, we obtain K
normalized cluster representations r̂k ∈ R̂, R̂ ∈ RK×T . We obtain the denormalized cluster representations
rk ∈ R, R ∈ RK×T by55

R = σR̂+ µ (12)

Note that in this work, we only consider one type of input data. In case of several types of input data are
used (e.g. electricity prices and solar capacity factors), full normalization is applied to each type individually,
and the data are merged afterwards.

Element-based normalization yields

P̂ = diag−1(σel)(P − µel1
T ) (13)

where µelem ∈ RT is the vector of hourly means, σelem ∈ RT is the vector of hourly standard deviations of60

the full year of price data, and 1 is a vector of all ones. The denormalized cluster representations can be
obtained from

R = diag(σelem) R̂+ µelem1T (14)

Sequence-based normalization normalizes each daily sample to zero mean and standard deviation one.

P̂ = (P − 1µT
seq) diag−1(σseq) (15)

where µseq ∈ RN is the vector of daily means and σseq ∈ RN is the vector of daily standard deviations.

4. Clustering methods - additional details65

4.1. k-medoids
The Binary Integer Program (BIP) as introduced by [1] and used by [2] is formulated as follows:

min
∑
i∈N

∑
j∈N

Dijzij

s.t.∑
i∈N

zij = 1 ∀ j ∈ N

zij ≤ yi ∀ i ∈ N∑
i∈N

yi = K

yi, zij ∈ {0, 1}

(16)

where D ∈ Rn×n is the precomputed distance matrix between all observations with Dij = ED(pi,pj)
2, yi

signifies whether pi is a medoid of Ci, and zij signifies whether pj , j ∈ Ci .
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4.2. DBA clustering70

For the “warping window” in the DTW distance, we use the Sakoe-Chiba bandwidth [3].

5. Additional Results

5.1. Comparing different normalization scopes

While Figure 6 in the main text shows the centroid-based and medoid-based clustering methods with
full normalization scope, and the shape-based methods with the sequence-based normalization scope, Figure75

1 shows all clustering methods with the full normalization scope, Figure 2 shows all clustering methods
with the element-based normalization scope, and Figure 3 shows all clustering methods with sequence-based
normalization scope.

We observe that the methods with centroid and medoid as their representation perform very similarly to
the full normalization scope and the element-based normalization scope. Using the sequence-based normal-80

ization scope, these methods perform well on the battery problem because this normalization scope helps
to extract shape. The methods using the medoid as their representation perform very close to the objective
function of the reference problem but increase and decrease unpredictably with an increasing number of
clusters. On the gas turbine problem for the Germany data, sequence-based normalization yields bad per-
formance. This shows that similarly to the shape-based clustering methods, sequence-based normalization85

alone is highly problem specific. All methods perform well on the gas turbine problem with California input
data, similarly to the previously described methods.

K-shape clustering normalizes within the algorithm and is thus not applicable to full normalization scope
and element-based normalization scope. However, DBA clustering can be used with the full normalization
scope and improves on the battery problem as the Sakoe-Chiba bandwidth increases.90

Using the full normalization scope, we compare DBA clustering with a Sakoe-Chiba warping window
of 0 to 2. A warping window of 1 increases the objective function for both optimization problems. As
the warping window increases further, the objective function increases on average, but it also increases
toward and decreases away from the full representation, with less of a pattern emerging. As we increase
the warping window size, the clustering algorithm is able to compare hours further and further away, which95

at some higher warping window size may lead to clustering peaks and valleys in price that may not belong
together physically. Increasing the size of the warping window to a number too large can more generally be
seen as overfitting.

We can observe improved performance for DBA clustering even with the element-based normalization
scope; however, there seems no reasonable explanation for this behavior.100

Note that k-means clustering and DBA clustering with a Sakoe-Chiba bandwidth of 0 are equivalent,
which we observe in each of the three figures, and which confirms the implementation of our algorithm.
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Figure 1: Objective value (revenue) as a function of the number of clusters for the different clustering methods. Normalization
scope: full normalization.
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Figure 2: Objective value (revenue) as a function of the number of clusters for the different clustering methods. Normalization
scope: element-based normalization.
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Figure 3: Objective value (revenue) as a function of the number of clusters for the different clustering methods. Normalization
scope: sequence-based normalization.
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