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ABSTRACT. We consider optimal transport based distributionally robust optimization (DRO) problems
with locally strongly convex transport cost functions and affine decision rules. Under conventional
convexity assumptions on the underlying loss function, we obtain structural results about the value
function, the optimal policy, and the worst-case optimal transport adversarial model. These results
expose a rich structure embedded in the DRO problem (e.g. strong convexity even if the non-DRO
problem was not strongly convex, a suitable scaling of the Lagrangian for the DRO constraint, etc.
which are crucial for the design of efficient algorithms). As a consequence of these results, one can
develop efficient optimization procedures which have the same sample and iteration complexity as a
natural non-DRO benchmark algorithm such as stochastic gradient descent.

1. INTRODUCTION.

In this paper we study the distributionally robust optimization (DRO) version of stochastic optimiza-
tion models with linear decision rules of the form

inf Ep- [0(8T X)), (1)

where Ep-|[-] represents the expectation operator associated to the probability model P*, which describes
the random element X € R?. The decision (or optimization) variable 3 is assumed to take values on
a convex set B C R?, and the loss function £ : R — R is assumed to satisfy certain convexity and
regularity assumptions discussed in the sequel. The formulation also includes affine decision rules by
simply redefining X by (X,1).

Stochastic optimization problems such as (1) include standard formulations in important Operations
Research (OR) and Machine Learning (ML) applications, including newsvendor models, portfolio opti-
mization via utility maximization, and a large portion of the most conventional generalized linear models
in the setting of statistical learning problems.

The corresponding DRO version of (1) takes the form

inf sup Ep[((8TX)], (2)
BeB Peus(Py)
where Uy (Pp) is a so-called distributional uncertainty region “centered” around some benchmark model,
Py, which may be data-driven (for example, an empirical distribution) and § > 0 parameterizes the size
of the distributional uncertainty. Precisely, we assume that Py is an arbitrary distribution with suitably
bounded moments.

The DRO counterpart of (1) is motivated by the fact that the underlying model P* generally is
unknown, while the benchmark model, P, is typically chosen to be a tractable model which in principle
should retain as much model fidelity as possible (i.e. Py should at least capture the most relevant features
present in P*). However, simply replacing P* by Py in the formulation (1) may result in the selection

(*) MANAGEMENT SCIENCE AND ENGINEERING, STANFORD UNIVERSITY
() ENGINEERING SYSTEMS & DESIGN, SINGAPORE UNIVERSITY OF TECHNOLOGY & DESIGN
E-mail addresses: jose.blanchet@stanford.edu, karthyek murthy@sutd.edu.sg, fzh@stanford.edu.
Key words and phrases. Distributionally Robust Optimization, Stochastic Gradient Descent, Optimal Transport,
Wasserstein distances, Adversarial, Strong convexity, Comparative statics, Rate of convergence.
1



2 BLANCHET, MURTHY, AND ZHANG

of a decision, [y, which significantly under-performs in actual practice, relative to the optimal decision
for the actual problem (based on P*).

The DRO formulation (2) introduces an adversary (represented by the inner sup) which explores the
implications of any decision 3 as the benchmark model Py varies within Us (P). The adversary should
be seen as a powerful modeling tool whose goal is to explore the impact of potential decisions in the
phase of distributional uncertainty. The DRO formulation then prescribes a choice which minimizes the
worst case expected cost induced by the models in the distributional uncertainty region.

An important ingredient in the DRO formulation is the description of the distributional uncertainty
region Us(Py). In recent years, there has been significant interest in distributional uncertainty regions
satisfying

Us(Po) = {P: W(P, P) < 6},

where W(P,, P) is a Wasserstein distance (see, for example, [4, 6, 8, 15, 16, 21, 29, 33, 34, 37, 38] and
references therein).

The Wasserstein distance is a particular case of optimal transport discrepancies, which we will review
momentarily. A general optimal transport discrepancy computes the cheapest cost of transporting the
mass of Py to the mass of P so that a unit of mass transported from position x to position y is measured
according to a transportation cost function, ¢ (-). The definition of W(Py, P) requires that ¢ (-) be a norm
or a distance, but this is not necessary and endowing modelers with increased flexibility in choosing ¢ (+)
is an important part of our motivation.

The use of the Wasserstein distance is closely related to norm-regularization and DRO formulations
have been shown to recover approximately and exactly a wide range of machine learning estimators;
see, for example, [4, 14, 29, 30]. These and some other applications of the DRO formulation (2) based
on Wasserstein distance lead to a reduction from (2) back to a problem of the form (1), in which the
objective loss function is modified by adding a regularization penalty expressed in terms of the norm of
8 and a regularization penalty parameter as an explicit function of §.

We stress that in many of these settings, particularly the cases in which £(-) is Lipschitz and convex,
the worst-case distribution is degenerate (i.e. it is realized by moving infinitesimally small mass towards
infinity or moving no mass at all).

We will enable efficient algorithms which can be applied to more flexible cost functions ¢ (-) and losses
£(+) in order to induce adversarial distributions which can be both informed by side information and
endowed with meaningful interpretations.

For other special cases which are amenable to either analytical solutions or software implementations,
P, is either assumed to have a special structure (e.g. Gaussian distribution, as in [25]) or ultimately
requires robust optimization formulations which require Py to have finite support; see [8, 9, 19, 21, 29,
30, 36, 38]

As we shall see, our analysis will enable the application of stochastic gradient descent algorithms to
approximate the solution to (2) and which are applicable to cases in which Py has unbounded support
(under suitable moment constraints). Moreover, by enabling the use of stochastic gradient descent
algorithm we open the door to further research on accelerated stochastic gradient methods. In this
paper, we shall focus on providing stochastic gradient descent implementation to demonstrate the direct
application of our structural results.

We mention [33], in which relaxed Wasserstein DRO formulations are explored in the context of
certifying robustness in deep neural networks. The stochastic gradient descent-type employed in [33] is
similar to the ones that we discuss in Section 3. Nevertheless, these algorithms are designed for a fixed
value of the dual parameter (which we call A), chosen to be large. Our analysis suggests that rescaling
A, so that (A = O (5’1/ 2)) may enhance performance, even in the case of the more general type of
losses considered in [33]. The impact of this type of rescaling in terms of performance guarantees for
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computational algorithms has not been studied in the literature and we believe that our analysis could
prove useful in future studies. Additional discussion on the rescaling is given at the end of Section 3.2.2.

The challenge in our study lies in the inner maximization (2), which is not easy to perform and its
properties, parametrically as a function of both g and 4, are non-trivial to analyze. So, much of our
effort will go into understanding these properties. But before we describe our results, we first describe a
flexible class of models for distributional uncertainty sets, Us (Fp).

A description of the distributional uncertainty region Us(FPy). We focus on DRO formulations
based on extensions of the Wasserstein distance, called optimal transport discrepancies. Formally, an
optimal transport discrepancy between distributions P and Py with respect to the (lower semicontinuous)
cost function ¢ : R? x R? — [0, 00] is defined as follows.

First, let P(R? x R?) be the set of Borel probability measures on R? x RZ. So, for any X € R?
and X’ € R? random elements living on the same probability space there exists 7 € P(R? x R%) which
governs the joint distribution of (X, X').

If we use m, to denote the marginal distribution of X under 7 and 7, to denote the marginal
distribution of X’ under m, then the optimal transport cost between P and P, can be written as,

D.(Py,P)=inf {E, [c(X,X")]: m€e PR*xRY), 7, = Py, 7, = P}. (3)

The Wasserstein distance is recovered if ¢ (z,2') = ||z — 2/|| under any given norm. If ¢(x,2’) is not a
distance, then D, (Py, P) is not necessarily a distance.

Ultimately, we are interested in the computational tractability of the DRO problem (2) assuming that,
Us(Py) ={P: D.(Py, P) < 6}, (4)

for a flexible class of functions ¢. We concentrate on what we call local Mahalanobis or state-dependent
Mahalanobis cost functions of the form,

c(x,2') = (x — 2 )T A(z) (z — '), (5)

where A(x) is a positive definite matrix for each x. We explain in the Conclusions section, however, how
our results can be applied to other cost functions.

The family of cost functions that we consider is motivated by the perspective that the adversary
introduced in the DRO formulation (2) (represented by the inner sup) is a modeling tool which explores
the impact of potential decisions.

Let us consider, for example a situation in which we are interested in choosing an optimal portfolio
strategy. In this setting, historical returns can naturally be used to fit a statistical model. However,
there is also current market information which is not of statistical nature but of economic nature in the
form of, for instance, implied volatilities (i.e., the volatility that is implied by the current supply and
demand reflected by the prices of derivative securities). The implied volatility differs from the historical
volatility and it is more sensible to capturing current market perceptions. An enhanced DRO formulation
which uses a cost function such as (5) could incorporate market information as follows. Returns with
higher implied volatility, maybe even depending on the current stock values, could be assigned lower cost
of transportation; while returns with lower implied volatility may be given higher transportation costs.
The intuition is that high implied volatilities correspond to potentially higher future fluctuations (as
perceived by the market), so the adversary should be given higher ability relative (and thus lower costs)
to explore the potential implications of such future out-of-sample fluctuations on portfolio choices.

In general, just as we discussed in the previous paragraph, it is not difficult to imagine more situations
in which the optimizer may be more concerned about the impact of distributional uncertainty on certain
regions of the outcome space relative to other regions. Such situations may arise as a consequence of
different amounts of information available in different regions of the outcome space, or perhaps due to
data contamination or measurement errors, which may be more prone to occur for certain values of x.
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In this paper we do not focus on the problem of fitting the cost function, but we do consider the
portfolio optimization discussed earlier and the use of implied volatilities in an empirical study in Section
4. We point out, however, that related questions have been explored, at least empirically, in classification
settings, using manifold learning procedures ([5, 26, 35]). Our motivation is that flexible formulations
based on cost functions such as (5) are useful if one wishes to fully exploit the role of the artificial
adversary in (2) as a modeling tool.

Now, leaving aside the modeling advantages of choosing a cost function such as (5) and coming back
to the computational challenges, even if one selects A(x) to be the identity (thus recovering a more
traditional Wasserstein DRO formulation) solving (2) is not entirely easy because the inner optimization
problem in (2) is non-trivial to study.

However, to exploit these formulations one must develop algorithms which enable scalable algorithms
with guaranteed good performance for solving (2). By good performance, we mean that we can easily
develop algorithms for solving (2) with complexity which is comparable to that of natural benchmark
algorithms for solving (1). Enabling these good-performing algorithms is precisely one of the goals of
this paper. To this end, several properties such as duality representations, convexity and the structure of
worst-case adversaries are studied. These results also have far ranging implications, as we discuss next.

A more in-depth discussion of our technical contributions.

First, using a standard duality result, we write the inner maximization in (2) as,

sup Ep [0(BTX)] = inf Ep,[lron(B, A; X)], (6)
P:D.(Py,P)<6 A=0

for a dual objective function #,.,4(-) and a dual variable A > 0.

Then, we show that after a rescaling in A that the objective function, Ep,[lrob(5, \; X)], is locally
strongly convex in (5, ) uniformly over a compact set containing the optimizer; the strong convexity
parameter of at least x10'/2 (for some #; > 0 which we identify), under suitable convexity and growth
assumptions on £ (-); see Theorems 1 - 4.

It turns out that the function ¢,,(-) can be computed by solving a one dimensional search problem
on a compact interval. This can be solved quite efficiently under (exponentially fast rate of convergence)
under the setting of Theorems 1 - 4.

We then study a natural stochastic gradient descent algorithm for solving (2) which, due to the strong
convexity properties derived for £, () achieves an iteration complexity of order O, (e~ ' L) to reach O (¢)
error, where L is the cost of solving the one dimensional search problem. We also discuss in the Appendix
how to execute this line search procedure efficiently, provided that suitable smoothness assumptions are
imposed on £ (-) (leading to an extra factor of order L = O (log (1/¢)) in total cost. In this sense, we
obtain a provably efficient iterative procedure to solve (2).

It is important to note that the non-DRO version of the problem, namely (1), corresponding to the
case 6 = 0 may not be strongly convex even if £(+) is strongly convex, see Remark 1 following Theorem
4. So, in principle, (1) may require O (1/¢?) stochastic gradient descent iterations to reach O (¢) error
of the optimal value. Indeed, if £(-) is convex, the problem is always convex in S (for § > 0), because
the supremum of convex functions is convex.

Of course, § > 0 may be seen as a form of “regularization” in some cases, as discussed earlier, and
this is a feature that could explain, at least intuitively, the convexity properties of the objective function.
But the goal of formulation (2) is not to regularize for the sake of making the problem better possed from
an optimization standpoint. Rather, the point of formulation (2) is enabling the flexibility in choosing
effective DRO formulations (via (5)) in order to improve out-of-sample properties. This flexibility could
come at a price in terms of computational tractability. The point of keeping the case 4 = 0 in mind
as a benchmark is that such a price is not incurred and, therefore, our results enable modelers to use
formulations such as (2) to improve out-of-sample performance based on side information, as in the
portfolio optimization example mentioned earlier.
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Another useful consequence of our results involves the application of standard Sample Average Approx-
imation statistical analysis results to Optimal Transport based DRO. This enables the direct application
of results in conjunction with, for example, [32], to produce confidence regions for the solution of the
DRO formulation.

Another interesting contribution of our analysis consists in studying the local structure of the worst-
case optimal transport plan, including uniqueness and comparative statics results, see Proposition 7 and
Theorem 6.

The structure of the optimal transport plan, we believe, could prove helpful in the development of
statistical results to certify robustness and in providing insights for robustification in non-convex objective
functions. Some of the statistical implications are studied in (see [7]).

Organization of the paper. We now describe how to navigate the results in the paper. Throughout
the rest of the paper we introduce assumptions as we need them. Often these assumptions and the
corresponding results that are obtained involved constants, which are surveyed in a table presented in
Appendix D.

Section 2, sets the stage for our analysis by first obtaining the duality result (6). The duality result in
6) is given only under the assumption that ¢ (-) is upper semi-continuous and ¢ (+) is as in (5), assuming
A () is uniformly well conditioned in z.

In Section 2.2.1, under the assumption that £ (-) is convex, with at most quadratic growth and fourth
order moments of Py, we establish convexity and finiteness in the right-hand of (6).

In Section 2.2.2, we add the assumptions that £ (-) is twice differentiable, with a natural non-degeneracy
condition on Py, and that the feasible set, B, is convex and compact. We characterize a useful region
(compact and with convenient analytical properties), called V, which contains the dual optimizer A, (8),
parametrically as a function of each decision 8. Then, we show smoothness and strong convexity in 8 of
the right-hand side of (6) on V.

Also in Section 2.2.2, now under a local strong convexity condition on £(-), and a strengthening of
the non-degeneracy condition on Py mentioned earlier, we extend the smoothness and strong convexity
of the right hand side of (6) both in § and the dual variable A > 0, provided that ¢ is chosen suitably
small, throughout V.

The assumption that B is compact is imposed to simplify the strong convexity analysis and com-
parative statics (i.e. the structure of the worst case distribution and comparative statics). We show in
Section 2.2.3 that the compactness of B can be relaxed at the expense of additional technical burden.

The structure of the worst case is studied in Section 2.3, in Theorem 6. The result includes the
amount of displacement (parametrically in 0) of the optimal transport plan and the existence of a Monge
map (i.e. a direct ‘matching’ between outcomes of Py and those of the worst case distribution). We also
discuss situations in which the optimal transport plan may not exist (even if an optimal solution to (6)
exists), among other results.

Comparative statics results, including the uniqueness of the worst case distribution as a Monge map,
as well as monotonicity in the amount of the displacement as a function of § for every single outcome of
Py are also discussed in Section 2.3. Also, the geometry of the worst case transportation parametrically
in 0 is shown to follow straight lines.

In Section 3, we examine the wide range of algorithmic implications which follow from the results
in earlier sections. Section 3.1 studies how to evaluate subgradients of the function £,..,(-) inside the
expectation in (6). This is discussed under mild assumptions which do not require the loss £(-) to be
differentiable. So, the result can be applied to developing stochastic subgradient descent algorithms for
non-differentiable losses if derivatives and expectations can be swapped.

This swapping is explored in Section 3.2. We evaluate gradients for the expectation in the right hand
side of (6) under the assumptions imposed in Section 2.2.1, and a formal stochastic gradient descent
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scheme is given in Section 3.2.1, together with corresponding iteration complexity analysis discussed in
Section 3.2.2.

In Section 3.3 we discussed potential enhancements of the basic stochastic gradient descent strategy
introduced in Section 3.2.1. These include a two-scale stochastic approximation scheme for dealing with
the evaluation of the gradients of £,.,4(-) and the case in which 6 may not be small enough to apply the
smoothness results from Section 2.2.2 and we need to deal with non-differentiable losses as well.

We provide several specific examples in Section 4. These are designed to derive the expressions of
the structural results that we present, explore the structure of the worst case probability model and
its behavior parametrically in 6. The various constants summarized required in the assumptions for
application of our structural results are summarized in Appendix D.

In Section 4.2, we provide a discussion related to the portfolio optimization discussed earlier in the
Introduction. The set of matrices, A (x), is calibrated based on an implied volatility index and P is
constructed based on several years of historical data for the S&P500 index.

The proofs of our main structural results are given in Section 5. Additional discussion involving
technical lemmas and propositions, which are auxiliary to our main structural results are given in the
appendix, in Section A. The discussion on the complexity of the line search, which underlying the gradient
evaluation of 4,.,,(-) and is given in Section B.

Notations. In the sequel, the symbol P(S) is used to denote the set of all probability measures
defined on a complete separable metric space S. A collection of random variables {X,, : n > 1} is said to
satisfy the relationship X,, = Op(1) if it is tight; in other words, for any € > 0, there exists a constant
C. such that sup, P(|X,| > C:) < . Following this notation, we write X,, = O,(g(n)) to denote that
the family {X,/g(n) : n > 1} is tight. The notation X ~ P is to write that the law of X is P. For
any measurable function f : S — R, we denote the essential supremum of f under measure P € P(S)
as P — ess-sup, f(z) := inf{a € R : P(f~!(a,00)) = 0}. For any real-symmetric matrix A, we write
A > 0 to denote that A is a positive semidefinite matrix. The set of d-dimensional positive definite
matrices with real entries is denoted by S;Jr. The d-dimensional identity matrix is denoted by I;. The
norm || - || is written to denote the ¢3—euclidean norm unless specified otherwise. For any real vector
xz and 7 > 0, N;.(x) denotes the neighborhood N, (z) := {y : |y — z|| < r}. We say that a collection of
random variables {X, : ¢ € C} is Lo—bounded (or bounded in Ly—mnorm) if sup.cc E||X.||? < co. For
any function f : R¢ — R, the notation Vf and V2f are written to donate, respectively, the gradient
and Hessian of f. In instances where it is helpful to clarify the variable with which partial derivatives
are taken, we resort to writing, for example, V. f(z,y), V2 f(z,y), or equivalently, f/dz, 9 f/0z* to
denote that the partial derivative is taken with respect to the variable x. We write 04 f, 0_ f to denote
the right and left derivatives.

2. DUAL REFORMULATION AND CONVEXITY PROPERTIES.

In this section we first re-express the robust (worst-case) objective as in (6). Such reformulation,
entirely in terms of the baseline probability distribution Py, is useful in deriving the convexity and other
structural properties to be examined in Sections 2.2 - 2.4. In turn, the reformulation (6) is helpful in
developing stochastic gradient based iterative descent schemes described in Section 3.

2.1. Dual reformulation. It follows from the definition of the optimal transport costs D.(FPp, P) (see
(3)) that the worst-case objective in (6) equals

sup {/E(BTx')dﬁ(x,x') : e PRYxRY), w( - x RY) = Py(-), /c(x,sr:')dﬁ(xw') < (5} ,

which is an infinite-dimensional linear program that maximizes F,[¢(3T X')] over all joint distributions
7 of pair (X, X’) € R? x R? satisfying the linear marginal constraints that the law of X is Py and
the cost constraint that E,[c(X, X")] < 0 (see [6, Section 2.2] for details). A precise description of the
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state-dependent Mahalanobis transport costs ¢(-,-) we consider in this paper is given in Assumption 1
below.

