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Abstract

This paper deals with a new variant of the Inexact Restoration Method
of Fischer and Friedlander (COAP, 46, pp. 333-346, 2010). We propose an
algorithm that replaces the monotone line-search performed in the tangent
phase (with regard to the penalty function) by a non-monotone one. Con-
vergence to feasible points satisfying the approximate gradient projection
(AGP) condition is proved under mild assumptions. Numerical results
on representative test problems validate and show that the proposed ap-
proach outperforms the monotone version when a suitable non-monotone
parameter is chosen.
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1 Introduction

This work is concerned with the nonlinear programming problem,

Minimize f(x), subject to H(x) = 0 and x ∈ Ω, (1)

wherein f : Rn → R and H : Rn → Rm are continuous differentiable functions
and Ω is a convex and compact set. Hereafter we denote the feasible set by Γ,
that is,

Γ = {x ∈ Ω | H(x) = 0},
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and we will assume that the nonlinear programming problem (1) satisfies the
following assumption:

(H1) ∇f e ∇H (the Jacobian of H) are Lipschitz on Ω, that is, there exists
K > 0 such that

‖∇f(x)−∇f(y)‖ ≤ K‖x− y‖ (2)

‖∇H(x)−∇H(y)‖ ≤ K‖x− y‖, (3)

for all x, y ∈ Ω.

Several numerical schemes can be applied for solving (1). These include the
Augmented Lagrangian Method [2], the Sequential Quadratic Programming
[23], Reduced-Gradient Algorithms [16], Sequential Restoration Algorithm [20],
and the Inexact Restoration Method [3, 7, 17, 18]. In this paper we propose
a numerical method for finding feasible points which satisfies the Aproximate
Gradient Projection (AGP) condition [19], that means stationary points of (1),
since some constraint qualification is required.

Our numerical scheme follows the line of analysis of the Inexact Restoration
Method (IRM) [7]. As far as we know, the Inexact Restoration approach was
introduced first by Mart́ınez and Pilotta in [18] to solve a general nonlinear pro-
gramming problem. Such a numerical optimization algorithm does not require
feasible iterates and it is suitable especially when strongly nonlinear equations
are present. Besides, in the case of well behaved constraints, the approach is
promising when the geometry of the feasible set allows a natural (and reasonably
cheap) way to restore an infeasible point back to feasibility.

In our approach we improve the tangent phase of the IRM by means of a non-
monotone strategy devised in [27]. The motivation for this comes from numerical
evidence reported in several papers that non-monotone line search strategies (or
even in the context of trust-regions) outperforms the monotone ones in a large
class of optimization problems, especially with respect to number of evaluations
of the objective function (and thus in CPU time) [5, 9, 10, 11, 24, 25]. Also,
we emphasize that the standard version of the Inexact Restoration Method of
[7] has been applied successfully in a large class of optimization problems, as
seen, for example, in [8, 15, 1, 4]. The present work introduces a new algo-
rithm for problem (1) that combines non-monotone line search strategies and
Inexact Restoration schemes. As we will testify, this new version of IRM (now
non-monotone) will accept more frequently full tangent steps (and so less back-
tracking) and, consequently, the local convergence of the generated sequence can
be speed up when a suitable minimization strategy is employed in the tangent
phase. Besides, such a non-monotone line-search effectively reduces the overall
number of function evaluations when compared with the classical version, as we
will display in our numerical experiments. To the best of our knowledge, our
approach in the context of Inexact Restoration scheme has not been investigated
so far.
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Let us define the penalty function φ : Ω× [0, 1)→ R of (1) by

φ(x, θ) = θf(x) + (1− θ)h(x), (4)

wherein h : Rn → R is a continuous function such that h(x) ≥ ‖H(x)‖ for
all x ∈ Ω. In summary, from an iterate xk ∈ Ω and a penalty parameter
θk ∈ (0, 1), the IRM accomplishes two phases in order to compute the new iter-
ate, namely, the restoration phase and the minimization (or tangent) phase.
In the first phase a point yk ∈ Ω is computed such that h(yk) ≤ rh(xk)
and f(yk) ≤ f(xk) + βh(xk) (with r ∈ [0, 1) and β > 0 being input param-
eters). Then a penalty parameter θk+1 ∈ (0, 1) is adjusted in order to balance
φ(yk, θk+1) and φ(xk, θk+1). Next, in the minimization phase, a tangent (or al-
most tangent) direction dk is computed and followed by a backtracking scheme
where a parameter tk ∈ (0, 1] is obtained in such a way that

