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Abstract

Recent papers indicate that some algorithms for constrained optimization may exhibit
worst-case complexity bounds that are very similar to those of unconstrained optimization
algorithms. A natural question is whether well established practical algorithms, perhaps with
small variations, may enjoy analogous complexity results. In the present paper we show that
the answer is positive with respect to Inexact Restoration algorithms in which first-order
methods are employed for approximating the solution of subproblems.

Key words: Complexity, Continuous Optimization, Constrained Optimization, Inexact Restora-
tion Methods, Regularization.

1 Introduction

Inexact Restoration (IR) algorithms were introduced with the aim of solving constrained opti-
mization problems [33, 35]. Each iteration of an IR algorithm consists of two phases. In the
first phase one improves feasibility and in the second case optimality is improved onto a linear
tangent approximation of the constraints. When a sufficient descent criterion does not hold
the trial point is modified in such a way that, eventually, acceptance occurs at a point that
may be close to the solution of the restoration (first) phase. The acceptance criterion may use
merit functions [33, 35] or filters [30]. The IR approach proved to be quite useful for electronic
structure calculations [28] and other matricial problems for which natural restoration procedures
exist.

Constrained optimization algorithms exhibiting unconstrained-like complexity results were
given in [9, 22]. These algorithms are not reliable for practical calculations because they generate
short-step sequences, due to the necessity of maintaining approximate feasibility at every itera-
tion. However, the two-phase nature of those algorithms motivated the present research. Unlike
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the algorithms [9, 22], which employ an initial restoration phase followed by a second phase of
short iterations that preserve approximate feasibility, IR algorithms alternate restoration and
optimization phases, not limited by feasibility tolerances but subject to a global criterion of
quality. In such a way, large steps are possible when the current approximation is far from the
solution. In this paper we will show that pleasant complexity results hold for an IR algorithm
that is similar to the ones presented in [33] and other IR papers.

The analysis of the worst-case function-evaluation complexity of continuous optimization
algorithms became relevant in the last 12 years. Given a stopping criterion based on a tolerance
ε > 0, one tries to find a (sharp) upper bound for the number of evaluations that a given
algorithm needs for satisfying the stopping requirement. In unconstrained optimization, if f(x)
is the objective function, the generally accepted first-order stopping criterion corresponds to
the approximate annihilation of the gradient, ‖∇f(x)‖ ≤ ε. For this case, relevant complexity
results, if the derivatives of the objective function satisfy Lipschitz-continuity requirements, are
(see [6, 7, 12, 17, 18, 19, 21, 25, 31, 38]):

1. Suitable gradient-related or quasi-Newton algorithms stop employing, at most, O(ε−2)
function and gradient evaluations.

2. Suitable Newton-like algorithms stop employing, at most, O(ε−3/2) function, gradient, and
Hessian evaluations.

The “O(ε−q) statement” means that the maximal number of evaluations is smaller than a
constant times ε−q, where the constant depends on the initial approximation, parameters of the
algorithm and characteristics of the problem.

Essentially, the results above are also true for constrained problems in which the feasible
set is simple enough [23, 34]. Roughly speaking, simplicity of the feasible set means that the
minimization of a quadratic function onto such a set is relatively easy to perform.

The papers [9, 22] proved that, for minimization problems with general constraints, O(ε−q)
results can be proved that are similar to those in the unconstrained case, for some algorithms
based on a single feasibility phase, followed by a short-step optimization phase.

However, the short-step characteristic of the algorithms [9, 22] makes them unsuitable for
practical computations. Very short steps are necessary to guarantee pleasant worst-case behavior
but the number of short steps that are necessary to prove complexity is close to the number of
short steps that one would employ in a sensible implementation of the algorithms.

On the other hand, Cartis, Gould, and Toint [20] considered the complexity of nonconvex
equality-constrained optimization employing a first-order exact penalty method. Under the
assumption that penalty parameters are bounded, the complexity of finding and approximate
KKT point was proved to be O(ε−2).

This state of facts motivated us to study well-established constrained optimization algo-
rithms from the point of view of worst-case complexity. The analogy (feasibility and optimality
phases) between the algorithms [9, 22] and the framework of Inexact Restoration (IR) methods
[14, 27, 33, 35] led us to define a suitable regularized form of IR and to study its complex-
ity properties. Inexact Restoration techniques for constrained optimization were introduced in
[33, 35], improved, extended and analyzed in [27] and [14], among others, and used successfully
in relevant applications [28].
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In this paper we analyze a first-order version of IR (no second-derivative information will
be used) and we prove that the computer work necessary to achieve suitable stopping criteria
is smaller than a constant times (ε−1

feas + ε−2
opt), where εfeas is the feasibility tolerance, εopt is the

optimality tolerance and the constant depends on algorithmic parameters and characteristics of
the optimization problem such as function bounds and Lipschitz constants.

In Section 2 we present the main algorithm and we state some basic results. In Section 3 we
prove the complexity results and in Section 4 we state conclusions and lines for future research.

Notation
The symbol ‖ · ‖ will denote the Euclidean norm on Rn.
PD(z) denotes the Euclidean projection of z onto the convex set D.
We denote N = {0, 1, 2, . . .}.