Assumption 1. The transport cost function ¢ : R? x R? — R, is of the form
c(w,2') = (x — a’) T Az) (x — '),

where A : RY — ST+ is such that a) ¢(-) is lower-semicontinuous, and b) there exist positive constants
Prmin, Pmax Satisfying SUP||y/j=1 vTA(z)v < pmax and inf), =1 v A(z)v > puin, for Py—almost every
r € R4

As mentioned in the Introduction, a transport cost function satisfying Assumption 1 is not necessarily
symmetric (hence need not be a metric). The special case of A(x) being the identity matrix (for all

x) corresponds to the DY %(:) being the well-known Wasserstein distance (in this case, the constants
Pmax = Pmin = 1). Theorem 1 below builds on a general strong duality result applicable for this linear
program when the chosen transport cost function ¢(z,z’) is not necessarily a metric.

Theorem 1. Suppose that ¢ : R — R is upper semicontinuous. Then, under Assumption 1, the worst-
case objective,

sup Ep [0(BTX)] = inf f5(8, ),
P:D.(Py,P)<$ P[< )} /\20f6( )

where f(s(ﬁv )\) = EPO [Zrob(ﬁv >\7 X)]a e’!‘ob(ﬁa )‘1 1') = SupnyR F(’j/, /67 Av Jf), and
F(y,8.Xa) i= £ (872 + V687 A(x) ' 8) = AWE(1287 A(x) 15— 1). (7)
For any 8 € B, there exists a dual optimizer A.(8) > 0 such that fs(8, A\«(8)) = infr>o f5(8,A).

The proof of Theorem 1 is provided in Section 5.1.

2.2. Convexity and smoothness properties of the dual DRO objective. Here we study the
convexity and smoothness properties of the dual objective function f5(3, A).

2.2.1. Convezity. We first identify conditions under which the function f5(-) is proper and convex.

Assumption 2. The loss function £ : R — R is convex and it satisfies the growth condition that
K :=inf{s > 0 : sup,cp(¢(u) — su?) < oo} is finite. In addition, the baseline distribution Py is such that
Ep | X < ox.

Theorem 2. The function fs5: B x Ry — RU{oo} is proper and conver when Assumptions 1 and 2
hold.

The proof of Theorem 2 can be found in Section 5.1.

2.2.2. Smoothness and strong convezxity. Next, we establish smoothness, strong convexity of fs(-, A) for
fixed A\, and joint strong convexity of f5(-), when restricted to the domain V, under increasingly stronger
sets of assumptions. While these assumptions are helpful in understanding smoothness and strong
convexity properties, the development of iterative schemes in Section E does not require these stronger
assumptions.

Assumption 3. The loss function £ : R — R is twice differentiable with bounded second derivatives.
Specifically, we have a positive constant M such that ¢”(-) < M. Moreover, the baseline distribution Py
is such that ¢/(87 X) is not identically 0, for any 3 € B.

Assumption 4. The set B C R? is convex and compact. Specifically, supgep ||l = Rp < o0.

Recall from Theorem 1 that argminy>¢ f5(3, A) is not empty for every 8 € B.
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Proposition 1. Suppose that Assumptions 1 - 4 hold. Then for any 5 € B and dual optimizer \.(S) €
argminy>o fs(8, ), we have (8, \.(8)) € V, where

Vi={(8,A) € BxRy: Ki|lf]l <A< Ks5l[}, (®)

for some positive constants K1, Ko which can be explicitly determined in terms of parameters §, M, Rg, pmax; Pmin-

To avoid clutter, we provide explicit characterizations for the constants K7, K5 in the proof of Propo-
sition 1 (see Section 5.2) and as well in Table 2 (see Appendix D).

Theorem 3. Suppose that Assumptions 1 - 4 are satisfied. Then there exist positive constants dg, ko
such that the following hold: Whenever 6 < dg, the function fs : BxR; — RU{oo} satisfies the following
properties:

a) fs(+) is twice differentiable throughout the domain V with a uniformly bounded Hessian;
b) the second derivative of fs5(-) satisfies

0% fs
0p?

(B, \) = VroA ™, for (B,\) € V.

Theorem 3 identifies conditions under which the dual DRO objective f5(-) has Lipschitz continuous
gradients (smoothness) and also points towards strong convexity in terms of the parameter g (for any
fixed \), Similar to Proposition 1, we provide explicit characterizations for the constants dg, ko in the
proof of Theorem 3 in Section 5.3 (see also Appendix D for tables summarizing useful constants). We
next focus on characterizing strong convexity jointly in the parameters (3, A).

Assumption 5. The loss function £ : R — R is locally strongly convex. In addition, for every
B € B, the baseline distribution Py is such that there exist c¢i1,co € (0,00), p € (0,1) satisfying
Po (|87 X)] > e1, |87 X] > e2l|B]) = p.

Theorem 4. Suppose that Assumptions 1 - 5 hold. Then there exist constants 61 € (0,00) and k1 €
(0,00) such that whenever § < 61, the Hessian of the function f5: B x Ry — RU {oo} satisfies,

V2£5(0) = Vorilas1,
for8 eV.

The proof of Theorem 4, along with an explicit characterization of the constant i, is presented in
Section 5.3. Theorem 4 above identifies conditions under which fs5(-) is strongly convex (jointly over
(8, ) when restricted to the set V. Indeed, because of Proposition 1, it is sufficient to restrict attention
to V to arrive at local strong convexity around arg ming x f5(3, A). To the best of our knowledge, Theorem
4 is the first result that presents strong convexity of the objective in Wasserstein distance based DRO in a
suitable sense. As is well-known, strong convexity is a property that determines the iteration complexity
of gradient based descent methods. We utilize this in Section 3 to derive convergence properties of the
proposed iterative schemes.

Remark 1. It is instructive to recall that {(-) being strongly convex does not mean Ep,[¢(8 X)) is neces-
sarily strongly convex. For example, consider the underdetermined case of least-squares linear regression
where {(u) = (y — u)? and the number of samples n < d. If we take Py to be the empirical distribu-
tion corresponding to the n data samples (X;,Y;), the stochastic optimization objective to be minimized,
Ep[(Y = BTX)?) =n=1 Y0 (Yi— BT X;)? is not strongly convex. Theorem 4 asserts that the respective
dual DRO objective f5(8, ) is, nevertheless, strongly convex in a region containing the minimizer (re-
fer an example in Section 4.1.3 for a discussion on how a DRO formulation of the least squares linear
regression problem results in the dual objective of the form f5(8,))). Thus, due to Theorem /, for a con-
siderable class of useful loss functions £(-), the DRO dual objective to be minimized, fs(8,\), is strongly
convez in a suitable sense, even if the non-robust counterpart Ep [¢(8T X)] is not.
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Comments on Assumptions 1 - 5. Assumptions 1 - 2 above ensure that the DRO objective (6) is convex,
proper and that the strong duality utilized in Theorem 1 is indeed applicable. These non-restrictive
assumptions serve the purpose of clearly stating the framework considered. Indeed, Assumptions 1 - 2
are satisfied by a wide variety of loss functions £(-) and a flexible class of state-dependent Mahalanobis
cost functions ¢(-) which include commonly used Euclidean metric, Mahalanobis distances as special
cases. As we shall see in the proof of Theorem 4, the twice differentiability imposed in Assumption 3 is
necessary to characterize the local strong convexity of fs by means of the positive definiteness of Hessian
of fs. The assumption of boundedness of the set B, though not necessary for strong convexity (see
following Section 2.2.3), is essential for guaranteeing differentiability of f5(-). Moving to Assumption 5,
the positive probability requirement in Assumption 5 rules out the degeneracy that P, is not concentrated
entirely in the regions where either |¢/(37z)| or |Tz| is small. See Remark 4 (following the proof of
Theorem 4 in Section 5.3) for an explanation of why the positivity of c¢;,co is necessary to identify
the coefficient x; which is independent of the ambiguity radius 6. We would like to reiterate that the
development of iterative schemes in Section E does not require Assumptions 3 - 5.

2.2.3. Strong convexity property for non-compact B.. As we shall see in Theorem 5 below, compactness
of the set B (as in Assumption 4) is not crucial for strong convexity of the DRO objective around the
minimizer. Assumption 4 is merely a simplifying assumption which allows to study additional structural
properties such as differentiability, smoothness (see Theorem 3) and comparative statics (see Section
2.4). A proof of Theorem 5 is presented in Section 5.4.

Theorem 5. Suppose that Assumptions 1 - 3 and Assumption 5 are satisfied. In addition, suppose we
have positive constants ki, ks such that |ull”(u) < ki + ko|€/(u)|, for u € R. Then there exists 6o > 0
such that for every § < do, the following property holds: For any 8 € B, we have positive constants k,r
such that

(a0 + (1 = @)62) < afa(01) + (1= a)fs(62) — Fra(1 — )]s — 6al

for every 01,65 € N.((B, 2«(B))).

2.3. Structure of the worst-case distribution. Fixing g € B, we explain the structure of worst case
distribution(s) that attains the supremum in (6) by utilizing the solution of the respective dual problem
infy>o f5(8,A) (see Theorem 1). Recall the notation that A\.(8) attains the infimum in infy>¢ f5(5, A)
for fixed B € B. For each 3 € B,\ >0 and = € R?, define the set of optimal solutions to (7) as

F*(B,A;x)—{vr F(%ﬂ,/\;m)—supF(c,ﬁ,A;x)}- 9)

ceR

Finally, for a fixed 8 € B, define
Aenr(B) = kVE(Py — ess-sup, AT A(z) 71 B).
Similarly, when Assumption 3 holds, define
1
ne(B) = iMx/g(Po — ess-sup, BT A(z) "1 B).
Since k < M/2, we have \};,,.(8) > A (B) for every 8 € B.

Theorem 6. Suppose that Assumptions 1,2 hold and 8 # 0. Take any dual optimizer A\ () € argminy>g fs(8, A).
Then

a) the dual optimizer \.(B) is strictly positive unless £(-) is a constant function. If £(-) is indeed a
constant function, then any distribution in Us(Py) = {P: D.(Py, P) < 6} attains the supremum
in (6);

b) the dual optimizer Ai(8) > Ainr(B) whenever £(-) is not a constant;
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) if M(B) > Xenr(B), the law of
X* =X +V6GA(X)™ '3 (10)

attains the supremum in (6) and satisfies Elc(X, X*)] = 0; here the random variable G can be
written as G = ZG_ + (1 — Z)G4, with G_ = infT'(8, A\.(B); X), G+ = sup'(B, \(B); X),
Py—almost surely, and Z is an independent Bernoulli random wvariable satisfying P(Z = 1) =
(c—1)/(c—c), where ¢ := Ep,[GLATA(X) ™8] and ¢ := Ep,[G2 ST A(X) 1 5];

d) if \i(B) = Aine(B), then a worst-case distribution attaining the supremum in (6) may not erist;

e) under additional Assumption 3, if Ao (B) > \jp,,.(B), the set T*(8, A (B); x) is a singleton for every
x € Re. Then for the random variable G being the unique element in T'* (8, \.(8); X ), Po—almost
surely, we have that the law of X* := X + \/SGA(X)_lﬁ is the only distribution that attains the
supremum in (6). In addition, E[c(X, X*)] = 6.

The proof of Theorem 6 is presented in Section 5.5.

Remark 2. Consider the case § = 0. Then A = 0 attains the minimum in miny>g f5(0, ), and
SUPp. (py,P)<s £P, [¢(8T X)] = £(0), and any distribution in {P : D.(Py, P) < §} attains the supremum.

2.4. Comparative statics analysis. In this section we explain how the worst-case distribution struc-
ture explained in Section 2.3 changes for every realization of X when the radius of ambiguity ¢ is changed.
Such a sample-wise description is facilitated by examining the derivative of the random variable G de-
scribed in Part e) of Theorem 6, Py—almost surely.

Theorem 7. Suppose that the assumptions in Theorem 3 are satisfied. For any 6 € (0,01) and
fized B € B\ {0}, there exists a unique worst-case distribution Py which attains the supremum in
SUPp.p, (py,py<s ErU(BT X)]. In particular, there exist random variables {Gs : 6 € (0,61)} such that

a) the law of X} := X + V0G5 A(X)"' B is P;;

b) 0 < VG5 < V&'Gs whenever 0 < 6 < & < 61 and V' (8T X) > 0;

¢) V§'Gs < V6Gs < 0 whenever 0 < § < &' < 6y and (BT X) < 0; and
d) Gs =0 whenever § € (0,81) and ¢'(BTX) = 0.

Therefore, || X5 — X|| < || X3 — X||, Po—almost surely, whenever 0 < § < ¢’ < 4.

The proof of Theorem 7 is presented in Section 5.5. Interestingly, Theorem 7 asserts that the trajectory
{X} :6€(0,61)} is a straight-line, Py—almost surely, with probability mass being transported to farther
distances as ¢ increases in [0, d1). A pictorial description of this phenomenon can be inferred from Figure
2 in Section 4 devoted to numerical demonstrations.

3. ALGORITHMIC IMPLICATIONS OF THE STRONG CONVEXITY PROPERTIES.

A key component of this section is a stochastic gradient based iterative scheme that exhibits the
following desirable convergence properties:

a) The proposed scheme enjoys optimal rates of convergence among the class of iterative algorithms
that utilize first-order oracle information and possesses per-iteration effort not dependent on the
size of the support of Py.

b) Compared with the ‘non-robust’ counterpart inf ge g Ep, [¢(87 X)], the proposed first-order method
yields similar (or) superior rates of convergence for the DRO formulation (2).

In the case of data-driven problems where Py is taken to be the empirical distribution, the size of the
support of Py is simply the size of the data set. In such cases, Property a) above is a particularly pleasant
property as it allows Wasserstein distance based DRO formulations to be amenable for big data problems
that have become common in machine learning and operations research. Alternative approaches that
directly solve the resulting convex program reformulations without resorting to stochastic gradients suffer
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from a large problem size when employed for large data sets (see, for example, [29, 21]). Further, the
proposed stochastic gradients based approaches are also immediately applicable to problems where Py
has uncountably infinite support.

Property b) above makes sure that computational intractability is not a reason that should deter
the use of DRO approach towards optimization under uncertainty. In fact Property b) describes that
it may be computationally more advantageous, in addition to the desired robustness, to work with the
DRO formulation (2) compared to its stochastic optimization counterpart infsep Ep, [((8T X)]. As we
shall see in Section 3.2, this computational benefit for the proposed stochastic gradient descent scheme is
endowed by the strong convexity properties of the dual objective f5(8,A) derived in Theorem 4. Guided
by the strong convexity structure of f5(8,A), we also discuss enhancements to the vanilla SGD scheme
in Sections 3.3.1 and 3.3.2.

3.1. Extracting first-order information. Recall the univariate maximization (7) that defines £,..,5(5, A; x)
for B € B,A > 0,2 € R? and the set of maximizers I['*(3, A; ) in (9). With the DRO objective (6) being
related to the dual objective f5(8,\) := Ep,[€rop(3,A; X)] as in Theorem 1, the minimization can be
restricted to the effective domain,

U:={(8,\) € BxRy: Ep,[lrop(8,X; X)] < 00} . (11)

Lemma 1 below, whose proof is presented in Appendix A, provides a characterization of the effective
domain U. Here recall the earlier definition that A\y,,.(3) is the Py—essential supremum of v/dx87 A(z) =1 3.
Define,

Ul = {(/67)‘) € B x R+ TA> Ath?"(/B)} and UQ = {(B,)\) € B x RJ’_ tA > )\t}”«(ﬂ)} .

Lemma 1. Suppose that Assumptions 1 - 2 hold. Then for any B € B, > 0 and x € R?,

a) T*(B, \;z) is nonempty and Lo (B, X; ) is finite if X > kV/OBA(z) 1 B; and

b) T*(B, \;z) is empty and Lyop(8,\; ) = 00 if X < kV/BA(z) 15
Consequently, U; C U C Us.
Lemma 2. Suppose that Assumptions la and 2 hold. Then the function L.op(8,A;x) is convex in
(B,A\) € B xRy for any x € R4.

Proposition 2 below utilizes envelope theorem (see [20]) to characterize the gradients of £,..5(-). Recall

that we use 0_£(u), 0+£(u) to denote the left and right derivatives of ¢(-) when evaluated at u € R.

Proposition 2. Suppose that ¢ : R — R satisfies Assumption 2 and is of the form {(u) = max;—1,... g £;i(u)
for continuously differentiable £; : R — R and a positive integer K. The following statements hold for
Py—almost every z:

a) The set of mazimizers, T* (8, \;x) # &, for any (8, \) € Uy.
b) The maps X — Lrop(B,A;2), B — Lrob(B, A; ) are absolutely continuous for (8,\) € Ui, and
their directional derivatives are given by,

Tt = s 0 (57w - VA 9) e+ VEA8), (2
) = min |~V OMTA@ ), (120
Tor ) = a6 A - ). 12

Furthermore, X\ — L.op(B8, A; ) is differentiable if and only if {%—f(’y,ﬁ,)\;x), 85—/\17(7,[3,/\;33) :
v eI*(B,\x)} is a singleton. Likewise, for j in {1,...,d} B; = lrop(B, A;x) is differentiable
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if and only if the respective set {%’ﬁf (v, B, A ), %‘Tf(%@ Xx) iy € T*(B, N\ x)} is a singleton.

When all these sets are singleton , if we let & := x + \/dgA(x) '3 for any g € T*(B, \; ) then
the derivative is given by,

Orob

op

agrab
o\

(B, \x) =€ (BT%) & and (B, N 2) = —V3 (¢* BT A(x) 18— 1). (13)

A proof of Proposition 2 can be found in Appendix A. Recall that a simple subgradient descent
(or) stochastic subgradient descent for solving the ‘non-robust’ problem infgep Ep, [¢(87X)] assumes
access to first-order oracle evaluations £(-) and 9;¢(-), 0_¢(-). Likewise, due to the characterization in
Proposition 2, all the function evaluation information required to implement a stochastic subgradient
descent type iterative scheme for minimizing its robust counterpart f5(3,A) are evaluations of ¢(-) and
04+4(+),0_¢(-). Indeed, when it is feasible to exchange the gradient (or subgradient) and the expectation
operators in V(g x)Ep, [{rop(8, A; X)] (as in Proposition 3 in Section 3.2 below), the subgradients of
Lrop(B, A; X) yield noisy subgradients of f5(8, ). For a given (8,A) € Uj, a univariate optimization
procedure such as bisection (or) Newton-Raphson methods is used to solve (7).

3.2. A stochastic gradient descent scheme for differentiable fs5(-). For ease of notation, we write
6 in place of (8, \) € BxR,. We describe the algorithm initially assuming that the conditions in Theorem
3 are satisfied. Then as a consequence of Theorem 3, we have that fs(-) is differentiable over the set V.
Here, recall the characterization of the set V in Proposition 1 and the constants K7, Ko therein and the
constant R in Assumption 4. Define the set,

W= {(8,)) € BxR: K||8] <\ < KsRg}. (14)

See that W is a closed convex set containing V. Therefore, when ¢ < dg, as a consequence of Theorem 1
and Proposition 1, we have that

inf sup Ep [0(BTX)] = inf fs5(6).

BEB p.p,(P,Py)<s A ) oeW ©)
Proposition 3. Suppose that Assumptions 1 - 4 hold and 6 < dg. Then Ep,[Volrop(0; X)] is well-defined
and

Vo fs(0) = Er,[Velron(0; X)),

for any 0 € {(B,\): € B,A> X\, ()} DW.

The proof of Proposition 3 is available in Appendix A.