φ(yk + tkdk, θk+1) ≤ φ(xk, θk+1) +
(1− r)

2
(h(yk)− h(xk)). (5)

Lastly, the new iterated is update as xk+1 = xk + tkdk.
Under the hypothesis of f andH being Lipschitz continuous on Ω (this means

Assumption (H1) is satisfied), it is proved in [7] that (h(xk), h(yk)) → (0, 0).
Besides, if the sufficient decrease condition f(xk+1) ≤ f(yk)−αtk‖dk‖2 is asked
in the minimization phase, it is assured that ‖dk‖ → 0. In this work we replace
φ(xk, θk+1) in the right-hand side of (5) by a non-monotone term Tk based on
the non-monotone scheme of [27]. With this slight modification we will prove
that this new version of the IRM preserve the same theoretical properties given
in [7].

In the following, we will introduce some definitions that will be used through-
out the paper.

For all x ∈ Ω, λ ∈ Rm, we define the Lagrangian function as

L(x, λ) = f(x) +H(x)Tλ. (6)

Thus, a pair (x∗, λ∗) ∈ Ω×Rm is called a Karush-Kuhn-Tucker (or KKT) pair
of (1) if x∗ ∈ Γ and

ProjΩ(x∗ −∇L(x∗, λ∗))− x∗ = 0

where ProjΩ(z) denotes the projection of z onto the closed convex set Ω. Here,
λ∗ ∈ Rm contains the Lagrange multipliers associated to the stationary point
x∗. In addition, for all y ∈ Rn we define the tangent set and the tangent subspace
in y respectively by:

T (y) = {z ∈ Ω | ∇H(y)(z − y) = 0}. (7)

and
S(y) = {z ∈ Ω | ∇H(y)z = 0}, (8)

wherein we recall that ∇H(y) denotes the Jacobian matrix of H evaluated in y.
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This paper is organized as follows. Section 2 describes a non-monotone
variant of the Inexact Restoration Method while its convergence properties are
established in Section 3. To assess the performance of the non-monotone scheme
on several test problems, the outcome of numerical experiments are presented
in Section 4. The paper ends with concluding remarks in Section 5.

2 Description of the method

We establish in Algorithm 1 the proposed non-monotone Inexact Restoration
Method.

Algorithm 1 - Non-monotone Inexact Restoration Method

Let r, ηmin, ηmax ∈ [0, 1) (with ηmin ≤ ηmax), β > 0, γ > 0, γ̄ > 0, τ > 0, θ0 ∈
(0, 1) and α ∈ (0, 1).
Pick x0 ∈ Ω and η0 ∈ [ηmin, ηmax]. Set C0 = φ(x0, θ0), Q0 = 1 and k = 0.
Step 1. Restoration Phase: Compute yk ∈ Ω such that

h(yk) ≤ rh(xk) (9)

f(yk) ≤ f(xk) + βh(xk). (10)

Step 2. Penalty Parameter: Compute θk+1 = max{θk/2j | j ∈ N} such that

φ(yk, θk+1) ≤ φ(xk, θk+1) +
(1− r)

2
(h(yk)− h(xk)). (11)

Step 3. Tangent Direction: Compute dk ∈ Rn such that yk + dk ∈ Ω,

f(yk + tdk) ≤ f(yk)− γt‖dk‖2, (12)

h(yk + tdk) ≤ h(yk) + γ̄t2‖dk‖2, ∀t ∈ [0, τ ]. (13)

Step 4. Minimization Phase: Choose ηk ∈ [ηmin, ηmax], let
Tk = max{Ck, φ(xk, θk+1)} and compute tk = max{1/2j | j ∈ N} such that

φ(yk + tkdk, θk+1) ≤ Tk +
(1− r)

2
(h(yk)− h(xk)) (14)

Step 5. Define xk+1 = yk + tkdk, update Qk+1 and Ck+1 as (15) and (16). Set
k = k + 1 and go back to Step 1.