2 Inexact Restoration Algorithm

The problem considered in this paper is:

Minimize f(x) subject to h(x) = 0 and x ∈ Ω, (1)

where f : Rn → R, h : Rn → Rm, and Ω is a nonempty and compact polytope. Every nonlinear
programming problem including inequality constraints may be formulated in the form (1) since
a constraint hj(x) ≤ 0 may be replaced with hj(x) + z = 0, z ≥ 0. In most practical cases Ω is
an n-dimensional box ` ≤ x ≤ u. The generalization of our results for a general compact and
convex Ω is also possible subject to constraint-qualification assumptions on Ω.

We define, for all x ∈ Rn,

c(x) =
1

2
‖h(x)‖2. (2)

All along this paper we will assume that the functions f and h are continuously differentiable,
and there exist nonnegative constants Lf , Cf , Lh, Ch, C∇h, and Lc such that, for all x, z ∈ Ω:

|f(x)− f(z)| ≤ Lf‖x− z‖, (3)

‖∇f(x)−∇f(z)‖ ≤ Lf‖x− z‖, (4)

f(z) ≤ f(x) +∇f(x)T (z − x) + Lf‖z − x‖2, (5)

f(x) ≤ Cf , (6)

‖h(x)− h(z)‖ ≤ Lh‖x− z‖, (7)

‖∇h(x)−∇h(z)‖ ≤ Lh‖x− z‖, (8)
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‖h(z)‖ ≤ ‖h(x) +∇h(x)T (z − x)‖+ Lh‖z − x‖2, (9)

‖h(x)‖ ≤ Ch, (10)

‖∇h(x)‖ ≤ C∇h, (11)

‖∇c(x)−∇c(z)‖ ≤ Lc‖x− z‖, (12)

and

c(z) ≤ c(x) +∇c(x)T (z − x) + Lc‖z − x‖2. (13)

The (unknown) constants Lf , Cf , Lh, Ch, C∇h, and Lc will be called characteristics of the
problem (1). The complexity results to be proved in this paper will be of the form

Computer Work ≤ Constant × (ε−1
feas + ε−2

opt),

where “Constant” only depends on characteristics of the problem and algorithmic parameters,
defined below. Moreover, εfeas is a tolerance related to infeasibility, and εopt is a tolerance for
optimality. All along the paper, expressions of the form a = O(b) or a ≤ O(b) will mean that the
nonnegative quantity a is not bigger than a constant times the quantity b where the constant only
depends on characteristics of the problem and algorithmic parameters. In particular, a ≥ 1/O(1)
indicates that the quantity a is not smaller than a positive quantity that only depends on
characteristics of the problem and algorithmic parameters.

For all x ∈ Ω, and θ ∈ (0, 1), we define the merit function Φ(x, θ) by

Φ(x, θ) = θf(x) + (1− θ)‖h(x)‖. (14)

The main algorithm considered in this paper is presented below. Unlike other optimization
algorithms for which complexity has been analyzed [9, 22], the description of Algorithm 2.1 does
not depend of the possible stopping parameters εfeas and εopt. In particular, we describe the
algorithm without a stopping criterion regarding εfeas and εopt. This makes it easy to show
that the asymptotic convergence results follow as trivial consequences of the complexity ones.
If restoration breakdown does not occur, the algorithm generates an infinite sequence and com-
plexity results will follow from bounds on the number of iterations at which desired precisions
are not achieved.

Algorithm 2.1 - Inexact Restoration
Let γ > 0, M ≥ 1, κ > 0, µmax ≥ µmin > 0, θ0 ∈ (0, 1), r ∈ (0, 1), and rfeas ∈ (0, r) be

algorithmic parameters. Let x0 ∈ Ω. Set k ← 0.

Step 1 Restoration phase.
Compute yk ∈ Ω using Algorithm 2.2 below with parameters M , r, rfeas, µmin, and µmax.
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Test the inequality

‖h(yk)‖ ≤ r‖h(xk)‖. (15)

If (15) does not hold, stop Algorithm 2.1 declaring restoration failure.

Step 2 Penalty parameter
If

Φ(yk, θk)− Φ(xk, θk) ≤
1

2
(1− r)(‖h(yk)‖ − ‖h(xk)‖) (16)

set θk+1 = θk.
Else, compute

θk+1 =
(1 + r)(‖h(xk)‖ − ‖h(yk)‖)

2[f(yk)− f(xk) + ‖h(xk)‖ − ‖h(yk)‖]
. (17)

Step 3 Optimization phase.
Choose µ ∈ [µmin, µmax] and Hk ∈ Rn×n, symmetric, such that ‖Hk‖ ≤M .
Step 3.1 Tangent set minimization
Compute x ∈ Rn an approximate solution of the following subproblem:

Minimize ∇f(yk)T (x− yk) + 1
2(x− yk)THk(x− yk) + µ‖x− yk‖2

subject to ∇h(yk)T (x− yk) = 0
x ∈ Ω.

(18)

(The sense in which the solution of (18) must be approximated by x will be given later in
Assumptions 3.1 and 3.2. Assumption 3.2 depends on the algorithmic parameter κ.)