3.2.1. The iterative scheme. Due to Proposition 3, samples of the random vector Vgl (6; X), where
X ~ Py, are unbiased estimators of the desired gradient Vy f5(0) and are called ‘stochastic gradients’
of f5(#). Utilising these noisy gradients, we generate averaged iterates {6 : k > 1} according to the
following scheme:

Fix ¢ > 0 and initialize §y = 6y € W. For k > 0, given the iterate §;,_; from the (k — 1)-th step,

a) generate an independent sample X}, from the distribution Py,
b) compute Vglyop(0x; Xi) characterized in (13) by solving sup.,cg F(7, 0; Xx), and
c) compute the k-th iterate ), and its weighted running average ) as follows:
_ E+1N - E+1
O := Ty (0k—1 — axVolrop(Ok—1; X d O=1—>2—)0k_1+>—=0 15
k W(kl arVolrop(Ox—1; k)) an k < [ k1+k+€k, (15)
where Ilw(-) denotes the projection operation on to the closed convex set W and (ag)r>1 is
referred to as the step-size sequence (or) learning rate of the iterative scheme. A closed form
expression for the projection Ilyw is given in Appendix C and a detailed algorithmic description
of the above steps is described in Appendix E.

Assumption 6. The step-size sequence (ou)r>1 15 taken to satisfy, cu, = ak™", for some constants
a>0and T € [1/2,1].
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The iterates (0;)r>1 are the classical Robbins-Monro iterates with slower step-sizes (see [28]). If
¢ = 0 in the definition of 6 in (15), the iterate ) is simply the running average of 61, ...0;_1 and the
averaging scheme is the well-known Polyak-Ruppert averaging for stochastic gradient descent (see [27]
and references therein). On the other hand, the averaging scheme with £ > 0 is referred as polynomial-
decay averaging (see [31]).

3.2.2. Rates of convergence. Our objective here is to characterize the convergence of (fs(fx))x>1 for the
iteration scheme (15). Let f, := infoepxr, f5(0) be the optimal value. It is well-known that stochastic
gradient descent schemes for smooth objective functions enjoy f5(0x) — f. = O, (k™) rate of convergence
if f5 is strongly convex and fs(0x) — f. = O,(k~/2) if fs is simply convex, for suitable choices of step
sizes (see, for example, [31] and references therein). While f5(-) is convex for all § > 0, it follows from
Theorem 4 that fs(-) is locally strongly convex in the region containing the optimizer when § < §;. As
a result, we have the following better rate of convergence for f5(f;) — f. when § < §;. The proof of
Proposition 4 is presented in Section 5.6.

Proposition 4. Suppose that Assumptions 1 - J hold. Then we have,

a) f(;(ék) — fo = Op(k7Y/2) if § < 80, € > 1 4n (15) and T = 1/2 in Assumption 6;
b) f5(0k) — fo = Op(k™Y) if 6 < 61, £ = 0, 7 € (1/2,1) in Assumption 6, and Assumption 5 is
satisfied.

For the strongly convex case, the averaged procedure endows the sequence (f5(fy))x>1 with the ro-
bustness property that the precise choice of step-size (a)r>1 does not affect the convergence behaviour
as long as the step size choice satisfies Assumption 6. Contrast this with the vanilla stochastic approxima-
tion iterates (6x)x>1 with step-size a, = ak ™!, in which case the constant « has to be chosen larger than a
threshold that depends on the Hessian of fs at § minimizing fs(0), in order to have f5(0x)— f. = Op(k™1)
(see, for example, [23, 24] for discussions on the effect of step sizes on error fs5(0;) — fx).

Recall that dg,d; are positive constants that do not depend on the size of the support of P,. For
data-driven optimization problems, the radius of ambiguity, d, is typically chosen to decrease to zero
with the number of data samples n (see, for example, [4, 29]). Therefore the requirement that § < d; is
typically satisfied in practice in data-driven applications.

Indeed if § < &1, due to Proposition 4b), it suffices to terminate after O,(¢7!) iterations in order to
obtain an iterate ) that satisfies f5(x) — f» < €. On the other hand, if § > d;, we require the usual
O, (e7?) iteration complexity to obtain f5(6x) — f« < &, which is identical to the sample complexity of
stochastic gradient descent for the non-robust problem infs Ep,[¢(37 X)] in the presence of convexity
(see, for example, [31]). Here, recall from the discussion following Theorem 4 that the non-robust
stochastic optimization objective infg Ep,[¢(3T X)] need not be strongly convex even if £(-) is strongly
convex, whereas the corresponding worst-case objective f5(5, A) is jointly strongly convex in (8, ) more
generally under the conditions identified in Theorem 4.

As a result, if we let L denote the complexity of the univariate line search that solves sup,cg F (v, 6;x)
for any (3,\) € W, then the computational effort involved in solving (2) scales as O, (¢! L) when § < &;
and Op(e™?L) when § € [§1,dp). As mentioned earlier, this complexity does not scale with the size of the
support of Py for a given §. See Appendix B for a brief discussion on L, the complexity introduced by
line search schemes.

The analysis of stochastic gradient descent with small bias can be done without significant compli-
cations under regularity conditions. The following result summarizes the overall rate of convergence
analysis for the classical Robbins-Monro iterates (0 : k > 1), including bias induced by the line search,
in the strongly convex case.

Proposition 5. Suppose that Assumptions 1 - 6 hold and § < §;. At the k-th iteration, the bisection
method is employed with at least T1ogy (k) —logs(a) +21ogy (1 + || Xk||) cuts to compute Volrop(Ox—1; Xi)-
Then we have,
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a) fs(0k) — f« = Op(k™7) if T € (1/2,1) in Assumption 6;
b) f5(0x) — f« = Op(k™Y) if a is larger than the smallest eigenvalue of V3fs(0.) and T = 1 in
Assumption 0;

Remark 3. Proposition 5 indicates that if the bisection method is applied with O(logy(k)) cuts at k-th
iterates, then the classical Robbins-Monro algorithm still achieves the optimal Op(1/k) rate even if the
bias of line search is taken into consideration. Assumption in part b) on requiring a lower bound on « is
standard. Typically, avoiding an estimate of such a lower bound can be done by Polyak-Ruppert-Juditsky
averaging and choosing T € (1/2,1). This is most often studied in the case of unbiased gradients. An
adaptation is required for the case of biased gradients. While we believe that such an adaptation should be
quite doable, we do not pursue it in this paper as it would be a significant distraction from our objective.
Our goal here is to showcase the applicability of the structural results in Section 2.2 towards designing
efficient algorithms for DRO based on flexible cost functions.

To complete this discussion, recall that the dual formulation,
inf F A X
irzl() Py ’Sylelg (7757 ) ) )

that we are working with is is a result of the change of variables ¢ = vdy87A(X)~'3) and A3 to A
in the proof of Theorem 1. Evidently, these change of variables involve scaling by a factor V4. It is a
consequence of this scaling by v/8 that an optimal \, () is bounded, thus allowing the optimization to be
restricted to values of A over a compact interval [0, K2 Rg] regardless of how small the radius of ambiguity
§ is. Moreover, if we let g5(x) denote a maximizer for the inner maximization sup. o F'(7, 8, A«(B); x) for
any 0,z and a fixed 8 € B, we shall also witness in Proposition 9b that gs(X) = O, (1), as § — 0. These
two properties ensure that the inner and outer optimization problems infy>o Ep, [SupveR F(v, B8, A\ X)]
are well-conditioned and their solutions remain scale-free (with respect to 9).

For algorithms that directly proceed with the dual reformulation in [6, Theorem 1] or [15, Theorem 1]
without employing the above described scaling of variables by factor v/8, the resulting dual formulation
will have the property that the solutions to the inner and outer optimization problems are Op(\/g) and
O(6~'/?) respectively. Consequently, the local strong convexity coefficient of the dual reformulation
obtained without scaling can be shown to be O(6), which is inferior when compared to the O(v/3) strong
convexity coefficient that we have identified in Theorem 1. Indeed, the focus on strong convexity and
its effect of computational performance in this paper has helped bring out this nuanced and important
effect of the scaling that appears to be absent in the existing algorithmic approaches for Wasserstein

DRO.

3.3. Enhancements to the SGD scheme in Section 3.2. Our focus in this section is to describe
natural enhancements to the vanilla SGD scheme described in Section 3.2 by utilizing the convexity
characterizations in Section 2.2.

3.3.1. A two-time scale stochastic approzimation scheme. Since A is an auxiliary variable introduced by
the duality formulation, it is rather natural to update the variables 8 and A at different learning rates
(step sizes) as follows: Given iterate (Bx—1, Ak—1), generate a sample X independently from P, in order
to update as follows:

Br = Br—1 — ak%(ﬁkq, Ak—1; Xk) (16a)
A= M1 — ’Yk%(ﬂqu Ai—1; Xk), and (16b)
0 = Iy (@,xk)) . (16¢)

where the step-sizes (ax)r>1, (Y& )k>1 satisfy the step-size requirement in Assumption 6 with 7 € (1/2,1)
and ay/vr — 0. Since «y is very small relative to v, the iterates i remain relatively static compared



STRONG CONVEXITY OF WASSERSTEIN DRO 15

to Ak, thus having an effect of fixing 85 and running (16b) for a long time. As a result, the iterates Ay
appear “most of the time” as A\.(B)) in the view of S, thus resulting in effective updates of the form,

dfs
0

Br = Br—1 — ak7(ﬂk—1a A (Br—1); X).

Once again, we consider the averaged iterates 0y, defined as in (15) with ¢ = 0. Similar to Section
3.2, if we let fi. = infpepxr, f5(0), it can be argued that fs5(fx) — f. = O,(k™!) in the presence of
strong convexity (see [22, Theorem 2]) that holds in the § < d; case. As a result, if 6 < d1, it suffices to
terminate after O,(¢!) iterations in order to obtain an iterate . that satisfies f5(x) — f. < e. We leave
it as a question for future research to develop a precise understanding of the effect of two time scales in
affecting the convergence behaviour.

3.3.2. Line search based SGD scheme. When 6 < g, Theorem 3 asserts that fs(8,\) satisfies strong
convexity in the variable 8 for every fixed . This strong convexity in variable 8 holds even if f5(8,\)
may not be jointly strongly convex in (3,A) (for example, when § € [§1,00)). We make use of this
observation in this section to describe an SGD scheme that a) quickly evaluates h(\) := infgep f5(8, \)
for any given A\ and b) utilizes univariate line search for minimizing h(-) in a suitable interval.

Since fs(-) is a convex function, the partial minimization hA(X) := infgep f5(8, A) defines a univariate
convex function in A. For any fixed A > 0, consider stochastic gradient descent iterates of the form,

k
Z ﬁi;
=1

where (Xj)r>1 are i.i.d. samples of Py and the step-sizes (o )r>1 satisfy the requirement in Assumption
6 with 7 € (1/2,1) and £ = 0. Then it follows from the strong convexity characterization in Theorem 3
that f5(Bk, A) —h(\) = O,(k™1) if 6 < §o. With the ability to evaluate the function h()\) = infgep f5(8, \)
within desired precision, any standard line search method, such as triangle section method (see Algorithm
3 in [13]), that exploits convexity of h(:) to achieve linear convergence for line search can be employed
to evaluate miny h(\) to any desired precision.

gk:zgk_lfakaa—fg(ﬂk_m;xm, and  fj =

| =

With line searches requiring identification of an interval (where the minimum is attained) to begin
with, we restrict the line search over A to the interval [0, Ko Rg]. This is because, due to Proposition 1
and that ||8|| < Rg, we have that the interval [0, K2 Rg] contains optimal A.(3) for every 8 € B. It can
be argued that the described approach results in iteration complexity of O, (¢~ !poly(loge™1)) to solve
min f5(5,A) within e—precision when 6 < dy. We do not pursue this derivation here as our objective is
to simply demonstrate the versatility of applications of the structural insights given by the results in
Section 2.2.

Likewise, one could consider a variety of algorithms that accelerate SGD at a greater computational
cost per iteration; such algorithms utilize either variance reduction (see, for example, [17, 10]), or momen-
tum based acceleration (see [1]). The strong convexity results in Section 2.2 could be used to establish
improved rates of convergence for such extensions as well.

3.4. SGD for nondifferentiable fs. The function fs(-) need not be differentiable when the radius
of ambiguity § exceeds dy (or) when the set B is not bounded. The iterative algorithms described in
Sections 3.2 and 3.3 rely on restricting the iterates 0y to the set W. Such an approach is not feasible
when § > &g. In that case, with the characterization of the effective domain of f5 as in Lemma 1, define
the family of closed convex sets, (U, : 7 > 0) as,

U, :={(8,\) € BXx Ry : A > \nr(B) + 1} (17)

Let 0fs(8,\) and 0l,.0p(53, \; ), respectively, be the set of subgradients of f5(-) and £,.op( - ;) at (8, A).
Likewise, let 0¢(u) := conv{0_£(u)/0u, 0;£(u)/Ou} denote the subgradient set of the univariate function
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£(+) evaluated at u. Then it follows from Proposition 2b that the set,

;X)) 1= conv éwa‘%)f L T=x+ \/SQA(x)_lﬁv
DB, xiw) = {(\/3 (1- 92BTA(56)‘15)) o ogel (B ha) } (18)

comprise the subgradient set 9¢,..5(83, A; ). Similar to Proposition 3, Proposition 6 below helps in char-
acterizing noisy subgradients of fs(-).

Proposition 6. Suppose that Assumptions 1-2 are satisfied and the loss £(-) is of the form {(u) =
max;=1, . i {;(u) for continuously differentiable ¢; : R — R and a positive integer K. For any n > 0 and
fized (B, \) € Uy, let (X, h(B,\; X)) be such that X ~ Py and h(B,\, X) € D(B,\; X), Py—almost surely.
Then E[h(8, \; X)] is well-defined and E[h(8,X; X)] € 9f5(8, \).

The proof of Proposition 6 is available in Appendix A. Following Proposition 6, consider an iterative
scheme utilizing noisy subgradients as follows. Given fixed n > 0,£ > 1 and iterate 0x_1 = (Bx—1, \k—1)
from (k — 1)-st iteration, the k-th iterate is computed as follows:

E+1

_ N 5 (1-¢T1, S
0y = HUn (6‘]@,1 Oéka) and 6 = (1 j £> Or_1+ n 05, (19)

where the step-size sequence (o )r>1 satisfies Assumption 6 with 7 = 1/2 and Hy, is computed as follows:

a) Generate a sample X, independently from the distribution Py;
b) Pick any g € I'*(8, A\; Xj) by solving the univariate search sup.,cg F (7, Bk—1, Ae—15 X&);

C) Let Xk = X+ \/ggA(Xk)ilﬂ, and take Hy € D(Bk—l;Ak—ﬁXk) as,
L'Xy,
Hy = 24T -1 )
\/S (1 -9 6k71A(Xk) Bk—l)
where L' is selected uniformly at random from the interval [0_£(81 | Xy)/u, O, (8L, Xy)/Ou] =:
(BE_ 1 Xk)-

It is immediate from (18) that Hy € D(Bx—1, \k—1; X%). Then due to Proposition 6, we have that
EHy, € 0fs(Br—1, \k—1)- Due to the convexity of fs(-) characterized in Theorem 4, we have the following
rates of convergence for f5(0;) — f«, as k — 0o. The proof of Proposition 7 is presented in Section 5.6.

Proposition 7. Suppose that Assumptions 1-2 are satisfied and the loss £(-) is of the form £(u) =
_____ K Li(u) for continuously differentiable £; : R — R and a positive integer K. In addition, suppose
that the constants & in (19) and T in Assumption 6 are such that & > 1 and 7 = 1/2. Then we have

f5(0k) = f SV + O, (k~1/2).

Consequently, if we choose 1 small enough and use L to denote the computational effort needed to
solve the line search sup., F'(7, 3, A; X) for any (8, A) € Uy, then the total computational effort needed to
obtain estimates of f, within e—precision is O,(Le2). A brief description of the complexity L introduced
by the line search can be found in Appendix B.

4. NUMERICAL EXPERIMENTS

In this section, we provide some illustrative examples in the contexts of supervised learning and
portfolio optimization. All the numerical examples were carried out in a laptop computer with a 2.2GHz
Inter Core i7 GPU and 16GB memory. We keep in mind that our goal in this section is to demonstrate
empirically the structural properties that we derived and their implications for algorithmic performance.
We are not concerned with a specific choice of ¢, which is typically done via cross validation in a typical
data driven setting.
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4.1. Illustrative examples from supervised learning. The out-of-sample performance advantages
of utilizing optimal transport costs with Mahalanobis distances have been demonstrated comprehensively
with real data classification examples in [5]. Therefore, in the interest of space and to avoid repetition,
we restrict the focus in this subsection to reporting the results of stylized numerical experiments which
accomplish the following enumerated goals: 1) compare the iteration complexity of the iterative scheme
proposed in Section 3.2 for the DRO formulation (2) with that of the benchmark stochastic gradient
descent for its non-robust counterpart (1); 2) provide a visualization of the worst case distribution; and
3) study the iteration complexity when the twice differentiability assumption (made in order to prove
Theorem 4) is relaxed.

4.1.1. Modifications of notations for supervised learning. As supervised learning problems typically in-
volve a response variable in addition to the predictor variables X, we first discuss how the DRO formula-
tion in (2) can be utilized in the presence of the additional response variable. Let us use Y to denote the
response variable in the rest of this section. We begin by treating the response Y as a random parameter
of the loss function £(-), so the assumptions applied to £(-) should be replaced by that of £(- ;YY) when
considering problems with response variable Y. In addition, the reference measure Py € P(R? x R) is
modified to characterize the joint distribution of (X,Y"). Further, as we assume the ambiguity only ap-
pears on the predictors X, we defined the optimal transport between P € P(R? x R) and P € P(R? x R)
can be modified as,

d d vy
DC(PO,P):inf{EW[C(X’X/)]: mePRI xR xR xR),7(Y =Y') =1, }

T(X,Y) = P077T(X/’y/) =P.
where 7 is the joint distribution of (X,Y, X', Y”).

Using the modified model, if ¢(-;y) satisfies the assumptions of ¢(-) for Py—almost every y, then all
the results and algorithms developed in the previous sections are still valid. The proof of the generalized
result is essentially same as before, as we just need to replace £(-) by £(-;Y) in the proof as well.

4.1.2. Logistic regression. We consider the case of binary classification, where the data is given by
{(X;,Y3)},, with predictor X; € R? and label Y; € {—1,1}. In this case, the logistic loss function
is
€(u;y) = log (1 + exp(—yu)) .
We are interested in solving the distributionally robust logistic regression problem,
inf sup Ep [0(BTX:;Y
BEB p.p,(P,,P)<s [ ( )]

where Py = P, (dz,dy) := 2 37" | §¢(x, v;)} (dz, dy) is the empirical measure of data.

In Appendix D we demonstrate that the assumptions in Section 2.2 are naturally satisfied by the
logistic loss £(-;y), and therein we also include computation of related constants. Consequently, all of
the algorithms and theoretical results developed in this paper are applicable to the logistic regression
example.

We design a numerical experiment to test the performance of our algorithm on distributionally robust
logistic regression. The data is generated from normal distribution, with different mean for each class
and same variance. The total number of data points is n = 1024, and the dimension of data is d = 32.

We implement the iterative scheme provided in Section 3.2.1 to solve the ordinary logistic regression
(with 6 = 0) and its distributionally robust counterpart (6 > 0). In the numerical experiment we choose
A(z) = 1. To compare the rates of convergence of these two models, same learning rate (or step size) on
[ is adapted. The parameter 7 in Assumption 6 is chosen to be 0.55. We use the value of loss function
at 10° iterations as the approximate optimal loss, then we plot the optimality gap (Error) versus number
of iterations for DRO-model and ordinary logistic model in Figure 1a.