Let xk+1 ∈ Ω and θk+1 ∈ (0, 1) be the current iterated and penalty pa-
rameter, respectively, and choose ηk ∈ [ηmin, ηmax] ⊆ [0, 1). Initializing C0 =
Φ(x0, θ0) and Q0 = 1, define Tk = max{Ck,Φ(xk, θk+1)} (Step 4) and the se-
quences {Qk} and {Ck} (Step 5) by the recurrence relation

Qk+1 = ηkQk + 1, (15)

Ck+1 = (ηkQkTk + φ(xk+1, θk+1))/Qk+1. (16)
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Note that at Step 3 of Algorithm 1, the tangent direction dk is assumed to satisfy
conditions (12) and (13). We give in the following some remarks concerning
these conditions. First, we notice that for all x, y ∈ Ω, it follows from (2) that

|f(x)− f(y)− 〈∇f(y), x− y〉| ≤ K

2
‖x− y‖2. (17)

Thus, for all y, d ∈ Rn and for all t > 0,

f(y + td) ≤ f(y) + t〈∇f(y), d〉+ t2
K

2
‖d‖2.

Now, if µ ∈ (0, 1] is such that

〈∇f(y), d〉 ≤ −µ‖d‖2, (18)

for all t ∈ [0,min{1, µ/K}], we have

f(y + td) ≤ f(y) + t(−µ+ tK/2)‖d‖2 ≤ f(y)− µt

2
‖d‖2,

that is, the requirement (12) is fulfilled. Now, on the other hand, if d ∈ S(y),
from (3) we have that

‖H(y + td)‖ ≤ ‖H(y)‖+ t2
K

2
‖d‖2. (19)

for all t ∈ [0, 1]. Therefore, if dk ∈ S(yk) satisfies condition (18) at Step 3 of Algo-
rithm 1, both requirements (12) and (13) hold true with τ = min{1, µ/K}, γ =
µ/2 and γ̄ = K/2. Consequently, although the parameter τ appears in the ini-
tialization of the Algorithm 1, it should be chosen sufficiently small or even omit-
ted if a proper dk direction is chosen at Step 3 (e.g., dk = σkProjS(y)(−∇f(y)),
for some bounded parameter σk > 0).

Section 3 will show that if Step 1 and Step 3 are accomplished then Steps 2
and 4 (and so Algorithm 1) are well-defined.

3 Convergence Analysis

This section establishes technical results regarding convergence properties of the
sequences generated by Algorithm 1. Under an additional requirement at Step
4, we assure that the sequence of tangent directions dk goes to zero as k grows.
In addition, as elucidated at the end of the section, with a proper choice of these
directions dk at Step 3, we establishes global convergence to stationary points
of (1).

Next result shows that our proposed scheme is well defined and that both
sequences, {θk}k and {tk}k, are bounded away from zero. The proof is similar
to that given in [7, Lemma 3].
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Theorem 1. Algorithm 1 is well defined. In addition, there exist k0 ∈ N and
t̄ > 0 such that

θk = θk0
, for all k ≥ k0,

tk ≥ t̄, for all k ∈ N.

Proof: Let xk be an iterated of Algorithm 1. From (9) and (10) we have

φ(yk, θ)− φ(xk, θ) = θ(f(yk)− f(xk)) + (1− θ)(h(yk)− h(xk))

≤ θβh(xk)− (1− θ)(1− r)h(xk)

= h(xk)
(
θ(β + 1− r)− (1− r)

)
.

Then, if 0 ≤ θ ≤ θ̃ = (1− r)/(2(β + 1− r)),

φ(yk, θ)− φ(xk, θ) ≤ −
1

2
(1− r)h(xk) ≤ 1

2
(1− r)(h(yk)− h(xk)).