Step 3.2 Descent conditions
Test the conditions

f(x) ≤ f(yk)− γ‖x− yk‖2 (19)

and

Φ(x, θk+1) ≤ Φ(xk, θk+1) +
1

2
(1− r)(‖h(yk)‖ − ‖h(xk)‖). (20)

If both (19) and (20) are fulfilled, define µk = µ, xk+1 = x, update k ← k + 1, and go to
Step 1.

Else, update
µ ∈ [2µ, 10µ] (21)

and go to Step 3.1.

Algorithm 2.2 below describes the restoration procedure. This algorithm is similar to Algo-
rithm 2.1 of [13] applied to the function c(y) = 1

2‖h(y)‖2 with appropriate choices of the target
and the precision.

Algorithm 2.2 - Restoration procedure
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Step 1 If ‖h(xk)‖ = 0 set yk = xk and return to Algorithm 2.1.

Step 2 Compute

ctarget =
1

2
r2‖h(xk)‖2 and εc = rfeas‖h(xk)‖. (22)

Step 3 Initialize z0 = xk, σ ← 0, and `← 0.
Step 4 If c(z`) ≤ ctarget or ‖PΩ(z` − ∇c(z`)) − z`‖ ≤ εc set yk = z`, σk = σ, and return to
Algorithm 2.1. Else, choose σ ∈ [µmin, µmax] and B` ∈ Rn×n, symmetric and positive definite,
such that ‖B`‖ ≤M and ‖B−1

` ‖ ≤M .
Step 4.1 Find the solution z ∈ Rn of the following subproblem:

Minimize ∇c(z`)T (z − z`) + 1
2(z − z`)TB`(z − z`) + σ

2 ‖z − z
`‖2

subject to z ∈ Ω.
(23)

Step 4.2 Test the condition

c(z) ≤ c(z`)− γ‖z − z`‖2. (24)

If (24) is fulfilled, define z`+1 = z, σk,` = σ, update `← `+1, and go to Step 4. Else, update

σ ∈ [2σ, 10σ] (25)

and go to Step 4.1.

Remark
Algorithm 2.1 stops, employing a finite number of iterations, only when restoration fails.

Failure of restoration is declared when a point y is found such that ‖PΩ(yk −∇c(yk)) − yk‖ ≤
rfeas‖h(xk)‖ but ‖h(yk)‖ > r‖h(xk)‖. Therefore,

‖PΩ(yk −∇c(yk))− yk‖ ≤ rfeas‖h(xk)‖ (26)

but

‖h(xk)‖ < 1

r
‖h(yk)‖. (27)

By (26) and (27),

‖PΩ(yk −∇h(yk)h(yk)− yk‖ ≤
rfeas
r
‖h(yk)‖ (28)

If rfeas << r this means that the infeasibility of yk is considerably bigger than the projected
gradient of the sum of infeasibility squares at yk. If ‖h(yk)‖ is not small (28) probably indicates
proximity to a local minimizer of ‖h(y)‖2 at which ‖h(y)‖ does not vanish. On the other hand,
if ‖h(yk)‖ is small, the fulfillment of (28) reflects the non-fulfillment of a desirable constraint
qualification. For example, if yk is interior to Ω, (28) implies that there exists v ∈ Rn such that
‖v‖ = 1 and

‖∇h(yk)v‖ ≤
rfeas
r

.

This property probably indicates the proximity of a feasible point at which the gradients
∇h1(y), . . . ,∇hm(y) are not linearly independent.
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Lemma 2.1 Algorithm 2.2 finishes finding yk ∈ Ω that satisfies

c(yk) ≤ ctarget (29)

or
‖PΩ(yk −∇c(yk))− yk‖ ≤ εc (30)

employing, at most, O
(
c(xk)−ctarget

ε2c

)
iterations and evaluations of c. Moreover, at each iteration

of Algorithm 2.2, the descent condition (24) is tested O(1) times. Finally, one has that σk ≤
O(1).

Proof. By (13), if z is a solution of (23), we have that

c(z)− c(z`) ≤ ∇c(z`)T (z − z`) + Lc‖z − z`‖2

= ∇c(z`)T (z−z`)+1

2
(z−z`)TB`(z−z`)+

σ

2
‖z−z`‖2−σ

2
‖z−z`‖2−1

2
(z−z`)TB`(z−z`)+Lc‖z−z`‖2

≤ (−σ
2

+ Lc)‖z − z`‖2.

Therefore, if σ
2 ≥ Lc + γ, we have that (24) holds.

On the other hand, by the contraction property of projections and (12),

‖PΩ(z`+1 −∇c(z`+1))− z`+1 − PΩ(z`+1 − [∇c(z`) +B`(z
`+1 − z`)]) + z`+1‖

≤ ‖∇c(z`+1)−∇c(z`)‖+M‖z`+1 − z`‖ ≤ (Lc +M)‖z`+1 − z`‖.

Thus,

‖PΩ(z`+1−∇c(z`+1))−z`+1‖ ≤ ‖PΩ(z`+1−[∇c(z`)+Bk(z
`+1−z`)])−z`+1‖+(Lc+M)‖z`+1−z`‖.