Next, in the sequence of subplots in Figure 2, we attempt to visualize how the worst case distributions
{Xj : 0 > 0} change as the radius ¢ is increased. In the first subplot corresponding to ¢ = 0, we have 64
independent samples of X € R? and the decision boundary obtained from the ordinary logistic regression.
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F1GURE 1. Convergence of loss function

The dots in different color denote the data in different classes: on the lower left side the data is classified
to be red and on the upper right side the data is classified to be blue. Naturally, when § = 0 most of the
data points are correctly classified. Then, fixing the decision boundary to be the same as that obtained
from the ordinary logistic regression, we increase the transportation budget § and display the respective
worst case distribution computed with S fixed to that obtained from the ordinary logistic regression
estimator. The worst case distributions X for different ¢ are visualized in the subsequent plots. We
can observe that more and more points are misclassified when ¢ is increasing, and in the last plot the
misclassification rate is larger than 50%. In addition, the trajectory of X forms a straight line moving
towards the wrong side of the decision boundary, which are aligned with our observations pertaining to
comparative statics in Theorem 6 (see Section 2.4).

4.1.3. Linear regression. Now we turn to consider the example of linear regression with squared loss
function. In this data is given by {(X;,Y;)}®,, with predictor X; € R? and label ¥; € R. We consider
the squared loss function £(u;y) = (y — u)? in this example, and the reference measure is defined as the
empirical measure Py = P, (dx,dy) := % > 0(x.,v)}(dz,dy). Then, the distributionally robust linear
regression problem is defined as

inf su Ep [0(BTX:Y)].
BeBP:DC(PBP)gé P[(ﬁ )]

Following a similar argument as in the example of logistic regression, it is not hard to verify the
squared loss function satisfies all the assumptions regarding the loss function. We refer the interested
readers to Appendix D for verification of assumptions and computation of related constants.

Actually, in this example, the dual objective function can be computed in closed form. The distribu-
tionally robust linear regression problem is equivalent to

1T TN -V
225 3% { > A+ \/gﬁTA(Xi)—lﬁ}

i=1

Now we explain the setting of our numerical experiment in this example. The dimension of data
is d = 16, and we randomly generate n = 256 training data points. The matrix appears in the cost
function is chosen as A(x) = I;. We apply the iterative scheme in Section 3.2.1 to solve the ordinary
linear regression model (with § = 0) and its distributionally robust counterpart (6 > 0). Again, we adapt
the same learning rate for both model and chosen parameter 7 = 0.55 in Assumption 6. The plot of
optimality gaps (Error) versus iterations for DRO-model and ordinary linear regression model is given
in Figure 1b.

4.1.4. Support vector machines. We consider the case of binary classification, where the data is given
by {(X;,Y;)}", same as the data in the example of logistic regression. The hinge loss function is
l(u;y) = max (0,1 — yu) . We are interested in solving the distributionally robust hinge loss minimization
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FIGURE 2. Decision boundary and worst case distribution. To facilitate tracking the
change of Xj when ¢ is increasing, we select one point from each class and use a big +
to mark its position. We also employ a small + to mark its previous position when § is
smaller so that the trajectory of the point is visible. We can observe, as predicted by
our theoretical results, that X; moves parametrically in a linear direction as ¢ changes.
Moreover, the speed of displacement is decreasing, which is consistent with the /&
scaling size discussed in Theorem 7. It is worth noting the dynamics of the worse-case
distribution, which transports the different classes in opposite directions in order to
maximize the loss for misclassification.
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problem,

inf su Ep[¢(BTX:Y)],
BeBP;DC(Pf,P)gé P[(ﬂ )]

where Py = P, (dz,dy) := L 3" | 0;(x,,v;)}(dz,dy) is the empirical measure of data.

The algorithm to solve DRO with piecewise continuously differentiable function is discussed in Section
3.4. We present the procedure of verification of related assumptions and computation of constants in
Appendix D.

In the numerical experiment, we use the same data as the example of logistic regression. Again,
we set the learning rate to be same for DRO and non-DRO algorithms. Figure 1c shows the path of
optimality gaps of loss functions during iterations. We use the value of loss function at 10° iteration as
the approximate optimal loss given training samples, and plot the optimality gap (Error) versus number
of iterations in Figure 1lc.

4.2. Portfolio Optimization. In this section, we demonstrate an example application of the proposed
DRO framework in the context of mean-variance portfolio optimization. Suppose that X is an R%*—valued
random vector representing the relative monthly returns of d securities. Let us use P* to denote the
probability distribution of X. The classical Markowitz mean-variance model suggests that the portfolio
choices lying on the efficient frontier can be determined by solving an optimization problem of the form,
min Varp- [T X] — ¢ - Ep- [T X], (20)
B:pT1=1
where 8 is a d—dimensional weight vector and ¢ € [0,00) is a suitable parameter choice determining
the extent of risk-aversion. By adding an additional variable u € R representing the mean return of the
portfolio, formulation (20) can be rewritten as the following stochastic optimization problem with affine
decision rules:

inf inf Ep-[(BTX —p)?—¢-pTX]. 21
nf inf Epe[(87X = ) ¢ 57X] (21)
In practice, the probability distribution P* is not known and it is common to work with historical returns
data to arrive at a suitable portfolio choice. Suppose that we use P, := %Z?:l d;x,y to denote the

empirical distribution corresponding to n historical return samples { X7, ..., X,;}. Due to the discrepancy
between the ground-truth measure P* and the reference measure Py = P,,, we consider the following
distributionally robust variant of (21):
inf inf sup Ep[(B7X —p)* — ¢- BT X]. (22)
B B:BT1=1 p.p (Py,P)<6
As with most data-driven DRO formulations, the insertion of the inner supremum allows quantifying
the impact of the model mismatch between the empirical distribution and plausible model variations
which are a result of future market interactions. Additional information about such future variations
can typically be inferred from current market data, in the form of, for example, the implied volatility
which can be elicited from the derivative prices. In such instances, a suitable choice of state-dependent
Mahalanobis cost function ¢(-) in the proposed framework allows us to include this additional market
information in the ambiguity set {P : D.(Py, P) < §} which corresponds to the set of plausible model
variations. To demonstrate this idea in the portfolio example, suppose that we observe the implied
volatility time series {V; : ¢ = 1,...,n} in addition to the returns data {X; : i = 1,...,n}; here, V; is
a positive scalar that represents the implied volatilities corresponding to the i-th observation X;. Let
V =n"t3"" | V; denote the average implied volatility. Corresponding to every point X; in the support
of P,, we take the state-dependent Mahalanobis cost to be ¢(X;,x) = (X; — x)T A;(X; — x), where
Ai:%ﬂd, i=1....n (23)
The rationale behind this choice is the hypothesis that a large implied volatility is suggestive of the
anticipation of larger price uncertainty in future returns by the collective market. As a result, the
inverse proportionality relationship A; o Vi_l]Id in (23) is such that it is cheaper to perturb returns (or
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transport mass) for observations with higher implied volatility. The normalization by V is introduced
to allow comparisons with the choice of standard Euclidean squared norm (corresponding to the choice
A(zx) := 1) as the transportation cost function.

To test the effectiveness of the DRO formulation (22) with real data, we randomly pick 20 stocks from
the constituents of S&P 500 as the stock pool. The weights of the portfolio are adjusted on a monthly
basis during the test period constituting the years 2000 - 2017. For every month in this test period, the
portfolio weights are obtained by training the formulation (22) with the respective stock pool data from
the previous 10 years. For example, at the beginning of January 2000, the training data {X1,..., X, }
for the model (22) is the monthly historical returns of the selected 20 stocks observed during the period
January 1990 - January 2000 (thus, n = 119 and d = 20). The CBOE volatility index (VIX), which is a
popular gauge of the stock market’s forward looking volatility implied by S&P 500 index options, is used
to inform the market implied volatility. The parameter § is treated as a hyper-parameter and the out-of-
sample efficient frontier is generated by considering different values of the parameter (. In Figure 3a, we
report the mean and the standard deviation of the portfolio returns (during the test period 2000-2017)
obtained from 100 random stock pool choices.

The data used for computing an optimal portfolio is different from the data used for evaluating the
portfolio, which is the reason we address the efficient frontiers in Figure 3a as “out-of-sample”. These
out-of-sample efficient frontiers reveal that the DRO formulation (22) with state-dependent Mahalanobis
cost choice (as in (23)) performs uniformly better than that obtained with the Euclidean distance choice
(corresponding to constant A(x) = I4, addressed as constant model in Figure 3a). We also observe that
a larger value of distributional uncertainty ¢ results in larger mean annualized return. Unlike the case
of an efficient frontier generated and tested with samples from the same probability distribution, the
negative slopes in the out-of-sample efficient frontiers in Figure 3a suggest that the out-of-sample effects
(such as non-stationarity in data) are significant.

As a sanity check to verify our implementation, we also report the results of the same experiment with
simulated data constituting i.i.d. training and test samples (see Figure 3b) for the choice A(z) = I4. In
this simulation experiment, the DRO model is observed to produce less efficient portfolios relative to non-
robust formulations, which is not surprising given that the experiment has been designed with simulated
data and there is little model error. The efficient frontiers of the DRO model, as expected for relatively
small values of §, have positive slopes in out-of-sample simulated frontiers, and is consistent with the
observations of the classical Markowitz theory. These experiment results can be viewed as underscoring
the need for DRO model formulations such as the one we study in this paper. In addition to historical
returns data, these model formulations incorporate the flexibility to use additional information such as
implied volatilities to elicit collective market expectations about future uncertainty.

5. PROOFS OF MAIN RESULTS.

We shall provide proofs of all the main results in Sections 2 - 3 in this section. The proofs of auxiliary
results, which are technical in nature, are provided in the subsequent technical appendix Section A for
ease of reading.

5.1. Proofs of the results on Dual reformulation and convexity. In this section, we shall see the

proofs of of Theorems 1 - 2 and Lemma 2.

Proof of Theorem 1. Since c(-) is lower semicontinuous and £(-) is upper semicontinuous, it follows
from the the strong duality result in Theorem 1 of [6] that

sup Eplt(BT X)) = inf Ep, [ sup {((BT(X +A)) — A (ATA(X)A - ) }}
P:D.(Py,P)<§ A0 A€Rd

= inf F 0BT X —A inf ATAX)A -6
inf Ep, {igg{(ﬁ +¢) (A;ﬁl;"lA_c (X) )H
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FIGURE 3. Out of sample efficient frontier. The mean and the standard deviation are
annualized. We use solid lines to represent models with constant optimal transport cost
function, and use dashed lines to represent the models with state-dependent Mahalanobis
optimal transport cost function. The different choices of § are denoted by different colors.
The values of ¢ are represented by different shapes of the markers.

and that the infimum on the right hand side is attained for every 8 € B. Since
inf{ATA(X)A : BTA =c} =2 /(BT A(X)'B)
for 8 # 0, changing variables as in ¢ = /0737 A(X) '/ and from A3 to A lets us conclude that

sup {UBT(X +8)) = A (ATAX)A = 8)} = sup F(3, 5, 3. X) = Lron(5, 2. X)), (24)

thus resulting in supp.p_(p, py<s Ep[((87X)] = infaso Ep,[lrob(B, A; X)]. This completes the proof of
Theorem 1. g

The proof of Theorem 2 follows immediately as a consequence of Lemma 2 (stated in Section 3.1) and
Lemma 3 below, whose proof is furnished in the technical Appendix A.

Lemma 3. Suppose that Assumptions 1, 2 hold. Consider any ¢ > 0, x € R? and f € B. If A >
(k+ E)\/gﬂTA(x)_lﬂ, then there exist positive constants Cy,Csy such that

a) any g € T*(B8, A\; z) satisfies \/5|g|ﬂTA(m)’15 <1+ Cie Y1+ 1|8%2]); and
b) Lrob(B, ;) <AVE + Co(1+e+e1)(1+[872)2.

We shall first see the proof of Lemma 2 before proceeding to the proof of Theorem 2.

Proof of Lemma 2. Take any 6 := (81, A1) and 0 := (B2, A2) in B x Ry. Given « € [0,1], it follows
from (24) that £,..(af; + (1 — @)f; x) equals

Asglgd {E ((aﬁl + (1 —a)B) (x+ A)) —(aM + (1= a)r2) (ATA(:L')A - 5)}

= (O[)\l + (]. — O[))\Q) 1)
+ sup, {¢(aff(z+A)+ (1 —a)(B] (x+A))) — (X + (1 —a)h) ATA(z)A}. (25)

Since £(-) is convex, we have £(au; + (1 — @)us) < al(uy) + (1 — @)l(uz) for uj,us € R. Combining
this with the fact that sup (afi(A) + (1 — a)f2(A)) < asupp f1(A) + (1 — a) supp f2(A) for any two
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functions fi, f2, we have that the term involving supremum in (25) is bounded from above by,

a sup {U(B] (z + A)) = MATA(z)A} + (1 — ) sup {€(BF (x+ A)) — AT A(2)A} .
A€R4 Ae
This observation, in conjunction with (25), establishes that £,op(f1 + (1 — a)b2;2) < alpop(01;2) + (1 —
a)lyop(02; ), thus verifying the desired convexity of £,.p( - ; ). O

Proof of Theorem 2. Since f5(8,\) := Ep,[lrov(8, \; X)], the convexity of fs(-) follows as a conse-
quence of Lemma 2 and linearity of expectations. The fact that fs(-) is proper follows from the ob-
servation that £,..(5, \; X) is almost surely finite for all A sufficiently large (see Lemma 3b) and the
assumption that Fp || X|? < oo (see Assumption 2). O

5.2. Bounds for dual optimizer \.(5) and a proof of Proposition 1. It follows from Theorem 1
that argminy>o f5(8, A) is nonempty for any 8 € B. Lemma 4 - 6 below, whose proofs are provided in
Appendix A, are useful towards establishing bounds for any A.(8) in argminy>o f5(5,A) (see Lemma 7).
In turn, these bounds are useful towards identifying the region V in the main results Proposition 1 and
Theorem 3.

Lemma 4. Suppose that Assumptions 1 - 2 are satisfied and 8 € B. Then for any A.(8) € argminy>o f5(8, A),
we have T* (B8, \u(B); ) # D, for Py—almost every x € RL. Moreover,

a+f§

B B T _ s 2
(8, 2(8) = V6 (1 Er, [ﬂ A lﬂwem?&ﬂm;xﬂ])'

Lemma 5. Suppose that Assumptions 1 - 2 are satisfied and T (8, \, x) is not empty for a given 8 € B,
z € RY and X\ > 0. Then for any v € T*(B,\;z), we have, v = '(8Tz + V56T A(z)~'8)/(2\), and
consequently,

¢ (8" )|

>
17| > )

(26)

Lemma 6. Suppose that Assumptions 2 - 4 are satisfied. Then there exist positive constants L, L such
that L < Ep,[¢/(BTX)?] < L for every 8 € B.

Lemma 7. Suppose that Assumptions 1 - 3 are satisfied. Then any minimizer A.(8) € argminy>q fs(8, )
satisfies Amin(8) < Au(B) < Amax(8), where

Amin () = *p;liffllﬁII Ep, [(BTX)?] and

Amax(8) = pril 21811\ B, [/(BT X)) + f SMptlIBI2.

Proof of Lemma 7. Lower bound. Combining the observations in Lemma 4 - 5 and the first order
optimality condition that 95 f5(8, A\«(8))/0\ > 0, we obtain,

0= 250,80 < V5 (1~ B, [57 400 120X ).

A(8)?

Because of Assumption 1b, the above inequality results in,

M (8) 2 B2 (87X P87 AC)T 8] 2 o218y Be, 1057 X)) = Auin(8).
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Upper bound. As () < M due to Assumption 3, we have that £,,;(3, \; X) — £(87 X) is bounded
from above by,

sup {é (ﬁTX + ’yﬁﬂTA(X)flﬁ) -/ (BTX) - )\\/SﬂTA(X)71572}

~YER

< sup {é’ (67X) V5T ACX) " By + 5M (1GHTAX) ' 5) A\/EBTA(X)_IBVQ}

~v€R
_ VEBTAX) B (ET X
(4\ — 2MV3BT A(X)-16)+
Next, since A\ (8)V6 + Ep, [((B7X)] < f5(8,2(B)) = infa>0 Ep, [lrob(B, A; X)), we use the above result

and the bounds in Assumption 1b to write,

M (B) < inf {A+6712En, [£u(8, X) - 6(87X)] }

T —1 1 (RT 2
C {HEPO{@ A(X)~1 8157 X)) ”
A>3VoMp,,. 18113 AN — 2MVEBTA(X) 13
-1 2
. Pamin 1Bl LT 2
= inf A+ - Ep, [U'(B"X)
2> 3VEMp L1613 { AN = 2MVp i 1IB12 | ]

The expression in the right hand side is a one dimensional convex optimization problem which can be
solved in closed form to obtain,

1 _ _
A (B) < GVEM Pl 1817 + pria 18114/ By [€/(B7X)2) =: Amax(8)-
This completes the proof of Lemma 7. (|

Proof of Proposition 1. For a given 3 € B, it follows from Lemma 7 that any optimal A, (/) lies in the
interval [Amin(8), Amax(8)]. Recalling the definitions of Rz from Assumption 4 and the characterization
of L and L in Lemma 6, we have from Lemma 7 above that Apin(8) > K1|| 8| and Anax(8) < Ka||B],

where
1 _ 1 _ 1=
K, = 5‘@’)“15" and Ky := 5\/51\45:5;)111}11 + /Pl L. (27)
Thus we obtain that (8, A\.(8)) € V for all § € B. O

5.3. Verifying smoothness and strong convexity of the dual DRO objective. In this section,
we provide proofs of Theorems 3 - 4. We accomplish this primarily by identifying the Hessian matrix of

the dual DRO objective f5(8,\) = Ep, [lrov(5, A; X)] .

Recall the definition of the functions £,..(-) and F(-) in Theorem 1. Let Sx be the support of the
distribution Py. For a given (8,)) and = € Sx, we use the set (8, \;z) to denote the respective
set of maximizers arg max, F'(y, 5, A;z) (see (9)). A characterization of the gradient of the function
Lrop(B, A; ) is derived in Proposition 2 with the help of envelope theorem. Likewise, if the loss ¢(-) is
twice differentiable, implicit function theorem allows us to characterize the Hessian of £..(3, A; ). To
accomplish this, define

U:={(B,\z)e BxRL xSx :T"(B,\;z) # 9, o(v,8,A\;x) >0 for some v € I'(8, \;2)},
where
(7,8, X ) i= 2 = VBT Aw) T A" (8T + VBT Aw) T B) .
Further consider the set valued map x — U(z) to be the projection,

Ux) == {(B,A) : (B, A x) eU}.
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Then, as a consequence of implicit function theorem, the function £,..4(8, A; z) is twice differentiable
for every (8,) in the interior of U(z). Indeed, this follows from the observation that 0?F/9~%(:) =
—2V6BT A(z) "1 By(-) is negative when (8, \, x) € U. Next, consider any measurable selection g : i — R
such that

g(B, Ax) e T7(B, Asx)  and  p(g(B, A 2), B, A, ) >0, (28)

for Py—almost every x and almost every (8,)) € U(z). The existence of such a measurable selection
follows from Jankov-Von Neumann theorem (see, for example, [3, Proposition 7.50]). To proceed further,
define,

Ty(z) ==z + Vog(B, X\ 2)A(x) '8, Ty(z) =z +2V3g(B,\;z)A(z) B, and
0g(B, N 2) = @ (g(B, A ), B, \s ), (29)

for any (B8, A, x) € U, where the dependence on (3, A) is hidden in the notation of the transport maps
T,(x),T,(z) and has to be understood implicitly. Likewise, once the choice of measurable selection g(-)
is fixed, we often suppress the arguments (5, A\; ) while writing the functions such as g(8, A\;x) and
©g(B, A;x) in order to reduce clutter in the resulting expressions; for example, we simply write ¢, and
g, respectively, for ¢4(8,A;x) and g(8, \; z).