Thus, for all k ∈ N, θk+1 can be chosen as

θk+1 ≥ θ̄ = min{θ0, θ̃/2}.

Since θk+1 = max{θk/2j}j∈N (and so non-increasing), there exists k0 ∈ N such
that

θk = θk0 ≥ θ̄, for all k ≥ k0. (20)

Now we prove that Step 4 of Algorithm 1 is well defined. Since Tk ≥ φ(xk, θk+1),

φ(yk + tdk, θk+1)− Tk ≤ φ(yk + tdk, θk+1)− φ(xk, θk+1)

Therefore, from (11), (12), (13) and (20), for all t ∈ (0, τ ] (here τ comes from
Step 3),

φ(yk + tdk, θk+1)− φ(xk, θk+1)

=
(
φ(yk + tdk, θk+1)− φ(yk, θk+1)

)
+
(
φ(yk, θk+1)− φ(xk, θk+1)

)
≤ θk+1(f(yk + tkdk)− f(yk)) + (1− θk+1)

(
h(yk + tdk)− h(yk)

)
+

1

2
(1− r)(h(yk)− h(xk))

≤ −θ̄γt‖dk‖2 + γ̄t2‖dk‖2 +
1

2
(1− r)(h(yk)− h(xk))

= t‖dk‖2(−θ̄γ + γ̄t) +
1

2
(1− r)(h(yk)− h(xk)).

Then, if 0 ≤ t ≤ t̃ = min{τ, θ̄γ/γ̄}, we have −θ̄γ + γ̄t ≤ 0 and

φ(yk + tdk, θk+1)− φ(xk, θk+1) ≤ 1

2
(1− r)(h(yk)− h(xk)).

Therefore, (14) is well defined and the sequence tk satisfies

tk ≥ t̄ =
t̃

2
, for all k ∈ N,

as stated.
Next lemma gives positive bounds for sequence {Qk}k.
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Lemma 1. Let {Qk} be the sequence generated by Algorithm 1. Then

1 ≤ Qk+1 ≤
k∑

j=0

ηjmax ≤
1

1− ηmax
, for all k ≥ 0.

Proof: Since Q0 = 1, Qk+1 = ηkQk + 1 and ηk ∈ [ηmin, ηmax],

ηmin + 1 ≤ Q1 = η0Q0 + 1 ≤ ηmax + 1.

From induction principle over k, we have that

Qk+1 = ηkQk + 1 ≤ ηmax(
k−1∑
j=0

ηjmax) + 1 =

k∑
j=0

ηjmax

Therefore, since ηmin, ηmax ∈ [0, 1), the proof follows straightforwardly.
Next lemma states that sequence {Tk} is monotone nonincreasing and bounded

from below.

Lemma 2. Let k0 ∈ N from Theorem 1. Then, for all k ≥ k0, φ(xk+1, θk0
) ≤

Tk+1 ≤ Tk. Further,

Tk+1 − Tk ≤ −(1− ηmax)
(1− r)2

2
h(xk), for all k ≥ k0. (21)

Proof: From Theorem 1, we have that θk = θk0 , for all k ≥ k0, and therefore
Tk+1 = max{Ck+1, φ(xk+1, θk0)}, for all k ≥ k0. Now, it follows from (9), (14),
(16) and Lemma 1 that, for all k ≥ k0,

Ck+1 =
ηkQkTk + φ(xk+1, θk0)

Qk+1

≤ ηkQkTk + Tk + ((1− r)/2)(h(yk)− h(xk))

Qk+1

≤ (ηkQk + 1)Tk − ((1− r)2/2)h(xk)

Qk+1

= Tk −
(1− r)2

2Qk+1
h(xk) ≤ Tk − (1− ηmax)

(1− r)2

2
h(xk). (22)

Also, for all k ≥ k0, from Step 4 of Algorithm 1,

φ(xk+1, θk+2) ≤ Tk −
(1− r)2

2
h(xk)

≤ Tk − (1− ηmax)
(1− r)2

2
h(xk). (23)
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From (22), (23) and Tk+1 definition, for all k ≥ k0 it follows that

Tk+1 ≤ Tk − (1− ηmax)
(1− r)2

2
h(xk).