Now, again by the contraction property of projections,

‖PΩ(z`+1−[∇c(z`)+Bk(z`+1−z`)+σ(z`+1−z`)])−PΩ(z`+1−[∇c(z`)+Bk(z`+1−z`)])‖ ≤ σ‖z`+1−z`‖
(31)

Thus, since PΩ(z`+1 − [∇c(z`) +Bk(z
`+1 − z`) + σ(z`+1 − z`)])− z`+1 = 0, (31) implies that

‖PΩ(z`+1 −∇c(z`+1))− z`+1‖ ≤ (σ + Lc +M)‖z`+1 − z`‖. (32)

Thus, the desired result follows from (24) and (32). 2

Corollary 2.1 The number of iterations and evaluations of h at each call of Algorithm 2.2 is
bounded by a constant O(1).

Proof. By (22), the result follows from Lemma 2.1. 2

The objective of the following results is to show that the distance between xk and yk is
bounded by a multiple of the infeasibility measure.
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Lemma 2.2 There exists Cs ≤ O(1) such that, for all k and l, the iterates generated by Algo-
rithm 2.2 satisfy

‖z`+1 − z`‖ ≤ Cs‖h(xk)‖.

Proof. The result is obvious if z`+1 = z`. Otherwise, define

v =
z`+1 − z`

‖z`+1 − z`‖
.

Note that ∇c(z`)T v < 0. Consider the function ϕ(t) = t∇c(z`)T v + t2

2 v
T (B` + σkI)v, for t ≥ 0.

The unconstrained minimizer of this parabola is

t∗ = − ∇c(z`)T v
vT (B` + σkI)v

≤ −∇c(z
`)T v

vTB`v
.

Therefore,

t∗ ≤
‖∇c(z`)‖
λ1(B`)

,

where λ1(B`) > 0 is the smallest eigenvalue of B`. Therefore, λ1(B`) = 1/‖B−1
` ‖ ≥ 1/M . So,

t∗ ≤M‖∇c(z`)‖. (33)

Let t̄ be the minimizer of ϕ(t) subject to z` + tv ∈ Ω. By the convexity of Ω and the form of
ϕ(t) we have that t̄ ≤ t∗. But, by construction, z` + t̄v = z`+1. So, by (33),

‖z`+1 − z`‖ ≤M‖∇c(z`)‖ ≤M‖∇h(z`)h(z`)‖ ≤MC∇h‖h(z`)‖. (34)

Since c(z`) ≤ c(xk) we have that ‖h(z`)‖ ≤ ‖h(xk)‖, so the thesis follows from (34) with
Cs = MC∇h. 2

Lemma 2.3 There exists β ≤ O(1) such that, for all yk computed at Step 1 of Algorithm 2.1,
we have that

‖yk − xk‖ ≤ β‖h(xk)‖. (35)

Proof. Let NRk be the number of iterations performed by Algorithm 2.2 at iteration k of
Algorithm 2.1. By Corollary 2.1 we have that there exists NR such that NRk ≤ NR ≤ O(1).

Then, by Lemma 2.2, we have that

‖yk − xk‖ =

∥∥∥∥∥
NRk∑
l=1

(z` − z`−1)

∥∥∥∥∥ ≤ NRCs‖h(xk)‖.

Defining β = NRCs we have the desired result. 2
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3 Complexity and convergence

All along this section we consider sequences {xk} and {yk} generated by Algorithm 2.1. These
sequences are defined for all k ∈ N, except if stopping occurs at some yk with the diagnostic of
failure of restoration. The main results of this section say that, given an arbitrary ε > 0, the
number of iterations such that the norm of infeasibility is bigger than ε is smaller than O(ε−1)
and that the number of iterations such that the norm of a vector that represents optimality is
bigger than ε is smaller than O(ε−2). As a consequence, we will obtain global convergence of
the algorithm and suitable stopping criteria.

The first technical lemma states that the penalty parameters {θk} are bounded away from
zero.

Lemma 3.1 Given xk and yk satisfying (15), Step 2 of Algorithm 2.1 is well defined. Moreover,
θk+1 ≤ θk, the inequality

Φ(yk, θk+1)− Φ(xk, θk+1) ≤ 1

2
(1− r)(‖h(yk)‖ − ‖h(xk)‖) (36)

is fulfilled, and there exits Cθ ≤ 1/O(1) such that

θk ≥ Cθ. (37)

Proof. We will first prove that Step 2 is well defined and that 0 < θk+1 ≤ θk. If ‖h(yk)‖ −
‖h(xk)‖ = 0, then, by (15), we have that ‖h(yk)‖ = ‖h(xk)‖ = 0 and Φ(xk, θk) = Φ(yk, θk).
Thus, (16) holds in this case and, consequently, θk+1 = θk > 0.

Therefore, it remains to consider only the case in which ‖h(yk)‖ < ‖h(xk)‖. In this case, we
obtain that

‖h(xk)‖ − ‖h(yk)‖+
1− r

2
(‖h(yk)‖ − ‖h(xk)‖)

=
1 + r

2
(‖h(xk)‖ − ‖h(yk)‖) > 0. (38)

By direct calculations, the inequality (16) is equivalent to

θk[f(yk)− f(xk) + ‖h(xk)‖ − ‖h(yk)‖]

≤ ‖h(xk)‖ − ‖h(yk)‖+
1− r

2
(‖h(yk)‖ − ‖h(xk)‖). (39)

Thus, by (38) and the fact that θk > 0, the requirement (16) is fulfilled whenever f(yk) −
f(xk) + ‖h(xk)‖ − ‖h(yk)‖ ≤ 0. In this case, the algorithm also chooses θk+1 = θk > 0.