Proposition 8. Suppose that Assumptions 1 - 3 are satisfied, U is not empty, and g : U — R is a
measurable selection satisfying (28). Then for almost every x € Sx, (8,A) € int(U(x)), we have,
Ly L (BTTy(x)) -, - lrop AV BTA(x) 1B

g5 (B Aiw) = 2VaAgAl) ™ o L@@ e (8.A) -

82&"017 . _ 2 -1 BTA(m)_lﬁgﬁ(ﬁTT (!L‘)) T
where Ty(+), Ty(+), pg are defined as in (29). Moreover, we have
vgérob(o; JC) - A(@, x)B(x) = 0, (30)
where
4 (57T, ()" " (5" Ty () 1
A ;X)) = — —
(B, X z) 1+ T, ()T A(z)T, ()" (BTT, (x)) [ (V3g%p) 2Xpq + 48T A(x) 18 (31)
and
- (BT Ty (x)) 7 7
B(z) = Alw) ™+ =5 () Ty (2)" 0
oT 1

The proofs of Proposition 8 and Lemma 8 below are provided in the technical Appendix A. For every
3 € B, recall that we have defined A, (5) to be the Py—essential supremum of vdM BT A(z)~'5/2.

Lemma 8. Suppose Assumptions 1 - 3 are satisfied. Then the map v — F(v, B, \; x) is strongly concave
for every B € B,A > X,,..(8) and Py—almost every x. Consequently, T*(8, \;x) is singleton for every
ﬁ € Ba A> )\;hr(ﬁ) and

{(B,A\): B€ B,A> Ny, (B)} € Ux)

for Py—almost every .

The proof of is available in the technical Appendix A.

Proposition 9 below allows us to characterize the Hessian matrix of the dual DRO objective f5(-). To
state Proposition 9, define

8o = pRanLR5*M 2pol . and  Qmin = /Lopil® — VORsMpy 1,
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where the constants pmin, Pmax are as in Assumption 1b, L, L in Lemma 6, R in Assumption 4 and M
in Assumption 3. Recall the definition of the constants K7, K5 in (27) and that of the previously defined
sets,

W:={(6,A) € BxRy : Ki[|f <A< KaoRgh  and  Vi={(8,A) € Bx Ry : Kif|fl| <A < Kaf[Bll},

which contain the partial minimizers {(8, A«(8)) : 8 € B} when Assumptions 1 - 4 are satisfied (see
Proposition 1). The proof of Proposition 9 is provided in the technical Appendix A.

Proposition 9. Suppose Assumptions 1 - 4 are satisfied and § < §y. Then

a) VCWC{(B,\):8€B,A>\,,.(8)} CU(x) for Po—almost every x;

b) any map g : U — R satisfying (28) is uniquely specified for almost every (B8, \,z) in the subset
W x Sx C U, and it satisfies the following relationships: for Py—almost every x, we have
©g(B, A 2) > @uinl|Bl] if (B,A) €W, and

1¢(87 )|
20618

10'(8 )|
Pminl| 5]

c) with X ~ Py, the collection {g(B,\; X), (T,(X))2, (T,(X))2, L(BTT,(X)), (BT T, (X))?: (B, \) €
V} is Lo—bounded; and

d) the Hessian matriz V3 f5(0) = Ep, [Valron(0; X)] for every 6 € V, where the Hessian V3lyq(0; )
can be taken to be specified in terms of the second order partial derivative expressions in Propo-
sition 8.

9(8, A 2)| = if (B,A) €V, |g(B, Az < if (B,A) € W. (32)

The proofs of Theorem 3 - 4 provided next are reliant on the observations made in proposition 9
above.

Proof of Theorem 3. a) It follows from Part ¢) of Proposition 9 and the expressions of partial deriva-
tives in Proposition 8 that the norms of the respective entries (Frobenius norm || - || in case of matrix,
or fa—norm in case of vector), [|0%€, .o /0B (B, X; X)|| 7, 02106/ OBON(B, X; X)||, 0%y /ON2(B, ; X), are
all bounded in Lo—norm over the set (8, A) € V. Consequently, we have from Part d) of Proposition 9
that 92 fs/0B%, 0% f5/0BON, 9% fs/ON? are all bounded over (3,\) € V. As a result, the Frobenius norm
of the Hessian matrix V3 fs(0) is bounded over 6 = (3,)) € V and hence the function f5(-) is smooth
over the interior of V.

b) To argue that 0% f;/03? is positive deﬁnite we proceed as follows: First observe that A(x)~! =
pml Iy for Py—almost every = (that is, A(x)~! — p;.1 1, is positive semidefinite). Next, recall from (26)
in Lemma 5 and Lemma 6 that |g(8, A\; )| > |¢(872)|/(2\) and L > 0. Then it follows from Part d) of
Proposition 9 and the expression of 92/,.,,/9% from proposition 8 that for any (3,\) € V,

62f(5 o azérob EPO[ (ﬂTX)] _1
8752(57A) - EPU |: 852 (B A X):| = fT max]I = \[7]1(17

where ko :=271Lp 1 > 0, thus proving Theorem 3. g

In order the proceed with the proof of 4, define
8y = min{0o /4, 2c3p® o2 pimik LT /256}.

Proof of Theorem 4. Using the bounds of |g(-)| and ¢,4(-) from Proposition 9b along with other im-
mediate bounds such as ¢, < 2\, X\ € [K1||B||, K2| /8], and BT A(z) '8 < p.i.[IB8]%, the expression for
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A(B, \; z) from (31) simplifies to,
4V53(gB" Ty(x)) 1
20002 /0" (BT Ty (w)) + Ty (2)T A(2)Ty(w) 27+ 48T A(2) 715/,
< 4\[5(ﬁTTg($)€'(ﬁT$)/(2K2||5H))2 , 1
T 2KaV/60 (BT 2)2 ) (92, 18117 (BT Ty () + Ty ()T A(a) Ty () 2K2]18] + 4pminlIB112/ (pminlI A1)
181~ (8 Ty )t/ (8" ))”

e = ;

P 2KV Dot 0 (BT )2 [ (BT Ty (x)) + Ty () Ax) Ty () | ]
where Cj := (2K + 4 p—1 )71 Next, since 87T, (z) = Tz + Vg8 A(x)~' 3, we obtain from the
bounds in (32) that

BT Ty ()0 (87 )| = |87l (87 )| — V/o|gt' (872)|8T Aa) '8

/(T T
> 1870t (872)| - VGLL T 312 (me> 181, 35)

A, Xsx) = (33)

(34)

pmln —_—
mmHBH minPmin
whenever X € A; N As; here, the sets A; and As are defined as follows:
Ay = A{x T2l (BT )| > cica|| B} and Ay := {x: (BT x)* < 4L/p},

where the constants ¢, ¢, p are given by Assumption 5. Since Ep, [¢'(87X)?] < L for any 8 € B, we have
from Markov’s inequality that infzecp Py(X € Ay) > 1 — p/4. Consequently, it follows from Assumption
5 and union bound that infgep Po(X € A1 N Ay) > 3p/4.

Recall that dp = p2;,
Vo’ = VORsMpyk, > §/Ipmil. Further, since § < 8y < 3e3p® phyinpminLL /256, we have

LREQM 2p=l . In addition, note that when 6§ < 50/4 we have @uin =

leaX

crea —4VOIp oL pl > ey /2. (36)

Next, if we choose C7 > 0 large enough such that the set Az := {z : ||z|| < Cy} satisfies Py(X €
As) > 1 —p/4, then we have infgez Po(X € A1 N Ay N Az) > p/2. The denominator in (34) is bounded
from above as follows whenever z € A; N Ay N Az and A € [K4]|5]|, K2||8]|] : recalling that Ty(z) :=
z +Vog(B,\;x)A(x) 1B and T, () := x + 2v/5g(B, \;2) A(z) '3, it follows from the bounds of |g| in
(32) that

—1
_ -~ - 1 _ -~
I, < ol + 2VBlalh 191 < €1+ 40Tt (5VEoR?) ok = o

and similarly, ||T,(z)|| < Cy for € Ay N As. Since ||BTTy(z)|| < RgC2 < oo when x € Ay N Aj, if
we let C3 := inf|,<p,c, £ (u) > 0, we obtain that the denominator in (34) is bounded from above by
Cy = 8K251/2I_/p_105 ( fpml)/(z) + PmaxC2Rg whenever x € A; N Az. Combining this observation
with that of (34),(35) and (36), we obtain that A(x) > \/SC]'{QCEAlﬁAQﬁAg} for C := (1/2)Coc1c2C; "

Finally, since Py(A; N Ay N A3) > p/2, we have Ep [A(B,\; X)B(X)] = Voril411 where k1 =
pCprl /2. As a consequence, we have that V3 f5(0) = V611411 in Theorem 4. O

Remark 4. Suppose that ¢;co = 0 is the only non-negative number for which the probability requirement
in Assumption 5 is satisfied. In this case, we have from the upper bound for g in Proposition 9b that
gBTX = 0, Py almost surely. As a result, the numerator of A(x) in the right hand side of (33) is
bounded from above by 4v/5(0 + v8g287 A(z) 71 8)? < 45320/ (BT )22 pi2 | Py—almost surely. Since
the denominator of A(z) is bounded away from zero by a constant not dependent on §, it follows that
Ep,[A(X)] = k30%/2, for some non-negative constant 3. Since 6%/2 = 0(v/3) as § — 0, it is not possible
to derive a positive constant 7 that is not dependent on § as in the statement of Theorem 4.
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5.4. Verifying strong convexity in the absence of boundedness of set B.. In this section, we
provide a proof of Theorem 5. For any map g : U — R satisfying (28), consider ¢g4(-) in (29) and define
the functions,

L(B,A) = E [¢° (8,5 2)8TAX)T'B] . LB, Ax) = \gﬁTTgm)lW,
L2(8, X 2) = W7 and  I5(8,\i7) i= VO2AG® + T A(@) T, (2)0" (87T, ().

It follows from the definition of ¢4(-) that ¢,/2A < 1. Then, for any (5,\,z) € U for which the
Hessian V24,.04(3, \; ) (computed with respect to variables 3, \) exists, we have from Proposition 8 that
V2 rob(B, N 2) — A(B, )\;x)B(x) > 0; here, A(B, \;x), defined as in (31), satisfies,

LB, N 2)0" (BT T,(x))
T BB N E) (143 (B, A1)

A(B, A x) > (37)

\[

Before beginning the proof of Theorem 5, define,

2.2 2 1/2 1/2 -2
09 1= C1C2PPmin 2k1pmax + 4clpmin(1 + kQ) .

Proof of Theorem 5. Fix any 8 € B and \.(8) € argminy>g f5(8,A). Then it follows from the first-
order optimality condition that,

P55, 0, (8)) < VB (1~ B, [02(5, A (8) 67 ACX)6))

(see the proof of Lemma 7 in the earlier Subsection 5.2 for a similar application of the first order
optimality condition). Consequently, for a given p > 0, there exists r1 > 0 such that

B, [o%(3.x0) BT AX) 8] =1 < p (33)

for all (3,\) € N ((B;A«(8))). This follows from the continuity properties of £'(-). Since l9(B, A\ z)] >
¢ (BTx)/(2X), we have from (38) and Assumption 5 that

ox > ERll BT X 20wl |18l
SR (R
for any choice of p < 1 and (3,)\) € N, (B, A(8))). Consequently, we have that
FTA@TE - pi 18] 1 (2pme)' (39)
2 1 (ppmbs /2218l €1 (PPmin) /2’

for any (5, \) € N, ((B; A«(8)))- Moreover, we have from the definition of ¢,(-) that,

LB, A x) > |98 Ty ()| — gIglﬁTA(w)_lb’lﬂTTg(w)W(ﬁTTg(l‘))-

Since |ull”(u) < k1 + ka|¢/'(u)], for any u € R (see the assumption in the statement of Theorem 5), we
have that

0<

c1(PPmax/2) 21181,

L(B,\ ) =

L(B ) > 198" Ty ()] — ;f

= )
— 10T, )] - L2

9137 A@) 1B (k1 + kel (37T (2))])

Ql

19187 A(z) ' B (k1 + 2X\k2|g])

> 9B x| — Vog? BT A(z) 15 —

»\3

\QIBTA( )13 (ky + 2Akalg])
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where the equality follows from the first-order optimality condition satisfied by ¢(-), and the last in-
equality is a simple consequence of triangle inequality applied to ST Ty (z) = BTz + VogBT A(z)=1 5. As
a result,

I (B,)\;a:) < BTz
JFr A VAR

By applying the upper bound for I(-) derived in (39), we arrive at,
I (B. \: T 20 \1/2
1(57)\7l‘> > Tﬁ € — — \/g <kl( pde)l/z T ko /g2BTA($)_15) (40)
\/g2BTA(I)716~ VBT A(z)~13 1 (PPmin)

Next, as in the proof of Theorem 4, we define the following subsets of RY : )

Ay = {x  |[0(BT)| > c1/2, 18Tz > co|B]|/2 for all B € er (B)}, Az :={x : ¢*(B, \;2)BTA(z)~1B <
Cy for all (3,)) € Ne (B, A(B))}, and Az := {x : ||lz[| < C1}, where the constants Cy, C1, 72, p are to be
chosen imminently. Define r = r; A vy and take the constant Cy large enough such that Py(As) > p/4,
where p is specified as in Assumption 5. Due to Markov’s inequality and (38), we also have that
Py(Az) > 1 — (14 p)/Cy. For any choice of p < 1, if we take Cy = 8/p, then Py(Az) > 3p/4. Likewise,
due to Assumption 5, we have P(A;) > p for a suitably small ro. If we let A := A; N Ay N As, then it
follows from union bound that P(A) > p/2.

.7 <k112(53)\§$) + ko QQBTAUU)_IB) :

Moreover, we have from (40) that

11(57)‘;1‘) c 1/_2 - ﬁ(zpma}c)l/2 1/2
g2 BT A(z) 13 - < 2fuin ~ V0 <01 Do) (14 #a)(8/7) )) ’ ()

whenever z € A and (8, \) € N,.(8, A\«(8)). For any fixed § < d2, it follows from the definition of 5 that
Il(B,)\;x) >0 for all z € A, and (B,)\) € N (B, A:(B)). Since gog(B,)\;x) is positive whenever I (B,)\;a:)
is positive, we have (from Proposition 8) that the Hessian V2€T0b(3, A; x) exists and it satisfies,

V2ob(B, X 2) — A(B, X 2)B(z) = 0,

for z € A and (B,)\) € Np(3, \.(B)). Following the same reasoning as in the proof of Theorem 4, one
can obtain upper bound Cy for ||T,(z)||. Moreover, due to (38) and the property that 2\|g(3, \; x)| >
|0(BTx)| > ¢ for z € A, we have that g2(3, \; 2)5T A(x)~! 3 is bounded away from zero, for every z € A.
Utilizing these observations and the bounds for I, Iz (see (41) and (39)) in the expression for A(+) in
(37), we arrive at the following conclusion: For any x € A, there exists x(x) > 0 such that

Lrop(afr + (1 — a)l2;x) < Lrop(01;2) + (1 — a)lrop(ba; ) — %m)a(l —a)||61 — 92||2,

for 61,05 € N (B8, A\(B)). Since f5(0) := Ep, [lrop(8,0; X)], taking expectations on both sides, we arrive
at the conclusion that

fo(ath-+ (1= a)faia) < fo(6ri) + (1 - )fy(0aiz) — | “GIX € )] a1 = )61 — 6a]

for all 61,60, € N.(B,\(B)). With Py(A) > p/2 being positive, we have that the constant x :=
Elr(X)I(X € A)] is positive as well. This concludes the proof of Theorem 5. O

5.5. Proofs of the results pertaining to the structure of the worst case distribution. In this
section we provide proofs of Theorem 6 and Proposition 7 which shed light on the structure of the
adversarial distribution(s) attaining the supremum in supp.p_(p, py<s Ep [¢(BTX)).

Proof of Theorem 6. Recall from Assumption 2 that £(u) is convex and grows quadratically or sub-
quadratically as |u| — oo. Therefore there exists A > 0 such that fs(8,\) < oo, and subsequently,
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infy f5(8,A) < co. According to Theorem 1, there exist a dual optimizer, A.(8) in argminy>o f5(5,A)
for any 8 € B.

a) When A.(8) = 0 : We have infg 5 f5(8,\) = f5(8,0) = sup,cg £(u). Due to the convexity of £(-),
the finiteness of the optimal value f5(8,0) = sup,, £(u) implies that £(-) is a constant function. In this
case, any distribution P satisfying D.(P, Py) < ¢ is a worst case distribution attaining the supremum in
SUPp.D,(P,Py)<s Ep, [E(BTX)}

b) It follows from the characterization of the effective domain of f5(-) in Lemma 1 that f5(8,\) = co
when A < Ay (8). Therefore, Ai(8) > Ainr(B).

¢) When A\ (8) > Atnr(B) : Recall from Proposition 2 the expressions for 04 fpop/0A and 9_ly.op /0.
Further we have fs(8,A) < oo for (8,\) € Uy := {(B,A) : B € B, A > Apr(B)}. Then it follows from [2,
Proposition 2.1] that the left and right derivatives 9, f5/0\ and O_ f5/0\ satisfy,

(9+f5 (/87)\) _ \/S (1 _ EPD l:/BTA(X)_IB inf )92:|> and

o\ geT= (B, X

oA geET*(B,X:X)

87f6 (ﬁv)‘) = \/g (1 - EPO

BYAX)™'B  sup QQD,

for (8,\) € U;. Since A\ (8) > Atnr(B), we have from Lemma 3a and the continuous differentiabil-
ity of £(-) that T* (8, A\.(8);z) is compact for Py—almost every x. Consequently, there exist measur-
able selections g4 (8, \«(6);z) and g (8, \«(8); ) such that g3 (8, \(B); ) = subyer=(s,1. (5),x) 9~ and
g— (B, (B);x) = infger- (s, (8):x) g% (see [3, Proposition 7.50b]). Letting g4 (3, \:(8); X) = G4 and
g— (B, A (8); X) = G_, we obtain that,
O+ fs
O\
0_fs _
i (B A(8)) = Vo (1= Bp, [GATAX)7'4]).
Since A\, () € argminy>g fs(8, A), we have from the first order optimality condition that 0. f5/90A(5, A (B)) >
0 and O_ f5/ON(B, A\«(B)) < 0. Thus ¢ = Ep[GZATA(X)7'8] < 1 and ¢ = Ep [GEATAX)18] > 1.
With G := ZG_ + (1 — Z)G4 and Z being an independent Bernoulli random variable with P(Z = 1) =
(¢ —1)/(¢ — ¢), we have that Ep,[G?BTA(X)~18] = 1. In addition, since G € T*(8,\; X) Py—a.s., we
have that

X*e arg max {0872y = M(B)e(X,2')}  and  Efe(X,X*)] = E[(V3G)?*BTAX) 6] = 4.