Therefore, for all k ≥ k0, we have that φ(xk+1, θk0
) = φ(xk+1, θk+2) ≤ Tk+1 ≤

Tk, from where the result follows.

Theorem 2. {Tk}k∈N is convergent.

Proof: By continuity of f and h it follows from Lemma 2 that {Tk}k≥k0 is
a monotone nonincreasing sequence bounded from below (since Ω is compact).
Then, it is convergent.

In what follows, we prove that limk→∞ h(xk) = limk→∞ h(yk) = 0, in other
words, all limit points of {xk}k and {yk}k are feasible.

Lemma 3. Let {xk}k∈N and {yk}k∈N be the sequences generated by Algorithm
1. Then,

∞∑
k=0

h(xk) < +∞

and
lim
k→∞

h(xk) = lim
k→∞

h(yk) = 0.

Proof: By Theorem 1 and (21), for all l ≥ k0,

Tl+1 − Tk0
=

l∑
k=k0

(Tk+1 − Tk) ≤ −(1− ηmax)
(1− r)2

2

l∑
k=k0

h(xk) < 0.

Thus, since {Tk}k is convergent, from Theorem 2,

∞∑
k=k0

h(xk) < +∞

and so limk→∞ h(xk) = 0. Now, from (9), we have limk→∞ h(yk) = 0.

Lemma 4. Consider k0 ∈ N from Theorem 1. Then, for all k ≥ k0 + 1, we
have Tk = Ck.

Proof: Note that, by (16), for all k ∈ N,

ηkQk(Ck+1 − Tk) = φ(xk+1, θk+1)− Ck+1. (24)

Now, from (22), for all k ≥ k0 we have,

Ck+1 − Tk ≤ −(1/2)(1− ηmax)(1− r)2h(xk) ≤ 0.

Hence, for all k ≥ k0,

φ(xk+1, θk+1)− Ck+1 = −ηkQk

2
(1− ηmax)(1− r)2h(xk) ≤ 0.
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Since θk+2 = θk+1 = θk0 , it results that

φ(xk+1, θk+2) ≤ Ck+1.

Thus, Tk+1 = max{φ(xk+1, θk+2), Ck+1} = Ck+1, for all k ≥ k0.
From the compactness of set Ω, it follows that the generated sequence {yk}

admits at least one limit point. Next theorem is essential for proving that this
cluster point satisfies the AGP (Aproximate Gradient Projection) condition [19].

Lemma 5. Let dk ∈ Rn computed at Step 3 of Algorithm 1. Then, there exists
t̃ > 0 such that

θk+1f(yk + tdk) ≤ Tk + θk+1αt〈∇f(yk), dk〉 (25)

for all t ∈ (0, t̃].

Proof: First, note that

lim
t→0+

f(yk + tdk)− f(yk)

t〈∇f(yk), dk〉
= 1.

Since α ∈ (0, 1) and 〈∇f(yk), dk〉 < 0, there exists t̃ > 0 such that f(yk + tdk) ≤
f(yk)+tα〈∇f(yk), dk〉, for all t ∈ (0, t̃]. So, for t ≥ t̃, from (9) and (11) it follows
that

θk+1f(yk + tdk) ≤ θk+1f(yk) + tθk+1α〈∇f(yk), dk〉
≤ φ(yk, θk+1) + tθk+1α〈∇f(yk), dk〉 − (1− θk+1)h(yk)

≤ φ(xk, θk+1) +
(1− r)

2
(h(yk)− h(xk)) + tθk+1α〈∇f(yk), dk〉

≤ Tk + tθk+1α〈∇f(yk), dk〉 −
(1− r)2

2
h(xk)

≤ Tk + tθk+1α〈∇f(yk), dk〉,

from where the result follows.

Theorem 3. Suppose that, at Step 4, tk is computed such that condition (25)
is satisfied at every k ∈ N. Then, lim

k→∞
‖dk‖ = 0.