Therefore, we only need to consider the case in which

f(yk)− f(xk) + ‖h(xk)‖ − ‖h(yk)‖ > 0.
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In this case, both the numerator and the denominator of (17) are positive. It turns out that
θk+1 > 0 whenever θk+1 is equal to θk or it is defined by (17). Moreover, if (16) does not hold,
then, by (39), we have that

Φ(yk, θ)− Φ(xk, θ) >
1− r

2
(‖h(yk)‖ − ‖h(xk)‖)

for all θ ≥ θk. Now, since the choice (17) obviously implies that

θk+1[f(yk)− f(xk) + ‖h(xk)‖ − ‖h(yk)‖]

= ‖h(xk)‖ − ‖h(yk)‖+
1− r

2
(‖h(yk)‖ − ‖h(xk)‖), (40)

we conclude that 0 < θk+1 ≤ θk in all cases. Thus, since θ0 ∈ (0, 1), the sequence {θk} is positive
and non-increasing. Furthermore, by (16), (17) and (40), we have that

Φ(yk, θk+1)− Φ(xk, θk+1) ≤ 1− r
2

(‖h(yk)‖ − ‖h(xk)‖).

It remains to prove that the sequence {θk} is bounded away from zero. For this purpose, it
suffices to show that θk+1 is greater than a fixed positive number when it is defined by (17). In
this case, we have that:

1

θk+1
=

2[f(yk)− f(xk) + ‖h(xk)‖ − ‖h(yk)‖]
(1 + r)[‖h(xk)‖ − ‖h(yk)‖]

≤ 2

1 + r

[
|f(yk)− f(xk)|
‖h(xk)‖ − ‖h(yk)‖

+ 1

]
.

Thus, by (3), (15), and Lemma 2.4,

1

θk+1
≤ 2

1 + r

[
Lf‖yk − xk‖

(1− r)‖h(xk)‖
+ 1

]
≤ 2

1 + r

[
Lfβ

1− r
+ 1

]
.

This implies that the sequence {1/θk+1} is bounded. Therefore, the monotone sequence {θk} is
bounded away from zero.

Then, defining Cθ =

[
2

1+r

(
Lfβ
1−r + 1

)]−1

we have that θk ≥ Cθ, as we wanted to prove. 2

Assumption 3.1 For every iteration k, the approximate solution of the quadratic programming
problem (18) satisfies

∇f(yk)T (x− yk) +
1

2
(x− yk)THk(x− yk) + µ‖x− yk‖2 ≤ 0. (41)

Lemma 3.2 below states that the criteria for stopping an optimality phase are necessarily
satisfied after O(1) iterations.
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Lemma 3.2 Suppose that the approximate solutions of (18) satisfy Assumption 3.1. Then,
there exists nreg ∈ N, such that nreg ≤ O(1), and after at most nreg updates (21), conditions
(19) and (20) are satisfied. (Thus, Step 3 of Algorithm 2.1 ends in finite time.) Moreover, there
exists µ̄ ≤ O(1) such that µk ≤ µ̄ for all k.

Proof. By Lemma 3.1, there exists θ̄ ≥ 1/O(1) such that

θk ≥ θ̄ for all k. (42)

Define

α = max

{
γ,

1− θ̄
θ̄

Lh

}
. (43)

If µ ≥M + Lf + α then, by (5) and (41),

f(x) ≤ f(yk) +∇f(yk)T (x− yk) + Lf‖x− yk‖2

≤ f(yk) +∇f(yk)T (x− yk) +
1

2
(x− yk)THk(x− yk) +

(
M

2
+ Lf + α

)
‖x− yk‖2 − α‖x− yk‖2

≤ f(yk) +∇f(yk)T (x− yk) +
1

2
(x− yk)THk(x− yk) + µ‖x− yk‖2 − α‖x− yk‖2

≤ f(yk)− α‖x− yk‖2.

Since γ ≤ α, (19) holds. Moreover, by the definition of α,

f(x)− f(yk) ≤ −1− θ̄
θ̄

Lh‖x− yk‖2. (44)

Let us show now that condition (20) also holds for µ ≥M +Lf +α. By (9), (36), (44), (42)
and the definition of Φ, we have:

Φ(x, θk+1)− Φ(xk, θk+1)

= Φ(x, θk+1)− Φ(yk, θk+1) + Φ(yk, θk+1)− Φ(xk, θk+1)

≤ θk+1[f(x)− f(yk)] + (1− θk+1)(‖h(x)‖ − ‖h(yk)‖)

+
1− r

2
(‖h(yk)‖ − ‖h(xk)‖)

≤ −θk+1
1− θ̄
θ̄

Lh‖x− yk‖2 + (1− θk+1)Lh‖x− yk‖2 +
1− r

2
(‖h(yk)‖ − ‖h(xk)‖)

≤ −θ̄1− θ̄
θ̄

Lh‖x− yk‖2 + (1− θ̄)Lh‖x− yk‖2 +
1− r

2
(‖h(yk)‖ − ‖h(xk)‖)

≤ 1− r
2

(‖h(yk)‖ − ‖h(xk)‖).