(B, \(B)) = V6 (1— Ep, [G2BTAX)"'8])  and

As the complementary slackness conditions in Theorem 1 of [6] are satisfied, we have that the distribution
of X* attains the supremum in supp.p_(p p,y<s Ep[0(87 X)].

d) When A.(8) = Atnr(B) : The worst case distribution P*(8) attaining the supremum in
SUDPp.p,(p,py)<s EP[L(BT X)] may not exist as demonstrated in the following example. Suppose that
((u) == u? — Ju|(1 —e D), 18]l = 1, Py(dz) = d10y(dz), 6 > 0 and A(z) = ;. For this example, £(-)
satisfies Assumption 2 with x = 1 and ¢(-) satisfies Assumption 1 with ppax = pmin = 1. For any
A > Anr(B) = V6, we have T*(8,\;0) = {0}, and it follows that fs(3,\) = A3 when A > A\, (53).
Therefore . (3) = A () = V0 and the dual optimal value f5(5, \(8)) = 6. However, this value is not
attainable by Ep[¢(8TX)] for for any P satisfying D.(P, Py) < 6. This is because, we have E||X||?> < §
for any P such that D.(P, Py) < 6, and as a result we have Ep[((57 X)] < § as in the following series of
inequalities:

Ep [(87X)] = Ep [(87X)? — |87 X|(1 — exp(=|87X]))] < Ep(87X)? < Bp|[X||* < 4.

e) When A, (8) > A},,.(8) : In this case, it follows from Lemma 8 that the map v — F (v, 3, \(8); x)
is strongly concave for Py—almost every z. As a result, (8, \.(8); X) is singleton, Py—almost surely.
As a result, the random variables, G, G1,G_, identified in Part ¢ satisfy that Py(G = G, =G_) =1
and E[G?BTA(X)718] = 1. Therefore E[c(X,X*)] = §. Moreover, the above described uniqueness
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in optimizer means that X* = X 4+ v6GA(X)~'8 is the unique element in argmax, cga{£(572") —
A(B)e(X, ")}, Py—almost surely. Since any distribution P attaining the supremum in SUPp.p,(p,py)<s EPE(BT X))
must satisfy that if X ~ P then X € argmax,, cpa{€(872") — M\i(B)c(X,2’)}. As a result we must have
that X = X*, Py—almost surely. This verifies that the distribution of X* is the unique choice that
attains the supremum in supp.p_(p p,)<s £p (BT X)) O

Proof of Theorem 7. Since 5 € B is fixed throughout the proof, we hide the dependence on § from
the parameters A.(8) and ¢g(8,\;x) in the notation. Instead, to capture the dependence on ¢, we let
A«(9) be the choice of A that solves miny>¢ f5(8, A) for a given choice of 6 € (0,1 ); here the minimizing
A«(0) is unique because of the strong convexity characterization in Theorem 4. For every § < d7, we
have from Part (a) of Proposition 9 that A, (d) > A};,,.(3). Then, we obtain the following reasoning from
Part (e) of Theorem 6:

i) For every § < 4y, the distribution of X} = X + v/§G5A(z)~!3 is the unique choice that attains
the supremum in supp.p_(p,p,)<s, Ep[t(BTX)], with G5 := g(d, \+(8); X), where g(J, \; ) is the
unique real number that maximizes F(v, 8, A; ) for Py—almost every « and X > X}, (5);

ii) Moreover, we have that E[c(X, X§)] = 0, and consequently, g(d, A (0); X) satisfies
Ep,[g7(0, M (0): X)BTA(X) 18] = L.

Following the implicit function theorem application in the proof of Proposition 8 (see appendix Section
A), we obtain that

99 N
5 BN (0):2) =

02F /5

_ _(BTX5)gBTAX) B
0?F /0~ B

2\/&09 7
where g and ¢ in the right hand side denote, respectively, g(d, A\s;z) and @q(8, As;x) = 2A.(6) —
VBT A(X) 180" (BTX}E) > ¢minl|Bl| > 0 (see Proposition 9b).
Next, define H (8, \) := Ep,[g(5, X; X)?BT A(X)~1 8] —1. Since \.(§) satisfies H (5, A.(8)) = 0, a similar
application of the implicit function theorem results in,
290 OH /096 _ Ep[0"(BTX5) (98T A(X) 1 B)?/¢]

o6~ amox M) = T S 8T A1 B/

(9(67 )\*(5)7 l‘),67 )\*((S), Ll?)

If we let L(8) := v/6g(0, A\« (6); ), then with an application of chain rule and use of above expressions for
0g/08,0A.(6)/0 and that of dg/OA in the proof of Proposition 8 (see (52)), we obtain that

OL s g 9BTAX)TBL'(BTX) g Enft"(8TX;) (98T ACX) ')/

a0 = 2V/8 2¢p 2 Ep,[g*BTA(X) 18/ ] ’

if g #0. When § < 61, we have ¢ > @umin||3]| > 0 (see 9b). Moreover, BTA(X)™'8 < Rgp,i |8]| and
2"(-) € (0, M] (see Assumptions 1 - 3). As a result, we obtain that

20L o L pmnMBelB _ 1 1
) 94 \/g @min“ﬂ” \/g \/%_\/57

where the last equality follows from the definitions of §y and @, in the earlier Subsection 5.3. Since
§ < 81 < 8o/4, we have that 2g719L(5)/06 > 0 if g # 0 and 9L(5)/05 = 0 if g = 0. Further, observe
that, as a consequence of the mean value theorem, the first order optimality condition (50) means that
g6, 2 (8); X) = (BT X) /(20 (6) — VS BT A(X) =1L (n)), for some 1) between the real numbers 87X and
BTX ;. Since 2).(0) — VBT A(X)™18"(n) > min||B]l > 0, we have that the sign of G's := g(5, \«(6); X)
matches with that of #(87X). As a result, with L(6) := v/dg(6, \; X) = VG5, the claims made in
Proposition 7b - 7d are verified. This completes the proof of Theorem 7. O
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5.6. Proofs of the results on rates of convergence. Lemma 9 below, establishing finite second mo-
ments for the gradients (or) subgradients utilized in SGD schemes, is useful towards proving Propositions
4 and 7. Recall the definitions of U,, in (17) and D(3, A\; X) in (18).

Lemma 9. Suppose that Assumptions 1, 2 are satisfied, £(-) is continuously differentiable, n > 0 and
Ep || X||* < co. For any 6 € U,), let h(6; X) be such that h(0; X) € D(0; X), Py—almost surely. Then
there exists a positive constant G, such that Ep,||h(0; X)|> < G, for any 6 € U,,.

The proof of Lemma 9 is presented in Appendix A.

Proof of Proposition 4. a) When § < 4y, it follows from Proposition 2 and Proposition 3 that the
subgradient set 0¢,05(8, A\; X) = {Volrop(8, A; X)}, Po—almost surely. Since A > A}, (8) > A (8) for
every (3,\) € W (see Proposition 9a), it follows from Lemma 9 that supycw E||Volrop(0; X)||? < oo,
when 6 < dg. As a consequence, we have from Theorem 2 and the remark following Theorem 4 in [31]
that E[fs(0)] — f« = O(k=*?logk) and E[f5(0;)] — f» = O(k='/?), as k — oo. Proposition 4a now
follows as a consequence of Markov’s inequality.

b) When § < 67, it follows from the positive definiteness of Hessian around the unique minimizer
0, := argmin f5() (see Theorem 4) that there exists ¢ > 0 satisfying (6 — 60.)" Vg f5(0) > k150 — 0.
for all § € V and ||@ — 0.|| < e. Further, due to the uniqueness of the minimizer, we also have (0 —
0.)"Vofs(6) > 0. Similar to Part a), as A > X}, (8) > A\ (B) for every (8,A) € W, we have due to
Lemma 9 that supgeyw E||Volrob(0; X)||? < co. Taylor’s expansion of Vy f5(0) results in,

Vo fs(8) = Vi fs(6:)7 (8 —0.)[ = o (6 — 6.]). (42)

for § € W. With these conditions being satisfied, it follows from [27, Theorem 2] that
VE@, - 0,) 2 N(0,%),

as k — oo, where X := (V5 f5(6+)) ' Cov[Valron(0x; X)((V5 f5(6.)) )T If we let Z ~ N(0,Ta41), then
due to continuous mapping theorem, we have that the distribution of k(0 — 0.)T V2 fs5(0.) (0 — 0.) is
convergent to that of

ZTSV2V2 £5(0,)5Y2 72 = ZTN2 f5(0.) " 2Cov|[Velro (0.; X)| V2 f5(6,) "2 Z.

The local strong convexity characterization in Theorem 4 yields that that the maximum eigen value
of V2fs(6.)~/? is bounded from above by a constant times 6=/, As a result of the above described
convergence in distribution, we have that

(O, — 0.)" V5 £5(0.) (0, — 0.) =0, (k7).
Now it follows from the local joint strong convexity of fs(-) in Theorem 4 and (42) that

KV

_vvY _ 2
0 0.

1)
,f2f+

f5(0k) — f < Vo fs(0x)" (0 —0.)

— (B — 0.)7V3£5(0.)(0 — 0.) — ( o<1>) 18— 0.7 = 0, (k7).

This completes the proof of Proposition 4. O

Proof of Proposition 5. We use ¢j, to denote the estimation error of Vgl,.op(0x—1; Xi) induced by line
search. Due to Lemma 11, there exists a constant C' > 0 such that the estimation error can be controlled
as ||ex|| < Cay, if we apply bisection method for at least log,(ay (1 + || Xk ||)?) steps.

We first show that ||0x — 6.|| — 0 with probability one. The update step is
O = Iy (0k—1 — s Volrop(Or—1; X) — arer). (43)
Since the following conditions are satisfied:

i) supgew E||Volron(0; Xi) + e ||> < oo, due to Lemma 9 and the boundedness of e;
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ii) 0 Vofs(0) = E[Vglrop(; X)] is continuous ;
iii) Y af < oo and > agllek| < oo

Applying [18, Theorem 5.2.1], we conclude that ||§x — 6.| — 0 with probability one.

Now we show that fs(0r) — f« = Op(a). In view of the second order differentiability of f5 at 6., it is
sufficient to show that ||0; —60.|| = Op( /%), i.e., the sequence {||0; — 0|/ /ay} is tight. To this end, we
shall slightly modify the proof of [18, Theorem 10.4.1] by allowing a small bias term &) appears in each
update step, as shown in (43). As discussed in the proof of [18, Theorem 10.4.1], since ||0; — 0.]| — 0
with probability one, given any small v > 0, there is an N, , such that ||6; — 0.] < p for k > N, , with
probability larger than 1 — v. By shifting the time origin by N, ,, we can suppose that [|0; — 0. < p. If
for every v > 0 the time-shifted sequence is shown to be tight, then the original sequence is tight. Thus
for the purposes of the tightness proof, it can be supposed without loss of generality that ||0x — 0.] < p
for all k for the original process, where p > 0 is arbitrarily small.

To analyze the convergence rate of {6}, we define the Lyapunov function V(8) = || — 6,||*>. Since
the region W is convex, we have

V(0k) < [|0k—1 — 0 — k. Volrop(O—1; Xi) — ek

Notice that {6} is a Markov Chain, by taking conditional expectation on both side we have the following
inequalities hold with probability one,

E[V(0i)|0k—1] < V(0r—1) — 20 (k-1 — 02)" Vo f5(0—1)
— 02 E||Volrob(Or—1; Xi) + exl|* — 20k (01 — 0.) ey,
<V(Or_1) — 200, (0r—1 — 0.) Vo fs(0r_1) + O(a2),

where the second inequality is due to [|05—0. || < p, |lex|| < Cau, and supgew E||Volrop(0; Xi)+er||* < 0.
Since p > 0 can be arbitrarily small, applying Taylor expansion we have

(Or—1 — 0.) Vo fs(Ok—1) = (Or—1 — 0.)" V3 f5(0.)(Or—1 — 0.) + o(1)V (0)—1).
Thus for any p > 0 that is smaller than the smallest eigenvalue of V2 f5(6..), we have
E[V(@k)‘ak_ﬂ — V(&k_l) S —pOsz(ek_l) + O(OZ%)
Recall that o, = ak™" as required by Assumption 6, if either of the following is true (i) 7 = 1 and

pa > 1; (ii) 7 € [1/2,1); then we have E||0) — 0.]|*> = E||V(8k)| = O(ax) [18, Proof of Theorem 10.4.1],
which implies that |0 — 6.| = Op(y/ax) and f5(0k) — fr = Op(ar). O

Proof of Proposition 7. Due to the characterization of subgradients 9fs(5, ) in Proposition 6, we
have that 9, fs/ON(B,\) < V3 for every (8,)\) € U. Recalling the definitions of U, in (17) and U in
(11), the above reasoning leads to concluding that, fs(8,A + &) — f5(8,\) < eV/d for any ¢ > 0. Let
(Bx, Ax) € infg zyev f5(8, A). Then

Jnt f5(0) = fu < fs(Be s 1) = f5(Bes M) <V (44)

It follows from Lemma 9 that sup, Ep,||Hy|> < G,. As a consequence, we have from Theorem 2 and
the remark following Theorem 4 in [31] that E[fs(0x)] —infocy, f5(0) = Op(k‘_l/2 log k) and E[fs(0x)] —
infoey, f5(0) = O,(k~1/2). Combining this with the observation in (44), we obtain that E[fs(6%)] —
fe < Vo + Op(k_l/ 2). As in the proof of Proposition 4a, the conclusion in Proposition 7 follows as a
consequence of Markov’s inequality. (I

6. CONCLUSIONS.

Our main objective in this paper has been to set the stage for algorithms and analysis of a flexible
class of DRO problems. Our motivation stem from the observations that i) a flexible choice of the
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distributional uncertainty region is useful towards to fully exploiting the advantages of DRO in data-
driven contexts, and that ii) the existing computational methods largely pertain to Lipschitz losses
and do not scale well with data-size. We show that in the case of affine decision rules and convex
loss functions, robustification with a more flexible state-dependent Mahalanobis cost function does not
introduce significantly additional computational complexity relative to the non-DRO counter-part (in
terms of standard benchmark iterative algorithms used to solve the non-DRO problem). In some cases,
interestingly, DRO introduces strong-convexity which results in lower iteration complexity.

Naturally, the algorithmic approach and structural analysis presented in this paper can be con-
sidered in DRO formulations with further general cost functions of the form c(z,z’) = u(x — 2’) or
c(z,2") = u(z') — u(z) — Vu(z) (2’ — z)T, for a strongly convex function u(-) with Lipschitz-continuous
gradients. While such extensions may render the inner maximization in (6) as a multi-dimensional op-
timization problem (as opposed to the line-search in the state-dependent Mahalanobis case), a number
of observations and structural properties are expected to continue to hold; for example, observations
relating to convexity properties, magnitude of mass transportation in the worst-case distribution being
of size Op(ﬂ), computation of stochastic gradients by means of envelope theorem, etc. are expected to
generalize to the above families of strongly convex, smooth transportation cost functions. We leave this
exploration as a question for future research.

Our philosophy is that by providing a general analysis for a flexible class of cost functions, a modeler
will be able to choose a cost function that enhances out-of-sample performance in a way that is convenient
and meaningful for the needs of the modeling situation. While examples of how one may choose the
transportation cost function in a data-driven way are available in existing literature (see, for example,
[5]), systemic treatment of the contextual choice of transportation cost is an essential question for future
research.

APPENDIX A. PROOFS OF TECHNICAL RESULTS.

The proofs of technical results in this section are presented in a logical order determined by their
dependence on earlier proved results (rather than being based on the order in which they appear in the

paper).

Proof of Lemma 3. a) Given ¢ > 0, it follows from the growth condition in Assumption 2 that there
exist a positive constant C. satisfying £(u) < (k + ¢/2)u? + C. for all u € R. Since any g € I'*(8, \; z)
is a maximizer of F(-, 3, \;x), it follows immediately that F(g, 8, A\;x) > F(0,(, A\;x). Recalling the
definition of F'(+, 8, A; z) from (7), the above inequality results in,

(5 +¢/2) (872 + 038" A)'8) + C. — (s + )8 (8 AX) ™ Bg)” > £(87),

once we utilize that A > (k + €)V0BT A(z)~'8 and £(u) < (k + /2)u® + C.. The above inequality can
be equivalently written after a few basic algebraic steps as,

(g\/EBTA(w)‘lﬁ

We first upper bound the right hand side by using ¢(87z) > £(0) + BT 2¢'(0), which holds due to the
convexity of ¢(+). Next, utilizing the inequality |a — b > ||a| — |b|| in the left hand side, we arrive at,

2k +¢
€

2 T,.)2
Brz) < gC’E - gE(BTgc) + (6 =) (26 4 6ke + 4K2).
€ € g2

VBlglT A5 <\ (C. O] + 0157 + 47 T,

Since v/x < 1+ z for z > 0, the above inequality verifies Part a) of Lemma 3.

b) Utilizing the bounds A > (k + )vVo8T A(z) =13 and £(u) < (k + £/2)u? 4+ C. in the expression for
F(-) in (7), we obtain that

F(g,8,X2) S A6+ Ce + (k+¢/2)(872)? + 2(k + £/2)| 87| V69|87 A(z) ™' 8.
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Since Lrop(8, A\;z) = F(g, 8, \; ) for g € T'(B, A\; ), we obtain the following bound for £,.,,(8, A; z) once
we substitute the bound for v/§|g|3T A(z) !/ from Part a):

Crob (B, N ) < MWG + Co + (26 + )[BTz (1 + |8T2]) (1+ Cre™) .
This verifies Part b) of Lemma 3. O

Proof of Lemma 1. For any fixed 8, \ and =z, it follows from the growth condition in Assumption
2 that 1) limy 100 F(7, 8, A7) = —o00 if A > k0BT A(z) '8 and ii) lim,y— 100 F(7, B, A7) = +00
if \ < kVOBTA(x)~'B. Further, F(v,B3,\ z) is continuous in  because of the continuity of £(-).
Therefore we obtain that T*(3, \;z) # @ when A > xv087 A(z)~'3. Likewise, I'*(3, \;x) = & when
A < V0BT A(x)~1B. This completes the proof of Parts a) and b) of Lemma 1.

To verify the inclusions in the final statement of Lemma 1 we proceed as follows: Whenever A < Ay, (8)
we have £,.05(8, A; 2) = +0o with positive probability. Therefore, U is contained in {(5,\) : 8 € B, A >
Ainr(B)}. On the other hand, if A > Ay, (B), we have A > (k+¢)VBT A(x) ' for some & > 0, Py—almost
every x. Since ||3]| < Rg and E||X||? < oo, it follows Lemma 3b that f5(3,\) = Ep,[lrop(8, A; X)] < 00
Therefore {(8,\) : B € B, A > Apr(5)} is contained in U. This completes the proof of Lemma 1. O

Proof of Proposition 2. a) Since A > rv/037 A(x)~'j3 for Py—almost surely every z, Proposition 2
follows directly from Lemma 1.

b) Consider any fixed » € R4, C3 < 0o and 1 > 0. Define the set A := {(8,\) € B xR, : [|f] <
C3, A > Mpr(8) + n}. Then for (8,)\) € A, we have the following two conditions satisfied: i) A >
(k 4 €)VoBT A(x)~ 1B for some € > 0, for Py—almost every z; and ii) ST A(z)~'f3 is bounded away
from zero if 8 # 0 (due to Assumption 1). Therefore, for any (5,\) in A, we have from Lemma 3a
that there exists a positive constant C, such that T*(5,\;z) C [-C,, C,]. Thus for (8,\) € A, it
suffices to restrict the univariate optimization problem (7) within the compact set [—C,,C,], as in,
fs(B,A2) = SUP,¢[-C,,Cy) F(v,B, A ).