Proof: From Step 3, note that 〈∇f(yk), dk〉 ≤ −γ‖dk‖2, Then, by Lemma 4 and
Theorem 2, limk→∞ Tk = limk→∞ Ck. By using Lemmas 1, 2, 4 and Equation
(24), for all k ≥ k0 it results that

ηmax

(1− ηmax)
(Tk+1 − Tk) =

ηmax

(1− ηmax)
(Ck+1 − Ck) ≤ φ(xk+1, θk+1)− Ck+1 ≤ 0.

Now, since {Ck}k is convergent, we have that

lim
k→∞

Tk = lim
k→∞

Ck = lim
k→∞

φ(xk, θk) = lim
k→∞

φ(xk, θk0
).
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Since limk→∞ h(xk) = 0 and , for all k ≥ k0, φ(xk, θk) = φ(xk, θk0) = θk0f(xk)+
(1− θk0)h(xk), it follows that {θkf(xk)}k is convergent and

lim
k→∞

Tk = lim
k→∞

φ(xk, θk) = lim
k→∞

θkf(xk).

Let us to prove that ‖dk‖ → 0. For this, note from (25) and Theorem 1 that

0 = lim
k→∞

(θk+1f(xk+1)− Tk) ≤ −t̄θk0αγ lim
k→∞

‖dk‖2 ≤ 0,

that is, limk→∞ ‖dk‖ = 0.
As we have mentioned above, this last theorem has a noteworthy relation

with the global convergence of the Algorithm 1. To be clear, if we require at
Step 3 of Algorithm 1 that ‖dk‖ ≥ µ̄‖ProjS(yk)(−∇f(yk))‖ for some µ̄ > 0, by
Theorem 3 it turns out that all accumulation point y∗ of {yk} is feasible (by
Lemma 3) and fulfils the AGP (Approximate Gradient Projection) optimality
condition, that is,

ProjS(y∗)(−∇f(y∗)) = 0.

In addition, if such a cluster point y∗ satisfies the Mangasarian-Fromovitz (MF)
constraint qualification, it follows that y∗ is a KKT point of (1) (see [19] for
further details). Therefore, from the practical point of view, we advocate that a
numerical implementation of Algorithm 1 should consider the requirement (25)
at Step 4 and, at Step 3, to compute dk ∈ S(yk) so that

〈∇f(yk), dk〉 ≤ −µ‖dk‖2 (26)

and
‖dk‖ ≥ µ̄‖ProjS(yk)(−∇f(yk))‖, (27)

where µ ∈ (0, 1] and µ̄ > 0. Thus, with these choices we assure that both
requirements (12) and (13) are fulfilled and, in addition to, the convergence of
a subsequence of {yk} to a KKT point under the MF constraint qualification
requirement over the limit point.

We observe that condition (25) might be required at Step 4 of Algorithm
1 to assure that ‖dk‖ → 0. In case it is not verified, one guarantees only that
limk→∞ ‖h(xk)‖ = limk→∞ ‖h(xk)‖ = 0, according Lemma 3.

4 Numerical Results

In order to illustrate the effectiveness of the proposed non-monotone approach,
specially with regard to the significant decrease of the total number of function
evaluations, we consider three sets of problems described in what follows. For
each set, we tested both the (monotone) Inexact Restoration algorithm by Fis-
cher and Friedlander [7] and our proposed (non-monotone) variant with ηk = η,
for all k, wherein η = 0.99, 0.85, 0.5, 0.15, 0. Although our algorithm with
ηk = 0 is monotone, we emphasize that it is different from the model algorithm
given in [7] (due to the term Tk). However, if the penalty parameters sequence
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{θk}k stabilizes soon in the earlier iterations, both strategies are numerically
quite similar (see Figure 1, for example).

With regard to Step 2 of Algorithm 1, in order to avoid an under estimate
of θk0

(see Theorem 1), for practical purposes it is convenient to restart θk+1 ∈
(θk, θ0] in some iterations. In our implementation we use θk+1 = min{θ0, 4θk}
at each ten iterations. Also, in all instances the restoration phase is performed
exactly and so we set r = 0 in all cases.