Thus, after at most nreg ≡ blog2(M +Lf +α)− log2(µmin)c+ 1 updates (21), both (19) and

(20) are satisfied. Note that by (37) we have that 1−θ̄
θ̄
≤ 1

Cθ
− 1. Thus, we have that

α ≤ O(Lh).
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Moreover, by the boundedness of the initial µ and the update rule (21), there exists µ̄ > 0 such
that the whole sequence {µk} is bounded by bM + Lf + αc+ 1 ≤ µ̄ independently of k. 2

In Theorem 3.1 we prove that the sum of the infeasibilities of all the iterates is bounded and
that the same happens with the sum of all the squared increments computed in the optimality
phases.

Theorem 3.1 Suppose that Assumption 3.1 holds. Then, there exist h̄ ≤ O(1) and Cd ≤ O(1)
such that for all k ∈ N and j ≤ k, if the sequences {xj} and {yj} are generated by Algorithm 2.1,
we have that

k∑
j=1

‖h(xj)‖ ≤ h̄, (45)

k∑
j=1

‖h(yj)‖ ≤ rh̄, (46)

f(xk) ≤ f(x0) + Lfβh̄− γ
k−1∑
j=0

‖xj+1 − yj‖2, (47)

and
k∑
j=0

‖xj+1 − yj‖2 ≤ Cd. (48)

Proof. By condition (20), for all j one has that

Φ(xj+1, θj+1) ≤ Φ(xj , θj+1) +
1− r

2
(‖h(yj)‖ − ‖h(xj)‖).

Therefore, by (15),

Φ(xj+1, θj+1) ≤ Φ(xj , θj+1)− (1− r)2

2
‖h(xj)‖. (49)

Let us define ρj = (1 − θj)/θj for all j. By Lemma 3.1, we have that θj ≥ Cθ for all j. This
implies that ρj ≤ 1

Cθ
− 1 for all j. Since {ρj} is bounded, and nondecreasing and ρ0 > 0, it

follows that, for all k,
k−1∑
j=0

(ρj+1 − ρj) = ρk − ρ0 <
1

Cθ
. (50)

By (10) and (50) we have that there exists Cρ ≤ O(1), such that

k−1∑
j=0

(ρj+1 − ρj)‖h(xj)‖ ≤ Cρ. (51)
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Now, by (49), for all j ≤ k − 1,

f(xj+1) +
1− θj+1

θj+1
‖h(xj+1)‖ ≤ f(xj) +

1− θj+1

θj+1
‖h(xj)‖ − (1− r)2

2θj+1
‖h(xj)‖.

Since θj+1 < 1, this implies that, for all j ≤ k − 1,

f(xj+1) + ρj+1‖h(xj+1)‖ ≤ f(xj) + ρj+1‖h(xj)‖ − (1− r)2

2
‖h(xj)‖.

Therefore, for all j ≤ k − 1,

f(xj+1) + ρj+1‖h(xj+1)‖ ≤ f(xj) + ρj‖h(xj)‖+ (ρj+1 − ρj)‖h(xj)‖ − (1− r)2

2
‖h(xj)‖.

Thus, we have that

f(xk) + ρk‖h(xk)‖ ≤ f(x0) + ρ0‖h(x0)‖+
k−1∑
j=0

(ρj+1 − ρj)‖h(xj)‖ − (1− r)2

2

k−1∑
j=0

‖h(xj)‖.

Therefore, by (51),

f(xk) + ρk‖h(xk)‖ ≤ f(x0) + ρ0‖h(x0)‖+ Cρ −
(1− r)2

2

k−1∑
j=0

‖h(xj)‖.

Thus,

(1− r)2

2

k∑
j=0

‖h(xj)‖ ≤ (1− r)2

2
‖h(xk)‖ − [f(xk) + ρk‖h(xk)‖] + f(x0) + ρ0‖h(x0)‖+ Cρ.

Since {ρk} ≥ 0, by (6) and (10), it follows that there exists h̄ ≤ O(1) such that
∑k

j=0 ‖h(xj)‖ ≤ h̄.
Thus, (45) is proved. Then, (46) follows from (15) and (45).

Now, by (19), for all j ≤ k − 1 we have:

f(xj+1)− f(xj) ≤ f(xj+1)− f(yj) + f(yj)− f(xj) ≤ −γ‖xj+1 − yj‖2 + f(yj)− f(xj).

Then, by (3) and (35),

f(xj+1)− f(xj) ≤ −γ‖xj+1 − yj‖2 + βLf‖h(xj)‖

for all j ≤ k − 1. Therefore,

f(xk) ≤ f(x0)− γ
k−1∑
j=0

‖xj+1 − yj‖2 + βLf

k−1∑
j=0

‖h(xj)‖.

Therefore, (47) follows from (45) and (48) follows from (6) and (45). 2

Assumption 3.2 means that we should solve the quadratic subproblem of Algorithm 2.1 with
precision of the order of ‖xk+1 − yk‖.