Next, for i =1,..., K, define
Gali,7.B8,) 1=t (BT + V3BT A(@) 71 8) = AVB (8T Alw) 716 — 1),
Then see that F(v, 5, \;x) = max;—1,.. x Gz(4,7, 5, A) and
fs(B, Ax) = sup  Ga(i,7, 5, A).

ie€{1,...,k},

’YE[—Cm,C;p]
Considering discrete topology for the variable i, see that G, (i,~, 5, A) is upper semicontinuous in (v, )
and continuously differentiable over variables (8, ). Specifically, for ¢ € {1,...,K}, j € {1,...,d} and
v* € arg max, G, (i,7*, 8, ), we have from the first-order optimality condition (¢,(87 z+~* VBT A(z)~18)—
2)\y* = 0) that

a6%9»5(@ Y5 B,0) = G(BTw + 47 VoBT A(@) ! B) (@ + Vo A(x) T B), and
%(m*@ N) =Vo(1 =28 A(z) 7' B),

where (z + v*V§A(x)~!f3); is the jth element of the vector = + 7*v/§A(z)~! 3. Moreover, since £(u) :=
max;—1, . i {;(u), we have that

oLt o_t

o) = Vi d () = ' Vi

ou b iearg%i)({j[j(u) l(U) an ou “ iEargIrInlzgclj@j (u) Z(U),
for any u € R. Equipped with these observations and the fact that £,.,(3, A\; x) = sup., ; G.(7,1, 5, ), we

arrive at the following conclusions (i) and (ii) below as a consequence of Envelope theorem [20, Corollary
4]: 1) When (8, A) € A, the functions A — £,05(8, X; ), B — Lron(B, A; ) are absolutely continuous, and
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have left and right derivative given by (12a) - (12d). Indeed, as an example for deriving 0, ¢,./05;, see
that,

a‘ggjb (B, N x) = max{%gj/ (i*, 7", B, ) (1%,97) € argmaxG (Z,%ﬁ,/\)}

= max 0G, (7", B A) € TH(B, A\ ), i € arg max G(i,7", 5, \)
8@- i=1,.. K

= max max BTz + VBT A(x) 71 B) (x + yVEA(z) 1),
YET*(B,A;z) {ieargmax] ~(BT93+'yfﬁTA(x)*1ﬂ) ( 7 ( ) )( 7 ( ) )J
T T 1 N

= _max S5 (6704 V367 A) B (0 1VBAW)8);
Likewise, 8522"1’ (8, A;x) can be seen equal to,
min min (BT + VBT Alx) 1 B) (x + vV A(x) 1 B);
~ET*(B,\;x) {iEargmwx, '(ﬁTﬁ?-‘r’Y\[,BTA(a:)*lg) ( v ( ) )( Y ( ) )J
_ T T 1 N
T e (B (f“)u (5 z +7Vo5" Afw)” '8) (2 +7V8A@) "' 6);-

The directional derivatives with respect to the variable A can be derived similarly. ii) Then we have that
the partial derivatives exist as in (13) if and only if the respective sets,

{8G( ATBA) (7,77 € argmax Gy (z,v,@)\)}’

p;
[T " 8.0 (0777) € engmax i 5.0)
are singleton; this condition of being singleton is satisfied if and only if the respective sets,
{G5r0nmxie), G 8 xa) sy € T (B ke .
{2 tmxia), S pona) v e T (pxca) |
are singleton. Since these expressions hold for any Cs,n € (0, 00), Proposition 2 stands verified. (]

The following technical result is useful towards proving Lemma 4.

Lemma 10. Suppose that Assumptions 1,2 hold and £(-) is continuously differentiable. Then for fized
B € B andx € R, the map A — Lpop(8, \; ) is right-continuous at A = Agpr(B) if Lrob (8, Aenr(8); ) < 00.

Proof of Lemma 10. Suppose that £,..,(8, V387 A(z)~B;x) < oo. Then for any € > 0, there exist
v € R such that F(v, 8, V08T A(x) 1 B;2) > Lrop(B, k3BT A(x) ' B;2) — e. Thanks to the continuity
of F(v, 8, \; x) with respect to A,

hmlnf rob(ﬂ; 3 ) hm (’7,5,)\7.%)
M (kVEBT A(z)—18) M(kVEBT A(z)~1B)

= F(7,8,mV/587 Ax) 7' Bi2) > bron (B, mV/68T A(2) ™} B 2)
Since € > 0 is arbitrary, we have

lim inf grob(ﬂvA;‘r) > grob(ﬂaﬁ\/gﬂTA(x)ilﬂ;x)-
M(rVEBT A(z)=18)
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Moreover, as £.o5(8, A\; ) — M0 is decreasing in A, we also have that,

lim sup Lrob(B, \;x) — M6 < Lo (3, mﬁBTA(x)_lﬁ; x) — KZ&,BTA(JT)_lﬁ,
A (rVEBT A(z)~1B)

thus yielding, lim SUD | (/56T A(z)-15) Crob (B, X ) < Lrop(B, V88T A(x)~1B; x), and consequently,

lim Cron(B, N ) = Lron(B, kV/OBT A(z) ™" B; ).
M(rVEBT A(z)—18)

In addition, £,5(3, \; ) is continuous at \ even if A > kvV§BA(x)~' B (due to the convexity of .o (-; )

as in Lemma 2). Therefore, A — £,.,4(3, A; ) is right-continuous at A = Agpr(8) if Lrop (5, Ainr(8); ) <

0. O

Proof of Lemma 4. Fix any 8 € B. It follows from the characterization of U in Lemma 1 that
f5(B,A) = 400 if A < Mpr(B) and fs(B,A) < +o0 if A > Aepr(B). Therefore, it is necessary that
f5(ﬁ7>\*(18)) is finite and /\*(ﬂ) > )\thr(ﬂ)'

Case 1. Suppose that A.(8) > Apr(B). In this case we have from Lemma 1 that I'*(8, A\.(5); x) is
not empty and 04,05/ ON(B, A\ (8); x) is given as in (12d), for Py—almost every x. Since fs(-) is finite in
the neighborhood of A = A, (3), it follows from [2, Proposition 2.1] that

0. f

B\ (45)

S T -1 - 2
(B A(8)) = Vo — ViEp, {6 AX)TB i ) } -
Case 2. Suppose that \.(8) = A\ (B). We first argue that 9, f/ON(B, \(B); ) € [0,+/5]. For this
purpose, observe that
J5(B.3) = W + Ep, [sup {¢(87x +vo8TAX)'8) - Ax/WﬁTA(Xrlﬁ}] :
YyER

as a consequence of the duality representation in Theorem 1. Since the second term in the right hand
side of the above equality is non-increasing in A and A.(8) is a minimizer, we have that

0 < f5(8, M (B) + h) = f5(8,\u(8)) < Vo,
for h > 0. Due to the convexity of f, we also have that h=(f5(83, \«(B) + h) — f5(3,A«(B))) is non-
decreasing in h. Therefore the right derivative 9. f/ON(3, \.(B)) € [0,v/d]. As a result, due to the
convexity of fs(8,-) and finiteness of f5(5,\) for any A > A.(8), we have from [2, Proposition 2.1] and
Proposition 2b that

O, f o of . _
0 S W(ﬂa)\*(ﬁ)) S Ail)l\?(lﬁ) ﬁ(ﬁv)‘) S \/5 (1 - )\j}l\ir(lﬁ) EPO [6TA(X) 1Bg>\(X)2}> ) (46)

where g, (z) is such that g, (z) € T*(8,\;z), Pp—almost every x. The existence of measurable maps
{gxr(") : A > A(B)} follow from Proposition 7.50(b) of [3].

For the chosen 3 € B, define the set A := {x € R? : I'*(3, \.(B);x) = &}. Take any x € A. For
any sequence {g, () : X\ > A\ (8)} such that g, (z) € T*(8, X; x), we next show that limy () g2 () =
+oo. If otherwise, there exist a real number g, and a decreasing sequence {\, : n € N} satisfying
lim,, 00 Ap = A(B) and lim, o0 g, (%) = g,. Since Lrop(5, A; ) is right-continuous at A = Ay,,-(3) when
f5(B, Mnr(8)) < 00 (see Lemma 10), we have that

érob(ﬁa )\*(B)a 33) = nh_g;lo E’I‘Ob(ﬂa Ans 33) = nh_g;o F(g,\n (l’), B, An; 37) = F(go, B, )\*(6)7 l‘), (47)
where the last equality holds because F(v, 8, A;z) is a continuous function in (v, 8, ). However, it

follows from (47) that g, € T'(8, A«(8); z), which contradicts that z € A as T'(8, A\« (5); x) is not an empty
set if limsup, |y _(5) 93 () < 00. Therefore limy, () g2 (x) = 400 for z € A.

Applying Fatou’s lemma to the right hand side of (46), we obtain from (46) that
Ep,[BTA(X)"'Bliminf ¢>(X)] < 1.
Ro[B7AX) ™5 lim inf g7(X)] <
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Since liminfyy, (5) 92 (z) = +oo for & € A, this inequality results in oo x Py(X € A) < 1. Therefore
Py(X € A) = 0. In other words, the set of maximizers I'*(8, A\« (8); z) is not empty, for Py—almost every
x.

Consequently, an application of envelope theorem (see [20, Corollary 4]) similar to that in Proposi-
tion 2b results in 94 Lyop/ON(B, Au(B);2) = V(1 — BT A(z) " Bmin,er-(s.a. (5):2) 72), for = € A. Since
Crob(B, M (B); ) is convex in \.(B) for every = (see Lemma 2), we have h™1(£.op(3, A\e(B) + h;x) —
lrob (B, As(B); x)) is non-decreasing in h for A > 0, and the limit as h — 0 is given by 01 £0p (8, A« (B); z) for
x € A. With Py(X € A) =1, due to monotone convergence theorem, it follows that 01 f/OX (B, A.(8)) =
Ep, [0+ Lrob/ONB, Ac(B); X)], thus resulting in (45). This completes the proof of Lemma 4.

O

Proof of Lemma 5. Observe that T*(3, \; z) # @ implies A > k67 A(z) =15 (see Lemma 1b). With
F(-) being defined as in (7), any g € I'*(8, A; ) must satisfy the first order optimality condition that,

229 = (8% z + gVopT A(z) 1) (48)
This verifies the first part of the statement of Lemma 5. To prove the inequality in (26), we proceed
by considering the following cases depending on the signs of #'(57x) and g. If ¢/(87x) = 0, inequality
(26) is trivial. Thus, in order to prove (26), it suffices to consider the case where ¢'(5Tz) is strictly

positive or strictly negative. As £'(87x) # 0, we have g # 0. Therefore it is sufficient to establish (26)
by considering cases where ¢'(37x), g are strictly positive or negative.

Case 1 - Suppose that ¢/(87x) > 0 and g > 0. Since the convexity of £(-) in Assumption 2 ensures that
¢'(+) is non-decreasing, we have 2\g = /(872 + gv/oBT A(z)~18) > £ (8T x), due to (48); equivalently,
g > ¢'(BTz)/(2)). This verifies (26) when both #(5Tz) and g are positive.

Case 2 - Suppose that #(87z) > 0 and g < 0. Due to convexity of £(-), and optimality of g,
Flg, 8, i2) = sup { (87 ) + € (8T2)VaBT Alw) ' By — WE (28T A(x) '~ 1) |
720
[¢(8"x))?
an

An application of the fundamental theorem of calculus to the terms £(37x + /3987 A(x)~' ) and g2 in
the definition of F'(g, 8, A\; ) (see (7)) allows us to rewrite the left hand side as,

=0(B"z) + MW+ VipT A(x) 1B (49)

F(g,B8,X\2) = 0(B7z) + A\W6 +VopT A(z) '8 /0 <2x\v — (BT + v\/gﬁTA(x)_lﬁ))d%

For any + in (g, 0), we have from the monotonicity of ¢(-) that 2\y — /(37 x + V68T A(z) ' 3) does not
exceed the positive part of 2\y — /(87 z + gv/6 T A(z) 1 8). Consequently, it follows from the optimality
condition in (48) that,

0
F(g, B, N ) < 6(B2) + A6 + \/gﬂTA(w)’lﬁ/ (2>\7 —~ 2/\g)+d7
g

= 0(8"2) + AW+ VorET A(x) " B
Combining this observation with that in (49), we obtain |g| > ¢ (8Tz)/(2)).

When ¢/ (8Tx) < 0, (26) follows by an argument symmetric to that of the #/(87z) > 0 cases described
above. This completes the proof of Lemma 5. (]

Proof of Lemma 6. Define the function L : B — Ry as L(B) = Ep,[¢'(87 X)?]'/2. With #(8TX) # 0
almost surely, we have that L(8) > 0 for any 8 € B. Moreover, we have that L(8) is continuous in
due to the continuity of #(-). Then the existence of finite L, L, as in the statement of Lemma 6, follows
immediately from the fact that continuous functions attain their extrema over compact sets.
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O
Proof of Proposition 8. With (g, 5, A;x) = ¢4(8, A\;z) > 0, we have,
*F T -1
677(97ﬂ7)‘;$):_\/3ﬁ A(.’E) B‘p(guﬂu)‘vx) <0.
Moreover, we have that g(8, \;z) € T*(8, \; ) satisfies the first order optimality condition that
(BT +Vog(B, N 2) BT A(x) 1 B) — 2Xg(B, \;x) = 0. (50)
Using implicit function theorem, the partial derivatives of g(8, A; ) are given as follows:
89 82F/858'y(g(ﬁ,)\,m),,3,)\,x) ZH(ﬁTjjg(x)) T
— (B, A x) =— = T,(x 51
05N = T B (B ha) Bovie)  pyBhia) o) o1
0 O2F/ONO SN x), B\ 2g9(B, \;x
oA PF/0v*(9(B, A ), B, A\ ) Pg(B, A z)

Following these expressions for the gradient of g, the Hessian of £,.,4( - ; ) in the statement of Proposition 8
follows from the first order derivative information in Proposition 2 and elementary rules of differentiation.
Next, to establish (30), we first provide an equivalent characterization of the relationship V2 f5(8, \; ) —
A(z)B(z) = 0. For simplicity, we re-scale A(z) and pick a new parameter m such that A(x) = mvdg>.
To avoid clutter in expressions, we write 7 := Ty (z) and & := T,(x) throughout this proof. The matrix
V2l,o(8, X; ) — mV/6g?>B(z) can be written as a block matrix, namely,

(24 —m) Vog? A(x) ~t 4 PG g —9V/5g22 ]

NP 4\/5926114(96)‘15 — mV3g?

V2lrob (B, A; x)—m\/ggQB(x) = [

— -1 BTA@) '8 o (AT 5 : .
where z := A(z)™'p + ” z and ¥ = go/l"(B* E). According to Schur complement condi

tion, the matrix V2£,(8, ;) — m\/8g? B(z) is positive definite if and only if (2X — m) Vg2 A(z) ™' +
(2A77TL)Z”(BT£) Q_ja_jT

” is positive definite and

25T -1 1(aTx -1
4V BSDA(QU) b_ mVég? > 46g* 2T ((2)\ —m)Vog?A(z) " + (22— mg)j (8 m)xxT) z.  (53)

Recalling from the assumptions that m € (0,2)) and ¢(-) is convex, the positive definiteness of

2\ — m)" (87%)

(2A —m) Vg A(z) ™t + ( zz’
¥
is automatically satisfied. Then, applying Sharman-Morrison formula, one can show that
@A =m)e(BTE) o\ 1
2\ —m) Vg2 A(x 1+( Tz’ =— (|, 54
(2= m) Vi ace) ) Dorers 54
where C' is a matrix defined as
=T
C e Aw) — A(x)zz' A(z)
T A(z)T + Vgt

Thus, combining equation (53) and (54), if (3,\) € V and m € (0,2)), then the matrix V2£,.,,(53, \; ) —
mv/0g?B(z) if and only if

T -1
2\ — m) (MM - m> > 427 Cx.
¥
Let a,b and 0 be constant defined as
4 TA -1
a:=2\ b:= w, 0 :=42TCxz. (55)

14
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If 6 € (0,ab), then we have m := (ab— 60)/(a + b) satisfying m € (0,a Ab) and (a —m)(b—m) > 6. So it
follows that

V2,05(8, X ) — mV6g?B(x) = 0 (56)
for any (8, \) € V.

The rest of this proof is devoted to arguing that 6 € (0, ab), and to obtain a simplified lower bound
for m = (ab — 0)/(a + b). We accomplish this by claiming that,

4 T 7\2
ab— 60> (8" 2) .
2T A(2)T +Vog2p /" (57%)
To show (57), first we derive an alternative expression of 6. It follows from the definition of z and C' that

P (e AN (4 - ALY (a1 TASE,)

(57)

On expanding the bracket,

_ 2 _
ZZBTA(x)*lﬂJr <ﬁTA($) 15) :ETA(:U):E—FQﬁTA(z) lﬁﬂ%
(877)2 + (ﬁ”‘(#)2 (2A(2)2)? + 22 AW 5T 4(2)2 (57 )
ZA(z)T +Vogy ’
which further implies
0 v g1, (BT (BTR)? (BTA@)TBNY o, BTA@) B
;=A@ 1B_i‘TA(:E)i‘ xTA(x)x+< v > * A(I)IJFQTB *
(87z)% + (7‘”&;)”5)2 (2A(2)2)* + 28 ADL 5T A(2)2(5T )
B ZA(2)Z + Vogi
2
T A (n—14 VI A@)E 57z
:5TA(Z)*1B, (ﬂTf)z . (ﬁ A(Z‘) 15 o + \/xTA(z)z> (ﬁglﬁ)
7T A(2)7 ZA(z)Z + Vg
2
772 (5TA(x>-1ﬁV”T$<’””‘ + L )
:ﬁTA(Z')_l,B— (6 x) + . _ \/w A(z)T
T A(x)z 14 ZTA@e

Vg
Then, using above upper bound for # and the definition of a and b, we obtain,

8 (1 ) () o 2] (1)

BrA@ 8 s, Az )
_< 5 T A(z)z + a‘:TA(x)g‘c>

Since 2\ — ¢ = V(BT A(z) " *8)" (BT%), ¥ = g/ (BT%) and T = & + V/dgA(x) 'S, on expanding the
squares in the last term, the above inequality simplifies to,

ab— 0 fTA(x)f) CGTE) (o o PUBTE) o
- (1+ o) 2 e (e = VaesTAw ) = e (7).
This establishes (57). Finally, combining (56) and (57), we have
T=\2 prr( AT 5
V2B, ) - —— P E) LGTE) ! B(z) =0,

1+ 2T A(2)zl"(872) ) (Vg2p) 2Mp + 45T A(2) 15
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which is obtained by plugging in the definitions of a, b from (55). O

Proof of Lemma 8. Since A > X, (f), there exist ¢ > 0 such that A > (M /2 + ¢)v/687 A(x) '3, for
Py—almost every x. Since £(+) is twice differentiable and ¢”(-) < M (see Assumption 3), it follows from
the definition of F'(-) in (7) that

ff;w, Niw) = VaBTA@) ™8 (¢"(8Te + VarBT A@) T HVOSTAR) B -20)  (58)

< VoBTA(w) 18 (MVEBT Alw) 18— 2\) < ~2:08T A(w) 15,
for Py—almost every x. Thus the map v — F(v, 8, \; z) is strongly concave for every 8 € B, X > A, .(8)
and Py—almost every z € R%, and attains maximum at a unique point 9(B,X;x). In such case, the set
(8, \;z) = {g(B, \; x)} is singleton. Moreover, for any 5 € B, A > X}, .(8), we have,

0?F
for Py—almost every . Thus, every element of {(3,)) : 8 € B, A > \,,.(8)} lies in the set U(x). O

Proof of Proposition 9. a) The inclusion that V C W is immediate from their respective definitions.
To verify the second inclusion, see that for any 8 € B,

e (8) < 27 VM pr 1BIF < 27 V6o M pri R8I < 271 (Lpas) /211811 = K11

due to Assumption 1b. Since we have that X}, (8) < Ki||f]|, any (8,A) € W is also an element of
the set {(B,A) : 8 € B,A > A,,.(8)}. The final inclusion in the statement of Proposition 9a follows
from Lemma 8. b) For every (8,\) € W, we have A > X}, (8). Then it is immediate from Lemma
8 that T'*(5, A\; ) is singleton for (8,A) € W and Py—almost every x. As a result, any measurable
selection g(-) satisfying (28) is uniquely specified for almost every (5, \, z) in the subset W x Sx C U.
Moreover, due to mean value theorem, the first order optimality condition (50) means that g(5, \;z) =
' (BTx) /(2N — V3BT A(x) =1L (n)), for some 1 between the real numbers 7z and 7% Since /() < M
and § < dg, for (8,A) € W we have that

2\ — \/SﬁTA(x)ilﬁeﬂ(n) > 2>‘min(5) - \/SﬁTA(x)ilﬁgN(n) > @Ininnﬁn-
Also note that if (5, A) € V we have
2)\ — VBT A() T BE" () < 21 < 25| B