In what follows, we describe each test problem and present the performance
profile [6] in a representative set of instances by considering the number of
function evaluations as the performance measure.

4.1 Hard-spheres problem

According to [18], and references therein, the hard-spheres problem consists of
finding a distribution of n points in the unit sphere inRk such that the minimum
pairwise distance is maximized.

After a suitable reformulation this problem reads

min
z,w

z

s.t. wT
i wj − z ≤ 0, ∀i 6= j

‖wi‖2 = 1, for i = 1, 2, . . . , n,

(28)

where, for each i, wi ∈ Rk.
Let us explain in few lines some details on how we addressed both phases

of our algorithm. In the restoration phase, if xk = (w1, . . . , wn, z) ∈ Rnk+1 is
the current iterate, the restored point is given by yk = (w′1, . . . , w

′
n, z
′), where

w′i = wi/‖wi‖, for i = 1, 2, . . . , n and z′ = maxi 6=j{(w′i)Tw′j}. The search
direction in the tangent phase is computed by solving a linear programming
obtained from (28) by linearizing the constraints. The reader is referred to [18]
for further details on this reformulation.

We create a set of instances by varying the dimension k ∈ {2, 3} and the
number of points n ∈ {5, 10, 15, 20, 30}. For each pair (n, k), we generate 10
different initial points at random, such that ‖wi‖ = 1 and z = 0. In fact, we
regard each of this trials as an instance, so that 100 instances are considered in
the performance profile.

Figure 1 shows the performance profile related to this test set. We can
observe that the variants of Algorithm 1 with ηk = 0.99 and ηk = 0.85 were
slightly more efficient than the variant with ηk = 0.5, whereas the later was
slightly more robust. We also remark that our approach with ηk = 0 and the
algorithm proposed in [7] (henceforth called FF) behaved quite similarly with
this set of problems.
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Figure 1: Performance Profile using function evaluations as performance mea-
sure. Hard-spheres test set.

4.2 Minimization on Grassmann manifolds

We now consider the problem of minimizing a differentiable functional over a
Grassmann manifold, which can be stated as

min
X∈Rn×n

f(X)

s.t. X2 = X, tr(X) = p and XT = X.
(29)

Such an optimization problem has attracted the interest/attention of researches
from different areas, e.g., system identification, geometric computer vision, com-
putational physics (for problems from density functional theory), matrix com-
pletion and others [8, 21, 22].

In our implementation, the restored point is computed as follows: given a
symmetric matrix Xk+1 = Yk + tkDk in the tangent set we consider its eigende-
compostion Xk+1 = Qk+1Λk+1Q

T
k+1. Then, in the restoration phase the feasible

point is computed as Yk+1 = Q̃k+1Q̃
T
k+1, wherein Q̃k+1 ∈ Rn×p contains the

columns of Qk+1 corresponding to the largest eigenvalues of Xk. It is worth
remarking that, with such a choice, Yk+1 = ProjΓ(Xk+1). The search direction
Dk is computed as the projection of a scaled negative gradient onto the tan-
gent subspace at Yk. See [8] for further details on orthogonal projection onto
Grassmann manifold.

We consider f(X) = (1/2)tr(LX) + (α/4)ρ(X)TL−1ρ(X) as is usual in den-
sity functional theory [14, 8], where L is a discrete Laplacian, ρ(X) = diag(X)
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Figure 2: Performance Profile with respect to functions evaluations. Grassmann
test set.

and α > 0 controls the degree of non-linearity of f . A total of 48 instances were
generated by varying p ∈ {5, 10, 15, 20} and n ∈ {50, 100, 200, 300}, for each
α = 0.01, 0.1, 1.00.

The performance profile in Figure 2 indicates that the variant ηk = 0.99 is
the most efficient and robust for this kind of problem.