From now on, we define, for all k ∈ N,

Dk+1 = {x ∈ Ω | ∇h(yk)T (x− yk) = 0}. (52)
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Assumption 3.2 Assumption 3.1 holds and there exists κ > 0 such that, for every iteration
k, the approximate solution of the quadratic programming problem (18) satisfies (41) and

‖PDk+1
(xk+1 −∇f(yk)−Hk(x

k+1 − yk)− 2µk(x
k+1 − yk))− xk+1‖ ≤ κ‖xk+1 − yk‖. (53)

In the following lemma we prove that the sum of the optimality measures for all the iterates
generated by Algorithm 2.1 is bounded.

Lemma 3.3 Suppose that Assumption 3.2 holds. Then, for every iteration k, if xk+1 is gener-
ated by Algorithm 2.1, we have:

‖PDk+1
(xk+1 −∇f(xk+1))− xk+1‖ ≤ (Lf + 2µ̄+M + κ)‖xk+1 − yk‖ (54)

and
‖PDk+1

(yk −∇f(yk))− yk‖ ≤ (2 + 2Lf + 2µ̄+M + κ)‖xk+1 − yk‖, (55)

where µ̄ is defined in Lemma 3.2.
Moreover, for every iteration k we have that

k∑
j=0

‖PDj+1(xj+1 −∇f(xj+1))− xj+1‖2 ≤ (Lf + 2µ̄+M + κ)2Cd (56)

and
k∑
j=0

‖PDj+1(yj −∇f(yj))− yj‖2 ≤ (2 + 2Lf + 2µ̄+M + κ)2Cd, (57)

where Cd is given in (48).

Proof. By (53), the contraction property of projections, and Lemma 3.2 (boundedness of µk)
we have that:

‖PDk+1
(xk+1 −∇f(xk+1))− xk+1‖

≤ ‖PDk+1
(xk+1 −∇f(xk+1))− PDk+1

(xk+1 −∇f(yk)−Hk(x
k+1 − yk)− 2µk(x

k+1 − yk))‖

+‖PDk+1
(xk+1 −∇f(yk)−Hk(x

k+1 − yk)− 2µk(x
k+1 − yk))− xk+1‖

≤ ‖∇f(xk+1)−∇f(yk)‖+ 2(µk +M)‖xk+1 − yk‖+ κ‖xk+1 − yk‖

≤ (Lf + 2µ̄+M + κ)‖xk+1 − yk‖.

So, (54) is proved.
Let us now prove (55). By contraction of projections and (4) we have that

‖PDk+1
(xk+1 −∇f(xk+1))− xk+1 − [PDk+1

(yk −∇f(yk))− yk]‖

≤ ‖PDk+1
(xk+1 −∇f(xk+1))− PDk+1

(yk −∇f(yk))‖+ ‖xk+1 − yk‖

≤ ‖∇f(xk+1)−∇f(yk)‖+ 2‖xk+1 − yk‖ ≤ (Lf + 2)‖xk+1 − yk‖.
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Then, (55) follows form (54).
Finally, (56) and (57) follow from (48), (54), and (55). 2

Lemma 3.4 states that the number of iterates such that the infeasibility is bigger than a
given εfeas is, at most, proportional to 1/εfeas.

Lemma 3.4 Suppose that Assumption 3.2 holds and εfeas > 0. Let Ninfeas be the number of
iterations of Algorithm 2.1 such that

‖h(xk)‖ > εfeas.

Then,

Ninfeas ≤
h̄

εfeas
. (58)

Moreover, the number of iterations such that ‖h(yk)‖ > εfeas is not bigger than r h̄
εfeas

.

Proof. By (45) we have that
k∑
j=1

‖h(xj)‖ ≤ h̄.

Therefore, the number of iterations at which ‖h(xj)‖ > εfeas cannot be bigger than h̄/εfeas.
Analogously, by (46), the number of iterations of Algorithm 2.1 such that ‖h(yk)‖ > εfeas can-

not be bigger than r h̄
εfeas

. 2

In the following lemma we prove that the number of iterations for which the optimality
measure is given than an arbitrarily given εopt is, at most, proportional to 1/ε2opt.

Lemma 3.5 Suppose that Assumption 3.2 holds and εopt > 0. Let Nopt be the number of
iterations j of Algorithm 2.1 such that

‖PDj+1(xj+1 −∇f(xj+1))− xj+1‖ > εopt. (59)

Then,
Nopt ≤ (Lf + 2µ̄+M + κ)2Cdε

−2
opt. (60)

Moreover, if Nopty is the number of iterations such that

‖PDj+1(yj −∇f(yj))− yj‖ > εopt, (61)

we have that
Nopty ≤ (2 + 2Lf + 2µ̄+M + κ)2Cdε

−2
opt. (62)
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Proof. Assume that (59) holds for more than Nopt iterations. Then, there exists k such that
among the k first iterations there are Nopt iterations that satisfy (60). Therefore,

k∑
j=0

‖PDj+1(xj+1 −∇f(xj+1))− xj+1‖2 > Noptε
2
opt. (63)

Therefore, by (56),
Noptε

2
opt < (Lf + 2µ̄+M + κ)2Cd.

This implies (60). Analogously, (62) follows from (57). 2

The following theorem is the complexity result that says that the number of iterates with
infeasibility bigger than εfeas or projected gradient of f bigger than εopt cannot be bigger than
a quantity proportional to 1/εfeas + 1/ε2opt.