Then the conclusion in Proposition 9b follows. c) Since |[¢/(37 X)—¢'(0)| < M||8]|||X|| (due to Assumption
3), Ep, || X||* is finite and ||3]| < Rs (see Assumptions 2 and 4), we have from the bounds in (32) that
sup(g,nyev Er, [9*(B)] < oo. Therefore, the collection {g?(8, A; X) : (B,A) € V} is Lo—bounded. Then it
is immediate from the definitions T, (z) := 2 + V/6g(3, \;z) A(z) "' B, Ty(-) := = + 23/3g(B, \; x) A(x) '3
and Cauchy-Schwarz inequality that the collections {(T,(X))?, (T,(X))? : (B,)\) € V} are Lo—bounded.
Consequently, the collections {£(87T,(X)),¢' (BT X,)? : (B,\) € V} are Ly—bounded as well due to the
at most quadratic growth property of £(-) (see Assumption 2). d) Recall from Part a) that V is strictly
contained in U(z), for Py—almost every x. With the DRO objective supp.p_(p p,)<s £pP [e(BTX)] =
Ep,[rop(B,A)] =: f5(8,A) defined in terms of the convex loss £(-) specified over the entire real line, the
second order partial derivative expressions of £,.,4(+) in the statement of Proposition 8 hold throughout
the set V. It follows from the Lo—boundedness just established in Part c¢) and these partial derivative
expressions that the norms of the individual entries of the Hessian matrix Vgﬁmb(e; X) are all bounded
in Ly—norm over the set § € V. With this Lo—boundedness of the collection {V2¢,,(0; X) : 0 € V}, the
desired exchange of derivative and expectation in Vi f5(0) = Ep,[Vilrop(0; X)], for 6 € V, follows as a
consequence of dominated convergence theorem. O
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Proof of Proposition 6. Let g(8,\; X) be such that g(8,\; X) € T*(8, A\; X) and

'xX
h(B,\; X) = (\/5(1—gQ(B,)\;X)BTA(X)_lﬁ)) Py —as., (59)
where X := X +v/6¢(3,\; X)A(X)~'8 and L’ is any arbitrary (measurable) choice from the subgradient
interval GE(BTX ). Since £(-) is convex, with at most quadratic growth (see Assumption 2), there exist
positive constants Cy, C} such that |L/| < Co + C1|BTX|. As E||X|]? < oo, it follows from Lemma 3a
that E[¢%(8,\; X)], E|| X ||?, E|8T X| are finite. Then due to Cauchy-Schwartz inequality, we have that
Eh(B,\; X) is well-defined. Here we have used that 37 A(x)~!3 is bounded for Py—almost every x (see
Assumption 1b). Now, since h(8,A; X) € D(8,A; X) = 94,op(8, ), we have that

/ —
grob(ﬁlv )‘/; X) > grob(ﬁ? )‘7 X) + h(ﬁv >\; X)T (gl _ g) ) PO — a.s.
Taking expectations on both sides of the above inequality, we obtain Eh(3,X; X) € 0fs(8, \). O

Proof of Lemma 9. Let g(8,\; X) be such that g(8,A\; X) € I'*(8,\; X) and the given subgradient
h(B,\; X) is defined as in (59) in terms of g(3, X\; X) and X := X +1/dg(8,\; X)A(X)~!43. As in the proof
of Proposition 6, we have |¢'(u)| < Coy + C1|u| as a consequence of convexity, continuous differentiability
and at most quadratic growth of £(-). Since E||X||* < oo, 8T A(x)~1f is bounded for Py—almost every z,
A > A\enr(B) + 1, and ||8]] < Rg, it follows from Lemma 3a that E[g*(8, \; X)], E||X||* and E[¢'(37 X)*]
are all uniformly bounded for every (5, A) € U,. Then due to Cauchy-Schwartz inequality, we have that
SUP(g,a)eU, E|[R(B8, X X)|? < occ. O

APPENDIX B. LINE SEARCH SCHEME.

Our iterative procedure requires evaluating

grob(ﬁ7 )‘; l‘) = sup F(’Ya Bv )‘; LL’)
YER

and obtaining a maximizer v* = g(8, A\;x) € IT'*(8, A; z). This task involves a one dimensional optimiza-
tion problem over . This problem, we claim, can be solved through a line search. This can be done
efficiently on a case-by-case basis given ¢(-) (as we do in our numerical examples). However, our goal
here is to provide reasonably general conditions which can be used to efficiently implement a line search
procedure to compute £,..4(8, A; ). Unfortunately, however, the function F(-, 3, A; ) is not necessarily
concave. So, to show that the line search can be implemented efficiently, we need to use study the
definition of F'(-) and introduce assumptions on £(-), which we believe are reasonable. The general line
search scheme is easy to develop for A small or large enough. Recall that

(1) When A < A (), the dual objective f5(8,A) = oo, so the line search algorithm will not be
executed in this case.

(2) When X > A}, (8), the function F(-, 8, A;x) is concave for Py—almost every z. Consequently,
finding ¢(8, \;x) is a convex optimization problem, and therefore can be solved by bisection
method or Newton-Raphson method. We will always be in this case if § < §g.

(3) The third case is the most challenging case, as we shall explain. It requires imposing smoothness
assumptions on our loss function.

Lemma 11. Suppose Assumptions 1 - 4 are satisfied then § < dy. In turn, this implies that we are in
case 2. above (i.e. A > N}, (B)) and a unique mazimizer with |g(8, A, x)| < |¢/(BTx)|/(Pminl|B]) exist for
Py-almost surely © due to Proposition 9 b). Then, there exist constants C1 and Cs, such that for every
(B,A) € W and = € R?, it is required at most logy(Cre~ |||~ (1 + ||z||)) steps for binary search method
to solve for a solution v such that |y —~v*| < e. In turn, the binary search procedure generates estimates
for 0,.0,/0B and 0ly.op/ON with € accuracy and log,(Coe ™ (1 + ||z]|)?) steps. (The explicit construction
of the derivative estimates is summarized in Appendiz E.)
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Proof. When solving the one dimensional optimization problem, max. F(v, 8, A; ), we consider a scaled
problem by setting ¥ = ||5]|y and it suffices to consider a scaled problem maxs F'(%, 8, X\; z), for |§]| <
cp;liln|€’([3Ta:)|. Note that there exist some constant C', independent of 3, A, z, such that the bound
ot 10(BTx)| < @t (17(0)] + M||B]|||z]]) < C(14 =) . Notice that the function F(-, 3, \; z) is concave
by Lemma 8, so using binary search method to solve for the optimal 4 up to an € error requires at most
logy(Ce™(1+ ||z||)) steps. Finally, consider the inverse scaling v = ||3||~14, the error of optimal 4 need
to be bounded by ||8]|e in order to get v with error bounded by e. Thus an e-accuracy solution for ~

requires at most log,(Ce™ 1|8 71(1 + ||z||)) steps.

Now we consider the error of 04,.,,/08 and 0¢,,,/0X induced by the error of line search. Recall
from Proposition (2) that 02,.,/08 = '(8Tx + VogBT A(z) ' 8)(z + VgA(x)~'B) and 8yop/ON =
-5 (gQﬁTA(x)’lﬂ — 1). For every (3,A) € W and = € R?, there exist some constant L uniform in
B, A, x, such that g — 94,.0p/00 = (0lyop /0B, Oy /ON) for g < C||B|| 7 (1 + ||z||) is Lipschitz continuous
with Lipschitz constant L||5]|(1 + ||z]|). Consequently, in order to get an e-accuracy evaluation for
Olyop /08, we need to solve for an eL~!(|8]|71(1 + ||z||)~t-accuracy solution for g. Consequently the
bisection method is required to run for at most log,(C'Le~1(1 + ||x||)?) steps. O

It then remains to discuss case 3. Namely, to develop an algorithm to compute g(5,\;x) when \ €
Aehr (B), Aoy, (B)), which, requires a more delicate analysis. The following example shows that the func-
tion F(-, 3, A; 2) can have infinitely many local optima.

Example 1. Suppose that § # 0, Py(-) = d;01(-) and £(u) = u® — cosu. It then follows that k = 1
and A\pr(B) = VBT A(0)~1B. Thus, F(v, B, Aenr(8);0) = — cos (\/gﬁTA(O)*IB’y), which has infinitely
many local optima.

So, to solve the global nonconvex optimization problem, it is necessary to reduce the feasible region
of optimization problem to a compact interval. To this end, we consider the scaled line search problem
maxser (78T A(z) 718, B, A; z), instead of considering the original line search problem max,egr F (7, 3, \; ).
In the following Lemma, we show that when (8,\) € U,, it suffices to consider the scaled line search
problem with a compact feasible region.

Lemma 12. Recall the definition of U, from (17) and suppose that Assumption 1-3 hold and n > 0.
Then there exist a random variable R with Ep [R?) < oo, such that

98TAX) B < R
for any (B,\) € U, and g € T* (B8, \; X).

Proof. The fact that (8, ) € U,, implies that A\ > A4, (8) + 7. Then, according to the Assumptions we
have BT A(X)™18 < p;lilnR%. Thus, letting & = né‘l/zpnliI,Rgz, we have A > (k + €)vV08T A(xz) '3, and

thus the result of Lemma 3a can be applied. As a result, there exist a constant C; such that
98T AX) T B <1+ Cie (14 BT X]) = R
and the squared integrability of R is easy to verified. ]

With the help of Lemma 12, we know it suffices to consider the scaled line search problem
max  F(y8TA(X)7'8,8,)\ X)
ye[-R,R]
with a bounded feasible region [— R, R|, where the length of interval 2R is squared integrable, controlling
the average complexity of the line search. Next, we need to rule out the pathological case that the sta-
tionary points of v — F(vy8T A(z)~13, 8, A\; x) in [~ R, R] contain infinitely many connected components.
To this ends, we further impose an assumption that £(-) is piecewise real analytic in any compact set K.
A function f is real analytic on an open set D if for any z € D one can write f(z) =Y oo an (z — z9)",
in which the coefficients a,, are real numbers and the series is convergent to f(x) for  in a neighborhood
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of xg. A function f is piecewise real analytic in a compact set K if there exist n € N and closed intervals
Dy, ...,Dy, such that K C (J;—, D;, and for each D;, the restriction of f on D; has a real analytic
extension. In other words, for each set D;, there exists an open set D; C D; and a real analytic function
gi on D;, such that f(z) = g;(x) for all z € D;.

Lemma 13. Suppose that [ is piecewise real analytic in compact set K, then the stationary points of f
in K are contained in only finitely many connected components.

Proof. If a connected component of stationary points is not a discrete point, then it must contains an
open interval that disjoint with the remaining connected components. Thus, as the set K is compact,
the total number of non-singleton connected components is finite.

It remains to prove the number of discrete stationary points of f is finite. To this end, it suffices to
prove g; has finite discrete stationary points in D;. We claim that there does not exist an accumulation
point of discrete stationary points of g; in set D;. Otherwise, we can find a sequence of discrete stationary
points {z, : n > 1}, and z,, converge to a point x € D;. Consider the Taylor series of the function g;
around x, if the Taylor series is zero except the constant term. Then by the real analytic property, the
function is a constant in a neighborhood around z, violating the assumption that all the x,, are discrete
stationary points. If the Taylor series has non-zero higher order terms, then there exist a neighbourhood
of x such that x is the only stationary point in that neighborhood, violating the assumption that z,,
converge to x. So the discrete stationary points of ¢g; does not have an accumulation point in D;. As a
result, we can find an open cover of D; such that each open set in the open cover contains at most one
discrete stationary point of g;. Since D; is also compact, g; has finite discrete stationary points in D;.
The result follows. O

Note that it is important for the series to be absolutely and uniformly convergent; smoothness alone
does not imply the existence of finitely many stationary points on a compact interval, as the next example
shows.

Remark 5. Even if a function is in C*°(R), it may have infinitely many isolated local optima on a
compact set. Consider

fz) =

cos (—(1—a?) HNexp(—(1—-2?)71) if —l<z<]1,
0 otherwise.

Now we discuss the line search scheme and its complexity. If the loss function ¢(-) is piecewise real ana-
lytic, the function v — F(v, 5, A; ) is also piecewise real analytic. In addition, using the result of Lemma
12, the optimization problem max,cr F'(7, 3, A; ) is equivalent to maxse[—g, g) F(RBT A(z)~18, 8, \; z),
a one dimensional optimization problem with compact feasible region. We denote the closed intervals
partitioning [~R, R] by D1,...,D,. Thus, F(337A(x)~'8,8,\;z) has finite local optimal points in
compact interval [—R, R], which are either stationary points in the interior of a interval, or a hinge point
connecting two adjacent intervals. One possible approach for computing stationary points of a real ana-
lytic function is to consider the holomorphic extension of the function and then apply Cauchy’s theorem
(see, for example, [11, 12]). This approach is guaranteed to locate all of the stationary points. However,
the use of Cauchy’s theorem requires the evaluation of certain integrals in smooth trajectories. The
evaluation of these trajectories can be done with high precision integration rules which take advantage
of the analytic properties of the integrands, evaluating o (5_‘5) (for any 6 > 0) points in the integrand
to achieve a e relative error, for example, applying Newton integration rules. The complexity of finding
all the stationary points of function ¥ — F(y8T A(z)~'3, 3, \;x) is proportional to 2R, the length of
the searching interval. Therefore, the total complexity of the line search scheme is Op(s*‘s), for any
d > 0, uniformly for all (8,) € U,. This complexity includes the evaluation of the global maxima by
comparing the value of F (v, 8, \;x) at all local optimal points.

Another approach, instead of using Cauchy’s theorem, applying Newton’s method repeatedly. Because
we have established that there are finitely many roots if the loss is piecewise real analytic, by restarting
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Newton’s method from randomly chosen initial conditions we will be able to locate, with an exponential
decaying error rate in the number of retrials, the global optimum. While this algorithms is easy to
implement, its analysis is of independent interest and too long to include in this paper. So, we will
discuss it in future work.

APPENDIX C. ANALYTICAL SOLUTION TO PROJECTION Ilyy.

The algorithms described in Sections 3.2 and 3.3 requires to project the variables 6 = (8, A) to the set
W. In this section we provide an analytical solution to the projection. Recall that the definition of W as

W={(8,A) € BxR|Ki|B]| <A< KzRgs}.

Suppose that 8 = (8,\) € B x R. The projection IIw(f) = (5’,)\) is determined by the convex
optimization problem
min H(ﬂa)‘)_(ﬁ/a)‘/)HQ
st Kq||B']| < N < KaRg,
(B',N) e BxR.

Thus, analytical solution of the projection IIw(6) is given by

(8, 2) if (8,\) € W,
(B, K> Iip) if 8] < KaRs/K1,\ > KR,
@)= (Oll’ﬁ?\)ﬂ 5 KillBIl+ KA ?“ < PR, . _
1T R7 B 1+RT ) if —||B)l/K1 <\ <min{K1|8|, KaRs(1+ K% —|I8]l/K1},
KIQ{}?B ﬁvKﬂ%B) ) otherwise.

The optimality of above solution can be verified using the KKT condition.
APPENDIX D. TABLES SPECIFYING USEFUL CONSTANTS AND AN ILLUSTRATION OF COMPUTATION OF
SOME OF THESE CONSTANTS IN EXAMPLES
Tables 1 - 3 below present a compilation of useful constants used in the main text. A demonstration

of how some of the relevant constants can be computed is presented in the subsequent sections D.1 and
D.2.

TABLE 1. Constants which are specified as part of the framework

constant description
] the radius of the Wasserstein ball specified in the DRO formulation (2)
pmax | the largest possible eigenvalue of the matrices {A(x) : x € R?}
pmin | the smallest possible eigenvalue of the matrices {A(x) : € R}
K quadatic growth rate of £(-) characterized by & := inf{s > 0 : sup,cp (¢(u) — su?) < oo}
M the maximum possible value for the second derivative ¢(-), whenever it exists
Rg equals supgcp || B|| if the set B is taken to be bounded
c1,¢2,p | positive constants which ensure Py (|¢/(87X)| > c1, |87 X| > c2||B]) = p
ki,ky | positive constants ki, ko satisfying |u|¢” (u) < ki + ko|¢/(u)| required by Theorem 5
K the number of piecewise components in the loss ¢(u) = max;—1,. . x ¢;(u)
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TABLE 2. Some useful constants which are specified in the analysis

constant | value specified in the analysis constant | value specified in the analysis
) —
60 pmlnLRB M~ 2pmelxx 2 \[MRﬁpmln + pmln L
6 | min{do/4, 3PP pmh L /256} Aenr(B) | VOKPy — ess-sup, T A(x) =18
-2 T -1

(52 C%C%pp?nm <2k1 pnl/ax + 4 plln/in(l + kg)) )\ihi( ) \/SMPO - ess_supxﬂ A(la;)Q 6
Ko 1mea,x L maxsen EPU I:él (BTX)Q:II/Z
K1 pCpil /2 L mingep Ep, [¢/(67X)?]
Ki | LY pmil )2 min__| L™ pmal® = VORsMpl,

TABLE 3. Constants involved in the SGD algorithm

constant description
{ag : k > 1} | step-size sequence satisfying oy = ak™" for some o > 0, 7 € [1/2,1)
7 specifies the set U, (see (17)) onto which iterates are projected
£ polynomial averaging constant in (15)

D.1. Example 4.2: logistic regression. The logistic loss function is given by

l(u;y) = log (1 + exp(—yu))

Theorem 4 and/or 5 are applied to analyze the locally strong convexity of fs; Proposition 4 and 5
guarantees the efficacy of the proposed algorithm. The constants appearing in the related assumptions
can be chosen as:

® Pmin, Pmax: Determined by the selection of A(x). If A(x) is an identity matrix, then ppin =
Pmax = 1.

k: Since the loss function is asymptotically linear, x = 0.

ki, ko ki = ko = 1, because sup,,cp |u[¢” (u; £1) < 1

M: M = 1/4, because ¢""(u; £1) = (1/4) cosh(u/2)~2 < 1/4,

c1, c2, p: Depends on the distribution of X. The constants with desired properties exist if and only
if rank {Y; - X;}_; = n, which would happen almost surely if the data generating distribution
of X has a density.

D.2. Example 4.3: linear regression. The squared loss function is given by

2
U(u;y) = (u—y)
Theorem 4 and/or 5 are applied to analyze the locally strong convexity of fs; Proposition 4 and 5

guarantees the efficacy of the proposed algorithm. The constants appearing in the related assumptions
can be chosen as:

® Pmin, Pmax: Determined by the selection of A(z). If A(z) is an identity matrix, then pp, =
Pmax = 1.

k: Since the loss function is quadratic, kK = 1.

kl,k'gi kl = maX;=1,..n ‘Yz| and kz =1.

M: M =1 because of £’ (u;y) =1,

c1, ¢, p: Depends on the distribution of X. The constants with desired properties exist almost
surely if the data generating distribution of X has a density.

D.3. Example 4.4: support vector machines. The hinge loss function is given by

£(u;y) = max (0,1 — yu)
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Proposition 6 and 7 provide theoretical foundation for hinge loss function, in which Assumption 1 and 2
are imposed. The related constants can be chosen as:

® Omin, Pmax: Determined by the selection of A(x). If A(x) is an identity matrix, then ppin =

Pmax = 1.
e x: Since the loss function is asymptotically linear, x = 0.

APPENDIX E. ALGORITHM

Algorithm 1 Stochastic Gradient Descent for the case § < &g

input: Initial parameter 8y = 6y = (8o, \o) € W, step-size sequence (ok)k>1, total number of
iterations N.
for k=1,2,...,N do
Generate an independent sample X from the distribution F,.
Set ng, > 7log, (k) — logy (o) + 2log, (1 + || Xk||) as total cuts for bisection method.
Set It = [ — |81 X/ (Pminl Bt 1), 1€/ (B Xi) |/ (Peninll o1 ])] 2 the initial interval.
Solve vy, = argmaxer, F(7,0k—1; X)) using bisection method for ny steps.
Compute Xk =X+ \/SA(Xk)ilﬂk_l.
Compute Vgl,op(0x—1; Xi) using the closed-form expression
aégb O1:X0) = 0 (LK) K and - D00 X0 = V3 (T ACX) " Bhr 1)
Update the parameter by 6 := Ilw (0r—1 — axVolro(Ok—1; Xk))-
Update the trajectory average 65, = (%) Op_1 + %Hk.
end for
output: Ay and Oy.
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