4.3 Minimization with orthogonality constraints

For the last test set, we consider the problem of minimizing a continuously
differentiable functional on the set of (rectangular) orthogonal matrices X ∈
Rn×p (n ≥ p) with orthogonal columns, also called Stiefel manifold. Namely,

min
X

f(X)

s.t. XTX = I.

In fact, we consider three classes of this problem:

• Linear eigenvalue problem: f(X) = −tr(XTAX), where A is a symmetric
matrix;

• Nonlinear eigenvalue problem: f(X) = (1/2)tr(XTLX)+(α/4)ρ(X)TL−1ρ(X),
where L is a discrete Laplacian, α > 0 and ρ(X) = diag(XXT );

• Orthogonal Procrustes problem: f(X) = ‖AX − B‖2F , where A ∈ Rn×n,
B ∈ Rn×p, n ≥ p.
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For geometric properties and computational difficulties concerning this problem
the reader is referred to [13, 26].

With regard to the experiments, we ran our algorithm on a set of 48 random
problems with the following features:

• Linear eigenvalue problem: 20 instances with n ∈ {500, 1000, 2000, 3000}
and p ∈ {10, 50, 100, 200, 300}. In these problems A = BTB where B ∈
Rn×n has entries drawn from a standard normal distribution.

• Nonlinear eigenvalue problem: 16 instances with n ∈ {200, 400, 800, 1000},
p ∈ {10, 20, 30, 40} and α = 0.01.

• Orthogonal Procrustes problem: 12 instances with n ∈ {500, 1000, 2000},
p ∈ {10, 20, 50, 100} and A = UΣV T where U and V are random or-
thogonal matrices and Σ is a non-negative diagonal matrix. The diagonal
entries of Σ are drawn from a uniform distribution in the interval [10, 12].
Then, a random Q̃ ∈ Rn×p with orthonormal columns is generated and
B = AQ̃.

The (exact) restoration phase is implemented by computing the orthogonal
projection of Xk onto the feasible set, which requires a thin SVD factorization
and can be computed as follows. Let Xk+1 = Yk + tkDk = Uk+1Σk+1V

T
k+1 be

the thin SVD factorization of the point in the tangent set (Dk is the tangent
direction). Then the restored point is Yk+1 = ProjΓ(Xk+1) = Uk+1V

T
k+1. Again,

Dk is the scaled projected gradient onto the tangent subspace at Yk. See [12]
for further details on projections onto this feasible set .

From the performance profile shown in Figure 3, the variant of Algorithm 1
with ηk = 0.99 is clearly the more efficient and robust in terms of function
evaluations. We also notice that the FF scheme is slightly less efficient than
Algorithm 1 with ηk = 0.

From the numerical results reported in the above subsections we see that the
proposed non-monotone restoration algorithm performs better than its mono-
tone counterpart, mainly in terms of function evaluations. Hence, we conclude
the section by emphasizing that our algorithm may be appropriate for problems
in which the evaluation of the objective function is expensive.

5 Conclusion

This paper have proposed a non-monotone Inexact Restoration Method based
on the work of Fischer and Friedlander [7]. In brief, we have replaced the (mono-
tone) line-search in the tangent phase by a non-monotone one in the sense of
Zhang and Hager [27]. Under the same mild assumptions used in [27], we have
proved that such a non-monotone variation still guarantees the main conver-
gence properties of the generated sequences, specifically, convergence to limit
points satisfying the AGP (Approximate Gradient Projection) condition and,
consequently, convergence to a stationary point of (1) under a proper constraint
qualification. Numerical experiments have shown that our proposal is reliable
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Figure 3: Performance Profile using function evaluations as performance mea-
sure. Orthogonality constraints test set.

and particularly efficient in reducing the number of function evaluations when
compared to the classical version. We believe that the method becomes attrac-
tive when evaluations of the objective function are computationally expensive,
as well as, because of allowing inexactness in the restoration phase, when highly
nonlinear constraints are present.
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[1] AROUXÉT, B., ECHEBEST, N.E., PILOTTA, E.A.: Inexact restoration
method for nonlinear optimization without derivatives. Journal of Compu-
tational and Applied Mathematics 290(15), 26–43 (2015)

15
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