Theorem 3.2 Suppose that Assumption 3.2 holds, εfeas > 0 and εopt > 0. Then:

• The number of iterations such that

‖h(xj+1)‖ > εfeas or ‖PDj+1(xj+1 −∇f(xj+1))− xj+1‖ > εopt (64)

is bounded by
h̄ε−1
feas + (Lf + 2µ̄+M + κ)2Cdε

−2
opt + 1

and there exists c1 ≤ O(1) such that the number of evaluations of h and the number of
evaluations of f are bounded by c1[h̄ε−1

feas + (Lf + 2µ̄+M + κ)2Cdε
−2
opt + 1].

• The number of iterations such that

‖h(yj)‖ > εfeas or ‖PDj+1(yj −∇f(yj))− yj‖ > εopt (65)

is bounded by
rh̄ε−1

feas + (2 + 2Lf + 2µ̄+M + κ)2Cdε
−2
opt + 1

and there exists c2 ≤ O(1) such that the number of evaluations of h and the number of
evaluations of f are bounded by c2[h̄ε−1

feas + (2 + 2Lf + 2µ̄+M + κ)2Cdε
−2
opt + 1].

Proof. Assume that k1 iterations of Algorithm 2.1 are executed satisfying (64) and

k1 > h̄ε−1
feas + (Lf + 2µ̄+M + κ)2Cdε

−2
opt.

Therefore, for all j = 0, 1, . . . , k1 the iterate xj+1 was defined and at least one of the following
two statements held:

‖h(xj+1)‖ > εfeas (66)

or
‖PDj+1(xj+1 −∇f(xj+1))− xj+1‖ > εopt. (67)
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By Lemma 3.4, (66) can occur at most in h̄ε−1
feas iterations. Moreover, by Lemma 3.5, we

have that (67) can occur at most in (Lf + 2µ̄ + M + κ)2Cdε
−2
opt iterations. Therefore, the

number of iterations at which at least one of the statements (66) or (67) hold cannot exceed
h̄ε−1
feas+ (Lf + 2µ̄+M +κ)2Cdε

−2
opt+ 1. This completes the first part of the proof. The bound on

the number of evaluations of h follows from the number of iterations and Lemma 2.1 whereas the
bound on the number of evaluations of f follows from the number of iterations and Lemma 3.2.

The second part of the thesis is proved in an entirely analogous way. 2

The convergence theorem below is an immediate consequence of the complexity results.

Theorem 3.3 Suppose that Assumption 3.2 holds and that Algorithm 2.1 does not stop by
restoration failure. Then,

lim
k→∞

‖h(xk)‖ = 0, lim
k→∞

‖PDk(xk −∇f(xk))− xk‖ = 0. (68)

lim
k→∞

‖h(yk)‖ = 0, and lim
k→∞

‖PDk+1
(yk −∇f(yk))− yk‖ = 0. (69)

Proof. Assume that the algorithm generates infinitely many iterations and that ‖h(xk)‖ does
not converge to zero. This implies that there exists ε > 0 and an infinite set of indices K such
that ‖h(xk)‖ > ε for all k ∈ K. Therefore (64) occurs infinitely many times with εfeas = ε.
This is impossible by Theorem 3.2. In a similar way, we prove that ‖PDk(xk − ∇f(xk)) − xk‖
converges to zero. Analogously, (69) is proved using (65). 2

From Theorems 3.2 and 3.3 we see that a reasonable stopping criterion for the practical
application of Algorithm 2.1 is

‖h(yk)‖ ≤ εfeas and ‖PDk+1
(yk −∇f(yk))− yk‖ ≤ εopt. (70)

The condition (70) is the natural stopping criterion associated to the Approximate Gradient
Projection (AGP) optimality condition introduced in [36] and analyzed in [2] and [3].

The last theorem establishes that every limit point generated by Algorithm 2.1 satisfies the
AGP optimality condition and, under AGP-regularity, satisfies the KKT optimality conditions.

Theorem 3.4 Suppose that Assumption 3.2 holds and that Algorithm 2.1 does not stop by
restoration failure. Let y∗ ∈ Ω be a limit point of the sequence {yk} generated by the algorithm.
Then, y∗ is feasible (‖h(y∗)‖ = 0) and satisfies the AGP optimality condition. Finally, if y∗

satisfies the AGP-regularity condition, the KKT conditions hold at y∗.

Proof. The first statement is a consequence of continuity and (69). KKT-fulfillment under
AGP-regularity follows from [3]. 2
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4 Future research

Inexact Restoration methods have proved to be very efficient for solving problems in which
there exist natural ways to restore feasibility, induced by the structure of constraints [1, 5,
10, 14, 15, 16, 24, 26, 28, 32, 37]. Different general-purpose implementations have been given
in [8, 11, 29]. The fact that, according to the results of the present paper, our version of
the IR algorithm enjoys pleasant complexity properties is quite stimulating for the search of
more competitive general-purpose computer implementations. As frequently occurs, theoretical
developments inspire algorithmic ideas. Clearly, the properties (15), (35), (19) and (20) play a
main role in the proofs of complexity and convergence. This suggests that new developments
could be possible focusing on those properties with the aim of their fulfillment by means of
a single quadratic programming subproblem, opening the possibility of obtaining sequential
quadratic programming (SQP) algorithms with satisfactory complexity properties.
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